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ELLIPTIC PROBLEMS INVOLVING
AN INDEFINITE WEIGHT

M. FAIERMAN

ABSTRACT. We consider a selfadjoint elliptic eigenvalue problem, which is de-
rived formally from a variational problem, of the form Lu = Aw(x)u in Q,
Bju =0onT, j=1,...,m,where L is a linear elliptic operator of order

2m defined in a bounded open set @ c R” (n > 2) with boundary I', the
B ; are linear differential operators defined on I', and w is a real-valued func-
tion assuming both positive and negative values. For our problem we prove the
completeness of the eigenvectors and associated vectors in two function spaces
which arise naturally in such an indefinite problem. We also establish some re-
sults concerning the eigenvalues of the problem which complement the known
results and investigate the structure of the principal subspaces.

1. INTRODUCTION

Recently there has been an increase of interest in linear elliptic boundary
value problems involving an indefinite weight function due to the importance
of such problems in many areas of engineering, physics, and applied mathemat-
ics. We refer to [19, 20] for a thorough survey of this area of investigation. In
particular, if we henceforth fix our attention upon the case of selfadjoint elliptic
operators, then one finds that much of the literature has been devoted to the
study of the asymptotic distribution of the eigenvalues and to the derivation
of their lower bounds for the case of operators having positive lower bounds.
However there are other topics in the spectral theory of indefinite selfadjoint
elliptic problems which still warrant investigation. For instance, if the require-
ment that the elliptic operator in question has positive lower bound is removed,
then, as is known, there may appear nonreal or non-semi-simple eigenvalues,
and there still remain questions concerning such eigenvalues which have to be
answered. Moreover, the question of the completeness of the eigenvectors in
certain function spaces arising naturally in indefinite problems have yet to be
thoroughly dealt with. Accordingly, in this work we shall fix our attention upon
some aspects of the spectral theory of indefinite selfadjoint elliptic problems
of the kind just cited and, as suggested above, it will only be supposed that
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the elliptic operator in question is bounded from below. In particular, we shall
prove that the eigenvectors and associated vectors are complete in two function
spaces which arise naturally in such problems. We shall also establish some
results concerning the eigenvalues which complement the known results and
investigate the structure of the principal subspaces.

We shall be concerned in this paper with a selfadjoint elliptic boundary value
problem involving an indefinite weight function which is derived formally from
a variational problem; and in order to present our problem we introduce the
following notation. We let x = (x,, ..., x,) be a generic point in R", n>2,
and use the notation: D, = 8/0x,, D = (D,,...,D,), D* = D{'---D;",
where o stands for a multi-index, « = (a,, ..., a,) whose length 37_, o,
is denoted by |a|. We let Q denote a nonempty bounded open set in R”
of class C™, m > 1, and let ' denote the boundary of Q. We also put
H= LZ(Q) ,let (, ) and || || denote the inner product and norm, respectively,
in $,let H™(Q) denote the usual Sobolev space of order m related to §), and
let (, ), q and |||, o denote the inner product and norm, respectively, in
H™(Q). Thenon I' we introduce the system of boundary operators (possibly
void), B)(x, D) = ZIaISm, b, (x)D* for j=1,...,p <m, where 0 < m; <

-1 and the coefficients b’ (x) are of class C™~"/(I') . We denote this system
by {B ,0<p<m, where p = 0 means that the system is void, and suppose

henceforth thatif p > 0, then the system is normal, i.e., (i) the orders m; of the
operators are all distinct, and (ii) I" is noncharacteristic to B ,Jj=1,...,p,

at each point. Let C™(Q, {B,}}) denote C" Q), if p = O and the class of
functions u in C™(Q) which satisfy the boundary conditions B;u=0 on r
for j=1,...,p if p > 0. Let V denote the closure of C"(Q, {Bj}’l’) in
H™(Q). Then in $ we introduce the symmetric sesquilinear form

(1.1) a(u, v) / x)DﬂuD"v dx
2al, |m<m
with domain V', where the a_ p are complex-valued functions satisfying a@_ 5=
Ag,s up € CQ) if |a| = |B] = m, a5 € L™ (Q) otherwise, and it is also
supposed that
) X \al=igl=m aaﬂ(x)f“éﬂ >0 forall £#0 in R” and x € Q;

(ii) if m > 1, then for every x’ € T and every ¢ # 0 in R” which is
orthogonal to z/(xo), where u(xo) denotes the interior unit normal to I' at

, there exists a positive constant ¢ = c(xo, &) such that

/0 S, (xO)E+r(x9,) 1(s) - € + v (x)0,) [(s)ds > | fll oo,
lal=|Bl=m

for every f € H™(0, oo) if p = 0 and for every f € H"(0, co) for which
(Bi(x°, &+ v(x))0)/)(0) =0 for j=1,...,p if p>0, where H"(0, c0)
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denotes the Sobolev space of order m related to L2(0, oo), || |l H™ (0. 00) denotes

the norm in H™(0, oo), B;.(x » D) denotes the principal part of B;(x, D), and
—id/ds.

We note from [2, 3] and [34, Theorem 1.1, p. 139] that a(u, v) is coercive

over V', i.e., there exist constants ¢, > 0 and ¢, > 0 such that a(u, u) >

c0||u||fn’Q - cl]|u|l2 for every u € V. If p < m, then we shall also con-

sider a second symmetric sesquilinear form a#(u, v) with domain V' which
we define as follows. Let F(x, D) = ZIaISu, fof(x)Da, 0<u <m-1,
j=(@+1),..., m, be a system of boundary operators which together with
the Bj(x, D) form a Dirichlet system of order m on I', where the jg are
complex-valued functions of class L>(I') and where by a Dirichlet system of
order m on I' we mean a normal system of m boundary operators on I" each
of order < m. Then we put

a#(uv /ZFquda foru,veV,
r

Jj=p+1
where o denotes surface measure on I'.

Notation. In the sequel we let B(u, v) denote the sesquilinear form in $ with
domain V which is defined as follows: either B(u, v) = a(u, v) or B(u, v) =
a(u,v)+ a#(u, v). Clearly B is symmetric, |B(u, v)| < c|[ul,, qllvl, o for
u, veV, where ¢ denotes a positive constant, B is coercive over V' , and B
is closed in $ [33, p. 313]. We henceforth let y denote the lower bound of B
[33, p. 310] and let A denote the selfadjoint operator in § that is associated
with B [33, p. 323].

Let us observe next that if we identify $ with its antidual, then the inclusion
V C $ extends naturally to the inclusions ¥ C $ C V' and the inner product
( , ) extends to a pairing between J and its antidual V' (u,v), ue V',
v eV, where V' is the completion of § with respect to the norm |u|_, = the
supremum of |(u, v)| overtheset v €V, |v|,, (see [47, Theorem 1, p.
98]). Thus we may represent B(u, v) in the form B(u v) = (Lu, v), where
Le &V, V') , and since V' C ’D'(Q) = space of distributions on {2, we see
that Lu is the distribution 37, 5<,,(— 1)"D%,4(x YD 1. We note also that
if we let D(A) denote the domain of A4, then D( ) ={ulueV, Lue $H} and
that Au = Lu for u € D(A) (see [33, Theorem 2.1, p. 322]).

We are now in a position to make precise the definition of the elliptic bound-
ary value problem under consideration here. Accordingly, let w(x) be a real-
valued, measurable function defined on Q which takes on positive and negative
values. Then we define our problem as follows: determine pairs {4, u}, where
AeC and 0# ueV, for which

(1.2) B(u,v)=Awu,v) foreveryvel,

where we suppose for the moment that wu € V' for u € V. On the other
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hand, it follows from [2, 3, 4] and [35, pp. 200-208] that when Q, the ayp >

the bi , and the f [f are sufficiently smooth, and under suitable assumptions on
w, the variational problem (1.2) corresponds to the selfadjoint regular elliptic
boundary value problem

(1.3) Lu=2iow(x)u in Q,
(1.4) Bju=0 onI' forj=1,...,m,
where for p < m, the Bj, j=(@+1),..., m, are a complementary system

of boundary operators of {Bj}’l’ relative to B [2] (note that if B(u,v) =

a(u, v)+a"(u, v), then we are to take {B,}}, {F;},,, asthe Dirichlet system
of order m used in determining the Bj , J=(@p+1),..., m). Itis precisely the
problem (1.3-4) which is the elliptic boundary value problem referred to above
as the subject of investigation in this work; and since we do not assume the
regularity required to arrive at this problem, it is to be interpreted in a purely
formal manner. Thus in the sequel when we refer to the problem (1.3-4), it is
to be understood in the sense of equation (1.2).

Let us now make precise our assumptions, referred to above, concerning
w(x). Accordingly, we note that the indefiniteness of w(x) induces the natural
decomposition Q=Q ' UQ~ U Q° , where

Q' ={xeQ;wx)>0}, Q ={xeQ;wlkx)<0},
Q= {x e Q; w(x) =0},

and we henceforth assume that |Q"| > 0, |Q7| > 0, where | | denotes n-
dimensional Lebesgue measure. Next we let 7 denote the operator in $ de-
fined by (Tf)(x) = w(x)f(x). Then we furthermore suppose that D(T) D
V(D(T) = domain of T) and that with respect to the Hilbert topology of V'
induced by the norm (B(u, u) — (y — l)||u||2)'/2 (or equivalently, induced by
the norm || ||, o), the mapping 7: V' — § is continuous. We observe from [,
Theorem 5.4, p. 97] that a sufficient condition for the validity of this last suppo-
sition is that w € L' (Q), where r =n/m if n/m >2, r>2 if n/m =2, and
r = 2 otherwise. Lastly we note that under our assumptions 7 is a selfadjoint
operator in §.

We call A an eigenvalue of the problem (1.3-4) if Au = ATu for some
u#0 in D(A); u is called an eigenvector of (1.3-4) corresponding to 4.
Now suppose that A is an eigenvalue of (1.3-4) and let N, denote the set of
all eigenvectors of (1.3-4) corresponding to A together with the zero vector
in $. Then N, is a subspace of $ which is called the eigenspace of (1.3-
4) corresponding to A and dim A, is called the geometric multiplicity of 4.
If 0 # u, € N,, then it may happen that there exist vectors {uj}’l in D(A)
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satisfying (4 — AT)u; = Tu;_, for j = 1,...,r. Then the vectors {uj};
are said to be associated with the eigenvector u, and the set M, consisting
of all eigenvectors of (1.3-4) corresponding to A together with their associated
vectors and the zero vector in $ forms a subspace of $ which we call the
principal subspace of (1.3-4) corresponding to A and dim M, is called the
algebraic multiplicity of A. If N, = M, then we say that 1 is semisimple.
We will see in the sequel that the eigenvalues of the problem (1.3-4) must all
be semisimple if y > 0, while if 4 is a non-semi-simple eigenvalue and either
A =0 or A is not real, then dim M, does not exceed twice the number of
nonpositive eigenvalues of 4 counted according to multiplicity.

In §2 it will be shown that 4 has a discrete spectrum. However, unlike the
case of a definite weight, it is now not possible to assert that by means of a
shift of parameter we can always arrive at the situation where 0 € p(4), and
because of this certain complications may arise. Indeed, our method requires
that when 0 € 6(4) we decompose V' into a direct sum of M, and a subspace
which is either a Hilbert space or a Pontrjagin space (see §2 for terminology)
with respect to the inner product B( , ). Hence in order to ensure that such
a decomposition is possible, we are led to introduce some further assumptions.
Accordingly, we henceforth suppose that if ]Qol >0, 0 € 0(A4) (and this can
only occur for y < 0), and the inner product (7-, ) is degenerate on ker A4
(see §2), then the following conditions are satisfied: (1) Q is a region, (2)
the interiors of Q' and Q~ are not both empty, and (3) L has the unique
continuation property, i.e., if ¥ € D(A), if Lu = 0, and if u# vanishes almost
everywhere in a nonempty open subset of Q, then ¥ = 0. To give sufficient
conditions for the validity of this last property, let us suppose that the a, g

in (1.1) also satisfy: a_, € c=11(Q) for |a] > 0 (see [22, p. 52]). Then
it follows from the definition of Lu above that L is actually a differential
operator, and moreover, if ¥ € D(A) and Lu = 0, then we know from [5,
Lemma 9.5, p. 120] that u € Hli:’(Q). Thus under this added assumption
concerning the a_ 5 We conclude from [30, Theorem 2.4] that L has the unique
continuation property if m = 1, while the same is true for m > 1 (see [29,
Remark 3, p. 203 and Theorem 8.9.1, p. 224]) if we suppose furthermore that
L has simple characteristics. Note that for the special case where m = p = 1
(see the remarks preceding (1.1)) and y = 0, L has the unique continuation
property under the only added assumption that the a, s in (1.1) are real-valued
(see [45, Appendix I], [22, Theorem 8.20, p. 199]).

Let us briefly describe the methods used in establishing our main results. If
0 € g(A4), then we decompose V' into the direct sum of M, and a subspace
V, » while in the contrary case, we put V' =}, . Then V,, when equipped with
the inner product B( , ), becomes either a Hilbert space or a Pontrjagin space,
where this latter case can only occur for y < 0. In the inner product space
we introduce the compact selfadjoint operator K whose characteristic values
are precisely the nonzero eigenvalues of the problem (1.3-4); and by an analysis
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of the spectral properties of K we are able to arrive at our main results. In all
but two exceptional cases we are able to establish our results under a minimum
of hypotheses and by means of techniques associated with the space concerned.
The first exceptional case occurs when IQO| > 0, 0 € g(A4), and the inner
product (7T, -) is degenerate on ker A (see Theorems 2.4-5). For this case we
have had to impose special restrictions on Q, w, and require that L have the
unique continuation property in order to arrive at the desired decomposition
of V. The second exceptional case occurs when IQOI >0, 7<0, V, isa
Pontrjagin space, and the inner product B{ , ) is degenerate on ker TNV (see
Theorem 4.9). For this case we can no longer arrive at a suitable decomposition
of ¥, (as was achieved in Theorem 4.8) which would enable us to establish
all the results which we desire. Hence for this reason we have had to abandon
the theory of Pontrjagin spaces and achieve our objectives instead by appealing
to the theory of compact symmetrisable transformations in Hilbert space and
this has forced us to impose rather stringent assumptions on @ and on the
coefficients of L.

Boundary value problems of the form (1.3-4), with w changing signs in
Q, have been the subject of much investigation. Fixing our attention firstly
upon the situation where L is an ordinary differential operator, i.e., n = 1,
we might mention the early works of Hilbert [27], who for the case m = 1,
y > 0, proved the existence of infinitely many positive and negative eigenvalues
and considered the corresponding eigenfunction expansion, and of Haupt [23,
24], Hilb [26], and Richardson [41, 42, 43], who for the case m = 1 and y
arbitrary proved the existence of infinitely many positive and negative eigen-
values, with the last author also alluding to the possible existence of nonreal
eigenvalues. For more recent works concerning the case m = 1, y arbitrary we
refer to those of Jorgens [32], who makes some conjectures about the asymp-
totic behaviour of the spectral distribution functions, and of Mingarelli [37,
38], who establishes bounds for the number of nonreal and non-semi-simple
eigenvalues of the problem in terms of the number of negative eigenvalues of
the associated elliptic operator. We might also mention at this point the lesser
known work of Gerlach [21] dealing with the existence of nonreal eigenvalues
of the problem and the establishment of a bound for their number. Lastly, for
a comprehensive survey of the 1-dimensional problem we refer to [39]. Turn-
ing next to partial differential operators, we might mention the early works of
Hilbert cited above and of Holmgren [28], who considered the Dirichlet prob-
lem for L = —A and proved the existence of infinitely many positive and nega-
tive eigenvalues. The asymptotic distribution of the eigenvalues of the problem
considered by Holmgren (and also for Neumann boundary conditions) has been
established by Pleijel [40]. For recent works concerning the asymptotic distri-
bution of eigenvalues, we refer 10 Fleckinger and Lapidus [19, 20], who deal
with the problem (1.3-4) (with Dirichlet and Neumann boundary conditions),
and to Birman and Solomjak [8, 9, 10, 11] and Rozenbljum [44] who deal with
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a more general problem (i.e., w replaced by a differential operator); and for
a variational characterization of the eigenvalues of this latter problem we refer
to Weinberger [46, Chapter 3]. Finally, in the discussion below, some further
relevant references will be given.

Let us now compare our results with those found in the literature and in
this way show how they complement the known ones. Accordingly, it is our
opinion that our most novel results are those concerning the completeness of the
eigenvectors and associated vectors of the problem (1.3-4) in the two function
spaces under consideration here (see Theorems 3.2, 4.8-9). Note that we have
established completeness for a problem involving an indefinite weight and an
elliptic operator which is not necessarily positive. We remark that affirmative
answers to the question of completeness in the function space L2(9+ U Q)
have been given in [25 and 27] for certain problems for which m =1 and y >
0, and where in [27] it is also supposed that IQO| = 0. Concerning the function
space LZ(Q+ UQ ; |w(x)|dx), it has been shown in [6 and 16] that when
m =1, y >0, and under certain other special conditions, the eigenvectors and
associated vectors actually form an unconditional basis. We have, however, not
dealt with this basis problem here as it would have diverted us from the main
aim of the paper. Fixing our attention next upon the nonreal and non-semi-
simple eigenvalues of the problem (1.3-4) (see Theorems 2.4-5, 3.1, 4.2-6), we
have already mentioned that the existence of such eigenvalues is known when
L is an ordinary differential operator and that for this case, and under certain
conditions, estimates as to their number have been established. For the case
of partial differential operators, and only for certain boundary value problems,
some relevant results are given in [17, 18], but they are of a somewhat limited
nature and not much detail is given. We have, on the other hand, established
very general results concerning such eigenvalues under less restrictive conditions
than hitherto supposed (e.g., in [37, 38] only the case 0 € p(A) is considered);
and in particular, we have established in Theorems 3.1 and 4.2 the important
result that all the eigenvalues of the problem (1.3-4) are of finite algebraic
multiplicity. We remark that the proof of this last result is a matter of some
difficulty, due in part to the generality of the conditions supposed here (and
hence, not dealt with by other authors) and in part to the possible nonuniqueness
of the Cauchy problem, and indeed, due to this latter problem, the result could
only be established in general for the case 4 = 0 an eigenvalue by invoking the
unique continuation hypothesis (we refer to the arguments of §2 leading to the
decomposition V = Mo—i- V5) . We also remark that the assertions of Theorems
4.4-5, concerning a necessary and sufficient condition for the semisimplicity
of an eigenvalue, appear to be new. Turning lastly to the assertion that there
are always infinitely many positive and negative eigenvalues (see Theorem 3.1,
4.8-9), this result is known for ordinary differential operators of the second
order (cf. [43]). For the problem under consideration here the result is known
for y > 0 (cf. [8, 9, 46]). For the general case, i.e., no restriction on y, the
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result can be inferred from the arguments of [10], where it is supposed that the
form B contains no boundary integral and Q and all the coefficients appearing
in the problem (1.3-4) are of class C™ (here the method of pseudodifferential
operators is used). When L = —A + ¢, |Q°| = 0, and Dirichlet boundary
conditions are assumed, the result for the general case has also been given in
[18], although the proof is only sketched. When L = (—A)” and Neumann
boundary conditions are assumed (so that y = 0), the result has been given
in [11], and it is obtained by factoring out a finite dimensional subspace. In
view of the fact that we have had to invoke the unique continuation hypothesis
in order to obtain such a factorization in general, we do not quite follow how
this has been achieved in [11]. Let us remark that the proof of the assertion
is by no means trivial; indeed, under the hypotheses of Theorem 4.9, even the
Pontrjagin space theory did not suffice in allowing us to establish it.

Finally, §2 is devoted to introducing material which is required in the sequel
and to establishing the decomposition of ¥ mentioned above when 0 € g(A4).
In §3 we deal with the case where V[, mentioned above is a Hilbert space with
respect to the inner product B( , ), and our main results are given in Theorems
3.1-2. In §4 we deal with the case where V, is a Pontrjagin space with respect
to the inner product B( , ), and our main results are given in Theorems 4.2-6
and 4.8-9.

2. PRELIMINARY RESULTS

The main results referred to in §1 will depend upon certain preliminary results
which we wish now to present. However, before doing this, let us, for the
readers convenience, present some basic definitions concerning inner product
spaces since much of the material in this paper rests upon the theory of such
spaces.

A vector space X over C in which is defined an inner product, [ , ] is
called an inner product space (here [ , ] is only assumed to be a complex-
valued, symmetric, and sesquilinear). If [x, x] > 0 for every x € X, then X
is called a positive inner product space. If X is a positive inner product space
such that [x, x] = O implies that x = 0, then X is called a positive definite
inner product space. Negative and negative definite inner product spaces are
defined analogously. We call X a neutral inner product space if [x, x] =0
for every x € X and an indefinite inner product space if for some x, y in
X, [x,x] >0 and [y, y] < 0. Analogous definitions hold for subspaces of
X . Two subsets X, X, of X are said to be orthogonal if [x , x,] = 0 for
every x, € X|, x, € X,, while the set {x € X|[x, x;] =0 forevery x, € X|}
is called the orthogonal companion of X, . If X, is a subspace of X and X 10
denotes the intersection of X, with its orthogonal companion, then the inner

product is said to be degenerate on X if X? # 0. If X is an indefinite inner
product space, then X is said to be decomposable if it can be represented as
the direct sum of a positive definite, a negative definite, and a neutral subspace
which are pairwise orthogonal, and every decomposition of this type is called a
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fundamental decomposition of X . If X is an indefinite inner product space,
if X can be represented as the direct sum of a positive definite subspace X~
and a negative definite subspace X~ such that X" is orthogonal to X, and
if X* and X~ are Hilbert spaces with respect to the inner products [ , ] and
—[ , 1, respectively, then X is called in general a Krein space, but for the
particular case where the Hilbert space dimension of X or X~ is finite, it is
called a Pontrjagin space. For further information regarding Pontrjagin spaces
we refer to [12].

Let us now turn to the main work of this section. Accordingly, we first note
from the assumptions of §1 and [1, Theorem 6.2, p. 144] that the resolvent of
A is compact, and hence it follows that 4 has a discrete spectrum, that R(A),
the range of A4, is closed in $, and that N = ker 4 is finite dimensional. Note
also that when V', considered only as a vector space, is equipped with the inner
product B( , ), then it becomes a positive definite or a positive inner product
space according to whether y > 0 or y > 0, while we assert that if y < 0, then
V' becomes an indefinite inner product space. This last assertion follows from
an argument similar to that in [5, Lemma 11.6, p. 158] if we bear in mind that
B is coercive over V' and V is densein §.

Henceforth we let / = dim N . Note thatif y =0 orif y <0 and 0 € g(4),
then N = N, (see §1), and hence / is precisely the geometric multiplicity of
the eigenvalue A = 0 of (1.3-4); in all other cases we have / =0. If y <0,
then we also let /- denote the number of negative eigenvalues of 4 counted
according to multiplicity. Then supposing that y < 0 and considering V as
an indefinite inner product space with respect to the inner product B( , ), we
have

Theorem 2.1. If £ is a negative definite subspace of V', then dim £ <[, while
if £ is a negative subspace of V, then dm £ <I[l+1 .

Proof. Let t© denote the topology on V' induced by the norm | ||,, o and let
M _ denote the span of those eigenspaces corresponding to the distinct negative
eigenvalues of 4. Then it follows from the spectral theorem and the fact that
D(A) is a core of B [33, p. 322] that V' admits a fundamental decomposition
having neutral component N (which does not appear if N = 0), negative
definite component 901_, and positive definite, t-closed component 9 . If £
is a negative definite subspace of V', if P denotes the projection mapping V
onto 9M_ along N +M_, and if Px =0 for x € £, then it follows from an
argument similar to that used in the proof of Theorem 10.1 of [12, p. 50] that
x = 0. Hence we conclude that dim £ </~ . Similarly we can show that if £
is a negative subspace of V', then dimg </+17" .

Again considering V' only as a vector space, let us introduce into V' the
inner product ( , ) =(T-,").

Theorem 2.2. Suppose that either y =0 or y <0 and 0 € a(A). Then there
is a basis {vj}[1 of N such that (vj,vk)T =0 for 1 <j, k<, j#k,
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(v;,v;)p = £l for j=1,...,1 ifthe inner product ( , ), is not degenerate
on N, while if (, ); is degenerate on N, then there exists the integer i,
1 < i</, such that (vj,vj)T =0 for j=1,...,1i, and (vj,vj)T ==1 if

i<land i<j<I.

Proof. If P denotes the orthoprojector mapping $) onto N, then the assertions
of the theorem follow immediately from the facts that PT is a symmetric
operator on N and ker PT = 0 if and only if the inner product ( , ), is not
degenerate on N .

Notation. We write + for the direct sum of subspaces of §, while if X 1is a
subspace of ), then we let X L denote its orthogonal complement in $ with
respect to the inner product ( , ).

Theorem 2.3. A =0 is an eigenvalue of the problem (1.3-4) if and only if y =0
or y<0 and 0 € a(A4). If A =0 is an eigenvalue of (1.3-4), then Ny = N,
and if we suppose moreover that the inner product ( , ), is not degenerate on
N, then we also have Ny = M, and $ = M, + (TMO)l .

Proof. The first two assertions are clear. Hence we suppose from now on that
the inner product ( , ), is not degenerate on N and let us firstly show that
N, = M,. Indeed if this is not the case, then there isa v # 0 in N and a
u € D(A) such that Au = Tv. Then (v, Uj)T =0 for j=1,...,/,and in
light of Theorem 2.2, we arrive at the contradiction that ( , ), is degenerate
on N . The final assertion concerning the decomposition of § follows from the
fact that det((v,, Uk)T)i‘,kzl = +1, which also shows that the vectors {ij}[l
are linearly independent in §).

Theorem 2.4. Suppose that y = 0 and the inner product ( , ), is degenerate
on N. Then there exist the vectors Vi eD4), j=1,...,1, k=0,... D
where p; =1 for j=1,...,1, p;=0 for j > i if i <, such that {vjo}/l
is a basis of N which satisfies the assertions of Theorem 2.2 when v i there is
replaced by Vg, Av, = Tv for j=1,...,1, (Vs V) =0 if j#r,
and (vjk, ij)T = +1 or 0 according to whether k + s = p; or k+s # ;.
Moreover, the vectors v i« (resp. Tv jk) form a linearly independent set in $,

My = N fspan{v, }|, and $ = My+(TMy)".

We note that in the above theorem (Vi Vi) = B(v,,v;)=1 if 1<j<i
and k+s = p;. We shall however not prove the theorem as the proof is similar
to that of Theorem 2.5 below (it is easier since here B > 0 in V). Next letting

[x] denote the integer part of x, we have

Theorem 2.5. Suppose that y < 0, 0 € o(A), and the inner product ( , ),
is degenerate on N . Then there exist the vectors v, €D(A), j=1,..., l,
k=0,...,pj, where py > p, > --->p, > 1, pj=0f0rj>i if i<, and

ijl[pj/2] <[, such that {vjo}ll is a basis of N which satisfies the assertions
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of Theorem 2.2 when v i there is replaced by v 0
Avy =Tv; (v

(2.1) 'k js—1 =0), (?)jk, ,S) =0 ifj#r, and
' (V5 V)7 = £1 or 0 according to whether k +s=p, ork +s#p,.

Moreover, the vectors v ik (resp. Tv ) form a linearly independent set in 9,
and if I denotes the set of tuples (j, k), j=1,...,i, k=1,... D then

My =N 4 span{v, }; 11e; and = My + (TMy)*

Proof. Let {v j}ll be a basis of N satisfying the assertions of the Theorem 2.2
and for 1 < j <1i,let e; be a solution of Ax = Tv; such that (ej, v,)r =0
for i <k <[ if i </. Let C denote the matrix ((ej, ’Uk)T)j',k:l' Since C

is Hermitian, it follows that there exist the vectors v;k ,j=1,...,1i, k=0,
L . Ay .
1 ,lsucl’i that span{v,y}| = span{vjl}'l , spzlin{vjl.l}'l = span{e,}, Avj TUJO,
(Vs Vo) =.O .1f k # j, and pj =V, v,)r = %l for j=1,...,i 1if
det C # 0, while if det C = 0, then there exists the integer i{,, 1 </, <i,such
that p; =0 for j=1,....4, p,==+1if i, <iand j>i . If detC#0,
then let v, = vl.'l + avl.lo , Vg = vl.lo , where « is chosen so that (v,, v,,); =0,
and assuming that v ik has been defined for i 2 j>p>1, k=0, 1, so that
(2.1) is satisfied for p < j, r < i and p; =1, and where v, € span{vrls},
r=j,...,i,s=0,1,let v, —Up1+zj pamvjo, Vyo = UpO’ where the a,;
are chosen so that (vpl Y ) =0 for j =p,...,i. Then putting Vg =7,
for j=(i+1),...,1ifi < [, we thus arrive at the vectors (o of the theorem.
If detC =0 and i, <, then we define v, , j= (i +1),..., 7, k=0, 1,

precisely as above.
Suppose that detC = 0. Then we continue with the above arguments to
arrive at the following situation. There exist the integers {s(j)}{, {i;}}

where 1 < g <i, 0<s(l) <s(2) < ---<s(g),and 1< is(q) < gy <

: <.15(1).— i, vectors Vigs J = Lo iy k=0,....,p=s5(q)+1,
contained in D(4), and if ¢ > 1, vectors v, , j = (ij, . + 1), S S ;
k = O,...,pj =s(r)+1, r=1,...,(¢q — 1), contained in D(A4 ) which

satisfy (2.1) and where (Vs v,); =0 for r > 1 if i <[, such that the vfo
and the v, (if ¢ > 1) are contained in span{vj}ﬂ and form a basis for this
space, and for each j, Avfk = ij.”k_l for k =1,...,p, (vjk, Jr =0
forr>iifi<l(1)jk, Jr=01if g > 1, ( er)T=01fk<p,
(v‘j"p,v )p =0 if r# j, and finally either (1) p = (v fp,vfo)r = +1 for
Jj=1,...,1,, or (2) there exists the integer i I<i,<i, ,, such that
pj =O forj: | pfzj:l if i, <z'p_l and i,<j<i, . Letus
fix our attention upon this last result and suppose that case (1) is valid. Then
for j = 1 _; let vy = z)j,‘ +Z,<kar+p kv” for k=1,...,p, Uy = vj.’o,
where the a, are chosen so that (U_,k, ) =*x1 or 0 according to whether
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k+r=p or k+r#p (see [36, p. 244]). Assuming next that the v, have

been defined for /, |, >j<v2>1, k=0,...,p sothat (2.1) is satlsﬁed for
v<j, rSl - andp = p, and where vkespan{v Y, r=j,...,1 b l,
s=0,...,p,let zuk_vuk+2,,s,b’r,s+p_kvm fork=1,...,p, z,,=v 1/0’

where in the summation r runs from (v +1) to i, , and s runs from 0 to
(k= 1), while the B, , arechosenso that (z,,, v, ), = 0 forr=w+1),
i, 1, $=0,...,p (note that we also have (z,,v,); =0 for 0 <k <p).
Then we let v, =z, +> 5r+p_kzw for k=1,...,p, v, =z,, where
the ¢, are chosen so that (v, , v,,), = =1 or 0 according to whether k+r = p
or k +r # p. Hence if we put Vo =17 for j=(G+1),...,/[,if i <[, then
we arrive at the vectors v ik of the theorem.

Suppose next that case (2) is valid. Then if ip < ip_l , let us define the
Vi j= (ip +D,..., ip_l , k=0,... D, =D precisely as above, and for
1<j< ip , let us define the vector ef as follows. If ip < z _, orif l = lp i

and g > 1, then let ej.’ be a solution of 4x = T(vfp +2, s Qg ) such that

jrsrs

(2.2) (€ ,v,);=0 ifi</ and i<k<l,

J

where in the summation r runs from z'p +1 to / and s runs from 0 to p, —1
and the a, are chosen so that (e}, v,); =0 for (i,+1)<r<i, 0<s<p,.

S

If i)=1i, | and ¢ =1, thenlet ef be a solution of Ax = vap satisfying (2.2).

Let C, denote the matrix ( (ej.’ , Uﬁo)r);'p, x—1 - Then since C, is Hermitian, we

see that there exist the vectors v”,:rl ,Jj=1,..., Iy k=0, ,(p+ 1), such
that span{v;’o+ = span{v O}l , span{v} pH}]" = span{e”}1 , and for each j,
Av;’,f':ij.’f,:_l for k=1,...,(p+1), (”+l,vr)T—0forr>z1fl<l,

(vf,:’,vrs)rzo if ¢ >1o0ri <i_, (vf{l,vfgl)T:O if k<p+1,

@ v )y =0if r#j,and pf* = (vj.’fp‘w Vo) =1 if detC, # 0,
while if det Cp = 0, then there exists the integer i bl 1< z , < 1 such that
pitt=0for 1<j<i,, ' =%1ifi, <i and ipH <Jj<i. If
det C, # 0, then we can proceed as in case (1) above to arrive at the v ik of the
theorem; otherwise we continue as before.

We assert that the above process must terminate after a finite number of
steps. To see this, let us put Zy = vfk, j=1,..., ip_l, k=0,... P, =D,
Zi = Vi, j = (z'p_l +1),...,i, k=0,... D if ¢ > 1, and let us first
show that the Z and the v,, r=(i+1),...,1,if i </, form a linearly
independent set in $. For if this is not the case, then there is a nontrivial
linear combination of these vectors, say u,, such that ¥, =0 in . From the
definition of the terms involved and our hypotheses concerning w(x) it follows
that there is a nontrivial linear combination of the Zis k < p;,say u,, which

vanishes almost everywhere in a nonempty open subset QF of Q. If u, is a
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linear combination of only the z 0> then we arrive at a contradiction since it

has been supposed that L has the unique continuation property when |Q°| >0.
Otherwise we have B(u,, ¢) =0, and hence (A4u,, ¢) =0, for ¢ € C{,’"(Q#) ,
and thus it follows that there is a nontrivial linear combination of the z ko

k<p I 1, say u,, which vanishes almost everywhere in Q. By continuing
this argument if necessary, we finally arrive at the contradiction that there is
a nontrivial linear combination of the Z which vanishes almost everywhere

in Q. This establishes the independence in §) of the vectors concerned and
similarly we can show that the vectors 7'z, and the vectors Tv,, if i </
and r > i, form a linearly independent set in $. On the other hand it is
easy to see that the Zis j=1,...,i, k=0, ..., [pj/2] and the vectors v, ,
r=(+1),...,1,if i <[, span a neutral subspace of V' with respect to the
inner product B( , ). Hence we conclude from Theorem 2.1 that we must
have Zj.zl[pj/Z] < /7, and the assertion follows.

In light of the above results we may now suppose that we have arrived at
the stage where only case (1) above can hold, and thus we have established the
existence of the vectors v ik satisfying all the assertions of the theorem except
the final two. To deal with these last assertions, let M = N 4 span{v jk}( J kel
where I is defined in the theorem. Since it is easy to see that det((v ko Vo)) #

0, it follows immediately that $§ = M + (T M )L. Hence it remains only to
prove that M = M. Accordingly, suppose that 0 # u, C N, {u j}rl is a
system of vectors associated with u,, and there exists a k, 1 < k < r, such
that u, ¢ M, ujeM for j < k. Then u, =z, +y,, where z; € M and
0#£y, € (TM)l . Since Az, =Tz, _,,where z,_, € M,and Ay, =Ty, _,,
where u,_, =z, _,+y,_,,we conclude that y,_, = 0, and hence we arrive at
the contradiction that y, = 0. Thus M; C M, and since clearly M C M, the
proof of the theorem is complete.

If y=0orif y <0 and 0 € g(A4), thenlet §, = (TMO)l . Then arguments
similar to those used in [15, §7] show that: (1) V = M+ V,, where V, = V'N§H,
is a closed subspace of V' with respect to the norm || [|,, o and is dense in $,
with respect to the norm || ||; (2) if 4, = 4]9,, then D(4,) = D(4) N 9,
D(A) = My + D(A,), and A,: D(4,) — R(A,) is densely defined in $, and
closed, with ker4, =0; (3) AM,, and R(A4,) are closed, linearly independent
subspaces of § such that R(4) = AM; + R(A4,); (4) H=TM, + R(4,) and
R(4,) = MOL ; and (5) the mapping Aa] : R(A4)) — %, is compact. It follows
from these results that if 7, = TV, then T}, C R(4,), and hence in ¥
we may now introduce the operator K = A4, : T, . Finally in the sequel we let
B, = B|V,.

If >0 orif y <0 and 0 € p(A4), then let us write §, for $, V| for
V, B, for B, and in ¥, let us introduce the operator K = A_ITO, where
T,=TI|V,.



266 M. FAIERMAN

Theorem 2.6. B (u, v) is a closed, densely defined, bounded from below sym-
metric form on $§, which is coercive over Vi and |By(u, v)| < cllull,, ollvll,, o
Jor u, v €V, where ¢ denotes a positive constant. Moreover, if y > 0, then
B, is positive definite on V,, while if y <0 and 0 € p(A4) or if 0 € g(A) and
the inner product ( , ); is not degenerate on N, then B is indefinite on V.
If y<0, 0€a(A), and the inner product ( , ) is degenerate on N, then B,
is either positive definite or indefinite on V. Finally, if B, is positive definite on
Vo, the B(u, u) > kHqun,Q Jor we vV, where k denotes a positive constant.

Proof. Let us firstly observe that if y < 0, 0 € g(A), and the inner product
( , )r is not degenerate on N, then B, must be indefinite on V;. This
observation follows from the fact that if v € V' and v = v, + v,, where
v, € M, and v, € ¥, then B(v, v) = By(v,, v,). The remaining assertions
of the theorem follow from the assumptions made in §1 and arguments similar
to those used in the proofs of [14, Theorem 3.6 and 15, Theorem 8.1].

Remark 2.1. Suppose that y =0 or y < 0 and 0 € g(4) and let P denote the
orthoprojector mapping $ onto H,. If A(T) denotes the selfadjoint operator in
9, thatis associated with the form B, , then arguments similar to those used in
the proof of [15, Theorem 8.1] show that Ag =PA, and 0 € p(Ag). If y>0
or y T< 0 and 0 € p(A), then for consistency of notation we shall in the sequel
let 4,=4.

3. THE POSITIVE DEFINITE CASE

We have seen in Theorem 2.6 that B, is either positive definite or indefinite
on V. In this section it will always be supposed that the positive definitive
alternative is valid, and we shall establish our main results for this case. We
note from Theorem 2.6 that B, is always positive definite on V, when y >0
and possibly when 7 <0, 0 € g(4), and the inner product (, ), is degenerate
on N. Also when dealing with the case y = 0, we shall distinguish between
the two cases: (a) the inner product ( , ), is not degenerate on N and (b) the
inner product ( , ), is degenerate on N .

Theorem 3.1. The eigenvalues of the problem (1.3-4) are each of finite algebraic
multiplicity and form a denumerably infinite subset of R having no finite points
of accumulation. Moreover, there are infinitely many positive (resp. negative)
eigenvalues and each nonzero eigenvalue is semisimple.

Before proving the theorem, let us remark that the theorem together with
Theorem 2.3 show that the eigenvalues of the problem (1.3-4) are all nonzero
if y > 0 and all semisimple if y = 0 and case (a) is valid. On the other
hand we see from Theorems 2.2-5 that A = 0 must always be a non-semi-
simple eigenvalue if y = 0 and case (b) is valid or if y < 0, and in the
former (resp. latter) case its algebraic multiplicity does not exceed 2/ (resp.
2(l +17)). Next if we denote the nonzero eigenvalues of (1.3-4) by {lj}‘l”,
where each eigenvalue is repeated according to its multiplicity, then we shall



ELLIPTIC PROBLEMS 267

show below that to the sequence {/lj}]” there corresponds the sequence of
eigenvectors {u j}‘l’° satisfying (u Jo Uk )p =290 ik SENA; (0 i« = Kronecker delta)
and also (#;,v); =0 for v € M, if y < 0 (see Theorem 2.2-5). We are
also going to show that the restrictions of these eigenvectors to the set Q" U
Q" together with the restrictions of the eigenvectors and associated vectors
corresponding to A = 0, if any, form a complete system of vectors in certain
Hilbert spaces associated with Q" U Q™ . To this end we require the following

Defnition 3.1. We say that the weight function w(x) satisfies the condition (C)
if Q7\intQ*| =|Q7\intQ7| = 0, and Cgo(intQ+) (resp. C, (intQ7))
is dense in Lz(int Q" w(x)dx) (resp. Lz(intQ_ ; —w(x)dx)), where int =
interior.

Theorem 3.2. The eigenvectors of the problem (1.3-4) together with their asso-
ciated vectors, if any, are complete in LZ(Q+ UQ7), and if w(x) satisfies the
condition (C), then they are also complete in Lz(Q+ U ; |lo(x)|dx).

Proofs of Theorems 3.1-2. We shall only prove the theorems for the case y < 0;
the proofs of the remaining cases are similar. Accordingly, it follows from The-
orem 2.6 that when }/), considered only as a vector space, is equipped with the
inner product ( , ) = By( , ), then it becomes a Hilbert space and || ||, and

I I, o are equivalent norms on V;, where |[ju||, = (u, u)l/2 . Moreover, if we
henceforth suppose, unless otherwise stated, that V;, is equipped with the inner
product { , ), then it follows from the results of §2 that K is compact and self-
adjoint in V. Hence let P and P~ denote the positive and negative spectral
projections of K, put ot = p* V4, » and let us show that dim 2% = 0. To this
end, let us consider V' only as a vector space, equip it with the inner product
(, )r,andlet (4) denote the orthogonal direct sum of subspaces of V' [12,
p. 7). Then it is clear that £ (resp. £7), if not 0, is a positive definite (resp.
negative definite) subspace of V', while it follows from Theorem 2.5 and [12,
Corollary 11.8, p. 26] that M, = M" ()M~ , where M" is positive definite
and 9" is negative definite. Hence we conclude that V' admits the funda-
mental decomposition, ¥V =kerK(4) (£7(4)M") (4£) (£7(4)9M7). On the
other hand arguments similar to those used in [13, Proposition 1.11] show that
V' contains positive definite and negative definite subspaces of arbitrary large
dimension, and so it follows from arguments similar to those used in the proof
of [12, Theorem 10.1, p. 50] that dim o = .

Returning again to the Hilbert space V,, it is a simple matter to show with
the aid of Theorem 2.5 that the characteristic values of K are precisely the
nonzero eigenvalues of the problem (1.3-4), that for 4 a characteristic value of
K , the eigenspace of K corresponding to the eigenvalue 1/4 is precisely N, ,
and that N, = M, . In light of the foregoing results, this completes the proof
of Theorem 3.1. Henceforth we let {1/47}7° and {u}7° (resp. {1/4]}°
and {u, }‘l"’) denote the positive (resp. negative) eigenvalues of K counted



268 M. FAIERMAN

according to multiplicity and their corresponding orthonormalized eigenvectors,
respectively. Thus the /I;t are precisely the nonzero eigenvalues of (1.3-4)
counted according to multiplicity with the ujt being corresponding eigenvectors.
Now let us turn to the proof of Theorem 3.2; and in proving this theorem we
will make use of the fact that the uf form an orthonormal basis of £% 4+ £7,
and hence a basis of £+ £~ with respect to the topology induced on this space
by the norm || |. Accordingly, if & € Hl = LZ(Q+ UQ7) and A" (x) = h(x)
for xe Q"UQ™ and A~ (x) =0 in Q\(Q"UQ7), then we have h~ = ho+h,,
where A, € 9, and h € M. Also for any ¢ > 0, there is a z € V, such that
|z = hyll < &. Thus since z = z, + Pz + P”z, where z, € kerK C ker T,
we see that if || ||T denotes the norm in %', then \h—h, — Pz - P—zHJr =
lh—h, — z||4r < ||A” —h,—z| < ¢, and the first assertion of Theorem 3.2 follows
immediately.

To prove the second assertion let f € §* = LZ(Q+ UQ ; |o(x)|dx) and let
¢ be any positive number. Then thereisa ¢ € C;° (int Q" uint Q™) such that
I|f = (o||# < ¢, where || ll# denotes the norm in $”. Since ¢ =v,+v,, where
v, € V, and v, € M, and since it is easy to see that (v,, y) =0 for y € kerK,
it follows that ¢ = v, + P*v,+ P v,. Hence ||/ —v, -~ Pt v,~ P v,|* < & and
the second assertion of the theorem follows from the fact that ||y||# < <yl
for y € V, where ¢ denotes a positive constant.

4. THE INDEFINITE CASE

In this section it will always be supposed that y < 0 and that B, is indefinite
on V, if 0 € g(4) and the inner ( , ), is degenerate on N. In view of
Theorem 2.6 this is equivalent to the assumption that B, is indefinite on V{,
and it is our objective now to establish our main results for this case.

We have seen in §2 that V|, is a Hilbert space with respect to the inner product
(s ) Q and, for the case under consideration here, that when V|, is considered
only as a vector space and is equipped with the inner product (, ) = B,( , ),
then it becomes an indefinite inner product space. Let us now consider V| as
such an indefinite inner product space and let G denote the Gram operator of
(, ) withrespectto ( , )m’g,sothat (u, v) = (Gu, v)m’Q for u,v e vy [12,
p. 89]. Let P_ and P_ denote the positive and negative spectral projections
of G,put £, =P, V,,andlet x = dim £_. Then referring to [12, p. 184] for
terminology, we have

Theorem 4.1. V, when equipped with the inner product  , ), is a Pontrjagin
space of index k, where 0 <k <[ .

Proof. Firstly we remark that the theorem asserts that J{, is a Krein space
with finite rank of indefiniteness x and it will be shown below that x is
precisely the rank of negativity of ¥, [12, pp. 95, 100, 184]. Let us now
prove that G is completely invertible on V;, or equivalently, that G has a
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bounded inverse. Indeed, if this is not the case, then there exists the sequence
u; € D(A}) (see Remark 2.1) with [lu|,, o = 1 such that |Gu,]|,, o — 0.
Since (Guj, V) o= (uj, v) = (u;, Agv) for v € D(A:;), it follows that U
has a subsequence which converges to zero in §),. Consequently, if we denote
this subsequence again by {u j} and make use of the fact that B, is coercive
over V;, then we arrive at the contradiction that |u |, o— 0.

Thus it follows from [12, Theorem 1.3, p. 101] that V; is a Krein space and
admits a fundamental decomposition with components £, . On the other hand

we know from Theorem 2.1 that ¥ </~ , while the arguments of §2 show that
£, cannot be finite dimensional. Hence, in light of the results of [12, p. 184],
the theorem is proved.

Turning next to the operator K introduced in §2, it is easy to see that K is
a selfadjoint operator in the Pontrjagin space V}, [12, p. 133] which is compact
with respect to the strong topology of ¥ [12, p. 102] (note that the Hilbert
topology on V; induced by the norm || ||, o coincides with the strong topol-
ogy of ¥;). We are now going to use these facts to derive some information
concerning the eigenvalues and principal subspaces of the problem (1.3-4). Ac-
cordingly, if we consider V' (resp. }{) only as a vector space and equip it with
the inner product ( , ),. then we may argue as in the proofs of Theorem
3.1 and [15, Theorem 8.1] to show that it becomes an indefinite inner product
space.

Terminology. In the sequel, when we refer to V|, as a Pontrjagin space, then
this will always be meant with respect to the inner product ( , ), while if we
refer to V) (resp. V) as an indefinite inner product space, then this will always
be meant with respect to the inner product ( , ).

If we now fix our attention upon the indefinite inner product space V' and
employ the terminology of [12, p. 21], then we have

Theorem 4.2. The eigenvalues of the problem (1.3-4) form an at most denumer-
ably infinite subset of C having no finite points of accumulation such that if 1
is an eigenvalue, then dim M, < co. Moreover, if A and u are eigenvalues sat-
isfying A # u, then M, is orthogonal to M, and hence the principal subspace
corresponding to a nonreal eigenvalue is neutral. Also if A is an eigenvalue, then
so is A and M, and M; form a dual pair; thus if A is real, then M, is non-
degenerate. Finally, the eigenspaces corresponding to the distinct eigenvalues of
the problem (1.3-4) are definite, with the possible exception of at most a finite
number of them, and hence the eigenvalues of (1.3-4) are real and semisimple,
with the possible exception of at most a finite number of them.

Proof. Let us turn again to the operator K acting in the Pontrjagin space V
and henceforth agree to denote the principal subspace corresponding to the
eigenvalue A of K by &,. Then it follows that dim®, < oo if 1 # 0. We are
now going to show that the characteristic values of K are precisely the nonzero
eigenvalues of the problem (1.3-4) and for each characteristic value 4 we have
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G, 0= M, . Accordingly, let us firstly suppose that 4 # 0 is an eigenvalue of the
problem (1.3-4). Then it is a simple matter to show with the aid of Theorems
2.3 and 2.5 that M, C V. Moreover, it is also clear that N, = ker(I — AK).
Now suppose that 4 is not semisimple and v € M,, u ¢ N, . Then there exist

the vectors {uk}f;_1 in M,, where p > 1, U, | =u, and u, # 0, such that
(A= AT)u, = Tu,_,, where u_, = 0. If we now define the vectors {zk}g_1
by putting v = ~27% and

ukzukzk fork=0,1,
(4.1) k k-1
uk=VZk+Zaerr for2<k<p-1ifp>2,
r=1

where a,, = v (~1/1)"",

(K—-2"'I)z, = z,_,, where z_, = 0. It follows that (K —1~'I)’u = 0, and
hence we conclude that M, C &, R Conversely, if 4 is a characteristic value of
K such that 1/4 is not semisimple and if (K—A"'1’z=0, (K-A"'I)/ "'z #

k—l)C(r—l) and qu is the binomial coefficient, then

0, where p > 1, thenlet us put (K —A~'I)z, = z,_, for k=0,...,(p—1),
where z, | =z, z_; =0, and define the vectors {uk}(’;_l according to (4.1).
Then it follows that (4 — AT)u, = Tu,_, for k = 0,...,(p — 1), where

u_, =0, and hence z € M, . Thus QSW C M, and so 61//1 =M,. In light of
the properties of K cited above, the results of §2 and [12, pp. 35 and 134], and
the equality

(4.2) (u,v); =(Ku,v) foru,vel,

all but the final assertions of the theorem now follow. On the other hand, the

final assertions of the theorem readily follow from arguments similar to those

used in the proof of [15, Theorem 8.5], and from [12, Lemma 3.8, p. 35].
From the above proof and [12, Theorems 4.6 and 4.8, p. 191] we now have

Theorem 4.3. The number of nonzero, non-semi-simple eigenvalues of the prob-
lem (1.3-4) does not exceed k. Moreover, the number of nonreal eigenvalues,
where each such eigenvalue is repeated according to its algebraic multiplicity,
does not exceed 2k .

In the following two theorems we again fix our attention upon the indefinite
inner product space V.

Theorem 4.4. Suppose that A is a nonreal eigenvalue of the problem (1.3-4).
Then A (resp. 4) is semisimple if and only if N, and N; form a dual pair.
Moreover, whether i (resp. 1) is semisimple or not, M, + M; may be decom-
posed into the orthogonal direct sum of subspaces {£ j}q, where each £, is the
direct sum of two subspaces having coordinate systems {uj.k} and {u;,}, k=
0, ..., (p(j)=1), respectively, which satisfy: (1) (A—Ai T)ujik = Tuf,k_l (here
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uji’_1 =0, A =4, A7 =2) and 2) (u°, Uy, Ui )r=10r0 according to whether
K+ s = p( =t or k+s¢p< )= 1, and where p(1) > p(2) > - > p(q) > |
and Y2, p(j) <
Proof. Let us now consider ¥, as a Pontrjagin space and fix our attention upon
the operator K acting in ;. Then it follows from the assertions given in the
proof of Theorem 4.2 and [36, pp. 242-244] that &, /i + 8, i may be decom-
posed into the orthogonal direct sum of subspaces {£ j}’l’ which are invariant
under K ; moreover, each of these subspaces has a positive normal coordinate
system in which the matrix of the transformation K decomposes into two Jor-
dan blocks with elementary divisors of the form ({ — 1/4)"Y, (£ — 1/2)PY
If in £, we denote this coordinate system by {zjik}, k=0,...,p(J)-1),
where (K —(A%)"' Iz} =z, |, zi _ =0, A" =4, 2~ =1, then it follows
from the definitions of the zj.ik that 1/4 (resp. 1/4) is a semisimple eigenvalue
of K if and only if ker(] — AK) and ker(/ — AK) form a dual pair. In light
of (4.2) and the facts that N,+ = ker(/ — AiK) and M= = & the first
assertion of the theorem follows immediately.

To prove the remaining assertions, let us define the vectors {w Yo =1 by

taking p = p(j), v = —(1/A%)?, o = (= D¥( I/Ai)k” Cio_y and z, = zjji
in (4.1) and letting wﬁ =u,. Notmg that (w;rk, w; )p equals 0 if k+s<

p(j) — 1 and equals (1/4)(=1/22*Y"" if k +s = p(j) — 1, let us now put

+ k + .
Uy =Wy, Uy = Er 0 %)= 14r—k Wy for k =0,..., (p(j) - 1), where a,
are chosen so that ( Ui, ) =1 or 0 according to whether k + s=p(j)—1
or k+s#p(j)—1. Smce it is a simple matter to show that the ujk satisfy the

assertions made in the theorem, we may appeal to [12, Theorem 4.6, p. 191] to
complete the proof of the theorem.

Arguments similar to those used in the proof of Theorem 4.4 together with
[12, Theorem 4.9, p. 191] also show that

Theorem 4.5. Suppose that A # 0 is a real eigenvalue of the problem (1.3-4)
such that N, is not definite with respect to the inner product ( , );. Then
A is semisimple if and only if the inner product ( , ) is not degenerate on
N, . Moreover, whether 1 is semisimple or not, M, may be decomposed into
the orthogonal direct sum of subspaces {Ej Y. where each £ i has a coordinate
system {u;, }, k=0,...,(p(j)-1), which satisfies: (1) (A=AT)uy =Tu; ,_,
(here U = 0) and (2) (ujk , ujr)T = =1 or 0 according to whether k + r =
p(j)—1 or k+r#p(j)—1, and where 2k +1 > p(1) > p(2)>--- > p(s) > 1.

Remark 4.1. We note from (4.2) that if 4 # 0 is an eigenvalue of the problem
(1.3-4), then N, is definite with respect to the inner product ( , ), if and
only if it is definite with respect to the inner product ( , ), and it is also
clear (see Theorem 4.2) that if N, is definite in either sense, then 4 must be

real and semisimple. Moreover, N, is positive definite (resp. negative definite)
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with respect to the inner product (, ) if and only if sgn(u, ), = sgni (resp.
sgn(u, u); = —sgni) for every u # 0 in N, and we can always choose a
basis {uj}’l of M, = N, satisfying (uj, U )r = éjk sgni (resp. (u;, uy)y =
-0 k SEN A), where ¢ k= Kronecker delta.

Referring again to Theorem 4.5, let us firstly note from (4.2) that the £
are also pairwise orthogonal subspaces of the Pontrjagin space V. Now if
p(1) > 1, let j* denote the largest value of j, 1 < j <s, for which p(j) > 1

and let Mf denote the span of the subspaces {£ j}{' . If p(1) =1, then put

Mf = 0. If p(s) = 1, then let M, denote the span of those Sj for which
p(j)=1 and (ujo, “jo)r = —sgni (ie., (ujo, “jo> < 0) if such £ exist, and
put M; =0 otherwise. If p(s) > I, then put M, = 0. Then Mf and M,
are pairwise orthogonal subspaces of the Pontrjagin space }, and in this latter
space M, ,if not O, is negative definite. Moreover, it readily follows from the

foregoing results and from arguments similar to those of [12, Theorem 4.3, p.
190] that

Theorem 4.6. [ (dim Mf +dim M) + 3" dim M,] < 3k, where the first sum-
mation is over all A satisfying the hypotheses of Theorem 4.5 and the second
summation is over all nonzero eigenvalues A of the problem (1.3-4) for which
either A is not real or A is real and N, is negative definite with respect to the
inner product { , ), and where the first or second summation is to be omitted if
eigenvalues of the kinds asserted do not exist.

If the problem (1.3-4) has nonreal eigenvalues, then let M * (resp. M7)
denote the span of all the M, for which ImA > 0 (resp. Im4 < 0); otherwise
let M" =M~ =0. If the problem (1.3-4) has real nonzero eigenvalues whose
corresponding eigenspaces are not definite in the indefinite inner product space
V' (and hence in the Pontrjagin space V;), then let M " denote the span of the

M, corresponding to such eigenvalues; otherwise let M "'~ 0. If the problem
(1.3-4) has real nonzero eigenvalues whose corresponding eigenspaces are neg-
ative definite subspaces of the Pontrjagin space V,, then let M * denote the

span of the M, corresponding to such eigenvalues; otherwise let M =0.

Notation. We let M = M* - M~ + M+ M* | let (+) (resp. (4)) denote
orthogonal direct sum of subspaces of the Pontrjagin space V| (resp. of the
indefinite inner product space V'), and let V| denote the orthogonal companion
of M in the Pontrjagin space V, (see [12, p. 7]).

It follows easily from the foregoing results, [12, Corollary 11.9, p. 26], and
arguments similar to those used in the proof of [15, Theorem 8.6] that V| =
M({+)V, (resp. V, = M(4)V,), that K is reduced by this decomposition, and
that kerK C V. Moreover, it is not difficult to show that $, = M + 9,
where §, = (TM)Lm’)O, Vi =V,Nn$%,, and that V| is a closed, nondegenerate
subspace of the Pontrjagin space V|, which is dense in §, with respect to the

norm || ||. Note also from Theorems 4.4-5 and (4.2) that if M # 0 and
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M =0 , then M is an indefinite subspace of the indefinite inner product space
(resp. Pontrjagin space) V. From [12, Corollary 2.3, p. 186] and arguments
similar to those used in the proof of Theorem 4.1 we now have

Theorem 4.7. V,, consider as a subspace of the Pontrjagin space V,,, is also a
Pontrjagin space whose index k, satisfies 0 <k, < k, and k, Is precisely the
rank of negativity of V.

We remark that, as for the case of 1}, the Hilbert topology of V| induced by
the norm | ||, o coincides with the strong topology of V. Note also that K
is a compact selfadjoint operator in the Pontrjagin space ¥, whose eigenvalues,
if any, must necessarily be real and the eigenspaces of K corresponding to its
nonzero eigenvalues are positive definite.

We are now in a position to establish some further results concerning the
spectral properties of the problem (1.3-4).

Theorem 4.8. Suppose that ker TNV is not degenerate with respect to the inner
product B( , ). Then the problem (1.3-4) has infinitely many positive (resp.
negative) eigenvalues. Moreover, the eigenvectors of (1.3-4) together with their
associated vectors, if any, are complete in Lz(Q+UQ_), and if w(x) satisfies the
condition (C) of §3, then they are also complete in LZ(QJr UuQ; lo(x)|dx).

Remark 4.2. Let £ = ker TNV . Then the hypothesis of the theorem is certainly
satisfied if £ = 0, and this is always the case if |QO| = 0 (see §1). Moreover,
it is easy to see from the results of §2, Theorems 4.4-5, and Remark 4.1 that
£=kerTnV, =kerK, and hence it follows that the hypothesis of the theorem
is equivalent to the requirement that ker K be a nondegenerate subspace of the
Pontrjagin space V| (it is of course a closed subspace). It follows immediately
that the hypothesis of the theorem is satisfied when x, = 0 since in this case V]
is a Hilbert space with respect to the inner product ( , ). Note also that it is in
this latter formulation that we recognize our hypothesis as being the sufficient
condition given in [7 and 31] for the completeness of the root vectors of K in
the Pontrjagin space V.

Proof of Theorem 4.8. We already know that V| is a Hilbert space with respect
to the inner product ( , ) if x, = 0. Let us now show that if k, > 0, then the
Pontrjagin space V, admits a fundamental decomposition V|, = £7(4)£7 with
positive definite (resp. negative definite), intrinsically complete component £*
(resp. £7) such that £~ c kerK and £" is invariant under K . Accordingly,
suppose that k, > 0 and assume firstly that £ # 0. Then it follows from [12,
Corollary 2.3, p. 186] that £ = £ (4)£_, where £ _ (resp. £_), if not 0, is
positive definite (resp. negative definite), and 0 < dim£_ < k, [12, Lemma
1.1, p. 184]. Next let ot = £ if £ # 0 and ¢* = 0 otherwise. Then we
know from [12, Theorem 2.1, p. 165 and Theorem 3.2, p. 169] that K, as an
operator acting on the Pontrjagin space V|, has an invariant maximal negative
subspace £ containing o , while from [12, Lemma 1.2, p. 184] we also know



274 M. FAIERMAN

that dim£ = k,. Since o(K|L ) consists precisely of the point 4 = 0, we
conclude that the case £ = 0 is not possible, and so £ = ot # 0. Now

suppose that the inner product { , ) is degenerate on £ . Then there is a
u#0in £N £ such that (u,v) =0 forevery v € £N £ , and hence in
light of the decomposition of £ given above we arrive at a contradiction. Thus
it follows that A = 0 is a semisimple eigenvalue of K and £ is negative
definite. If we now let £% denote the orthogonal companion of £ in the
Pontrjagin space V|, then it follows from [12, Lemma 2.1, p. 186 and Theorem
7.1, p. 112] and the fact that K is selfadjoint, that £"(4)£™ is precisely the
fundamental decomposition of V| asserted above.

In light of the foregoing results we may now argue as we did in the proofs of
Theorems 3.1-2 to complete the proof of the theorem.

In order to deal with the case where the inner product B( , ) is degenerate
on ker 7NV, we shall need a preliminary result. Accordingly, in the following
lemma we again fix our attention upon the Pontrjagin space V|, assuming now
that xk, > 0, and we consider K as an operator acting in V.

Lemma 4.1. Suppose that either N, =0 or N, is a finite dimensional positive
definite subspace of V| which is invariant under K . Let t denote the orthogonal
companion of M, in V. Then for any natural number p there is a u € M such
that (K u, K u) #0.

Proof. Suppose that the lemma is false. Then it follows from [12, Lemma 2.2,
p. 5] that K y =0 for ue M. Hence we conclude from arguments similar to
those used in the proof of [12, Theorem 4.3, p. 190] that 91 can be decomposed
into an orthogonal direct sum of the form 0N = N, ()N, , where N, is nonzero,
finite dimensional, and invariant under K, while N, is closed, positive definite,
and contained in ker K . In light of the results of §2, Theorems 4.2-6, (4.2), and
[12, Corollary 11.8, p. 26] it now follows that the indefinite inner product space
V' (we refer to the terminology preceding Theorem 4.2) admits a fundamental
decomposition with finite dimensional positive definite and negative definite
components. Since V' contains positive definite and negative definite subspaces
of arbitrary large dimension, we may argue as in the proof of [12, Theorem 10.1,
p. 50] to arrive at a contradiction.

Referring again to Remark 4.2, let us now suppose that £ is degenerate with
respect to the inner product B( , ) (note that this case can only occur when
|QOI > 0). Then in Theorem 4.7 we must have «, > 0. Moreover, it follows
from [12, Theorem 3.1, p. 103] that £, considered as a subspace of the Pon-
trjagin space V|, admits a fundamental decomposition £ = £,(+)£, (+)£_,
where £ (resp. £_), if not 0, is uniformly positive definite (resp. uniformly
negative definite) [12, Lemma 2.1, p. 186], £, is neutral, dim£;, > 0, and
0 <dim(£,(+)£_) < k, . Hence if we consider K as an operator acting in the
Pontrjagin space V|, then we assert that because of these facts every maximal
negative subspace of V| which is invariant under K must be degenerate. In-
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deed, if ¢* issuch a subspace and 2% is not degenerate, then we may make use
of the fact that o(K |£#) consists precisely of the point 4 =0 to conclude that
& s negative definite and ¢ c £. Hence by appealing to the fundamental
decomposition of £ cited above and by arguing as in the proof of [12, Theorem
10.1, p. 50], it readily follows that dim £* < dim£_. Since dim¢* = x, [12,
Lemma 1.2, p. 184], we thus arrive at a contradiction.

Next let us again consider K as an operator acting in the Pontrjagin space

V,. Then we know from [12, Theorem 2.1, p. 165 and Theorem 3.2, p. 169]
that K, has an invariant maximal negative subspace £ containing £,(+)£_
and an invariant maximal positive subspace £ which are orthogonal compan-
ions of each other. Moreover, £ is a degenerate subspace of V,, o(K|L")
consists precisely of the point A = 0, and £ is precisely the principal sub-
space of K|£™ corresponding to the eigenvalue 4 = 0. Let p(41) denote the
minimum polynomial of K|€™ . Then p(4) = A%, where 1 < ¢ < K, . Also,
since (u, Kv) =0 for u € £ and v € V|, we see that KV, c £, and
hence it follows that K is a positive operator in V| [12, p. 147].
Definition 4.1. Let g be the integer defined in the preceding paragraph. Then
we say that the pair (L, w) satisfies the condition (C,) if: (1) Q" \int Q| =
[Q" \intQ | =0 and (2) w and the a,p (see 1.1)) are sufficiently smooth on
Q" =intQ" Uint Q" so that for any pE C§°(Q#) we have Ly € $ and if we
define the functions {(pj}‘:'” recursively by putting q)j(x) = (w(x))_l(L(pj_l)(x)
for x € Q, ¢j(x) =0 for x € Q\ Q" where 9, = ¢, then we also have
Lp,e$ for j=1,...,(4g—1) and ¢, e H"(Q) for j=1,...,4q.

We note that in order for condition (2) in the above definition to be satisfied
it is sufficient that a , € Cq“H“"l(Q#) and that w € C"”’I(Q#) , where ¢" =

(8¢ — 1)m — 1. Observe also that for j =0, ..., 4q, 9; has compact support
which is contained in Q* and 9, € V', while 9 € D(A) for j=0,...,(4g-1)
and Ap,=Tp, .

Theorem 4.9. Suppose that kerT NV is degenerate with respect to the inner
product B( , ). Suppose also that the pair (L, w) satisfies the condition (C,).
Then the problem (1.3-4) has infinitely many positive (resp. negative) eigen-
values. Moreover, the eigenvectors of (1.3-4) together with their associated vec-
tors, if any, are complete in LZ(Q+ UQ7) and if w(x) satisfies the condition
(C) of §3, then they are also complete in Lz(Q+ uQ; |o(x)|dx).

Proof. Let us fix our attention upon a particular fundamental decomposition

of the Pontrjagin space V| and let J denote the fundamental symmetry corre-

sponding to this decomposition [12, p. 52]. Then when V|, considered only as
a vector space, is equipped with the inner product ( , ), = (J-, -), it becomes
a Hilbert space and the Hilbert topology of V| induced by the norm (x, x)l/ 2

is precisely the strong topology of V| . If we now consider V| as such a Hilbert
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space and K as an operator acting in V|, then it follows that K 2 isa compact
operator which is strongly symmetrisable with respect to the bounded selfadjoint
operator J [48, p. 371] and S = JK* > 0. Since we know from above that
the eigenvalues of K must necessarily be real, we conclude from Lemma 4.1
and [48, Theorem 35, p. 420] that K 2 pas infinitely many nonzero eigenvalues
which are necessarily positive. Hence K has infinitely many nonzero eigenval-
ues. We denote these nonzero eigenvalues by {4 j}‘l’° , Where each A ; is repeated
according to its multiplicity, and denote by {u j}j’° the corresponding sequence
of eigenvectors satisfying (uj , U )p =0 ik sgn A D where ¢ ik is the Kronecker
delta (see Remark 4.1 and the statements following Theorem 4.7).

Next let ¢ € Cy° (Q#) (see Definition 4.1). Then it follows from the forego-
ing results that ¢ = v, + w,, where v, € M,(+)M and w, € V. Moreover, if
My(+)M # 0, then it follows from §2, Theorems 4.4-5, and Remark 4.1 that

there exist the vectors {vj}‘l'q contained in M (+)M such that Tv ;=Av; .

Putting v, = 0 for j = 1,...,4q if My(+)M = 0 and defining {gp, Tq
as in Definition 4.1, let w; =9, -, for j =1,...,4q. Then w; € "
for j = 0,...,4q, ij = ij+1 for j = 0,...,(49 — 1), and hence

wy = KY¥w,, = % (wy, u;)u; [48, Theorem 10, p. 422]. Since Cg°(Q") is
dense in §' = L2(§2+ UQ™), we conclude from the remarks following Theorem
4.7 that the eigenvectors and associated vectors of the problem (1.3-4) are com-
plete in H'. If w satisfies the condition (C), then CSO(Q#) is dense in $" =
LZ(QJr UQ"; |w(x)|dx), and hence, since the mapping T: V| — %" is con-
tinuous, we conclude that the eigenvectors and associated vectors of (1.3-4) are
complete in 0.

It remains only to prove that K has infinitely many positive (resp. negative)
eigenvalues in V. To this end let us observe that for u € Vl# = R(K4q)

we have u = Z;":’llj_l(u, u;)pu; and (u, u); = Pl |/1j|_zsgnlj|(u, uj)Tl2

Hence if we now consider Vl# only as a vector space and equip it with the inner

product ( , );, then it follows that VI# is positive definite if all the AJ are
positive and the orthogonal direct sum of a finite dimensional negative definite
subspace and a positive definite subspace if all but a finite number of the A j
are positive. Hence if we suppose that at most a finite number of the A ; are

negative and consider vt = M,(+)M(+) Vl# only as a vector space and equip it
with the inner product ( , ), then it follows from the foregoing results and [12,
Corollary 11.8, p. 26] that V* is either positive definite or the orthogonal direct
sum of a finite dimensional negative definite subspace and a positive definite
subspace. On the other hand, since it follows from above that v* contains
negative definite subspaces of arbitrary large dimension, we may argue as in the
proof of [12, Theorem 10.1, p. 50] to arrive at a contradiction. Hence infinitely
many of the lj are negative, and similarly we can show that infinitely many of
the 4 ; are positive to complete the proof of the theorem.
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