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WEIGHT STRINGS IN NONSTANDARD REPRESENTATIONS 
OF KAC-MOODY ALGEBRAS 

MEIGHAN 1. DILLON 

ABSTRACT. We consider the weights which occur in arbitrary irreducible highest 
weight representations of Kac-Moody algebras and determine conditions under 
which certain weights mayor may not occur. 

INTRODUCTION 

Much has been written in recent years about the so-called standard or inte-
grable highest weight representations of affine Lie algebras, the attention due in 
part to the intimate connections between these representations and the physi-
cists string theories. (See [1-3, 6, 8, 10] for a sampling of the literature.) In this 
work we offer the slightly broader view of Lie algebra representations afforded 
by considering the class of irreducible highest weight representations of arbi-
trary Kac-Moody algebras, a class which includes the standard representations 
of affine Lie algebras and the irreducible finite-dimensional representations of 
finite-dimensional simple Lie algebras over C. 

The most fundamental object of our scrutiny is a Kac-Moody algebra fl. 
Generally infinite-dimensional, fl is a complex Lie algebra defined by generators 
which satisfy relations as in § 1 . We point out here that underlying the relations 
satisfied by fl is an indecomposable n x n generalized Cartan matrix (GCM) A. 
(See [6,7, 12-14].) If there is a column vector u with components greater than 
zero (u > 0) such that Au > 0, then fl is simple and finite dimensional. If there 
is u > 0 such that Au = 0 then fl is neither simple nor finite dimensional but 
is said to be affine. (See [4, 5] for the theory of finite-dimensional Lie algebras 
over C; for the theory of affine Lie algebras, see [6, 7, 11-14].) If fl is neither 
finite dimensional nor affine it is indefinite. 

Our objective here is to describe the weights and the nature (finite or infinite) 
of the weight strings which occur in irreducible highest weight representations 
of fl, an arbitrary Kac-Moody algebra, We give background on fl and its rep-
resentations in § 1. (All the material there may be found in [6].) 

We start §2 with a technical result concerning the roots of fl. We then fix a 
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set of weight vectors in 9 and go on to modify some of the terminology and 
results from § 1 to fit the context of nonstandard representations of g. 

In §3, we consider (nonstandard) irreducible highest weight representations 
of 9 coming finally to our main result, Theorem 3.8, where we describe the 
weight strings which occur in these modules. 

1. BACKGROUND 

Let 9 be a Kac-Moody algebra, ei , 1; (i = 1 , ... , n) its Chevalley genera-
tors, nV = {a~, ... , a~} its simple coroots, n = {ai' ... , an} its simple roots. 
Recall that nV is linearly independent in the complex vector space ~ * , the dual 
of ~, the Cartan subalgebra of g. Letting (., .) denote the pairing of ~ and 
~* , we have that aij = (a j , a~) is a nonpositive integer when i =1= j and that 
aii = 2 for i = 1 , ... , n. Recall that 9 satisfies 

[h 1;] = -(ai' h)1;, [h hi] = 0, 

d -ai)+1 - 0 - d f- a,j+1 f l" h hi . d . . - 1 If I a ei ej - - a J i J j lor , ill ~ an I, ) - , ... , n. we et 
g(ui ) := Ce i + Ca~ + C1; we see that g(ui ) ~ sI2(C) for i = 1, ... , n. 

Denote by w the involutive automorphism of 9 determined by w(ei ) = -1;, 
w(1;) = -ei , w(h) = -h for h in ~, i = 1, ... , n. We call w the Cartan 
involution of g. 

If [ ... [e l" e l"]··· el" ] = [e ... e ] is nonzero, then using the Cartan involu-
12m 111m 

tion we see that [1; ... f l" ] is also nonzero. In this case, a = 2:m_ 1 a" is called 
1 m J- I) 

a positive root of g, -a, a negative root. We denote the set of roots of 9 by 
Ll, the positive roots by Ll+, the negative roots by Ll_. Recall that 9 has the 
root space decomposition 9 = EBaEL'iU{O} g" where ga = {x E g: [hx] = (a, h)x 
for all h E~} and go = ~. 

Let n+ = EBaEL'i+ ga' n_ = EBaEL'i_ ga· If U(g) is the universal enveloping 
algebra of g, the PBW theorem (see [4,5]) give us that U(g) = U(n_) 0 U(g) 0 
U(g+) . 

If a is any element in the Z+ span of n, then we define the height of a, 
denoted ht a, by hta = 2:~ ki where a = 2:7 kiai . The support of a, denoted 
supp a , is the set of a i in n such that k i =1= 0 again when a = 2:7 kia i . 

Each a i in n determines ri , the fundamental reflection on ~*, given by 
rp,) = A - (A, a~)ai for A in ~* . The group W which is generated by these 
reflections is called the Weyl group. We use W to classify the roots of 9 as 
follows. 

If a in Ll has the property that there is w in W such that w (a) belongs to 
n, then a is a real root, otherwise, a is an imaginary root. We denote the real 
and imaginary roots of 9 by Llre and Llim respectively. Note that if a belongs 
to Llre , then dim ga = 1 ; if a belongs to Ll im , then 00 > dim 9a ~ 1 . 
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Just as rj is defined on ~ * for i = 1, ... , n we may define the reflection 
determined by a; on ~ via rJh) = h - (h, aj)a;. The group generated by 
these reflections may be identified with W. If a belongs to /:,.re and w(a j) = a 
for some w in W, a j in fl, we define a V in ~ via w(a;) = a V . We then 
have ra in W defined for all a in /:,.re via r,,(A.) = A. - (A., aV)a for A. in ~* . 

Suppose now that n: 9 --> Endc ( V) is a representation of 9 such that V = 
EBJeEIJ • Tj, where Tj = {v E V:h· v = (A., h)v for all h E ~}. V is then ~­

diagonalizable and the set of all A. in ~ * such that Tj =1= 0 is the set of weights 
of V. (Note that under the adjoint action, 9 is itself an ~-diagonalizable 9 
module.) The multiplicity of a weight A., denoted mult A., is the dimension of 
Tj. 

If x in 9 has the property that for each v in V there is N in Z+ such 
that x N • v = 0 then x is said to be locally nilpotent on V. If all ej and 
1; (i = 1 , ... , n) are locally nilpotent on an ~-diagonalizable 9 module then 
the representation is said to be integrable or standard. (Note that U(g) is an 
integrable 9 module under the adjoint action of ~.) 

If V is an integrable 9 module we define automorphisms on V by r; 
exp n(e) exp n( - 1;) exp n(ej ) , i = 1, ... , n. Then for x, ' ... ,xm in g, v in 
V (see [16, Lemma 14]) 

rr ~ ~ rr (l.l) rj(x,···xm·v)=rj (x,) .. ·rj (xm)·rj(v). 

Applying the representation theory of sI2(C) ~ g(a) to V we get (see [6, 
Proposition 3.6]) 

Proposition 1.2 (Kac). If V is an integrable 9 module then 
(a) V decomposes into a direct sum offinite-dimensional g(a) modules; 
(b) if A. is a weight of V, then 

(i) r;(Tjl = ~,(Je); 
(ii) A. + ta j is a weight of V if and only if t is an integer lying between -p 

and q where p = q = 00 or p and q are fixed nonnegative integers 
which satisfy (A., a;) = p - q ; 

(iii) ej · Tj =1= 0 if A. + a j is a weight; 
(iv) (A., a;) ~ 0 (respectively (A., a;) ::; 0) if A. + a j (respectively A. - a) is 

not a weight. 0 

If A. is a weight of V and a is in /:,. then the a-string through A. is the set 
of all weights of the form A. + ta where t is an integer. 

Suppose now that V is a highest weight module, i.e., that there is v+ in V 
such that n+ ·v+ = 0, h·v+ = (A, h)v+ for some A in ~* for all h in ~,and 
that V = U(n_l . v+. We call v+ a highest weight vector and A the highest 
weight of V. Note that V is ~-diagonalizable and that for all weights A. of 
V, mult A. < 00. If V is, in addition, freely generated as a U (n _) module, 
then V has a unique maximal proper submodule V'. Letting M(A) = V/V' , 
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we get the (unique) irreducible 9 module with highest weight A. M = M(A) 
will be the focus of our attention in the sequel. 

2. PRELIMINARIES 

We need a technical result before undertaking a study of the representations 
of 9. 

Lemma 2.1. If 0: is in ~+ and O:k belongs to supp 0:, then 0: may be written in 
the form 0: = O:k + ~7=1 O:i where O:i belongs to IT andfor all t in {l, ... , m}, 

J ) 

O:k + ~~=I O:i belongs to ~+. 
) 

Proof. We proceed by induction on ht 0:. If 0: is in IT the result is trivial so 
assume that ht 0: > 1 . Pick 0: I in supp 0: so that 

(2.Ll) fJ = 0: - 0: 1 E ~+. 

Since ht fJ < ht 0: , it follows by induction on ht 0: that the result is true for fJ , 
hence for 0: in the event that supp 0: = supp fJ. Suppose then that supp 0: =I-
supp fJ , i.e., that 0: 1 is not in supp fJ. Since 0: = fJ + 0: 1 it suffices to show 
that 0: = 0: 1 + ~7=1 O:i where 0: 1 + ~~=I O:i is in ~+ for t = 1, ... , m, for 

J ) 

some sequence of elements 0: i. in IT. Proposition 1.2 gives us that (fJ, o:~) :::; 0 
J 

since fJ + 0: I is in ~ +' Since fJ - 0: I is not in ~ + ' Proposition 1.2 also gives us 
that (fJ, 0: VI) < 0; in particular, there is 0:. in supp fJ such that (0:. , 0: VI') < 0 

II II 

implying that O:i l + 0: 1 belongs to ~+. Again since ht fJ < ht 0: we have by 
induction that fJ = O:i l + ~;=2 O:i

J 
where O:i

J 
is in IT for j = 2, ... , m and 

~~=I O:i is in ~+ for t = 2, ... , m. Since 0: 1 is not in supp fJ we have for 
J 

j = 2, ... ,m (O:i' o:~) :::; 0 thus, that (~~=I O:i ' o:~) < 0 for t = 2, ... , m. 
J J 

We conclude that 0: 1 + ~~=I O:i belongs to ~+ for t = 2, ... , m as desired. 0 
J 

For convenience, we shall fix a set of root vectors of 9. It turns out that if 
0: is real, [9a La] = Co: v. Given any positive real root 0:, we may thus pick 
e in 9 and f in 9 such that [e f] = o:v. Since (0:, o:V) = 2 we have 

Q' 0: Q -0': ct a 

that 9(a):=Ce,,+Co:v +Cfa is isomorphic to sI2(C) for all 0: in ~:. We shall 
exploit this extensively below. If 0: is an arbitrary positive root, we shall use 
x" and x_a to designate nonzero elements of 9" and 9_ a respectively. 

Let n: 9 -+ Endc ( V) be an f)-diagonalizable representation of 9. If V is not 
necessarily integrable we say that the representation is nonstandard or noninte-
grable. If 0: is a positive root with the property that all xa and x_a are locally 
nilpotent on V then 0: is an integrable root relative to V. If 0: is real and inte-
grable we define an automorphism on V r: = exp n(ea ) exp n( -..t;,) exp n(en ) . 

As in (Ll) r:(x l ··· xm . v) = r~d(xl)'" r~d(Xm)' r:(v) when XI' ... ,xm be-
long to 9, v to V. If a positive root 0: is not integrable, we say that 0: is a 
nonintegrable root. Using the representation theory of s12(C) ::::: 9(n) for 0: real 
integrable, we generalize Proposition 1.2 as follows. 
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Proposition 2.2. Let V be an ~-diagonalizable 9 module and a a real inte-
grable root relative to V. Then 

(a) V decomposes into a direct sum of finite-dimensional irreducible g(a) 

modules; 
(b) if A is a weight of V, then 

(i) r,:(V;.) = ~,,(.<); 
(ii) A + ta is a weight of V if and only if t is an integer lying between -p 

and q where p = q = 00 or p and q are fixed nonnegative integers 
which satisfy (A, a V) = P - q ; 

(iii) ea' V:;. 1:- 0 if A + a is a weight; 
(iv) (A, aV) 20 (respectively (A, aV) ::; 0) if A + a (respectively A - a) is 

not a weight. 0 

We close this section with a technical lemma. 

Lemma 2.3. Let V be an ~-diagonalizable 9 module and A a weight of V. If 
v is an element of V;. then for all a in L1: and N in Z+, 

N V N N eo·fa 'V=N((A,a )-(N-l))fa ·v+fa ·ea·v. 0 

Proof. See [7, §7.2]. 

3. WEIGHTS IN NONSTANDARD MODULES 

Let M be an irreducible highest weight module over 9 with highest weight 
A in ~*. Let v+ be a highest weight vector of M and M = EB'«A M.< its 
weight space decomposition. We make no assumptions as to the integrability 
of M but do assume that the representation is faithful. Our first goal is to 
determine which positive roots of 9 are integrable. 

Let II(A) = {a i E II: (A, a~) E Z+}. 

Lemma 3.1. J; is locally nilpotent on M if and only if a i belongs to II(A). 
Proof. By Lemma 2.3, 

j,N + v j,n-I + ei · i ·V =N((A,ai)-(N-l)) i ·V 

for all N in Z+. If a i is not in II(A) , it follows that ei • J;N . v+ is nonzero 
for all positive integers N, thus, that J;N . v + is nonzero. 

If a i is in II(A) , let N = (A, a~)+l. Then ej.J;N.v + = 0 for j = 1, ... , n 

implying by [6, §9.3] that J;N.V + = O. Since v + generates M, the result follows 
by [6, Lemma 3.4]. 0 

If a belongs to L1re , let Wa be the subgroup of W generated by the set 
{ri:ai E suppa}. 

Lemma 3.2. If a is in L1re there is w in Wand a). in supp a such that n 

a = w(a). 
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Proof. If a > 0 and ht a > 1 then by [6, Lemma 5.4] there is a j in II such 
that (a, a;) > o. We then know that rj(a) = a - (a, a;)aj is a positive real 
root. Since ht( rj (a)) < ht( a) the result follows in this case by induction on 
hta. 

If a < 0, -a is in I1r+e so there is w in W = Wand a. in supp( -a) = -n n } 

suppa such that -a = w(a). We conclude that a = w(-a) = w(rj(a j )) as 
desired. 0 

Let 11+ (A) = {a E 11+: supp a C ll(A)} . 

Lemma 3.3. If a belongs to I1re n 11+ (A), then Ia. is locally nilpotent on M. 
Proof. Let A. be a weight of M and a an element of I1re n 11+ (A) . For all a i 

in supp a, rTr (M,) = Mr (.) so that if w = r ... r· belongs to W where a· 
1 I\. I A. lk 11 Q 1) 

is in suppa, j = 1, ... , k, then wTr(MJ = MW(A). 

Invoking Lemma 3.2, we choose w in Wn so that w(a i ) = a for some a i 
in supp a. Since a i is integrable, there is N in Z+ such that MA - Nn = o. 
Let A. = w-I(A). Then wTr(MA_ Nn ) = MW(A-Na,) = M A - Nn = 0 impl;ing in 
particular that Ia.N • MA = o. By [6, Lemma 3.4], we conclude that fa is locally 
nilpotent on M. 0 

The following lemma 1 will facilitate our study of nonintegrable roots. 

Lemma 3.4. If a is in 11~ and f: . v = 0 for some nonzero v in M, N in 
Z+, then fn is locally nilpotent on M. 

Proof. Without loss of generality we may assume that f nN -I . V i- o. The 
irreducibility of M then implies that M = U (g) . f: -I . v. Given u in M, 
there is then g in U(g) so that u = g. 1;;'1-1 . v. Noting that 

f f f N-I fN-I fN N-I 
a· U = a· g. a • V = [1;,g]. a • V + g. a . V = adIa.· g. 1;, . v 

we see that f~ . u = (adf,,)' . g. f N - 1 • v. As Ia.. is locally nilpotent on U(g) 
under the adjoint action, we may choose r large enough so that (ad fJr . g = 0, 
hence, J;~ . u = 0 proving the lemma. 0 

Our first result concerning nonintegrable roots is now obvious. 

Lemma 3.5. If a j belongs to ll\ll(A), then f;. v is nonzero for all nonzero v 
in M. 
Proof. The result is an immediate consequence of Lemmas 3.1 and 3.4. 0 

Recall that if 9 is affine it has a minimal positive imaginary root J with 
the property that (J, a~) = 0 for all a~ in llv. If fJ belongs to l1im , then 
fJ = rJ for some integer r. The imaginary roots of an affine Lie algebra in 
an irreducible highest weight representation behave in a singular fashion as the 
next result shows. 

1 I would like to thank the referee who pointed this out to me. 
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Lemma 3.6. Suppose 9 is affine, f3 is in L'i: ' and x-fJ is a nonzero element of 
L p' For all weights A of M, A - f3 is also a weight; in fact, x _ p . v is nonzero 
for all nonzero v in M. 
Proof. See [9, Proposition 2.11]. 0 

Remark. Lemma 3.6 is not true for arbitrary Kac-Moody algebras as the fol-
lowing example shows. 

Let 

A= [-; -~ -~l. 
o -1 2 

If u t = [7 8 3] it is easily checked that Au < 0 implying by [6, Corollary 4.3] 
that A is a GCM of indefinite type. Since DA is a symmetric matrix where 
D = diag( 1- 1 1), by [6, Theorem 9.11] the Kac-Moody algebra 9 associated 
to A is given by generators {ei , J; , i = 1, 2, 3; with basis o~, o~ ,o~} and 
relations as given in § 1, where A = [a i ] . 

} 

As A is symmetrizable we have the standard invariant form on 9 satisfying 
(o~,o~) = 4, (o~,o~) = -4, (o~,o~) = 0, (o~,o~) = -1, (o~,o~) = 2, 
(o~, o~) = 2. The canonical isomorphism v: ~ -+ ~* gives us ( , ) on ~* where 
(°1'° 1) = 1, (° 1 ,°2 ) = -2, (° 1 ,°3 ) = 0, (02'02) = 2, (02,03) = --1, 
(° 3 ,°3) = 2, where TI = {ol ' ° 2 , 03} is the set of simple roots of 9. We 
see that ° 1 + 02 belongs to L'i+ and that (° 1 + °2 , ° 1 + 02) = -1. By [6, 
Proposition 5.2], °1 + 02 is thus imaginary. 

Now let M be the irreducible highest weight module over 9 with highest 
weight A in ~ * given by (A, o~) = c5i3 . It is easy to check that M is faithful. 
Notice that since (A, o~) = (A, o~) = 0, ~ . v+ = 1; . v+ = 0 for any highest 
weight vector v+ in M. Thus X-(01+02) • v+ = 0 for any nonzero X-(01+02) III 

9-(° 1+°2)' 0 

Our next result, along with Lemma 3.3, gives us a criterion for determining 
the integrability or non integrability of a real root. 

Lemma 3.7. If ° belonging to L'i+ has Ok in its support such that Ok belongs 
to TI\TI(A) and If A is a weight of M, then A - ° is also a weight. Thus if ° 
is real it is nonintegrable. 
Proof. Using Lemma 2.1 we write ° = Ok + E'=I ° where 0i is simple for 

} I} ) 

j = 1, ... , r and Ok + E~=I 0i is in L'i+ for t = 1, ... , r. Lemma 3.5 gives us 
) 

the result when ht ° = 1 so we assume that ht ° > 1 and proceed by induction 
on ht 0. Assume that for any weight A, A - Ok - E~:; 0i is a weight of M. 

} 

If A - 0i is a weight, the result is immediate so we consider the case when 
A - 0i is o'ot a weight of M. Notice then, that by Lemmas 3.5 and 3.1, 0/ 

is int~grable. It follows by Proposition 2.2 that A + tOi is a weight for all 
integers t lying between 0 and N where N is a nonnegative integer satisfying 



168 M, L DILLON 

(A, a~) = - N. Proposition 2.2 also gives us nonnegative integers p and q 

such that ak + 2:~:; a i + sa i is a root for all integers s between -p and q 
J , 

(note that q is not 0), where 

Since ht(ak + 2:~:; a i - sai ) ::; ht(ak + 2:~:; a i ) for all s between 0 and p 
J' J 

it follows that 

A + ta i - (a k + i: a i - sai ) 
, J' 

j=1 

is a weight when s + t is between 0 and N + p. Since 

Proposition 2.2 again applies to give us that A - (ak + 2:~=1 a i ) is a weight, as 
J 

desired. 0 

We see that in the event that 9 is affine or finite dimensional and simple, 
we may readily classify a given positive root as integrable or nonintegrable. In 
general, however, the behavior of the imaginary roots under a given representa-
tion is not clearly understood. The following summarizes our results in terms 
of root strings. 

Theorem 3.8. Let 9 be a Kac-Moody algebra, M a faithful irreducible highest 
weight representation of g, a a positive root of g, and A a weight of M. 

(a) If 9 is not indefinite, the following statements are equivalent: 
(i) a is integrable; 
(ii) the a-string through A is finite; 
(iii) a belongs to ~+(A) n ~re. 

(b) Suppose 9 is indefinite. 
(i) If a is real, it is integrable ifand only ifit belongs to ~+(A). 

(ii) If a does not belong to ~+ (A), then the a-string through A is infi-
nite. 0 
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