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L’ INEQUALITIES FOR ENTIRE FUNCTIONS
OF EXPONENTIAL TYPE

QAZI I. RAHMAN AND G. SCHMEISSER

ABSTRACT. Let f be an entire function of exponential type 7 belonging to L
on the real line. It has been known since a long time that

/Oo If ()P dx < r"/_w )P dx if p> 1.

— o0

We prove that the same inequality holds also for 0 < p < 1. Various other
estimates of the same kind have been obtained.

1. INTRODUCTION

For a function g € L(R) we write
0o » 1/p
Il = ([ letarax) " p>0.

The following theorem contains an L? analogue of the well-known inequality
of Bernstein for entire functions of exponential type.

Theorem A [3, Theorem 11.3.3]. Let f be an entire function of exponential type
T belonging to LF(R). Then

(1) 171, < <lifl,
for p>1.

Various extensions and refinements of (1) exist in the literature. We first
mention

Theorem B [1, p. 144, Theorem 3, 20]. Let f be as in Theorem A. Then the
inequality

(2) l(sina) /" = (cosa)f|, < 7|11,
holds for all real o and p > 1.

Here is another result of the same kind.
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Theorem C [12, Theorem 3]. Ifthe function f of Theorem A assumes real values
for real values of x, then for p > 1 we have

(3) I+ 22152, < 20,111,
where
1 2n . —Up
(4) C,:= (5;/ I +e’"["da> <1.
0
Note that

(/) + 2 (f0))'* = max{(sina) ' (x) - 7(cos ) f(x)} .

Next, we mention a refinement of Theorem A under a side condition whose
pertinence is explained in [5]. The function 4 y appearing in the statement is
the Phragmén-Lindelof indicator of f defined as usual by

hf(ﬁ) := lim sup 6 real.

Theorem D [12, Theorem 2]. If the function f of Theorem A is such that
hf(—rc/Z) =0 and f(z)#0 for Imz <0, then for p > 1

(5) 10, < <G, 171,

where C, is the constant defined in (4).

log|f(re')]
r b

While the results stated above are concerning L? estimates for the derivative
of f on R itisalso of interest to know L? estimates of f itself on lines parallel
to the real axis. In order to state the most important result of this kind in its
full generality we need to introduce the

Notation. Let Q" be the set of all functions ¢ given by ¢(¢) := w(logt), where
¥ is a nonnegative nondecreasing convex function defined on R.

As examples of functions ¢ € Q" we mention log"t := max{0, logt},
log(1 +#) and ¢’ forany p e (0, 00).

Theorem E [3, Theorem 6.7.4]. Let ¢ € Q" and let f be an entire function of
exponential type T such that

(6) | sisndx <o,

Then -

) [ ee s s ivax < [ osehdx;
in particular, if € L*(R) where p € (0, o), then

(8) £+ il < e™if,.

Variations of Theorem E in the spirit of Theorems B-D are known for p > 1
only.
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Theorem F [4, see (3.3), (3.5)]). If f satisfies the conditions of Theorem A, then
for p>1 and w € R we have

9)  ISC+ip)e” + f(- = iy)e™], < 2(cosh® 7y — sin” @)'*|| 1], -
If in addition f(x) € R for x € R, then
(10) IRe{f(- + iy)e”"“}, < (cosh” ry — sin’ @)% 1], .

Theorem G [6, Theorem 1]. If the function [ of Theorem A is such that
If(x+iy)| <|f(x—1iy)|] for y >0, then for y >0 and p > 1 we have

(11) 1C+inll, < S, e, A,

where
p

2n . 2n . 1/
(12)  S,(r.9):= (/ e daf [ |1+e’“|”da> :
0 0

Finally, as a refinement of Theorem G in the situation of Theorem D we
mention [6, see (3.1) wherein the factor ¢”’/? is missing due to an obvious
oversight]:

Theorem H. Under the assumptions of Theorem D we have

(13) £+ i)l < e, (r/2, »)Ifl,
for y>0and p>1.

It should be mentioned that all the theorems stated so far remain true for
p = oo with
1gllo = sup|g(x)]
x€R

if the corresponding constants (4) and (12) are defined by
C.:=1/2 and S_(7,y):=coshty.

In fact, it was the case p = oo which was considered first ([1, p. 140, see
Theorem 1; 7, p. 239, see the Corollary; 5, see Theorems 1, 2 and 4; 3, Theorem
6.2.4; 4, see (3.1), (3.4)]).

In view of Theorem E the question arises if the other theorems also hold for
p € (0, 1) or more generally with a function ¢ € Q° instead of |-[°. The
known proofs are of no help in finding the answer since they all make essential
use of the fact that the function ¢: x — |x|° is convex if p > 1. The purpose
of this paper is to present an alternative approach to Theorems A-H which
leads to an affirmative answer to the question just raised.

2. STATEMENT OF RESULTS

We shall prove two theorems from which the desired extensions of Theorems
A-D and Theorems F-H (respectively) can be deduced as corollaries.
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Theorem 1. Let ¢ and [ be as in Theorem E. Then for all complex numbers
A and B not both zero such that Im(A/B) > 0 in case B # 0, we have

(14 /_qu(“‘f(j)jif{(") ) ax< [~ ouseds.

For A=0, B # 0 we immediately obtain

Corollary 1. Under the assumptions of Theorem E

(15) /_ ¢<’ﬂ(") ) dx</ S/ () d

in particular, (1) holds for all p > 0.

Setting 4 := tcosa, B:= —sina in (14) we obtain
Corollary 2. Let ¢ and f be as in Theorem E. Then for all a € R we have

[ e (|50 - eosars)]) dx < [~ ollsendx:
in particular, (2) holds for all p > 0.

The next two corollaries which extend Theorems D and C respectively are
not so obvious consequences of Theorem 1. We shall therefore prove them in
84,

Corollary 3. Let ¢ € Q" . If, in addition to satisfying the conditions of Theorem
E, f is such that hf(—n/2) =0 and f(z)#0 for Imz <0, then

o) 2n ! . oo
a0 [ 5 ¢<'f(+"'-|1+e’“|) dadx < [~ o(7(x)) dx

in particular, (5) holds for all p > 0.
Remark 1. For ¢ € Q" the function

g: quS(UJ(Tx)I-iI-kw) (x fixed)

is subharmonic [10, p. 46, see Theorem 2.2] and so

g(o_2 / ¢V da

which shows that (16) improves upon (15).

Corollary 4. Let ¢ € Q*. If f satisfies the conditions of Theorem E and in
addition f(x) € R for x € R, then

2 2N
/ 27:/ ( 57 [l+e || dadx

< [ sisenax;
in particular, (3) holds for all p > 0.

(17)
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The next theorem generalizes Theorem E and is the key to extensions of
Theorems F-H.

Theorem 2. Let ¢ and [ be as in Theorem E. Then for all A € C with |A| <1
and all y >0, we have

s [T (LB W g < [T pseaax.

In order to deduce Theorem E from Theorem 2 we may apply the special

case A =0 to f and to the function z — f(-z).
=2iw

Setting A = ¢ where w € R we obtain
fx—iy) +Af(x+iy)| _ " f(x —iy) + e f(x + ip)|
eV + e v 2(cosh? 1y — sin® w)!/?

and so as another consequence of Theorem 2 we may mention
Corollary 5. Let ¢ and f be as in Theorem E. Then for all real w we have
o ECf(x—iy)+e U f(x+i o0
a9 [ e (' fegire SO gx< [7 girnax.
—00

-0 2(cosh2 Ty — sin? w)

If in addition f(x) € R for x € R, then

0 /oo 5 (2| Re{f(x + iy)e” f/lz) dx < /:O o f () dx;

—o0 (cosh2 Ty — sin? )

in particular, Theorem F holds for all p > 0.

The proofs of Corollaries 6 and 7 given in §4 will show that Theorems G and
H can also be extended to arbitrary ¢ € Q" but we state the results only in the
case ¢(x) = |x|’ with p > O since the general form looks somewhat artificial
to us (see (35) below).

Corollary 6. Theorem G holds for all p > 0.
Corollary 7. Theorem H holds for all p > 0.
Remark 2. By a result of Hardy [9], if p >0 and y > 0, then

2n . 2n .
/ le”” +e”e | da = e’yp/ I1+e e ™ da
0 0
T 2n ia
geyp/ 11+ da.
0

Hence the constant S, (, y) defined in (12) satisfies S, (7, y) < e” for all
p >0 and y > 0. This implies that Corollaries 6 and 7 improve upon (8) for
y20.
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3. LEMMAS

Our approach is based on two powerful tools; namely, a result of Arestov
and an approximation method of Hormander. We first describe the result of
Arestov.

Denote by & the set of all polynomials

n
(21) P(z):=) a,z"
v=0
of degree at most n with complex coefficients. For y := (y,,...,7,) € c!
we define

h
Ap(z):= Y va,z.
v=0

The linear operator A : F, — P s said to be admissible if it preserves one
of the following properties:

(1) P(z) hasallits zeros in {z e C: |z| <1},

(i1) P(z) hasall its zeros in {z € C: |z| > 1}.
Next we denote by Q the set of all functions ¢ given by ¢(¢) = w(logt) where
w is a nondecreasing convex function defined on R. The set Q" introduced
in §1 is obviously a subset of Q. The result of Arestov used in our approach
may now be stated as follows.

Lemma 1 [1, Theorem 4]. For p € &, , ¢ € Q and every admissible operator
Ay we have

(22) SN, PN dO < [ lc(z. n)Pe")])do

where

C(y’ n) = max{l?()[ ’ Iynl} ¢
We turn now to the method of Hormander. Let

. 2
. (sinmx
otx) = (S22
Given f: R — C such that
(23) lfllo = sup |f(x)] < oo
xXER
and s > 0, we define
(24) Lix) =Y othx+v)f(x+v/h).

The function f, always exists since (23) implies the uniform convergence of
the series in (24). The properties of f, which we shall need are summarized in
the following lemma.
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Lemma 2. Let f be an entire function of exponential type t© such |f||. <M.
Then the following statements hold:

(i) f, may be represented as f,(z) = Z,’L_N ayez’”"hz, zeC, with N =
[t/2rnh]+ 1 and complex coefficients a, (v=-N,-N+1,...,N).
(ii) [fyllpo <M.
(i) lim,_ . f,(z) = f(z) uniformly on all compact subsets of C.

(iv) For ¢ € QF

1/2h ’ )
(25) /_ PRCIEEE /_ _(fDdx.

Proof.. Statements (i)-(iii) are contained in [11, pp. 22-24]. The additional
assumption “ f(x) € R for x € R” made in [11] is needed for other purposes
(also see [8]). As regards (iv), a proof is needed only if [ @(|f(x)))dx < oo.
But then we have

o) o0 1/2h
| stsenax= 3 [ Ly BTG+ v dx

V=—00

> /Was( sup_1f(x-+v/h)) dx

“12h \—oosrgoo
1/2h oo
. /_m i (Zw o(hx +v)lf(x + V/h)l) dx

1/2h
z/_ (1, () dx .

1/2h
The above inequalities are all trivial. It is sufficient to keep in mind that ¢ is
a continuous nonnegative function (defined on (0, oo)) and that

Yo lethx+v)= > plhx+v)=1.

V=—00 V=—00

Lemma 3. Let ¢ € Q" be not identically zero. If [ is an entire function of
exponential type such that (6) holds, then f is bounded on R.

Proof. The lemma holds for f if and only if it holds for g(z) := f(cz) where
¢ is any real number # 0. As such, we may assume [ to be of exponential
type less than 7. Since

| strendx= Y-

n=-—0o

=2 Y S0/,

n=—00

(n+1)/2
/ (17 (x)]) dx
n/2

with appropriate points x, € [n/2,(n + 1)/2] we see that the sequence
{o(1/(x,))},cz 1s bounded. Since ¢(f) = y(logt), where y is a nondecreas-
ing convex function not identically zero, we must have ¢(x) — oo as x — oo
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and so we conclude that the sequence {f(x,)},, itself is bounded. In partic-
ular, f is bounded on the sequence of points 4, := x,, (n € Z) which satisfy
Aoy = Ay = % and |4, — n| < ;. Hence by a theorem of Duffin and Schaeffer
[3, Theorem 10.5.1], f is bounded on the whole real line.

We shall also need two lemmas on the location of zeros of polynomials.

Lemma 4. Let a and b be complex numbers not both zero such that Im(a/b) >
0ifb#0.1If PP, hasallits zeros in {z € C: |z| < 1}, then so does

Q(z) := (a - %nb) P(z) +ibzP'(z).

Proof. Assuming that P(z) is given by (21) we may write

(26) 0(z) =) a2z = AP(z)
v=0

where

(27) y=a-—ib(n/2-v).

The polynomial

n .
e
v=0

has a zero of multiplicity n — 1 at —1 and a simple zero at

C=—(a—§nb>/<a+énb).

It is easily seen that |{| < 1 under our assumptions on a and b, ie.,
> _o(2)y,z" has all its zeros in {z € C: |z| < 1}. Hence the desired result
may be obtained by applying Szegd’s convolution theorem [14].

Lemma 5. Let p > 1 and let A be a complex number such that |A| < 1. If
P e, hasallits zeros in {z € C: |z| < 1}, then so does

R(z):= P(pz)+ip"P(z/p).
Proof. Assuming that P(z) is given by (21) we may write

(28) R(z) =) 6,a,z" = AsP(2)
v=0

where

(29) s,=p" +ap""".

The polynomial

S (Z)éuz" =(1+pz)" +p"A(1+z/p)"
v=0
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vanishes at the points

wp-—1
Cyz—y— l/—_-l,...,n
il )
where w, (v =1,...,n) are the nth roots of —A. Since |w, | = |/1|1/" <1
for ] <v <n and |
zp —
1
it (p>1)
maps the unit disk onto itself we see that |{ | <1 for v =1, ..., n. Hence we

may again apply Szegd’s convolution theorem to obtain the desired conclusion.

4. PROOFS OF STATEMENTS IN §2

Proof of Theorem 1. Lemma 3 implies that f is bounded on R and so the
corresponding function f, defined in (24) exists. Now set N = [t/2nh]+ 1.
Then according to statement (i) of Lemma 2

(30) P(e') = e™ f,(z/2nh)

defines a polynomial P € &, . If a and b # 0 are complex numbers such
that Im(a/b) > 0, then by Lemma 4 the operator Ay given by (26) and (27)
with n = 2N is admissible. Further,

max{|y,|, |7,I} = la+ ibNJ.
Applying Lemma 1 to P/|a+ ibN| where P is the polynomial defined in (30)

we obtain
7}
() |) @@

[oof
1/2h
) dx < / PRCACIEES

af,(0/2nh) + (b/2nrh) f,(0/2nh) x
: a+ibN : I)dHS/n¢<

or equivalently
1/2h
[t
—1/2h
Using statement (iv) of Lemma 2 we can replace the right-hand side of the
preceding inequality by ff°oo o(|f(x)))dx . Setting a =A and b = 2nhB we

thus obtain
X
[
%o

where X, x, are any two real numbers such that —1/2A < x, < x; < 1/2h.
Now we let 4 — 0+. Since f, is holomorphic the uniform convergence in
statement (iii) of Lemma 2 extends to the derivative and so

/"1 5 ( Af(x) + Bf (x)

A+ itB
Finally, letting x, — —oo and x, — oo we arrive at (14).

afh(x)+(b/27th)f;(x)
a+ibN

Af,(x) + Bf,(x)
A+ i2nhNB

) dx < / 7S£ dx

) axs< [  $(£(0)) dx.
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Proof of Corollary 3. Let a be an arbitrary real number and apply Theorem 1
to g(z):=e'"“*f(z) with

T —ia 1+e ™
A= 5(1 —€ ), B = i s
which is permissible since A/B € R if B # 0. Noting that g is an entire
function of exponential type 7/2 we obtain

[ e ( )
</ Z B(lg(x)]) dx = / ~d(fDdx

In particular, for any pair of real numbers x,, x, we have

T (110 e L )+ i) -
[ qs(——r— ———W)dxsf_wqﬁ(lf(x)l)dx

Integrating both sides with respect to o from 0 to 27 we get

/ % /02" ¢( f(x)

1+e ~ia

f(x)

1+e

l1+e ax)‘) dadx</ (I f(x))d

where

S (x) +itf(x)
f(x) '

By an extension of Laguerre’s theorem to entire functions of exponential type

[13, Theorem 1] applied to f(—z), it follows that g(x) > 1 for x € R. Hence

for every fixed x € R the operator

A: P(w )HP< w )

o(x)

o(x):=

is admissible. Applying Lemma 1 to the first degree polynomial

P(w):= —f(T—x)(l +wo(x))

we find that

[l e ()

Now the proof is completed by letting x, — —oc and x, — oo.
Proof of Corollary 4. For
A:=it(l-¢€%), B:=1+e"

we obtain from Theorem 1 that for every pair of real numbers x;, x,

/*1 ¢(|f () +inf ) v e (f(x)—irf(x))l) dx < /_°° (70O dx

x|

11+ ’“)dadx</ d(f(x)])dx.
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Hence if f(x) € R for x € R then

X N2 g 2 2 A o
oy [T (‘/(f ey ) |1+e"*n(x>1) dx< [ (s dx

0

where
n(x) = M .
f1(x) +itf(x)
Now the proof is readily completed by integrating both sides of (31) with respect
to a from 0 to 27 and taking into account the fact that [n(x)| =1 for x e R.

Proof of Theorem 2. Let f,, N, and P be as in the proof of Theorem 1. If
p > 1, then by Lemma 5 the operator A; given by (28) and (29) is admissible
and for n = 2N

2N
(32) max {|do|, 16,]} =p™" +4].

We choose this A; as the (admissible) operator in Lemma 1 and apply that
lemma to P/| _pzN + 4| . Recalling that P is defined by (30) we thus obtain

/”¢(prh((H—ilogp)/27zh)+/1prh((0+ilogp)/27th))de

P
r 6
< [ o (1 (zm)]) @0
Now we set 8/2nh =x and p=e with y > 0. Using statement (iv) of

2nhy
Lemma 2 we obtain
1/2h - y) ' °
/ </>( Sx =) + Afy(x + iy) ) dxs/ (S () dx.
—1/2h e

eZnhNy +le—27thy
The proof may now be completed by letting # — 0+ and arguing as in the
proof of Theorem 1.
Proof of Corollary 6. For A = e (e« € R) and fixed y > 0 which is not

necessarily the imaginary part of z we apply Theorem 2 to f(z)(e™ +e~ )
and obtain for any pair of real numbers X, x,

/}(X‘¢<|f(x+iy)|- 1+emH’> dx

< / T S(1S))-le” + e ) dx

provided the integral on the right exists. Integrating both sides with respect to
a from 0 to 27 we get

/x:l /02"¢> (If(x+ i)l ’1 +e"’HD dodx

(33)

(34) 2n poo
™ —(ty+ia)
s/o /_ooaﬁ(lf(x)l le” +e Ndxda.
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Since by assumption
f(x —iy)
flx+iy)

we may apply, to the left-hand side of (34), the reasoning used in the proof of
Corollary 3 and obtain (on letting x;, — —00, X, — 00)

-

oo 2n )
[ [ etsee+ il 11+ dadx
(35) —o0 JO

< /0 - / °; $(F)-e” + e~ ) dx da.

In the case ¢(x) = |x|° with p € (0, o) the existence of the integral on the
right-hand side of (33) is guaranteed by “ f € L?(R) ” and the double integrals
in (35) decompose into products of single integrals. This shows that Corollary
6 holds.

Proof of Corollary 7. The function g(z) := ey (z) is entire and of expo-
nential type t/2 such that g(z) # 0 for Imz < 0 and hg(n/Z) < 1/2,
hg(—n/Z) = 7/2. In this situation it is known [3, Theorem 7.8.1, Definition
7.8.2] that |g(x —iy)| > |g(x +iy)| for y > 0 and so Corollary 6 applies. Thus
we obtain

le™™"2 £+ il < S,(z/2, WA,

for y >0 and p > 0 which is equivalent to the result we were looking for.
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