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LP INEQUALITIES FOR ENTIRE FUNCTIONS 
OF EXPONENTIAL TYPE 

QAZI I, RAHMAN AND G. SCHMEISSER 

ABSTRACT. Let f be an entire function of exponential type r belonging to LP 

on the real line. It has been known since a long time that i: 1/ (x)I P dx ::::? i: If(x)IP dx if p 2: I, 

We prove that the same inequality holds also for 0 < p < I. Various other 
estimates of the same kind have been obtained. 

1. INTRODUCTION 

For a function g E LP (R) we write 

Ilgllp := ([: Ig(x)IP dX) liP, p > O. 

The following theorem contains an LP analogue of the well-known inequality 
of Bernstein for entire functions of exponential type. 

Theorem A [3, Theorem 11.3.3]. Let f be an entire function of exponential type 
r belonging to LP (R). Then 

( 1 ) 

for p ~ 1. 

Various extensions and refinements of (1) exist in the literature. We first 
mention 

Theorem B [1, p. 144, Theorem 3, 2°]. Let f be as in Theorem A. Then the 
inequality 

(2) II(sina)/- r(cosa)fllp ::; rllfllp 
holds for all real a and p ~ 1 . 

Here is another result of the same kind. 
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Theorem C [12, Theorem 3]. Ifthefunction f of Theorem A assumes real values 
for real values of x, then for p 2: 1 we have 

(3) 11((/)2 + i /)1/21Ip :::; 2rCpllfllp' 
where 

(4) ( 
1 2n . ) -lip 

Cp := 2n 10 11 + el<y da < 1 . 

Note that 

((/(X))2 + r2(f(x))2)1/2 = max{(sina)/(x) - r(cosa)f(x)}. 
aER 

Next, we mention a refinement of Theorem A under a side condition whose 
pertinence is explained in [5]. The function h J appearing in the statement is 
the Phragmen-LindelOf indicator of f defined as usual by 

e 
hf(O):= lim sup loglf(re l )1, 0 real. 

r-+oo r 
Theorem D [12, Theorem 2]. If the function f of Theorem A is such that 
hJ(-n/2) = ° and f(z) -I- ° for Imz < 0, thenfor p 2: 1 

(5) II/lip:::; rCpllfllp 
where Cp is the constant defined in (4). 

While the results stated above are concerning L P estimates for the derivative 
of f on R it is also of interest to know L P estimates of f itself on lines parallel 
to the real axis. In order to state the most important result of this kind in its 
full generality we need to introduce the 

Notation. Let n+ be the set of all functions ¢ given by ¢(t) := 'I'(log t), where 
'I' is a nonnegative nondecreasing convex function defined on R. 

As examples of functions ¢ E n+ we mention log + t := max{O, log t} , 
10g(1 + tP ) and tP for any p E (0, 00). 

Theorem E [3, Theorem 6.7.4]. Let ¢ E n+ and let f be an entire function of 
exponential type r such that 

(6) I: ¢(If(x)l) dx < 00. 

Then 

(7) I: ¢(e -r1y1If(x + iy)l) dx :::; r: ¢(If(x)1) dx; 

in particular, if f E LP (R) where p E (0, 00), then 

(8) Ilf(' + iY)I!p :::; erlYlllfllp . 
Variations of Theorem E in the spirit of Theorems B-D are known for p 2: 1 

only. 
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Theorem F [4, see (3.3), (3.5)]. If f satisfies the conditions of Theorem A, then 
for p 2: 1 and W E R we have 

(9) Ilf(· + iy)e- iw + f(· - iy)eiwllp ~ 2(cosh2 ry - sin2 W)I/21Ifllp. 

Ifin addition f(x) E R for x E R, then 

(10) II Re{f(· + iy)e -iW} lip ~ (cosh2 ry - sin2 w) l/211fllp . 

Theorem G [6, Theorem 1]. If the function f of Theorem A is such that 
If(x + iy)1 ~ If(x - iy)1 for y > 0, then for y 2: 0 and p 2: 1 we have 

(11) Ilf(· + iy)ll p ~ Sp(r, y)llfll p 

where 

( 
2rr / 2rr ) lip 

(12) Sp(r,y):= fa le-rY+eiaHYIPdo: fa 11 +/"IP do: 

Finally, as a refinement of Theorem G in the situation of Theorem D we 
mention [6, see (3.1) wherein the factor erYI2 is missing due to an obvious 
oversight]: 

Theorem H. Under the assumptions of Theorem D we have 

(13 ) 

for y 2: 0 and p 2: 1 . 

It should be mentioned that all the theorems stated so far remain true for 
p = 00 with 

Ilglloo := sup Ig(x)1 
xER 

if the corresponding constants (4) and (12) are defined by 

Coo := 1/2 and Soo(r, y) := cosh ry. 

In fact, it was the case p = 00 which was considered first ([1, p. 140, see 
Theorem 1; 7, p. 239, see the Corollary; 5, see Theorems 1,2 and 4; 3, Theorem 
6.2.4; 4, see (3.1), (3.4)]). 

In view of Theorem E the question arises if the other theorems also hold for 
p E (0, I) or more generally with a function ¢ E g+ instead of I· IP • The 
known proofs are of no help in finding the answer since they all make essential 
use of the fact that the function ¢: x !---t IxlP is convex if p 2: 1 . The purpose 
of this paper is to present an alternative approach to Theorems A-H which 
leads to an affirmative answer to the question just raised. 

2. STATEMENT OF RESULTS 

We shall prove two theorems from which the desired extensions of Theorems 
A-D and Theorems F-H (respectively) can be deduced as corollaries. 



94 Q. l. RAHMAN AND G. SCHMEISSER 

Theorem 1. Let ¢ and f be as in Theorem E. Then for all complex numbers 
A and B not both zero such that Im(Aj B) ~ 0 in case B =I- 0, we have 

(14) /00 ¢(IAf(X)+.B!'(X)I) dX5./ oo ¢(If(x)l)dx. 
-00 A + IrB -00 

For A = 0, B =I- 0 we immediately obtain 

Corollary 1. Under the assumptions of Theorem E 

( 15) i: ¢ (I!'~X)I) dx 5. i: ¢(If(x)l)dx; 

in particular, (1) holds for all p > 0 . 

Setting A := r cos a, B:= - sin a in (14) we obtain 

Corollary 2. Let ¢ and f be as in Theorem E. Then for all a E R we have i: ¢ (I si~a / (x) - (cosa)f(x)l) dx 5. i: ¢(If(x)l) dx; 

in particular, (2) holds for all p > O. 

The next two corollaries which extend Theorems D and C respectively are 
not so obvious consequences of Theorem 1. We shall therefore prove them in 
§4. 

Corollary 3. Let ¢ E n+ . If, in addition to satisfying the conditions of Theorem 
E, f is such that hf (-nj2) = 0 and f(z) =I- 0 for Imz < 0, then 

(16) /00 -21 r211 ¢(I!'(X)I'll+ei"l) dadX5./ oo ¢(if(x)l)dx; 
-00 n 10 r -00 

in particular, (5) holds for all p > 0 . 

Remark 1. For ¢ E n+ the function 

g: W f--+ ¢ C!'~X)I ·11 +WI) (x fixed) 

is subharmonic [10, p. 46, see Theorem 2.2] and so 
1 r211 . 

g(O) 5. 2n 10 g(e 1
") da 

which shows that (16) improves upon (15). 

Corollary 4. Let ¢ E n+. If f satisfies the conditions of Theorem E and in 
addition f(x) E R for x E R, then i: 21n 10 211 ¢ C(/ (X))2 + ;;(f(X))2) 1/211 + /"1) da dx 

5. i: ¢(If(x)l) dx; 

(17) 

in particular, (3) holds for all p > O. 
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The next theorem generalizes Theorem E and is the key to extensions of 
Theorems F-H. 

Theorem 2. Let ¢ and f be as in Theorem E. Then for all )., E C with 1)"1 :::; 1 
and all y :::: 0, we have 

( 18) / 00 ¢ (I f(x - iy) + ).,~(x + iy) I) dx :::; /00 ¢Uf(x)1) dx. 
-00 e ry +).,e ry -00 

In order to deduce Theorem E from Theorem 2 we may apply the special 
case )., = 0 to f and to the function z 1--+ f( - z) . 

Setting )., = e -2iw where 0) E R we obtain 

1 
f(x - iy) + ).,f(x + iy) 1 = le iW f(x - iy) + e- iw f(x + iy)1 

e ry +).,e ry 2( cosh2 ry _ sin2 0)) 1/2 

and so as another consequence of Theorem 2 we may mention 

Corollary 5. Let ¢ and f be as in Theorem E. Then for all real 0) we have 

( 19) /
00 ¢(leiWf(x-iy)+e~iWf(x+iY)I) dX:::;/oo ¢(If(x)l)dx. -00 2(cosh2 ry - sm2 0))1/2 -00 

If in addition f(x) E R for x E R, then 

(20) / 00 ¢ ( I Re{f(x + iy)e-iW}1 ) dx :::; /00 ¢(If(x)1) dx; 
-00 2(cosh2ry-sin20))1/2 -00 

in particular, Theorem F holds for all p > O. 

The proofs of Corollaries 6 and 7 given in §4 will show that Theorems G and 
H can also be extended to arbitrary ¢ E n+ but we state the results only in the 
case ¢(x) = Ixl P with p > 0 since the general form looks somewhat artificial 
to us (see (35) below). 

Corollary 6. Theorem G holds for all p > 0 . 

Corollary 7. Theorem H holds for all p > O. 

Remark 2. By a result of Hardy [9], if p > 0 and y :::: 0 , then 

1
21< I -ry ry ialP d ryp 121< 11 + -2ry -ialP d e +e e o:=e e e 0: 

o 0 

:::; eryp 102
1< 11 + eialP do:. 

Hence the constant Sp(r, y) defined in (12) satisfies Sp(r, y) :::; ery for all 
p > 0 and y :::: O. This implies that Corollaries 6 and 7 improve upon (8) for 
y:::: O. 
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3. LEMMAS 

Our approach is based on two powerful tools; namely, a result of Arestov 
and an approximation method of Hormander. We first describe the result of 
Arestov. 

Denote by .9'n the set of all polynomials 
n 

(21 ) P(z):= Lavzv 
v=o 

f d . h 1 ffi . F ( ,cn+ I o egree at most n WIt comp ex coe Clents. or y:= Yo"'" Yn ) E 
we define 

n 

A;p(z) := LYvavzv. 

The linear operator Ay: .9'n --..9'n is said to be admissible if it preserves one 
of the following properties: 

(i) P(z) has all its zeros in {z E C: Izl ::::; I}, 
(ii) P(z) has all its zeros in {z E C: Izl ~ I}. 

Next we denote by n the set of all functions ¢ given by ¢(t) = If/(log t) where 
If/ is a nondecreasing convex function defined on R. The set n+ introduced 
in § 1 is obviously a subset of n. The result of Arestov used in our approach 
may now be stated as follows. 

Lemma 1 [1, Theorem 4]. For p E .9'n' ¢ E n and every admissible operator 
Ay we have 

(22) 

where 
c(y, n) := max{IYol, Iynl}. 

We turn now to the method of Hormander. Let 

rp(x) := (Si~;X) 2 
Given I: R --+ C such that 

(23) 11/1100 := sup I/(x)1 < 00 
xER 

and h > 0, we define 
00 

(24) ~(x):= L rp(hx+u)/(x+u/h). 
V=-(X) 

The function Ih always exists since (23) implies the uniform convergence of 
the series in (24). The properties of ~ which we shall need are summarized in 
the following lemma. 
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Lemma 2. Let f be an entire function of exponential type r such Ilflloo :s: M. 
Then the following statements hold: 

(i) ~ may be represented as ~(z) = "£~=-N ave2rrivhz, z E C, with N = 
[r/2nh] + 1 and complex coefficients av (v = -N, -N + 1, ... , N). 

(ii) II~ 1100 :s: M. 
(iii) limh->o+ fh(z) = f(z) uniformly on all compact subsets of C. 
(iv) For ¢ E n+ 

(25) 
1/2h' 00 

il/2h ¢(I~(x)l) dx :s: ioo ¢(If(x)l) dx. 

Proof. Statements (i)-(iii) are contained in [11, pp. 22-24]. The additional 
assumption" f(x) E R for x E R" made in [11] is needed for other purposes 
(also see [8]). As regards (iv), a proof is needed only if J":'oo ¢(If(x)l)dx < 00. 
But then we have 

JOO 00 jl/2h 
¢(If(x)l) dx = L ¢(If(x + v /h)l)dx 

-00 v=-oo -1/2h 

~ i 1
:/
22: ¢ Coos~Y~oo If(x + v/h)l) dx 

~ i 1:/22: ¢ C~oo rp(hx + v)lf(x + V/h)l) dx 

j l/2h 
~ ¢(I~(x)l) dx. 

-1/2h 
The above inequalities are all trivial. It is sufficient to keep in mind that ¢ is 
a continuous nonnegative function (defined on (0, 00)) and that 

00 00 

L Irp(hx + v)1 = L rp(hx + v) = 1. 
11=-00 v=-oo 

Lemma 3. Let ¢ E n+ be not identically zero. If f is an entire function of 
exponential type such that (6) holds, then f is bounded on R. 

Proof. The lemma holds for f if and only if it holds for g(z) := f(cz) where 
c is any real number =1= O. As such, we may assume f to be of exponential 
type less than n. Since 

JOO 00 1(n+l)/2 
¢(If(x)i) dx = L ¢(If(x)l) dx 

-00 n=-oo n/2 

= ~ f: ¢(If(xn)i) 
n=-oo 

with appropriate points xn E [n/2, (n + 1)/2] we see that the sequence 
{¢(If(xn)l)}nEZ is bounded. Since ¢(t) = 'II(logt) , where 'II is a nondecreas-
ing convex function not identically zero, we must have ¢(x) -> 00 as x -> 00 
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and so we conclude that the sequence {f(xn )} nEZ itself is bounded. In partic-
ular, f is bounded on the sequence of points An := x2n (n E Z) which satisfy 
An+l - An 2: 1 and IAn - nl ::; 1. Hence by a theorem of Duffin and Schaeffer 
[3, Theorem 10.5.1], f is bounded on the whole real line. 

We shall also need two lemmas on the location of zeros of polynomials. 

Lemma 4. Let a and b be complex numbers not both zero such that Im( a / b) 2: 
o if b =1= O. If P E.9'n has all its zeros in {z E C: Izl ::; I}, then so does 

Q(z) := (a - ~nb) P(z) + ibzP' (z). 

Proof. Assuming that P(z) is given by (21) we may write 
n 

(26) Q(z) = LYyayzY =: AyP(z) 
y=o 

where 

(27) y=a-ib(n/2-v). 

The polynomial 

n ( ) (.) n yin. n-l 
L v YyZ = a-"2 nb (I+z) +lbnz(l+z) 
y=o 

has a zero of multiplicity n - 1 at -I and a simple zero at 

,=-(a-~nb)/(a+~nb) . 

It is easily seen that 1'1 ::; 1 under our assumptions on a and b, i.e., 
2:~=o (Z)Yyz y has all its zeros in {z E C: Izl ::; I}. Hence the desired result 
may be obtained by applying Szego's convolution theorem [14]. 

Lemma 5. Let p > 1 and let A be a complex number such that IAI ::; I. If 
P E gn has all its zeros in {z E C: I zl ::; I}, then so does 

R(z) := P(pz) + Apn P(z/ p). 
Proof. Assuming that P(z) is given by (21) we may write 

n 

(28) R(z) = L Jyayz Y =: A"P(z) 
y=o 

where 

(29) 

The polynomial 

n ( ) 
n y n n n 

L v Jyz =(l+pz) +p A(I+z/p) 
y=o 
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vanishes at the points 

(1/ = 1, ... , n) 

where Wv (1/ = 1, ... ,n) are the nth roots of -A. Since Iwvl = IAllln :::; 1 
for 1 :::; 1/ :::; nand 

zp - 1 z 1--+--
p-z (p> 1) 

maps the unit disk onto itself we see that I(v I :::; 1 for 1/ = 1, ... , n. Hence we 
may again apply Szego's convolution theorem to obtain the desired conclusion. 

4. PROOFS OF STATEMENTS IN §2 

Proof of Theorem 1. Lemma 3 implies that f is bounded on R and so the 
corresponding function fh defined in (24) exists. Now set N = [r/2nh] + 1. 
Then according to statement (i) of Lemma 2 

(30) P(/z) := eiNz fh(z/2nh) 

defines a polynomial P E .92N • If a and b =J: 0 are complex numbers such 
that Im(a/b) :::: 0, then by Lemma 4 the operator Ay given by (26) and (27) 
with n = 2N is admissible. Further, 

max{IYol, Iynl} = la + ibNI· 
Applying Lemma 1 to P /Ia + ibNI where P is the polynomial defined in (30) 
we obtain 

or equivalently 

j l/2h ¢ (I afh(x) + (benh)J:z(x) I) dx :::; jl /2h ¢(Ifh(x)l) dx. 
-1/2h a + IbN -1/2h 

Using statement (iv) of Lemma 2 we can replace the right-hand side of the 
preceding inequality by J~oo ¢(If(x)l) dx. Setting a = A and b = 2nhB we 
thus obtain 

JXI ¢ (I Afh(x). + BJ:z(x) I) dx :::; JOO ¢(If(x)l) dx 
x A + 12nhNB -00 o 

where xO' Xl are any two real numbers such that -1/2h :::; Xo < Xl :::; 1/2h. 
Now we let h -> 0+. Since fh is holomorphic the uniform convergence in 
statement (iii) of Lemma 2 extends to the derivative and so 

JXI ¢ (I Af(x) + .BI (x) I) dx :::; JOO ¢(If(x)l) dx. 
x A + zrB -00 o 

Finally, letting Xo -> -00 and Xl -> 00 we arrive at (14). 
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Proof of Corollary 3. Let 0: be an arbitrary real number and apply Theorem 1 
to g(Z) := e irz / 2 f(z) with 

B = 1 + e- in 
A = -2r (1 - e -in), = 

i 
which is permissible since AlB E R if B 1= o. Noting that g is an entire 
function of exponential type r 12 we obtain i: ¢ (k(X) + 1 +i~-in /(X)I) dx 

~ i: ¢(Ig(x)l) dx = i: ¢(If(x)l) dx. 

In particular, for any pair of real numbers x O ' Xl we have 

JXI ¢ (II'(X) 1.1 1 + einl'(x) -; irf(x) I) dx ~ /00 ¢(If(x)l) dx. 
Xo r f (x) -00 

Integrating both sides with respect to 0: from 0 to 2n: we get 

Ix: I 21n: 102
l! ¢ (11':X)I·ll +eiaa(x)l) do:dx ~ i: ¢(If(x)l)dx 

where 

( ) ·=II'(x)+irf(x)1 
a X . /,(x) . 

By an extension of Laguerre's theorem to entire functions of exponential type 
[13, Theorem 1] applied to f( - z) , it follows that a(x) 2: 1 for x E R. Hence 
for every fixed x E R the operator 

A: P(w) r-+ P (a~)) 
is admissible. Applying Lemma 1 to the first degree polynomial 

P(w) := I'(x) (1 + wa(x)) 
r 

we find that 

Ix: I 21n: 102
l! ¢ (I I' :X) 1. 11 + einl ) do: dx ~ i: ¢(If(x)l) dx. 

Now the proof is completed by letting Xo ~ -00 and Xl ~ 00. 

Proof of Corollary 4. For 

B:= 1 + e in 

we obtain from Theorem 1 that for every pair of real numbers xO ' Xl 

Ix: I ¢ (II' (X) + irf(x) + ;;'(1' (X) - irf(X))I) dx ~ i: ¢(If(x)l) dx. 
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Hence if f(x) E R for x E R then 

(31) f ¢ ( .j(f'(X))22: r'(i(x))2 11 +ei.~(X)I) dx <; r: ¢Uf(x)l)dx 

where 
( ) ._ / (x) - irf(x) 

t7 x .- /(x) + irf(x) . 
Now the proof is readily completed by integrating both sides of (31) with respect 
to 0: from 0 to 2n and taking into account the fact that 1t7(x)1 = 1 for x E R. 

Proof of Theorem 2. Let ~, N , and P be as in the proof of Theorem 1. If 
p> 1 , then by Lemma 5 the operator Ao given by (28) and (29) is admissible 
and for n = 2N 

(32) 

We choose this Ao as the (admissible) operator in Lemma 1 and apply that 
lemma to P /lp2N + AI. Recalling that P is defined by (30) we thus obtain 

inn ¢ (I pN fh(( e - i log p )/2n;2: ::N ~ (( e + ilog p )/2nh) I) de 

~ inn ¢(jIh (2~h)l) de. 

Now we set e /2nh = x and p = e2nhy with y > o. Using statement (iv) of 
Lemma 2 we obtain 

j l/2h ¢ (I fh(x - iy) + A~(X + iy) I) dx ~ JOO ¢(If(x)l) dx. 
-1/2h e2nhNy + Ae-2nhNy -00 

The proof may now be completed by letting h --+ 0+ and arguing as in the 
proof of Theorem 1. 

Proof of Corollary 6. For A = e- ia (0: E R) and fixed y > 0 which is not 
necessarily the imaginary part of z we apply Theorem 2 to f(z)(e TY +e-(TY+ia)) 
and obtain for any pair of real numbers xO ' XI 

i XI ¢ (If(X + iy )'·11 + eia j~; ~ ~;~ I) dx 
o 

~ i: ¢(If(x)I·leTY +e-(TY+ia)l)dx 
(33) 

provided the integral on the right exists. Integrating both sides with respect to 
0: from 0 to 2n we get 

iX' fo2n ¢('f(x+iY)'·11+eiaj~;~~;~I) do:dx 
o 

12n JOO ~ ¢(If(x)I.leTY + e-(TY+ia)l) dxdo:. 
o -00 

(34) 
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Since by assumption 

!J(X- iY)! > 1 
J(x+iy) -

we may apply, to the left-hand side of (34), the reasoning used in the proof of 
Corollary 3 and obtain (on letting Xo ---t - 00, X I ---t 00 ) 

(35) 
100 r211 -00 io ¢(IJ(x + iy)1 ·11 + eiQi) da dx 

10 211 100 ::; ¢(JJ(x)I'leTY + e -(TY+iQ)I) dx da. 
o -00 

In the case ¢(x) = IxlP with P E (0,00) the existence of the integral on the 
right-hand side of (33) is guaranteed by" J E LP(R) " and the double integrals 
in (35) decompose into products of single integrals. This shows that Corollary 
6 holds. 

ProoJ oj Corollary 7. The function g(z) := eiTZ / 2 J(z) is entire and of expo-
nential type r/2 such that g(z) =f. 0 for 1m z < 0 and hg (nI2) ::; r/2, 
hg (-nI2) = r/2. In this situation it is known [3, Theorem 7.8.1, Definition 
7.8.2] that Ig(x - iy)1 ~ Ig(x + iy)1 for y ~ 0 and so Corollary 6 applies. Thus 
we obtain 

lie -Ty/2 J(. + iy)llp ::; Sp(r/2, y)IIJllp 

for y ~ 0 and p > 0 which is equivalent to the result we were looking for. 
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