TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 320, Number 1, July 1990

THE SCHRODINGER EQUATION
WITH A QUASI-PERIODIC POTENTIAL

STEVE SURACE, JR.

ABSTRACT. We consider the Schrodinger equation

2
—% v + e(cosx + cos(ax + 9))y = Ey
X

where ¢ is small and « satisfies the Diophantine inequality

p+qal > C/q" forp,q€Z, q#0.
We look for solutions of the form
w(x) = eil(xq(x) _ ein Z Wmneinxgim(axﬂﬂ )
If we try to solve for y =y, we are led to the Schrodinger equation on the
lattice Z°
H(K)y = (eA+ V(K))y = Ey

where A is the discrete Laplacian (without diagonal terms) and V' (K) is some
potential on Z* . We have two main results:

(1) For ¢ sufficiently small, H(K) has pure point spectrum for almost every

K.
(2) For ¢ sufficiently small, the operator

—dz/dx2 + g(cos x + cos(ax + B))

has no point spectrum.

To prove our results, we must get decay estimates on the Green’s function
(E — H)_I . The decay of the eigenfunction follows from this. In general,
we must keep track of small divisors which can make the Green’s function
large. This is accomplished by a KAM (Kolmogorov, Arnold, Moser) type of
multiscale perturbation analysis.

INTRODUCTION

We consider the Schrodinger equation

2

(0.1) —%t//+£(cosx+cos(ax+z9))q/=E*w
X

where ¢ is small and « satisfies the Diophantine inequality
lp+qa| > C/q2 forp,qeZ, q+#0.
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The set of irrationals o satisfying the above condition for some constant C
has full measure.

If the term cos(ax + 8§) is absent from (0.1), then the potential is periodic
and the spectrum is known to be purely absolutely continuous. Moreover, any
polynomially bounded solution can be expressed as a linear combination of

functions of the form ” :
W(X) _ el X Z Wnemx

where the coefficients y, decay exponentially fast as n — oo [2, 17]. For a
general quasi-periodic potential, Dinaburg and Sinai [4] proved the existence of
“Bloch type” eigenfunctions (x) = e'qu(x) where g(x) is quasi-periodic. By
definition, a quasi-periodic function is a function g(x) which can be expressed
as
g(x)=F(w,x, ..., w;x) = F(wx)

where F is continuous and periodic in all 4 variables. To prove our results
we usually assume that the frequencies w = (w,, ..., ®,) satisfy some Dio-
phantine inequality such as |(j, )|~ < C|j|' for jeZ’, j#0.

With any quasi-periodic potential v(x) we can associate a rotation number

* .1 .
B(E") = lim ~arg(y’ + iy)
xX—00 X

where y is a solution of the differential equation (—A + v)y = E*w . In [9]

it was shown that B(E*) = §(j, w) for E” in the resolvent set. Dinaburg

and Sinai proved their result for a set of rotation numbers “not too close” to

%( j, w). Their proof uses KAM (Kolmogorov, Arnold, Moser) type methods.

They also established the existence of some absolutely continuous spectrum but

did not exclude the presence of point spectrum or singular continuous spectrum.
In our case (0.1) it is natural to try to write

iK™ x inx _im(ax+9)
wx)=e" ">y, e ™
If we assume a solution of this form, we get a recursion formula for the coeffi-
cients y, .
*,2 *
£[Wm+1,n + Wm—l,n + Wm,n+1 + Wm,n—l] + <n + ma + K ) V/mn =E Wmn :

Remark. This equation is independent of §.
We now think of w = w(m, n) as a function on Z’ and write a matrix
version of the recursion formula

Hy=(EA+V)y =E'y

where A is the finite difference Laplacian (without diagonal terms) and V' is
our lattice potential. The matrix elements are given by

{1 ifli—jl=1,
U710 otherwise,

. . *,2
VU,:(SUUJ. where v; = (j, + j,a + K')",
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and j=(Jj,, J,) € Z* . For a more convenient notation we define
Ul=Jj,+Ja.

With this notation we have
v, = ([j1+K")

and by the Diophantine condition on a we have

(0.2) L)l > C/lj* for j #0.

To prove our results we must examine the eigenvalues and eigenfunctions of
the lattice operator H(K) = ¢A + V(K). We now list our main results.

Theorem 1. For ¢ sufficiently small, H(K) has pure point spectrum for almost
every K.

Theorem 2. For ¢ sufficiently small, the operator
—dz/d)c2 + e(cos x + cos(ax + 0))
has no point spectrum.

Remark. For & large it has been shown that there is pure point spectrum at low
energy for almost every ¢ [16].

Conjecture. We believe that the spectrum of the operator
—a’z/dx2 + g(cos x + cos(ax + 9))
is purely absolutely continuous when ¢ is small.

Most of this paper is devoted to the proof of the following lemma, from
which the proof of Theorem 1 follows. See [1].

Main Lemma. For ¢ sufficiently small and for almost every K, every polynomi-
ally bounded eigenfunction of the operator H(K) decays exponentially fast.

Other problems of this type on the lattice have recently been studied. In
the case where {v j} are independent random variables it was shown that with
probability one the spectrum of H is pure point with eigenfunctions which
decay exponentially fast [3, 5, 6, 8, 13]. When 'Uj(l9) = cos2n(aj + ¥) the
same result was shown to be true for almost every 9 [14, 16]. Our methods are
closely related to those of [16]. In general, we must deal with the appearance of
small divisors in the Green’s function (H — E ’“)—I . To overcome this problem,
we will use a multiscale perturbation analysis similar to the one used in the
random variable case. Our methods also apply if the potential v =1+ K )2

is replaced by any other symmetric o potential with a nondegenerate critical
point.

The main idea of the proof of the main lemma is to keep track of the sites
in Z? where v may be large. To do this, we will define a sequence of singular
sets S, (for n > 0). We list some important properties that S, will have:

(1) w decays exponentially fast outside S, .
(2) The sites in S, become increasingly sparse as n gets larger.
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Remark. As n — oo we are left with a set S_ which contains all the sites
where y may be large; moreover, y decays exponentially fast outside S__ .
We now give a brief discussion of S, . If we examine the eigenvalue equation

H(K )y = (eA+V(K"))y = E”y, we see that l//(Cé) may be large at the sites
¢ € Z? where the potential v(c,) is near E”. For convenience we define
(0.3) Eg(K") = (Ig + K*)* = v(cy, K*)
to be the value of the potential at cé . Then we define the Oth order singular set
to be _ _

Sy(K*, E*)={cy €2’ : |[Eo(K") — E*| < 6,VE" + 1}
where J, = exp(—lg/ 3) is some small number to be chosen later by making /;
as large as we want. The following theorem is the key estimate needed to prove
our results. We will state it here for Sy(K*, E”) and later we will prove that
it holds true (with the appropriate change of constants) for every singular set

S, (K™, E”). (See §3 for the general proof.) In §4 we will show how the Center
Theorem is used to prove our main theorems.

Center Theorem. If ¢y € Sy (K™, E™) for r=1i, j then

m(c(i), cé) < 26(;/2

where o ‘ 4 _ '
m(cy, cg) = min(|[cy] — o]l |[co] + [cg] + 2K7) .
We can see the importance of m(cé, cé) if we note that
|[Eo(K) = Eg(K)| = [v(cy, K) = v(cy, K)|
= llcg] = [ealllc] + [eg] + 2K].
The Center Theorem has two important corollaries which will give us infor-
mation about the structure of Sy (K™, E¥).
. SN TR S 2
Corollary 1. Let s, = mmsolcO col = lcg—c¢y| and suppose that s, < 61y . Then

every point c{, € Sy(K™, E™) has a mirror image
L j J o
&y =cyE(cy —cp)

whose sign is uniquely determined by the equation

(0.4) l[col+ [eh] + 2K ™| < 65,

Proof. Since s, < 613 , by (0.2) and the Center Theorem we must have |[c(1)] +
[cg] +2K"| < 25(;/2. If |[c3] - [C,I,]l < 26(;/2, we define é(; = c(") + (cg - cé) and
it is easy to check that (0.4) holds. Therefore by the Center Theorem we may
assume |[c6]+[c(l)]+2K*| < 263/2 . In this case 56 = cé—(cg —cé) is the required
mirror image. O
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Remark. Equation (0.4) implies

(&) — E*| < cstdy *VE +1.

Therefore by Corollary 1, if there is one “close” pair of points in .S, then every
point in S, has a mirror image that “almost belongs” to S, .

Corollary 2 (Spacing Lemma). If ¢,' € Sy(K*, E*) for m =i, j, p, then two
of the three points c(')" must be separated by at least J, 1

Proof. If |[c6] - [Cé]l < 25(;/ 2 the proof follows from (0.2). Therefore by the
Center Theorem we may assume

cg] + [c)1+2K*) < 28)% and |[cj] + []+ 2K"| < 28,
Now we subtract the two inequalities to obtain the result. DO

Remark. The two corollaries give us a good description of §,. There are two
possibilities. See Figures 1 and 2.

X
X
X ¢
X
X
X
X X
<
FIGURE 1. s, > 61;
X
X X
X X
X Jor
o1
X
X X
X x & x G
fo G

FIGURE 2. s, < 613
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FIGURE 3

We now sketch the proof of the Center Theorem. Since ¢, € Sy(K™, E”) for
r=1, j, by definition of §, and equation (0.3) we must have

26)VE* +1> |Ey(K") - EJ(K")| = |EJ(K" + AK) — EJ(K™))|
where |AK| = m(c(i) , cé) . If we can establish the bound

|EJ(K* + AK) — EJ(K")| > WWE" + 1Ak,

it follows that m(co, co) = |AK| < 25'/ % In §1 we will study the structure of

EJ(K) and establish this bound. Since E}(K) is a simple quadratic function,
it will be easy to understand its structure completely and therefore easy to study
the set S,(K", E”). See Figure 3.

We end our discussion of S,(K", E*) with the following theorem.

Decay Theorem. If Sy (K™, E*) = & then the matrix elements of G(K")
(H(K*) — E*)™" decay exponentially fast, i.e.,

(H(K") = E*) " (x, y)| S este” 77,
Proof. Since ||A|| < 4 we have

1 1

(H-—E") =(eA+V -E")”

0.3) i—l"a"[V ENT'A" v —EN”!

n=0

converges (if ¢ is small compared to J,) and

* =1 cst 4¢ i
(H-E) (x,y)]<

|_5O\/E*+I (50\/E*+l
= CSt _YOIX_.vl o
SVET +1 '

Remark. 1f E* < —% then (H-E")"" converges. This follows from (0.5) and
the fact that |vj - E*| > % for every j € Z* . Therefore the only interesting
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case is when E* > —% . From now on we will assume that E” is restricted to
this set.

Before we define S, (K *, E™) forevery n, we shall discuss some perturbation
methods that we will frequently use. We will need to restrict our Hamiltonian
H = (eA+V) to boxes (certain subsets of Zz) of increasing size and inductively
use information from small boxes to gain information in larger boxes. The
smallest boxes will be single sites in 7.

If B is a region in Z* we define H (B) to be the operator H restricted to
B by defining the matrix elements as follows:

H(B)(i, j)=H(i,j) fori,jeB.
We now define the boundary operator I'y by

o ¢ if|li—jl=1and(ieB,j¢B)or(i¢B,jecB),
o, )= | .
0 otherwise.
Note:
(0.6) H(T,) =H-T,=H(B)® H(B).

We will need to estimate the Green’s function G = (H — E )_l . To do this we
define
G.=(HT)-E)”' = G(B)® G(B°)

where G(B) = (H(B) - E)™', G(B) = (H(B) - E)™',and T = I',. The

following resolvent identity will be used later:
(0.7) G=Gr-GITIG.
We can now define S,, (K™, E¥) inductively. We assume that S, (K™, E™)
is defined and consists of either
(1) “distant” points c:l for which we define cfl L=, or

L =i +e).

(2) “distant” pairs of points c; , 6:1 for which we define ¢, , = 5

centered at ¢, where /

n+1 n+1
Ij for case (1) and /| = [: for case (2). See Figures 4 and 5.

We then put square boxes / ,’1 i of length /

n+l =

il does

not intersect the boundary of any previous box I:n (m < n). An intersection
like this would break up the box I,'n and cause us to lose information about

a(H(I)).

m

Remark. We must choose our boxes I; . So that the boundary of [ !

Definition. We call a box A n regular if AN 61:n = and AN 87,; =0
forevery M <n.

Remark. By Appendix D we can always deform our boxes so that they are
regular when required. From now on we will assume that all boxes are chosen
to be regular.
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C:+1 ’///////’,,,_

i
Inn

Ine1

FIGURE 4. 5 > 612

i
1n+l

I X

1n+1

FIGURE 5. s, < 613

We say that c:l+1 belongs to S, (K™, E”) if H(K") restricted to I,’;H has
an eigenvalue E, ,(K”) such that

|E, (K')—E"|<6, ,VE" +1

~ 2/3
where J, | = exp(-7y/,}

rem.

) and y, is the constant defined in the Decay Theo-

Remark 1. We will show that there are at most two eigenvalues in o(H (I; 1)
that are “near” E*. See Lemmas 3.8 and 3.11.

Remark 2. In one-dimensional problems it is known that there are no level
crossings; i.e., there is a lower bound on the separation of the eigenvalues in
o(H (I,', +1))- This is not true in higher dimensions. This will complicate our
analysis since we must consider the case when the eigenvalues cross.
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§3 is devoted to the study of S, (K", E*). Here we will list the important
results and give a brief sketch of their proofs.

Center Theorem. If c,'; and cf; belong to S, , then

m(ch, ¢y <2818

n

where o . . ' 4
m(c, . ¢;) = min(|lc,] - [c}]], Ilc,] + [c]] + 2K").

Corollary 1. Let s, = minsnlc; —c£| = |c,11—c,{| and suppose that s, < 613 . Then
i . ,
every c, €S, has a mirror image
N J 1
¢, =c,x(c, —c,)

whose sign is uniquely determined by the equation

(0.8) 1+ [+ 2K"| < 66,2 /6

n—1"-
Corollary 2 (Spacing Lemma). If ¢,' €S, for m =1, j, p then two of the three

points must be separated by at least J, /s

Remark. The proof of these two corollaries goes exactly as it did in the
So(K™, E™) case after we establish the Center Theorem.
Now we will state a generalized form of the Decay Theorem.

Decay Theorem. If S, NA = then
(H(A) - EV) ™' (x, p)| < (est/3,VE™ + 1)e "

provided |x —y| > 1:/6 where (7,/2) <y, <7,
Proof. See Appendix C. O

Remark. The Decay Theorem will be the main tool used to prove that eigen-
functions decay exponentially fast.

We now sketch the proof of the Center Theorem. If c; es§, forr=1i,j,
there are eigenvalues E (K*) € o(H(I,), K*) such that |E/(K") — E"| <
6,VE" + 1; hence it suffices to show that

i * j * 2 * i j
(0.9) |EL(K™) — E}(K")| > 18] VE* + 1 m(c,, ).
To prove (0.9), we will show that
(0.10) o(H(I!, K")) = a(H(I,, K" + AK))

where |AK| = m(cfz , ci) and
(0.11) a(H(I., K)) = a(H(I, =2[c)] - K))

for K near K*. Equation (0.10) follows from the fact that the box 1,{ can
be thought of as the box I, translated by the amount ¢, — ¢, . To prove
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(0.11) we note that v (K, + 0K) = v (K, — dK) for every x € Ir’; where
y= 2c,i1 — x. Equation (0.11) implies that there is a point K = —[c,’;] about
which the eigenvalues are symmetric. ‘ A

If we are in the simple case where there is a unique eigenvalue E,'I ed(H(I ,’,))
close to E*, then (0.10) implies that

Jj * [ *
ENK")=E (K" +AK).

Therefore the proof of (0.9) reduces to a problem of investigating the derivatives
of E (K) for K near K*. We will use first and second order perturbation
theory to calculate the derivatives. The main result is that the first and second
derivatives cannot be small simultaneously. This together with the fact that
E,'I(K ) is symmetric yields (0.9). See Figure 6.

If the boxes 1,', have two eigenvalues near E” , then the calculations described
above become more complex. We must analyze both eigenvalues simultaneously
in order to calculate the derivatives. (See Appendix B.)

Now we shall explain why [E;| being small forces |E;'| to be large. This is
the key estimate of this paper. The facts we need about the derivatives of the
eigenvalue curves will be proved by induction on n as follows. Suppose that
¢, € S, (K", E"). Then by the Spacing Lemma there are at most two points
¢y, 6 €S, (K", E')nI, and therefore at most two eigenvalues E, (K"),
&'(K") in g(H(I,, K")) that are near E*.

The Decay Theorem will be used to prove that the corresponding eigenfunc-

tions c//,'; and ‘P; decay exponentially fast outside I;_l UIN:I_I . Then using the

Ex(K)

7

K, K K'+AK

FIGURE 6
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fact that these two eigenfunctions are orthonormal we can show that

V/ —Aw,, ,+Bw
lI‘n’—:—Bwn—l _A‘//n-—l

where A°+B*=~1 and t//"_1 , 1/72_1 are eigenfunctions in the boxes I 1y I~r’, |
_»E_| near E*.
Now we will calculate the derivatives of E ,'1 and relate them to the derivatives

of E,",_l and IE,",_1 . Then by induction we will gain information about E,'l . By
Appendix B we have

d
dKE—Wn,Vu/)

that have eigenvalues E

!

NA( V- l’V‘//n 1)+B(Wn I’V‘//n—l>
2 d 2 d

=A Pl E ,t8B 7K E
Then we can use the symmetry of the potential to show that
d ~i __ d _i
K Fn-1 = T gg Er-v
therefore
d d _i
(0.12) dKE (A —B)dKE
Again by Appendix B we can show that
2 i i 2
2y VY
d S E, = W”i i”> + smaller terms
dK E, -&
where _ . L
1 1] ~1
(Voo V') = AB(w,_, Vv, ) = 4B, |, V', )
~ d _i d =i
= AB — dK — AB K E, _,
-~ d i
=2A4AB — dK E
Therefore
> i - d i \* . i\ -1
(0.13) mE;=2<2ABdKE ) (E, - &)

Since 4>+ B*> = 1 , it is impossible for A - 82 and AB to be small at the
same time. By induction we will know that dE,',_l/dK is bounded away from
zero; thus by (0.12) and (0.13) it is easy to see that dE./dK and d’E!/dK’
cannot be small simultaneously. In particular, we will prove that if

d <d_ VE +1

i
7K En
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then
d’ El> LVETI

ax? | 2 aVE L
Now equation (0.9) follows immediately from this estimate. See Appendix A
for more details.

We end our introduction with a brief discussion of the proof of Theorem 2.
To prove the absence of point spectrum we assume that there is a solution to
the equation

2

ey + e(cosx + cos(ax +0))y = E y.
x

Let d)ﬁn = eimﬂc[/(K + n+ ma) where ¥ is the Fourier transform of y . Then
it is easy to show that qSK is a solution to our lattice equation
(0.14) H(K)$" = (eA+ V(K))¢" = E*¢" .
In §4 we will prove the following facts:
(1) For n large enough we must have
S, K,E)NA, =¢
for almost every K € R, where A, are boxes around the origin of
length / .
(2) </>K is polynomially bounded for almost every K .
If we assume these facts, we can restrict (0.14) to the boxes A, and write
* K K
H(A,)6" = E"¢" +T(A,)0",
which implies
K o =1 K K
(0.15) ¢" =(HA,)-E) T(A)¢ =GA)IA)S .
The Decay Theorem together with fact (1) implies that the matrix elements
ny decay exponentially fast. Since qSK is polynomially bounded, it follows

that qSK(x) = 0 for every x and almost every K. Therefore ¥ (K) = 0 for
almost every K, which implies that = 0 and therefore not an eigenfunction.
This is a contradiction to our assumption.

1. DEFINITION AND PROPERTIES OF SO

We begin by defining the Oth singular set
So(K*, E*)={cy €2 : |[Eo(K") — E*| < 6,VE* + 1}
For convenience we have defined
j j 2
(1.1) Ey(K) = ([c,] + K)
to be the value of the potential at cé . In this section we will study the structure

of S, and prove the Center Theorem. As stated in the introduction, we will
always assume that E* > —1.
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Lemma 1.1. Let ¢y €S, for r=1i, j; then
(a) m(cy, cl) <\/20,(E* + 1)'/2,
(b) Ej(K*) = EJ(K* +AK) where AK = [c)]—[c])] or —([c)]+[c)] +2K™)
and |AK| = m(cy, c}).
(c) dELJdK| <3VE  +1 for |[K — K*| < 124/28,(E* + 1)"/2.
Proof. By definition of S, we have
200VE" + 12 |Ey(K™) = EJ(K™)| = I([eg] + K™)* = (Icg) + K*)’]
= |lco] — Leplilep) + [ep] + 2K,
which establishes part (a). The proof of part (b) is obvious from (1.1).
We will now prove part (c¢). Since c(') € §,, we have

|Eg(K") = E"| = I(leg) + K*)' = E"| S GVE" +1,
which implies ][cé] + K| < 2VE" + 1. Now we can estimate

i

d i j * * *
’d—KEO =2l + K| = 2]+ K" +K - K'|<3VE "+ 1. O

Remark. Lemma 1.1(a) is only a weak version of the Center Theorem since
E* may be very large. We will remove the E* dependence and strengthen the
lemma. _ _ A

We note that Ej(K) = ([¢y] + K )? is symmetric about K, = —[c,]. The next
lemma tells us that if the first derivative is small, then K is near the symmetry
point and the second derivative is big.

Lemma 1.2. If |[dEj/dK| < VE" + 1 for some K in the interval |K — K*| <

124/28,(E* + 1)'/?, then

(a) |d*Eg/dK*|=2> VE +1 forall K.
(b) |dE)/dK| > VET + 1K +[c}]].

Proof. The equality in part (a) follows immediately from (1.1). Since IES(K*)—

E"| <6,VE™ + 1, then
(el + K" > E - 6,VE +1.
By assumption we have 2|[c6] +K| = |dEé/dK| <VE" +1 forsome K in the

interval |K — K*| < 124/26,(E* + 1)'/?; therefore

gl + K*| = |[eh]+ K + K* — K| < WE" +1+12/26,(E* + 1)'?
<IVE"+1.
If we combine this inequality with the previous inequality, we get
* * [ *, 2 *
E"—S6,VE + 1< ([ +K) < HE"+1),
which implies E* < 1.
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We now prove part (b). By part (a) we can assume |a’2E6/dK2[ >VE +1
for all K. Therefore,

(%ES)(K) (d‘; )( [eo)) + <‘£ )(K+[Co])

d i : :
‘EI?E(; >VE + 1K +[¢]l. O
Lemma 1.3. If c;€ S, for r=1i, j then
(a) 26,VE™ + 1> [E(K") = EJ(K™)| 2 LVET + 1 m(c), c})’

(b) (Center Theorem) m(cy, ) < 26'/2 .

so that

Proof. The first inequality is obvious since cO € §,. By Lemma 1.1(b) we can
write E, ( ") = E’(K + AK) where |AK| = m(co, co) hence it suffices to
estimate . .

|Ej(K™ + AK) — Ej(K™)|.
If |dE}/dK| > VE" + 1 forall K intheinterval [K—K"| < 124/28,(E* + 1)"/?,
we are done. If |dEé/dK| <VE* +1 for some K in the interval |K — K*| <
12/26,(E* +1)'/?, Lemma 1.2(a) implies that |d°E}/dK*| > VE* + 1 for all

K . Since ES(K ) is symmetric about K = —[cé] , we may assume K, < K <
K* + AK . Therefore

|EJ(K™ + AK) — EJ(K™)| = EJ(K™ + AK) — EJ(K™)
d _j 1 [ d* 2
WE (K")AK + 3 (WEO (AK)
> %\/E* +1 m(cé, cé)z.
The Center Theorem follows immediately from part (a). O
Remark. We have removed the E* dependence from Lemma 1.1(a).

Lemma 1.4 (Decay Theorem). If S;NA = O then

—yolx_yl

-1 cst
[(HA)-E) (x,y)] < C%\/Tﬁ

for |E —E*| < (8,/S)WE" + 1 and |K — K*| < 45,/% where
Y0 = ln((éO\/E* +1)/4e).
Proof. See (0.5). O

Before we consider the next singular set S|, we group together nearby el-
ements of §;. There are two cases to consider, depending on the size of

5o = ming |ch—cl|. If s, > 6 , we construct boxes /| centered at ¢} = c;. We
0
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choose the length of the box to be /, = lg I sy < 613 , by (0.4) each cé €S,
has a mirror image ¢, which satisfies

(1.2) &1+ [ch] + 2K"| < 65,

We choose the

In this case we construct boxes I' , centered at cl = )
}. (See Figures 4

1

A
length of the box to be /| = lg . Finally we define §
and 5 of the introduction.)

(cy+¢
={C

2. DEFINITION AND PROPERTIES OF S,

In this section we shall define S| and prove the Center Theorem for S, .
S(K*,E")={c| €S, : dist(a(H(I})), E") < 6,VE" +1}.
We will consider the two cases described at the end of §1 separately.

Case 1. s, 2> 615’.

Lemma 2.1. If c; €S, for r=1, j, then m(c:, c{) < 53/2.

Proof. Since ¢ = ¢;, by Lemma 1.3(a) it suffices to show that |E6(K*) -
Eé(K*)| = 0(6(‘)1 E* +1). By definition of S, , there are eigenvalues E|(K*) €
o(H(I])) such that |[E[(K")— E*| <6,VE" +1. Let y, be the corresponding
wave functions. By choosing ¢ < (53 we have

r * r * * r 4 *
IV = E il = (~eA+ E{(K") = E")yj|| < estgVE +1;
hence q/f serves as a good trial wave function and we conclude that

(2.1) |Ey(K™) - E*| < cstSgVE" + 1,

Remark. With a finer analysis we will show that Lemma 2.1 continues to hold
if 6,/ is replaced by 24,/*/3,.

By definition of S , there exists an eigenvalue E (K*) e a(H(I}, K*)) which
is near E*. We will show that we can extend E { as a function of K for K
near K" .

Lemma 2.2. If c: €S, then
(a) There exists a unique eigenvalue E’ (K) e a(H(I;)) such that

|E|(K) - E*| < csto) *VE" +1

for every K in the interval |K — K*| < 253/2.
(b) The corresponding wave function 1//1' decays rapidly away from c: ; Le.,

—7lx=cyl

|wy(x)] < cste | | ,
(c) Any other eigenvalue &' € a(H(I,)) must obey |&'—E"| > (6,/5)VE™ + 1.
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(d) E{(K") = E{(K" + AK) where AK = [c]]—[c]] or —([c}]+ [c]]+2K")
and |AK|=m(c,, c]).
Proof. By (2.1) and Lemma 1.1(c) we have

|EJ(K) — E"| < csté) *VE™ +1
for |K — K*| < 28)"*. Now,

I(H(I}) — E*)8(x —c>||—||<eA+V<1> E"é(x —c))
Scstéo E*+1,

which implies the existence of Ef(K yeo(H(I f)) such that
|E{(K)— E*| <csté)*VE +1 for |[K-K'|<28)".

To prove part (b) we use the defining equation H (I )t//1 =E' l//l and rewrite
itas (H - E, )1//1 = Rl//l The matrix H is the same as H(I ) except that
the potential at c1 is changed to make S, empty and (H - E, D : decay (see
Lemma 1.4). We note that R = H — H(I ) has one nonzero element in the
place corresponding to c{ . Thus we can express t//l =(H- E ) Rl/ll , which
implies |y, (x)| < cste k¥l

To establish part (c) we assume that there is another eigenvalue é‘;’li that
obeys |&] — " E* < (64/3) VE +1. Then the same argument shows that its

wave function ‘P decays away from cl Since the wave functions y/f and ‘P;
are orthogonal, we have a contradiction. _
The proof of part (d) follows from (0.10) and the uniqueness of E{ . O

Lemma 2.3. If K belongs to the interval |K — K*| < 2(53/2, then dEf/dK =
dE})/dK + O(0;VE™ + 1

Proof. By Appendix B, a’E /K = (l//li, V't//:) and dEé/dK = ((//(;, V’l//(;)
where 1/10( y=0(x—c ) Thus to prove the lemma we need only show that
(2.2) lw) — wll <cstd; and V| <6y VE +1.

The first inequality is a consequence of Lemma 2.2(b), so it remains to estimate

v’ < max vl | = max 2|[x] + K|
1

< max 2|[x] — [c:]l + max2|[c{] + K|

< cst/, + max i
dK

which by Lemma 1.1(c) is bounded by

cst/, +3VE +1 <cstl\/E +1<6 \/E +1
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Lemma 24. If c; €S, then
(a) |dE|/dK| < (3+6,)VE™ + 1 forevery K in the interval |K—K"| < 253/2.
(b) If |dE,/dK| < égx/E + 1 for some K in the interval |K — K*| < 253/2
then

&
K> E|

>(1-6)VE +1;

moreover d*E : /dK 2 has a unique sign.

Proof. We use Lemmas 2.3 and 1.1(c) to establish part (a).
We now prove part (b). If the hypothesis holds, then by Lemma 2.3 we must
have

(2.3) ‘diK El| <cstoVE +1.

Lemma 1.2(a) implies that 2 > VE* + | ; therefore we can use Appendix B to
write
42
dK?
We will show that the remainder term is 0(53 VE™ +1). Taking norms, the
remainder term is bounded by 2||V'y/1'||2||(E; — H)7'||. By Lemma 2.2(c) we
have ||(E| — H)]'ll = O(6,VE" +1)"', so it remains to estimate ||V'y/||’.
Using (2.2) we get
i)2 ' j )2
7wyl < (0 (g = vl + 1V w1
<(1'is d E :
= “ ” 0 + d—K 0

< <50“\/E* +1 (5§+‘diKEg

which by (2.3) is bounded by cst(d;VE® + 1)*. O

E =2+2(V'y,, (E,—H)['V'y).

)

By (0.11) we know that there is a point K = —[ci] about which E{(K) is
symmetric. It is not clear that the symmetry point belongs to the interval of
definition of E|(K). The next lemma tells us that if dE|/dK is small then K
must be near the symmetry point.

Lemma 2.5. If ]dE;'/a’K| < 53\/E + 1 for some K in the interval |K — K*| <
62/%, then |dE|/dK| > LVET + 1|K +[c}]].
Proof. If the hypotheses holds then by Lemma 2.3 we have

|dE}/dK| < cstSeVE" + 1

and by Lemma 1.2(b) we get |K + [c|]| = O(d]), which implies |K* + [c]]| <
2(53/2. Therefore the symmetry point K = —[ci] lies in the interval |K —K"| <
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253/ 2 , which is the interval of definition of E {(K ). We now use Lemma 2.4(b)
and Appendix A to complete the proof. O
Lemma 2.6. If ¢ €S, for r=1i, j then

(a) 26, VET + 1> |E|(K*) — EL(K")| > 16VET + 1 m(c}, ¢])*.

(b) (Center Theorem) m(c,, c|) < 2611/2/50.
Proof. The first inequality in part (a) holds since c{ € S,. By Lemma 2.2(d)
we have ' _ _ ‘
E(K")-E/(K")=E(K") - E,(K" +AK).
If |dE|/dK]| > (53\/E* +1 for |[K-K*| < 53/2 then part (a) follows immedi-
ately. Therefore we may assume |dE|/dK| < d;vVE™ + 1 for some |K — K*| <
53/ . Then by Lemma 2.5, the symmetry point belongs to the interval of defini-

tion of E f(K ). With the definition of AK from Lemma 2.2(d) we use Lemma
2.4(b) and Appendix A to establish part (a). The Center Theorem follows im-
mediately from part (a). O

Remark 1. Lemma 2.6(b) strengthens Lemma 2.1.
Remark 2. We are now finished with case 1 (s, > 613 ).

Case 2. s, < 6l§ .

We would like to include the symmetry point K = —[ci] in our interval of
K ’s. The next lemma tells us how wide an interval we need to take in order to
do this.

Lemma 2.7. If c; €S, for r=1, ] then
(a) 1K™ + el < 36,
(b) max(|[c;] - [c]1], I[e}] + [c]] + 2K"|) < 68,
Proof. We use (1.2) and the definition of ci to establish part (a). Part (b)
follows immediately from part (a). O
Since c(") € S,, we have IE(")(K*) — E*| < 6,VE" + 1. For convenience we
define Ej(K) to be the value of the potential at ¢ ; therefore
. § 5 ) . .
(2.4) Eo(K) = ([&)] + K)* = Eg(—K — [&,] — [¢,]) -
With equation (2.4) we can transfer information from Eé to Eé ; in particular,
Lemma 1.1(c) implies that IE(’)(K*) -E7| < cstd(;/z\/E + 1. Thus in each box
I ; we have two values of the potential near E* which will be used to generate
two eigenvalues in o(H(I|)) near E”.
Lemma 2.8. If ¢| € S, for r=1, ] then _
(a) There exist two eigenvalues E (K) and &' (K) € a(H(I})) such that

|E|(K) - E"| < csto,*VE" + 1
for every K in the interval |K — K*| < 6501/2. The same holds for c%’]i(K).
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(b) The corresponding wave functions t//f and ‘Pﬁ decay rapidly away from
¢, and ¢y, ie.,

—Yolx—cgl —Yplx—Col

|t//1i(x)| < cst(e +e

The same holds for ‘I”l .
(c) If E is any other eigenvalue in o(H(I})) then

E-E"|>6/*VE +1,
(d) E/(K*) = E{(K*+AK) or E{(K*) = & (K" +AK) where AK = [c]]-[c|]
and |AK| < 66,% .

Remark. We assume that the eigenvalues E f(K ) and g]"(K ) are labeled so that
they are differentiable functions of K. See Appendix B for details.

Proof. We already know that
|EJ(K") — E"| < cst8y*VE +1.
By Lemma 1.1(c) we can extend this for K near K", i.e.,

|EN(K) — E*| < cstd)*VE" + 1

for |[K—K"| < 6(5(;/2. We now use (5(x—cé) as a trial wave function for H(I:),
giving us

I(H(I}) — E*)é(x — )|l < estd,*VE" +1,
which implies the existence of E|(K) € o(H(1})) such that

|E|(K) - E*| < csto,*VE +1.

The same analysis with Eé(K ) replaced by ES(K ) gives us the second eigen-
value &'(K) € a(H(1})).

To establish the decay of the wave function we note that |v,(K) — E*| >
25(;/8\/2517—1 for every j € I\{cj, ¢;} and every |[K — K*| < 66(;/2, or else
there would be three points j, cé , 5(") belonging to S,(K, E ) n If (with 4,

replaced by 25(;/ 8) . This is impossible by the Spacing Lemma. Therefore

v,(K) = E\(K)| > 8,/*VE"+ 1 for j e \{cy, &}

We write the defining equation H(If)u/f = Efy/l" as (H - E;)l//l[ = Ru/{ where
H is the same as H(I]) except the potential is changed at ¢, and ¢, to make
(H-E;)”" decay. Now we can express ¥, = (H — E))”'Ry], which gives us

—Yolx—cpl ‘Volx—étl)l)

lt//li(x)| < cst(e +e

To prove part (c) we assume that there is another eigenvalue Ee o(H(I f))
such that |E — E*| < (501/ 8VE*+ 1. Then the same argument shows that its
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wave function decays away from cé and éé , thus violating orthogonality. The
proof of part (d) follows from (0.10) and Lemma 2.7(b). O

Since we have two eigenvalues in a(H (I f )) which are close to E*, the Oth
order eigenvalues E(') and Eé have some special properties.
Lemma 2.9. If K is in the interval |[K — K*| < 65&/2, then
(a) |[dE)/dK +dE}/dK| < cstd,/” .
(b) |dE,/dK| > 3)*VET 1.
Proof. By (2.4) we have
d i d

~i

() 1= () -
d? i
ak2 o

0t IR

< max [2K + [Cé] + [5(3]']

= 212K + [cg] + &3]l

which by (1.2) is bounded by cstdy/* .
We now prove part (b). If ]dE(’)/dK| < 53/8\/E + 1 for some K, then by
Lemma 1.2(b) we have |[dE,/dK|> VE™ + 1|K +[c;]| . Now
K + [yl > llep] — [e]1] = [K = K[ = [K" +[e}]],
which by Lemma 2.7(a) is greater than
i ' 1/2
leo] = [e]]] — estd,”?.
We note that
i ey Lol + 1] Y
[co] = [e] = l[cg] = =252 = 3lleg] = (&1l

which by (0.2) is bounded below by cst/lc(i) - 5(,)|2 > cst/ 13 . Therefore
ldE}JdK| > (cst/ly —cst8) )WE  + 1> 6,/*VE +1,
giving us a contradiction. 0O
Lemma 2.10. If c: €S, then
Wi (x) = 46(x — cy) + BS(x — &) + R(x),
W (x) = BS(x — cy) — AS(x — &) + S(x),
where |R|| <3y, S| <9,, and 1> A> + B> > 1-4,.
Proof. It is obvious that we can express

Wi(x) = A8(x — ) + BS(x — &) + R(x).
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Lemma 2.8(b) glves us ||R]| < 82, and since y is normalized we have 1 >
A+B*>1- 0(6 ). We can express ‘~I’1 in a similar manner. Since ‘/’1 and
‘P, are orthogonal, we must have

¥ (x) = BS(x — cj) — A6(x — &) +S(x). O
Lemma 2.11. If cf €S, then

(a)
d E| = (4’ - B = d Ey+0@B)*VE +1),

dK dK
d &' = (B - 4" — d Ey+0@)*VE +1).
dK dK

(b) ) _ -
d* i 2y, V') ~1/8 /=
—— E =220 "1 L 06 VE +1),
JK: E & (9 )
d> i 2pl, Ve —1/8
— & =220 U L0y VE +1
dKZ 1 gll_E{ (0 )

(both hold where E ; # éfl") .
(c)

(‘//li, VI‘Pi)=2ABdi<E +0(§l/2\/5*+1)'

d E'v+_£l’__g1[

W 1 dK SCSt501/2 E*+1

Proof. By Lemma 2.8(b) we have

d i iy 2 d 2 od =i
=F =(yl, V'y) =4 dKE +B dKE + O VE +1)
:(A2 Bz)ddKE B (;;Ei d‘; )+05 VE +1).

We use Lemma 2.9(a) to bound the second term of the last line and complete
the proof of part (a).
To prove part (b) we use Appendix B to write

d’ (v, V'¥)? N R
K 2E 2 zﬁ—i-z(VWl’(El_H)llel)'
The remainder term is bounded by 2|V’ y/fllzfl(E; - H)lill, and by Lemma
2.8(c) we have ||(E; - H)Illn <( 1/8\/E +1) ~'. It remains to estimate
d i d =i\’ 2 /e 2
Vvl = 4 (dKE> +B (a,KE> + O NE +1)

We now use Lemma 1.1(c) to bound the first two terms of the last equation.
Therefore [|V'n//|’||2 < cst(E* + 1), and part (b) is established.



342 STEVE SURACE, JR.

We now prove part (c). By Lemma 2.9(a) we can estimate

(w), V'¥)) = 4B diKEg ~ 4B %Eg + O VE +1)
=24B 3‘% Ey+ 06, *VE" +1).

Part (d) follows immediately from parts (a) and (b). O
Lemma 2.12. If |dE| /dK| < 8)/*VE™ + 1 for some K in the interval |K—K"| <
65, then

(@) [(yy, V¥ > 48, VE + 1.

(b) |d2Ef/a'K2| > VE* + 1 atall points where Ef # c‘;’]i ; moreover dzE{'/a'K2
has a unique sign.

Remark 1. Lemma 2.12 holds if F ; is replaced by g]i .

Remark 2. We will show later that under the hypothesis of Lemma 2.12, E ; #
&' for |K - K*| <60,°.

Proof. If |dE:/dK| < 5(;/4\/E + 1 then by Lemma 2.11(a) we have
14> — BY|dE}JdK| < cst8)*VE" +1,

which by Lemma 2.9(b) implies |4°—B*| = 0(,'%). Since 1 > 4>+ B* > 1-4,
we must have |4B| > 1. Lemmas 2.11(c) and 2.9(b) give us

w,, V'¥) > 16, VE" +1.

To prove part (b) we use Lemmas 2.11(b), 2.8(a) and part (a). O
By (0.11) we have

(2.5)  E(K,+0K)=E|(K,-0K) or E|(K, +6K)=& (K

N

i

~ 5K).

Each eigenvalue curve itself might not be symmetric about K, but the union
of both curves is symmetric. (See Figure 2.)

i

I L
2
(5o261¢) (5p<610)

FIGURE 1
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EK)

\_’/ E;(K)
/‘\ K

£/(K)
K.s Kd K KS‘ K
ElK,) > #(K,) E(K,) = & (K)
FIGURE 2
d 1

ﬂbl d i
TkEl

K, K K, K

j—,f'f x—,/ %P’Il

EV(K) > 71K, E|(K)=#/(K))
FIGURE 3

Lemma 2.13. If c: €S, then
: - K, - K|,
|E|(K,) - E|(K,)| > 6;V/E* + 1 min 1K - K| -
K, + K, +2[c}]|

for any points K, K, belonging to the interval |K — K*| < 655/2. The same is
true for &' .

Proof. There are two cases to consider:

Casel. E|(K,) # &' (K,) (see Figures 2, 3). |
Without loss of generality we may assume E;(KS) > éé’l'(Ks). By (2.5) we

must have

E|(K,+6K)=E|(K,—6K) and &(K, +0K)=&'(K, - dK)

for 6K small; therefore

(2.6) (dE|/dK)(K,) = (d& |dK)(K,) = 0.
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By Lemmas 2.12(a) and 2.11(b) we see that dzEf/a'K2 and dzéf;"li/a'K2 are
large with opposite signs. Appendix A and Lemma 2.12(b) give us

A : K,- K|,
|E|(K,) — E|(K,)| > 6;VE* + | min IK; ~ K| .
K, + K, +2[c]]I.
Casell. E|(K,) =&/ (K,) (see Figures 2, 3).
In this case we will show that

d >61/4\/E*+1 and

a’K
holds for every K in the interval |K — K| < 64,
have opposite signs.
If (2.7) holds, the lemma follows immediately. We must now prove (2.7).
We start by showing that (2.7) is true at the symmetry point K_ . Differentiating

the equation H(If )(//li = Eft//l" yields

1o d i d d i
Note that H = V' and then set K = K . Let P be the projection onto the

nullspace of (H — E) where E = (K ) = (K ). Now multiply the last
equation by P. We have

PV'y| + PH (di( w') = (Z%(‘ Ej) Py, +EP (diK yx{) .
Notice that the second term on the left, PH(dl//f/dK) = HP(dt//f/dK) =
E P a’t//l /dK ) is canceled by the same term on the right; therefore PV’ (//1 =
dE,/dK )Pt//l Usmg the fact that Pt//l l//l , we rewrite this equation as
PV’ P)y, = (dE|/dK)(K, )l/ll , which says that (dE| /dK)(K ) is an eigenvalue
of the 2 x 2 matrix PV'P. The same argument with E1 replaced by gli
implies that (dé"l[ /dK)(K) is the other eigenvalue.

To calculate these eigenvalues we will represent PV’ P in a special basis. To
do this we define the operator S by

(SP)(x) = ¢(2¢; — x).

The eigenfunctions of S are y, and y, , symmetric and antisymmetric wave
functions, i.e.,

> 8, *VE* +1

(2.7)

d
dK
/2. ; moreover the derivatives

W, (2, = X) = w,(x) and y,(2¢] - X) = =y, (x).

Note that H (1: , K;) commutes with S, which allows us to express PV'P in
the basis {y,, ¥, }. In this basis we have

Viw) (v, V'w,)
PV'P=<<W5’ s Wer ¥ Ve > atK=K).
(v, V'w)) (v, V'w,) ( )
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Now by the symmetry properties of ¥, ¥, , and V'(K.) we have (w,, v’ W) =

s
(w,, V'w,) =0, which gives us

e (,, " WS,V'%))

v, V'w,) 0
and therefore

d i d i /
(7o 5) 50 =~ (g &) K) = . V'),
We must show that (dFE : /dK)(K,) is not too small and then extend this for

K — K*| < 65(; 2. Using the symmetry properties and the decay of the wave
function, we have

28) (B K =2uchvch (75 Ba) (K)+ OGVET+1)

dK dK
where |y (c5)| = 1/v2 and |y, (c))| = 1/v/2. Lemma 2.9(b) together with (2.8)

gives us

(dE}/dK)(K)| > 6,/ *VE" +1.
We must show that this continues to hold for all K in the interval K —
K*| < 65(;/ % To see this, we plot the derivatives of E{ (K) and éﬁi(K ). We
claim that these curves cannot enter the dashed region. (See Figure 3.) If
]dEl/dK1 < 5'/“\/?’1" for some K, by Lemmas 2.12(b) and 2.11(b) w
have d’E' /dK > 0. This contradicts Figure 3. O

Lemma 2.14. Let cl €S, ; then

a) |dE}/dK| < (3 +5‘/“)\/E‘+—

b) If |dE /dK| < d; VE +1 for some K in the interval |[K — K*| < 651/2
then |dE|/dK] >} \/F‘T]K+[c 1.

Remark. The same is true for gl’ .

Proof. We use Lemmas 2.11(a) and 1.1(c) to prove part (a). To establish part
(b) we use Appendix A and Lemma 2.12(b). O
Lemma 2 15. If cl GS for r=1i,j then

(a) |E K9 > 6 +1 m(c1 , C ) The same is true for Ig )
- g ! ( Il

) |E|(K*) = &/(K")| 2 6;VE  + 1 m(c, ).

(c) (Center Theorem) (cl , cl) < 2511/2/60.
Proof. If E/(K*) = E|(K* +AK), we must estimate |E|(K") - E|(K* + AK)|.
By Lemma 2.13, this difference is bounded below by

2
6\/E +1m1n{ |

b

I2K™ + AK + 2[c, ]|
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We now use the definition of AK in Lemma 2.8(d) to obtain part (a).
We must consider the case where E](K*) = &/(K" + AK) and estimate

|E f(K ") - gf(K *+AK)|. A careful inspection of the geometry of the eigenvalue

curves gives us
o i s |EL(K") = E{(K" +AK)),
|E\(K") - & (K +AK)| > min - -
|&(K™) — & (K™ + AK)|.
1 1

We now use the result in the first part of the proof to establish parts (a) and
(b).

To prove the Center Theorem, we note that by definition of S, , one of the
eigenvalue differences in parts (a) and (b) must be bounded above by 26, VE™ + 1.
0O

It is important to know that the eigenvalues E {(K ) and é’li(K ) may cross

only at the symmetry point K = —[ci] , and their separation grows as K moves
away from K.

Lemma 2.16. If ci €S, then
|E|(K) - & (K)| > 60VE" + 1K +[c}]|

for all K in the interval |K — K*| < 68,/

Proof. We must consider two cases:

Casel. E|(K,) =&/ (K,) (see Figures 2, 3).
In this case, by (2.7) we have

(B}~ &K = (B} - £)(K) + 7 (B}~ EDRIK - K))

> 26)VE  + 1K - K|
=26, "VE" + 1|K +[c}]|.

Case 11. E;(KS) > é’ii(KS) (see Figures 2, 3).
By (2.6) and Lemma 2.12(a) we have

wl, V'¥)(K,)| > 16" VE +1;

therefore there must be an interval K, < K < K, where (), V'¥)(K)| >
16,*VET+ 1. If K is in this interval then

(E{ — £))(K) = (E| ~ £)(K,) + - (E] ~ E)(K)K - K,

1 d2 i gi = 2
+EW(E1 - & )K)(K -K|)".
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By Lemma 2.11(b) we have
d* 4y, V'Y’ 18
E é;’ BALS LI LI J E*+1
(B = E)(K) = e O VE D
Gy VET+ 1)

2 St ey
(Ey - &)(K)

which implies
D (GVEFD? )
(E) = &)(K)>cs ( “ENK) —— - (K-K))

and proves the lemma.
We must now consider the case when K > K, . By definition of K, we have

wp, V') < 46,*VE +1 for K >K,;

therefore by Lemma 2.12(a) we must have

4 g AVE T and g < s VE 11

dK dK
giving us
(E| - &)(K) = (E| - &)(K,) + di{(E ENK)(K - K,)

> (E| - &)(K,) +26,*VE +1 (K - K,).
Now by the first part of the proof we can bound
(E| - &) (K,) > cst8,*VE +1 (K, - K,)
which gives us

(Ey - &)K) > VE +1 (K -K,) = 6VE + 1K +[c}]]. ©

Remark. We are done with Case 2 (s, < 613) . We will list the most important
properties of S, in our induction hypothesis.

Induction hypothesis. For n > 1 we define
S(K',E")={c €S, _ :dist(a(H(I,,K") ) <O, VE +1}.

We assume that every point c:, € §, belongs to either class A or class B. We
also assume that the Decay Theorem holds for S, . (See Appendix C.)

Class A. For every K in the interval |K — K| < 26:/ 2, , there exists a unique
eigenvalue E,",( ) € O'(H(]'i)) such that

(H1) |[EN(K) - E*| <cst8AVE +1.

(H2) |dE;/dK[ <(3 +u,,)\/75"'ﬁ where u, =0 and |u, —u, | < 1/4".
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(H3) If |dE/dK| < 63_1\/E +1 for some K in the interval |K — K| <
5%% then

n—1

> WE + 1K +[q)]]

Fre
and

2
i—zE; >(1-v,)VE" +1

where v, =0 and |v, —v, | < 1/4"; moreover a’zE; /dK2 has a unique sign.
(H4) |y/ (x)] < cste (’0/ )[ for x € 61

(H5) |EL(K™)| = EX(K™)| > 18} VE  + Im(c., ).

Class B. For every K in the interval |[K —K"| < 6(51/2 /0
two eigenvalues E! W(K), g’ (K) € o(H( n)) such that

(H6) |EL(K) - E*| < st&l/z \/8,_,. The same holds for &' .

(H7) |K* +[cl11 <382 /8,_,.

Note: 6_, =1.

(H8) |E,(K) - & (K)| 26, \VE +1|K +[c,]].

H9) |dE./dK| < (3+ u,)VE +1 where uy=0 and |u, —p,_,| < 1/4".
The same holds for gni .

(H10) If |dE!/dK| < 8._VE +1 for some K in the interval [K — K*| <
66.% /3. _, then

4_2 » there exist exactly

n—2

> LWE  + 1K +[c]]

it

and ,
—dK—QE;' > (1-v )VE +1

where v, =0 and |v,-v, || < 1/4" ; moreover a’zE,",/dK2 has a unique sign.
The same holds for & . !

(H11) lt//,f(x)l < cste” /M for x e 61 The same holds for lI"

(H12) |EL(K™) - EJ(K™)| > ;(5 \/F‘T_ 1 m(c! . The same holds for
|&/(K") - &/(K")| and |E,(K") - éﬁ,’(K )|

n’n

3. DEFINITION AND PROPERTIES OF Sn +

In this section, we will assume that the induction hypothesis is true for §,
and then prove that it holds for S, , . Many of the proofs run along the same
lines as their counterparts in §2 and will be omitted.

We construct §n from S, in the usual way by pairing elements together if

s, < 615 . Then we define

S, (K" E")={c,, €8S, dista(H(I,,,), E) <3, VE +1}.
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Casel. s, > 61,21.

This case will be broken up into two subcases, according to the number of
eigenvalues in d(H (I,',)) that are near E*. Before we consider the two subcases,
we will prove some general facts.

Lemma 3.1. If ¢, €S

n+l1

for r=1i,j then

i 3/2
m(cn+1 ’ n+l) < 6

Proof. Since ¢, = ¢, by (H5), (H12) it suffices to show that

|EL(K*) - EX(K")| = O(6.VE" + 1)

where E| € g(H(I))).

By deﬁnition of S, , we have eigenvalues E'+l (K*Yea(H(I, il )) such that
|E,, (K")—E"| <48, VE +1. We define 4 =1, +l\I where T is a box
with center c; + whose length is chosen to be 0(ln ) so that §, N4 =90. By

induction we have

I(H(A) y0/2)|x—y|

n+l) (x y)|_5\/F*T_

provided |x —y| > [,’". This will allow us to prove that the wave function
decays outside I To see this we restrict the eigenvalue equation

5/6

n+l

(3'1) H(I;H)W’CH = E;+1'//r:+l
to the set 4,

Vo = (HA) = E, ) Ty,
Suppose x ¢ I”. Since dist(x, d7I) > 15/6 we have

v CStE —(rp/2)lx-vl
W (< D~

of SVET +1
and since |x —y| > |x — anl / , we get
(3.2) W), ()] < este” TGl gor x g 17

We will use y,,, as a trial wave function for H(I;). To do this, we restrict
(3.1) to I; , yielding

r

(H(I) = By Wy =TU)Y,
therefore by (3.2) we get

I(H() = EL, )W | <6VE  +1.

n

Thus by trial wave function we have

|E/(K") - E, |( |<5 VE" +1
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therefore

(3.3) |E/(K")—E"|<26.VE*+1 forr=i,j. O

Remark 1. This lemma will be strengthened later by replacing J, 32 with
2612 /6, .

Remark 2. By (H2), (H9), and (3.3) we have

(3.4) |EL(K)— E"| <cst6)>VE* +1 for |K —K*| <45,

We are now ready to break up case 1 into two subcases.

Subcase 1A.

(3.5) dist(o(H(I})) ~ Ey E) 2 6,_\/6, VE" + 1

for every K in the interval |K — K| < 453 /2 In this case we will show how to
get back to class A of the induction hypothesis.

Lemma 3.2. If ci 1 €S, then
(a) There exists a unique eigenvalue En a(K)€ea(H (I +1)) such that

EL, (K) - E*| <cstd) *VE" + 1

for every K in the interval |K — K™| < 453/2.
(b) |y, (x)| < cste” /=Gl gy ¢ I

(©) [Wps1 = ¥yll < cstdy .
(d) Any other eigenvalue &' a1 € a(H(InH)) must obey

£ —E" |2 (6,/VE" +1.

(e) Ej, (K") = ;+1(K + AK) where AK = [c},\]1-[c,,,] or —([c), ]+
[c 11+ 2K") and |AK| = n+1’cf:+1)'

Proof. We use (H4), (H11) to get
ICH (T, ) = EQwyl = ITUT) vl < 6,VE™ +1
Hence (//i serves as a good trial wave function and we conclude that there exists

an eigenvalue En+l(K) € a(H(InH)) such that

(3.6) E, (K)—E.(K)| <3 VE" +1.

Therefore by (3.4) we have
E., (K)— E"| <cst8)*VE +1.

We now examine the wave function c//n .1 - Part (b) follows from the fact that
S, N (1,‘1“\77”) = &. (See (3.2).) To prove part (c) we must show that v,

n+1
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is close to l//,i inside I; . To see this, we restrict (3.1) to I,’; and arrange the
terms as follows: ) ‘
(H(I)) - E,

n+l) n+1

By Lemma 3.2(b) we can bound the right-hand side so that

vy, = Ay, + (H(I,) —E,, )] (OG,VE" +1)).
Using (3.5) we get ||y

n+1

must have |4 - 1| = 0(6 ).
To prove part (d) we assume that there is another eigenvalue &! wel €
o(H(I. ,)) such that |& n+1 —-E*| <0 /5 vVE" + 1. The same argument shows

n+1
that its wave function decays outside I and is close to !// inside I This
violates orthogonality. O

) n+1

[ 3 . ] . .
— Ay, | < cstd,, and since w, , is normalized, we

The next lemma tells us that the derivatives of Efz 41 closely approximate
those of E,’l . The proof uses Cauchy’s theorem, so we must state the lemma in
its complex form.

Lemma 3.3. If an esS el then
(a) |dEn+l/dK dEn/dKl < cstéjx/E* + 1 for every K in the complex disk
K - K*| <457

b) ]dzE,’,+l/dK2—d2E,'1/dK2| < cstért/z\/E + 1 forevery K in the complex
disk |K — K*| <252,
Proof. Since H(K) = e¢A + V(K) is analytic, we can extend the eigenvalues
and eigenfunctions to be complex analytic functions of K for K in the disk
|K-K"| < 463/2. For complex K we have dE,  /dK = (v, V' ‘/’n+1>R and
dE,/dK = (y,, V'y)p where (¢, y)g = S ¢(i)y(i). To prove part (a) it
suffices to show that
(3.7) vl — vl <csts, and |V'| <6, 'VE +1.
We note that

IV'll < max|v] = max 2|{x] + K| < max2|[x] - [c,..,]|

n+l
+max2[c., ]+ K|+ max2|K — K*| <cstl,, \VE" +1
<6 '"VE +1.
To bound the difference of the eigenfunctions we need to establish decay esti-
mates on the Green’s function for complex K. We begin by taking a contour
C:|z-E'| =146, v/5,VE*+1. By (3.4) and (3.5) we see that E,(K") €
o(H(I))) is an isolated eigenvalue inside C. When K = K" the operator H
is selfadjoint; therefore

1G, (K", 2)| = (H(I,, K*) = 2)"'|| < est(3, /6, VE + 1)
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for z € C. For K in the complex disk we use the resolvent identity
G,(K,z)=G (K", z)+G, (K", 2)(V(K") - V(K))G,(K, z)

to bound

1G, (K, 2)I| < ost(8,_,1/8,VE +1)”"
for ze C and |K — K*| < 46/, Since
4 _ 1 Gn(K, Z)
Gn(K,E)—mf;'—z—_—E—dZ
1Gy (K, E)| < est(3,_,\/8,VE" + 1)

provided |E — E*| < cstd, VE™ + 1.
If we restrict the eigenvalue equation H(I,, )w,,, =E, v, to I, we get

we have

i ] 1 j ] j
Vst =AY, + G (K, E, )T,

n+1
Since (3.2) holds for complex K we have
_ . 3
1Wpy1 = Wyl < cstd,

provided IE’IIHL1 —E*| < cst6, VE +1 for |[K— K| < 453/2. To show that

E remains close to E* we use two contours

C,:lz-E"|=(5,/I0)0VE"+1,
Cy: |z—E"|=(6,/8)VE" + 1.

By Lemma 3.2(d) we see that E,’;+1(K*) € a(H(I,';H)) is an isolated eigenvalue

inside C,. Using the same argument as before, we can bound
IG,, (K, 2)|l < cst(6,VE  + 1)

for zeC,, |[K-K"| < 453/2 and
1G,., (K . E)|| < est(8, VE +1)™"

for |E — E*| < (6,/100VE™ + 1. But

P G . (K,Z)
R e S

1
n+1

n+l(
C z—F

L
n+l(

G K, FE dz

n+1
is uniformly bounded when E:, , isinside C, ; therefore by continuity E; +1
must stay inside C, for every K in the disk |[K — K| < 463/2 .
To prove part (b) we apply Cauchy’s theorem to part (a). O
Lemma 3.4. If ch €S,,, then
(a) |dE;+l/dK| <SB+pu, JWE +1.
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(b) If |dE. ., /dK| < 6:VET + 1 forsome K in the interval |K —K*| < 26,

then
n+l) v E +1

d? i
‘WEIHI

moreover d* En /4K ® has a unique sign.

Proof. We use Lemma 3.3(a) and (H2), (H9) to establish part (a). We now
prove part (b). If the hypothesis holds, then by Lemma 3.3(a),

< Vi
dK cst5 E*+1

By Lemma 3.3(b) and (H3), (H10) we get

2 .
d g ls —v WE +1-006)*VE +)=(1-v,, )WE +1

dKZ n+1

O

Lemma 3.5. If |dE,';+1/dK| < (Sfx/E* + 1 for some K in the interval |K —K"| <
63/2, then

d _i

Zl’_k— En+l % v E" + IK + [Cn+1]|

Proof. If the hypothesis holds, then by Lemma 3.3(a) we have [a’E /dK | <
cst62VE" + 1. Therefore by (H3), (H10) it follows that |K + [, )l =0(2).
This implies that the symmetry point K| [c ;] belongs to the interval
K — K| < 263/ which is contained in the interval of definition of E’ +1(K ).
We can now use Lemma 3.4(b) and Appendix A to complete the proof. O
Lemma 3.6. Ifcn+1 S, Jor r=1,] then

(a) 20, VE +12|E,, (K")=E,, (K" > 5,VE + 1m (
(b) (Center Theorem) m(c, <23)%/8, .

n+1° n+l) n+1

)2
+l n+l’ n+1 :

Proof. The proof goes word for word the same as the proof of Lemma 2.6 if
we replace the indices 0, 1 with n, n+1. O

Remark. We are now back to class A of the induction hypothesis.

Subcase 1B.
(3.8) dist(a(H(I))) - E\, E") <4, _, \/(?n\/E* 1

for some K in the interval [K — K*| < 463/2 . In this case we will show how to
get back to class B of the induction hypothesis.

Let m < n—1 be the first scale back where s, < 61,2,, . Thus we have two
boxes I,in, I' such that

m
L. T

]

CIm+lCIm+2C CI CIn+l



354 STEVE SURACE, JR.

Note that

(3.9) c:m = C:n+1 (c +é )
and by (0.8) we have

(3.10) e 1+1¢ 1+ 2K" )1 <66/, ..

The next lemma tells us how wide an interval we need to take in order to include
the symmetry point K, = —[c,,,].
Lemma 3.7. If ¢, €S, , for r=1i,j then

(a) [K™ +1c,,,11 < 38,"/8,_,.

(b) max(|[c! [, 0, el 1+ 1., 1+ 2K*)) < 65,/% /0

n+l] n—1"

Proof. By (3.4) we have lEn(K —-E"| < cstés/zx/E* + 1 for every K in the
interval |[K —K*| < 463/ ? . Equation (3.8) gives us another eigenvalue &' (K) €
o(H(I,)) such that

(3.11) &/ (R) ~ E"[ <3,_\J6, VE +1.

Thus we have two eigenvalues in o(H (1;)) close enough to E* so that our
boxes I,’l belong to class B of the induction hypothesis. By (3.11), (3.8), and
(H9) we have |€/(K") - E*| <26, ,\/d,VE™ + 1; therefore

1€ (K*) - E.(K")| <36,_\/o,VE* + 1.
Since an = c,'; , we can use (H8) to establish part (a) of the lemma. Part (b)
follows immediately from part (a). O

Lemma 3.8. If ¢, €S, for r=i,j then

(a) There exist two eigenvalues E,", (K) and é" LK) € o(H(I
that

)) such

n+1

E., (K)— E"| <cst(8)° /6, )WE" +1
for every K in the interval |K—K"| < 661/2/6 .. The same holds for &' (K).
1 n+l

( “//n+l )l SCSt(e no/Alx=c, |+£’ (ro/Dlx =, )) for X ¢ ImUIm' The same
holds for ¥, . | -
(c) Ele(K )=E, (K +AK) or Erj|+1

[c),,1-1c., ] and |AK| < 68)%/5, .
Proof. From (3.4) and (H9) it follows that

(3.12) |E!(K) - E*| < cst(8)% /8, _)WWE" +1
for every K in the interval |K — K| < 651/2/5 _,. By (H11) we have

n+l) E)yill = T, ||<cst(5 VE* +1

(K*)=&' (K" +AK) where AK =

n+l

[[(H(
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therefore (3.12) implies
I(H(., ) - EYw.) < cest(6)? /6, )WWE  +1

The same equation holds if we replace z//n with ‘I’n . Thus by trial wave function
we establish part (a).

We now prove part (b). Fix x ¢ Ii UI . Suppose x € I \Im+1 Then x €

r+l\1 for some m+ 1 <r<n-1. We choose an annulus 4 around / +1\I
such that dist(x, 84) > 15/ 6 By Lemma 3.7(a) and the Center Theorem for S,

we see that §,NA4 = @ . Now we restrict the eigenvalue equation H (I, w1 )l//:l =

E!

n+l ‘/’n+1
part (b). The case where x ¢ I \I ms1 18 treated the same way.
To establish part (c) we use (O 10) and Lemma 3.7(b). O

to the annulus A4 and then use the Decay Theorem for S, to prove

Remark. By Appendix B, we can always assume that the eigenvalues and eigen-
functions are labeled so that they are differentiable functions of K .
Lemma 3. 9 For every K in the mterval |K - K" | <606, 1/ 2/6,, | there are eigen-
values E, (K) € o(H(I,))) and E! n(K) € o(H(I' ) With the following proper-
ties:
(a) ll}:,',,(K) ,,+.(K)| <20, VE +1
) |E, (K) - n+l(K)l < 25 vVE® +1

() |E, (K)- ,,+, K)|<25 Y ET
) IE,';,(K_) H, K)|<2(5 VE +1.
(e) I(H, uu<< WEFDT

(f) II(H(I ) <@ _ VEFI).

Proof One of the wave functions, say l// must have signiﬁcant amplitude

n+1>
in I . This follows from Lemma 3.8(b) and the fact that (// 441 and ‘I’n 41 are

orthogonal. We use y' .41 as a trial wave function for H (I ), yielding

ICH (L) = Eyy )Wl = ITE )W

which by Lemma 3.8(b) is bounded by 6 v E™ + 1. This implies
(3.13) |E. (K) E, .  (K)| <5 VE* +1

m

which establishes part (a). Lemma 3.8(a) together with (3.13) proves part (c).
We will now prove the uniqueness of E,'n(K ). By (H8) we have

1&H(K) - EL(K)| > 6. _ VE + 1K+, ]|

m

where _ , . )
1] * * 1 I 1
K +[c,]l=|K-K +K +][c,,1+[c,]-[c,;,]l

> et 11T, ]~ 06,218, ).
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By (3.9) and (0.2) we have
lle] = [eh i1l = 3Ly, ] = 18,11 > est/le), — &, 1" > est/L ;
therefore

(3.14) K +[c, 1l >cstll — 075, ) >4,

-1

which implies

& (K) — E, (K)| 26, VE +1.

This shows that E’ »(K) 1s the unique eigenvalue in o(H (I,"n)) which is near
E™, thus proving part (e) of the lemma.

A snmllar argument in I shows that there exists an eigenvalue E! (K) €
a(H ( m) such that parts (b), (d ) and (f) hold. If we transform the equatlon

H(I )17 7 = E 1// to the box I by changing variables x — —x + c + c
we get
(3.15) E (K)=E,(-K ~[c,1-1[¢,]).

By induction we know the structure of E,i,l(K ) ; therefore equation (3.15) gives
us a full description of E;n(K) .

Lemma 3.10. If ¢ then

n+1 n+1

a) ¥, — 4v,, Il<cst5
b) W1 = me!l<cst<5
() I¥,,, — By, |l <cstd,,
(d) |I¥.,, + 4y || <cstd),

where 1>A +B? >l—5m

Proof. We restrict the equation H( =F'

as

to I,’;? and write it

n+l)wn+1 n+1'//n+l

i
n+l

By Lemmas 3.9(a) and 3.8(b), the right-hand side is bounded by cst (5;\/E +1;
therefore

(H(I.) - E. v,

m m n+l:(E _E) +r(1 )W

n+l n+1"*

v, =Ay, +(HI)-E )] (06, VE +1))

By Lemma 3.9(¢) we get ||y, — AW,,,H < cstd) . We can do the same thing

in I~ ' to get Hl//n a—B a,f/' | < cst5 . Orthogonality and normalization give us
parts (c) and (d) and the relatlonshlp between 4 and B. O

We have two eigenvalues E,"l + and éﬁfH in a(H(I,’l +1)) thatare close enough
to E” to make their wave functions decay exponentially fast outside I, U I~,'n
Any other eigenvalue must be far enough away from E " to make its wavefunc-
tion orthogonal to ' e and ‘I’HH
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Lemma 3.11. Any other eigenvalue E € o(H( n+1)) obeys

|E—E" |>6 VE" +1 >6 \VE”
Proof. Suppose that there is a third eigenvalue en .1 €E0(H (In +1)) such that
|en - E7 < ém\/E +1. Then we can show that its wave function ¢'

decays exponentially fast outside Im U Im and also satisfies

n+1

g, — Ay, || <cstd), and @), — By, | < cstd) .
\Pi

n+l1 2 and

(See Lemmas 3.8(b) and 3.10.) Therefore it is impossible for 1// el >
¢, .1 to be orthogonal. O

In Lemma 3.10 we expressed l//i 41 and ‘Pi , in terms of l//:n and 1/7,"” . This
"', to those of E, and
Em . To do this we need to prove some technical lemmas about E:n and E

Lemma 3.12. |dE. /dK +dE, /dK|<d)/*VE +1.
Proof. By (3.10) and (3.15) we have

(o) 0+ (g ) )

- .<di{ )(K) (di( E ) (=K = [c,] - [&,])

2
LB
dK

will allow us to relate the derivatives of E 1 and !

< max X 0((51/2)/5m—1)'

m

We must estimate
d2
dK z
By Lemma 3.9(e) we have ||(E,"n - H)llll < (53,_1\/E + 1)_l , SO it remains to
estimate

j - j i2 j —1
=242V 'y, (E,, — H) ' V'w,) <2421V 'y, IPI(E,, — H) ||

2
i 2 1,4 2 * 2
Vvl < IV a1 < (maxiol]) <@, VET+ 1)

Thus
- - PVE +1 62 .
af‘%E;nJra‘%Ejn Scst(’"53 5 <s/*VE +1. o
m—1 m-=

Lemma 3.13. If K is in the interval |K — K*| < 66\/* /o then |dE! |dK| >
o) VE +1.
Proof. If |dE. /dK| < 6. VE® +1 then by (H3), (H10) we have |dE. /dK]|
> LVET+ 1K +[c. ]|, contradicting (3.14). O

Now we can prove the lemma which relates the derivatives of E'
to those of Em, Em

n—17’

i
n+l1>2 %1+l
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Lemma 3.14. Ifc 1 €S, then

n+1
(a)

d E,, =4 2_ph 4 pi +06,*VE +1),

dK dK °m
-ddTgrziH=(Bz—Az)d£2 m+0(5l/4\/E*+1).
(b) | 2
& i _2<wrlr+l’ \Piu-l) 0 lL_\VE +1
W ntl ™ gl + -4 s
"+1 n+1 —1
& i Wa VY (e VE T
m n+1 — &z E, + — |
n+l n+l1 n—1
(both hold where En+l # n+l)
(©) Wy V'¥,.) = 24BdE, [dK + 00, VET+1).
(d ‘dEn+l/dK+d n+l/dK|<Cst61/4\/E—;T

Proof. Since dEnH/dK = (.., Vv, ), dE JdK = (v, ,V'y.), and
dE' /dK (t//m, vV y/,'n) , we use Lemmas 3.10 and 3.8(b) and the fact that
v’ (I,,,)II <cst/ VE +1 to get

d _i 2 d 2 d =i
T Ev AdKEm+B dKEm+05 VE +1
d d /——

Now we can use Lemma 3.12 to establish part (a). The same argument is used
to prove part (c).
We now prove part (b). By Appendix B we have

d> Vi, )’
dK2 E'l1+l o 2(V t/l

n+1°2
-8,
and the remainder term is bounded by
R . .
CSt”V '//,IH_] || ”(E;,.H - H)_LL” .

Lemma 3.11 1mp11es ||(EnJrl - H)Iiﬂ < (6:_1\/E + l)_l, sO it remains to
estimate ||V'y By Lemma 3.8(b) we have

:2+2< n+l’

n+l

(En+l H)J.J_V ll//n+1>

n+1”
v’ !//,mH < V')l +|IV I+ 0OLVE +1
<cst(l,VE" +1 +06m\/E +1

<est(l,_\VE*+1)" (sincem<n-—1).

Therefore the remainder term is bounded by cst(lf_lvE* +1 /6:_1) and part
(b) is established. The proof of part (d) follows immediately from part (a). O
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Lemma 3.15. If |a’En+1

K*|<66\2/8, _, then
(a) |(y/n+l, V‘I’;+1)|> 162 VE +1.

(b) |d E +l/dK | > \/E—'r-!-_ at all points where E | # &'

n+1/dK has a unique sign.

/dK| < 5;1_1\/E + 1 for some K in the interval |K —

w1 s moreover

Remark 1. Lemma 3.15 holds if Ei +1 is replaced by & !

n+1°

Remark 2. We will show later that under the hypothesis of Lemma 3.15, En a7
&' forevery K in the interval |K — K*| < 65'/2/(5

n+1

Proof. If |dE H/dK] <9d l\/E + 1 for some K, then by Lemma 3.14(a)
we have |A ||dEm/dK| < cstdfn_lx/E +1. By Lemma 3.13 we get

|A2 - le = 0(9,,_,), and therefore by Lemma 3.10 we must have |4B| > %
Lemmas 3.14(c) and 3.13 give us

j 2 *
Kwp, s VY 02 460 VE +1.
14(b) a

To prove part (b) we use Lemmas 3 and 3.8(a) and part (a). O

Lemma 3.16. Let cn+1 €S,,,; then

n+1>
) ldEnH/dK[ <GB+ pu, WE +1.
b) If |dE,,,/dK| < 53\/E + 1 for some K in the interval |K — K*| <
1/2
65, " /0 then

n—1

\/E + |K+[cn+1]|

‘ d K n+l
Remark. The same holds for &'

n+1°

Proof. The proof of part (a) follows immediately from (H9) and Lemma
3.14(a). To establish part (b) we use Appendix A and Lemma 3.15. O

Lemma 3.17. Let ci a1 €S then

n+l1 >

)|>6 VE* +1mm{

- K|,

E.. (K,)
K, + K, +2[c

n+1 n+]

n+l:H
for any two points K, K, in the interval |K — K*| < 65,:/2/(5"_1 . The same
holds for &'

n+l1-*
Proof. The proof goes the same as the proof of Lemma 2.13. There will be two
cases to consider:

Case 1. En+l(Ks) > éﬁ,i+l(Ks) where K = —[c

In this case, the analog of (2.6) holds; i.e.,

316 (7 oot ) K0 = (7 Bt ) (K =0.

n+1]
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By Lemmas 3.15(a) and 3.14(b) we see that d’E,_,/dK’ and d’&,,, /dK” are

large with opposite signs so that En +1(K) and &' -1 (K) never cross. Appendix
A and Lemma 3.15(b) give us

4 K, - K,
|,y (Ky) = E, (K} 2 5 VE" +1 mm{ Kl

|K, + K, + 2[cn+l]|

Casell. E. (K)=& (K,).

In this case we will show that

d E' >(5 _VE"+1 and

dK n+1

holds for |K—K*| < 65,:/ 2 /é,_, ; moreover, the derivatives have opposite signs.
To see this we calculate the derivatives at the symmetry point K using the
special basis {y , y,} of symmetric and antisymmetric wave functions (see
the proof of Lemma 2.13 for details). This calculation yields

(5 o) (KD == (T2 8l ) (KD = v Vv,

By symmetry and the decay of the wave function, we may restrict this inner
product to I, . Inside I, we can express ¥, = Ay, and y, = Cy, where
|4| = 1/v2 and |C| = 1/V2; therefore the analog of (2.8) holds:
d i - i P i d i
(ZEEW) (K)) =24y, V'Cy,) = = E,,.
Now we use Lemma 3.13 to prove (3.17). O

Lemma3l8 Let c, g eSnJrl for r=1i,j; then
|En+1 ") — n+l K) >6 \/fr+__m(cn+l, n+1) ; the same holds for
Ié’ (K" - M(K*)I
(b) 1B, (K*) = &L (K 2 GVE + 1 mlc,,, s ch,,)
(c) (Center Theorem) m(cn+l , n+l) < 26:421 /0, .
Proof. See the proof of Lemma 2.15 and replace the indices 0, 1 with n, n+
1. O

Lemma 3.19. Let ¢, €S

d g |5 VE+1

(3.17) ‘d—K M

: then

n+l2

(K) - n+l |>5 VE" + |K+[Cn+1]|

for every K in the interval |K — K*| < 66;/2/6
Proof. The proof goes like the proof of Lemma 2.16. There are two cases to
consider:

Casel. E. (K, =&/ (K, where K =—[c}, ].
In this case we use (3.17) and follow the proof of Lemma 2.16 (Case I).

Casell. E. (K)>&' (K,).

|E,

n+l

n—1"-



SCHRODINGER EQUATION WITH QUASI-PERIODIC POTENTIAL 361

By (3.16) and Lemma 3.15(a) we have
vl VWK > 162 VE +1.

Now we follow the proof of Lemma 2.16 (Case II). O
Remark. We are back to class B of the induction hypothesis.

Case 2. s, < 612
After we make a few remarks, the proof of case 2 goes exactly as the proof of
Case 1B. In Case 2 there are two boxes I I cl and the Center Theorem

5 n+1?
n—1 Zln—l

for S, , implies that s
Lemma 3.20. If c,, €S,., for r=1i,j then

(a) [K™ +1c,,, 11 < 38,”%/5,_, |

(0) max(lic,.. 1= [ep, 11, e+ [, )+ 2K7) < 66,7/
Proof. We use (0.8) and the definition of ¢
follows immediately from part (a). O

Since C:l €S, , we have |E;(K*) - E*|<6,VE" +1. By (H2), (H9) we get
|E!(K) - E*| < cst(8)% /5, _WE +1 for every K in the interval |K — K*l <
661/2/6 . If we transform the equation H(I )l// = E w from I to I we
see that E LK) = E;(— [c ]1- [C"]) is an eigenvalue in a(H( )) which is
near E*. We use l// and l// as trial wave functions for H(In +1)

)yeo(H( n+l)) which obey
E,

n+l WE* +1

& (K)—E*| <cst(6,2 )6, _WE +1.

We are now in the same setup as subcase 1B and the rest of the proof will be
omitted.

n+l]
n—1-

.+1 10 prove part (a). Part (b)

to get two

eigenvalues E. +1(K) and gj;H(

(K) - E*| < cst(8)*/6

n—1

and

4. PROOF OF THE MAIN RESULTS

In this section we will prove our main results.

Main Lemma. For ¢ sufficiently small and for almost every K , every polynomi-
ally bounded eigenfunction of the operator H(K) = eA+ V(K) decays exponen-
tially fast.

To establish the Main Lemma we will follow the proof given in [6]. First we
will show that inside large enough boxes there must be points of S, . Then the
Center Theorem will give us annuli around these boxes which do not intersect
S, . Finally, the Decay Theorem will force the Green’s function and the wave
function to decay at points in the annulus. We will piece together annuli to
prove that y decays for all |x| large. To accomplish this we need to set some
notation and prove two lemmas.
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Definition 1. We call E a generalized eigenvalue if E satisfies the equation
Hy = Ey where y is polynomially bounded.

Definition 2. We define B(/) to be a square box of length / centered at the
origin of Z*. Let A, = B(1/,,,) and 4, = B(2],,,)\B(}/,,,) where [, is the

n+l)
length scale defined in the introduction.

Lemma 4.1. Let E* be a generalized eigenvalue for H(K"); then there exists
an integer N(K*, E*) such that

S(K",E'YNA,#@ forn>N(K",E").
Proof. Assume not. Then there exists a sequence n, — oo such that

S (K*',E")nA, =

Fix any x € Z? and choose i large enough so that x € A, and dist(x, 0A, ) >

[ 5/ 6 . We will show that v =0 and therefore not an eigenfunction

To see this we restrict the equation Hy = E*y to the sets A
y=(HA,)-E)" (L, v).

This gives us

wix)= ) (HA, —E

yeaAm

)~ s )T, W)

Since |x —y| > [;'”, the Decay Theorem and the polynomial boundedness of

y imply

[5/6
|w(x)| < est 1) exp(—(75/2)0,")
Therefore y(x)=0 forall x. O

—0 asi— oo.

Lemma 4.2. There exists a set % of Lebesgue measure zero with the following

property:.
If E* is a generalized eigenvalue for H(K") where K* ¢ % , then there ex-
ists an integer N(K" , E*) such that S,(K", E*)NA, =@ for n > N(K*, E").

Proof. For any value of E, we define
B (E)y={KeR:S(K,E)YNA, #3, S,(K,E)nNA, #J}.

Let C, = Jg(B,(E)). If we show that Y>> u(C,) converges then it is easy to

see that
u (ﬂ U Cn) =
m=0n>m

Define % =, _oU,>,, C,- Let E" be any generalized eigenvalue for H(K )

and suppose that K* ¢ # . Since K* ¢ % there must be an integer
N(K", E") such that K* ¢ B (E*) for n > N(K", E"). By Lemma 4.1
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we may assume that S, (K", E')NA, # @ for n > N(K", E*); therefore by
definition of B, (E™) we must have S (K™, E*)NnA, =@ for n > N(K*, E").

It remains to show that ) u(C,) < co. In particular, we will prove that
u(C,) < 1* 63 To see this let K € C,. Then K € B,(E) for some E;

n+2%n
therefore we have points a€ S, N4,, b€ S, NA, where |[a—b|<2] ,. By

the Center Theorem for S, and (0.2) it follows that

l[a] + [b] + 2K| < 26)%/5

n—1-

Therefore K belongs to an interval of measure 0(6;/ 2 /6,_,), but this interval
depends on E and K since a, b depend on E and K. However, there are
at most O(I! ,) points a, b€ B(2l,_,), thus

4
n+2

u(C ) <cstl 61/2/5_ . O
n n n—1

We are now ready to prove the Main Lemma.

Proof (of Main Lemma). Choose x € B(l, ,)\B(l,.,) C A, where n is large
enough so that Lemma 4.2 applies. If we restrict the equation Hy = E*y to
A4, we get

w=(H(4,) - E") ) (T(4,)w).

The Decay Theorem, Lemma 4.2, and the polynomial boundedness of y give

us

—(%/16)|x|

lw(x)| < cste o

With the help of the Main Lemma we can now go on to the proof of Theorems
1 and 2. For the proof of Theorem 1 see [1].

Theorem 2. For ¢ sufficiently small, the operator
—dz/dx2 + eg(cos x + cos(ax + 9))
has no point spectrum.
To prove Theorem 2 we will need the following lemma.

Lemma 4.3. Fix E*. Then for almost every K € R, there exists an integer
N(K) such that S,(K, E")nA, =@ for n> N(K).

Proof. If we define
B ={KeR:S (K,E")nA, #2},

then the set % =~ U,>, B, Will be the set of measure zero we need to
prove the lemma. To prove that this set has measure zero we define

B, ={KeR:c,eS,(K,E)NA,}

which decomposes B, ; i.e.,, B, =, B:l. If we can show that ) u(B,N1)
converges (for intervals /), then by the Borel-Cantelli theorem it follows that
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w(Z NI) =0 and therefore u(-#) = 0. To finish the proof we need to establish
the estimate

(4.1) w(B.n 1) <est(s)/@6)72).

Let K e B Then c es (K E” )N A, ; therefore there exists an eigenvalue
(K S a(H(I )) such that

|EL(K*)—E"| <6 VE" +1.

By induction we know that E' ,(K) is defined in the interval |[K-K *| < cst63/ 2
and by induction hypotheses (H3) and (H10) we can show that |E (K+ (51/ 4)
E*| > 6n\/_ﬁ From this it follows that every interval of length 0(63/_ 2,)
can intersect B in a set of measure at most 0(51/ 4) . O

Now we can prove Theorem 2.
Proof (of Theorem 2). Suppose that we have a solution to the equation
—a’zt///afx2 + e(cosx + cos(ax +9))y = E y.

Let ¢>§n ="y (K + m + na) where y is the Fourier transform of y . Then
¢K satisfies the eigenvalue equation

H(K)$" = (eA+ V(K))¢" = E"¢"

on the lattice Z°. Later we will prove that qSK is polynomially bounded for
almost all K. If we use this fact with Lemma 4.3 and an argument similar to
the one used in the proof of lemma 4.1, we can show that ¢K = 0 for almost
every K. Thus @ (K) =0 for almost every K, which implies that ¢ = 0 and
not an eigenfunction.

Now we need only show that ¢K is polynomially bounded for almost every
K . To see this we note that since ¥ € L, we have

[ 16l dk = [k ax = 1:

therefore

/ Z |¢mn T e —

1+|m|+|n| m,,1+|m|+1n|

This implies that Zm,n(lqunl J(1+ |m| + |n| )) is bounded by some constant

Cy for almost every K ; therefore d)K is polynomially bounded for almost
every K. O

APPENDIX A

Lemma. Let E(K) be defined and twice differentiable for every K in the interval
|K — K*| < n < %. Suppose that there is a point K_ in the interval such that
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E(K,~dK)=E(K, +6K). We also assume that |E'| < s implies |E"| > t and
E" has a unique sign. Then

(a)
K, - K,[*,

2
K, + K, = 2K |

for any points K, , K, belonging to the interval |K — K*| < 7.
(b)

|E(K,) — E(K,)| > min(s/2, l/4)min{

‘s ,
|E'(K)| > min{
K- K|.
Proof. Without loss of generality, we may consider the case [E'| < s implies
E" > t. By symmetry we must have E'(KS) = 0; therefore E"(Ks) >t. Let
K, be the largest point with the following property:

"

E"K)>t forK,<K<K,.

This implies that E(K) is an increasing function to the right of the symmetry
point. By definition of K, we have E"(K 4 +0K) <t for 6K small; therefore
E'(K 4 +0K) > s. This inequality must hold for every K > K, or else we
would have a point K where E”(K) >t > 0. This is impossible. (See Figure
A.) Therefore

E'K)>s forK>K,.

We now split up the proof into cases.
Casel. K. <K <K,<K,.
|E(K,) - E(K,)| = E(K,) - E(K,)
= 2
=E'(K)(K,-K,)+ L E"(K)(K, - K,)
2
> (1/2)|K, - K\ |".
Case2. K; <K, <K,.
|E(K,) - E(K))| = E(K,) - E(K,) = E'(K)(K, - K,)
> s|K, - K,| > s|K, - K|’

E(K)
E'(K)
T /
s
@ L ~L < Y 3
K K K K, K K

FIGURE A
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Case3. K. <K <K,<K,.
|E(K,) - E(K,)| = E(K,)-E(K,)+ E(K;) - E(K)).
By Cases 1 and 2 we get
2 2
|E(Ky) - E(K))| 2 5K, - K" + (1/2)|K; - K|
> L min(s, 1/2)|K, - K|’
= min(s/2, t/4)|K, - K,|*.
Case 4. K, <K < K,. We use the symmetry of E(K) to write
|E(K,) - E(K))| = |E(K,) - EQK, - K,)],
which by Cases 1-3 gives us
|E(K,) — E(K,)| > min(s/2, t/4)|K, + K, — 2K,|*.
To prove part (b), we need to consider two cases.

Case 1. K <K<K,.
!

E'K)=E'(K)+E"(K)K-K,)>tK-K,|.
Case 2. K, < K. In this case we have |E'(K)|>s. O

APPENDIX B

Lemma. Suppose Hy = Ey and HY = &Y, where & is the closest eigenvalue
to E. We assume that the eigenfunctions are normalized and everything is
defined for K in the interval |[K — K*| < n. Then
(a) The eigenvalues and eigenfunctions can be chosen to be analytic functions
of K.
(b) E'(K)=(y,V'y).
(c)
E'"(K)=2+2(V'y,(E-H)]'V'y)
2 (V/ , V"P)Z
E-&
at all points where E(K) # &(K).

Remark. From the Spectral Theorem we have

G =(E-H] =Y (E-E) 'PE)
E, #E

=2+ +2(V'y, (E-H) V'y)

where P(E ) are projections. Similarly, we write

-1 -1
G ,=(E-H , = Y (E-E) PE,).
E #E.&
Proof. If the eigenvalues never cross, part (a) obviously holds. When there are
level crossings, we can always find a way to label our eigenvalues so that they
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are analytic. This follows from the fact that our operator H(K) is analytic and
selfadjoint. See [10].

To prove part (b) we differentiate the equation Hy = Ey to get H v +
Hy' = E'w + Ey'. Note that H = V', and then take the inner product with
v yielding

(B1) (W, V'w)+ (v, Hy) = E\w, w)+ E(w, v').

Since the second term on the left (w, Hy') = (Hy, v') = E(w, ') is can-
celed by the same term on the right, we get E' = (y, V'y).
To establish part (c) we differentiate the result in part (b) to get

1

E'=(/' V') + (. V') + (v, V') = (v, V'y) + 2w, V'y).

By definition of ¥ we have V" = 2I (where I is the identity matrix); therefore
E'=2+2y,V'y).

To complete the proof we must calculate w'. We rewrite (B1) as (E — H)y' =

V'w — E'w, thus

(B2) W' =(E-H) ' (V'y-Ey)=(E-H]V'y.

If we put (B2) back into our last equation for E” we get

(B3) E'"(K)=2+2(V'y, (E-H)]'V'y).

We can further express

(B4) (E-H).'=(E-H)[, +P(&)/(E-&),

and if we note that P(£)V'y = (y, V'¥)¥, we substitute (B4) into (B3) to
get
E' =242y, VE-H) Vv +2y, V¥ /(E-&). O

APPENDIX C

Decay Theorem. If A is n+ 1 regular and S, (K", E"YNA = then

n+1

V1 [X—=I

HA) —E) (x, y)| < —
|(H(A) )(xy’l_éox/ﬂ-l

provided |x —y| > I)/% | |K — K*| <45}, and |[E-E*| < (,,,/SWE +1,

where y, >y, > 7,/2.

Proof. Let A be n+ 1 regular and suppose §n N A consists of just one point
' Then there exists a box fn 1 C 1; o

(@) S,N(A\T,)=2.

(b) A\f; 41 1s n regular.

(c) dist(dT,, . {x,y}) > 1°.

(d) length of T\, = O(L)3).

n+1

c:, 1 with the following properties:
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By (0.7) we have
1

(C1) G(x,y)=(H(A)-E) (x,y) =[G+ GIGl(x, )

(C2) =[G+ G I'G + G.I'GT' G ](x, y)

where I' = c’)fi . Notice that the second term on the right in (C2) vanishes
unless I separates x and y. By property (d), we see that it is impossible for
X and y 51multaneously to belong to I . If we assume that x, y € A\In 1
then G = G(A\I a+1) decays by 1nduct10n To estimate G we assume

(C3) G, v")| <40, ,VE +1)7" foru',v'el,,,.
Therefore by (C2) we get

cst
Gx, ) < — S
e ST

=7 lx=yl

+ cst o TnlX =Yl oSt (Qﬁﬂjﬂ)
S VE" +1

cst e_7"+1|x_y]

< - =
T O,VE +1

11/2 +12/3
_ +1 +1
Tne1 = Vn (1 _CStL_ITG’I— '

n+1

where

IferJrl and y ¢1
obtain a similar result.

It remains to prove (C3). By alternate application of the two resolvent iden-
tities

n+1> We use the resolvent identity G = G-+ GI'G- to

G=Gp+GI, and G=Gp+GIG

(where T = 81n+l) we get
(C4) G, v") = [Gp+ GT G + GETGLI G + - J(u', v').
Since Gg = G(I;H) and by assumption dist( (H(In+l’ ), EY) >

AVET+ 1, weget |Ge(u',v")| <2(5,, VET+1)” ' for K near K* and E
near E* . Note that in all nonvanishing terms of (C4) we have Gr = G(A\I
and since dist(I", T) > [, we have ITG( A\IHI)Fl < e " Therefore

G, v") <46, VE +1)7".

The general case where A contains many points cn +1
the block resolvent expansion as explained in [15]. O

n+1>

€S, is treated using

APPENDIX D

Lemma. Let B(l) be a square box of length |. Then there exists an n regular
box A such that

B(lnﬂ) cAcCB(

whose perimeter is bounded by 2

n+l)

n+1 -
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Proof. Tt suffices to show that we can pass a broken line across a rectangle of

. . 1 . . I
dimension 5/, , x 2/, which misses every box I, for m<n.

In+1

b1 /2 M

2ln+1

The proof will be by induction on n. Assume we are given a rectangle with

dimensions %ln +1 X 20, . By the Center Theorem for S, , it is possible to put

a strip of width / /2 across our rectangle so that it misses every box 1:1 . We
now break up the strip into rectangies which by induction have paths that avoid
I,'n for m < n — 1. The length of the path is bounded by induction. O

112 -_,__l_r——1_,——|_l—l_\_'——L__:—L_

21M1

Remark. 1t is possible to choose the box A to be symmetric about its center.
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