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IDENTITIES ON QUADRATIC GAUSS SUMS 

PAUL GERARDIN AND WEN-CH 'ING WINNIE LI 

ABSTRACT. Given a local field F , each multiplicative character () of the split 
algebra F x F or of a separable quadratic extension of F has an associated 
generalized Gauss sum )I:. It is a complex valued function on the character 
group of F X x F, meromorphic in the first variable. We define a pairing 
between such Gauss sums and study its properties when F is a nonarchimedean 
local field. This has important applications to the representation theory of 
GL(2, F) and correspondences [GL3]. 

INTRODUCTION 

The multiplicative group F X of a local field F is a split extension of the 
value group IFx I by the compact group of the units. Hence, the group .91 (Fx) 
of continuous homomorphisms of F X in CX is a one-dimensional complex 
Lie group, with connected component of identity the image of C under the 
map 

S I---t (t I---t Itn. 
We have written It I for the normalized absolute value of t. 

The group F x acts on functions on F by translations: 

t: J I---t /, /(x) = J(tx) , t E F X • 

This gives an action of F X on the space sP(F) of Schwartz-Bruhat functions 
on F, hence also an action on the space sP' (F) of tempered distributions on 
F: 

(t.DI/) = (Dlf) . 
For each X in .91 (F x ), the space of tempered distributions of type X under 
the action of F X is one-dimensional (e.g. [W3]). The choice of a nontrivial 
additive unitary character I{I of F defines an identification of F with its 
Pontrjagin dual by (u, v) I---t I{I(UV) , hence a self-dual Haar measure d",u on 
F , and a Fourier transform 

j(v) = l J(u)l{I(uv) d",u, J E sP(F). 
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The Fourier transform exchanges distributions of type X with distributions of 
type t 1-+ Itlx(t)-I . 

Fix an additive Haar measure du on F and let d* u be the measure 
lul- I / 2 du on F. Then, for each X E .xI(FX) , we have a measure Xd* on 
F X , which is holomorphic in X. It is well known [W3] that Xd* extends to a 
unique meromorphic distribution d x of type xl 11/2 on F, which has simple 
poles. As Ax is a multiple of dX-1 , denote their ratio by yF (X, If/), called the 
gamma factor attached to X and If/: 

- F d x = y (X, If/)dX-1 . 

It is a meromorphic function of X, satisfying the complement formula 

and also 

F F -I -I 
Y (X, If/) y (X ,If/ ) = 1 , 

l (X, If/ t ) = x(t)-Il (X, If/), 
F y (1, If/) = 1. 

x 
tE F , 

In case F is a nonarchimedean local field, the gamma factor yF (X, If/) is 
a Gauss sum; more precisely, it is an analytic continuation of the following 
integral taken in principal value: 

l x(u)lf/(u)d;u. 

Let K be a quadratic etale algebra over F , that is, K is either an F -algebra 
isomorphic (in two ways) to F x F , or a separable quadratic field extension of 
F. Then the norm group NK/F(K X ) has index 1 or 2 according as K splits 
or not over F. Denote by YfK/F the character of F X with kernel NK/F(K X ). 

For a character () of K X , a character X of F X ,and If/ as above, we define 
the quadratic Gauss sum with TK/F the trace form from K to F: 

F K 
Yo (X, If/) = AK/F(If/)y (()X 0 NK/F' If/ 0 TK/F) , 

where 
F 

AK/F(If/) = y (YfK/F' If/). 

Note that in case K is split over F, the group .xl (Kx) is isomorphic to the 
product of two copies of .xl (Fx) so that we may identify () with a couple 
{,u, v} of characters of F x ; in this case, we have A K/ F (If/) = 1 , and 

F F F 
Yo (X, If/) = y (X,u, If/)Y (Xv, If/). 

It is known that these quadratic Gauss sums have the following properties: 
(a) if the additive character If/ is changed to If/ t , t E F X , then 

F t -2 -1 F 
Yo (X, If/ ) = X(t) w(t) Yo (X, If/), w(t) = YfK/F(t)()(t); 
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(b) it satisfies the Davenport-Hasse identity, namely, when () = f.l 0 NK/F for 
some character f.l of F x , one has 

F F F 
Yo (X, /{I) = "I (Xf.l, /{I)Y (Xf.lflK/F' /{I); 

(c) for F nonarchimedean and X of conductor large enough 
F F F 

Yo (X, /{I) = "I (X, /{I)Y (Xw, /{I), 

where w is as in (a); this is the deep twist property. 
In this article, we shall study, for F nonarchimedean, a pairing between two 

such quadratic Gauss sums "1% and "I:' relative to two quadratic etale algebras 
K and K' . It is defined for the two meromorphic functions 

F F -I 
X 1--+ Yo (X, /{I) and X 1--+ "10' (X ,/{I) 

having no common pole as the finite part of a contour integral over .91' (Fx) 
enclosing the poles of "I:' (X - 1 , /{I) but no poles of X 1--+ "1% (X, /{I) : 

F F iFF-1 (Yo 1"1(/)(11 = Yo (X, /{I)YO'(X ,/{I)dX· 
N(Fx) 

Our purpose is to derive further properties of the quadratic Gauss sums from 
this pairing, with the goal of reestablishing Langland's correspondences on rep-
resentations of degree two semisimple algebras over F. Thus, some of the 
results would become immediate consequences if one were to grant these cor-
respondences. 

Our main result (Theorem 1) expresses the value of this pairing in terms of a 
gamma factor coming from the etale F -algebra B = K ® F K' and the character 
() x ()' of B x defined by 

(() x ()')(z) = () 0 NB/K(Z)(j' 0 NB/K,(Z): 

In Theorem 2, we show that for K' split the formula reduces to a formula 
which has appeared already in [L, GLl, GL2], called the multiplicative formula 
for "1%. When K and K' are not isomorphic and when the product of the 
restriction to F X of () and ()' is the character t 1--+ Itl- I , the value of the 
pairing ("1% 1"1:') (II can be simplified (§3.3). In particular, it depends only on the 
fields K and K'. This fact is used in [GL3] to characterize the degree two 
monomial representations of the local Wei! group WF over F. Each character 
() of K X determines a two-dimensional representation Indi () of WF • We 
prove in §3.4 that the quadratic Gauss sums "1% parametrize the isomorphism 
classes of these representations Indi () . 

1. PREPARATION 

1.1. We introduce some notations for any nonarchimedean field. In general, 
the field will be indicated by a subscript, but it will be deleted for the base field 
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F. The ring of integers of F is &' = &'F ' its group of units is &,X = &'; , its 
maximal ideal is g = gF . As &' and &,X are open compact subgroups of F , 
F X , respectively, we choose Haar measures du = dFu on F, d X t = d; t on 
F X , respectively, giving to them the volume 1. Then d X t = LFltl-1 dt, where 
LF = (1 - q-I)-I is the value at the character t --+ It I of the L-function of F, 
and q = qF is the module of F. 

On the group F of characters of F , there is an absolute value I I defined on 
'" E F as the smallest number c in the value group of F such that ",(u) = 1 
for clul ::; 1. Then 1",11 = I","tl for t in F. The self-dual Haar measure 
on F associated to the bicharacter ",(UV) , for '" nontrivial in F, is d",u = 
1",11/2 du . 

We define a modification rF = r of the gamma factor yF by taking the 
finite part of the following integral: 

reX, "') = L X(t)",(t)d x t. 

It is given in terms of l by 

reX, "') = L FI",I-I/2l (Xq l/2 , "') 

and satisfies the following complement formula: 

reX, ",)r(x -I q -I , "') = L~I ",1- 1 X( -1) . 

Here, we have used the convention which identifies a nonzero complex number 
Z with the character t 1--+ Zordl of F X , where ord t = -logq Itl. 

For a character X of F X , we write a(x) for its conductor, and A(X) = qa(x) ; 
so, A(X) is the smallest number c ~ 1 such that, for t a unit, we have X(t) = 1 
when cit - 11 ::; 1, i.e. ord(t - 1) ~ a(x) means It - 1IA(X) ::; 1. We define 
also A'(X) to be A(X) if X ramifies and to be q otherwise. We denote by Ixl 
the character t 1--+ Ix(t)1 , so that it coincides with IZI when X is given by the 
nonzero complex number Z . 

For Ixl < ql/2 the gamma factor yF (X, "') is given by the convergent integral 

l (X, "') = ( x(t)",(t)d;t, 
JIII~A'(X)I"'I-l 

with d;t = Itrl/2d",t. When X ramifies, only the shell It I = A(x)I",I-1 con-
tributes; moreover, there is X'" in this shell such that, for any character /1 of 
F X satisfying A(/1)2 ::; A(X), 

F. F 
Y (X/1, "') = /1(X",)y (X, "'). 

From this, it follows that for K = F x F and () a character of K X given by 
the characters /1 and v of F x , we have the relation 

F F F 2 2 Ye(X,,,,)=y (X,,,,)y (XW,"') ifA(/1) andA(v) ::;A(X), W=/1 V • 
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1.2. For K an etale F -algebra, that is, a product of the extensions E of F , its 
ring of integers &K is the product of the &E 's, and the group &; of units is the 
product of the &; 'so Let T = TK/F be the trace form from K to F. Then the 
pairing (x, y) f-> T(xy) from K x K to F is nondegenerate. By composition 
with F ---> F /&F ' we get an orthogonality relation between the &K- submodules 
of K. The index of &K in its orthogonal is called the discriminant DK/F : it is 
the product of the DE/F'S. The self-dual Haar measure dK , '" on K associated 
to the bicharacter IfI 0 T(xy) is Ilfl 0 TII/2dK , with Ilfl 0 TI the product of the 
Ilfl 0 TE/FI 's; hence dK,,,, is the product of the dE,,,, 'so From Corollary 3 to 
Proposition 4 of Chapter VIII-I in [W2], we have Ilflo TI = 11fI1[K; FlD~:F' Let 
N = NK/F be the norm map on K: it is the product of the norm maps NE/F . 
We introduce the two numbers 

LK = IT LE = IT(I - q~I)-1 and LK/F = LK/Lr;; Fl. 
E E 

Note that LK is also the integral over &K of the function INxl for the measure 
d; . We denote by IxlK the absolute value MaxE INE/FXEI on K, x = (xE). 

1.3. A quadratic etale F-algebra K has a conjugation -; its norm N = NK/F 
and trace T = TK/F are also given by Nx = xx, Tx = x + X. For each 
nontrivial additive character IfI of F, the quadratic character IfI 0 N is nonde-
generate and defines a fourth roots of unity A( IfI 0 N) by the functional equation 
[WI, G]: 

L J(Y)1fI 0 N(y) dy = A(1fI 0 N) L f(x)IfI- 1 0 N(x) dx 

where f lies in the Schwartz-Bruhat space ..9"(K) of compactly supported lo-
cally constant functions on K, and its Fourier transform is 

J(y) = L f(x)1fI 0 T(xy)dK, ",y. 

With f the characteristic function of a sufficiently small ball around 0, we get 

A(1fI 0 N) = 1 IfI 0 N(x)dK "'x, for R large enough. 
IxIK~R ' 

Moreover, decomposing F with respect to the norm group of K, we get 
F 

A(1fI 0 N) = Y (t7K/F' 1fI), 

with the notations as in the introduction. Note that A( IfI 0 N) = I for K split. 

1.4. If K is a quadratic etale F -algebra and () is a character of K X , we define 
a two-dimensional representation of the Wei! group WF of F as follows. If K 
a field, its Wei! group WK appears as the kernel of the composition of the class 
field theory map WF ---> F X . with t7K/F; it has index two in WF and () gives 
a one-dimensional representation of WK from the map WK ---> K x , hence by 



164 PAUL GERARDIN AND W.-C. W. LI 

induction a two-dimensional representation Indi () of WF • If K is split, then 
() is given by two characters f.,l and 1) of F x ; in this case Indi () is the sum 
of the two one-dimensional representations of WF defined by f.,l and 1). 

Lemma. Assume that K is a separable quadratic extension of F. Given a char-
acter () of K X and two characters a and p of F X , the following conditions 
are equivalent: 

(i) () = a 0 NK/F = po NK/F' P = a'1K/F' 
(ii) Indi () = a EB p , 

(iii) y: (X, If/) = yF (Xa, If/)yF (XP , If/) for any character X of F X • 

Proof. (i) => (ii) is clear. (ii) => (i) comes from the fact that Indi () is 
reducible if and only if the character () is fixed under the conjugation of K 
over F. (i) => (iii) is the Davenport-Hasse identity. Finally (iii) => (i) uses 
the fact that () is not regular since y: has poles, so () = aoNK/F and y: (X, If/) 
. F( ) F( ) . h I -I -1/2 d -I -1/2 h' h IS Y Xa, If/ y xa'1K/F' If/ wIt po es at a q an a '1K/Fq ,w IC 
are also a -I q -1/2 and p-I q -1/2: this gives the implication. 

1.5. Lemma. Let K be a quadratic F -algebra, with norm N, trace T, discrim-
inant D, absolute value I IK . Fix a nontrivial additive character If/ of F. If 
the element R of IK x IK satisfies Rllf/I ~ D, then, the Fourier transform with 
respect to If/ 0 T of the function g on K defined by 

g(x) = If/( -Nx) for Ix - 11K $ Rand 0 otherwise 

is equal to AK/F(If/)-I-g. 

Proof. We write the inequality Rllf/I ~ D as R-lllf/oTI- 1 ; this gives If/(Nx) = 
1 for Ix IK $ R-111f/ 0 TI- 1 ; the orthogonal of this subgroup with respect to the 
bicharacter If/ 0 T(xy) is lylK $ R. From the reduction theorem in [G], the 
A-factor of the quadratic group (K, If/ 0 N) is also the A-factor of the factor' 
group of the ideal IxlK $ R modulo the ideal IxlK $ R-111f/ 0 TI- 1 for the 
quadratic character If/ 0 N , hence 

AK/F(If/) 1 f(x)1f/ 0 N(X)-I dx. = r !(y)1f/ 0 N(y) dy, 
IxIK::S;R J1xIK::S;R 

for all f in Y(K). We write now the value at 1 + Z of the Fourier transform 
of the given function g: g(1 + z) = 1f/(1 + TZ)~xIK::S;R If/(-Nx + Txz)dK,'fI x . 
We apply then the above formula to the function f(x) = If/(Txz) for IxlK $ R 
and 0 elsewhere: 

g(1 +z) = 1f/(1 + TZ)AK/F(If/)-1 r If/(Nx)dK 'fix r dK 'flY' 
J Ix-zIK::S;R-II'fI0TI-1 ,J1Y1K::S;R' 

IxIK::S;R 

By integrating first on the ball Ix IK $ R-111f/ 0 TI- 1 , the first integral is seen to 
be 0 unless IzlK $ R; in this case, we get 

" -1-1 
g(1 + z) = 1f/(1 + TZ)AK/F(If/) If/(Nz) = AK/F(If/) If/ 0 N(1 + z), 

which proves the lemma. 
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1.6. Biquadratic etale F -algebras. A biquadratic etale F -algebra B is a four-
dimensional etale F -algebra containing at least two quadratic sub-F -algebras 
K and K' . Then, the map (x, y) 1--+ xy gives an isomorphism from K ®F K' 
onto B. The conjugation of K (resp. K') with respect to F extends to an 
F-involution on B with K' (resp. K) as fixed points. These two involutions 
commute, and their composition has fixed points a third quadratic sub algebra 
K" , and K, K' ,K" are all the three quadratic sub-F -algebras in B. When 
B is a field, it is a biquadratic extension of F, and K, K' ,K" are the three 
quadratic extensions of F contained in B. When B contains exactly one split 
quadratic F -algebra, it is a direct product of two isomorphic quadratic separable 
extensions of F: we see B as K x K with the two subfields {(x, x)lx E K}, 
{(x, x)lx E K} and the split algebra F x F embedded naturally; in this case, 
the three involutions are respectively (x, y) 1--+ (y, x), ev, x), (x, y), we have 
isomorphisms from K ® F K onto B and from K ® F (F x F) onto B given by 
x ® y 1--+ (xy, xy) and x ® (u, v) 1--+ (xu, xv) respectively. Finally, when B 
contains more than one split quadratic F -algebra, then it is completely split, and 
isomorphic to F4; we see then K, K' ,K" as fixed points of the involutions 
(t,u,v,w)l--+(v,w,t,u), (w,v,u,t), (u,t,w,v) respectively. 

In each case, we have YlKIFYlK'IFYlK"IF = 1. This implies that the product 
A KI F ('If)A K' IF ('If)A K" I F ('If) is independent of the character 'If; we denote it by 
ABIF . If 0 is a character of B X , we define for X and 'If as above 

F B 
Yo (X, 'If) = ABIFY (OX 0 NBIF , 'If 0 TBIF )· 

For the number LBIF defined in 1.2, we have 

LBIF = LKIFLK'IFLK"IF' 

expressing the inductivity property of the L-function. The discriminant DBIF 
satisfies a similar relation ([S, Chapter VI.2] with the Artin representation, and 
[W2, Corollary 2 of Theorem 5, Chapter XII.4] with the Herbrand distribution): 

DBIF = DKIFDK'IFDK" IF' 

Also, we have the relations 

YlBIK = YlK'IF 0 NKIF . 

In particular, the elements of F and those of K, = Ker NKIF are norms irom 
elements of B. We remark also that the conjugation of B over K' when 
restricted to K induces the conjugation of Kover F. Finally, the product 
ABIFYlKIF( -1) is the factor ABIK ( 'If 0 TKIF ) for any 'If as above. We write it 
simply ABIK . 

2. PRELIMINARY RESULTS 

2.1. Some measures. Let K be a degree n etale F -algebra, with its trace 
form T and its norm form N. The bilinear form (x, y) 1--+ T(xy) on K is 
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nondegenerate; hence, it defines a self-pairing on the top exterior power 1\ n K , 
and a Haar measure dK / F on K. In other words, we have, by definition of the 
discriminant DK/F' 

(2.1 ) 

The maps x ~ x/Tx and x ~ Tx give a decomposition of the complement 
in K of the hyperplane Ker T as the product of the affine hyperplane KT 
consisting of trace 1 elements, by FX. This in tum yields a decomposition 
of the differential forms on K, hence a decomposition of the Haar measure 
dK/FX as ITxln-ldT(X/Tx) dTx, where dTy is a measure on KT invariant 
under translations by Ker T. This is also 

dK/FX dT(x/Tx) dTx 
INxl = IN(x/Tx)IITxl . 

When passed to the normalized Haar measures on K x and F x , this defines a 
measure d-y on KT by 

d;x = d-(x/Tx)d;Tx. 

In terms of the measure d T introduced above and the number LK in (1.2) this 
gives 

d - 1/2 LK dTy 
Y = DK/F LF INyl . 

When K is a field, this can also be stated as follows. The projective space 
deduced from K as an n-dimensional space over F is also the factor group 
K X / F X ; the affine hyperplane KT of K imbeds in K X / F X as the open subset 
image by x ~ x/Tx of the complement of the hyperplane Ker T of K; 
the Haar measure on K X / F X given by the quotient of the normalized Haar 
measures on K X and F X induces on this open subset the measure d-y. It is 
a bounded measure since it gives to KT the volume of K X / F X with respect 
to the quotient measure d;x/d; t; this volume is computed by integrating the 
characteristic function of units in K X , which has volume 1: this gives 

f d-y= f (dxx/dXt)=[IKxIK:WxIK]=eK/F 
lKT lKx/F x 

with eK/ F the ramification index of F in K. 
If K is a separable quadratic extension of F , with conjugation x ~ X, then 

the homography x ~ x -I - 1 of the projective line K U {oo} sends KT U {oo} 
onto KI since N(x- I -1) -1 = (1- Tx)/Nx. As y-I - 1 = y/y for y E K T , 
this map coincides on KT with x ~ x/x, which is a homomorphism from 
K X onto KI (by Hilbert Theorem 90) with kernel F X . Hence it identifies the 
groups KI and K X /F x in a compatible way with the two maps KT --+ K X /F x 
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and KT --+ K 1 • This shows that, for f an integrable function on KT with 
respect to the measure d· y , 

{ f(y)d·y = eK /F { f((1 + w)-I)dxw, 
iKT iKI 

where dXw is the normalized Haar measure on KI since the ramification index 
eK /F is the volume of KT under d·y. If K is F x F , then KI is isomorphic 
to F X by tI--> (t, t-I),and X I--> x-I-l sends (KU{oo})\({O}xF)U(Fx{O}) 
onto F X ,and (KTU{oo})\{(I, 0), (0, I)} bijectivelyonto F X since y-I-I = 
Y Iy for y E K T . In this case, for f an integrable function on KT with respect 
to d·y = dy1/lYI(1 - YI)I at y = (YI' Y2)' we have 

{ f(y)d·y = { f((1 + t-I)-I , (1 + t)-I)d x t. 
iKT iF x 

2.2. A formula for the gamma functions F . 
Lemma. Let K be a finite separable extension of F, and let KT be the affine 
F -hyperplane of K consisting of elements y with trace Ty = 1 . If I" E ~ (Kx) 
has the module of its restriction to F X larger than q-I , then I" is integrable on 
KT with respect to the measure d·y and 

( I"(y)d·y = r(l", IfI 0 T)/r(I"IFx, 1fI). iKT 
The proof proceeds by analytic continuation from the case q~l/n < 11"1 < 1, 

where n is the degree of Kover F; this later case is straightforward. 

2.3. The pairing ( , ) 1jI. Let h (X, 1fI) and hi (X, 1fI) be two rational functions 
of the characters X of F X , depending on the nontrivial additive character IfI 
of F. We assume they satisfy the following conditions: 

(a) there are numbers a, a' and w, Wi E~(Fx) such that, for X of large 
enough conductor, 

h(X, 1fI) = a/ (X, 1fI)/ (Xw, 1fI), 
I IFF I 

h (X, 1fI) = a y (X, IfI)Y (Xw , 1fI); 

(b) no pole of h is the inverse of a pole of hi . 
We define then (hlh') 1jI E C U {oo} as follows. Observe that for I" E ~ (Fx), 

the function X I--> h(XI", 1fI) satisfies a) with W replaced by W1"2; except for a 
finite number of I" 's, condition b) is satisfied for h(XI", 1fI) and hi (X, 1fI). We 
denote by dX the I-form on ~(Fx) read as 2;;Z-1 dZ on each connected 
component XC x . Due to property (a), for n large enough, say, n > N, the 
integral 

1 h(xZ,IfI)h'(x-I,IfI)dx, 
Ja(x)=n 
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taken on simple positive contours around the origin in each component of con-
ductor a(x) = n , is 0 if ww' ramifies, and otherwise is 

aa' w( -1) I z-2ord ",-2n (ww') - ord ",-n d X 
!a(x)=n 

'(I -1)2 Z -2ord",( ,)-ord",( Z-2( ')-I)n = aa - q ww q ww ; 

hence for IZ2ww'I > q, the series 

L I h(xZ, I/f)h' (X -I , I/f) dx 
n>NJa(X)=n 

converges absolutely with sum 
(Z 2 ,)-N-I N+I 

, (-1)(1 _ -1)2(Z2 ,)-ord", ww q aa w q WW 2 , I' 1 - qZ- (ww)-

Then we define the number (h Ih') '" as the finite part of the integral 

I h(X, I/f)h' (X -I , I/f) dX, 
J.SIf(F X ) 

where a simple positive contour around the origin is taken in each component 
of .9f(FX) , containing the poles of X ........ h'(X-1 , I/f) but not those of X ........ 
h(X, I/f). This means that {hlh')", is given for N large enough by 

{hlh')", = I h(X, l/f)h'(X- I , l/f)dX 
Ja(X)~N 

{ 
0 if ww' ramifies, 

+ ( ,)-N-ord", 
aa'w(-I)(1 _ q-I)2 ww, qN+I otherwise. 

ww - q 

It is finite unless ww' = q. In the case h'(X- I , I/f) = bh(X, I/f)-I , we have 
aa' w( - 1) = b, w' = W -I , so ww' is not q and 

N+I 
(hlh')",=b I dx+b(l-q-I)2~1 ; 

Ja(X)~N - q 

since fa(X)~N d X is the measure of units t satisfying ord(t - 1) ;::: N, that is, 
N+I 

N -I -I 2 q 
q ,(I-q )=-(I-q ) l-q' 

we have shown that (hlh')", = 0 in this case. 
We shall write 

(hlh')", = I h(X, l/f)h'(X- 1 , l/f)dX. 
J.SIf(F X ) 

An example of functions h, h' satisfying (a) and (b) are the quadratic Gauss 
F F sums Yo and Yo" 
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2.4. We give an example of the pairing involving the beta function. In general, 
for J.I-, v characters of K X , and 'II a nontrivial additive character of K, we 
define the beta function BK of K by 

(2.4.1) BK (J.I-, v) = rc (J.i, 'II)rc (v, 'II)/rc (J.l-V, 'II), 

which is independent of the choice of'll. We have used the traditional notation 
BK. 

Proposition. Let K be a separable quadratic extension of F, and (J, (J' E 
JiI(Kx). Assume I(J(J'I > q;.I/2, and (J(J' "# 1 if () and (J' are liftings of 
characters of F x. Then 

(2.4.2) r BK«(JxoN, (J'X- I oN)dX = r «(J(j')(y)d-y, 
lsl(F x ) lKT 

where the left-hand side is defined from the pairing in §2.3, and d-y has been 
defined in §2.1. 
Proof. The condition I(J(J'I > q;.I/2 assures the convergence of both integrals. 
As they are analytic in this domain, we prove the identity under the conditions 
I(JI < 1, WI < 1, I(J(J'I > q;.I/2. Let m be a positive integer and choose a 
positive number Rm satisfying 

rc «(JX oN, 'II ° T) = r (J(x)X(Nx)'II(Tx)d x x, 
llNxl~Rm 

and 
rc«(J'X-1oN, 'II oT) = r (J'(Y)X-I(NY)'II(Ty)dXy 

lINYI~Rm 
for all characters X E JiI (Fx) with conductor a(x) ~ m. The orthogonal in 
F X of this subgroup of JiI (Fx) is 1 + 9'm , where 9' is the valuation ideal 
of F . So r «(J (J' , 'II ° T) times the left-hand side of (2.4.2) is the limit as m 
tends to infinity of 

1 ( r (J(x)()' (Y)'II(Tx + TY)X(Nx/Ny)d x x d Xy) dX, 
Ja(x)~m lINxl~Rm' INYI~Rm 

which is equal to 

!&,X /( 1 + 9'm)ll (J(x)()' (Y)'II(Tx + Ty) d X x d X y 
INxl~Rm' INYI~Rm' N(Y/X)E 1 +.9'm 

=!&'x /(1 +9'm)1 r «(J(J')(x)'II(Tx)()'(w) 1 NWEI+.9'm, INxl~RmIN(I+w)1 
X «(J(J')(1 + W)-I d X xdxw, 

by the change of variables (x, y) 1--+ (x(1 + W)-I ,xw(1 + W)-I). For m large 
enough, the subgroup 1 + 9'm is the image by N of some subgroup 1 + 9';' 
such that w 1--+ (J'(w)«(J(J')(I+w)-1 on N- 1(1+9'm) = KI (1 +9';') is constant 
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mod(1 +9';'); then, because I&'x /(1 +9'm)1 fl+.9m d X t = 1, our expression is, 
with the normalized Haar measure dXw on K 1 , 

e ( (OO')(x) ",(Tx)O' (w)(OO')( 1 + w) -I d X x d X w . 
JXEK x ,wEK\, INxl:S;RmIN(I+w)1 

We choose now a positive number r for which 

F (00' , '" a T) = ( (OO')(x) ",(Tx) d X x . 
JlNxl:S;r 

Then, for IN(1 +w)1 > r/Rm' the ball INxl ::; RmIN(1 +w)1 contains the ball 
INxl ::; r. We write our expression as 

eF (00' , '" aT) { 0' (w)(OO')(1 + W)-I dXw 
JWEK\ ,IN(I+wJl>r/Rm 

+e! (OO')(x)",(Tx)O' (w) 
XEK x ,wEK\ 

INxl:S;RmIN(I+w)I,IN(I+w)l:S;r/Rm 
, -I x x x(OO)(I+w) d xd w. 

By Cayley transform y = (1 + W)-I, O'(w)(OO')(1 + w) becomes (Oe')(y) = 
O(y)e' Cy) , and the first term is 

F(OO', ",aT) { (Oe')(y)d·y. 
J KT , INyl<Rm/r 

The assumption 100'1 > q;,I/2 implies that this integral has a limit when m, 
hence R m , goes to infinity, by Lemma 2.2. We prove now that the second 
term goes to O. Let (J be the real number such that IOO'(x)1 = INxll1. By 
assumption, (J < 1/2. The second term now reads 

! xEK X ,yEKT 
IN(xy)I:S;Rm , INyl~Rm/r 

, -, x. 
(00 )(x)(OO )(y)",(Tx)d xd y 

and, in absolute value, is dominated by 

! IN(xy)111 d X x d·y 
XEK X ,YEKT 

IN(xyJl:S;Rm , INyl~Rm/r 

= { INx(dXx ( d·y. 
J XEK X ,INxl:S;Rm JYEKT , INyl~Rm/r 

In the right-hand side, the first integrai is O(R:) , the second is O(R~I/2) as 
seen in the proof of lemma. So, the second term is O(R:- 1/ 2) , and goes to 0 
when m goes to infinity. This achieves the proof of the proposition. 

2.5. Given two quadratic etale F -algebras K and K' , and B = K ® F K' , we 
denote by B* the subgroup of K X x K'x consisting of elements (x, x') such 
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that NK/FX = NK, /FX'. It is a closed subgroup of K X x K'x and we have a 
homomorphism from B x to B * given by 

(2.5.1 ) 

with kernel K;' = Ker N K" / F' where K" denotes the third quadratic sub- F-
algebra in B. As &: x &:' is the maximal compact subgroup of K X x K'x , 
its intersection &;* with B* is the maximal compact subgroup of B*, and it is 
open in B* . The Haar measure d;. gives to &;, the volume 1. The group B* 
appears also as the orthogonal in K X x K'x of the group JiI (Fx) embedded 
in JiI(Kx x K'x) by X I--t (X 0 NK/F' X-I 0 NK'/F). By Poisson summation 
formula [WI], this implies that there is a number cI > 0 such that, for h in 
the Schwartz-Bruhat space Y(Kx x K'x) one has 

{ ( ( h(x, x')X(NK/FX/NK'/FX') d;x d;,X') dX 
l.w(F x) lKxxK'x 

= cI { h(x, x')d; (x, x') . lB* . 
(2.5.2) 

Lemma. Assume that K and K' are not isomorphic. Then 
(a) the image of B X in B* by (2.5.1) is an index 2 subgroup; 
(b) the restriction of (2.5.1) to &; has image in &; a subgroup of index 

e K" / F if K or K' splits over F , and of index 2 'otherwise; 
(c) cI = I if K or K' splits over F, otherwise cI = fK"/F' the modular 

degree of K" over F. 

Proof. (I) Assume first K' = F x F. Then B * is the set of (w, (u, v)) E 
K X x (F x F( such that ww = uv. The algebra B is K x K and (2.5.1) is 
(x, y) I--t (xy, (xx, iY)). We check now that the image' of B X is the kernel 
of the map (w, (u, v)) I--t '1K/F(U) on B*: if (w, (u, v)) lies in B* and u 
is a norm xx from K X , so is v = ww/u. Put y = wx- I , then v = yy 
and w = xy. Thus (w, (u, v)) = (xy, (xx,yy)) lies in the image of BX. 
This gives an isomorphism between the cokernel of the map (2.5.1) and the 
cokernel of '1K/F' and proves (a) in our case. For (b), we observe that the 
inverse image of &;, in B X is the group &BX of units of B, and that the 
cokernel of (2.5.1) restricted to &; is isomorphic to &; /NK/ F&: ,which has 
order equal to the ramification index eK/F of Kover F. For (c), we apply 
(2.5.2) to the characteristic function of &: x &:' : the integral 

1 x(ww)x-I(uv)d;wd;ud;v 
&;x&/x&/ 

is 0 unless X is unramified, and then the left-hand side of (2.5.2) is 1, as is the 
right-hand side when cI = I. This proves the lemma when K or K' splits. 
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(2) Assume now that K and K' are not isomorphic and nonsplit. Let 
(u, v) E B.; then the equality NK/FU = NK'/FV shows that this element of 
F X lies in 1m NK/F n 1m NK, /F = 1m NB/F . Let Z E B X with NB/Fz equal to 
this common norm. Its image by (2.5.1) differs from (u, v) by some element 
of KI x K:, the product of Ker NK/F by Ker NK'/F. As the inverse image of 
KI x K: in B X by (2.5.1) is BI = Ker NB/F' we have shown that the orbits of 
B X acting on B. through (2.5.1) are the same as the orbits of BI acting on 
KI x K: . As any element of KI lies in 1m NB/K ' so is in NB/KBI ' the number 
of these orbits is [K:: NB/K,BK1 where BK = Ker NB/K . We prove now that 
NB/K,BK has index 2 in K: . For that, we use the long exact sequence for the 
cohomology of the group Gal B / K" acting on the exact sequence 

x x 
1 - K - B - BK - 1 

of subgroups of B X by its Galois action composed with inversion: 
'X X a "X X 

1 - KI - BK" - KI - F /NK/FK - K /NB/K"B 
" x - KI /NB/K"K - 0 _ .... 

As any element of F X is a norm from B to K" , the arrow a is O. The image 
of BK" in K: is NB/K,BK , and the factor group is isomorphic to F X /NK/FK x , 
which has order 2. This proves the claim, which gives part (a) of the lemma 
and also part (b) since BI consists of units. For (c), we use again the char-
acteristic function of &'; x &';, ; this shows that c i is the index in &'; of 
the subgroup generated by NK/F&,; and NK'/F&';'. As NK/F&,; = &'; if 
K is unramified over F, and [&';: NK/ F&,;1 = 2 otherwise, we see that 
ci = 1 unless NK/F&,; = NK, /F&';' ; in this case, the units of F are either 
in NK/FK x nNK'/FK'x or in the complement of NK/FK x UNK'/FK'x ,that is, 
are all in NK"/FK"x since F X is the union ImNK/F U ImNK'/F U ImNK"/F ; 
but then, K" is unramified, so fK"/F = 2. This gives the proof of (c). 

3. MAIN RESULTS 

3.1. Theorem 1. Let K and K' be two quadratic etale F -algebras, and let B 
be their composite algebra K ®F K' . Let (), ()' be characters of K X and K'x 
respectively. Denote by WY/K/F' W'Y/K'/F the restrictions of (), ()' to F X , and 
by () x ()' the character (() 0 NB/ K )( ()' 0 NB/ K ,) of B X • Then we have 

F F F -1/2 , -2 
(3.1.1) (Yo Iyo,),!, = Yoxo,(q , 1fI)/r(ww q ,1fI). 

Proof. (a) If K and K' are both split, we see them in B = F4 as the fixed 
points of the involutions 

(t, u, v, w) ~ (v, w, t, u) 
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and 
(t, u, v, w) ...... (w, v, u, t) 

respectively. For () = fl, ® v, ()I = fl,' ® VI , we have 

() x ()I = (fl,fl,I) ® (vv l ) ® (fl,v l ) ® (v/). 

In this case, formula (3.1.1) has been proved in [L and GU]. 
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(b) If K and KI are isomorphic fields, we see them as fixed points in B = 
K xK under the involutions (x, y) ...... (y, x) and (x, y) ...... (y, x) respectively, 
with - the conjugation of Kover P. Then, () x ()I is the character (x, y) ...... 
(()()I)(X)(()(j')(y), and 

F -1/2 2 K I -1/2 K -I -1/2 
Yo x 0' (q , If/) = A B I K ( If/) Y ( () () q K ' If/ 0 T) Y ( () () q K ' If/ 0 T) 

with T = TKIF . Multiply both () and ()' by q)/2, then ww' is multiplied by 
q2 and (3.1.1) takes the form 

(3.1.2) 1 BK (()X 0 N, ()' X -IoN) dX = r (()(j.' , If/ 0 T)/r(wwl , If/), 
JS!f(F X ) 

with N = NKIF and BK the beta function (2.4.1) for K. Formula (3.1.2) is 
the proposition of §2.4 combined with the lemma of §2.2. 

(c) The case of K and K' nonisomorphic remains. As they play the same 
role in the statement, we assume that K is a field. Then the third quadratic 
etale P -algebra K" in B defined by K and K' is also a field, satisfying 

'1KIF'1K'IF'1K"IF = 1. 

We choose two coset representatives, say, a+ and a_ of NK"IF(K"X) in pX . 
Using the complement formula in §1.1 for r, we rewrite (3.1.1) as 

F F , -2 -I '-I -I F -1/2 
(3.1.3) (Yo Iyo')'!' = Ilf/I(ww )(-I)LF r(w w q, If/ .)Yoxo,(q , If/). 

Since both sides of (3.1.3) are meromorphic functions in (), ()I, it suffices to 
prove the identity for q < Iww'l < l, and we shall so assume. Our strategy is 
to express the right-hand side of (3.1.3) as an integral over the subgroup B. of 
K X x K'x , the orthogonal of the group .9f(px) embedded in .9f(Kx x K'x) 
by X ...... (xoNKIF , X-I oNK'IF); a suitable form of Poisson summation formula 
expresses then the right-hand side as a contour integral over .9f (px) , which is 
the left-hand side of (3.1.3). 

The condition Iww'l > q implies the integrability near 0 for d X t of the 
character w -I W,-I q. Thus, for R large, one has 

and 

r(W-IW,-l q , If/-I) = { (ww')(t)-IIf/(-t)ltI-1 dXt, 
J1tl$.R 
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. " wIth 11 = 11K" IF' SO 

-I ,-1 -I r(W w q,1{I )=r++r_, 
where r ± correspond to the intersection over those t in the ball It I :5 R which 
satisfy t E a±N" (K"x), with N" = NK" IF. We express r ± as integrals over 
K" : 
(3.1.4) 

r±=r±,R 
-I -11 ,,, -I ",,-2 = c la±1 (ww )(a±N w) 1{I(-a±N w)IN wi dK"IFw, 

IN"wl~R 

with c being the measure of K;' = Ker N" under d K" IF W / d x t . 
The condition Iww'l < q2 assures that the character p = 0 x 0' of B X is 

integrable near 0 with respect to the measure dB, 'II ; so, for S large, we have 

B( -1/2 1 d yp qB ,l{IoTBIF )= P(z)l{IoTBIF(z) B,,,,Z, 
IzIB~S 

where IzlB = max(INxl, INy!) if K' is split and Z in B correspond to (x, y) 
in K x K, and N = NKIF . 

Our first step is to express the product of the two gamma functions in the 
right-hand side of (3.1.3) as follows: 
Lemma. 

-I ,- I B -112 -I" -I -I' . 
r(w W q,I{I)YP(qB ,l{IoTBIF)=11{I1 A(I{I) c cJ~"!,AQ 

where A" ( I{I) = A K" IF ( I{I ) and 

1 ' ,,* , AQ = (OI{lO T)(x)(O l{Io T )(x )dB ",(x, x ), 
(x, x')EB. , INxl~Q • , 

with T = TKIF , T' = TK'IF' C' is the index of the image of &; in &:. by 

(2.5.1) and d;., ",(x, x') = INxldB., ",(x, x'). 

Proof of the lemma. Choose S large as above, then 
r -I '-1 -I B(p -1/2 ) 

C (w w q,1{I )y qB ,l{Io TBIF 
B -1/2 =c(r++r_)y (PqB ,l{IoTBIF ) 

. B -1/2 
=hmc(r+-r+ ria 1-2 + r _- r _ ria 1- 2 )y (PqB ,l{IoTBIF ) 

r-+O ' + ' -

= lim(I(r, S, a+) + J(r, S, a_)), 
r ..... O 

where, for a = a+ or a_ and R large as before, we define 

[(r, S, a) = lal- I r (ww')(aN"w)-II{I(-aN"w)p(z) 
JlzIB~S ,rlal-2~IN"wl~R 

" -2 
X I{IO TBIF(z)IN wi dK" IFwdB, 'liz. 
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Note that for WE K IIX , we have 

P(w) = ()(NB/KW)()'(NB/K,W) = ()(Nllw)()'(Nllw) = (ww'r",,')(Nllw) 

= (ww') (Nil w), 

175 

. h ' h II 'Th &' I( S) b WIt 11 = 11K/F' 11 = 11K' /F so t at 11 = 1111. erelore, r, , a can e 
simplified as 

la l- I (ww')(a)-Il P(w -I z)I/f( -aNllw) 
IzIB:::;s, rlal-2:::;IN"wl:::;R 

II -2d d x I/f 0 TB/F(Z)IN wi K" /FW B, lI/z 

= la l- I (ww')(a)-Il P(z)I/f(-aN'w) 
IzIB:::;Sr-llaI2,rlal-2:::;IN"wl:::;R 

x I/f 0 TB/F(wz)dK"/FWdB,lI/Z 

by the change of variable z ........ WZ. For a given S, the assumption q < Iww'l < 
l implies t\lat the integral 

1 IP(z)ldK"/FWdB lI/Z 
IzIB:::;Sr-I,IN"wl<r ' 

is majorized by a constant multiple of r ~zIB:::;sr-1 IP(z)ldBz, which is O(rCt) 

with a = IPI(logqB)-1 > O. This shows that the difference 

I(r, S, a) -/(0, Sr- l laI 2 , a) 

tends to zero as r does. Hence we have 
-I ,-I -I B -1/2 . 2 12 cr(w W q, I/f )1' (PqB ' I/foTB/F) = J~~ (/(Qla+1 , a+)+/(Qla_ , a_)) 

where for Rand Q large I(Q, a) = 1(0, Q, a) , that is, 

I(Q, a) = la l- I (ww')(a)-Il P(z)I/f(-aNllw) 
IzIB:::;Q,IN"wl:::;R 

x I/f 0 TB/F(wz)dK"FWdB,lI/Z, 

For fixed a and for R large enough, the integral against w has been computed 
in the lemma of § 1.5. It is 0 unless I Nil 0 TB/ K" zi :::; R; take R large enough, the 
condition IzlB :::; Q, or equivalently INB/K" zIK" :::; R, implies I TB/K" ZIK" :::; R, 
and this integral against w is, for IzlB :::; Q, equal to 

-I -I II II -I -I II 
II/fl lal 11 (a)). (I/f) I/f(a N 0 TB/K"z). 

Noting 
'-I -I' -I' -I' -I II (ww)(a) = ()(a) () (a) 11(a)11 (a) = ()(a) () (a) 11 (a) 

and 
II , 

N 0 TB/K" = To NB/K + T 0 NB/K" 
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we arrive at 

I(QlaI 2 , a) = l'III-I A"('II)-llal- 2 r (()'II ° T)(a-INB/KZ) 
Jlz1B~Qlal2 

, -I 
X (()'II ° T)(a NB/K, z) dB/'1" Z _ 

From the lemma in §2.5, the image of B X in K X x K'x by the map (NB / K , 

NB/K,) is a subgroup B: ofindex20f B. with coset representatives (a~l, a~l) 
and (a.::: I , a::: I ). We express I(QlaI2, a) as an integral over B:: 

I(QlaI2, a) = I'III-IA"('II)-Ie'i lal-2(()'II 0 T)(a-Ix) 
(x ,x'lEB:, INxl~Qlal2 

, , -I,. , 
x(() 'II0T)(a x)dB.,,,,(x,x) 

= I'III-IA"('II)-Ie'j (()'IIoT)(x)(()''IIoT)(x')d; ",(x, x') 
(x,x'lEa-IB:,INxl~Q .' 

by the change of variables (x, x') 1-+ (ax, ax'). Here e' is the index of the 
maximal compact subgroup of B: in the maximal compact subgroup of B •. 
Adding I(Qla+1 2 , a+) and I(Qla-,2, a_) leads to 

I 'III-Il' ('II) -I e'i (() 'II ° T)(x)( ()' 'II ° T')(x')d; '" (x, x') 
(x,x'lEB.,INxl~Q .' 

= I'III-IA" ('11)-1 AQ • 

This proves the lemma. 

Recall that AB/F = A('II)i('II)A"('II), where A('II) = AK/F('II), i('II) = 

AK'/F('II), i'('II) = AK"/F('II), as seen in §l. The lemma gives the right-hand 
side of (3.1.3) as 
C·1.5) 
L;2A('II)l('II)e- l e' lim i (()'II0T)(x)(()''II0T')(x')d; (x,x'). 

Q-+oo (x, x'lEB. , INxl~Q • 

On the other hand, for Iww'l < q2, the left-hand side of (3.1.3) is given by 
a convergent integral , i K K' , -I' , A('II)A('II) y (()xoN, 'II0T)y (()X oN, 'II0T)dX . 

.9I(Fx l 

We assume now Iwl and Iw'l < q, which is compatible with the preceding 
assumption q < Iww'l < l. For X unitary with a(x) ~ M, the two gamma 
terms yK (() X oN, 'II ° T), yK' (()' X -IoN' , 'II ° T') above are given by inte-
grals on sufficiently large compact subsets of K and K', depending on M, 
and independent of (), ()' running through given compact subsets of ~ (Kx) , 
~(K'x) : 

yK(()xoN, 'II 0T) = r (()'II0T)(x)xoN(x)d; ",x, 
JINxl~Q(Ml ' 
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K' , -I' [ ", -I ,,* , y (()X oN, lfIoT) = , (()lfIoT)(x)X oN(x)dK"",x. 
Ix IK,~Q(M) 

Using (3.1.5), we see that identity (3.1.3) is equivalent to 
(3.1.6) 

{ 
J~ooXa(X)~M (~NXI~Q(M),lx'IK'~Q(M)f(x, x')x(NX/N'x')d;, ",xd;, , ",x') dX 

= c- l c'L-;2 lim it(X x')EB INxl<Q f(x, x')d; ",(x, x'), 
Q~oo ' '" ,- '" , 'Y 

where f(x, x') = (()lfIoT)(x)(()'lfIoT')(x') for x EK x , x' EK'x. Recall that 
the measures d;, ",' d;" ",' d;., '" are given by 

d * - I ID- I/2L- I IN 11/2dx K , ",x - IfI K X K X , D = DK/F' 

d* , I ,-1/2 -II ' '11/2d X , , K',,,,X=IfIID LK,Nx K'X, D=DK'/F' 

d * ( ') - I 12 D- I / 2L -liN 11/21N, '11/2d X ( ') B., '" x, X - IfI B/F B X X B. x, X , 
hence, by §1.6, we rewrite (3.1.6) as 
(3.1.7) 

{ 
J~n.!oXa(X)~M (~NXI~Q(M),!x'IK'~Q(M)h(x, X')X(NX/N'x')~xd;,x') dx 

, "-1 l' r h( ')d x ( ') = c e Q~n.!o J(x ,x')EB., INxl~Q x, x B. x, X , 

where e" = e K" / F ' and h is now the function on K x x K'x given by 

h(x, x') = (()1fI 0 T)(x)(()'1fI 0 T')(x')INxl l / 2IN'x'II/2. 

We observe now that for Iwl < q and Iw'l < q, the function hM on K X x 
K'x equal to h on INxl ~ Q(M) , Ix'lK, ~ Q(M) , and 0 otherwise, lies in 
9(Kx x K'x). We apply Poisson summation formula (2.5.2) to this function 
hM : 

On the left-hand side, only the characters X with a(x) ~ M will contribute, 
so this formula is 

J ( r h(x, x')X(Nx/N'x') d;Xd;,X') dX 
Ja(X)~M JINxl~Q(M) .lx'IK , ~Q(M) 

=c l l h(x,x')d;(x,x'). 
(x.X')EB.,INxl~Q(M) • 

This clearly proves (3.1.7), and hence completes the proof of the theorem if we 
show c i = c' e,,-I ; but this is proved in the lemma of §2.5. 
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3.2. The mUltiplicative formula for Y: . 
Theorem 2. Let K be a quadratic eta Ie F -algebra, and e E .s¥' (Kx). If 0:, P E 
.s¥' (Fx) are not poles of X 1--+ Y: (X, If/), then 

(3.2.1) J Y: (X, 1f/)1(o:X -I, 1f/)1(Px- 1 , If/) dX 
Jsf(F X ) 

-I -I F F = 1((o:pw) , If/ )Ye (0:, If/)Ye (P , If/) 

where w = '1K/FeIFx . 

Proof. We apply Theorem 1 to K' = F x F, e' (u, v) = 0:(u)P(v)luvl- I /2 . 
Then B is K x K and 

(e x e')(xy) = e(xy)0:(Nx)P(NY)IN(xY)I- I / 2, 

with N = NK/F . As AB/F = AK/F(If/)2, using the complement formula in §1.1 
for r, the right-hand side of (3.1.1) is written as 

-2 -I -I F F 
Ilf/ILF 1((o:pw) , If/ )Ye (0:, If/)Ye (P, If/). 

On the other hand, 

Y:'(X- I , If/) = /(o:ql/2X-I, 1f/)/(pq l/2X-I, If/) 

= (11f/ 11/2L ;I/1(O:X- I , 1f/)1(Px- l , If/). 

This gives (3.2.1). 

3.3. Theorem 3. Let K and K' be two non isomorphic etale F -algebras, and let 
B be their tensor product over F . Let e and e' be two multiplicative characters 
of K and K' respectively. Assume that the product of the restrictions of e and 
e' to F x is trivial. Then, for any nontrivial additive character If/ of F, one 
has 

B, , 
Y (e 0 NB/Ke 0 NB/K" If/ 0 TB/F ) = e(-1) = e (-1). 

Proof. Write P for the character eo NB/Ke' 0 NB/K, of BX. For in F X , 
one has 

P(t) = e(t2)e'(t2) = (ee')(t2) = 1, 

hence IPI = 1 . The identity to prove is equivalent to the relation 

(3.3.1) 

for any f in (B); the integrals are both convergent. 
Denote by K" the third quadratic F -algebra in B determined by K and 

K'. Since K and K' are not isomorphic, K" is a field. By restriction to 
K" , the two automorphism groups of B over K and K' identify them with 
Gal K" / F. Hence, the norm maps N B / K and N B / K' coincide on K" with 
N K" / F' As a consequence the restriction of P to the multiplicative group of 
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K" is trivial. Denote by d;, K" the quotient measure of d; by d K" , so, for 
f E .9"(B) , 

(3.3.2) 

We apply now the Poisson formula to the closed subgroup K" of B and to the 
function f 

(3.3.3) 

where K; denotes the orthogonal of K" in B with respect to the self-duality 
(z, z') 1---0 'II 0 TB/F(zz') , that is, K; = Ker TB/K" , and where dK~ denotes the 
Haar measure on K; associated to dK". For w' in K;, one has NB/KW' = 

-NB/K,W' , hence the image of K; under NB/K is contained in K n K' = F. 
So if w' E K; is not 0, one has 

(3.3.4) P(w') = (OoNB/KW')(O' oNB/K,W') = 0(-1) = 0'(-1). 

Choose a nonzero element, say s, in K;. We rewrite the right-hand side of 
(3.3.1) using (3.3.2)-(3.3.4) as 

(3.3.5) r P(sz -I) (r /(z -IW') dK"W') Izl;1 d; K"Z. 
JBx/K"x JK~ B ' 

h I I-I d* . d* -I We observe now t at the measure z B B K" Z IS B K" Z • 

variables w' = SW, Z 1---0 SZ-I in (3.3.5) to' get ' 
We change the 

r P(z) (r /(ZW)dK"W) d; K"Z JBX/K"x JK" ' 

which is fBx P(z)/(z)d;z, the left-hand side of (3.3.1). This proves the theo-
rem. 

Corollary. With the same assumptions on K and K' , ifnow the product of the 
restrictions to F X of 0 and 0' is the character q: t 1---0 Itl- I , then 

F F AB/ K W(-1) 
(3.3.6) (Ye IYe')1f/ = -I' 

r(YfK/FYfK'/Fq , 'II) 

where w(-1) = O(-1)YfK/F(-1). 
Proof. This follows immediately from Theorems 1 and 3, due to the definition 
of AB/K given in § 1.6. 

3.4. Theorem 4. Let K and K' be two quadratic etale F -algebras, and 0 E 
.91 (Kx), 0' E.9I (K'x). Then Y: = Y:' if and only if one of the following holds: 

( 1 ) for K' isomorphic to K, then 0' corresponds to 0 or to 7J by such an 
isomorphism; 
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(2) for K' not isomorphic to K, let B = K ® K' ; then () and ()' have the 
same lifts to B X and different restrictions to F X • 

Proof. If K and K' are split, then y: (X, 1//) = yF (J.l.X, l//)yF (v x, 1//) if () = 
J.I.®v, and {J.I., v} is determined by the zeros (or the poles), with multiplicities, 
of the function of y: . This establishes the theorem in this case. 

Assume now K is a field. If y: = y~ , the deep twist property shows that 
OJ = OJ' , hence ()'IFx = 1JK/F1JK' /F()IFx . 

(a) If K' is not isomorphic to K, then 1JK/F1JK' /F is nontrivial, since the 
third quadratic subalgebra of B is a field. 

(b) The equality y: = y~ implies Y:-l(X, 1//) = OJ(-l)Y~(X-I, 1//)-1, so, as 
seen in §2.3, (y:-t\y~)'I' = O. By Theorem 1, we then have 

B -I , -1/2 
Y (() 0 NB/K() 0 NB/K" qB ' 1// 0 TB/F) = o. 

(c) If K and K' are isomorphic fields, then B appears as K x K and l 
as product of two yK 's, so 

K -I , -1/2 K -1-' -1/2 
Y (() () qK ' 1// 0 TK/F)y (() () qK ' 1// 0 TK/F) = 0 

which means ()' = () or 7J. 
(d) If now B is a field, then ()-I 0 NB/ K ()' 0 NB /K , = 1, and () and ()' have 

the same lift to B x • 

(e) If K is a field and K' is FxF,then ()'=J.I.®v with J.I.,vE.9I(F x ) 
and B is K x K ; then 

K ()-I -1/2 ) K( ()-I -1/2 T) 0 Y (J.l.oNK/F qK ' l//oTK/F Y voNK/F qK ,1//0 K/F = , 

so () is either J.I. 0 NK/F or v 0 NK/F . By the Davenport-Hasse theorem we 
F F F F F have Yo (X, 1//) = y (J.l.X, I//)y (J.l.1JK/FX, 1//) or Y (vX, I//)y (v1JK/FX, 1//). As 

Y:(X, 1//) = y~(X, 1//) = yF(J.l.X, l//)yF(vX, 1//), we have J.l.v- I = 1JK/F in both 
cases; so () = J.l.0NK/F = voNK/F and ()oNB/K = (J.I.®v)oNB/K" which means 
that () and ()' have the same lift to B X • 

We have proved the "necessary" part of the theorem. If K and K' are 
isomorphic and ()' corresponds to () or 7J, then AK/F( 1//) = AK' /F( 1//) and y: = 

-Ie since both X 0 Nand 1// 0 T are invariant by the conjugation of Kover F . 
Assume now B is a field, and that ()oNB/K = ()' oNB/K, with ()IFx f. ()'IFx . We 
use the third quadratic sub extension K" of B, and write ()oNB/K = ()' oNB/K, 

on K"x: this shows that the restrictions to NK"/FK"x , which is an index two 
subgroup of F X , of () and ()' are equal. Hence ()'IFx = 1JK"/F()IFx , that 
is, OJ = OJ'. We prove that this implies that () and ()' are regular over F. 
Indeed, if () = J.I. 0 NK/F then () 0 NB/K = J.I. 0 NK'/F 0 NB/K, = ()' 0 NB/K,; 
hence J.I. 0 N K' / F and ()' coincide on the elements of K'x which are norms 
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from B X , in particular on F X : this contradicts 0IFx -:f. O'lFx . The relation 
00 N B I K = 0' 0 N B I K' shows that this character of B x is fixed by both Gal B / K 
and Gal B / K' , hence by all Gal B / F , that is, also by Gal B / K" . This shows 
that 0 and its conjugate 8 over F have the same lift to B X , and 0 being 
regular, this gives 8 = O'tfBIK' and also 8' = 0' 'tfBIK" As 'tfBIK is the lift of 
'tfK" IF to K X , the relation Y: = If shows that Y: (X, 1fI) = Y: (X'tfK" IF' 1fI) , 

F . F F F F and also for Ye" We apply Theorem 1 to get the relatlOn (Ye"IYe)", = (Ye"IYe')", 
for 0" E Jti'(K"x) , with a finite number of exceptions. We take 0" = xoNK"IF 
and use the Davenport-Hasse identity to get 

F F F F 
Ye(X, IfI)Ye(X'tfK"IF' 1fI) = Ye'(X, IfI)Ye'(X'tfK"IF' 1fI), 

that is, Y: (X, 1fI)2 = Y:'(X, 1fI)2. We define a sign e(x) by 
F F x 

Ye'(X, 1fI) = e(X)Ye (X, 1fI), X E Jti'(F ). 
This sign is 1 for X with large conductor, due to the deep twist property and 
w = w'. As 0 and 0' are regular, the rational functions Y: (X, 1fI) and 
Y:' (X, 1fI) are monomials on Jti' (F x), and having the same squares, the de-
gree is the same, as e(x) is constant on each component of Jti'(Fx). Theorem 
1 shows that (Y:'IY:-l)", = 0, hence, for M large enough, 

i FF -I M-I ° = Ye'(X' IfI)Ye-1(X ,1fI)dx - q (1 - q ) 
a(x):5M 

= (1 e(X)dx-qM(I-q-I))W(-l), Ja(X):5.M 

that is, L:a(X):5M e(x) = L:a(x):5M 1 , the summations being on the characters of 
&x with a(x) at most M. As e(x) is a sign, this implies e(x) = 1 for all 
X 's, and Y: = Y:' . The theorem is completely proved. 

Corollary. With K, K', 0, 0' as in the theorem, we have Y: = Y:' if and only 
if Ind~ 0 = Ind~, 0' . 
Proof. (a) This is clear if K and K' are isomorphic since Ind~ 0 and Ind~, 0' 
are the same if and only if 0' = 0 or 8, which means Y: = Y:' by Theorem 4. 

(b) Assume K is a field and K' is F x F. Write 0' = J1. ® 1/, so that 
Ind~f 0' is the direct sum of the two one-dimensional representations J1. and 
1/ of F x , abelianized group of WF • Theorem 4 shows that Y: = Y:' if and 
only if 0 = J1. 0 NKIF and 1/ = J1.'tfKIF ; then Ind~ 0 = J1. ® Ind~ 1 = J1. ffi J1.'tfKIF = 

J1. ffi 1/ = Ind~, J1. ® 1/ = Ind~f 0'. Conversely, if Ind~ 0 is the sum of the two 
characters J1. and 1/, then Ind~ 0 is not irreducible, so 0 = X 0 NKIF ; but then 

F IndK 0 = X ffi X'tfKIF so that X = J1. or 1/ and 1/ = J1.'tfKIF ' and the theorem says 
F F 

Ye = Ye' . 
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(c) Assume now B = K ® K' is a field. If y: = y; , then, by Theorem 4, 
we have () 0 NB/K = ()' 0 N B/K, and ()IFx f. ()'IFx ; during the proof, we have 
shown that this implies 7] = ()'tlB/K and 7]' = ()' 'tlB/K" As the trace of Ind~ () 
is 0 outside WK and on WK it factors through its abelianization K X where it 
is given by «() + 7])/2, this is 0 outside WB and on WB it factors through its 
abelianization B X where it is given by () 0 NB / K • Hence Ind~ () and Ind~, ()' 
have their traces supported on WB , where they are equal, so the representations 
Ind~ () and Ind~, ()' are equivalent. Conversely, this equivalence implies that 
traces and determinants of two representations are the same; for the determi-
nants, this gives ()IFx'tlK/F = ()'IFx'tlK'/F' so ()IFx and ()'IFx are different; for 

- -" the traces, we get 0 outside WK n WK, = WB , that is, () = ()'tlB/K' () = () 'tlB/K' , 

and the coincidence on WB says that () 0 NB/K = ()' 0 N B/K, • Theorem 1 then 
concludes the proof. 
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