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GENERALIZED LOCAL FATOU 
THEOREMS AND AREA INTEGRALS 

B, A, MAIR, STAN PHILIPP AND DAVID SINGMAN 

ABSTRACT, Let X be a space of homogeneous type and W a subset of X x 
(0,00). Then, under minimal conditions on W, we obtain a relationship 
between two modes of convergence at the boundary X for functions defined 
on W. This result gives new local Fatou theorems of the Carleson-type for 
solutions of Laplace, parabolic and Laplace-Beltrami equations as immediate 
consequences of the classical results. Lusin area integral characterizations for 
the existence of limits within these more general approach regions are also ob-
tained. 

1. INTRODUCTION 

Recently, the classical Fatou theorems for solutions of the Laplace equation 
on Rn x R+ (cf. [12]), solutions of certain general parabolic equations on 
Rn xR+ and solutions of the heat equation on the right half-space (cf. [11]) have 
been improved to allow sequential approaches to the boundary at any prescribed 
degree of tangency. Also, the well-known Koranyi approach region for Poisson-
Szego integrals on the generalized upper half-space has been improved (cf. [14]). 

In the above-mentioned papers, the approach regions were restricted by a 
certain cross-sectional area condition at every height. However, it is clear that 
the existence of limits at the boundary within a region n only depends on the 
structure of n very close to the boundary. 

Also, the Fatou theorems were all obtained by the method in [12], which con-
sists of two main stages. First, a certain "sup" maximal function was shown to 
be weak-type (1, 1) and then the Fatou theorem was obtained from properties 
of the kernel appearing in the various integral representations. The approach 
adopted in this paper deviates from this method, especially in the second stage. 

In this paper we consider an upper half-space of the form X x R+ where X 
is a group which is also a space of homogeneous type. We introduce the notion 
of a locally admissible subset of X x R+ which satisfies a cross-sectional area 
condition close to the boundary. 
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Now, from the necessary and sufficient results in [12, 14, 11], it is clear 
that we cannot obtain weak-type inequalities for the "sup" maximal function 
over these more general locally admissible regions. This difficulty is avoided 
by considering the corresponding "lim sup" maximal functions over the locally 
admissible regions. The proof of the weak-type inequality in [14] is adapted to 
obtain the corresponding result for our "lim sup" maximal function. 

Then in § 3 we obtain a differentiation theorem by a slight variation of the 
standard methods (cf. [13, 11]). This result also incorporates the analog of 
widening the aperture of a cone, for these more general approach regions. 

The "standard regions" defined in this paper are just abstractions of the usual 
cones, parabolic, two-sided parabolic and Koranyi regions which appear as the 
approach regions in the classical Fatou theorems. So, from these well-known 
Fatou theorems, we know that various functions have standard limits (limits 
within the standard regions). 

The second stage in the method presented here consists of using the differ-
entiation theorem obtained in §3 to deduce the existence of limits within the 
more general locally admissible regions from the existence of standard limits. 

More specifically, in §4 we prove that if We X x R+ and E c X are such 
that for each Y E E, W contains a standard region with vertex at y, then 
standard and locally admissible limits are equivalent almost everywhere on E, 
for any function defined on W. This result therefore yields new local Fatou 
theorems (cf. [2, 3, 5, 6, 7, 8, 9, 10]) without any extra effort. 

In the last section we consider area integrals where the integration takes place 
on locally admissible regions. There we show that finiteness of these area in-
tegrals is equivalent to existence of standard limits a.e., which is equivalent to 
existence of limits within locally admissible regions almost everywhere. 

2. A WEAK-TYPE INEQUALITY 

For the reader's convenience, we define what we mean by a space of homo-
geneous type (cf. [4, 14]). 

Definition 2.1. (X, p, Jl) is a space of homogeneous type if X is a topological 
space, p: X x X --> [0, 00) and Jl is a positive Borel measure on X satisfying 

(i) p(x,y)=p(y,x) for all x, YEX. 
(ii) p(x, y) = 0 ~ x = y. 

(iii) (Triangle Inequality) There exists a constant y > 0 such that 

p(x, z) ::; y[p(x, y) + p(y, z)], for all x, y, z E X. 

The p-ball of center x and radius r > 0, denoted by H(x, r) = {y EX: p(y, x) 
< r} , satisfies 

(iv) {H(x, r): r> O} is a base of open neighborhoods of each x EX. 
(v) (Doubling Property) There exists a constant A > 0 such that 

Jl(H(x, 2r)) ::; AJl(H(x, r)) for all x EX, r> O. 
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This doubling property implies that for each a > 0 there exists C(a) > 0 
such that 

Il(B(x, ar)) :::; C(a)Il(B(x, r)) for all x EX, r> O. 
For any 0 c X x R+ ' the cross-section at height t is 

O(t) = {x E X: (x, t) EO}. 
Definition 2.2. Let (X, p, Il) be a space of homogeneous type, 0 C X x R+ 
and y EX. 

(i) 0 is said to be locally a-admissible at y if (y, 0) is a limit point of 
o and there exists 0' :J 0 such that 

(a) Il(O'(t))=O(Il(B(y,t))) as t--+O+, 
(b) (Z,S)EO, p(x,z)<a(t-s)::;'(X,t)EO'. 
(ii) 0 is locally admissible at y if n is locally a-admissible for some 

a> O. 

If w c Rn x R+ is such that for some T > 0, wn (Rn x (0, T)) is the trunca-
tion of some admissible region (as defined in [11]), then w is locally admissible. 

Now, assume X is a group with identity e and (X, p, Il) is a space of 
homogeneous type. For any 0 c X x R+ having (e, 0) as a limit point and 
f ELI (X , Il), define 

M~f(Y) = lim sup 1 r If I d Il. 
n::1(X , I)--(e ,0) Il(B(yx, t)) iB(yx,l) 

As in [13], we show that M~ is weak-type (1, 1) under certain invariance 
conditions on Il. In order to do this, we need the following covering lemma 
(cf. [4, 14]). 
Lemma 2.1. Let (X, p, Il) be a space of homogeneous type and E eX. If 
{B(x, r(x)): x E E} is a cover of E with SUPXEE r(x) < +00, then there exists 
a countable subcollection {B(xk' rk): k = 1, 2, ... }, rk = r(xk) such that 

(i) {B(xk' rk )} are pairwise disjoint, and 
(ii) for each x E E there exists kEN such that r(x) < 2rk and x E 

B(xk , 4yrk ) . 

This follows from the proof of Theoreme l.2, Chapitre III in [4]. For a 
space of homogeneous type (X, p, Il), if X is a group, p is left-invariant if 
p(zx, zy) = p(x, y) for all x, y, z E X and Il is left-invariant if ll(xE) = 
Il(E) for every x E X and Borel E eX. 
Theorem 2.1. Let X be a group with identity e and (X, p, Il) a space of 
homogeneous type such that p, Il are left-invariant and Il(E- 1) = Il(E) for 
every Borel E eX. If 0 is locally a-admissible at e then there exists a 
constant c > 0 such that 

* c 1l({X E X: Mnf(x) > A}) :::; Illflll 

for all A > 0, f ELI (X, Il) . 



404 B. A. MAIR, STAN PHILIPP AND DAVID SING MAN 

Proof. This is similar to the proof of Theorem 1.5 in [14]. Since n is ~ocally 
admissible, there exist constants M, T > 0 such that 

,u(n' (t)) :S M,u(B(e, t)) for all 0 < t < T. 

Let P = min(a, 2y) and fix R > 0 such that S/rl yR < T. For each )" > 0, 
let 

E).={XEX: sup (B/ )) { I/ld,u>Ie}. 
O<r<R ,u X ,r } B(x ,r) 

For each x E E). , let 

r(x) = sup {r: 0 < r < R, (B/ )) { III d,u > Ie} . ,u x ,r } B(x , r) 

Then, 

,u(B(x, r(x))) :S ± { III d,u. 
} B(x, r(x)) 

{B(x, r(x)): x E E} is a cover of E and r(x) :S R for all x E E; hence 
by the covering lemma we have a sequence B(xk , rk), rk = r(xk) satisfying (i) 
and (ii) in Lemma 1.3. 

Now, let M;/(xo) > Ie. Then there exists (y, s) En such that 

1 1 
,u(B(xoY, s)) B(xoY,s) 

I/ld,u>1e 

and s < R. 
Hence xoY E E).. So there exists kEN such that xoY E B(xk , 4yrk) and 

r(xoy) < 2rk . 
Now, by the definition of r(xoy), s < r(xoY). Hence s < r(xoY) < 2rk < 

41r I yrk ' by choice of P . Since P < a, n is locally p-admissible. Hence, 

-I 
p(xo xk ' y) = p(xoY, xk) < 4yrk 

-I -I = P[(4P yrk + s) - s] < P[SP yrk - s]. 

Since (y, s) En, it follows that 

and so 
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Therefore 
00 

,u( {M~f > A}) ::::; E,u(xk[Q'(Sp-Iyrk)]-I) 
k=1 
00 

= E ,u(Q' (Sp-I yrk)) 
k=1 

00 

::::; ME ,u(B(e, Sp-I yrk )), since Sp-I yR < T 
k=1 

00 

::::; MC(P-I y) E,u(B(e, rk)) 
k=1 

3. A DIFFERENTIATION THEOREM 

405 

Throughout the remainder of this paper, X is a group with identity e and 
(X, P,,u) is a space of homogeneous type such that p, ,u are left-invariant 
and /1(E- 1) = /1(E) for every Borel E eX. 

The following differentiation theorem can be proved by a slight variation of 
the standard method (cf. [13, 11]). 

Theorem 3.1. If n c X x R+ is locally admissible at e and v is a signed regular 
Borel measure on X, then 

lim v(B(yx, t)) = dv (y), 
n3(X,I)-(e,0) ,u(B(yx, t)) d,u 

for ,u-a.e. y EX. 

This result can be improved to take widenings of aperture into account as 
follows. 

Definition 3.1. For any Q c X x R+ and a > 0, define 

Qa = {(x, t): (x, at) E Q}. 

Then, if S(y; a) = {(x, t): p(x, y) < at}, 

(S(y; a))a = S(y; aa). 
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Hence na is called the widening of n by a multiple of a . 

The following result is an immediate consequence of the doubling condition 
and the definitions. 

Proposition 3.1. If n is locally a-admissible at y then na is locally aa-
admissible at y. 

Proposition 3.2. Let n be locally a-admissible at e and n' be as in Definition 
1.2. Then there exists 1: c X x R+ such that 

(i) n c 1: c n' . 
(ii) 1: is locally admissible at e. 

(iii) (x, t) E 1:, t < s => (x, s) E 1:. 
(iv) 0 < a < b => 1:(a) c 1:(b) and 1:a c 1:b . 

Proof. Fix p > min( a, y -\ a) and define 

1: = {(x, t): p(x, y) :::; P(t - s), for some (y, s) En}. 

(i) n c 1: is clear. 

(x, t) E 1: => p(x, y) :::; P(t - s) for some (y, s) En 
=> p(x, y) < a(t - s) and (y, s) En 
=>(X,t)En'. 

(ii) Let (y, s) E 1: and p(x, y) < P(t - s) . Then there exists (Yo' so) E n 
such that 

Hence 

p(x, Yo) :::; y[p(x, y) + p(y, Yo)] 
< Y[P(t - s) + P(s - so)] 
< a(t - so), 

Therefore (x, t) E n'. Hence 1: is locally p-admissible at e. (iii) and (iv) 
are clear. 

Hence we can always assume that our locally admissible regions satisfy con-
ditions (ii), (iii), (iv) in Proposition 3.2. 

Definition 3.2. Let n c X x R+ have (e, 0) as a limit point. A function u is 
said to have n-limit A at y E X if u(x, t) -t A as (x, t) approaches (y, 0) 
inside yna for every a > 0 . 

Theorem 3.2. Let n be locally admissible at e and v be a signed regular Borel 
measure on X. Then 

v(B(x, t)) h n I' . dv ) fi f..l(B(x, t)) as u- lmll df..l (y or f..l-a.e. y E X. 
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Proof. By Propositions 3.1 and 3.2 we can apply Theorem 3.1 to each widening 
~N' N = 1, 2, 3, ... , where ~ is as in Proposition 3.2. This gives a set EN 
such that /1(EN) = 0 and for all y ¢. EN' 

lim v(B(x, t)) = dv (y). 
yl:N3(x,t)-+(y,0) /1(B(x, t)) d/1 

By (iv) of Proposition 2.4, we obtain, for every a> 0, 

1. v(B(x, t)) dv ( ) 1m --y 
yl:N3(X , t)-+(y ,0) /1(B(x, t)) - d/1 ' 

4. STANDARD AND Q-LIMITS 

In this section we obtain our main result which shows that limits within a 
locally admissible region are equivalent /1-almost everywhere to limits within 
the standard regions S(y; a), for any function. This enables us to deduce the 
improved Fatou theorems in [12, 14, 11] from their Classical counterparts and 
to obtain new local Fatou theorems without any extra effort. 

The main lemma is a generalization of a technique of Calderon (cf. [2]) 
and the main theorem is motivated by a result of Brelot and Doob (cf. [1]) 
concerning fine and non tangential limits. 

We continue to assume that X is a group with identity e, (X, p, /1) is a 
space of homogeneous type where p, /1 are left-invariant and /1(E- I ) = /1(E) 
for every Borel E eX. 

Definition 4.1. ( 1) For each y E X and a > 0, let 

S(y; a) = {(x, t) E X x R+: p(x, y) < at}, 

called the standard region with vertex y and aperture a. 
(2) A function u is said to have standard limit A at y E X if u(x, t) ---+ A 

as (x, t) approaches (y, 0) inside S(y, a) for every a > O. 
(3) For each r > 0 and y EX, let U(y; r) = B(y; r) x (0, r) . 
(4) For any 0 C X x R+ which has (y, 0) as a limit point, 0 n U(y; r) is 

called a truncation of O. 

Lemma 4.1. Let E C X and W C X x R+ be such that W contains some 
truncation of some standard region with vertex y, for each y E E. Let 0 be 
locally admissible at e. Then for /1-almost every y E E, W contains some 
truncation of any widening of yO . 
Proof. Let {ak} and {rk} be sequences of real number such that {ak } in-
creases to 00 and {r k} decreases to zero. Put 

E k ,j = {y E E: S (y , a k) n U (y, r) c W}. 

If we can prove the lemma for E replaced by Ek,j' since E = Uk ,j Ek,j' we 
will have it for E . Thus we assume that there exists a, r > 0 , independent of 
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y, such that 
S(y; a) n U(y; r) C W, 

for all y E E. Choose integer N ~ 1 such that * < r. For each m ~ Nand 
a> 0, let 

Em(a) = {y E E: (yQa ) n U (y;~) c W}. 

Let D denote the set of points y E E for which 

lim fl(E n B(x, t)) = 1 , for all a > O. 
yna3(x,t)~(y,0) fl(B(e, t)) 

Then, from Theorem 3.2, fl(E\D) = O. It clearly suffices to prove that D c 
U:=N Em(a) , for each a > O. To do this, let y tt. U:=N Em(a) for some 
a > O. Then there is a sequence of points {(xm' tm): m ~ N} such that 

(xm, tm) E (yQa ) n U (y; ~) , (xm' tm) tt. w. 
Hence, 

(i) (y-'xm,atm)EQ, 
(ii) p(xm' y) < ~, tm < ~ , 

(iii) (xm , tm ) tt. W. 
From (i), (y-'xm, atm) E Q,,-I a ; hence from (ii) 

(xm' atm) -> (y, 0) within yQ,,-l a • 

So, to see that y tt. D, it suffices to show that 

fl(E n B(xm' atm)) = 0 for m ~ N. 

Todothis,let zEE. Then S(z;a)nU(y;~)cW for all m~N. From 
(iii) and (ii) above, (xm , tm) tt. S(z; a). Hence p(xm, z) ~ atm' So En 
B(xm' atm) = 0. 
Theorem 4.1. Let E c X and W be a subset oj X x R+ which contains some 
truncation oj a standard region with vertex y Jor each y E E . Let Q be locally 
admissible at e and u aJunction on W which has standard limit ",(y) at every 
y E E. Then u has Q-limit ",(y) at fl-almost every y E E. 

ProoJ. For brevity, put 

S(y; a, <» = S(y; a) n (B(y, a<» x (0, <») 

for y EX, a > 0, <> > O. As in Lemma 4.1, we can assume that the stan-
dard regions contained in W with vertices on E have uniform aperture and 
truncations. That is, there exist a, <> > 0, independent of y, such that 

S(y; a, <» c W, for each y E E. 

We shall actually obtain the same conclusion under the seemingly weaker as-
sumption that u has limit ",(y) with S(y; a) for every y E E. 

Then for each y E E and mEN, there exists a positive rational <>m(Y) such 
that 

lu(x, t) - ",(y)1 < ~ for all (x, t) E S(y; a, <>m(Y)). 
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By dividing E into a countable number of subsets, we can assume that £5m (y) = 
15m for all y E E . 

Now, let 

Qm(y) = U{S(z; a, 15m): Z E E, S(z; a, 15m) n S(y; a, 15m) =1= 0}. 

Claim 1. 
Qm(y) ::J U{S(z; a, 15m) : z E E n B(y, a£5m)}. 

To see this, let z E B(y, a£5m). Then 

p(z, y) < arm < a£5m· 

Putting t = r m we obtain 

p(z,y)<at, p(z, y) < a£5m , 

That is, 
(z, t) E S(y; a, 15m ), 

Hence 
S(y; a, 15m) n S(z; a, 15m) =1= 0. 

Now, let vm < min(£5m , (2y)-I£5m). Then 

Claim 2. 

where 
Wm = U S(z; a, 15m), 

zEE 

Let 
(x, t) E Wmn(B(y, avm) x (0, vm)). 

Then there exists z E E such that (x, t) E S(z; a, 15m), Hence 

p(z, y) :::; y[p(z, x) + p(x, y)] < y[at + avm] 
= ya(t + vm) < 2yavm < a£5m. 

Therefore z E B(y, a£5m) n E. Hence (x, t) E Qm(y) by Claim 1. Now, by 
Lemma 4.1, for each m there exists Dm C E such that J1(Dm) = ° and for 
each z E E\Dm and a> ° there exists rm = rm(z, a) > ° such that rm < vm 
and 

zQan(B(z, arm) x (0, rm)) C Wm· 

Put D = U:=l Dm . Then J1(D) = 0. 
Now, let y E E\D and 

(x, t) EyQan(B(z, arm) x (0, rm))' 

Then 
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Hence (X, t) E Qm(y). So there exists z E E such that 

(c;, s) E S(z; Q, 15m ) n S(y; Q, 15m ), 

and 
(x, t) E S(z; Q, 15m ), 

Hence 
lu(x, t) - If/(z)1 < 11m, lu(c;, s) - If/(z)1 < 11m 

and 
lu(c;, s) - If/(y) I < 11m. 

Therefore 
lu(x, t) - If/(y) I < 31m. 

5. ApPLICATIONS 

In our first application, we consider X = Rn with the additive group struc-
ture, p the Euclidean metric, and J.l Lebesgue measure on Rn • Then by using 
the classical result in [3] and Theorem 4.1, we obtain 

Theorem 5.1. Let E c Rn and W be a subset of Rn x R+ which contains a 
truncated cone ~ with vertex y for each y E E. Let Q be locally admissible 
at the origin. If u is a solution of the Laplace equation on W which is upper or 
lower bounded on ~ for each y E E, then u has finite Q-limits at Lebesgue 
almost every point of E . 

This generalizes the results in [12, 11]. 
For the second application, consider X = Rn with the additive group struc-

ture, p(x, y) = Ilx - yl12 ,where 11·11 is Euclidean norm, and J.l be Lebesgue 
measure. Let L be a second-order linear parabolic operator in divergence form 
on Rn x (0, T). Then, under certain general conditions on the coefficients of 
L (cf. [9]) we obtain the following result by combining the local Fatou theorem 
in [9] and Theorem 4.1. 

Theorem 5.2. Let E c Rn and W be a subset of Rn x (0, T) which contains 
a truncated parabolic region ~ with vertex y for each y E E. Let Q be 
locally admissible at the origin. If Lu = 0 on Wand u is either upper or lower 
bounded on Wy for each y E E, then u has finite Q-limits at Lebesgue almost 
every point of E . 

A similar result can be obtained for solutions of the heat equation on the 
right half-space, thus generalizing results in [10, 11]. 

In our final application we consider X to the Heisenberg group en x R with 
the group operation 

(z, t) . (w, s) = (z + w, t + s + 2 Im(z, w)), 
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n 

(Z, W) = L ZkiIJk' 
k=1 
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Let p((z, t), (w, s)) = (liz - wI1 4 + It - s12) 1/4 and It be Lebesgue measure (cf. 
[5, 7, 14] ). 

The results in [8, 7, 5] concerning the boundary behavior for "harmonic" 
functions on X x R+ (identified with the generalized upper half-plane) give 
immediate improvements by applying Theorem 4.1 (cf. [14]). 

4. AREA INTEGRALS 

The classical Lusin area integral characterizations of standard limits (cf. [5, 
6, 13]) can be extended to the case where the integration is performed over 
locally admissible regions. 

To be specific we only consider the case of Laplace harmonic functions on 
Rn+1 

+ . 

Definition 6.1. For any truncated locally admissible region n C R:+I having 
(0, 0) as a limit point and harmonic u on R:+I , define the area integral 

Snu(y) = (i+ni lV7u(x, t)12t l - n dXdt) 1/2 

for y E Rn • 

It is well known (cf. [13]) that if Q is a truncated cone, 

I n (O, c5) = {(x, t): Ixl < at, t < c5}, 
we have 

Theorem 6.1. Let u be harmonic on R:+I. 
(i) u has a fmite nontangentiallimit at each 

y E E c Rn => for a.e. y E E, Sr,,(O,6)u(y) < 00 

for every a > 0, c5 > 0 . 
(ii) Conversely, iffor each y E E c Rn, there exists a> 0, c5 > 0 such that 

Sr,,(O;6)u(y) < 00 

then u has finite nontangentiallimits a.e. on E. 

To extend this result, we define the following. 

Definition 6.2. Let u be defined on R:+ I . 

(i) Let Q be locally admissible at (0, 0) containing a truncation of some 
standard region with vertex at (0, 0). We say that u has finite Q-uniform area 
integral on E C Rn if for any a > 0 and r > 0 , 

SnrU(Y) < 00, for all y E E, 
a 
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where Q~ = Q a n U(O, r) (the truncation of a widening of Q) . 
(ii) Let Q be locally admissible at (0, 0) containing a truncation of some 

standard region with vertex at (0,0). We say u has finite Q-area integral on 
E c Rn if for each y E E there exists a > 0 and r > 0 such that 

SQr u(y) < 00. 
a 

(iii) u has finite locally admissible area integral on a set E c Rn if for 
each y E E there exists a truncated locally admissible region Q containing a 
truncation of some standard region with vertex at (0, 0) , having (0, 0) as a 
limit point, such that 

Remark 6.1. (1) If locally admissible regions were completely determined by 
aperture (as is the case for cones) then (ii) and (iii) above coincide. 

(2) Clearly, if Q is locally admissible at (0, 0) , containing a truncation of 
some standard region with vertex at (0, 0) , then u has finite Q-uniform area 
integral on E for some Q:::;. u has finite Q-area integral on E for some Q :::;. u 
has finite locally admissible area integral on E :::;. u has finite nontangential 
limits a.e. on E (by Theorem 6.1). 

Now, suppose a harmonic u has a finite nontangentiallimit at each y E E c 
Rn , where E is compact. Then, in proving the classical theorem 6.1 (i), it is 
actually shown that 

(cf. [13]). 

l f lV'u(x, t)1 2 t dx dt < 00, where R = U ra(Y; <5) 
YEE 

By applying Lemma 4.1 and the cross-sectional area condition on a locally 
admissible Q, to the proof in [13], we can show that, 

Ie S~: u(y) dy ~ elf lV'u(x, t)1 2 t dx dt. 

Hence, by applying Theorem 4.1 we obtain 

Theorem 6.2. Let u be harmonic in R:+I and E c Rn. Then the following are 
equivalent. 

(i) u has finite Q-uni/orm area integral a.e. on E for some Q. 
(ii) u has finite Q-area integral a.e. on E for some Q. 

(iii) u has finite locally admissible area integral a.e. on E. 
(iv) u has finite non tangential limits a.e. on E. 
(v) u has finite Q-limits a.e. on E for any Q which is locally admissible 

at (0,0). 

Analogous results hold for the heat equation on the upper half-space and 
the right half-space (cf. [6]), and for the Laplace-Beltrami equation on the 
generalized upper half-space (cf. [5]). 
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