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WEAKLY ALMOST PERIODIC FUNCTIONS 
AND THIN SETS IN DISCRETE GROUPS 

CHING CHOU 

ABSTRACT. A subset E of an infinite discrete group G is called (i) an Rw-set 
if any bounded function on G supported by E is weakly almost periodic, (ii) 
a weak p-Sidon set (1 ~ p < 2) if on II (E) the IP -norm is bounded by a 
constant times the maximal C·-norm of I\G) , (iii) a T-set if xE n E and 
Ex n E are finite whenever x of e, and (iv) an FT-set if it is a finite union of 
T-sets. In this paper, we study relationships among these four classes of thin 
sets. We show, among other results, that (a) every infinite group G contains an 
Rw-set which is not an FT-set; (b) countable weak p-Sidon sets, 1 ~ P < 4/3 
are F T -sets. 

1. INTRODUCTION 

Let G be an infinite discrete group, W AP( G) the algebra of weakly almost 
periodic (w.a.p.) functions on G. A subset E of G is called an Rw-set if every 
function in /oo(G) which vanishes off E is w.a.p.; E is called a T-set if EnxE 
and En Ex are finite whenever x E G, x =f:. e, the identity of G. It was first 
proved by W. Rudin [17] that T-sets and hence finite unions of T-sets are R w -
sets. However, they seem to constitute the only known Rw-sets in the literature. 
In §3 we show that every infinite group contains an Rw-set which is not a finite 
union of T-sets. Rw-sets have already been studied by W. Ruppert [18]. We 
need the following characterization of Rw-sets which is similar to a result of 
his: a subset E of G is an Rw-set if and only if it does not contain a set of 
the form {xiY/ i = 1,2, ... , I:::; j :::; i} or {xiyj:j = 1,2, ... , I:::; i :::; j} 
where {Xi} and {yj are two sequences of distinct elements in G. 

For I :::; p < 2, a subset E of G is called a weak p-Sidon set if there is 
a finite constant r such that II/lIp :::; rll/li. whenever IE/I (E) where II· II. 
denotes the maximal C· -algebra norm on /1 (G). Weak I-Sidon sets are called 
weak Sidon sets in Picardello [15] and, for abelian G, weak p-Sidon sets are just 
p-Sidon sets as defined in Edwards and Ross [7]. We show that if I :::; p < 4/3 
and E is a weak p-Sidon set then E contains no large squares. This generalizes 
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a result in [7] for abelian groups. Dechamps-Gondim [5] proved that countable 
Sidon sets in abelian groups are finite unions of T-sets. We are able to adopt 
her proof to show in §4 that if 1 ~ p < 4/3 then countable weak p-Sidon sets 
are finite unions of T-sets. J. Bourgain [2] showed that Sidon sets, countable 
or not, in abelian groups are always finite unions of T -sets. It does not seem to 
be known whether his result holds for p-Sidon sets if 1 < p < 4/3. 

On the other hand, T-sets can be quite large. Indeed, §4 also contains the 
following result which improves a result of ours in [4]: every infinite G contains 
aT-set E such that, for each positive integer k, E has a subset A of the 
form A = AI" ·Ak = {XI" ,xk:xj E Aj' i = 1, ... ,k} where IAjl = k and 
IAI = kk. Bya result of Johnson and Woodward [12], we then conclude that 
every infinite abelian group contains a T-set which is not a p-Sidon set for any 
l~p<2. 

Definitions and general results on Rw-sets and weak p-Sidon sets are con-
tained in §2. 

2. PRELIMINARIES AND GENERAL RESULTS 

Throughout this paper, G denotes an infinite discrete group, N the set of 
positive integers, and for a set A, IAI the cardinality of A. 

Definition 2.1. (a) If {Xj: i E N} and {Yj: j E N} are two sequences in G such 
that (i, j) ---> xjYj is a one-one mapping from N 2 into G then S = {XjYj: i, j E 
N} is called an infinite square in G and the sets {xjYj : i EN, 1 ~ j ~ i} and 
{xjYj : j EN, 1 ~ i ~ j} are called infinite triangles. 

(b) If A, Ai' i == 1, ... , k, are subsets of G, A = AI'" Ak , IAjl = nand 
IAI = nk then A is called a k-cube of length n. 

(c) If C = AB or BA where A is infinite, IBI = n, and (a, b) ---> ab or 
ba is a one-one mapping from A x B to AB or BA, then C is called a strip 
of width n. 

A subset E in G is said to contain large k-cubes if, for any given n EN, 
E contains a k-cube of length n. E is said to contain wide strips if, for any 
given n EN, E contains a strip of width n. A 2-cube is called a square in [4] 
and a I-cube of length n is just a set with n elements. A k-cube of length 2 
is also called a parallelepiped of dimension k; see Hare [11]. 
Lemma 2.2. (a) If E = AB where A and B are infinite subsets of G then E 
contains an infinite square. 

(b) Suppose that E c G. If, for each n EN, there exist subsets AI' ... , Ak 
of G such that IAjl = n, i = 1, .. , , k, and AI'" Ak C E then E contains 
large k-cubes. 

(c) If E = AB where A, BeG, A is infinite and IBI = n, then there exists 
an infinite set Al C A such that AlB is a strip (of width n). 
Proof. (a) Suppose that we have chosen An = {a l ,· .. , an} C A, Bn = 
{b l , ... , bn} C B such that IAnBnl = n2 • Choose an+1 E A\AnBnB;;1 and 
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then choose bn+, E B\A~1,An+,Bn where An+, = {a, ' ... , an+,}. Let Bn+, = 
{b" .. , , bn+,}. Then IAn+,Bn+,1 = (n + 1)2. Thus, by induction, E contains 
an infinite square {ajbj : i, j E N} . 

(b) For k = 2, this result was proved in [13, p. 8]. In general, using the 
method of [13], it is not hard to show, by induction on k, that if Bj C G, 
IBjl = n2j-, + 1, i = 1, ... , k, then there exist Aj C Bj such that IAjl = n 

k and IA," ·Akl = n . 
We omit the simple proof of (c). 

Note that the proof of (a) also shows that if {aJ and {bj} are two sequences 
of distinct elements in G then E = {a j b j: i EN, 1 ::; j ::; n} contains an 
infinite triangle. 

As usual, 100 (G) denotes the space of bounded complex-valued functions 
on G with sup norm. For f E 100 (G) and x E G, xf E 100 (G) is defined 
by xf(y) = f(xy) , y E G. f E loo(G) is said to be weakly almost periodic 
(w.a.p.) if the left orbit 0L (f) = Cf: x E G} of f is relatively weakly com-
pact in 100 (G). WAP( G) , the space of w.a.p. functions on G, is a translation 
invariant C· -subalgebra of 100 (G) and, by Ryll-Nardzewski's fixed point theo-
rem [19], it has a unique two-sided invariant mean mG' The following result 
of Grothendieck [10] is the basic tool in our study of w.a.p. functions. 

Lemma 2.3 (Grothendieck's criterion). f E 100 (G) is w.a.p. if and only ifwhen-
ever {xJ and {Yj} are two sequences in G and limjlimjf(xjY) and 
limj limj f(xjy) exist, then they are equal. 

If E is a subset of G and A a subalgebra of loo(G) then loo(E) is said 
to reside in A, or, in short, E is an RA-set, if whenever f E loo(G) and f 
vanishes off E then f EA. Clearly, the union of two RA-sets is an RA-set. 
For convenience, RWAP(Gfsets will be called Rw-sets. Since T-sets are Rw-sets 
(see [4, Lemma 3.2]), finite unions of T-sets are Rw-sets. 

Proposition 2.4. Let E be a subset of G. Then the following two conditions are 
equivalent: 

(1) E is an Rw-set; 
(2) if {a j: i EN} is a sequence of distinct elements in G then both the sets 

A = {x E G: xaj is eventually in E}, 

B = {x E G: ajx is eventually in E} 

are finite. 
Proof. (1) => (2). Suppose that B is infinite. Then there exists a sequence 
of distinct elements {bj:j E N} in G such that for each j, {ajb/ i E N} 
is eventually in E. By replacing {aj} and {bj} by subsequences, we may 
assume that {ajb/ i, j E N} is an infinite square; see Lemma 2.2(a). Define 
f E loo(G) by setting f(ajb) = 1 if ajbj E E and i ~ j and f(x) = 0 for all 
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other x E G. Then 

li~lim/(aib) = 0, li~lim/(aib) = 1, 
I ] ] I 

and hence, by Lemma 2.3, I ¢ W AP( G). Since I vanishes off E, by defini-
tion, E is not an Rw-set. Similarly, if A is infinite then E is not an Rw-set. 

(2) => (1). Suppose that (2) holds. Since WAP(G) is a norm closed linear 
space, to show that E is an Rw-set, it suffices to show that XA E WAP(G) for 
each AcE. By Lemma 2.3, it suffices to show that whenever {aJ and {bj} 
are two sequences in G such that 

LI = limlimXA(aibj ) , L2 = limlimxA(aib) 
] I I ] 

exist then LI = L 2. It is easy to see that if either {aJ or {bj} is eventually 
a constant then LI = L 2. Therefore, we only have to consider the case that 
{aJ and {bj} are sequences of distinct elements. We claim that in this case 
LI = L2 = o. Indeed, if, say, LI = 1 then there exists jo such that if j ~ jo 
then limi xA(aib) = 1, i.e., for j ~ jo' {aib/ i E N} is eventually in E. 
Therefore B is infinite, a contradiction. 

Remarks. (1) In order to show that weak Sidon sets ae Rw-sets, we presented 
the above proposition at the 1982 Summer Meeting of the American Mathe-
matical Society in Toronto; see Abstracts Amer. Math. Soc. 3 (1982), p. 353. 
Meanwhile, Ruppert has obtained, independently, several characterizations of 
Rw-sets in [18]. His condition (ii) in Theorem 7 of [18] is equivalent to our 
condition (2) above. For the sake of completeness, we include a proof of our 
proposition here. 

(2) As usual, if {AJ is a sequence of sets then liminf Ai = U::~d (n:n Ai)· 
The above proposition states that E is an Rw-set if and only if lim inf aiE 
and liminf Eai are finite for any sequence {ail of distinct elements in G. 

(3) It is not hard to see that the above proposition can be also stated as 
follows: a subset E of G is an Rw-set if and only if it does not contain 
infinite triangles. 

Lemma 2.5. II E is an Rw-set in an infinite group G, then mG(XE) = o. 
Proof. Since XE E WAP(G), mG(xE) is well defined. By Ryll-Nardzewski's 
fixed point theorem [19], mG(xE) = c is the unique constant in the closed 
convex hull of 0L (XE)· If c > 0, then there exists L:;=I AiXxE E co 0L (XE) 
(the convex hull of 0L(XE)) such that I 

This implies that U;=I xiE = G. Since E is an Rw-set, so are xiE, i = 
1, ... , n. Therefore, G = U7=1 xiE is also an Rw-set and hence WAP(G) = 
100 (G) . This contradicts the well-known fact that WAP( G) ct. 100 (G) ; see [3, p. 
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68]. (We can also argue as follows: since G clearly contains infinite triangles, 
by Proposition 2.4, it is not an Rw-set.) 

A group G is said to be amenable if [00 (G) has a left invariant mean f.l: f.l E 
[oo(G)*, 1If.l1l = 1, f.l ~ 0 and f.lUxl) = f.l(/) for all IE [oo(G) and x E G. 
For example, solvable groups are amenable but nonabelian free groups are not 
amenable; see Pier [14]. If G is amenable, let LIM(G) be the set of all left 
invariant means on G and, for E c G, let dl(E) = sUP{f.l(XE):f.l E LIM(G)} , 
the left upper density of E. For amenable G, if XE E WAP(G) then mG(XE) = 
dl(E) . Therefore, by the above lemma, if dl(E) > 0 then E is not an Rw-set. 
By Proposition 2.4, we obtain the following. 

Corollary 2.6. II G is an infinite amenable group, E c G and dl(E) > 0 then 
E contains infinite triangles. 

Remark. Let Z be the additive group of integers. It is easy to construct a 
subset E of Z such that (i) E contains infinite triangles, (ii) dl(E) = 0 
and (iii) E does not contain arithmetic progressions of length 3. Note that a 
celebrated result of E. Szemirecti [20] states that if E c Z and dl(E) > 0 then 
E contains arbitrarily long arithmetic progressions; see Furstenberg [9] for an 
ergodic theoretical proof of this result. 

Let C· (G) be the completion of [' (G) with respect to the maximal C· -norm 
11·11*: for IE['(G), 

11/11* = sup{lIn(f)II: n a unitary representation of G}, 

where n(/) = 2::{/(x)n(x):x E G}. Then the dual Banach space of C*(G) 
can be identified with B( G) (the Fourier-Stieltjes algebra of G) which consists 
of coefficient functions of unitary representations of G. Let B). (G) be the 
algebra of coefficient functions of unitary representations of G which are weakly 
contained in the left regular representation A. Then B;. (G) can be identified 
with the dual Banach space of C; (G) ,the C· -algebra generated by {A(/): I E 
[' (G)}. See Eymard [8], for definitions and results mentioned in this paragraph. 

If E is a subset of G and I E [' (E) then I will be identified with the 
function on G which equals I on E and is identically zero off E. For 1 ~ 
p < 2, a subset E of G is called a weak p-Sidon (p-Sidon) set if there is a finite 
constant r such that 1I/IIp ~ rll/li. (11/1Ip ~ rIlA(/)II) for each I E [' (E) . 
Note that p-Sidon sets are always weak p-Sidon and if G is amenable then 
weak p-Sidon sets are p-Sidon, since, in this case 11/11. = IIA(/)II, IE [' (G) ; 
see [8]. For abelian G, a weak p-Sidon set is just a p-Sidon set as defined by 
Edwards and Ross [7]. Note also that (weak) I-Sidon sets are just (weak) Sidon 
sets as defined by Picardello [15]. Furthermore, a subset E of G is a weak 
Sidon set (Sidon set) if and only if B(G)IE = [OO(E) (B).(G)IE = [OO(E)). We 
showed in [4] that weak Sidon sets do not contain large squares. This result can 
be strengthened somewhat with a minor change of the proof. 
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Proposition 2.7. If 1 :::; p < 4/3 and E is a weak p-Sidon set in G then E 
does not contain large squares. 
Proof. The proof is similar to that of Proposition 3.4 of [4]. We will give only 
an outline here. Suppose that E contains large squares. Then for each n, 
choose a square S = AB in E of length n, where A = {ai' ... , an} and 
B = {bl , ... , bn }. Let (u j ) be an n x n unitary matrix with complex entries 
and with IUijl = 1/.Jii. Let g = E7,j=1 Ujia;bj where for t E G, t5t denotes 
the function on G which equals 1 at t and zero elsewhere. Then 

On the other hand, as proved in [4], Ilgll. :::; n. Therefore, if E is a weak 
p-Sidon set, then 2/p - 1/2:::; 1 or p ~ 4/3, a contradiction. 

When G is abelian, the above result is due to Edwards and Ross [7, Corollary 
2.7]. 

Corollary 2.S. For 1 :::; p < 4/3, if E is a weak p-Sidon set in G then E is an 
Rw-set; in particular, XE E WAP( G) . 
Proof. By Proposition 2.7, E does not contain large squares and hence it does 
not contain infinite triangles. By Proposition 2.4, E is an Rw-set. 

Remarks. (1) If G is an infinite abelian group, then it contains an infinite 
square S such that S is a 4/3-Sidon set; see [7, Corollary 5.5]. By Proposition 
2.4, S is not an Rw-set. Therefore the above result does not hold if p ~ 4/3. 

(2) If the set E in the above corollary is countable, one can actually conclude 
that E is a finite union of T -sets; see §4. 

(3) If G is abelian, a well-known result of Drury [6] states that if E is a 
Sidon set then XE E B(G)- , the uniform closure of B(G). Note that, for every 
infinite group G, B(G)- is properly contained in WAP(G); see [4]. 

Lemma 2.9. For E c G and n EN, consider the following conditions: 
(i) E is a union of nT-sets; 

(ii) E contains no strips of width n + 1 ; 
(iii) for any finite set F in G, {x E G: IxFnEI > n} and {x E G: IF xnEI > 

n} are finite. 
Then (i) ~ (ii) and (ii) ~ (iii) . 
Proof. (i) ~ (ii). Let E = EI U ... U En where E I ,··., En are T-sets. 
Suppose that E contains a strip C of width n + 1, say C = BA where 
B = {b l , ... ,bn+l } and A = {ai' a2 , ••• }. By replacing A = {aj} by a sub-
sequence, if necessary, we may assume that, for each 1 :::; i :::; n + 1, bjA is 
contained in some E k' 1 :::; k :::; n. So there exist ii' i2 E {I , 2, ... , n + I} , 
i[ =I i2 , such that b. Au b A C Ek for some 1 :::; ko :::; n. This contradicts the 

I} '2 0 

fact that Ek is aT-set. 
o 
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(ii) '* (iii). Suppose that there exist a finite set F and a sequence of distinct 
elements {xk} in G such that IxkFnEI > n for all k. Then for each k there 
is a set Fk C F such that IFkl = n + 1 and xkFk C E. Since F contains only 
finitely many subsets with cardinality n + 1 , there exists an infinite subset I of 
Nand F' c F such that, if k E I, then Fk = F'. Then {xk: k E I}F' is a 
strip of width n + 1 contained in E. 

For convenience, we call a set E in G an FT-set if it is a finite union of 
T -sets. It is not hard to see that a subset E of G is aT-set if and only if 
given any finite subset d of G there exists a finite subset F of E such that 
x , y E E\F and x =I- y imply xy -I , X -I Y ¢ d. Therefore, in the terminology 
of [13, p. 112], a set E is a T-set if and only if it tends to infinity. 

3. EXISTENCE OF Rw-SETS WHICH ARE NOT FT-SETS 

As in [4], a subset E of G is said to be relatively dense if there exist finite 
sets X and Y such that G = XEY. We need the following result of ours in 
[4]. 

Lemma 3.1. Let S be a relatively dense subset of G and F a finite subset of 
G, e ¢ F. Then there exists a relatively dense subset E of S such that 

(xE n E) u (Ex n E) = 0 

for x E F. 

Lemma 3.2. Let P be a relatively dense subset of G, say G = X PY where X 
and Yare finite. Then for each positive integer n there exists a finite set E 
such that the set 

Q = {x E G: IxEb -I n PI ~ n for some bEY} 

is relatively dense in G. In particular, Q is infinite. 
Proof. Choose any finite subset E = {zi ' ... , zk} of G such that k = lEI = 
IXIIYln. Fix x E G. Then, for each 1 ~ i ~ k, xZi can be written as 
xZi = aiPibi where ai EX, bi E Y, and Pi E P. For (a, b) E X x Y, let 

l(a,b)={i:1 ~i~k, ai=a, bi=b}. 

Then U{I(a.b): (a, b) E X x Y} = {I, 2, ... , k}, and hence 

k = l:)I/(a.b)l: (a, b) E X x Y}. 

Since k = IXIIYln, there exists (c, d) E X x Y such that I/(c.d)1 ~ n. If 
i E I(c.d) then 

-I -I -1-1 c xzid =PiE(C xEd )np 

and the Pi'S, i E I(c. d) , are distinct. Therefore, c -I x E Q. Thus G = X Q 
and hence Q is relatively dense. 

We are now ready to give the main result of this section. 
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Theorem 3.3. Let G be an infinite group. Then there exists a subset D of G 
such that 

(a) D is not an FT-set; 
(b) D is an Rw-set. 

Proof. Without loss of generality, we may assume that G is countably infinite. 
Then there exists a sequence of finite symmetric subsets {Fn} of G such that 

e E FI C F2 C ... , and G = U Fn . 

(A set BeG is symmetric if B = B- 1 .) By Lemma 3.1, we can find a sequence 
of relatively dense subsets Sn of G such that SI J S2 J ... , and 

(3.1) (xSnnSn)u(SnxnSn) =0, ifxEFn\{e}. 

For each n, choose finite sets Xn and Yn such that XnSn Yn = G. By Lemma 
3.2, for each n EN, there exists a finite set En such that 

-I 
Qn = {x E G: IxEnb n Snl ~ n for some b E Yn} 

is infinite. 
Fix infinite subsets N I , N2, . .. of N such that Ni n Nj = 0, if i I- j , and 

NI U N2 u· .. = N. Then for each n E N there is a unique positive integer O'(n) 
such that n E N(J(n) . 

Choose tl E Q(J(I) , bl E Y(J(I) such that ItIE(J(I)b;1 nS(J(I)1 ~ 0'(1). Suppose 
that we have chosen tj' bj in G, j = 1 , ... , n, such that the tj's are distinct, 
bj E Y(J(j) and if Dj = tjE(J(j)bjl nS(J(j) , then ID) ~ O'U) and FjDjFj n (DI u 
... U Dj _ l ) = 0, for 2 ~ j ~ n. Now since Q(J(n+l) is infinite there exists 
tn+1 E Q(J(n+l) such that 

-I 
(3.2) tn+1 ~ Fn+1 (DI U··· U Dn)Fn+1 Y(J(n+I)E(J(n+l) U {tl ' ... , tn}· 

Since tn+1 E Q(J(n+I) ' there exists bn+1 E Y(J(n+l) such that if Dn+1 = tn+l · 

E(J(n+l)b;;1 n S(J(n+l) then IDn+11 ~ O'(n + 1). By (3.2), 

Fn+IDn+IFn+1 n (DI U··· U Dn) = 0. 

Therefore, by induction, we can construct two sequences {tn } and {bn } in G 
such that the tn's are distinct, bn E Y(J(n) and if Dn = tnE(J(n)b;1 n S(J(n) then 

(3.3) IDnl = IDn n S(J(n) I ~ O'(n); 

(3.4) 

Since Dn c S(J(n) , (3.1) implies that 

(3.5) if x E F(J(n)\{e} , then (xDn n Dn) U (Dnx n Dn) = 0. 

Also note that, as a consequence of (3.4), we have 

(3.6) if x E Fn , m ~ n and II- m, then (xDm n D,) U (Dmx n D,) = 0. 
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We claim that D = U:I Dn satisfies conditions (a) and (b) in the statement of 
the theorem. 

We will first prove that D satisfies (a). Fix kEN. Note that if n E Nk 
then b n E Yk . Since Nk is infinite and Yk is finite, there exist an infinite 
subset Ik of Nk and an element bE Yk such that if n Elk then bn = b. Let 
Fk = Ekb- I . Then, for n E Ik , 

-I 
D n tnFk = D n tnEkbn ::> Dn , 

and hence ID n tnFkl ~ IDnl ~ k. Since Ik is infinite and {tn: n E N} is a 
sequence of distinct elements in G, by (i) * (iii) of Lemma 2.9, we conclude 
that D is not a union of k - 1 T-sets. Since kEN is arbitrary, D is not an 
F T -set, as claimed. 

It remains to show that D satisfies (b). To this end, first let x E Fk \{e}, 
k ~ 2, be fixed. Then, by (3.6), 

(3.7) xDnDc {(xDI u···uxDk_l)nD}u {U (XDmnDm)} . 
m~k 

Note that if m (j. NI U ... U Nk_ 1 ,i.e., a(m) ~ k, then x E Fk C Fa(m) , and 
hence, by (3.5), xDm n Dm = 0. Therefore, (3.7) implies that 

(3.8) xDnDcFxu(U{XDmnDm:mENIU ... UNk_I}) ' 

where Fx = (xD I U·· ·uxDk_l)nD is a finite set. Now assume that {a j: i EN} 
is a sequence of distinct elements in D, x E Fk \{e} and {xa1 , xa2 , ••• } 

is eventually contained in D; in other words {a j } is eventually contained in 
x-ID n D. Since X-I E Fk \{e}, by (3.8), {aJ is eventually contained in 
U{Dm: mE NI U··· U Nk_ I}. Similarly, we can prove that if x E Fk \{e} and 
{a j} and {ajx} are both eventually contained in D then {a j} is eventually 
contained in {Dm: mE NI U··· U Nk_ I}. 

Suppose that D is not an Rw-set. Then, by Proposition 2.4, there exist two 
sequences {aJ, {Yj} of distinct elements in G such that either 

(I) {yja j : i E N} is eventually contained in D for each j, or 
(II) {ajYj: i EN} is eventually contained in D for each j. 

By symmetry, we only have to consider case (I). By renaming the two given 
sequences, we may also assume that Y I = e. Then, as demonstrated in the 
above paragraph, {aJ is eventually contained in U{Dm: mE NI U··· U Nk_ l } 
for some fixed k ~ 2. By taking a subsequence, if needed, we may assume 
that {aJ is contained in U{Dm: m E Nko } for some fixed ko. Assume that 
aj E Dm; where mj E Nko . We may further assume that the mj 's are distinct. 
For a fixed j, j =f 1, since {aJ is eventually contained in Dnyjl D, by (3.7), 
aj E Y j I D m n D m when i is sufficiently large. Thus, for each lEN there 
exists an i ~uch that 
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This is impossible, since IDm;1 :5 IEkol for each i. Therefore, D is an Rw-set 
as claimed. 

Remarks. (1) If G is an abelian group then the above proof can be simplified 
somewhat. Our result seems to be new even for G = Z, the additive group 
of integers. However, for Z the set D can be constructed more explicitly as 
follows. 

Write N as a disjoint union of infinite sets Nk , k = 1, 2, ... , and de-
fine a(n) as before. Define blocks of consecutive positive integers Cn , n = 
1 , 2, ... , inductively so that 

(3.9) 

(3.10) 

min Cn+t > max Cn + n , 

2 ICnl = (a(n) + 1) . 
2 Assume that Cn ={tn ,tn +1, ... ,tn +(a(n)+1) -I}. Let 

I n = {tn' tn + (a(n) + 1), tn + 2(a(n) + 1), ... , tn + a(n)(a(n) + I)} 

and D = U: t I n • Then D is an Rw-set but is not an FT-set. 
(2) Let GW be the weakly almost periodic compactification of the discrete 

group G. We can consider G as a subset of GW • Then the multiplication 
on G can be extended to GW which makes GW a semigroup with separately 
continuous multiplication; cf. [3]. In particular, G acts on the compact space 
GW by left multiplication. From the definition of Rw-sets, it is easy to see 
that a subset E of G is an Rw-set if and only if XE is w.a.p. and E- (the 
closure of E in GW ) is the Stone-tech compactification of E; see Ruppert 
[18]. W E GW \ G is said to be strongly G-discrete if there is a neighborhood U 
of W in GW\G such that xUnyU = 0 if x, y E G, x =f. y. Note that if E is 
an FT-set and WE E-\G then W is strongly G-discrete. On the other hand, 
if D is the Rw-set constructed in Theorem 3.3, then D- is homeomorphic to 
PD and there exists WE D-\G such that W is not strongly G-discrete. 

(3) The set D constructed in Theorem 3.3 contains large squares, since it 
contains wide strips. Therefore the Rw-set D is not a weak Sidon set. Hence 
it implies the known result that B(G)- is properly contained in WAP(G) for 
every infinite group G; see [4]. 

4. FURTHER RESULTS ON FT-SETS 

Dechamps-Gondim proved in [5] that countable Sidon sets in abelian groups 
are FT-sets. She has actually obtained the following result in her proof: if E 
is a countable subset of an abelian group G and if E does not contain wide 
strips then E is an FT-set. Her proof, with some minor modifications, also 
works for nonabelian groups. 

Theorem 4.1. A countable subset E of a group G is an F T -set if and only if it 
does not contain wide strips. 
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Proof. The "only if' part of the theorem is true no matter whether E is count-
able or not; see (i) ~ (ii) in Lemma 2.9. We will now outline the proof of the 
"if' part in four steps. Assume that E is a countable subset of G which does 
not contain strips of width n + 1 . 

(I) Given any finite set Ll in G, there exists a finite subset F of E such 
that 

(4.1) IXLln(E\F)I~n, xEG. 
Indeed, by (ii) ~ (iii) in Lemma 2.9, the set F' = {x E G: IXLl n EI > n} is 

finite. Let F = F'll. Then (4.1) holds. See also Lemme 6.1 of [5] and Lemma 
8.8 of [13]. 

(II) Given any finite set Ll C G, E can be written as a disjoint union E = 
F U (UiE1 F) where F is finite, for i E I, Wil ~ n, and Fi- I Fj n Ll = 0 if 
iI-i· 

This is Lemme 6.2 of [5]; see also Corollary 8.10 of [13]. We include an 
outline of its proof here. We may assume that Ll is symmetric and e E Ll. By 
(I) there exists a finite set F such that 

(4.2) IXLl n n (E\F) I ~ n 
for all x E G. A finite set of the form 

{x, xtl ' xtl t2 , ... , xtl ... tk _ 1 = y} 
is called a Ll-chain in E\F if it is a subset of E\F and t l , ... , tk _ 1 Ell. For 
x , y E E\F , we define x "" y if there is a Ll-chain from x to y. Then "" 
is an equivalence relation. Note that if x "" y, x I- y , then x and y can be 
linked by a Ll-chain XI = x, x 2 = xtl ' ... , x k = xtl ... tk _ 1 = y such that 
XI' ... , xk are distinct. By (4.2), k ~ n. Therefore if X is an equivalence 
class and Xo E X then any element of X is of the form xot for some t E Lln . 
By (4.2) again, IXI ~ n. Clearly, if x and yare in different equivalence classes 
then x -I y ¢ Ll. Thus the Fi 's in (II) can be taken to be the equivalence classes 
of "". 

(III) There exist Ei , i = 1, ... , n, such that E = EI U··· UEn and each Ei 
satisfies the condition that Ei n XEi is finite if x E G, x I- e. 

Follow the proof of Theorem 9.1 of [13]. But, unlike the proof there, the set 
E is not assumed to be symmetric and we apply (II) instead of Lemma 8.9 of 
[13]. Note that the countability of E is needed in the proof of (III). 

(IV) E is an F T -set. 
Write E = U;=I Ei as in (III). By symmetry, each Ei can be written as 

Ei = U]=I Eij where, for each (i, i), Eijx n Eij is finite whenever x I- e. 
Therefore, E = U;,j=1 Eij and each Eij is aT-set. 

Corollary 4.2. Assume that E is a countable weak p-Sidon set in a group G 
where 1 ~ p < 4/3. Then E is an FT-set. 
Proof. By Proposition 2.7, E does not contain large squares and hence does 
not contain wide strips. By the above theorem, E is an FT-set. 
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Remarks. (1) As mentioned in §2, if p ~ 4/3 then the above corollary is not 
true. 

(2) We do not know whether Theorem 4.1 or Corollary 4.2 holds for un-
countable sets. Using completely different arguments, Bourgain [2, Corollaire 
3.5] proved that Sidon sets in abelian groups are always FT-sets. However, his 
proof does not carry over to the case of p-Sidon sets if p > 1 . A subset E of 
an abelian group G is said to be exactly p-Sidon if E is p-Sidon but is not 
q-Sidon for any q < p. Blei [1] proved that for any p, 1 < p < 2 , and for any 
infinite abelian group G, there exists a countable subset E of G such that E 
is exactly p-Sidon. If p < 4/3, by Corollary 4.2, his countable p-Sidon set is 
an FT-set. 

We prove in [4] that, given any infinite group G, there exists aT-set E in 
G which contains large squares. This is the key step to show that B(G)- ~ 
W AP( G) for any infinite group G; see [4]. (For abelian G this result is due to 
Rudin [17] and Ramirez [16].) It turns out that a T-set can even contain large 
k-cubes for any given k. To prove this we need the following refinement of 
Lemma 3.6 of [4]. 

Lemma 4.3. There is afunction a: NxN --t N such that whenever A = A, ... Ak 
is a k-cube of length a(k, n) and is contained in the union of two subsets E, 
and E2 of a group G then there exist subsets Bi of Ai' such that IBil = n, 
i = 1, ... ,k, and B = B, .. ·Bk is contained in either E, or E 2 . 

Proof. Let a( 1 , n) = 2n. For k ~ 2, define a(k, n) inductively, by setting 

a(k, n) = 2n (a(k -n 1 , n) r-' 
(For integers m, n, 0:::; m :::; n, (~) = m!(n~m)! .) Then a is the function we 
want. We will prove this by induction on k. 

A I-cube of length n is just a finite set with n elements. If AcE, U E2 ' 
IAI = 2n = a( 1, n) then clearly there is a subset B of A such that IBI = nand 
B is contained in either E, or E2 • Suppose that our result holds for k - 1. 
Let A = A, ... Ak be a k-cube of length a(k, n) and AcE, U E 2 . Choose 
subsets A~ of Ai' i = 1, ... , k - 1, such that IA~I = a(k - 1, n). For each 
Y E A k , 

I I I -, -, 
A = A", ·Ak_, c ElY UE2y . 

Therefore, by inductive assumption, for each y E Ak ' there exists a (k - 1 )-cube 
K(y) = A,(Y)" ·Ak_,(Y) of length n where Ai(y) C A~ and K(y) iscontained 
in either E,y-' or E 2y·-' , or equivalently, K(y)y is contained in either E, 
or E 2 . Clearly, there exists a set A~ c Ak such that IA~I = (1/2)a(k, n) and 
either (i) K(y)y c E, for all y E A~ or (ii) K(y)y c E2 for all y E A~ . 
Suppose that (i) holds. Let {CI ' ... , C,} be the collection of subsets of A' of 
h .. "" '" I "I . k t e lorm AI ... A k_, where Ai c Ai and Ai = n, 1 = 1, ... , - 1. Note 
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that I = ('Jt(k-,/ . n) )k-I . Let 

Di = {y E A~:KCY) = CJ, i=I, ... ,1. 

Then U~=I Di = A~. Therefore, there exists some io such that IDio I > n; 
otherwise, 

nl = !aCk, n) = IA~I < nl, a contradiction. 
"{ } . "" "" Choose Ak = YI"'" Yn C Dio and wnte Cio = AI" ·Ak_ l • Then Al .. ·Ak 

eEl' This completes the proof of the lemma. 

The above lemma implies that every relatively dense subset of an infinite 
group contains large k-cubes for each kEN; see [4, p. 146]. As a consequence, 
we can follow the proof of Proposition 3.10 of [4] to obtain the following. 

Theorem 4.4. Let G be an infinite group. Then for each n E N there exists an 
n-cube Kn of length n in G such that E = U:I Kn is aT-set. 

Johnson and Woodward [12] proved that if a subset E of an abelian group 
contains large k-cubes then it is not a p-Sidon set for any p < 2kjCk + 1). 
Therefore Theorem 4.4 has the following consequence. 

Corollary 4.5. Let G be an infinite abelian group. Then there exists aT-set E 
in G such that E is not a p-Sidon set for any 1 ~ p < 2 . 

We do not know whether the above corollary holds for general infinite groups. 
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