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THE 27-DIMENSIONAL MODULE FOR E_, 111

MICHAEL ASCHBACHER

ABSTRACT. This is the third in a series of five papers investigating the subgroup
structure of the universal Chevalley group G = E,(F) of type E¢ over a field
F and the geometry induced on the 27-dimensional FG-module V by the
symmetric trilinear form f preserved by G. The series uses the geometry
on V to describe and enumerate (up to a small list of ambiguities) all closed
maximal subgroups of G when F is finite or algebraically closed.

The main result of this third paper is Theorem 3 in §1, which shows that the
normalizer of any solvable subgroup of G not contained in Z(G) stabilizes
one of several structures on V. The action of G on these structures and
the stabilizer in G of each structure are also described. In addition various
secondary results are established. For example G-classes of elementary abelian
p-subgroups are nearly enumerated when p = 2 or 3 and p is distinct from
the characteristic of G.

Cohen, Liebeck, Saxl, and Seitz have announced a classification of the local
maximal subgroups of finite exceptional groups of Lie type. Also the Lie the-
ory gives a lot of information about local subgroups when F is algebraically
closed or finite. The approach here is different and in general more naive and
elementary. The theory of algebraic groups is not required and the emphasis
is on describing subgroups of G concretely in terms of the representation of
G on V and the geometry of V' rather than in abstract group theoretic or Lie
theoretic terms. ‘

§1 contains a discussion of notation and terminology and a precise statement
of the main theorem. We will refer extensively to results from parts I and II
of this series [1]. Lemma x.y.z of part I will be referred to by the label 1.x.y.z.
There is a summary of some of the most important facts from parts I and II in

§1.

1. THE E, SETUP

In the remainder of this paper we continue the hypotheses and notation of
883 and 4 of part 1. In particular, V' is a 27-dimensional vector space over a
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field F with basis
X=(x,x,x,;:1<1,j<6,i<]),

and for i < j, Xy = —X;. Further, f is the symmetric trilinear form on V
whose monomials in X are
li . . . .
XXX, 1<0,j<6, i#],
X14,2d%3d ,4d%5d  6d > d € Coset,

where Coset is some set of coset representative for Alt, in Alt. Alt is the
alternating group on {1, ..., 6}, and Alt, is the stabilizer in Alt of the parti-
tion

P= {{19 2}9 {3> 4}9 {57 6}}
of {1, ..., 6}. Further,let # = (T, Q, f) be the 3-form defined by f, which
makes X singular and brilliant (cf. the discussion in §2 of part I, particularly
the definition of the notion of a 3-form and 1.2.14).

Let G=0(V,%) and A =A(V,.%) be the group of isometries and sim-
ilarities of (V', f), respectively. (Similarities are maps g of V' preserving f
up to a scalar multiple A(g).) By 1.5.4, G is the universal Chevalley group
E((F). Denote by I' = I'(V, #) the group of semilinear maps g on V
such that f(xg, vg, zg) = A(g)f(x, v, z)°® forall x,y, z€ V and some
A(g) € F' and o(g) € Aut(F). Write ¢ for the transpose inverse map on
GL(V) defined by X and let ¢ be the polarity of V' induced by X . Then ¢
induces an automorphism of G nontrivial on the Dynkin diagram of G, and
if F is finite or algebraically closed, then Aut(G) =T{&)/Z(A).

In §2 of part I, we find that for x € V', Q induces a quadratic form Q_ on
V' which has the f-induced form f as its associated bilinear form. Further,
XA is defined to be the radical of f and for U < V', UA = (), ., xA and
U6 consists of those v in V' such that U is totally singular with respect to
Q,. Both UA and U@ are subspaces of V. We say U is singular if U is
contained in UA and we say U is brilliant if U is contained in U6 and the
cubic form T of & istrivialon U. A point (v) is dark if T(v) #0.

For 1 <k <6 but k # 5, define

V,=(x,:1<i<6), V¥V =(x:1<i<k).
Further, define
Vis = (x5 1, ), Us = (V,, xs), Vi = (Vs Xs6) s
Vio={(Us, Xg;3 1 <1 <5), Via=Ve+ Ve

and
/ ! /
Vo = (X1, Xyg» Xt X5 Xg» Xpg 0 XX 5 X)) -

Denote by 7] the set of conjugates of V, under G for 1 <i<6,and i =
9,10, 12. Define G, = N,(V;) and A, = N, (V) for i€ {1, 2,3,5,10,6}.
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Let L = SL(V,) and represent L on ¥, so that the map x; — x; is an
F L-isomorphism. Represent L on Vs so that the map x;; — x; /\x; is
an F L-isomorphism of V|, with the exterior square of the dual of V, where
(x;.‘ : 1) is the dual basis to (x; : {). Thus we may regard L as a subgroup of
SL(V). By 1.3.2, L is a subgroup of G.

Denote by X the set of points generated by elements of X and let H, and
H(A) denote the subgroups of G and A fixing each point in X , respectively.
There is a description of the elements in H, and H(A) in §3 of part L

For M < G, write R(M) for the unipotent radical of M. If g is a prime
power and p a prime with (¢, p) = 1, then a’q(p) denotes the least positive

integer d with qd =1lmodp.

Given a positive integer i, write {,(U) for the subspace of V' generated
by the subspaces WA, as W varies over the i-dimensional subspaces of U .
Write {(U) for {,(U) and V(U) for {,(U).

A line [ is hyperbolic if [ is generated by singular points 4 and B with
A £ BA. In that event 4 and B are the unique singular points in /. By 1.6.4,
each line of V' generated by singular points is singular or hyperbolic, and G is
transitive on singular lines and on hyperbolic lines.

By l.6.6 and 1.6.7, if U is a nonsingular subspace contained in some member

of 7],, then U is contained in a unique member of 7|, , which we denote by
®(U). Thus each hyperbolic line (x, y) is in a unique member ®(x, y) of
2o

An n-tuple (4, : i) of singular points is special if each of the lines 4, + A ;
is hyperbolic and A4, £ (4 i+ A,)0 for all distinct i, j, k. A plane is special
if it is generated by a special triple. By 1.6.9, G is transitive on special planes.
Write %, for the set of special planes.

Define a subgroup M of I' to be brilliant if M stabilizes some member
of 7/, i=1,2,3,5,6,10,9, or 12. By Theorem 1 in part I, if U is a
nontrivial brilliant subspace of V' generated by singular points then N (U) is
a brilliant subgroup of G.

For U <V, write Z{(U) for the set of members of 7 contained in U.
For U € 7 let Op(U) consist of those Z € Z; such that ZNnV(U) =0.

Given an extension K of F , write UX for k® U when U is a subspace of
V. Denoteby % the forminducedon VX by & andlet G¥ = o(v*, %).

A 9 -decomposition of V is a set S of nine special planes such that for each
A, B in S, A isincident to B and X(A4, B) isin .S, in the notation of part
I, §3. A 3 -decomposition of V' is a decomposition V' = 4, ® 4, A, such that
for some 9-decomposition S of V', 4, = A+B+XZ(A4, B) forsome 4, B€ S.
By I1.3.5, G is transitive on 9-decompositions and 3-decompositions of V.
Also each member of a 3-decomposition is in 7; and conversely by I1.3.6, each
member of 7{ is in a unique 3-decomposition of V.

A subspace U of V is totally dark if each point of U is dark. Suppose
F is finite. A twisted special plane is a totally dark plane U such that for



48 MICHAEL ASCHBACHER

some cubic extension K of F, U¥ isa special plane. By 7.3, G is transitive
on twisted special planes. A twisted 9-decomposition of V is a set .S of nine
twisted special planes such that for some cubic extension K of F, S isa
9-decomposition of V. By 7.4, G is transitive on twisted 9-decompositions
of V. A twisted 9-subspace is a 9-dimensional subspace U of ¥V such that
U ¢ 7, but UX e 7, for some quadratic extension K of V. Write %, for
the set of twisted 9-subspaces of V. By 3.3, G is transitive on %, .

Let %, consist of the 6-dimensional subspaces U = (v, v,, vy, w,, w,,
w,) of V such that (v,,v,, v;, v,) is a special 4-tuple and for s € S;, w,,
is the projection of v, on (v, , v5)A with respect to the decomposition

V= (v,,v,,0;) ®(v;, 1;)A® (v, V;)AD (v,, v;)A.

By 4.5.1, G is transitive on % .

If k is a cubic extension of F , a twisted 3-decomposition of V is a k-space
structure on ¥ whose stabilizer in G is irreducible on V' and is the stabilizer
in G of a 3-decomposition of vE If Fois finite, then by 7.5, A is transitive
on twisted 3-decompositions of V.

If F contains an element of order 3 then an exotic Eg,-subgroup of G is a
subgroup E = E;, of G such that Z(G) < E, but E is contained in no Cartan
subgroup of G. We find in 8.3 that, if F is finite or algebraically closed, then
A is transitive on its exotic Ejg,-subgroups.

We now define our set & of natural structures on V. Define %,,, to
consist of members of 7/, i=1,2,3,5,6,10, 12, %,, %, dark points, 3-
decompositions, conjugates of X when |F| > 2, and exotic Eg,-subgroups of
G when F contains an element of order 3. If F is algebraically closed, let
% =%, - If F is finite, let 2 %, consist of members of 7% , twisted special
planes, twisted 9-decompositions, and twisted 3-decompositions. Further, set
E =B Y Barg -

The following theorem is perhaps the main result of this paper:

Theorem 3. Let F be finite or algebraically closed and K a closed solvable
subgroup of G such that K £ Z(G). Then:

(1) Np(K) stabilizes some member of € .

(2) A is transitive on each type of structure in % .

(3) Either B = NAm(G)(K) acts on Ny(S) for some S € € or Np.(K) acts

on some maximal parabolic P of G. For be B—-T', PN P’ isa B-invariant
Levi factor of P and P, P’ s conjugate to G, NG((D(x;, X16)) -

2. RooT GROUPS

In this section we continue the hypotheses and notation of §1. Denote by &
the set of all conjugates of the root group {X(¢):¢€ F} (cf. part I, §3). Recall
7, denotes the set of all conjugates of V. Then 7 is the set of 6-dimensional
singular subspaces of V' andfor Y € 27, [V, Y] € 7. Conversely, if U € 7,
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there is a unique member Y of 2 with U =[V, Y]. Denote this subgroup by
Z(U). Further, for M < G, write Z(M) for ZNM . Similarly for U<V,
write 7, (U) for UN7Z;.

(2.1) G¢ has five orbits 76[, 1 <i <5, on 7. These may be described as
Sfollows:

(1) 7' = {V}.

(2) %2 consists of those U € Zg with dim(UNVy) =3, U= (V;, X5, X465
Xs) €7 and U <V (V).

(3) 763 consists of those U € 7 with UNVy apoint, U = (x,, xi s X6 > X365
X465 Xs6) € 763 and UNV (V) is a hyperplane of U .

(4) 764 consists of those U € 77 with dim(UNV (V) =3, U = (x5, X4
Xse» V3)EZ and UNV, = 0.

(5) 7¢° consists of those U € 7; with UnV (V) =0. Ve 7.

Proof. By 1.1.2, it suffices to show Wyl(X), has five orbits on the set Z of U
in 7, with U=(UnX). Let V,#U €% . By1.3.6.6, d =dim(UNn¥;) <3 >
dim(UNV;) =e. As Wyl(X), induces S, on {(x,): 1 <i< 6}, we may take
UnVy=V,if d#0. Let 4= (x5, X;5, Xs6) and B = (X5, X6, X43) - If
d =3,thenbyl.3.6.5, ¥, and V,+A4 are the unique members of Z containing
V; . Thus by transitivity of G on 7] and I.1.2, each member of 7 generated
by members of X is in just two members of % . Further, we may take d < 2,
and then by symmetry take e < 2. If d = 2, then by 1.3.6.4, ¢ = 0. Thus
dim(U NV (¥;)) > 4, so conjugating in Wyl(X),, we may take 4 or B to be
contained in U. As V; and V, + 4 are the members of % containing A4, we
are done in the former case, and as the two members of Z containing B are
Wyl(X),-conjugate to the space in (3), we are done in the latter.

For U = (V,)® € 7, write Z7;'(U) for (7;")%. Further, if ¥ = 2Z(U),
write Z(Y) for the set of groups 2 (W) as W varies over 7' (U). Write
Op(U) for 7;>(U) and Op(Y) for Z,(Y).

(22) Let Ze€Z and U =V, Z]. Then:

(1) Z(Z) = Z(R(NG(Z))) - {Z}. Further if Y € Z(Z), then (Z,Y) =
Z x Y is partitioned by Z'(ZY) and N (ZY) acts transitively on Z°(ZY).

(2) Z,(Z) consists of those Y € Z commuting with Z but not contained in
RIN,X)). If Y €Z,(Z), then (Z,Y)=Z xY and Z(ZY)=1{Z,Y}.

(3) Z,(Z) consists of those Y € Z such that (Z,Y) is unipotent but non-
abelian. For Y e Z,(Z), [Z,Y)e Z(Z)NZ,(Y) and (Z,Y) is special with
(Z,Y)IZ,Y]=F*,

(4) Op(Z) consists of those Y € & such that (Z,Y) is not unipotent. For
Y €0p(Z), (Z,Y) isa conjugate of SLy({(x,, X})).

Proof. Conjugatingin G, we may assume Z < L. Now Z/(Z)NL is nonempty
for each i and the structure of (Z, Y,) is visiblein L.
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(2.3) Gy has three orbits on singular points with the following representatives:
) V<V,
(2) (xp)eV(Vy) -V,
(3) (xg) €V =V(Vy), (xANV, = (xg).

Proof. Use 1.1.2 and argue as in the proof of 2.1.

(24) Let A=V, +V,. For v=Y ax, €V, define v' =Y ax,. Then:

(1) For a€ F, define U(a) ={x+ax :x€V,}. Then S={U(a), V, :a €
F} is a partition of the singular vectors of A.

(2) If W is a singular subspace of A of dimension at least 2, then either W
is contained in a unique member of S or W = (x, x') for some 0# x € V.

(3) SLy({x,, x})) is transitive on Z{(A), and 7 (A)=S.

Proof. Let y = r + s’ be a singular vector in 4, where 0 £ r, s € Vi . Notice
rAnA = (V,,r). Then r,s', and y are singular, so s’ € ¥, NnrA = (r).
Hence s = ar for some a € F' and (1) is established. Further this shows
(r,r') and Vs are the maximal singular subspaces of rAN A4 . Therefore, if W
is a singular subspace of 4 through r of dimension at least 2, then W < ¥
or W = {(r,r'). Next it is easy to check U(a) is a conjugate of Ve under K.
Hence (1) and the observation of the previous sentence establish (2), and (3) is
also evident.

(2.5) Let T be the set of lines in the dual space VG* of Vi, S the set of singular
points of V|s, and define Z: T — S by

E=wAv:U=(u,v)),

subject to the identification of V,s with V NV asin§1. Then:

(1) E is a bijection.

(2) L istransitiveon S and T, and = commutes with the actions of LH(A)
on S and T.

3) UES(WE)A ifandonly if UNnW #£0.

(4) For xe Vg and U e T, UE € xA ifand only if x € ker(U).

Proof. Recall from 1.3.7 that G, = RLH,, where R = R(G,). Now G is
transitive on singular points in V (V) -V, by 2.3. So as V(V;) = V, + V|5 with
[R, V(Vs)] = Vg and V|5 is LH(A)-invariant, it follows that LH, is transitive
on S. As H, fixes a singular point in V|, also L is transitive on §.

Thus, as V|5 is FL-isomorphic to V" A V" via X, - x; /\x;, Z isa
permutation equivalence of the actions of L on S and 7. Further, H(A)
acts on (x;, x,) and (x,), so E is even LH(A)-equivariant. Thus (1) and
(2) are established. Next from (1) and (2), L isrank 3on S, soas (x,, X,5) is
singular but (x,,, x5,) is not, (3) holds. Similarly, x; € x,A but x, ¢ x,,A,
so (4) holds.

(2.6) Let A=V, + V6' and adopt the notation of 2.4. Let y be a singular vector
such that yANV, = (x) and yAnV, = ('), for some z € V,. Then:
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(1) y=az+bx"+u forsome a,be F*, and ue Visnix, z,x', Z)A.

(2) If (z) = (x), then az + bx' and u are singular. Further, if U is the
member of 7(A) containing az+bx', we have y e V(U) but y ¢ V(W) for
W e 7 (A)—{W}. Indeed y is conjugate under LHy, 10 x, + X| + X3,

(3) If (z) # (x), then az + bx' and u are nonsingular, y ¢ V(W) for any
W e 7 (A), and y is conjugate 10 x, + Xy + X3, — X5 under L.

Proof. Write y =r+s'+u,r,se€V,,ue€ V. Then y e xA< (V(V), x), so
(s) = (x). Similarly, (z) =(r). As re V;, < xA and y,s € xA, also u € xA.
Thus u € xANV,; < x'A. Therefore (1) holds.

Suppose (z) = (x). Then r +s’ and y are singular, and r + s’ € uA, so u
is singular. By 2.5, L is transitive on pairs a, f where o« and g are singular
points in ¥, and V), respectively, and « € fA. Thus we may take r = ax,,
s =bx,, and u = cx,,. Conjugating in H, we may take a, b, c tobeall 1.
By 2.4, r+s' is in a unique member U of 7,(A);indeed U = {t+1 :te AR
Then visibly yYANU = x,,ANU = (x,+x, : i #3,4),s0 y € V(U). On
the other hand for U # W € 7 (4), yAnW = W N (x,, xi) is a point, so
y ¢ V(W). Hence (2) is established.

So take (z) # (x). Then r + s’ is nonsingular while y is singular and
u e (r+s)A. Hence u is nonsingular. For W e Zg(A), V(IW)=W +V,,so
as the projection of y on A is nonsingular, y ¢ V(W). Conjugating in L,
we may take r = x; and s =Xx,. Let w = x,. Then

0=0,0) =0, +x)+Q,w)=1+0Q,(u),

so Q,(u) = —1. Further, B = (x, x,, x,, X;) is hyperbolic with BA a
nondegenerate 6-dimensional subspace of ®(B) with respectto Q, ,and M =
C,(w)NN,(B) induces a subgroup of O(BA, Q) containing Q(BA, Q). So
M is transitive on vectors u € BA with Q (u) = —1. Thus conjugating in M,
we may take u = x;, — X, , completing the proof.

(2.7) Let A=V, + V6'. Then N(A) = LKH, has four orbits on singular points
of V' with the following representatives:

(1) V<A, VAnA=(V,, x).

(2) (x,) V5, xpANA=(x;, x; 10> 2).

(3) (x), where x = x; + x5, has nontrivial singular projections on A and
Vis, x € V(W) for a unique W € Z((A); namely W =V, is the member of
Z¢(A) containing the projection x, of x on A, xXANA = (x, x,, X5, X, x;).

(4) (z), where z = x, +x; + X34 — X¢ has nonsingular projections on A and
Vis, 2 ¢ V(W) forany W € Z,(A), zANA = (x|, X,, X, — X;).

Proof. From 2.4, KL is transitive on the singular points of 4, and L is
transitive on the singular points of V5. So we may assume y = w + u is
singular with w € A" and u € (VIS)”. If y e V(W,) for distinct W, € 77(4),
i=1,2,then y € V(W,)nV(W,) = V5. Thus without loss, y is not in



52 MICHAEL ASCHBACHER

V (V) or V(V6’). Thus we are in the setup of 2.6, and that lemma completes
the proof, together with some straightforward calculations.

(2.8) Let S be a set of singular points of V,U =(S),and Y € . Then Y
acts on U if and only if for each s€ S-V([V,Y]), sAN[V,Y]<U.
Proof. Notice [s, Y]=sAN[V, Y] for each singular s in V - C(Y).

3. TWISTED 9-SUBSPACES

In this section we continue the hypotheses and notation of §1.

(3.1) Adopt the notation of 2.4. Let [ = (¥, ¥,) be a singular line, such that
YANW isapoint forall y € T and all W € Z((4). Let = and n' be
the projections on Vg and V., respectively, with respect to the decomposition
V=Ve V6/ ® V5. Assume (n(yz)') = (n'(yl)). Let | = (n(y,), n(y,)). Then:
() I'=({x' ), 7'(n,)) -
(2) B=1+1'"+1 is a 6-dimensional subspace of some conjugate of V,
(B, Q,) nondegenerate of Witt index 2 for each z € V — B§.

o0 With

Proof. Conjugating in G and appealing to 2.7, we may take y, = x, + x; +u,
with x,, x, € u,A and u, € V;;. Similarly we may take y, = x, + x' + u,
for some x € V,, since (n(y,)') = (7'(y,)). Suppose x & (x,,x,). Then
conjugating in L, we may assume x = X;. Now as [ is singular, 0 =
S(Xp3, V15 ¥y) = 1+ fxyy, u,uy), 50 f(xyy,u,u,) # 0. But u ,u, €
VisNx,A and hence are orthogonal with respect to fx23 , a contradiction. There-
fore (1) is established.

Let D=1[+1[. By (1), D=(x,x,,x;,x;) and u,,u, € DA, so B <
®(D), a conjugate of V|,. Let z € V' — B6. By hypothesis (and 2.7) for
y € 7”, n(y) + 7' (y) is nonsingular. Thus the projection 4 of / on D is a
definite 2-subspace of D with respect to Q,. Thus the projection of ! on
DANB = (u,, u,) is onto, and (u,, u,) is also definite. Hence (B, Q,) is of
Witt index 2. So (2) is established.

(3.2) Let U e Op(W) forall W € Z(A). Let M = (Z(V,), Z(V}), Z(U)).
Then there exists an M-invariant special triple (s, s,, s;) from V|s such that
A+ U = B, + By, + By, , where:

(1) By =(s;,)AN(A+U)=0L+L,+ 1, and |, =V, N (s,s5)A, |, =
V6’ N{(s,, $;)A, and I; =UnN (s, s,)A are all lines.

(2) For i=1,2, By, =(s;,5)AN(A+U) = ®j(ler‘| (s5, 5)4).

(3) B,, is a nondegenerate 6-dimensional subspace of Witt index 2 with
respect to st.

(4) A+ U is determined up to conjugation in N(L) by the similarity type
of (Byy, Q,).
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Proof. In proving 3.2, we continue the notation of 3.1. Notice that as U €
Op(W) for all W € Z((4), n: U — ¥, is an isomorphism by 2.6. Thus for
each u € U", the hypotheses of 3.1 are satisfied for the line /(«) of U such that
I(u) = (u, n~'(t)) and ¢ = n'(u). Hence the relation u ~ w if 1(u) = I(w) is
an equivalence relation on U U by 3.1.1.

For v € Vg, let [(v) = 7(7t_1(1)))7t. As m: U — V is an isomorphism and
~ is an equivalence relation on U’, the relation v ~ w if /(v) = [(w) is an
equivalence relation on V6m .

Let [ = I(u) < U. Without loss, / = n(/) = V,. As ~ is an equivalence
relation on VG” , I(x;)n{ = 0. Hence conjugating in N, (/)N N, ({(x;)), we may
take /(x;) = (x5, x,) . Similarly we may take /(x5) = (x5, X) .

Let C,=®(/(x,)). Then B< C, by3.1. Sofor ue!l or I, uAnl#0, so
uAnvV, <I. Thus [Z(V;), u]l = uANVy < B,so Z(V;) acts on B. Similarly,
M actson B. So M acts on ®(B) = C,. Similarly M acts on C,, for
i=1,3,5. Then M actson C,NC; = (xg), and then as M is generated by
unipotent elements, M fixes x .

Let s, = x,,, 8, = X3, ,and s = X, . Define Bij and /; as in the statement
of 3.2. By the previous paragraph (s,, s,, s;) is an M-invariant special triple.
As [ < (s,,s;)A and " and [ are M-conjugate to /, B < B,,. By symmetry
dim(B;;) > 6, forall i =1,2. Soas B,NB;;, =0 and dim(4 + U) = 18,
B = B, and 4+ U is the direct sum of the B,;. In particular (1) and (3)
are established. Further, /AN (s3,5;)A is aline for i=1,2,s0as B;;,NU <
[AN(sy, s;,)A and is of dimension at least 2, we conclude that (2) holds.

Let U e 7 , such that U e Op(W) forall We Z¢(A) . We have shown there
is g € Ny(d) with (4+U)g = Dy, + Dy, + Dy, , where D, = (s, s JAN(A+0)
and AND,, =(l,I'); without loss g = 1. Let N be the stabilizer in N;(4)
of (s,,s,,s,). If (B, Qsl) is similar to (D, Qs,) , then D,, is conjugate
to B in N. Then by (2), A+ U is conjugate to A4 + U. Conversely, if
A+Uy =4+ U for some y € Ng(A), then replacing y by yx for suitable
x € L, we may assume y fixes each (s;). Hence By = D,,, and y preserves
Qs, up to a scalar, so (B, Qsl) is similar to (D,;, Qs,)' So (4) is established.

(3.3) Let U € Op(W) for all W € Z((A) and let M = (Z V), Z(V{),
Z4(U)). Then:

(1) There exists a quadratic Galois extension K of F such that C,(M) =
SL,(K) and M = SU,(K/F).

(2) V=A0UaCyp(M) with Cp(M) = yeopn V(W) €#, and A+U =
C,(M)6.

(3) A+ U is the K-tensor product of the natural modules for M and C (M)
as a KMCg,(M)-module.

(4) K®p C,(M) is isomorphic as a C;(M)K-moduleto N® N’ , where N
is the natural KCy(M)-module and (o) = Gal(K/F).



54 MICHAEL ASCHBACHER

(5) Ng(A+U) is MCy(M) extended by a graph automorphism.
(6) If F is finite, then each member of %, is of the form C,, (M) for some

M = (B,, B,, By) with B, € 2, B, € Op(B,), and B, € Op(B) for all
BeZ((B,, B,)).

Proof. Adopt the notation of the proofs of 3.1 and 3.2. Let C be the subspace
of B orthogonal to /+/'. Then there exists a quadratic Galois extension K of
F such that (C, QS.) is similar to (K, Ng ). Moreover (C, Qsl) determines
the similarity type of (B, Qs,)‘ Let (o) = Gal(K/F). Consider the K-form
FEon V¥ =Ko ¢V and regard G as the fixed points of the field automor-
phism ¢ on the isometry group G* of (VK , 7K ) and V as the fixed points of
o on VX . Thereisa 3-decomposition K = A,®A4,® A, such that o induces
a graph-field automorphism on M, = C;x(4,) and interchanges M, = C;x(4,)
and M, = C;k(A4,). Thus the stabilizer in G of this 3-decomposition is J,J,,
where J, = CMI(G') = SU,(K/F) and J, = CMzMs(a) = SLy(K). Similarly
V=1 oI, where I, = C, () = C,(J)) is isomorphic to N ® N’ as a
KJ,-module and I, = C A+ A}(a) is isomorphic to the tensor product of the
natural modules for J, and J, asa KJ,J,-module. Finally N;(J,J,) is J,J,
extended by a graph-field automorphism.

Next J, is generated by root groups Y;, 1 <7 <3, of G such that ¥, €
Op(Y,) and Y; € Op(Y) for all root groups Y in (Y|, ¥,). So without loss
[Y,,V] =V, and [Y,,V] =V,. Let U = [Y,,V]. Then I, = A+ U.
We may assume the special triple (s,, s,, 5;) is contained in I, so that B =
I,N(s,, s,)A is of dimension 6 and J,-invariant. As all irreducible submodules
of I, are natural modules for J, B is a natural K J,-module.

Then J, preserves a hermitian symmetric sesquilinar K-form 4 on B.
Further each J,-invariant quadratic F-form on B is of the form h, for some
a € K", where h,(v) = Tr];(h(av, v)). Thus, each such form is either of Witt
index 3 or of Witt index 2 with the orthogonal complement to a hyperbolic
4-subspace similar to (K, Nf ). In particular by 3.2, (E , Qf.) must be of the
latter sort, and hence I, is N (A)-conjugate to 4+ U by 3.2.4.

Finally, if F is finite and E € %, then there is a 3-decomposition K =
E, +E,+ E; with EX-E , - Now o preserves the unique 3-decomposition of
vk containing EX , so either E,0 = E; or E;,0 = E, foreach /. In the former
case, (6) holds and we are done by remarks above. In the latter, ¢ induces a
field automorphism on C«(E,) for each i, and then C, (g) € 7;, contrary to
the hypothesis. ’

(3.4) If F s finite, then G is transitive on %, .

Proof. This follows from 3.2.4 and 3.3, since up to isometry there is a unique
6-dimensional orthogonal space over F with Witt index 2.
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4. SPECIAL PLANES

In this section 7 = (x, x,, x;) is a special plane. Let v, = x|, v, = x|,
and vy = xé. Let W, = (v;, v, )A for {i,j, k} ={1,2,3}. Then W =
Wi+ W, + W, =n0.

(4.1) Let w=ZXw, € W with w, € W,. Then w s singular if and only if w,
is singular and w, € w ;A forall i,j.

Proof. This is 11.2.2.

(4.2) Let w =w, +w, +w; with w; € W,. Then:
(1) y = x, +w is singular if and only if w, is singular for all i and one of
the following holds:
(a) w, =0 and w, € w,A. In this case (y, x,) is singular.
(b) I = (w,, wy) is hyperbolic, 0 # (w,) = IANW,, and Q,(x, + w,) =
-Q,(w, +w,) for veV —16.
(2) C = Cy4(m) has three orbits on points of type (1a) with representatives
(xg)» (X3), and (x4 + x,).
(3) C Iis transitive on points of type (1b) with representative satisfying w, =
Xy, Wy=X|, Wy =X,.
(4) In any event Rad({y, n)) = (w), so (y, v,, v,) and (y, v,, v;) are not
special.

Proof. Assume y is singular. Qx, ) = Qxl (w,), so w, is singular. Qv,(J’) =
Q,(x,+w,;) for i #1,and w, € x;A, so w; is singular. If w, =0, then as
w2'+ wy € XA, w, + w, is singular, so w, € w;A. So assume w, # 0.

If w, € w,A, then w, + w, is singular in y + ®(k), where k = (x;, w,).
Thus by 1.7.4, y € ®(k). But ®(k)n (W, + W,) < w,A, impossible as w, + x,
is nonsingular and hence not in w,A.

As w, +w; € x,A, 0=0,(y) = Q,(w, +w;) = f(u, w,, w,) for each
ue W,nwA. Butas / = (w,, w,) is hyperbolic, W, N/ is a hyperplane of
W,.So W,nl6 =W NnwA, and hence (4) holds.

The proofs of (2) and (3) are easy. Finally in either case 0= f(y, y, v,) =
Sx,+w,x +w,v) = f(w,w,v,), and 0 = Qvl(y) = Qvl(w), so (w) =
Rad({y, n)).

(4.3) Let w=w, +w,+w; with w, € W,. Then:

() If y =v,+v,+w is singular, then (w,, w,) and (w,+w,, v, +v,+w,)
are singular with st(w3) =-1.

(2) Cg(m) has two orbits on such singular points with representatives satisfying
w, =w, =0, Wy =X,~X,, and W, = Xy, W, = X|, Wy = X,—X,, , respectively.

(3) Rad({y, m)) =0.

(4) (v,, vy, y) and (v,, vy, y) are special but (v, v,,y) is not.

Proof. Assume y is singular. Then 0 = Q, (y) = Qu3(”1 +v,+w;) =1+

Uy

st(wJ) . Hence z = v, + v, + w, is singular.
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Similarly for i =1, 2, Qv,.(J’) = Qvi(wi) , 0 w, is singular. Also for u €
Wynw,A, 0=0Q,) =Q,(w, +w,) = f(u, w,, w,y). Thus if (w,, w,) is
hyperbolic, then as in the proof of 13.2, w, is singular, a contradiction. So
w,+w,=y—2z,y and z are singular. Hence (y, z) is singular. So (1) is
established.

As C = Cg,(m) is transitive on vectors w, in W, with Qv3 (wy) = -1, C
is transitive on the set of singular points of type (y) with w, = w, = 0. So
assume () is in the set S of such points with w, # 0. As

3
w,A = (v,, v,) @Winw]A),

but z € (w,+w,)A, we have w, # 0. Conjugating in C, we may take w, = x;
and w, = x|. Let e = w, + w,. Then

eA = (V6',x[j,x“ Xy X+ X008, J#1,2).
Then z = (v, — X)) + (v, +X,) + (X5 — X,) + w; with the first two terms in eA.
Thus (X, —X,) +w; € WyNeA = A= (X3, Xy, Xs6) » SO W3 € (X, — X,6) + 4.
As C, is transitive on this coset, (2) is established.

Next st(w) = ij(w3) = —1, so Rad({y,n)) = 0. Part (4) is easily

checked.
(4.4) Let w=w, +w,+w, with w;€ W, and a, b #0. Then:

(1) y = v, +av, + bvy +w is singu;ar if and only if Qvl (w,) = —ab,
sz(wz) =-b, Qv3(w3) = —a, f(w,,w,, w,;) =2ab, and (w;) = AANW,
where

A={ueW;: f(u,w,, w,) =0}.

(2) Cg(m) is transitive on the set of singular points (y) of V of this form.
Further one such point has w, = x,—abx,,, w, = x,+bxy, and wy = x,—ax,, .

(3) v, v, vj) is special for each i # j.

(4) (v,), 1 <i<3,and (y) are the singular points in (y, m}).

Proof. Assume y is singular. Let a; denote the coefficient of v, in y. Then
0= Qv,(J’) =a;a, + Qv,(wi) . In particular w, is nonsingular. If € D = W;n
w,A, then 0= Q,(y) = f(u, w,,w,). So D < A. Butas w, is nonsingular,
conjugating in C = C(rn), we may take w, = x; —abx,, and w, = x{ + bx, .
Then we find 4 = W, NdA is a hyperplane of W;, where d = x, —ax,,. It
follows that wy = ed, e=+1 or —1.

Next for each 7, 0=Q, (v) = f(av;, w,, w,) + f(w,, w,, w;) = —2ab +
Sf(w,, w,, wy), while f(wll, w,, ed) = Zaab. Thus ¢ = +1, and (1) and (2)
hold. Also (3) is easy to check.

Notice that as each w;, is nonsingular, the first three lemmas in this section
show that if (s) is a singular point in (y, #) not in (m), then the projection of
s on (v,) is nontrivial for each /. Then (2) and an easy calculation imply (4).
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(4.5) Let y=v,+ v, + vy +w, where w = w, + w, + w, and w, = x, — X,
w, = x| +Xg, and wy =X, — X,s. Let U= (n,y). Then:
A is transitive on ordered special 4- tuples of points.

(1)
(2) ((vy), (vy), (v3), (¥) is a special 4-tuple of points.
(3) The smgular points in U are (v;) and (y).
(4) U =(w, AN (nh): 1 <i<3) is of dimension 21.

(5) Let n(w) = (w,, w,, wy, n). Then n(w)f = UG, and if char(F) # 2
then V =n(w)e Uf.

(6) C4(U) = Cy(m(w)).

(7) The singular points in n(w) are (v,,), (v,, + a2v20 +aw,,), and (v, +
azvz+b2'v3+abwl + bw, + aw,), a, beF', oe Sym({1, 2, 3}).

Proof. First (2) follows from 4.4.3. Next, as G is transitive on special 3-tuples,
each special 4-tuple of points is conjugate to ({v,), (v,), (v;), (v,)) for some
singular v, . By earlier results in this section, v, = v, +av,+bv, +w' for some
w' € W. As H(A) induces a full diagonal group on 7, conjugating in H(A),
we may take a = b = 1. Then by 4.4, (v,) is conjugate to (y) under C,(7).
So (1) is established. Notice (3) is just a restatement of 4.4.4.

Next U6 = ﬂ3 A; where 4, = {w € W : f(w,y,v;) = 0}. Further
A ={weW: f(w w,, D= } (w, AN W)+ W, + W;, so (4) holds.

Of course n(w)f < UB, as U < n(w). Further, U# < w,0 for each i and
w; € vjA for i # j,so (w;, vj)e = w,0 . We saw in the previous paragraph that
Ub <A, <(w;,v,)0nw,0 =(w,, v,)0. Nextby4.4.1, (w,ANW) < (w,, w,)0,
while of course (w,)ANW < (w,, w;)0. Thus Uf < (w,, w,)6 by (4). Finally
by symmetry, U6 < (w,, wj)f) forall i, j. Hence U8 < n(w)@, so (5) holds.

C;(U) actson W, = (vj , U.)A, and hence fixes the projection w; of y on
W, . Thus (6) holds. Finally (7) follows from previous lemmas in this section.

5. CERTAIN 6-DIMENSIONAL SUBSPACES OF V
In this section the hypotheses and notation of §4 are continued. In addition
let
! li
Wy =Xy = Xpp, Wy=X+Xg, Wy=Xy)— Xy,
and n(w) = (n, w,, w,, w,;). Let a be the element of GL(V') such that
! li ! !
a = (X, Xg» X16) (X1 5 Xpp 5 X5)(X5, Xy s X) (X35 =X3, X45) (X35 X35 Xa3)
/ !
(X4 =Xy Xs3) (X145 Xgg» Xpg) (X5 —Xs 5 X34) (X5 Xgs s Xo5) -
In §6 of [3] it is shown that a« € G. Evidently « acts on n and a has cycle
(w,, wy, w,). So a also acts on w(w).
Indeed let Q = Ny, ()*. Then Q = Sping (F) acts naturally on W,
and o induces a triality automorphism on €, so W, and W, are the two
conjugates of the natural module under triality. It turns out Cg(a) = G,(F), a

fact we will prove in a moment.
The next lemma follows from 6.2, 6.3, and 6.4 in [3].
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(5.1) (1) Let e € GL(V) centralize v; and have cycles

/ li !
! i
(s X1 (=X X ) (X535 Xpg)(Xs 5 Xp5)(= X5, Xgs)(Xays Xp5) -

Then ¢ € Cy(a) and ¢ fixes each w;, .
(2) Let y,6 € GL(V) fix v;, x; s X315 Xy, x; , Xgp» and xg, let y have cycles

/ / !
(35 X4, X5)(X3, X4, X5)(Xys5 X535 X34)
“(X135 X1go X15)(Xg3> Xga5 X65) (X35 Xg5 X25) s

let 6 invert x, x; s X135 Xa3> X3, and X, , and let 6 have cycles

(x", ) —x;)(x4, —=X5)(X1g5 —X15)(Xq5 =Xp5)(Xgg» —X56) (X345 X35) -
Then (y, ) < C;({a, €)) and & inverts y.
(3) The group (g, y, d) is isomorphic to Z, x Sy, Is transitive on
{(x)), (x,,):3< i <5,
and fixes w, and (x; + X, .
Now let X| = {xy+ x5, X, X, : 3< i <5}, U =(X,), and define a
3-linear form h on U, by h(x,y, z) = f(x, ya, zaz).

(5.2) The form h is an alternating trilinear form on U, .

Proof. As f is symmetric and a preserves f, A is symmetric with respect to
each odd permutation of its three indices. So it suffices to show A(x,y,y)=0
for all x € X; and y € U,. Hence by 5.1.3, it suffices to check this equa-

/

. / / .
tion for x = x, + x;, and X = x;. But an easy calculation shows hx2 tx, =

h(x; + X, *, *) and hx3 are alternating and indeed:

(5.3) (1) h;2+xl2 = Z,‘S=3x;xli‘
' 12 1!
(2) Ry =x30x; + xp5) + X5,

Now let S8 be the element denoted by 6 in §6 of [3]. Then a calculation
shows B fixes x|, x, ,and x, L+ and B has cycles

(X253 X2g,4> =%X25 3> "xza,4)(x;af Xs6 60 _'x;a s =Xse 60) (X35 X13)
(g X)X )5 Xygs =X, —Xgy)
for g € {(2, 5, 6)), the subgroup of odd permutations in the symmetric group
on {2,5, 6}.

Let Z =V, and zZ' = V6',B. Then we have root groups 2°(Z) = {X,(1) :
teF} and Z(Z')={X,(1): t € F} with K, =(Z(Z), Z(Z")) = SL,(F).
Recall X, (1) fixes each element of Z' and VisB, while X,.(1):x,8— x, B+
tx;ﬁ.
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We calculate that dim(Zo' N Zao’) = 1 for o’ # o, so by 2.1 and 2.2,
[K,, > K, ]=1. Thus if we define

g(t) = X5 (X5, () X5,2(0), 8'(1) = X (DX, ()X r,2(0),

then Y = {g(t): t € F} = Z(Z)= F and K' = (Y, Y') = (S)L,(F) with
K' < C;(a). It is easy to check that g(¢) and g'(1) fix x, and w,, so as K'
centralizes o, K' centralizes 7(w).

Next by construction, C = C,({a, n(w))) acts on U, and preserves £ .
Also C preserves the quadratic form Q, = Qx, on U;. By 5.3, h is the
G,(F) alternating trilinear form on U, and @, is its associated quadratic
form, described in §2 of [2]. By 2.11in [2], O(U,, h, Q,) = (K',y,d,¢),and
then by 3.4 in [2], O(U,, h, Q) = G,(F). We summarize these results in:

(5.4) Ci({a, m(w))) =(K',7,d,¢€)=0(U,, h, Q)= G,(F).

(5.5) Let M =C;({a, n(w))), y=v, +v,+v3+w. Then:

(1) Cp(Cs{m, »))) = m(w).

(2) If char(F) # 2, then V = n(w) @ n(w)0, n(w) = C, (M), and n(w)6
is the direct sum of the three natural isomorphic F M-modules U,, U a, and
Ua?.

l(3) If char(F) =2, then V = n(w)+ W with n(w) =C,(M), n(w)NW =
(w,, wy, wy), and W is the direct sum of the three isomorphic indecomposable
FM-modules W, , W,, and W,.

Proof. By 4.5.6, C;({m, y)) = Cy(n(w)), so as M < Cy(n(w)), (1) holds as
C,(M) = n(w). If char(F) # 2, then by 4.5.5, V = n(w) & n(w)6, and by
454, n(w)f =U,oUa® Ulaz. Thus (2) holds. Part (3) is similar.

(5.6) For a,be F* let k(a,b)=1(a,,...,a)h(t), wherea=a,, 2<i<5,
b=a, t= ba*, and ag = (ba")_1 . Then:

(1) k(a,b)=al on W,, bl on W,, and (ab)™'I on W;.

(2) v,k(a, b) = a_zful ., vyk(a, b) = b_zvz, and vyk(a, b) = (ab)2v3.

(3) CHO(n(w)) ={l(a;,...,ag)h(t):a,=a,=a;=t=1}.

(4) Let H(n(w)) = {k(a, b):a,beF'}. Then

3
Ny, (m(w)) 0 [ No({v)) = Cp (r(w)) x H(m(w))

i=1
={l(a;,...,agh(t): alag =t,a = t2a6}.

(5) H(n(w)) is the subgroup of G inducing scalar action on (v,) and Ulai,
1<i<3.

Proof. Parts (1) and (2) are straightforward calculations; see §3 of part I for the
definitions of /(a) and h(t). Further the subgroup of G fixes each (v,) and
n(w) fixes each (w,). Then (3) is easy and (3) and [.3.12 imply (4).
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(5.7) (1) Ny(m(w)) is transitive on ordered special 4-tuples of points contained
in m(w).

(2) If U and Ug are special 4-subspaces of n(w) for some g € A, then
g € Ny(n(w)).

(3) Let & be the set of singular points in n(w) and for distinct C, D € &
let L(C,D)=PnNd®(C,D)). Let £ be the set of all ¥ (C,D),C,D
distinct in &P . Then (P ,.L) is a projective plane over F .

(4) Let M = C;({a, n(w))). Then M = Cy(n(w)) and Cyz(M) = SLy(F)
acts as PSLy(F) on (#,Z). H(n(w)) is the Cartan subgroup of C;(M)
fixing (v;), 1<i<3.

(5) A triple (A, C, D) from £ isspecial ifand only if {4, C, D} is linearly
independent in (#,.%).

(6) Ny(n(w)) = Cu(M) x M = SLy(F) x G,(F).

(7) If char(F) # 2, then Cy(M) is irreducible on n(w) and Nj(n(w)) is
irreducible on n(w)0.

(8) If char(F) = 2, then Ci(M) is irreducible on (w, , w,, w,;) = n(w),
and on n(w)/n(w),. Further Ny(n(w)) is indecomposable on m(w)f.

Proof. First n(w)f < U for each special 4-subspace U of m(w), so by 4.5,
(1) and (5), UO = n(w)6. By 4.5.1, U = (n, y)d for some d € A. By 5.5,
n(w)d = C,(Cz(U)) < Cp(M) = n(w), so d € N(n(w)). Thus (1) and (2)
hold.

From 4.5.7, each pair of points in & is contained in some special 4-tuple of
n(w),so Y = N,(n(w)) is 2-transitive on & by (1). Similarly, we find each
triple of points not contained in a member of .# 1is in some special 4-tuple
of m(w), so Y is transitive on such triples and (5) holds. Finally with 4.5.7,
H(m(w)) is regular on the set T of points of % not in Z(v,, vj) for any
i # j,so Y is transitive on pairs (C, D), (R, S) with R, S ¢ Z(C, D)
and § ¢ Z(C,R), Z(D, R). Soas Z(v,, v,)NZL(vy, y) contains a point,
it follows that distinct members of . intersect in a point. Now (3) is easy.
Moreover we see PSL,(F) is induced on (£ ,.Z) by I = (H(n('w))Y).

Let X = C,(n(w)). Then X acts on W, so by 5.6.1, [X, H(n(w))] <
Cy(W)=Cz(V)=1. Thus, I < Cy4(X) < C;(M). But from the description
in 5.5 of the action of M on V, Corinwyay(M) = GLy(F), so as I induces
PSLy(F) on (#,Z), SLy(F)<I < Cyi(X) < Cy(M) < GLy(F) . Further by
5.6.5, H(m(w)) is a Cartan subgroup of C;(M), so SLy(F) =1 = Cyi(X) =
Cy(M). Then a € Cy(M) =1, 50 X < Ci(a) = M. Finally by 5.6.4,
Y = XM, so (4) and (6) are established. Parts (7) and (8) are now easy, given
5.5.

(5.8) (1) Each member of % is G-conjugate to n(w).
(2) If (v,, v,, vy) is a special triple, u, is a nonsingular vector in (v , v,)A
Jor i=2,3,and (u;) = AAN(v,, vy)A, where

A={u€(v,, v)A: f(u, u,, uy) =0},
then (v,,v,, vy, U, Uy, Uy) € %.
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Proof. Recall the definition of %, in §1. Observe 4.5.1 implies (1), while 4.4.1
and 4.4.2 imply (2).

6. SEMISIMPLE SUBGROUPS

In this section K is an abelian subgroup of G such that V' is a semisimple
FK-module. Denote by & the set of pairs (P, U) suchthat U€ 7], P isa
singular point, and P ¢ U6 . Define F to be n-good if there exist no definite
n-dimensional orthogonal spaces over F .

(6.1) (1) If K fixes U € 7, then K fixes a member of F containing U .
(2) If K fixes a singular point P, then K fixes a member of & containing
P.

Proof. Assume K fixes U € 7{,. As K is semisimple, K fixes a point P with
V = U6 + P. As there exists a unique singular point in (U + P) — U, we may
take P singular. Hence (1) holds.

Part (2) is the dual of (1). That is K¢ fixes the unique member P¢® of
7], in P¢, and hence by (1) a singular point Q with (Q, P¢®) € &. Then
K fixes Q¢® and (P, Q¢p®P) € .

(6.2) If (P, U)e P and S is a hyperbolic basis for (U, Q). then the point-
wise stabilizer in G of {P, (s):s €S} is a Cartan subgroup of G.

Proof. This follows from 1.3.12.

(6.3) Assume all eigenvalues of elements of K are in F . Then:

(H If K? # 1, then K fixes an element of .

(2) If K fixes a member of %, then K 2 s contained in a Cartan subgroup
of G.

(3) If char(F) # 2 and F is 4-good, then each involution in G acts nontriv-
ially on some singular point of V.

(4) Assume char(F) # 2 and K® = 1. Then either K is contained in a
Cartan subgroup of G or K centralizes some special plane n and each singular
point of V fixed by K, and K fixes no singular point in 7.

Proof. As K is abelian semisimple with all eigenvalues in F, V = P, V,
for some A C Hom(K, F). Observe that if 1 € A with 2 # 1, then V) is
brilliant. Thus K fixes a brilliant point B < V,. If B is singular, then K fixes
some member of & by 6.1. If B is nonsingular, then K fixes ®(B) and then
again by 6.1, K fixes a member of . So in any event (1) is established.
Assume K fixes (P, U) € &. Then P < Vs for some f € A and U =
EBae 4, U, forsome A C A. Further, either U, is singularor § = o~ 2. Indeed
if B # a~?, then U, + U(a/,)ﬁ. is hyperbolic. Hence by 6.2, either K is

contained in a Cartan subgroup or there exists « € 4 with g = o 2. We may
assume the latter.
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Let A4, be the set of weights o with g = ot If Ay ={a},thenas U and
U, + U4~ are hyperbolic for y ¢ A,, we conclude U, is hyperbolic. But
then K is contained in a Cartan subgroup by 6.2. In general, if o, 1 € 4,
then for k € K, a(k®) = a(k)® = 7' (k) = A(k)* = A(k?). Thus, 4,(K°) is
of order one, so (2) is established.

To prove (3) and (4) we may assume char(F) # 2 and K*=1. By (1), K
fixes (P, U) € . Suppose some ¢ € K inverts P. Then [U, t] and C(?)
are singular by a remark above, and hence each is of rank dim(U)/2 = 5. So
U, is singular for all a € 4, and hence K is contained in a Cartan subgroup.
Hence we may assume K fixes each singular point it fixes.

Claim K fixes a singular point of U . For K acts on PA, so either [PA, K]
= 0 or K is nontrivial on some point Q in PA. In the latter case Q is
nonsingular by assumption. In the former K fixes some nonsingular point Q
of PA. So in any event K fixes some nonsingular point Q in PA. Now K
acts on U N ®(Q), which is nontrivial and singular by 1.7.3, establishing the
claim.

As K fixes a singular point Q of U, it also fixes a singular point R in
U—-QA. Then P+ Q + R is a special plane centralized by K, which we may
take to be the plane 7 of §4. Define W,, 1 <i <3, asin §4.

If K takes some singular point S, in W, then K acts on W, NS A for
i =2,3. Thus K centralizes W, N S A, as that space is singular by IL2.1.
Similarly for § € Z{(W, N S,A), K centralizes W, N SA. But from IL.2.1,
SANW, =(SAnW,:S € 7, (W,nS,A)), so K centralizes W,. Thus K
centralizes W, for each i,s0 K =1.

Thus we may assume K fixes no singular points of W,. Then by 4.1, K
fixes no singular point in W = nf. So (4) is established and it remains to
prove (3). Thus we may take K = (f) of order 2 and assume F is 4-good.
Now W, = CW](t) ©[W,, t]. As t fixes no singular point of W, CWl(t) and
[W,, t] are definite with respect to Qvl . This is impossible as F is 4-good and
dim(W,) = 8. So (3) is established.

If char(F) # 2 we distinguish two classes /,, and I, of involutions of G.
Namely, I,, consists of those involutions ¢ of G such that [V, {] = A4+ B and
Cy(t) =V (4)NnV(B) for some 4 € 7, and B € Op(4). Thus dim([V, 1]) =
12, for ¢t € I},. Next I,¢ consists of those involutions ¢ of G such that for
some (P,U)eP, C,(t)=P+U and [V,t]=PANUG. Define c(t) = P
and ®(¢) = U for such an involution ¢. Notice dim([V, ¢]) = 16 for t€ [, .

(6.4) Let char(F) # 2 and Y be an elementary abelian 2-subgroup of H,.
Then Y < E = O,(Wyl(X)) and identifying E with the 6-dimensional orthog-
onal space over GF(2) of Witt index 2, we have:

(1) If |Y| =2, then either Y € I, and Y is singularin E, or Y €1, and
Y is nonsingular in E .

) If Y ={1,1,,t,, t3} is of order 4, then up to conjugation in Wyl(X)
one of the following holds:
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(@) Y is singular, (c(t)),c(t,),c(ty)) is a special triple, and ®(t,)
=01, 1)

(b) Y is hyperbolic, c(t,) = (xg), ®(t;) = Vi, c(t,) = (x)), ®(t,) =
®(x,, x,,), and [V, t,t,] = A+ B, where A= (x,, x|, X;s:2<i<5)
and B = (x,, xg,x,;,:2<i<6);

(c) Y istotally isotropic but nonsingular, c(t,) = (x,¢), ®(t,) = P(x,, xé),
[V,t,1=V,+V,,and [V, 1,]= A+ B, with A, B as in (b); or

(d) Y is definite, [V, 1] =Ve+ V], V.0l = (x;, x,, X, %, 0 1 < i,
J<3,4<r, 5<6), and [V, ;] = (x;, %, x;;, %, : 1 <1, j<3,
4<r, s<6).

(3)If 1 #£Y, then N(Y) is brilliant or stabilizes a special plane or normal-

~

izes X .
Proof. As E = E, contains all involutions in H,, Y < E. Recall
WyI(X)/E = O (2)

induces the full orthogonal group on the orthogonal space E. In particular,
Wyl(X) has two orbits on E* consisting of singular and nonsingular points of
E . Further, from the Schult presentation for Wyl(X) in §3 of part I, we have a
bijection s — %(s) of the singular points s of E with X such that for e € E,
e centralizes X(s), if and only if s and e are orthogonalin E. Thus, Y < E
centralizes n(Y™) members of X, where n(YL ) is the number of singular
points of E in the subspace Y' of E orthogonal to Y. In particular, as
n(el) =11, 15 for e singular, nonsingular, respectively, e isin I, I;, for
e singular, nonsingular, respectively. Hence (1) is established. Further, if e is
singular, then c(e) = X(e) and ®(e) = (X(a): e #a € eL) .

Next Wyl(X) has four orbits on lines of E : totally singular, totally isotropic
but not totally singular, hyperbolic, and definite. From this remark and the
discussion in the previous paragraph, one can check that (2) holds.

It remains to prove (3). If Y is a singular point, then M = N (Y) stabi-
lizes ¢(Y), so M is brilliant. If Y is a nonsingular point, then M stabilizes
[V,Y] e 7,, so again M is brilliant. If Y is a line and not definite, then
M stabilizes (c(y): y € I,(Y)), which is a special plane, a hyperbolic line,
or a singular point of V. If Y is a definite line, then C,(Y) € 7. Similar
arguments handle the remaining cases.

(6.5) If char(F) # 2 and F is 4-good, then I, and I, are the two classes of
involutions of G .

Proof. This follows from 6.3 and 6.4.1.

(6.6) Define n and W, asin§4 andlet t € I,,NCg(n). Then [W,, 1] isa
4-dimensional hyperbolic subspace of W, for each i.

Proof. As t€l,, [V,t]=A+B, A€ 7, Be€ Op(4). As [t,n] =0,
A+B < W =n6. Fora€ A, a=a,+a,+a,, a, € W;. By 4.l, a, is
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singular and a; € a;A. Also for ¢ € 4, a+c issingular, so a;+¢; = (a+c), is
singular and hence ¢; € a,A. Thus the projection 4, of 4 on W, is singular.
Claim dim(4,) =2 and 4 = A4, + 4, + A,. If not, then dim(4,) > 2 for some
i,say i =1. Now 4, <[V,1],s0 A< De€Z(A+B) by 2.4. By I1.2.1,
AA=(v,, vy, U, w,, wy) where w; € W, and U, = A,ANW, is of rank 5.
Then D is a hyperplane of (U,, w,, w,;). So D, = DN U, is a hyperplane of
U,. Then by I1.2.1, D,ANW is of rank 5, a contradiction.

(6.7) Assume char(F) # 2, F is 4-good, and K < G with K* =1 but K is
contained in no Cartan subgroup of G. Let A = Aut(G). Then:

(1) N,(K) < N (NgU)) for some U e P, %,, %, or %;.

(2) There is a special plane © = (v,, v,, v;) of V centralized by K such
that K = K, x J where K(”) =1,,NK, |[K)|<4, |J|<8,and J centralizes a
member of %, containing m.

(3)If K=E,, then K*C I, and C,(K) € ¥,.

Proof. Adopt the notation of §4. By 6.3.4, we may assume [K,n] =0, K
centralizes each singular point it fixes, and K fixes no singular point in W =
n6. Let ¢; be the element of I, with ¢(¢;) = (v;) and ®(¢,) = D(v;, v;), for
i%j, k.

Suppose t € I, N K. Then v, € C,(¢) = ¢(t) + P(£), so c(t) = (v,) or
v, € ®(f). As ®(¢) is brilliant, n £ (), so ¢(t) = (v;) for some i and
v;, v €Q(1), for i #j, k. Hence ®(t) = ®(v;, v,). Thatis ¢ =1t;. Hence

(a) K=K, xJ,where K,<(t,,1,) and K} =1 ,NK.

(b) J fixes no singular point of W .

For if J fixes singular (w) < W, then the projection w; of w on W, is
singular and (w;) is fixed by K, since K|, fixes every point of W,. Notice (b)
and the hypothesis that F' is 4-good imply |J| > 4. Thus:

(c)If K= E,, then K=J.

(d) If there exist distinct i, j with CW‘_(J )# 0 # CW/ (J),then J centralizes
some member of % .

Let w, € CWk(J), k =2, 3. Define a map a of the points of W, to the
points of W, as in I1.2.3 with respect to z = w,, and let (w,) = (w;)a. By
I1.2.3, a is C;({n, w,))-equivariant, so J acts on (w,). Then as J cen-
tralizes w, and w; and f(w,, w,, w;) # 0, J centralizes w, . But by 5.8,
(m, w,, w,, wy) €%,.

(e) If E,=E <J,then E has four rank 2 eigenspaces on W,.

Indeed let E = (a, b). Then by 6.6, [W,, a] and C,,(a) are hyperbolic
4-spaces. As the same holds for b and ab, remark (e) holds.

We can now complete the proof of 6.7. To prove (2) it suffices to take
K, = 1. Also if K, # 1, then by (c), |K| > 4 and we need only establish
(1) in this case. If K, = (¢, t,), then n = C,(K;), while if K, = (;), then
Cy(Ky) =c(t,) +P(¢,), s0 N,(K) acts on N(m) or N;(c(t,), P(z,)) by 6.8
below.
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So assume K = J. By 6.5, K contains a 4-group E. Suppose k € K — E
and let K, = (E, k). For a € E', (a, k) has four rank 2 eigenspaces on
W, by (e), so C ( ) is a pomt for each eigenspace S of E on W,. Thus
C ( ) #0, soby(d) Cy(K,) € Z;. Then by 5.7.6, N;(U) = GxG
with K, < G, = G,(F). As mz(Gz(F)) =3, K,=Cy(U) and K = Kl X K2
with K, = KNG, . But from 5.6, each element of Kf isin I, s0 K =K,
and NA(K) acts on N, (U) by 6.8.

Thus we may take K = E and it remains to prove (3). By (e), each eigenspace
of K on W, isof rank 2. So as K centralizes each singular point, it fixes and
centralizes no singular point of W, and each of these eigenspaces is definite. As
K=1J,K'cC I,, . In particular, dim([}', K]) = 18, dim(C,(K)) =9, and if
K={(t,r),then [V, K]=[V,t]®A, where A€ Z(([V, r]). Further [W,, K]
is 6-dimensional of Witt index 2, so 4 € Op(B) for all B € Z([V, t]) and
hence C,(K) € Z, by 3.3.2. So the proof of 6.7 is at last complete.

(6.8) Let I <Y <G and A= Aut(G). Then:

(1) If Y is the unique member of ) o containing: I and YS = Y, then
N,(I) < N,(Y).

QIfUu=C,(I), Y=CyU), and Y¢=Y*, then N,(I) < N,(Y).

Proof. Part (1) is easy and implies (2).

7. CUBIC EXTENSIONS
In this section we continue the notation and terminology of §1.

(7.1) Let U be a totally dark subspace of V. Then:

(1) If F is algebraically closed, then dim(U) < 1.

(2) If F is finite, then dim(U) < 3.
Proof. If U is totally dark, then the cubic polynomial 7 has no zeros on
U'. For example, if x, y are linearly independent in U, then forall r € F,
0£T(tx+y)= r T(x)+tzQ(y , X)+tQ(x, y)+T(y),so F isnot algebraically
closed. Hence (1) holds. If F is finite, we appeal to Theorem 3 of [5, p. 5],
which says that as 7 has no zeros on U*, 3 = deg( T)>dim(U).

(7.2) Let K be a cyclic cubic Galois extension of F and (o) = Gal(K/F).
Then:

(1) &= (N, P,h) isa 3-formon K over F, where N = fo, P(a, b) =
Trk (a(ba)(ba?)), and h(a, b, ¢) = Trk(a(ba)(ca®) + a(ca)(ba?)).

(2) K is totally dark with respect to & .

(3) AK, &) is K" acting by multiplication extended by o . Further O(K , &)
={keK:N(k)=1} extended by o.

(4) (KK_, gK) is a special plane.

(5) If & is a 3-form on a plane U over K generated by a special_ triple
(5,,5,,83), a€O(U, &) with sa=s and 1 =oa, then (Cy(1), gTrI;)
is isometric to (K, &).

i+1”
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Proof. Assume the hypotheses of (5). Then ?Trl; isa 3-form on Cy (7). For
aeK,let s(a) = as, + (ao)s, + (aaz)s3. Then s%Trf =& ,s0 (1) and (5)
hold.

As N(a) # 0 for a € K*, (2) holds. Next the proof of (4). As &%
is nontrivial, it suffices to show K% is generated by singular vectors. Let
reK with ¥ ¢ F and set k = r/ro. Thus N(k) =1. Let a : K — K
be translation by k; we will see below that « € O(K,&). Thus a in-
duces o € O(KK , &k ) and as k is an eigenvalue of «, o® has eigenval-
ues k, ko, ka®. Let u,, u,, u; be the corresponding eigenvectors. Then
PK(ul., u;) = PK(u,.aK, ujaK) = kai(kaj)zPK(ui, u;). Thus it remains only
to observe kai(koj )2 # 1, so that u; is singular. Hence (4) is established.

For k € K, let a, be translation by k. Check that o, € A(K, &) with
May) = N(k). Thus H ={a, : N(k) =1} <O(K,&). Also 0 € OK, &).
Conversely, let M = A(K,&). Then M = M* < AKX, &%) = s,wrK’
by (4). Indeed M is the fixed points of 7 on A(KK , & K) , and hence is
{og ke K*} extended by ¢ . So (3) holds.

(7.3) Let F be finite of order q, K a cubic extension of F, and U a totally
dark subspace of V. Then:

(1) If U is a line, then UX has exactly three brilliant points, but no singular
points.

(2) If U is a plane and U K" is special, then U is determined up to conjugacy
in A, Cy(U) = 3’D‘,(F), and Ng(U)/C;(U) is a subgroup of the cyclic group
of order g’ +q+1 extended by an automorphism of order 3.

Proof. Assume U = (x, y) is aline. Then T(ax+y) = a3T(x) +a2Q(y , X)+
aQ(x,y)+T(y)=r(a), re F[t]. So r(t) is irreducible and K is its splitting
field. Hence r has three roots in K, so UX has three brilliant points. Let
(u), (v) be two such points. As U K" is not brilliant, to prove (1) we may take
v singular, and Q(v, u) # 0. Then T(bu+v) = sz(v ,u)#0 for b e F*,
contradicting three brilliant points in UX . Hence (1) holds.

Assume the hypotheses of (2), and let U¥ =7 and () = Gal(K/F). Adopt
the notation of §4 in discussing n. Note GV is the fixed points of ¢ on
G*v¥ . As G® is transitive on special planes, the number of orbits of G on
planes Z of V with Z* special is the number of orbits of Ny« (m) on the set
of G¥ conjugates of ¢ actingon 7.

If o fixes (v;), then o fixes some u; € (v;)", so U is special. Hence o
permutes ({v;) : 1 < i < 3) transitively, so ¢ = gt, where 7 induces a field
automorphism on Q = CGK(n)°° =~ Spin; (K),and g induces an automorphism
in the coset of triality. As € is transitive on such elements, we have transitivity
of A on the set D of totally dark planes Z with zX special, once we show C
is transitive on elements of order 3 in ¢C , where C is the subgroup of H(A)

§
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inducing scalar multiplication on W, . For this, it suffices to show (g, C) has
ZymwrZ, for a Sylow 3-group.

Now g = h(t)l(a,, ..., az)d(s) € C induces bl on W,, if and only if
a;, = a is independent of ifor 1 <i <6, t= a_z(a())_1 , s = bta”', and
ala6a4 =1. Thus g = g(a, a,, s) isdetermined by a, a,,s,and C = (K”)3 =
K'x K' x K'. Define o : (K“)3 - C by (u,v,w)a = g((uv)_l, v, ulw).
Then « is an isomorphism with inverse g(a, a,, s) — ((aal)_1 , 4y, s(aal)"l).
Further (b,, b,, b;)a has eigenvalues b, on W,. Then C = C, x C, x C5,
where C, = {g;(k) : k € K"} and gk)=(k,1,1a, g(k)=(1,k, 1)a, and
gy(k)=(1,1,k)a. As o has cycle (W,, W,, W,), g;(k)° = g,,,(k). Hence
(C, o) has Sylow 3-group Z,» wrZ,, as desired.

Finally as ¢ induces a graph-field automorphism on €, 3'D4(q) = Cylo) =
C;(U) and by 7.2, N;(U)/C,(U) is a subgroup of O(U, &), which is a cyclic
group of order q2 + g + 1 extended by an automorphism of order 3.

(7.4) Let F be finite of order q, p a prime with d (p) =3, and J an elemen-
tary abelian p-subgroup of G. Let V = A, ® A, ® A, be a 3-decomposition of
V. Then:

(1) J<Pe Sylp(G), and up to conjugation in G, P = P x P, x Py with
P e Syl (M), M;=Cg(4;) = SLy(F), and P, is cyclic.

(2) Each member of the set S of F P-irreducibles on V is a twisted special
plane and distinct members are nonequivalent F P-modules, so V = €D 4.
Indeed S is a twisted 9-decomposition of V.

(3) C4(P) = (VT T,T,Z(M, M, M,) with T, = C,, (P) a maximal torus of
M, and (t) inducing a diagonal automorphism on each M,.

(4) Ng(P)/Cy(P) = GL2(3)/3'Jr2 acts 2-transitively on S as GL,(3)/E,
and Np(P)= N.(S).

(5) For each A, B € S thereis X(A, B)€ S with A+ B+ZX(4, B) € 7.

(6) Ng(J) preserves a 3-decomposition o of G or Ngy(J) < Ng(S) or
Ng(J) £ Ng(A) for some A € S. Further Ny (J) acts on Ng(B) for
B =a,S, A, in the respective case.

Proof. Let My =M M,M,. As |M)| = |G|p , (1) holds. Further 4, = C,(P,),
so C,;(P) < My(t) where (t) induces a diagonal automorphism on M, central-
izing T, = CM,.(PI') , a maximal torus of M, . Thus (3) holds.

Let K be a cubic extension of F and (o) = Gal(K/F). Then ¢°=1modp,
so P < H(f by 6.3. Indeed G = C4x,(7), where 7 induces a field automor-
phism on MiK and 7 = op, where ¢ induces a field automorphism on G¥
centralizing Wyl(X) and p = ay is of order 3 in Wyl(X) with a, y asin §6
of [3].

Further, each orbit of p on X generates a special plane #;, and C, K(7)
is the direct sum of the planes U, = Cn‘(r) , with U, a twisted special plane
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and P irreducible on U,. Indeed {=, : i} is a 9-decomposition of vk , SO
S ={U,:i} is a twisted 9-decomposition of V. This establishes (2).

Next Cyyx (1) = C = GL,(3) / 3'*2 s transitive on the orbits of pon X K

with kernel of order 3 and hence C < N (P) with C acting 2-transitively
on § as GL,(3)/E,. N.(S) < N(rx)(SK) and as U,.K = 7, is a special plane,
N« (S®) acts on X*. Indeed N (") = CCy K(7), establishing (4).

For A,Be S, 4¥ isa special plane and BX isincident to A% in the sense
of part II, §3. Let X(4, B) be the member of S with (4, B)* = 2(4*, B)
in the notation of part II, §3. Then (5) holds by part II, §3 and the definition
of 7.

Claim N(J) is irreducible on V' or fixes some 3-decomposition or some
member of S. For if N (J) is not irreducible on V', then N, (J) acts on
some proper nontrivial subspace U of V. So U = B, ©---® B, for some
B, eS. If m=1,then U €S and the claim holds. If m =2,then U = A®B
forsome 4, B€ S and welet U(4, B) = A+B+ZX(A4, B). Then N (J) acts
on U =(DeS:D ¢ U(A4, B)) and hence preserves the 3-decomposition
through U(A4, B). So again the claim holds.

So assume m > 3. Replacing K by K¢ if necessary, we may assume m < 4.
So m =3 or 4. Now C has two orbits on triples from S with representatives
(4, B,%(4,B)) and (4,B,D), D ¢ U(A,B). If U = U(A4, B), then
certainly the claim holds. If m =3 and U # U(4, B),then U = A®0(B®0D)
and as each member of § is totally dark,

AUBUD = {ue U:codimuA") < 3}.

Thus N(J) actson {4, B, D} and hence also on § (cf. I1.3.5.3).
Som=4.1f U=U(A4, B)+ D, then U=U(A4, B)® 6D and

D={uelU: codim(uAU) <3}

is N, (J)-invariant. Thus no triple among our four is of type (4, B, X(4, B)).
But then U = ((A®6B)®60D)® 0E, so that N, (U) permutes {4, B, D, E}
and hence also S. Thus the claim is established.

It remains to prove (6). Suppose N (J) < N (a), for some 3-decomposition
a={A4,, A,, Ay}. Then J J,J; char N;(J), where J; is the projection of J
on M,, so without loss J, < J. If J=J, or JJ,, then E(C;(J)) = M,M,
or My, s0 N,(J) < N,(Nga)). So J =P and then N, (J) < N, (N;(S))
as S is the unique 9-decomposition fixed by P. Moreover, we see P is not
characteristic in N(J).

Assume next that N (J) < N,(U) for some U € §. Again we may take
J\J, < J, where J, is the projection of J on D = E(C;(U)) and J, = C,(D).
If J=J,,then N,(J) < N,(D)= N,(N;U)), so we may assume J, # 1.
Similarly we may assume J, = PN Op(ND(JZ))' By the previous paragraph,
|| = p, so E(Ny(J)) = D, = SLy(q). But then D, = C;(4) for some
A € 7, and 6.8 completes the proof.
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So Ng(J) is irreducible on V. Then C,(J) = 0. Assume J is noncyclic.
Then V =, C,(I) as I varies over the set Z of hyperplanes I of J with
C,(I) # 0. Further, for each I € E, either C,(I) € § or |I| = p and
C,(I) € 7;. For example C,(4,)=C,(n+n'), where = and 7’ are incident
special planes with 4, = + n' +X(n, n'). So by 2-transitivity of N;(P) on
S, C,(I)=A+B+XZ(A4, B) € 7,,if I isof order p and centralizes 4, BE S .

Now if C, (I) € S forall I € E, then Z = § is Ng(J)-invariant, con-
tradicting P not characteristic in N;(J). So as N;(J) is irreducible on V',
E={4,,B,C},A,,B,C € 7,. In particular, C;(J) < N;(4,) < N;(a)
and as Op(CG(J)) <J, J=J,J,J;, where J; is the projection of J on M,.
Then as J # P, we have a contradiction as above. ,

So J isof order p. As N (J) is irreducible on V', v =UeU’eU” for
some KJ-module U admitting N,(J) irreducibly. Thus U is an eigenspace

for J with eigenvalue 4, say. Then A7 and 37 are the eigenvalues of J on
U’ and U”l , respectively. As p # 3, these eigenspaces are brilliant. Claim
U’+U ?2 < U@ ;then U is singular, contradicting dim(U) =9. Forif x e U,
y e Ul i=1 or 2, with 0 # Q(y, x), then 1 = 292 Hence ¢' +2 =
Omodp. So g or q2 =-2modp. Then 0 = q2+q+1 = 3mod p, contradicting
p>3.

(7.5) Let F be finite of order q and p a prime with dq(p) =9. Then:

(1) A Sylow p-subgroup P of G is cyclic.

(2) Ng(Q,(P)) is the split extension of a cyclic group of order q° + q3 +1 by
an automorphism of order 9.

(3) N;(Q,(P)) is contained in the stabilizer Y of a unique twisted 3-decom-
position of V.

(4) Let k = GF (q3). Then Y is the extension of L,(k) by a field auto-
morphism of order 3 and V isomorphic as a GF(k)E(Y)-module to N QN™,
where N is the natural kE(Y)-module and (§) = Gal(k/F).

(5) A is transitive on twisted 3-decompositions of V.

Proof. Let K be an extension of F with |[K: F|=9. Let () = Gal(K/F).
Observe Wyl(X) has a unique class of elements of order 9 with representative
p, where p has the following cycles on X :

(X5 X565 X;’ xé, X3y =Xgs X165 Xg15> X34)»

(X5, X465 X455 X X525 Xys Xy s Xyps =Xs),

(=X, X5, Xgs X535 Xeps X x;, Xe» X36) -
Indeed in the notation of §6 of [3], p3 = ay, where « is introduced at the
beginning of §6 of [3] and y is defined in 6.3 of [3]. In the notation of [3],

E = Qg = E, x E, x E; is the central product of three ay-invariant quaternion
groups E, = (d, e\d,d,), E, = (did,, dd,), and E; = (dd,, d,d;) with p
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permuting the groups E; transitively and
p=d,dd,, dd,,edd, dd,, d,d,, dyded, ddz, dd,).
Let t=0p and g € Cﬂg(‘c). Then g has eigenvalue A(x) = A(x, g) on
{x) € X and

k

(¥) Axt¥) = A(x)a* = ax)" .
In particular, if 4= A(x,), then A(x}) =A% , A(x,;) = A% , and
6 3
1= f(xl P xé s x16) = f(xlg, x;ga xlég) = l(q e +1)-
Therefore
(+%) /1“’9"”/“’3") 1.

7 7

Similarly 1 = f(x,, x}, x,4) = A7 "Va(x}), so A(x}) =2~V Then A(x,,)
= AT = 2799 and 1= f(x,, %, x,,) = A)ATTIC) g0 a(xd) =
a9+ 0=1 A (x,), (x3), and (x;) are representatives for the three orbits
of p on X, we see that (x) and A = A(x,) determine g uniquely. Then by
(+%), Coyr)(7) = (o), where hy and 4, = A(hy, X,) are of order ¢° +4¢° +1.
Further p induces an automorphism of order 9 on 4, and (h,, p) < C;K(7).

Next, 7 induces a field automorphism on A¥ , so by Lang’s Theorem, Tt
is conjugate to ¢ under AX. So there is a conjugate (h,r) of (hy, p) in
G = C;K(0). Now |G|, divides 4°+¢°+1 as d,(p) =9, so0 P is cyclic and
we may take P < (h).

Thus (1) holds and to prove (2) we must show (h,r) = N;(Q,(P)). Let
g be of order p in h,; we must show (h,, p) = N;K({(g)) N C(tr). We have
shown (h) = CHg‘(T)- Further p is self-centralizing in Wyl(X), so (h;, p) =
Cwyl( X) H(f(T) . Thus to prove (2) it suffices to show N K((g)) acts on X . This
will be the case if all eigenvalues of g are distinct, so assume not.

Nywyox)({p)) is transitive on X , so without loss 4 = A(x) for some (x) e
X - {¥V1}. Then (x) is notin ¥V (p), as the eigenvalues in each (p)-orbit are
distinct. Indeed we may assume x € x,A: For if U is the A-eigenspace of g,
then U contains at most one point from each (p)-orbiton X, so U = (x,, x)
or (x,, x,y). Furtherif (x , x), (x,,»),and (x, y) are hyperbolic, then U
is a hyperbolic line or special plane, so X is the set of singular (g)-invariant
points of VX and N;K({g)) acts on X as required.

We now check that x cannot be a point of x;A notin V|(p). For example,

if x = x; then 4 = A(x;) = A_q3("7+1), s0 0 =¢q°(q" +1)+ Imodp. But
@ +)+1=g+¢+1=g-(*+1)+1=q(l —¢’)modp. Thus
q5 = I mod p, contradicting d ; (p) = 9. Similar arguments eliminate the other
possibilities.
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Thus (2) is at last established and it remains to prove (3) through (5). Let
k be a cubic extension of F in K and (é) = Gal(k/F). Let ¢ be of order
3 in G transitive on a 3-decomposition yk = A + A, + A5 of vk Let
B =dt, M; = C;k(A;), and M = MM, M;. Then M, = SL,(k) and M
is described in I1.3.6. Notice B permutes the subgroups M, transitively and
Cy(B) =Y, = Ly(k) with ¢ inducing a field automorphism of order 3 on Y.
Let Y = Y,(¢). Then Y, contains a subgroup I of order q6 + q3 + 1 and
N, (I) is the extension of I by an automorphism of order 9. So by (2), Y
contains the normalizer in C(Gk)( B) = G of an element of C(Gk)(,B ) of order p
as claimed.

It remains to show the representation of ¥ on V is as claimed. But 4, is
isomorphic to N ® N* as an M, M,-module with respect to the isomorphism
t: M, — M,, so A, is isomorphic to N ® N* asa Y,-module, with 4, and
A, the Galois conjugates of A4, under J. Hence (4) holds.

As Q (P) is weakly closed in N, (Q,(P)) and N (P) < N,(Y), Y is the
unique member of Y¢ containing Q,(P). So (5) and 6.8 imply (3). Part (3)
holds as Hom,,,(V, S*(V™)) = F .

8. SEMISIMPLE SUBGROUPS OVER ALGEBRAICALLY CLOSED
AND FINITE FIELDS

In this section we continue the notation and terminology of §6. In particular,
K is a semisimple abelian subgroup of G. In addition assume F is either
algebraically closed or finite.

(8.1) If K isoforder 3 and F has an element of order 3, then K is contained
in a Cartan subgroup of G.

Proof. Some eigenspace of K is of dimension at least 4, so by 7.1, g fixes a
brilliant point. Then apply 6.1 and 6.3.2.

(8.2) Assume F contains an element @ of order 3. Then there are three con-
Jjugacy classes of 9-subgroups (g, Z(G)) of G containing Z(G):

(1) Type 1 in which g has two 6-dimensional eigenspaces U, and U, and
one 15-dimensional eigenspace U, . Indeed U, € 7, U, € Op(U,), and U, =
V(U)nV(U,). For example, take g = l(w, w ', 14).

(2) Type 2 in which g has three 9-dimensional eigenspaces U,. There
exists a special triple (v, , v,, vy) with U; = (v;, v jAm;kA). For example, take
g=1U(w)?, ("), 1%).

(3) Type 3 in which g has three 9-dimensional eigenspaces U, and V =
U,eU,0U, isa 3-decomposition of V. For example take g = l((a))3 , (w”1)3).
Proof. By 8.1 we may take g € H,. Let E be the subgroup of elements

of order 3 in H,. Then E = E; and Wyl(X)/O,(Wyl(X)) acts faithfully
on E, centralizes Z(G), and acts as Oy(3) on E/Z(G). Thus Wyl(X) has
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three orbits on (E/Z (G))li , with representatives g,Z(G), 1 <i <3, such that
q(8;Z(G)) =0, 1, -1, where g is the quadratic form on E/Z(G) preserved
by Wyl(X). Hence, the first assertion of the lemma is established. Moreover,
the three 9-groups listed in (1) through (3) are visibly not conjugate in G, and
hence are representatives for the G-classes.

(8.3) Assume F contains an element of order 3 and let Z(G) < A < G with
A= Eyn, but A is not contained in a Cartan subgroup of G . Then each member
of A—Z(G) is of Type 3, and either

(1) F is finite of order ¢ = 4, 7mod9, A = E,, or E;,, and Ny (4)
acts on the stabilizer of a twisted 9-decomposition or 3-decomposition of V ,
respectively; or

(2) A is an exotic Eg,-subgroup of G, all eigenspaces of A are dark points,
N (A) is transitive on the eigenspaces of A, A= Cy(A), and Ng(A)/A is the
centralizerin SL(A) of Z(G). Moreover A is transitive on exotic Eg -subgroups
of G.

Proof. Assume A is not contained in a Cartan subgroup of G. By 8.2, |4] >
27. By 6.1 and 6.3.2, 4 fixes no brilliant point. However, if g € A4 is of Type
1, then g has a singular eigenspace, and hence so does 4. Similarly, if g € 4
is of Type 2, then each eigenspace of g has a distinguished singular point fixed
by C,;(g), so again A fixes a singular point. Thus each member of 4 — Z(G)
is of Type 3.

Let g, € A~ Z(G). Define V = 4, ® 4, ® 4, to be the 3-decomposition
of V' of part I, §4, and adopt notation as in that section. We may take 4,,
1 <7 < 3, to be the eigenspaces of g,. Let g € 4 - (Z(G), g,) and set
K =(Z(G), g, &) - Suppose for each i, g fixes no brilliant point of A4,. By
part II, §4, we may regard A, as the tensor product B, ® B, of natural modules
B, for M; = SL,(F), with the restriction of f to A, the tensor product of the
alternating trilinear forms on B, and B, preserved by M, and M, . Further
C;(g,) induces M\ M,H, on A,; here h € H, actsas (a, 1, 1) on B, and
(a_l, 1,1) on B, for some a€F'.

Now if g fixes points P, and P, in B, and B,, then P, ® P, is a singular
point of A, fixed by g, contrary to assumption. This forces F to be finite
of order ¢ =4, 7mod9 and g € M|, centralizes a torus 7; of M, of order
q2+q+1 . Then C,(K) = T(n)K ,where T = T\ T,T; and n = n n,n,, with n,
of order 3 in M, actingon T;. In particular, if K = 4, then N;(4) < N,(P),
where P € Sylp(T) for any prime p divisor p # 3 of q2 + g+ 1. Hence
N Aut(G)(A) acts on the stabilizer of a twisted 9-decomposition of V' by 7.4.

So assume K # A; then we may take 4 = (K, n). Next replacing n by
a suitable member of n(g,, Z(G)) if necessary, we may take n € Mg , where
g= gg . Further, n is centralized by a Sylow 3-group R of N MO(KO) and by a

Sylow 3-group R of N v (Ky),and (R, R is transitive on the subgroups of
0
order 3 in K distinct from Z(G). So (Z(G), n) =K, = ﬂx(Mg NnA),as x
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varies over N(A4). Thus NAm(G)(A) < NAut(G>(K1) and hence NAut(G)(A) acts
on the stabilizer of the 3-decomposition defined by K .

Thus (1) holds, unless K = (g, g,, Z(G)) is in a Cartan subgroup of G for
each g € 4 - (g,, Z(G)); so we assume such a containment for all such g.
In particular, |4| > 81. Also g, € E < H, with E = Ey and E = E/Z(G)
admits a quadratic form preserved by Wyl(X). Indeed the subspace Eo of E
orthogonal to g, is E, = E E,E;, where E, = M,NE. Thatis E,=ENM,.

Now K isinan M-conjugate of E which we may taketobe E. If g ¢ E,
then K contains an element not of Type 3, as (£, §,) is not totally singular.
Hence K < E,. Thus g = g,8,8;, & of order 1 or 3 in E;. As M, is
transitive on elements of order 3 in M, — Z(M,), it follows that N;(M,) has
three orbits &, on 27-subgroups (Z(M,), e) with e in some M -conjugate
of E,; namely (Z(M,), e;) € &,, if e, projects nontrivially on i members of
Mj/Z(Mj), J =1,2,3. An easy calculation shows e, is of Type i. Thus,
as g is of Type 3, K € &, and g, € M, — Z(M,) for each i. Therefore,
ANM\M, = Z(M,), so the projection A/Z (M) — M,/Z(M,) is an injection.
Then as my(M;/Z(M,)) =2, |4| = 81.

Next, Aut(M,) is transitive on the set J of subgroups 4 of M, over Z(M,)
isomorphic to Eg, such that each element in 4—Z(M,)) projects on an element
of M, of order 3; further, for 4 € J, NMO(A)/A = SL,(3)/Eg, or Qg/E,, for
F containing or not containing an element of order 9, respectively. It follows
that with g = g, we have (N, (4), Nyx(A))/A is the centralizer in SL(4)
of Z(G). Thus Aut,(A4) is this stabilizer. Also V' = @y s C\ (B), where S
is the set of hyperplanes of 4 missing Z(G). As |S| = 27 and Nj(4) is
transitive on S, each space Cj,(B), B € S, is a point, and these 27 points are
the eigenspaces of 4. Each is dark, as A4 is not in a Cartan subgroup.

Next, if F is algebraically closed, then M| is transitive on J, so A4 is
determined up to conjugacy in G. So assume F is finite and let F be the
algebraic closure of F, G = E6(7) , and regard G as Cz(g), o a Frobenius
map. Then Nz, (4) = (0)xN;(4),s0 (g, Z(G)) is the unique G-conjugate of
(o0, Z(G)) in C5<a>(NG(A)). Hence as G is transitive on exotic E,,-subgroups
of G, it follows that A = Nz({g, Z(G))) is transitive on exotic Eg, -subgroups
of G.

(8.4) Let F be finite of order q and p a prime with dq(p) > 1. Assume K is
an elementary abelian p-group with C,,(K) nontrivial and totally dark. Then
either

(1) C,(K) is a point, or

(2) C,(K) is a twisted special plane.

Proof. Let U = C,,(K), k a cubic extension of F, and (o) = Gal(k/F). By

7.1, dim(U) < 3. If U is a line, then by 7.3, U* has three brilliant points
P, none of which is singular. Now by 6.1, K fixes a singular point S of

i
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vk. As § ¢ U" = Ck(K), d,(p) = 3. Then by 6.3, K is contained in a
Cartan subgroup of G* . But then Cp«(K) is generated by singular points, a
contradiction.

So take U to be a plane. Again by 7.3 and 6.1, K fixes a member (P, W) of
. Then by 6.3, if dq(p) = 3, then U* is generated by singular points. So U k
is a special plane and hence U is a twisted special plane. So take d ,(p) #3.

Then [K, P]=0. As U is totally dark, ¢ moves P,so W = (P(0g)) is U* or
a line. In the first case, U kisa special plane and we are done. In the second as
W is o-invariant, W = Z* for some line Z in U. But also W contains the
three singular images of P under (o), so W is singular. Thus Z is brilliant,
a contradiction.

(8.5) Let F be finite of order q and p # char(F) a prime. Assume K is an
elementary abelian p-group. Then either

(1) C,(K)#0, or

(2) d,(p)=1,3,0r9.

Proof. First V is the direct sum of irreducible FK-submodules W,, 1 <i<r,
with W, < C(K) or dim(W,.)A = dq(p). Hence, if C,(K) = 0, then 27 =
dim(V) = rd,(p), so d,(p) =3', 0<i<3. As ((¢° - 1)/(¢’ - 1), |G]) =3,

(8.6) Let U< I = (x;, Vio) - Then one of the following holds:
(1) N(U)<Ty,.
(2) UnV,, and is singular and N (U)-invariant.
(3) U is a special plane and U = (xg , 8, 1) for some singular s,t€ V.
(4) U= (x;, s) is a hyperbolic line for some singular s € V.
(5) U is a line and contains exactly three brilliant points, none of which is
singular.

Proof. Let W =UnNV,, and g € N(U)-G,,. Then Z = WNWg is singular
by 1.7.2. As dim(U/W) < 1, either Z =W or U = W + Wg, and we may
assume the latter. As S = (xé) is the unique singular point in I — V|, either
(ZJ(U))=Z or S<Wgand U=WaS.

Assume (Z{(U))=Z.1f Z#0,then W <ZA>Wg,so U< ZAL Vb -
But then U < V ;6 NI = V,,, a contradiction. If Z =0, then dim(U) = 2
and U =W @ Wg. Here one can check (5) holds.

Sotake U =W @S with S < Wg. As § is the unique singular point in
Wg—Z,either Z=0and Wg =S, or Z is apoint and Wg a hyperbolic
line. Then (4) or (3) holds in the respective case.

0°

(8.7) Let F be finite of order q and p a prime with dq(p) > 1. Assume K is
an elementary abelian p-group. Then one of the following holds:
(1) C,(K) is totally dark.
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(2) Np(K) acts on a maximal parabolic.
(3) C,(K) is a special plane.
(4) C,(K)e 7y or %,.

Proof. Assume otherwise and let U = C,(K). Then by 6.1, K fixes (P, ®) €
P . As dq(p) >1, PSU. If U= (PN(K)) < PA, then U, is singular,
so (2) holds. Thus we may assume Pg £ PA for some g € N(U). Then
the projection S of Pg on @ is singular and K centralizes a hyperbolic line
in @ through §, so we can take the special plane n of §4 to be contained in
U ; adopt the notation of that section. Next n # U by hypothesis, so we may
take 0 # W,NnU. If C,(K) < n+ W,, then (2) holds by 8.6. So we may also
take 0 # W;NnU. If W,NnU contains a singular point S, then U contains
a hyperbolic line in W, through S. So in any event, there is a nonsingular
w, e UnW,;, i =2,3. Define a(w,;) as in I1.2.3 with respect of z = w,.
Then w, = a(w;) € U and (r, w,, w,, wy) = U, € %.
So K < Cy(Ug) = M. By 5.4, M = G,(F). Hence by 15.1 in [2], one of
the following holds:
(a) d,(p)=2 and K < Tl+.
(b) dq(p) =6 and K < T2+.
(c) dq(p) =3and K<T, .

Here Tf is a maximal torus of M of order (g + 1)2, (q3 +1)/(g+1),
(q3 —1)/(g-1),1in (a), (b), (c), respectively, and these tori are described in §15
of [2]. In particular, Tf is contained in a subgroup M, of M isomorphic to
SL;E(F ) and generated by root groups with C,,(K) = C,(M,) of rank 9. That
is C (K)e %, or 7.

9. OVERGROUPS OF CARTAN SUBGROUPS

In this section we continue the hypotheses and notation of §1. In addition,
assume F is finite or algebraically closed and |F| > 2.

(9.1) (1) X is the set of H,-invariant points of V.
(2) Distinct members of X arenot F H,-isomorphic.
(3) U LV is Hyinvariant, if and only if U = (UN X).

Proof. Let H, = Cy, (V;). Claim ¥, = C,(H,). For [(@)h(1) : x, =~ 1" 'a\x, ,
so l(a)h(t) € H, if and only if a; = t. Hence if a, = 1, then /(a) € H,.
Now for each i > 1, /(a) does not centralize x,, xl'., or x;; for suitable a

with a, = 1. Further if a, # 1, then /(a)h(a;) moves x;. So the claim is
established. R
Next by the claim and transitivity of Wyl(X) on X, P=C V(CHO(P)) for

each P € X . Hence (2) holds. Then (2) implies (1) and (3).
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(9.2) Suppose K < H, with K ¢ Z(G) and N.(K) is irreducible on V . Then
either

(1) Np(K) < N(X), or

(2) K =1, Q,(K)=E,, and Np(Q,(K)) is the stabilizer of a 3-decomposi-
tionof V.

Proof. Let V =P, , V, be the eigenspace decomposition of V' under K and
M =N (K). As K £ Z(G), |A] > 1. As M isirreducible on V' we conclude
M is transitive on {V,:A€ A}, N, (V)) is irreducible on V, for each A€ A,
and dim(¥;) =1,3,0r 9. Pick a€ A andlet U=V, . By9.1, U= (UNX).

If dim(U) =1, then by 9.1, {¥,: A€ A} = X, so (1) holds.

Suppose dim(U) = 3. As N, (U) is irreducible on U and U = (U N X),
U is singular or a special plane. In the latter case N, (U) permutes the three
singular points XNU in U, so again M < NG(/\A’ ).

So take U singular. Let D = (., N;(V;). Then H) < D I M. If D is
not irreducible on U, then U is the sum of three singular points permuted
transitively by N, (U). By 9.1 these points are XNU,soagain M acts on
X . Thus we may assume D is irreducible on U. Thus D is irreducible on v
forall AcA.

Let o' € A with V., £ {(U). Then as D is irreducible on V,, V =
V., ®((U) and then a = (o). Now M permutes the pairs {V,, V;.}, A€ A,
contradicting |4| =9 odd.

So dim(U) = 9. Suppose K° # 1. Then U is brilliant. As U is of
dimension 9, U is not singular, so there exists y e U, € A, x € XN Vﬂ

with Q(x,y) # 0. Then 0 # Q(x, ) = Q(xk, yk) = f(k)a(k)’Q(x, y) for
keK.So B=a . Similarly o* = (a™?) > €A,andas K> # 1, o' #a.
309 A={a,a?, a*. Further o ® = (a*)? € A, 50 a™® = a and hence
K =1.

So replacing K by K 3 , we may assume that either K 3=1or K is cyclic
and K* = Z(G). Assume K’*=1andlet ke K—-Z(G). Then U is contained
in an eigenspace for k so all eigenspaces of k have a dimension divisible by 9.
Hence by 8.2, U is an eigenspace for k and indeed as N, (U) is irreducible
on U, 82says £ = {V,:4€ A} isa 3-decomposition of V', K = E , and
N.(K) is the stabilizer of =.

G
Finally, assume K = (k) = Z, and Z(G) < K. Let B be the subgroup of H,

consisting of elements b with b° € Z (G). Then D = E x (b)), with E = E.s
the subgroup of elements of order 3 in H, and Eb, the set of elements cubing
to some fixed generator of Z(G). Now B/Z(G) is dual to E as a Wyl(X)-
module, so in particular as E/Z(G) is a 5-dimensional orthogonal space for
Wyl(X), Wyl(X) has two orbits on points of B — E . So there are two classes
of cyclic subgroups (j) of order 9 with ( j3 ) = Z(G). One can check that
representatives for these classes are /(a), /(b), where a, = a, 1 < i <5,
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a6:a4,and b,=a, 1<i<4, b5=b6=a"2. Further for /(a):

vV, =(x;, xl'. 11<i<5) is of dimension 10,
V4 =(xq, x; , X6 1 <i<5) is of dimension 7,
V - =(xij 11<i<j<)) is of dimension 10,

while for /(b):

! . . . .
V, =X, X;5 Xi5, X;6: 1 <0< 4) is of dimension 16,
! ! . . . .
V-2 =(xg, X¢, X5, Xg, xijl <i<4) isof dimension 10,
VQA =<X56> .

So Np(K) is not irreducible, but if K = (/(a)), then C,(K) is the Levi factor
Ng((xg 5 xé))ﬁNG((xm, .. s Xg)), while if K = (/(b)), then C(K) is the Levi
factor N ({x55)) N Ng(D(x5, Xg)) -

(9.3) If F is finite or algebraically closed and k is of order 9 in G with
Z(G) = (k3), then F contains an element of order 9 and C (k) is conjugate
to one of the Levi factors G, N Ng(®(xg, X)) or Gy N N;((X,,, X3, ..., Xg)) .

Proof. If F contains an element of order 9, we showed this near the end of the
proof of the preceding lemma. So assume F is finite of order ¢ and ¢ is not
congruent to 1mod9. Let K be a cubic extension of F; then K is of order
q3 = Imod9, so we can take k € CH(f(r) for some field automorphism 7 of

G*. Then 7= og for some g€ Wyl(X), where ¢ is the field automorphism
determined by X. Hence k° = k%, so k = k' = k% = k%%, and hence

k¢ = k. But k has eigenvalues o, a*, @ ™%, with a of order 9, while ¢ = 4
or —2mod9. So g permutes the three eigenvalues of g transitively, whereas
we saw at the end of the proof of the previous lemma that the eigenspaces of
k are not of the same dimension.

Theorem 9.4. Let K be a subgroup of H, not contained in Z(G). Then one of
the following holds:

(1) Np(K) is brilliant.
(2) Np(K) acts on some special plane.
(3) N(U) acts on X.

In the remainder of this section, let M = N (K) and assume M does not
satisfy the conclusion of Theorem 9.4. Then by 9.2, M is not irreducible on
V', so we may choose 0 # U to be a proper irreducible M-subspace of V.
Indeed replacing K by K¢ if necessary, we may assume dim(U) < 13. Notice
that if K is finite, then we may take K to be an elementary abelian p-group
by 9.3. We establish Theorem 9.4 in a sequence of lemmas.
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(9.5) Each member of X NU is in a special triple in XN U .

Proof. Let x € XNU . As M isnot brilliant, neitheris U . As M isirreducible
on U, U= (xNgzU)). Thus U £ xA, so by 9.1, there is y € XNU — xA.
If U< (x,y)8 forallsuch y,then x € Uf. Thenas U = (xN;(U)), U is
brilliant, contradicting A not brilliant. So U contains the unique member of
X - (x, y)8 by 9.1, completing the proof.

By 9.5, U contains a special plane. Usually we will take the special plane
n of §4 to be contained in U and adopt the notation of §4. In particular,
v;, W, W, are as in §4. As 9.4.2 does not hold, U # x.

(9.6) C,(K) = 0.

Proof. If not we may take U < C,(K). As U # n, XNW is nonempty. Now
if C,(K) < n+ W, for some i, then M is brilliant by 8.6, a contradiction. So
X N W, is nonempty for at least two i € {1, 2, 3}. Hence if for each distinct
i, j and each x € W,nC(K), xANXNW, is empty, 9.5 implies U = n+x" for
some special plane 7’ incident with 7. But then M fixes the unique member
of 7§ containing 7 + 7', contradicting M not brilliant. Therefore we may
take x,, x, € C,,(K). Thus K < K, , where

-1 -1 -1
K2=CH0((7z,x2,x;))=(l(l,1,a3,a4,a5,a3 a, as ):aieFﬁ).

Now C,(K,) € 7,,s0as N(K,)NN(H,) is transitive on X —C,(K,), we may
take x, € C(K). Thus K < K; = {{(1,1,1,a,a” ", 1):ae F'} = F* and
C,(K;) € 7|5, contradicting M not brilliant.

(9.7) K is not a 3-group.

Proof. If so by an earlier remark we may take K elementary abelian. Also we
may take Z(G) < K. Now K is contained in the group E = E; of H, gener-
ated by elements of order 3. Let E= E/Z(G) and Y = Wyl(X)/O,(Wyl(X)).
As we observed in the proof of 8.2, we may regard E as a 5-dimensional or-
thogonal space over GF(3) and Y as Oy(3). By a Frattini argument, M =
C(K)N,,(H, ) so we may choose K to be minimal subject to being nontriv-
ial and N (K )-invariant. Hence K is nondegenerate or totally singular in the
orthogonal space E.

Let E, = LN E. The quadratic form g on E =0 is ¢q(/(«”, ..., %)) =

e; , where w € F is of order 3. Using this observation, we calculate that if
Iisa singular line in E , then the eigenspaces for I form a 9-decomposition of
V and hence if 1 < K, then M < N(H,)), a contradiction. So the Witt index

of K is at most 1. Now by 8.2, K isnota point, so K isa nondegenerate line
or plane or a nondegenerate 4-space of Witt index 1. In each case we find that
for some m, the eigenspaces of K of dimension m generate a subspace of V'
which is brilliant or a special plane.
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Next U = @, U, is the direct sum of eigenspaces U, for some set A <
Hom(K , F") of weights. As M is irreducible on U, M is transitive on A.
Let m = |A| and a = dim(U,), 4 € A. By 9.6 and transitivity of M on A,
1 ¢ A. Similarly, if 2 € A with 2 =1, then K /Cx(U) is an elementary
abelian 3-group, so as M < N(C,(U)), replacing K by C,(U) if necessary,
we can assume either K> =1 or C,(K) # 0, contradicting 9.6 or 9.7. Thus:

(9.8) For A€ A, 2 # 1, and hence U, is brilliant.
(9.9) m>3.

Proof. By 9.8, m>1,s0assume m=2;say U = UGEBUﬂ. Let (x,y, z) be
a special triple in X N U. Without loss x,y € U . Then by 9.8, z € Uﬂ , SO

az,B = 1. By symmetry a/i'2 =1,s0 o’ =1 , contrary to 9.8.
(9.10) Ny, 1 (U) is transitive on XN U

Proof. As Np(H,) is the product of Wyl(X) with the pointwise stabilizer of
X , it suffices to show N,,(H,) is irreducible on U. As H, fixes each U,,
N,,(H,) is transitive on A, so it suffices to show N,(H) is irreducible on
Z =U,,where I =N, (Z). As C,,(Z)H, is transitive on HOGﬂ Cy(Z)H,,
by a Frattini argument it suffices to show [ ‘AN (HoZ ) 1is irreducible on Z .
Now dim(Z) = a with ma <13 and m > 3,s0 a<4. If a =1, then
the result is trivial. As I is irreducible on Z, Z is singular, a hyperbolic
line or 4-space, a special plane, or a conjugate of (x,, X}, X,, x,). If Z isa
hyperbolic line or special plane, then M acts on XNU. If Z is singular, then
HOZ is the full diagonal group on Z and hence [ Z is an irreducible subgroup
of GL(Z) containing the diagonal group, so N, IZ(HOZ ) is irreducible on Z .
A similar argument works in the remaining case where [ Z = OI(F ) and HOZ

is a Cartan group of [ z.

(9.11) If dim(U/xAU) =2 for some x € XNU, then U is the direct sum of
special planes transitively permuted by M and dim(U) =9 or 12.

Proof. By 9.10, dim(U/xAU) =2 forall x€e XNU. Thus U=, 504 for
some set R of Hj-invariant special planes transitively permuted by M (cf. 1.7
in [2]; the same proof works when f is symmetric since members of X are
singular). Thus dim(U) = 3k and as 3 <dim(U) <13, k=2, 3, 4. Without
loss m and 7' = (X}, Xy, Xs) arein R. If R = {x, 7'}, then M acts on
U+S(n,n')e 74 , contradicting M not brilliant. So dim(U) =9 or 12.

(9.12) dim(U) > 9.

Proof. We may take 7 < U and adopt the notation of §4. By 9.11, we may
assume dim(U/xAU) > 2 foreach x e XNU. Thus [W,nXNU| > 2 for
each i=1,2, 3. Hence dim(U)>9.
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Let N = wal(X)(AU-) and N* = N*"Y) Then N” is a section of W(E) =
O, (2),s0 |[N*| = 2'3/5%  Hence as N is transitive on X, dim(U) < 13, and
dim(U) > 9, we have
(9.13) dim(U) =9, 10, or 12.

(9.14) N* isa {2, 3}-group and dim(U) =9 or 12.

Proof. If not we may take n* € N*, where n is the element of L N Wyl(X)
induced by (1,2, 3,4,5). Hence n* has orbits

/ /
{x6}’ {xg}’ {xls :x5}3 {xl’ ’x5}’ Yl ={xl6, ,x56}

Yy = {155 Xp35 Xaq5 Xgs5 X511 Yy ={X13, Xp4» X355 X145 X5}
on X. By 9.12, dim(U) =9, 10, or 12, so »n has orbit structure 52, 11, 52

on XNU. Weconclude XNU =Y, UY, or Y,UY;. But now for x € Y|,
dim(U /xAU) = 2, contradicting 9.11.

Next W(E,) has three classes of elements of order 3 with representatives
u;, 1 < i <3, where u,; has nine orbits of length 3 on X forming a 9-
decomposition of V', and u, and u, are induced by the elements (1, 2, 3)
and (1, 2, 3)(4,5,6) in LN Wyl(X), respectively.

(9.15) uy ¢ N*.

Proof. Assume u, € N*. We may assume the orbits of u; make of the
9-decomposition .S of I1.3.5.3. NW(E6)((;¢3)) induces GL,(3)/E, acting 2-

transitively on the nine orbits of u; on X. Now argue as in the proof of
7.4.

(9.16) Either (u,) or (u,, u,) is a Sylow 3-group of N*, and if u, € N* fixes
a point of X N U, then (U, 1y) is Sylow and dim(U) = 12.

Proof. A 3-subgroup of W(E,) containing no conjugate of u, is conjugate
to (i), (u,), or {u,, 4,). The remaining remark follows from 9.14 and the
transitivity of N* on XN U.

(9.17) u, ¢ N*.

Proof. Assume u, € N*. Notice (x;, X;, x,;0i,j€{l1,2,3)) =4€7;.

As NW( Ee)( (u,)) is transitive on the orbits of x4, of length 3, we may take
V, < U. By 9.5, either V; + (x,, X3, X,;) < U or we may take x, and
0 = (X4, Xy4, X34) In U. In the first case 4 < U and we find 4 is M-
invariant, contradicting M not brilliant.

So x;, o arein U. By 9.16, dim(U) = 12 and u, € N . But now the image
V,+(x;, X5, xs) + 4 of V,, x;, 0 under u, is contained in U, contradicting
dim(U) = 12.
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By 9.16 and 9.17, (u,) is Sylow in N™. So by transitivity of N* on Xnu
and 9.14, dim(U) = 12. Let 4, = (x;, x;, x;; 1 i, j €{1,2,3}), 4, = (x,,:
i€ef{l,2,3},re{4,5,6}),and 4, = (xr,x:,xrs :r,s€{4,5,6}). Then
a = {4,, 4,, A;} is a 3-decomposition of V' and u, acts on A4;. Indeed
the orbits of u, on Xn A, and Xn A, are singular planes, while the orbits
on Xn A, are special planes. As the normalizer of u, is transitive on the
singular orbits, we may take V; < U. Then by 9.5, either V3' + (X155 Xp35 X3)
or B=(xy, X5, Xy, X4, Xp5, X) is contained in U . In the first case M acts
on A, contradicting M not brilliant. So the latter holds and by 9.5 we may
take U = V;+ B+ (x4, X5, X35) - Now we calculate that U6 = ()A(—(U+P)) ,
P = (X5, X555 X34) - Then M actson C =U+Uf,so M¢ actson Co =P,
for our final contradiction. Thus Theorem 9.4 is at last established.

(9.18) If I < Aut(G) and INT acts on some maximal parabolic of G, then
one of the following holds:

(1) I acts on some proper parabolic of G .

(2) I acts on some conjugate of L.

(3) I acts on some conjugate of the Levi factor G, N N (P(x,, xg)) .

Proof. Assume J = INT acts on some maximal parabolic P, but none of the
conclusions of the lemma hold. Let b€ I—J. Then I actson Y = PNP’. If
R(Y) # 1, then (1) holds by the Borel-Tits theorem, so take R(Y) = 1. Then
by §2.8 in [4], Y is a Levi factor of P and P’ . Tt follows that either (3) holds
or up to conjugation P = G, and P’ = N (U), U = (x,, X3, ..., X,) . But
then Ng(Y) acts on some conjugate of L.

(9.19) Let K be a subgroup of H, not contained in Z(G) and let B = Aut(G) .
Then one of the following holds:

(1) Np(K) acts on some maximal parabolic of G, or

(2) Ng(K) < Ng(Np(a)) for some 3-decomposition o of V', some a € Xx°,
orsome a € 7, or %;.

Proof. Assume otherwise and let M = N.(K). Suppose first M is brilliant.
As M acts on no maximal parabolic of G, M acts on a member of 7,
or Z,. Assume M acts on L, and let SL,(F) = J < C,(L). We have a
representation of ML on a 6-dimensional F-space U. As M acts on no
maximal parabolic of L, M is irreducible on U. Then as H, < M, one of
the following holds: (a) L < M ; (b) LNM < N(H,); (c) L,L, S LN M with
L, =SLy(F);(d) LL,Ly, S LNM with L, =SL,(F). In (a), L 4 Ng(K),
so (2) holds. In (c), L,L, preserves a unique 3-decomposition, so (2) holds.
In (d), JL,L,Ly = J; Q Ng(K) and C,(J;) is a special plane, so (2) holds.

Thus we may assume (a) holds. Similarly, either J < M or JNM < N(H,).
In the latter case, H, I N,(K), so (2) holds. In the former J J N,(K) and
again (2) holds.
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So assume M acts on 4, € 7Z; and let a = {4,, 4,, A;} be the 3-
decomposition containing 4, and M; = C;(4,). As above, M, ¢ M and
M, N M and M,M;NM do not both act on H,,. We conclude some element
of M induces a graph automorphism on M, and SL,(F) =L, S M, NM.
But Np(L,) = N(U) for some U € 7],.

Thus M is not brilliant, so by 9.4 we may assume M acts on the special
plane 7 of §4. Let J = Cg(n), so that J = Spin;'(F). Again J £ M nor
does M NJ acton H,. As M acts on no maximal parabolic, some m € M
is transitive on the three singular points in 7 and hence induces triality on J .
Then as M acts on no proper parabolic of J, we conclude there is ¥ < Ny(K)
with Y the central product of one, three, or four copies of SL,(F), leading us
to the usual contradiction.

10. THE PROOF OF THEOREM 3

In this section we assume the hypotheses and notation of §1. In addition,
assume F is algebraically closed or finite. Using results in previous sections,
we establish Theorem 3. First a lemma:

(10.1) Let K be an extraspecial 3-subgroup of G of exponent 3 with Z(K) =
Z(G). Then:

(1) |[K|=27.

(2) If NG(K) is irreducible on K/Z(K), then all elements of K — Z(G) are
of Type 2 and Ny (K) acts on N;(U) for some U in %, 7y, or %,.

Proof. Let g € K — Z(G) and Z(G) = (z). Then there is # € K with
(g, h) = K, extraspecial of order 27, and we may take [g, h] = z. As Z(G)
is of order 3, F contains an element w of order 3 and z = wl. Let V(g)
be the w'-eigenspace of g, with the index / read mod3. Then Vi (8)h =

Vm(gh) =V, ,(gz) =V, (g), so (h) is transitive on the eigenspaces of g. In
particular, dim(V;(g)) =9 for each i, so by 8.1, g is of Type 2 or 3.

We will show O (C;(K,y))K, has a subgroup H of index at most 3 such
that H = K, x H; with H| 9 C,(K). It will follow from this claim that K|,
is a maximal extraspecial 3-subgroup of G, and hence K = K, ; in particular,
(1) will be established. For, if K # K, then K = K K, with K, = C,(K,)
extraspecial. Now there is 1 # x € H N K|, and as K, is extraspecial there is
y €K, with [y, x]=z. Thus z €[y, H]]< H,, contradicting K,NnH, = 1.

Suppose first that g is of Type 3. Adopt the notation of part II, §§3 and 4. We
may assume that 4, = V,(g). Thus s permutes the subgroups M, transitively,

) CMO(h) = Z(G) x H with H = L,(F). Further 03I(CG(g)) = M,H,, so

K,H, is of index at most 3 in 03I(CG(K0))K0 , establishing our claim in this
case.

In addition we claim in this case that N;(K,) is not irreducible on K,/Z(G).
For otherwise some x € N (K;) induces an automorphism of order 4 on K.



27-DIMENSIONAL MODULE FOR E 83

Then x’ inverts K,/Z(G), so without loss, x? inverts A and g . Hence by
I1.3.6, x? interchanges M, and M, and induces a graph automorphism on
M,. So x? induces a graph automorphism on H,. This is impossible, as
H, = E(C4(K,)) 9 N(K,), whereas a graph automorphism of L,(F) is not a
square in Aut(L,(F)).

So we may assume all elements of K,—Z(G) are of Type 2. In particular, we
may adopt the notation of §4 and assume V;(g) = (v;, W;). Let Q = Co(m)™,
so that Q = Spin;(F ). Then 4 is transitive on the singular points of 7 and
induces a triality automorphism on Q. Define a asin §5andlet K, = (g, a).
Then K, =3'** and 0’ (C4(K,)) = G, = G,(F) by 5.4. Then from the main
theorem of [2], there is an element B of order 3 in G, such that o’ (CGz(ﬂ ) =
G, = SL‘;(F ) and G, is generated by three root groups of G. Moreover up
to conjugation in C;(g), & =a or af;let H = G, or G, in the respective
case. Then the claim is established, so K = K, .

Finally H, = E(C;(K)) 9 Ny (K). Let U = Cy(H)). Then U € %,
if H =G, by 5.4 and 5.5, while if H, = G,, then as G, = SL(F), H, is
generated by three root groups of G, so U € 7, or %, for ¢ = + or —,
respectively. Now 6.8 completes the proof.

Now to the proof of Theorem 3. Part (2) has already been established in
various lemmas. For most types T of structures in % , §1 indicates the lemma
in which the transitivity of A on T is established. To prove parts (1) and (3),
we begin a short series of reductions. Let K be a closed solvable subgroup of
G with K £ Z(G), and assume K does not satisfy the conclusion of Theorem
3. Subject to this constraint, pick K so that the length of the derived series for
K is minimal.

(10.2) K is abelian.

Proof. Assume K is not abelian. Then [K, K] # 1 and by minimality of the
derived length d(K) of K, [K, K] = Z(G). So K is nilpotent of class 2.
By minimality of d(K), Z(K) = Z(G). But as Z(G) is of order 3 and K is
of class 2, K* < Z(K). Thus Z(G) = ®(K) and K is a finite extraspecial
3-group. Proceeding by induction on the order of K, K is of exponent 3
and N,(K) is irreducible on K/Z(G). Now 10.1 supplies a contradiction and
completes the proof.

(10.3) R(K)=1.

Proof. If not by the Borel-Tits theorem, N Aut(G)(K ) acts on a proper parabolic.
(10.4) K is semisimple on V .

Proof. This follows, as K is abelian with R(K) =1 and F is perfect.

(10.5) K is not contained in a Cartan subgroup of G .

Proof. This follows from 9.18 and 9.19.
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(10.6) (1) F is finite of order q .
(2) K is an elementary abelian p-group for some prime p with d ,(p)>1.

Proof. If F is finite, then by induction on the order of K we may take K to
be a p-group for some prime p and either K is elementary abelian or p = 3
and K =Z, with Z(G) = K* . The last case is out by 9.3. So if F is finite of
order g, then K is an elementary abelian p-group. Hence if a’q(p) =1, then
by 6.3 and 10.5, p = 2 or 3. Similarly if F is algebraically closed, then by
6.3 and 10.5, K 8 — 1. Then K is finite and by induction on the order of K,
K is an elementary abelian p-group for p =2 or 3.

So in any event, we may assume K is a finite elementary abelian p-group for
p =2 or 3,andif p =3, then F contains an element of order 3. Now 6.7
supplies a contradiction when p = 2, while 8.3 supplies a contradiction when
p=3.

(10.7) C,(K)=0 and dq(p) =3 o0r9.

Proof. By 8.5 we may assume U = C,(K) # 0. Then by 8.7, 6.8, and 9.18, U
is totally dark. Finally 8.4 and 6.8 complete the proof.

If dq(p) = 3, then 7.4 supplies a contradiction. If dq(p) = 9, then 7.5
supplies a contradiction. Thus the proof of Theorem 3 is complete.
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