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THE 27-DIMENSIONAL MODULE FOR £6' III 

MICHAEL ASCHBACHER 

ABSTRACT. This is the third in a series of five papers investigating the subgroup 
structure of the universal Chevalley group G = £6(F) of type £6 over a field 
F and the geometry induced on the 27-dimensional FG-module V by the 
symmetric trilinear form f preserved by G. The series uses the geometry 
on V to describe and enumerate (up to a small list of ambiguities) all closed 
maximal subgroups of G when F is finite or algebraically closed. 

The main result of this third paper is Theorem 3 in § 1, which shows that the 
normalizer of any solvable subgroup of G not con~ained in Z (G) stabilizes 
one of several structures on V. The action of G on these structures and 
the stabilizer in G of each structure are also described. In addition various 
secondary results are established. For example G-classes of elementary abelian 
p-subgroups are nearly enumerated when p = 2 or 3 and p is distinct from 
the characteristic of G. 

Cohen, Liebeck, Saxl, and Seitz have announced a classification of the local 
maximal subgroups of finite exceptional groups of Lie type. Also the Lie the-
ory gives a lot of information about local subgroups when F is algebraically 
closed or finite. The approach here is different and in general more naive and 
elementary. The theory of algebraic groups is not required and the emphasis 
is on describing subgroups of G concretely in terms of the representation of 
G on V and the geometry of V rather than in abstract .group theoretic or Lie 
theoretic terms. 

§ 1 contains a discussion of notation and terminology and a precise statement 
of the main theorem. We will refer extensively to results from parts I and II 
of this series [1]. Lemma x.y.z of part I will be referred to by the label Lx.y.z. 
There is a summary of some of the most important facts from parts I and II in 
§l. 

1. THE £6 SETUP 

In the remainder of this paper we continue the hypotheses and notation of 
§§3 and 4 of part L In particular, V is a 27-dimensional vector space over a 
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field F with basis 

x = (Xi' X; , Xu : 1 :5 i, j :5 6, i < j) , 

and for i < j, Xii = -Xii' Further, J is the symmetric trilinear form on V 
whose monomials in X are 

, 
Xi Xi Xii ' 1:5 i, j :5 6, i -::f. j, 

x ld , 2dx 3d, 4dx 5d, 6d ' dE Coset, 
where Coset is some set of coset representative for Altp in Alt. Alt is the 
alternating group on {I, ... , 6} , and Altp is the stabilizer in Alt of the parti-
tion 

P = {{I, 2}, {3, 4}, {5, 6}} 
of {I, ... , 6}. Further, let sr = (T, Q, J) be the 3-form defined by J, which 
makes X singular and brilliant (cf. the discussion in §2 of part I, particularly 
the definition of the notion of a 3-form and I.2.14). 

Let G = O( V , sr) and .1 = .1( V , sr) be the group of isometries and sim-
ilarities of (V, J) , respectively. (Similarities are maps g of V preserving J 
up to a scalar multiple l(g).) By I.5.4, G is the universal Chevalley group 
E6(F). Denote by r = r(V, sr) the group of semilinear maps g on V 
such that J(xg, y g, zg) = l(g)J(x, y, z)U(g) for all x, y, z E V and some 
l(g) E F U and a(g) E Aut(F). Write r; for the transpose inverse map on 
GL(V) defined by X and let 1> be the polarity of V induced by X. Then r; 
induces an automorphism of G nontrivial on the Dynkin diagram of G, and 
if F is finite or algebraically closed, then Aut( G) = r(r;) /Z (.1) . 

In §2 of part I, we find that for X E V, Q induces a quadratic form Qx on 
V which has the J-induced form Ix as its associated bilinear form. Further, 
x.1 is defined to be the radical of Jx and for U :5 V, U.1 = nXEU x.1 and 
ue consists of those v in V such that U is totally singular with respect to 
Qv' Both U.1 and ue are subspaces of V. We say U is singular if U is 
contained in U.1 and we say U is brilliant if U is contained in U e and the 
cubic form T of sr is trivial on U. A point (v) is dark if T(v) -::f. O. 

For 1 :5 k :5 6 but k -::f. 5 , define 

V: = (x; : 1 :5 i :5 k) . 

Further, define 

V;5 = (Xii; i, j), U5 = (~, x 5), f5 = (~, x 56 ), 

V;o = (U5 ' X6i ; 1 :5 i :5 5) , V;2 = V6 + V; , 
and , , , 

~ = (Xl' X 16 ' X6 : X2 ' X 6 ' X 26 : X 12X I ' X2) • 

Denote by ~ the set of conjugates of ~ under G for 1 :5 i :5 6, and i = 
9,10,12. Define Gi = NG(~) and .1i = NA(~) for i E {1, 2, 3, 5,10, 6}. 
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Let L = SL(f6) and represent L on V~ so that the map Xi 1--+ X; is an 
F L-isomorphism. Represent L on ~5 so that the map Xij 1--+ x; 1\ x; is 
an F L-isomorphism of ~5 with the exterior square of the dual of f6, where 
(x; : i) is the dual basis to (Xi: i). Thus we may regard L as a subgroup of 
SL( V). By 1.3.2, L is a subgroup of G. 

Denote by X the set of points generated by elements of X and let Ho and 
H(b.) denote the subgroups of G and b. fixing each point in X, respectively. 
There is a description of the elements in Ho and H(b.) in §3 of part I. 

For M ::; G, write R(M) for the unipotent radical of M. If q is a prime 
power and p a prime with (q, p) = 1, then dq(p) denotes the least positive 
integer d with l == 1 modp. 

Given a positive integer i, write (i( U) for the subspace of V generated 
by the subspaces W b., as W varies over the i-dimensional subspaces of U. 
Write ((U) for (I (U) and V(U) for (2(U), 

A line I is hyperbolic if I is generated by singular points A and B with 
Ai Bb.. In that event A and B are the unique singular points in I. By 1.6.4, 
each line of V generated by singular points is singular or hyperbolic, and G is 
transitive on singular lines and on hyperbolic lines. 

By 1.6.6 and 1.6.7, if U is a nonsingular subspace contained in some member 
of ~o' then U is contained in a unique member of ~o' which we denote by 
<I>(U). Thus each hyperbolic line (x, y) is in a unique member <I> (x , y) of 
~o' 

An n-tuple (Ai: i) of singular points is special if each of the lines Ai + Aj 
is hyperbolic and Ai i (Aj + Ak)(J for all distinct i, j, k. A plane is special 
if it is generated by a special triple. By 1.6.9, G is transitive on special planes. 
Write ~3 for the set of special planes. 

Define a subgroup M of r to be brilliant if M stabilizes some member 
of ~, i = 1, 2, 3, 5, 6, 10, 9, or 12. By Theorem 1 in part II, if U is a 
nontrivial brilliant subspace of V generated by singular points then Nr ( U) is 
a brilliant subgroup of G. 

For U ::; V, write ~(U) for the set of members of ~ contained in U. 
For U E ~ let Op( U) consist of those Z E ~ such that Z n V (U) = 0 . 

Given an extension K of F ,write UK for K ® F U when U is a subspace of 
V . Denote by g-K the form induced on V K by g- and let GK = O( VK , g-K) . 

A 9 -decomposition of V is a set S of nine special planes such that for each 
A, B in S, A is incident to B and ~(A, B) is in S, in the notation of part 
II, §3. A 3 -decomposition of V is a decomposition V = AI EBA2 EBA3 such that 
for some 9-decomposition S of V, Ai = A+B+~(A, B) for some A, BE S. 
By 11.3.5, G is transitive on 9-decompositions and 3-decompositions of V. 
Also each member of a 3-decomposition is in ~ and conversely by 11.3.6, each 
member of ~ is in a unique 3-decomposition of V. 

A subspace U of V is totally dark if each point of U is dark. Suppose 
F is finite. A twisted special plane is a totally dark plane U such that for 
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some cubic extension K of F, UK is a special plane. By 7.3, G is transitive 
on twisted special planes. A twisted 9-decomposition of V is a set S of nine 
twisted special planes such that for some cubic extension K of F, SK is a 
9-decomposition of V. By 7.4, G is transitive on twisted 9-decompositions 
of V. A twisted 9-subspace is a 9-dimensional subspace U of V such that 
U ¢. ~ but UK E ~ for some quadratic extension K of V. Write W'9 for 
the set of twisted 9-subspaces of V. By 3.3, G is transitive on W'9' 

Let W'6 consist of the 6-dimensional subspaces U = (VI' v2' v3' WI' w2' 
w3) of V such that (VI' v2' v3' v4 ) is a special 4-tuple and for s E S3' w is 
is the projection of v4 on (v2s ' V3s }d with respect to the decomposition 

V = (VI' v2' v3) EEl (VI' V2}d EEl (VI' V3}d EEl (V2 ' V3}d. 

By 4.5.1, G is transitive on W'6' 
If k is a cubic extension of F , a twisted 3-decomposition of V is a k-space 

structure on V whose stabilizer in G is irreducible on V and is the stabilizer 
in G of a 3-decomposition of V k • If F is finite, then by 7.5, d is transitive 
on twisted 3-decompositions of V. 

If F contains an element of order 3 then an exotic Esi-subgroup of G is a 
subgroup E ~ ESI of G such that Z(G) :S: E, but E is contained in no Cartan 
subgroup of G. We find in 8.3 that, if F is finite or algebraically closed, then 
d is transitive on its exotic Esi-subgroups. 

We now define our set ~ of natural structures on V. Define ~ALG to 
consist of members of cP;, i = 1, 2, 3, 5, 6, 10, 12, W'3' W'6' dark points, 3-
decompositions, conjugates of X when IFI > 2, and exotic Esi-subgroups of 
G when F contains an element of order 3. If F is algebraically closed, let 
~ = ~ALG' If F is finite, let 2~ALG consist of members of W'9 ' twisted special 
planes, twisted 9-decompositions, and twisted 3-decompositions. Further, set 
~ = ~ALG U 2~ALG • 

The following theorem is perhaps the main result of this paper: 

Theorem 3. Let F be finite or algebraically closed and K a closed solvable 
subgroup of G such that K i Z (G). Then: 

(1) Nr(K) stabilizes some member of ~ . 
(2) d is transitive on each type of structure in ~. 
(3) Either B = NAut(G)(K) acts on NG(S) for some S E ~ or Nr(K) acts 

on some maximal parabolic P of G. For b E B - r, P n pb is a B-invariant 
Levi factor of P and P, pb is conjugate to GI , NG(<I>(x~, X I6 )). 

2. ROOT GROUPS 

In this section we continue the hypotheses and notation of § 1. Denote by Je 
the set of all conjugates of the root group {X(t) : t E F} (cf. part I, §3). Recall 
~ denotes the set of all conjugates of ~. Then ~ is the set of 6-dimensional 
singular subspaces of V and for Y E Je, [V, Y] E ~. Conversely, if U E ~, 
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there is a unique member Y of .ffe with U = [V, Y]. Denote this subgroup by 
.ffe( U). Further, for M ::; G, write .ffe(M) for .ffe n M. Similarly for U::; V, 
write ~(U) for U n ~. 

(2.1) G6 has five orbits ~j, 1 ::; i ::; 5, on ~. These may be described as 
follows: 

(1) ~I = {~}. 
(2) ~2 consists of those U E ~ with dim(Un~) = 3, U = (V3, X45 ' X46 ' 

2 X56 ) E ~ and U ::; V(~). 
(3) ~3 consists of those UE~ with un~ a point, U=(XI,X;,x26,X36' 

X46 ' X56 ) E ~3 and U n V(~) is a hyperplane of U. 
(4) ~4 consists of those U E r with dim(U n V(~)) = 3, U = (X45 , X46 ' 

X56 ' V;) E ~4 and Un ~ = O. 
(5) ~5 consists of those U E ~ with U n V(~) = o. V: E ~5 . 

Proof. By 1.1.2, it suffices to show Wyl(X)6 has five orbits on the set 'lI of U 
in ~ with U = (UnX) . Let ~::f. U E 'lI. By 1.3.6.6, d = dim(Un~) ::; 3 ~ 
dim(U n V:) = e. As Wyl(X)6 induces S6 on {(Xj) : 1 ::; i::; 6}, we may take 
U n ~ = Vd if d ::f. O. Let A = (X45 , X46 ' X56 ) and B = (X45 , x 46 ' x 43 ). If 
d = 3, then by 1.3.6.5, ~ and V3 + A are the unique members of 'lI containing 
V3. Thus by transitivity of G on ~ and 1.1.2, each member of ~ generated 
by members of X is in just two members of 'lI . Further, we may take d ::; 2 , 
and then by symmetry take e ::; 2. If d = 2, then by 1.3.6.4, e = O. Thus 
dim(U n V(V6)) ~ 4, so conjugating in Wyl(X)6' we may take A or B to be 
contained in U. As ~ and V3 + A are the members of 'lI containing A, we 
are done in the former case, and as the two members of 'lI containing Bare 
Wyl(Xkconjugate to the space in (3), we are done in the latter. 

For U = (~)g E ~, write ~j (U) for (~j)g. Further, if Y = .ffe( U) , 
write ~(Y) for the set of groups .ffe(W) as W varies over ~j(U). Write 
Op( U) for ~5 (U) and Op( Y) for ~ (Y) . 

(2.2) Let Z E.ffe and U = [V, Z]. Then: 
(1) ~(Z) = .ffe(R(NG(Z))) - {Z}. Further if Y E ~(Z), then (Z, Y) = 

Z x Y is partitioned by .ffe(ZY) and NG(ZY) acts transitively on .ffe(ZY). 
(2) ~(Z) consists of those Y E.ffe commuting with Z but not contained in 

R(NG(X)), If Y E ~(Z), then (Z, Y) = Z x Y and .ffe(ZY) = {Z , Y}. 
(3) ~ (Z) consists of those Y E.ffe such that (Z, Y) is unipotent but non-

abelian. For Y E ~(Z), [Z, Y] E ~(Z) n~(Y) and (Z, Y) is special with 
(Z, Y)/[Z, Y] ~ F2. 

(4) Op(Z) consists of those Y E.ffe such that (Z, Y) is not unipotent. For 
Y E Op(Z) , (Z, Y) is a conjugate of SL2«(x l , x;)). 

Proof. Conjugating in G, we may assume Z ::; L. Now ~(Z)nL is nonempty 
for each i and the structure of (Z, Yj ) is visible in L. 
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(2.3) G6 has three orbits on singular points with the following representatives: 
(1) ~ S ~. 
(2) (x I2 ) E V(~) - ~. 

(3) (x~) E V - V(~), (x~)Lln ~ = (x6). 

Proof. Use 1.1.2 and argue as in the proof of 2.1. 

(2.4) Let A = ~ + V:. For v = L aixi E ~ define v' = L aix;. Then: 
(1) For a E F, define U(a) = {x +ax' : x E V6}. Then S = {U(a), V: : a E 

F} is a partition of the singular vectors of A. 
(2) If W is a singular subspace of A of dimension at least 2, then either W 

is contained in a unique member of S or W = (x, x') for some 0 =I x E ~ . 
(3) SL2 ( (Xl' x;)) is transitive on ~(A), and ~(A) = S. 

Proof. Let y = r + s' be a singular vector in A, where 0 =I r, s E ~. Notice 
( ') , . I " ( ') rLl n A = ~, r . Then r, s , and yare smgu ar, so s E ~ n rLl = r . 

Hence s = ar for some a E F~ and (1) is established. Further this shows 
(r, r') and ~ are the maximal singular subspaces of rLl n A. Therefore, if W 
is a singular subspace of A through r of dimension at least 2, then W S V6 
or W = (r, r'). Next it is easy to check U(a) is a conjugate of ~ under K. 
Hence (1) and the observation of the previous sentence establish (2), and (3) is 
also evident. 

(2.5) Let T be the set of lines in the dual space ~* of ~, S the set of singular 
points of ~ 5 ' and define S : T -+ S by 

US = (u 1\ v : U = (u, v)) , 
subject to the identification of ~5 with ~* 1\ ~* as in § 1. Then: 

( 1) S is a bijection. 
(2) L is transitive on Sand T, and S commutes with the actions of LH(Ll) 

on Sand T. 
(3) US S (WS)Ll if and only if U n W =I 0 . 
(4)ForxE~ and UET, USExLl ifandonly if x Eker(U). 

Proof. Recall from 1.3.7 that G6 = RLHo' where R = R(G6). Now G6 is 
transitive on singular points in V(~) - ~ by 2.3. So as V(~) = ~ + ~5 with 
[R, V(V6)] = V6 and ~5 is LH(Ll)-invariant, it follows that LHo is transitive 
on S. As Ho fixes a singular point in ~5' also L is transitive on S. 

Thus, as ~5 is F L-isomorphic to ~* 1\ ~* via Xi) 1-+ x; 1\ x;, S is a 
permutation equivalence of the actions of L on Sand T. Further, H(Ll) 
acts on (x~, x;) and (xd, so S is even LH(Ll)-equivariant. Thus (1) and 
(2) are established. Next from (1) and (2), L is rank 3 on S, so as (X I2 , x 13 ) is 
singular but (X I2 , X 34 ) is not, (3) holds. Similarly, x3 E x 12Ll but Xl tI. x 12Ll, 
so (4) holds. 

(2.6) Let A = V6 + V: and adopt the notation of2.4. Let y be a singular vector 
such that yLl n V6 = (x) and yLl n V: = (z') ,for some z E ~. Then: 
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(1) y = az + bx' + u for some a, b E F~ , and u E ~5 n (x, z, x' , z'}.:l. 
(2) If (z) = (x), then az + bx' and u are singular. Further, if U is the 

member of ~(A) containing az + bx' , we have y E V( U) but y ¢. V(W) for 
WE 'P"(A) - {W}. Indeed y is conjugate under LHo to Xl + x; + X34 . 

(3) If (z) I- (x), then az + bx' and u are nonsingular, y ¢. V(W) for any 
WE 'P"(A) , and y is conjugate to Xl + x~ + X34 - X56 under L. 

Proof. Write y = r+s' +u, r, s E ~, u E ~5. Then y E x.:l::; (V(~), x'}, so 
(s) = (x) . Similarly, (z) = (r) . As r E ~ ::; x.:l and y, S' E x.:l, also u E x.:l. 
Thus u E x.:l n ~5 ::; x'.:l. Therefore (1) holds. 

Suppose (z) = (x). Then r + s' and yare singular, and r + s' E u.:l, so u 
is singular. By 2.5, L is transitive on pairs a, p where a and p are singular 
points in ~ and ~5' respectively, and a E P.:l. Thus we may take r = aXI ' 

s = bXl ,and u = CX34 . Conjugating in Ho we may take a, b, c to be all 1. 
By 2.4, r+s' is in a unique member U of ~(A); indeed U = {t+t': t E ~}. 
Then visibly y.:l n U = X34.:l n U = (Xi + x; : i I- 3, 4), so y E V( U). On 
the other hand for U I- W E ~(A), y.:l n W = W n (Xl' x;) is a point, so 
y ¢. V (W) . Hence (2) is established. 

So take (z) I- (x). Then r + s' is nonsingular while y is singular and 
u E (r + s').:l. Hence u is nonsingular. For W E ~(A), V(W) = W + ~5' so 
as the projection of y on A is nonsingular, y ¢. V(W). Conjugating in L, 
we may take r = Xl and s = x2 • Let w = x 12 • Then 

0= Qw(Y) = Qw(xl + x 2 ) + Qw(u) = 1 + Qw(u) , 

so Qw(u) = -1. Further, B = (Xl' X2 ' X;, X;) is hyperbolic with B.:l a 
nondegenerate 6-dimensional subspace of <P(B) with respect to Qw' and M = 
CL(w)nNL(B) induces a subgroup of O(B.:l, Qw) containing Q(B.:l, Qw). So 
M is transitive on vectors u E B.:l with Qw(u) = -1. Thus conjugating in M, 
we may take u = X34 - X56 ' completing the proof. 

(2.7) Let A = ~ + V;. Then NG(A) = LKHo has four orbits on singular points 
of V with the following representatives: 

( 1 ) ~::; A, l';.:l n A = (V6 ' x;) . 
(2) (X I2 }::; ~5' x 12.:l n A = (Xi' X; : i > 2) . 
(3) (x), where x = Xl + X34 has nontrivial singular projections on A and 

~5' X E V(W) for a unique W E ~(A); namely W = ~ is the member of 
~(A) containing the projection Xl of X on A, x.:lnA = (Xl' X2 ' X5' X6' X;) . 

(4) (z), where z = Xl +X; +X34 -X56 has nonsingular projections on A and 
~5' Z ¢. V(W) for any W E ~(A), z.:l n A = (x; , X2 ' Xl - X;). 

Proof. From 2.4, K L is transitive on the singular points of A, and L is 
transitive on the singular points of ~5. So we may assume y = w + u is 
singular with w E A~ and u E (~5)tt. If y E V(n-:) for distinct n-: E 'P"(A) , 
i = 1,2, then y E V(Wl ) n V(W2 ) = ~5. Thus without loss, y is not in 



52 MICHAEL ASCHBACHER 

V(V6 ) or V(V:). Thus we are in the setup of 2.6, and that lemma completes 
the proof, together with some straightforward calculations. 

(2.8) Let S be a set of singular points of V, U = (S), and Y E 2'. Then Y 
acts on U if and only iffor each s E S - V([V, Y]), sLl n [V, Y] ~ U. 

Proof. Notice [s, Y] = sLl n [V, Y] for each singular s in V - Cv(Y) . 

3. TWISTED 9-SUBSPACES 

In this section we continue the hypotheses and notation of § 1. 

(3.1) Adopt the notation of 2.4. Let I = (YI 'Y2) be a singular line, such that 
yLl n W is a point for all y E Itt and all W E ~(A). Let nand n' be 
the projections on 1-6 and V:' respectively, with respect to the decomposition 
V = V6 EB V: EB V;5' Assume (n(Y2)') = (n'(YI))' Let 1= (n(y l ), n(Y2))' Then: 

(1) I' = (n'(y l ) , n'(Y2))' 
(2) B = I+!' + I is a 6-dimensional subspace of some conjugate of V;o' with 

(B, Qz) nondegenerate of Witt index 2 for each Z E V - Be . 

Proof. Conjugating in G and appealing to 2.7, we may take YI = x2 + x~ + ul 
with XI' x2 E ulLl and ul E V;5' Similarly we may take Y2 = XI + x' + u2 
for some X E 1-6, since (n(y2)') = (n' (y l )). Suppose X ¢. (XI' x2). Then 
conjugating in L, we may assume X = x3 . Now as I is singular, 0 = 
f(x23 , YI 'Y2) = 1 + f(x23 , ul ' u2), so f(x23 , ul ' u2) I- O. But uI' u2 E 
V;5nxILl and hence are orthogonal with respect to Ix ,a contradiction. There-

23 
fore (1) is established. 

Let D = I + I'. By (1), D = (XI' x2' x~, x;) and uI ' u2 E DLl, so B ~ 
c:I>(D) , a conjugate of V;o' Let Z E V - Be. By hypothesis (and 2.7) for 
Y E Itt, n(y) + n'(y) is nonsingular. Thus the projection A of I on D is a 
definite 2-subspace of D with respect to Qz. Thus the projection of I on 
DLl n B = (u l ' u2) is onto, and (u I ' u2) is also definite. Hence (B, Qz) is of 
Witt index 2. So (2) is established. 

(3.2) Let U E Op(W) for all W E ~(A). Let M = (2'(1-6), 2'(V:) , 2'(U)). 
Then there exists an M-invariant special triple (Sl' S2' s3) from V;5 such that 
A + U = BI2 + B31 + B32 , where: 

(1) BI2 = (Sl' s2)Ll n (A + U) = II + 12 + 13, and II = 1-6 n (Sl' s2)Ll, 12 = 
V: n (Sl' s2)Ll, and 13 = Un (Sl' s2)Ll are all lines. 

(2) For i = 1,2, B3i = (s3' s)Ll n (A + U) = EBjUjLl n (S3' si)Ll). 
(3) BI2 is a nondegenerate 6-dimensional subspace of Witt index 2 with 

respect to Qs . 
3 

(4) A + U is determined up to conjugation in NG(L) by the similarity type 
of (BI2' Qs ) . 

3 
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Proof. In proving 3.2, we continue the notation of 3.1. Notice that as U E 
Op(W) for all W E ~(A), n : U -* ~ is an isomorphism by 2.6. Thus for 
each u E U~ , the hypotheses of 3.1 are satisfied for the line !(u) of U such that 
!(u) = (u, n- l (t)) and t' = n'(u). Hence the relation u ~ w if !(u) = !(w) is 
an equivalence relation on Un by 3.1.1. 

For v E ~, let I(v) = !(n- l (v))n. As n: U -* ~ is an isomorphism and 
~ is an equivalence relation on U~, the relation v ~ w if I (v) = I (w) is an 
equivalence relation on vi. 

Let! = !(u) ::::; U. Without loss, I = n(7) = T2. As ~ is an equivalence 
relation on vi, l(x3) n 1= o. Hence conjugating in NL (I) n NL( (x3)) , we may 
take l(x3) = (x3, x4) . Similarly we may take I(X5) = (x5, x6) . 

Let Ci = ct>(I(x)). Then B ::::; C l by 3.1. So for u E l' or !, ul! n I :f= 0, so 
ul!n ~ ::::; I. Thus [2"(V6), u] = ul!n ~ ::::; B, so 2"(~) acts on B. Similarly, 
M acts on B. So M acts on ct>(B) = C l . Similarly M acts on Ci , for 
i = 1 , 3, 5. Then M acts on Cl n C3 = (x56 ) , and then as M is generated by 
unipotent elements, M fixes X 56 . 

Let SI = X12 ' S2 = X34 ' and S3 = X56 . Define Bii and Ii as in the statement 
of 3.2. By the previous paragraph (SI' S2' S3) is an M-invariant special triple. 
As I ::::; (52' S3)1! and l' and ! are M-conjugate to I, B::::; B 12 . By symmetry 
dim(B3i ) ~ 6, for all i = 1,2. So as B12 n B3i = 0 and dim(A + U) = 18, 
B = Bl2 and A + U is the direct sum of the Bii . In particular (1) and (3) 
are established. Further, II! n (53' Si)1! is a line for i = 1 , 2, so as B3i n U ::::; 
II! n (S3' Si)1! and is of dimension at least 2, we conclude that (2) holds. 

Let U E ~, such that U E Op(W) for all W E ~(A). We have shown there 
is g E NG(A) with (A+U)g = D12+D31 +D32 , where Dii = (Si' s)l!n(A+U) 
and An D12 = (l, l') ; without loss g = 1. Let N be the stabilizer in NG(A) 
of (SI' S2' S3)· If (B, Qs) is similar to (D23 , Qs ), then D23 is conjugate 

J J 

to B in N. Then by (2), A + U is conjugate to A + U. Conversely, if 
(A + U)y = A + U for some y E NG(A) , then replacing y by yx for suitable 
x E L, we may assume y fixes each (Si). Hence By = D23 , and y preserves 
QSJ up to a scalar, so (B, QSJ) is similar to (D23 , QSJ). SO (4) is established. 

(3.3) Let U E Op(W) for all W E ~(A) and let M = (2"(~), 2"(V;), 
~(U)). Then: 

(1) There exists a quadratic Galois extension K of F such that CG(M) ~ 
SL3(K) and M ~ SU3(KjF). 

(2) V = A EEl U EEl Cv(M) with Cv(M) = nWEOp(A) V(W) E ~9 and A + U = 
Cv (M)6. 

(3) A + U is the K-tensor product of the natural modules for M and CG(M) 
as a KMCG(M)-module. 

(4) K ®F Cv(M) is isomorphic as a CG(M)K-module to N ® N G , where N 
is the natural KCG(M)-module and (a) = Gal(Kj F). 
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(5) NG(A + U) is MCG(M) extended by a graph automorphism. 
(6) If F is finite, then each member of W9 is of the form Cv(M) for some 

M = (BI' B2, B3) with Bi E fP, B2 E Op(BI), and B3 E Op(B) for all 
BE fP((BI' B2)). 

Proof. Adopt the notation of the proofs of 3.1 and 3.2. Let C be the subspace 
of B orthogonal to I + I' . Then there exists a quadratic Galois extension K of 
F such that (C, Qs) is similar to (K, N:). Moreover (C, Qs ) determines 

I I 
the similarity type of (B, Q ). Let (0') = Gal(KjF). Consider the K-form 

Sl 

g-K on V K = K ®F V and regard G as the fixed points of the field automor-
phism 0' on the isometry group GK of (VK , g-K) and V as the fixed points of 
0' on VK . There is a 3-decomposition VK = Al EElA2 EElA3 such that 0' induces 
a graph-field automorphism on MI = CGK(A I) and interchanges M2 = CGK(A2) 
and M2 = CGK(A3)' Thus the stabilizer in G of this 3-decomposition is J I J2 , 
where J I = CM (0') ~ SU3(KjF) and J2 = CM M (0') ~ SL3(K). Similarly 

I 2 3 

V = II EEl 12, where II = CA (0') = CV(JI) is isomorphic to N ® N rI as a 
I 

KJ2-module and 12 = CA +A (0') is isomorphic to the tensor product of the 
2 3 

natural modules for J I and J2 as a KJIJ2-module. Finally NG(JJ2) is J I J2 
extended by a graph-field automorphism. 

Next J I is generated by root groups Yi , 1 $ i $ 3, of G such that Y2 E 
Op(YI) and Y3 E Op(Y) for all root groups Y in (YI , Y2). So without loss 
[YI , V] = ~ and [Y2 , V] = V:. Let f) = [Y3 , V]. Then 12 = A + f). 
We may assume the special triple (Sl' S2' S3) is contained in II' so that jj = 
I2n(sl' S2)11 is of dimension 6 and JI-invariant. As all irreducible submodules 
of 12 are natural modules for J I , jj is a natural K JI-module. 

Then J I preserves a hermitian symmetric sesquilinar K-form h on jj. 
Further each JI-invariant quadratic F -form on jj is of the form ha for some 
a E K~ , where ha(v) = Tr~(h(av, v)). Thus, each such form is either of Witt 
index 3 or of Witt index 2 with the orthogonal complement to a hyperbolic 
4-subspace similar to (K, N:). In particular by 3.2, (jj, Qs ) must be of the 

I 

latter sort, and hence II is NG(A)-conjugate to A + U by 3.2.4. 
Finally, if F is finite and E E W9 ' then there is a 3-decomposition V K = 

EI + E2 + E3 with EK = EI . Now 0' preserves the unique 3-decomposition of 
V K containing EK , so either E20' = E3 or EiO' = Ei for each i. In the former 
case, (6) holds and we are done by remarks above. In the latter, 0' induces a 
field automorphism on CGK(Ei) for each i, and then CE(O') E ~, contrary to 
the hypothesis. I 

(3.4) If F is finite, then G is transitive on W9 . 

Proof. This follows from 3.2.4 and 3.3, since up to isometry there is a unique 
6-dimensional orthogonal space over F with Witt index 2. 
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4. SPECIAL PLANES 

In this section n = (XI' X16 ' x~) is a special plane. Let VI = XI' v2 = XI6 ' 
and V3 = x~. Let W; = (Vj' vk)..1 for {i, j, k} = {I, 2, 3}. Then W = 
W; + W2 + UJ = nO. 

(4.1) Let W = ~Wi E W with Wi E W;. Then W is singular if and only if Wi 
is singular and Wi E wj..1 for all i, j. 
Proof. This is 11.2.2. 

(4.2) Let W = WI + w2 + w3 with Wi E W;. Then: 
(1) y = XI + W is singular if and only if Wi is singular for all i and one of 

the following holds: 
(a) WI =0 and w2 Ew3..1. In this case (y,x l) is singular. 
(b) I = (W2' w3) is hyperbolic, O:f:. (WI) = l..1 n WI' and Qv(xl + WI) = 

-Qv(w2 + w3) for V E V -10. 
(2) C = CG(n) has three orbits on points of type (la) with representatives 

(X6) , (X2) , and (X6 + x2) . 
(3) C is transitive on points of type (lb) with representative satisfying WI = 

I I 
x2' w2 = XI' W3 = x2· 

(4) In any event Rad( (y, n)) = (w) , so (y, VI ,v2) and (y, VI' v3) are not 
special. 

Proof. Assume y is singular. Qx\ (y) = Qx\ (WI)' so WI is singular. Qv/Y) = 
Qv(xl + Wi) for i:f:. 1, and Wi E x l..1, so Wi is singular. If WI = 0, then as 
w2' + W3 E x l..1, W2 + W3 is singUlar, so w2 E w3..1. So assume WI :f:. O. 

If w2 E w3..1, then w2 + W3 is singular in y + <I>(k) , where k = (XI' WI). 
Thus by 1.7.4, y E <I>(k). But <I>(k) n (W2 + W3) ~ w l..1, impossible as WI + XI 
is nonsingular and hence not in W 1..1 . 

As w2 + W3 E x l..1, 0 = Qu(Y) = Qu(W2 + w3) = f(u, w2' w3) for each 
u E WI n wl..1· But as 1= (W2' w3) is hyperbolic, WI n /() is a hyperplane of 
W; . So WI n 10 = W; n w l..1, and hence (4) holds. 

The proofs of (2) and (3) are easy. Finally in either case 0 = f(y, y, v) = 
f(x l + W, XI + w, Vi) = f(w, w, Vi)' and 0 = Qv(Y) = Qv(W)' so (w) = 
Rad((y, n)). ' , 

(4.3) Let W = WI + w2 + w3 with Wi E W;. Then: 
(1) If Y = VI +v2+w is singular, then (WI' w2) and (WI +W2' VI +V2+W3) 

are singular with QlI (w3) = -1. 
3 

(2) CG(n) has two orbits on such singular points with representatives satisfying 
WI = w2 = 0, w3 = x2-x26 and WI = x;, w2 = x;, W3 = X2-X26 , respectively. 

(3) Rad((y, n)) =0. 
(4) (VI' v3' y) and (V2' v3' y) are special but (VI' v2' y) is not. 

Proof. Assume y is singular. Then 0 = Qv (y) = Qv (VI + v2 + w3) = 1 + 
. 3 3 
QlI (w3). Hence z = VI + v2 + w3 is singular. 

3 
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Similarly for i = 1,2, Qv(Y) = Qv(wi), so Wi is singular. Also for u E 
Wj n W3d, 0 = Qu(Y) = QU(~I + w 2) '= f(u, WI' w 2)· Thus if (WI' w 2) is 
hyperbolic, then as in the proof of 13.2, W3 is singular, a contradiction. SO 
WI + w2 = Y - Z, Y and z are singular. Hence (y, z) is singular. So (1) is 
established. 

As C = CG(n) is transitive on vectors w3 in W3 with Qv (w3) = -1, C 
3 

is transitive on the set of singular points of type (y) with WI = w2 = o. So 
assume (y) is in the set S of such points with WI i o. As 

3 

WId = (V2' v 3) EEl E9(U'; n WId), 
i=1 

but z E (WI +W2 )d, we have w2 i o. Conjugating in C, we may take WI = x; 
and w 2 = x~. Let e = WI + w2 • Then 

ed = (V: ' xij' Xli - X2i ' XI + x 2 : i, j iI, 2) . 

Then z=(v2-X26)+(VI+X2)+(X26-X2)+W3 with the first two terms in ed. 
Thus (X26 - x 2) + W3 E W3 ned = A = (X36 , X46 ' x 56 } , so W3 E (x2 - X26 ) + A . 
As Ce is transitive on this coset, (2) is established. 

Next Qv (w) = Qv (w3 ) = -1, so Rad((y, n}) = O. Part (4) is easily 
3 3 

checked. 

(4.4) Let W = WI +W2 +W3 with Wi E U'; and a, b i o. Then: 
(1) y = VI + aV2 + bV3 + W is singular if and only if Qv (WI) = -abo 

I 

QV2 (w2) = -b. QV3 (w3) = -a. f(w l , w 2' w 3) = 2ab. and (w3) = Ad n W3 • 

where 
A = {u E W3 : f(u, WI' w 2) = O}. 

(2) CG(n) is transitive on the set of singular points (y) of V of this form. 
Further one such point has WI = x;-abxI2' w 2 = x~ +bx6• and W3 = x 2-ax26 · 

(3) (y, Vi' V) is special for each i i j. 
(4) (Vi)' 1:::; i :::; 3. and (y) are the singular points in (y, n) . 

Proof. Assume y is singular. Let ai denote the coefficient of Vi in y. Then 
0= Qv(Y) = ajak + Qv(w). In particular Wi is nonsingular. If u E D = W3 n 
W3d, then 0 = Qu(Y) ~ f(u, WI ' W2). SO D :::; A. But as Wi is nonsingular, 
conjugating in C = CG(n) , we may take WI = x; - abxI2 and w 2 = x~ + bX6 . 
Then we find A = W3 n dd is a hyperplane of W3 , where d = x 2 - ax26 . It 
follows that w3 = ed, e = +1 or -1. 

Next for each i, 0 = Qw (y) = f(aiv i , Wi' wJ + f(W I ' w 2' w 3) = -2ab + 
f(w l , w 2' w 3), while f(w l ', w 2' ed) = 2eab. Thus e = +1, and (1) and (2) 
hold. Also (3) is easy to check. 

Notice that as each Wi is nonsingular, the first three lemmas in this section 
show that if (s) is a singular point in (y, n) not in (n), then the projection of 
s on (v) is nontrivial for each i. Then (2) and an easy calculation imply (4). 
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(4.5) Let y = VI + v2 + V3 + w. where W = WI + w2 + W3 and WI = x; -x12 • 
w2 = x; + x6• and w3 = x2 - x26 . Let V = (n, y). Then: 

(1) d is transitive on ordered special 4-tuples of points. 
(2) ((VI)' (V2) , (V3) , (y)) is a special 4-tuple of points. 
(3) The singular points in V are (Vj) and (y). 
(4) V8 = (wjdn (n8): 1:5 i:5 3) is of dimension 21. 
(5) Let n(w) = (WI' w2' w 3' n). Then n(w)8 = V8. and if char(F) =f 2 

then V = n(w) EB V8. 
(6) CG(V) = CG(n(w)). 
(7) The singular points in n(w) are (V lu ) , (v lu + a2v2U + aw3u )' and (VI + 

a2v2 + b2V3 + abwi + bW2 + aw3). a, bE F#, 0' E Sym( {I, 2, 3}) . 

Proof. First (2) follows from 4.4.3. Next, as G is transitive on special 3-tuples, 
each special 4-tuple of points is conjugate to ((VI)' (V2) , (V3) , (v4)) for some 
singular V 4' By earlier results in this section, V 4 = V I + aV2 + bV3 + W' for some 
w' E W. As H(d) induces a full diagonal group on n, conjugating in H(d) , 
we may take a = b = 1. Then by 4.4, (v4 ) is conjugate to (y) under CG(n). 
So (1) is established. Notice (3) is just a restatement of 4.4.4. 

3 Next V8 = nj=1 Aj where Aj = {w E W : f(w, y, Vj) = O}. Further 
Al = {w E W: f(w, WI' VI) = O} = (wldn WI) + W2 + W3, so (4) holds. 

Of course n(w)8:5 V8, as V:5 n(w). Further, V8:5 wj 8 for each i and 
Wj E Vjd for i =f j ,so (Wj' v)8 = w j8. We saw in the previous paragraph that 
V8 :5 Aj :5 (Wj' vj)8nwj8 = (Wj' v)8. Next by 4.4.1, (w3dnW) :5 (WI' w2)8, 
while of course (wj)dn W :5 (Wj' w)8. Thus V8:5 (WI' w2)8 by (4). Finally 
by symmetry, V8:5 (Wj' w)8 for all i, j. Hence V8:5 n(w)8, so (5) holds. 

CG(V) acts on ~ = (Vj' Vk)d, and hence fixes the projection Wj of y on 
~. Thus (6) holds. Finally (7) follows from previous lemmas in this section. 

5. CERTAIN 6-DIMENSIONAL SUBSPACES OF V 
In this section the hypotheses and notation of §4 are continued. In addition 

let 
I I 

WI = x2 - XI2 ' w2 = XI + x6' w3 = x2 - x26 ' 
and n(w) = (n, WI' w2' w3) . Let a be the element of GL(V) such that 

I I I I 
a = (XI' x6' XI6 )(XI ' X21 ' X2)(X2, X62 ' X6)(X3, -x3, X45 )(X13 ' X63 ' X~3) 

I I . (x4' -x4, X53 )(XI4 , X64 ' X24 )(X5 ' -x5, X34 )(X15 ' X65 ' X25 ) . 
In §6 of [3] it is shown that a E G. Evidently a acts on n and a has cycle 
(WI' w3' w2). So a also acts on n(w). 

Indeed let n = No(V ,fl(n)oo. Then n ~ Spin;(F) acts naturally on »'; 
and a induces a triality automorphism on n, so W2 and W3 are the two 
conjugates of the natural module under triality. It turns out Cn(a) ~ G2(F) , a 
fact we will prove in a moment. 

The next lemma follows from 6.2, 6.3, and 6.4 in [3]. 
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(5.1) (1) Let e E GL(V) centralize Vi and have cycles 

(x~ , X21 )(X62 , x2)(X6, x; )(x~ , x 13 )( -X3 ' X63 )(X4S ' X23 ) 

. (x~, X14 )( -X4' X64 ) (XS3 ' X24)(X~, x IS )( -xs ' X6S ) (x34 ' x 2S ) . 

Then e E CG(a) and e fixes each Wi' 
(2) Let y, J E GL(V) fix Vi' x; , X21 ' X2' x~, X62 ' and x6' let y have cycles 

, , , 
(X3' x4' XS)(X3 ' x4' XS)(x4S ' XS3 ' X34 ) 

. (x13 ' X14 ' x IS )(x63 , X64 ' X6S )(X23 ' X24 ' x 2S ) , 

let J invert x3' x~, x 13 ' X23 ' X36 ' and x4S ' and let J have cycles 

(x~ , -X~)(X4' -XS)(XI4 , -XIS )(X24 , -X2S )(x46 , -xS6 )(X34 , x 3S ) . 

Then (y, J) ~ CG ( (a, e)) and J inverts y. 
(3) The group (e, y, J) is isomorphic to Z2 x S3' is transitive on 

{(x), (Xli) : 3 ~ i ~ 5}, 

and fixes WI and (x~ + x 12 )· 
Now let XI = {x~ + x 12 ' x;, Xli : 3 ~ i ~ 5}, VI = (XI)' and define a 

3-linear form h on VI by h(x, y, z) = f(x, ya, z(2). 

(5.2) The form h is an alternating trilinear form on VI' 

Proof. As f is symmetric and a preserves f, h is symmetric with respect to 
each odd permutation of its three indices. So it suffices to show h(x, y, y) = 0 
for all x E XI and y E VI' Hence by 5.1.3, it suffices to check this equa-
tion for x = x~ + x 12 and x = x~. But an easy calculation shows h: +x = 

2 12 

h(x~ + X12 ' *, *) and hx are alternating and indeed: 
3 

(5.3) (1) h:2+xI2 = L:;=3x;XW 
(2) h' ( , ) " x = x13 x2 + XI2 + XSX4· 

3 

Now let P be the element denoted by (j in §6 of [3]. Then a calculation 
shows P fixes x;, x 217 ' and x I 217' and P has cycles 

, , 
(X217 ,3' X217 , 4' -X217 , 3' -X217 , 4)(X217 ' XS17 , 617 ' -X217 ' -XS17 , 6(7)(X3 ' X13 ) 

. (X4' XI4 )(XI ' X34 ' -XI' -X34 ) 

for (J E ((2, 5, 6)) , the subgroup of odd permutations in the symmetric group 
on {2, 5, 6}. 

Let Z = V6P and Z' = V;p. Then we have root groups 2"(Z) = {Xz(t) : 
t E F} and 2"(Z') = {Xz,(t) : t E F} with Kz = (2"(Z) , 2"(Z')) ~ SL2(F). 
Recall Xz,(t) fixes each element of Z' and ~sP, while Xz,(t) : xiP 1--+ xiP + 
tx;p. 
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We calculate that dim(Zar n Zas) = 1 for a r t- as, so by 2.1 and 2.2, 
[KZa' , KZas] = 1. Thus if we define 

g(t) = XZ(t)XZa(t)XZa2(t) , g' (t) = Xz,(t)XZ'a(t)XZ'a 2 (t) , 

then Y = {g(t) : t E F} ~ 2"(Z) ~ F and K' = (Y, Y') ~ (S)L2(F) with 
K' ::::: CG(a). It is easy to check that g(t) and g'(t) fix x, and w,' so as K' 
centralizes a, K' centralizes n(w). 

Next by construction, C = C G ( (a, n (w))) acts on V, and preserves h. 
Also C preserves the quadratic form Q, = Qx on V,. By 5.3, h is the 

I 
G2 (F) alternating trilinear form on V, and Q, is its associated quadratic 
form, described in §2 of [2]. By 2.11 in [2], O( V, ' h, Q,) = (K' , y, J, e) , and 
then by 3.4 in [2], O(V" h, Q,) ~ G2(F). We summarize these results in: 

(5.4) CG«(a, n(w))) = (K', y, J, e) = O(V" h, Q,) ~ G2(F). 

(5.5) Let M=CG«(a,n(w))), y=v, +v2+v3+w. Then: 
(1) Cv(CG«(n, y))) = n(w), 
(2) If char(F) t- 2, then V = n(w) EB n(w)O, n(w) = Cv(M) , and n(w)(J 

is the direct sum of the three natural isomorphic F M·modules V" V, a, and 
2 V,a , 

(3) If char(F) = 2, then V = n(w) + W with n(w) = Cv(M) , n(w) n W = 
(w, ' w2' w 3), and W is the direct sum of the three isomorphic indecomposable 
F M -modules W,' W;, and W3' 

Proof. By 4.5.6, CG«(n, y)) = CG(n(w)) , so as M ::::: CG(n(w)) , (1) holds as 
Cv(M) = n(w). If char(F) t- 2, then by 4.5.5, V = n(w) EB n(w)(J, and by 
4.5.4, n(w)O = V, EB V,a EB V,a2 . Thus (2) holds. Part (3) is similar. 

(5.6) For a, bE F tt , let k(a, b) = l(a" ... , a6 )h(t) , where a = ai' 2:::::: i:::::: 5, 
b = a" t = ba2, and a6 = (ba4 )-' , Then: 

(1) k(a,b)=aI on W;, bI on W2,and (ab)-'I on W3' 
(2) v,k(a,b)=a-2v" v2k(a,b)=b-2v2,andv3k(a,b)=(ab)2v3' 
(3) CH (n(w)) = {l(a, ' , .. , a6 )h(t) : a, = a2 = a6 = t = I}, 

o 
(4) Let H(n(w)) = {k(a, b) : a, bE F tt }, Then 

3 
NH (n(w)) n n NG«vi )) = CH (n(w)) x H(n(w)) 

o 0 
i=' 

2 2 
= {l(a, ' ... , a6)h(t) : a,a2 = t, a, = t a6 }. 

(5) H(n(w)) is the subgroup of G inducing scalar action on (Vi) and V, ai, 
1 ::::: i ::::: 3, 

Proof. Parts (1) and (2) are straightforward calculations; see §3 of part I for the 
definitions of l(a) and h(t). Further the subgroup of G fixes each (Vi) and 
n(w) fixes each (w). Then (3) is easy and (3) and 1.3.12 imply (4). 

I , 
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(5.7) (1) Nt,. ('n( w)) is transitive on ordered special 4-tuples of points contained 
in n(w). 

(2) If V and V g are special 4-subspaces of new) for some g Ed, then 
g E Nt,.(n(w)). 

(3) Let .9 be the set of singular points in new) and for distinct C, D E.9 
let 2'(C, D) = .9 n <I>((C, D)). Let 2' be the set of all 2'(C, D), C, D 
distinct in .9. Then (.9, 2') is a projective plane over F . 

(4) Let M = CG((a, new))). Then M = CG(n(w)) and CG(M) == SL3(F) 
acts as PSL3(F) on (.9,2'). H(n(w)) is the Cartan subgroup of CG(M) 
fixing (Vi)' 1 ~ i ~ 3. 

(5) A triple (A, C, D) from .9 is special ifand only if {A, C, D} is linearly 
independent in (.9,2'). 

(6) NG(n(w)) = CG(M) x M == SL3(F) x G2 (F). 
(7) If char(F) i 2, then CG(M) is irreducible on new) and NG(n(w)) is 

irreducible on n(w)B. 
(8) If char(F) = 2, then CG(M) is irreducible on (WI' w 2 ' w 3) = n(w)o 

and on n(w)/n(w)o' Further NG(n(w)) is indecomposable on n(w)8. 
Proof. First n(w)8 ~ VB for each special 4-subspace V of n(w), so by 4.5, 
(1) and (5), VB = n(w)8. By 4.5.1, V = (n, y)d for some dE d. By 5.5, 
n(w)d = Cv(CG(V)) ~ Cv(M) = n(w), so d E N(n(w)). Thus (1) and (2) 
hold. 

From 4.5.7, each pair of points in .9 is contained in some special 4-tuple of 
n(w), so Y = Nt,.(n(w)) is 2-transitive on .9 by (1). Similarly, we find each 
triple of points not contained in a member of 2' is in some special 4-tuple 
of n(w), so Y is transitive on such triples and (5) holds. Finally with 4.5.7, 
H(n(w)) is regular on the set T of points of .9 not in 2'(vi , v) for any 
i i j, so Y is transitive on pairs (C, D), (R, S) with R, S ¢. 2'(C, D) 
and S ¢. 2'(C, R), 2'(D, R). So as 2'(v l ' v2 ) n2'(v3 , y) contains a point, 
it follows that distinct members of 2' intersect in a point. Now (3) is easy. 
Moreover we see PSL3(F) is induced on (.9,2') by 1= (H(n(w))Y) . 

Let X = CG(n(w)). Then X acts on W:' so by 5.6.1, [X, H(n(w))] ~ 
Cx(W) = CG(V) = 1. Thus, I ~ CG(X) ~ CG(M). But from the description 
in 5.5 of the action of M on V, CGL(1C(W)O)(M) == GL3(F) , so as I induces 
PSL3(F) on (.9,2'), SL3(F) ~ I ~ CG(X) ~ CG(M) ~ GL3(F). Further by 
5.6.5, H(n(w)) is a CartCJn subgroup of CG(M) , so SL3(F) == I = CG(X) = 
CG(M). Then a E CG(M) = I, so X ~ CG(a) = M. Finally by 5.6.4, 
Y = XM, so (4) and (6) are established. Parts (7) and (8) are now easy, given 
5.5. 
(5.8) (1) Each member of ~6 is G-conjugate to n (w) . 

(2) If (VI' v2' v3) is a special triple, u j is a nonsingular vector in (VI' Vj)d 
for i = 2, 3, and (u l ) = Ad n (V2' V3)d, where 

A = {u E (V2' V3)d : f(u, u2' u3) = A}, 
then (VI' v2' v3' u l ' u2' u3) E ~6' 
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Proof. Recall the definition of W6 in § 1. Observe 4.5.1 implies (1), while 4.4.1 
and 4.4.2 imply (2). 

6. SEMISIMPLE SUBGROUPS 

In this section K is an abelian subgroup of G such that V is a semisimple 
F K -module. Denote by g; the set of pairs (P, V) such that V E ~ 0' P is a 
singular point, and Pi Vf). Define F to be n-good if there exist no definite 
n-dimensional orthogonal spaces over F . 

(6.1) (1) If K fixes V E ~o' then K fixes a member of g; containing V. 
(2) If K fixes a singular point P, then K fixes a member of g; containing 

P. 

Proof. Assume K fixes V E ~o. As K is semisimple, K fixes a point P with 
V = Vf) + P . As there exists a unique singular point in (V + P) - V, we may 
take P singular. Hence (1) holds. 

Part (2) is the dual of (1). That is K~ fixes the unique member P¢cJ> of 
~o in P¢, and hence by (1) a singular point Q with (Q, P¢cJ» E g;. Then 
K fixes Q¢cJ> and (P, Q¢cJ» E g; . 

(6.2) If (P, V) E g; and S is a hyperbolic basis for (V, Qu)' then the point-
wise stabilizer in G of {P, (s) : s E S} is a Cartan subgroup of G. 

Proof. This follows from 1.3.12. 

(6.3) Assume all eigenvalues of elements of K are in F. Then: 
( 1) If K3 "I- 1 , then K fixes an element of g; . 
(2) If K fixes a member of g; , then K2 is contained in a Cartan subgroup 

ofG. 
(3) If char(F) "I- 2 and F is 4-good, then each involution in G acts nontriv-

ially on some singular point of V . 
(4) Assume char(F) "I- 2 and K2 = 1. Then either K is contained in a 

Carlan subgroup of G or K centralizes some special plane n and each singular 
point of V fixed by K, and K fixes no singular point in nf). 

Proof. As K is abelian semisimple with all eigenvalues in F, V = EB).EA ~ 

for some A ~ Hom(K, F). Observe that if A, E A with A,3 "I- 1, then ~ is 
brilliant. Thus K fixes a brilliant point B $ ~ . If B is singular, then K fixes 
some member of g; by 6.1. If B is nonsingular, then K fixes cJ>(B) and then 
again by 6.1, K fixes a member of g;. So in any event (1) is established. 

Assume K fixes (P, V) E g;. Then P $ Vp ' for some PEA and V = 

EBaEA Va for some A ~ A. Further, either Va is singular or P = Q: -2. Indeed 
if P "I- Q: -2, then Va + V(aP)-1 is hyperbolic. Hence by 6.2, either K is 
contained in a Cartan subgroup or there exists Q: E A with P = Q: -2 . We may 
assume the latter. 
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Let Ao be the set of weights 0: with p = 0: - 2 • If Ao = {o:} , then as V and 
Vr + V(rp)-I are hyperbolic for y ¢. Ao' we conclude Va. is hyperbolic. But 
then K is contained in a Cartan subgroup by 6.2. In general, if 0:, A E Ao ' 
then for k E K, o:(e) = 0:(k)2 = P-I(k) = A(k)2 = A(k2). Thus, Ao(K2) is 
of order one, so (2) is established. 

To prove (3) and (4) we may assume char(F) =12 and K2 = 1. By (1), K 
fixes (P, V) E g;. Suppose some t E K inverts P. Then [V, t] and Cu(t) 
are singular by a remark above, and hence each is of rank dim(V)j2 = 5. So 
Va. is singular for all 0: E A , and hence K is contained in a Cartan subgroup. 
Hence we may assume K fixes each singular point it fixes. 

Claim K fixes a singular point of V. For K acts on PLl, so either [PLl, K] 
= 0 or K is nontrivial on some point Q in P Ll . In the latter case Q is 
nonsingular by assumption. In the former K fixes some nonsingular point Q 
of PLl. So in any event K fixes some nonsingular point Q in PLl. Now K 
acts on V n <l>(Q) , which is nontrivial and singular by 1.7.3, establishing the 
claim. 

As K fixes a singular point Q of V, it also fixes a singular point R in 
V - QLl. Then P + Q + R is a special plane centralized by K, which we may 
take to be the plane n of §4. Define U-:' 1 ~ i ~ 3 , as in §4. 

If K takes some singular point SI in ~,then K acts on u-: n SI Ll for 
i = 2, 3. Thus K centralizes u-: n SI Ll, as that space is singular by II.2.1. 
Similarly for S E ~(W2 n Sill) , K centralizes ~ nSLl. But from II.2.1, 
Sill n WI = (SLl n WI : S E ~(W2 n Sill)), so K centralizes WI. Thus K 
centralizes u-: for each i, so K = 1 . 

Thus we may assume K fixes no singular points of u-:. Then by 4.1, K 
fixes no singular point in W = nO. So (4) is established and it remains to 
prove (3). Thus we may take K = (t) of order 2 and assume F is 4-good. 
Now ~ = Cw: (t) ~ [~ , t]. As t fixes no singular point of W, Cw: (t) and 

I I 
[~ , t] are definite with respect to Qv • This is impossible as F is 4-good and 

I 

dim( ~) = 8. So (3) is established. 
If char(F) =I 2 we distinguish two classes 112 and 116 of involutions of G. 

Namely, 112 consists of those involutions t of G such that [V, t] = A + Band 
Cv(t) = V(A) n V(B) for some A E ~ and B E Op(A). Thus dim([V, t]) = 
12, for t E 112 . Next 116 consists of those involutions t of G such that for 
some (P, V) E g;, Cv(t) = P + V and [V, t] = PLl n VO. Define c(t) = P 
and <l>(t) = V for such an involution t. Notice dim([V, t]) = 16 for t E 116 . 

(6.4) Let char(F) =I 2 and Y be an elementary abelian 2-subgroup of Ho. 
Then Y ~ E = 02(Wyl(X)) and identifying E with the 6-dimensionalorthog-
onal space over GF(2) of Witt index 2, we have: 

(1) If I YI = 2, then either Y E 116 and Y is singular in E, or Y E 112 and 
Y is nonsingular in E. 

(2) If Y = {1 , t I ' t2 , t3 } is of order 4, then up to conjugation in Wyl(X) 
one of the following holds: 
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(a) Y is singular, (C(tl) , C(t2) , c(t3)) is a special triple, and cI>(ti) 
= cI>(t} , tk ) ; 

(b) Y is hyperbolic, C(tl) = (x~), cI>(tI) = V;o' C(t2) = (x~), cI>(t2) = 
cI>(x2' XI2 ), and [V, tl t2] = A + B, where A = (XI ' x~ , Xi6 : 2 ~ i ~ 5) 
and B = (X6 ' x~ , Xli : 2 ~ i ~ 6) ; 

(c) Y is totally isotropic but nonsingular, C(tl) = (XI6) , cI>(tI) = cI>(XI ' x~), 
[V, t2] = ~ + V: ' and [V, t3] = A + B, with A, B as in (b); or 

(d) Y is definite, [V, trl = ~ + V:' [V, t2] = (xi' x;, Xi)' Xrs : 1 ~ i, 
j ~ 3, 4 ~ r, s ~ 6), and [V, t3] = (X;, Xr ' Xi)' Xrs : 1 ~ i, j ~ 3, 
4 ~ r, s ~ 6). 

(3) If 1 i= Y, then NG(Y) is brilliant or stabilizes a special plane or normal-
izes X. 
Proof. As E = E64 contains all involutions in Ho' Y ~ E . Recall 

Wyl(X)/E = 0;(2) 

induces the full orthogonal group on the orthogonal space E. In particular, 
Wyl(X) has two orbits on E~ consisting of singular and nonsingular points of 
E . Further, from the Schult presentation for Wyl(X) in §3 of part I, we have a 
bijection s ~ xes) of the singular points s of E with X such that for e E E, 
e centralizes x(s), if and only if sand e are orthogonal in E. Thus, Y ~ E 
centralizes n(Y.l) members of X, where n(Y.l) is the number of singular 
points of E in the subspace y.l of E orthogonal to Y. In particular, as 
n(e.l) = 11, 15 for e singular, nonsingular, respectively, e is in 116 , 112 for 
e singular, nonsingular, respectively. Hence (1) is established. Further, if e is 
singular, then c(e) = x(e) and cI>(e) = (x(a): e i= a E e.l) . 

Next Wyl(X) has four orbits on lines of E: totally singular, totally isotropic 
but not totally singular, hyperbolic, and definite. From this remark and the 
discussion in the previous paragraph, one can check that (2) holds. 

It remains to prove (3). If Y is a singular point, then M = NG(Y) stabi-
lizes c(Y), so M is brilliant. If Y is a nonsingular point, then M stabilizes 
[V, Y] E ~2' so again M is brilliant. If Y is a line and not definite, then 
M stabilizes (c(y): y E 116(Y)) , which is a special plane, a hyperbolic line, 
or a singular point of V. If Y is a definite line, then Cv(Y) E ~. Similar 
arguments handle the remaining cases. 
(6.5) If char(F) i= 2 and F is 4-good, then 112 and 116 are the two classes of 
involutions of G. 

Proof. This follows from 6.3 and 6.4.1. 

(6.6) Define nand J¥; as in § 4 and let t E 112 n CG(n). Then [J¥;, t] is a 
4-dimensional hyperbolic subspace of J¥; for each i. 
Proof. As t E 112 , [V, t] = A + B, A E ~, B E Op(A). As [t, n] = 0, 
A + B ~ W = n(). For a E A, a = al + a2 + a3, ai E J¥;. By 4.1, ai is 
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singular and ai E aj/l. Also for c E A, a +c is singular, so ai +ci = (a +C)i is 
singular and hence ci E ai/l. Thus the projection Ai of A on »: is singular. 
Claim dim(A) = 2 and A = AI + A2 + A3. If not, then dim(Ai) > 2 for some 
i, say i = I. Now AI ::; [V, t], so A ::; D E ~(A + B) by 2.4. By II.2.1, 
AI/l = (v2' v3' Vi' w2' w3) where wi E »: and VI = AI/ln WI is of rank 5. 
Then D is a hyperplane of (VI' w2 ' w3). So DI = D n VI is a hyperplane of 
VI . Then by II.2.1, DI/l n W is of rank 5, a contradiction. 

(6.7) Assume char(F) # 2, F is 4-good, and K ::; G with K2 = 1 but K is 
contained in no Cartan subgroup of G. Let A = Aut( G). Then: 

(1) NA(K) ::; NA(NG(V)) for some V E.9, ~9' ~6' or ~3· 
(2) There is a special plane n = (VI' v2' v3) of V centralized by K such 

that K = Ko x J where K~ = 116 n K, IKol::; 4, IJI::; 8, and J centralizes a 
member of ~6 containing n. 

(3) If K ~ E4, then K" ~ 112 and Cv(K) E ~9 . 

Proof. Adopt the notation of §4. By 6.3.4, we may assume [K, n] = 0, K 
centralizes each singular point it fixes, and K fixes no singular point in W = 
nO. Let ti be the element of 116 with C(ti) = (Vi) and cI>(t) = cI>(vj , vk ), for 
i?Fj,k. 

Suppose t E 116 n K. Then Vi E Cv(t) = c(t) + cI>(t), so c(t) = (Vi) or 
Vi E cI>(t). As cI>(t) is brilliant, n i cI>(t), so c(t) = (Vi) for some i and 
vj ' vk E cI>(t), for i # j, k. Hence cI>(t) = cI>(vj , vk ). That is t = ti . Hence 

(a) K = Ko x J, where Ko::; (tl' t2) and K~ = 116 nK. 
(b) J fixes no singular point of W. 
For if J fixes singular (w) ::; W, then the projection Wi of W on »: is 

singular and (w) is fixed by K, since Ko fixes every point of »:. Notice (b) 
and the hypothesis that F is 4-good imply IJI ~ 4. Thus: 

(c)If K~E4,then K=J. 
(d) If there exist distinct i, j with Cw(J) # 0 # Cw(J), then J centralizes 

I J 

some member of ~6. 
Let w k E Cw (J), k = 2, 3. Define a map 0: of the points of W3 to the 

k 
points of ~ as in 11.2.3 with respect to z = w2 ' and let (WI) = (w3)0:. By 
II.2.3, 0: is CG ( (n , w2 ) )-equivariant, so J acts on (WI). Then as J cen-
tralizes w2 and w3 and f(w l , w3' w3) # 0, J centralizes WI. But by 5.8, 
(n, WI ' w2 ' w3) E ~6 . 

(e) If E4 ~ E ::; J, then E has four rank 2 eigenspaces on »:. 
Indeed let E = (a, b). Then by 6.6, [»:' a] and Cw(a) are hyperbolic 

4-spaces. As the same holds for band ab, remark (e) holds. 
We can now complete the proof of 6.7. To prove (2) it suffices to take 

Ko = 1. Also if Ko # 1, then by (c), IKI > 4 and we need only establish 
(1) in this case. If Ko = (tl' t2), then n = Cv(Ko) ' while if Ko = (t l ), then 
Cv(Ko) = C(tl) + cI>(t l ) , so NA(K) acts on NG(n) or NG(c(tI) ' cI>(t l )) by 6.8 
below. 
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So assume K = J _ By 6.5, K contains a 4-group E. Suppose k E K - E 
and let K2 = (E, k). For a E E", (a, k) has four rank 2 eigenspaces on w: by (e), so Cs(k) is a point for each eigenspace S of E on W:. Thus 
CW (K2) =f:. 0, so by (d), U = CW (K2) E W6 . Then by 5.7.6, NG(U) = G1 X G2 
with K2 :::; G2 ~ G2(F). As m 2(G2(F)) = 3, K2 = CK(U) and K = K1 X K2 
with K1 = K n G1. But from 5.6, each element of K: is in / 16 , so K = K2 
and NA(K) acts on NG(U) by 6.8. 

Thus we may take K = E and it remains to prove (3). By (e), each eigenspace 
of K on w: is of rank 2. So as K centralizes each singular point, it fixes and 
centralizes no singular point of W , and each of these eigenspaces is definite. As 
K = J, K" ~ 112 , In particular, dim([V, K]) = 18, dim(Cv(K)) = 9, and if 
K = (t, r), then [V, K] = [V, t] ffiA, where A E ~([V, r]). Further [ut, K] 
is 6-dimensional of Witt index 2, so A E Op(B) for all B E ~([V, t]) and 
hence Cv(K) E W9 by 3.3.2. So the proof of 6.7 is at last complete. 
(6.8) Let I:::; Y:::; G and A = Aut(G). Then: 

(1) If Y is the unique member of yG containing- I and yG = yA, then 
NA(I) :::; NA(y)· 

(2) If U = Cv(l) , y = CG(U) , and yG = yA, then NA(l) :::; NA(y). 

Proof. Part (1) is easy and implies (2). 

7. CUBIC EXTENSIONS 

In this section we continue the notation and terminology of § 1. 
(7.1) Let U be a totally dark subspace of V. Then: 

(1) If F is algebraically closed, then dim( U) :::; 1 . 
(2) If F is finite, then dim( U) :::; 3. 

Proof. If U is totally dark, then the cubic polynomial T has no zeros on 
U tt • For example, if x, yare linearly independent in U', then for all t E F, 
o =f:. T(tx+y) = t3T(x)+t2Q(y, x)+tQ(x, y)+ T(y) , so F is not algebraically 
closed. Hence (1) holds. If F is finite, we appeal to Theorem 3 of [5, p. 5], 
which says that as T has no zeros on U tt , 3 = deg( T) ~ dim( U) . 

(7.2) Let K be a cyclic cubic Galois extension of F and (a) = Gal(KjF). 
Then: 

(1) W=(N,P,h) isa 3-formon Kover F, where N=Nff, P(a,b)= 
Tr:(a(ba)(ba2)) , and h(a, b, c) = Tr:(a(ba)(ca2) + a(ca)(ba2)). 

(2) K is totally dark with respect to W. 
(3) I1(K, W) is K" acting by multiplication extended by a. Further O(K, W) 

= {k E K: N(k) = I} extended by a. 
(4) (KK, WK) is a special plane. 
(5) If W is a 3-form on a plane U over K generated by a special triple 

- - K 
(SI' s2' S3)' 0: E O(U, W) with sio: = Si+1' and r = ao:, then (Cu(r), WTrF ) 
is isometric to (K, W) . 
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- K Proof. Assume the hypotheses of (5). Then S"TrF is a 3-form on CuCr). For 
a E K, let s(a) = aS I + (aa)s2 + (aa2)s3. Then sS"Tr: = S", so (1) and (5) 
hold. 

As N(a) f:. 0 for a E K n, (2) holds. Next the proof of (4). As S"K 
is nontrivial, it suffices to show KK is generated by singular vectors. Let 
r E K with r3 f/; F and set k = r/ra. Thus N(k) = 1. Let a : K ~ K 
be translation by k; we will see below that a E O(K, S"). Thus a in-
duces a K E O(KK, S"K) and as k is an eigenvalue of a, aK has eigenval-
ues k, ka, ka2 . Let u 1 ' u2' u3 be the corresponding eigenvectors. Then 
pK (u j ' u) = pK (ujaK , u pK) = ka j (kaJ)2 pK (up u). Thus it remains only 
to observe kai(kaJ)2 f:. I, so that uJ is singular. Hence (4) is established. 

For k E K, let a k be translation by k. Check that a k E I1(K, S") with 
A(ak ) = N(k). Thus H = {ak : N(k) = 1} ~ O(K, S"). Also a E O(K, S"). 
Conversely, let M = I1(K, S"). Then M ~ MK ~ I1(KK, S"K) = S3 wrKn 
by (4). Indeed MK is the fixed points of r on I1(KK, S"K), and hence is 
{ak : k E Kn} extended by a. So (3) holds. 

(7.3) Let F be finite of order q, K a cubic extension of F, and U a totally 
dark subspace of V. Then: 

(1) If U is a line, then UK has exactly three brilliant points, but no singular 
points. 

(2) If U is a plane and UK is special, then U is determined up to conjugacy 
in 11, CG(U) ~ 3D4(F) , and NG(U)/CG(U) is a subgroup of the cyclic group 
of order q2 + q + 1 extended by an automorphism of order 3. 

Proof. Assume U = (x, y) is a line. Then T(ax + y) = a 3T(x) + a2Q(y, x) + 
aQ(x, y) + T(y) = r(a) , r E F[t]. So r(t) is irreducible and K is its splitting 
field. Hence r has three roots in K, so UK has three brilliant points. Let 
(u), (v) be two such points. As UK is not brilliant, to prove (1) we may take 
v singular, and Q(v, u) f:. o. Then T(bu + v) = b2Q(v, u) f:. 0 for bE F n , 
contradicting three brilliant points in UK. Hence (1) holds. 

Assume the hypotheses of (2), and let UK = n and (a) = Gal(K/ F) . Adopt 
the notation of §4 in discussing n. Note GV is the fixed points of a on 
GK VK . As GK is transitive on special planes, the number of orbits of G on 
planes Z of V with ZK special is the number of orbits of NGK(n) on the set 
of GK conjugates of a acting on n. 

If a fixes (Vi)' then a fixes some ui E (vi)n, so U is special. Hence a 
permutes ((Vi) : 1 :::; i ~ 3) transitively, so a = gr, where r induces a field 
automorphism on n = CGK(n)OO ~ Spin;(K), and g induces an automorphism 
in the coset of triality. As n is transitive on such elements, we have transitivity 
of 11 on the set D of totally dark planes Z with ZK special, once we show C 
is transitive on elements of order 3 in aC, where C is the subgroup of H(I1) 
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inducing scalar mUltiplication on U'j. For this, it suffices to show (11, C) has 
Z3m wr Z3 for a Sylow 3-group. 

Now g = h(t)l(al , ... , a6 )c5(s) E C induces bI on W3 , if and only if 
ai = a is independent of i for 1 < i < 6, t = a-2(a6 )-I, s = bta- I , and 
a la6a4 = 1. Thus g = g(a, ai's) is determined by a, ai's, and C ~ (KU)3 = 
K U x K U x K U • Define a : (KU)3 -+ C by (u, v, w)a = g((UV)-1 , v, ulw). 
Then a is an isomorphism with inverse g(a, ai' s) ~ ((aal)-I , ai' s(aal)-I). 
Further (b l , b2 , b3)a has eigenvalues bi on Jtj. Then C = CI X C2 X C3 , 
where Ci = {gi(k) : k E KU} and gl (k) = (k, 1, l)a, g2(k) = (1, k, l)a, and 
g3(k)=(1, 1,k)a. As 11 has cycle (W";, W2 , W3), gi(k)l1=gi+l(k). Hence 
(C, (1) has Sylow 3-group Z3m wr Z3 ' as desired. 

Finally as 11 induces a graph-field automorphism on n, 3 D4(q) ~ Cn (l1) = 
CG(U) and by 7.2, NG(U)/CG(U) is a subgroup of O(U,!T),whichisacyclic 
group of order l + q + 1 extended by an automorphism of order 3. 

(7.4) Let F be finite of order q, p a prime with dq(p) = 3, and J an elemen-
taryabelian p-subgroup of G. Let V = Al EB A2 EB A3 be a 3-decomposition of 
V. Then: 

( 1) J ~ P E Sylp ( G), and up to conjugation in G, P = PI X P2 X P3 with 
Pi E Sylp(Mi) ' Mi = CG(Ai) ~ SL3(F) , and Pi is cyclic. 

(2) Each member of the set S of F P-irreducibles on V is a twisted special 
plane and distinct members are nonequivalent F P-modules, so V = EB AES A . 
Indeed S is a twisted 9-decomposition of V . 

(3) CG(P) = (t)TI T2 T3Z (MIM2 M 3) with Ti = CM(P) a maximal torus of 
Mi and (t) inducing a diagonal automorphism on each Mi. 

(4) NG(P)/CG(P) ~ GL2(3)/3 1+2 acts 2-transitivelyon S as GL2(3)/E9 
and Nr(P) = Nr(S) . 

(5) For each A, BE S there is ~(A, B) E S with A + B + ~(A, B) E ~. 
(6) NG(J) preserves a 3-decomposition a of G or NG(J) ~ NG(S) or 

NG(J) ~ NG(A) for some A E S. Further NAut(G)(J) acts on NG(B) for 
B = a, S, A, in the respective case. 

Proof. Let Mo = M IM 2M 3 • As IMol = IGlp, (1) holds. Further Ai = CV(Pi ), 
so CG(P) ~ Mo(t) where (t) induces a diagonal automorphism on Mi central-
izing Ti = CM(P), a maximal torus of Mi. Thus (3) holds. 

Let K be a ~ubic extension of F and (11) = Gal(K/ F) . Then q3 == 1 modp , 
so P ~ H; by 6.3. Indeed G = C(GKlr), where r induces a field automor-
phism on MiK and r = 11 p, where 11 induces a field automorphism on GK 

centralizing Wyl(X) and p = ay is of order 3 in Wyl(X) with a, y as in §6 
of [3]. 

Further, each orbit of p on X generates a special plane 1ti , and CvK(r) 
is the direct sum of the planes Ui = C 1[ ( r), with Ui a twisted special plane 

I 
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K and P irreducible on Vi. Indeed {1t i : i} is a 9-decomposition of V ,so 
S = {Vi: i} is a twisted 9-decomposition of V. This establishes (2). 

Next CwYI(X)(r) = C ~ GL2(3)/3 1+2 is transitive on the orbits of p on XK 

with kernel of order 3 and hence C ~ NG(P) with C acting 2-transitively 
on S as GL2(3)/E9 • Nr(S):::; N(rK)(SK) and as V{ = 1t i is a special plane, 
N(rK)(SK) acts on XK . Indeed NG(SK) = CCHoK(r) , establishing (4). 

For A, B E S, AK is a special plane and BK is incident to AK in the sense 
of part II, §3. Let ~(A, B) be the member of S with ~(A, B)K = ~(AK , BK) 
in the notation of part II, §3. Then (5) holds by part II, §3 and the definition 
of ~. 

Claim NG(J) is irreducible on V or fixes some 3-decomposition or some 
member of S. For if NG(J) is not irreducible on V, then NG(J) acts on 
some proper nontrivial subspace V of V. So V = BI E9 ... E9 Bm for some 
Bi E S. If m = 1, then V E S and the claim holds. If m = 2, then V = AE9B 
for some A, BE S and we let V(A, B) = A + B + ~(A, B) . Then NG(J) acts 
on V() = (D E S : D i V(A, B)) and hence preserves the 3-decomposition 
through V(A, B). So again the claim holds. 

So assume m ~ 3. Replacing K by K~ if necessary, we may assume m ~ 4. 
So m == 3 or 4. Now C has two orbits on triples from S with representatives 
(A, B, ~(A, B)) and (A, B, D), D i V(A, B). If V = V(A, B), then 
certainly the claim holds. If m = 3 and V =f. V(A, B) ,then V = AE9()(BE9()D) 
and as each member of S is totally dark, 

A u BuD = {u E V : codim( u~ u) ~ 3} . 

Thus NG(J) acts on {A, B, D} and hence also on S (cf. II.3.5.3). 
So m = 4. If V = V(A, B) + D, then V = V(A, B) E9 ()D and 

D = {u E V: codim(u~u) ~ 3} 

is NG(J)-invariant. Thus no triple among our four is of type (A, B, ~(A, B)). 
But then V = «A E9 ()B) E9 ()D) E9 ()E , so that NG ( V) permutes {A, B, D, E} 
and hence also S. Thus the claim is established. 

It remains to prove (6). Suppose NG(J) :::; NG(a) , for some 3-decomposition 
a = {AI' A2, A3}. Then JJ2J3 char NG(J) , where Ji is the projection of J 
on Mj' so without loss Ji :::; J. If J = J I or JJ2' then E( CG(J)) = M2M3 
or M 3 , so NA(J) ~ NA(NG(a)). So J = P and then NA(J) :::; NA(NG(S)) 
as S is the unique 9-decomposition fixed by P. Moreover, we see P is not 
characteristic in NG(J). 

Assume next that NG(J) ~ NG(V) for some V E S. Again we may take 
JJ2 ~ J , where J2 is the projection of J on D = E(CG(V)) and J I = Cp(D). 
If J = J I , then NA(J) :::; NA(D) = NA(NG(V)) , so we may assume J2 =f. 1. 
Similarly we may assume J2 = P n 0p(ND(J2 )). By the previous paragraph, 
IJ21 = p, so E(ND(J)) = DI ~ SL3(q). But then DI = CG(A) for some 
A E ~ , and 6.8 completes the proof. 



27-DIMENSIONAL MODULE FOR £6 69 

So NG(J) is irreducible on V. Then Cv(J) = O. Assume J is noncyclic. 
Then V = ffi/ Cv(I) as I varies over the set S of hyperplanes I of J with 
Cv(I) i= O. Further, for each I E S, either Cv(I) E S or III = p and 
C v (I) E ~. For example C J (A I) = C J (11: + 11:') ,where 11: and 11:' are incident 
special planes with AI = 11: + 11:' + 1:(11:, 11:'). So by 2-transitivityof NG(P) on 
S, Cv(I) = A+B+1:(A, B) E ~,if I is of order p and centralizes A, B E S. 

Now if Cv(I) E S for all I E S, then S = S is NG(J)-invariant, con-
tradicting P not characteristic in NG(J). So as NG(J) is irreducible on V, 
S = {AI' B, C}, AI ' B, C E ~. In particular, CG(J) $ NG(A I) $ NG(a) 
and as 0p(CG(J)) $ J, J = JIJ2J3, where Ji is the projection of J on Mi. 
Then as J i= P , we have a contradiction as above. 

So J is of order p. As N G( J) is irreducible on V, V K = V EB V(1 EB V(12 for 
some KJ-module V admitting NG(J) irreducibly. Thus V is an eigenspace 

2 
for J with eigenvalue A., say. Then A.q and A.q are the eigenvalues of J on 

2 
V(1 and V(1 , respectively. As p i= 3, these eigenspaces are brilliant. Claim 

2 
v(1 + V(1 $ r.; () ; then V is singular, contradicting dim( V) = 9. For if x E V , 
Y E V(1i, i = 1 or 2, with 0 i= Q(y, x), then 1 = A.qi+2 • Hence qi + 2 == 
Omodp. So q or qi == -2modp. Then 0 == q2+q+1 == 3modp, contradicting 
p > 3. 

(7.5) Let F be finite of order q and p a prime with dq(p) = 9. Then: 
(1) A Sylow p-subgroup P of G is cyclic. 
(2) NG(Q I (P)) is the split extension of a cyclic group of order q6 + l + 1 by 

an automorphism of order 9. 
(3) NG(Q I (P)) is contained in the stabilizer Y of a unique twisted 3-decom-

position of V . 
( 4) Let k = G F (l). Then Y is the extension of L3 (k) by a field auto-

morphism of order 3 and V isomorphic as a GF(k)E(Y)-module to N ® N*o , 
where N is the natural kE(Y)-module and (J) = Gal(k/ F). 

(5) ~ is transitive on twisted 3-decompositions of V. 

Proof. Let K be an extension of F with IK: FI = 9. Let (a) = Gal(K/ F) . 
Observe Wyl(X) has a unique class of elements of order 9 with representative 
p , where p has the following cycles on X: 

, , 
(XI' X56 ' x 3' x6' X32 ' -x4, X16 ' X41 ' X34 ) , , , 
(X2' X46 ' x 4S ' XI ' x S2 ' x4' X21 ' X31 ' -XS) , 

I , 

(-X3' x2' X42 ' XS3 ' X62 ' XSI ' x S' x6' x 36 )· 

Indeed in the notation of §6 of [3], / = ay, where a is introduced at the 
beginning of §6 of [3] and y is defined in 6.3 of [3]. In the notation of [3], 
E = Q~ = EI * E2 * E3 is the central product of three ay-invariant quaternion 
groups EI = (d, e l d2d6), E2 = (d6d2, dd2) , and E3 = (d3d4, d3d5) with P 
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permuting the groups Ei transitively and 

p = (d, d6d2, d3d4, e l d2d6, dd2, d4d5 ' d2d6e l d , d6d z , d5d3) . 

Let r = ap and g E CHK(r). Then g has eigenvalue A(X) = A(X, g) on 
o 

(x) E X and 
k k k 

A(xr ) = A(x)a = A(X)q . 
,3 6 

In particular, if A = A(XI ) , then A(X6) = Aq ,A(XI6 ) = Aq ,and 
, , (q6+q3+1) 

1 = f(x l , x6' X16 ) = f(xlg, x6g, x l6 g) = A . 
Therefore 

S· ·1 If' ) l(q7+1) l( ') l( ') l-(q7+ 1) h l( ) Iml ar y 1 = (XI' x4' XI4 = I\. I\. x4 ' so I\. x4 = I\. • T en I\. x 12 

= A(X~)q = A-(q(q7+1)) and 1 = f(x i ' x~, x 12 ) = A(X~)A(I-q(q7+1)) , so A(X~) = 

A(qq(q7+1)-I. As (XI)' (x~), and (x~) are representatives for the three orbits 
of p on X, we see that (*) and A = A(XI ) determine g uniquely. Then by 

6 3 (**), C(Hf/r) = (ho) , where ho and AO = A(ho' XI) are of order q + q + 1. 
Further p induces an automorphism of order 9 on ho and (ho' p) ~ CGK( r) . 

Next, r induces a field automorphism on I).K, so by Lang's Theorem, r 
is conjugate to a under I).K. SO there is a conjugate (h, r) of (ho' p) in 
G = CGK(a). Now IGlp divides q6 + l + 1 as dq(p) = 9, so P is cyclic and 
we may take P ~ (h) . 

Thus (1) holds and to prove (2) we must show (h, r) = NG(Q I (P)). Let 
g be of order p in ho; we must show (ho' p) = NGK( (g)) n C( r). We have 
shown (ho) = CHK(r). Further p is self-centralizing in Wyl(X) , so (ho' p) = 

o 
CWyl(x)Hf(r). Thus to prove (2) it suffices to show NGK((g)) acts on X. This 
will be the case if all eigenvalues of g are distinct, so assume not. 

NWyl(X) ( (p)) is transitive on X, so without loss A = A(X) for some (x) E 

X - {~}. Then (x) is not in ~ (p) , as the eigenvalues in each (p)-orbit are 
distinct. Indeed we may assume X E XI 1).: For if U is the A-eigenspace of g, 
then U contains at most one point from each (p)-orbit on X, so U = (XI' x) 
or (XI' X, y) . Further if (XI' x), (XI' y) ,and (x, y) are hyperbolic, then U 
is a hyperbolic line or special plane, so X is the set of singular (g)-invariant 
points of V K and NGK( (g)) acts on X as required. 

We now check that X cannot be a point of XII). not in ~ (p). For example, 
3( 7 I) 3 7 if X = X5 then A = A(X5) = ;.-q q + ,so 0 == q (q + 1) + 1 modp. But 

q3(q7 + 1) + 1 == q + l + 1 == q - (q6 + 1) + 1 = q(1 - q5)modp. Thus 
q5 == 1 modp, contradicting dq(p) = 9. Similar arguments eliminate the other 
possibili ties. 
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Thus (2) is at last established and it remains to prove (3) through (5). Let 
k be a cubic extension of F in K and (J) = Gal( k j F). Let t be of order 
3 in G transitive on a 3-decomposition V k = Al + A2 + A3 of V k • Let 
P = Jt, M j = CGk(A) , and M = M I M 2M 3 . Then M j ~ SL2(k) and M 
is described in II.3.6. Notice P permutes the subgroups M j transitively and 
CM(P) = Yo ~ L3(k) with t inducing a field automorphism of order 3 on Yo' 
Let Y = Yo(t). Then Yo contains a subgroup I of order l + l + 1 and 
Ny(l) is the extension of I by an automorphism of order 9. So by (2), Y 
contains the normalizer in C(Gk/P) ~ G of an element of C(Gk/p) of order p 
as claimed. 

It remains to show the representation of Y on V is as claimed. But A3 is 
isomorphic to N ® N* as an MI M2-module with respect to the isomorphism 
t: MI ---+ M 2 , so A3 is isomorphic to N ® N*.5 as a Yo-module, with Al and 
A2 the Galois conjugates of A3 under J. Hence (4) holds. 

As °1 (P) is weakly closed in NG(OI (P)) and NG(P) :5 NG(y) , Y is the 
unique member of yG containing °1 (P). So (5) and 6.8 imply (3). Part (3) 
holds as HomE(y)(V, S2(V*)) ~ F . 

8. SEMISIMPLE SUBGROUPS OVER ALGEBRAICALLY CLOSED 
AND FINITE FIELDS 

In this section we continue the notation and terminology of §6. In particular, 
K is a semisimple abelian subgroup of G. In addition assume F is either 
algebraically closed or finite. 

(8.1) If K is of order 3 and F has an element of order 3, then K is contained 
in a Cartan subgroup of G . 

Proof. Some eigenspace of K is of dimension at least 4, so by 7.1, g fixes a 
brilliant point. Then apply 6.1 and 6.3.2. 

(8.2) Assume F contains an element OJ of order 3. Then there are three con-
jugacy classes of 9-subgroups (g, Z(G)) of G containing Z(G) : 

( 1) Type 1 in which g has two 6-dimensional eigenspaces UI and U2 and 
one IS-dimensional eigenspace U3 . Indeed UI E ~, U2 E Op( UI ) , and U3 = 
V(UI ) n V(U2). For example, take g = I(OJ, OJ-I, 14). 

(2) Type 2 in which g has three 9-dimensional eigenspaces Uj • There 
exists a special triple (VI' v2' v3) with Ui = (Vi' vl:lnvkd). For example, take 

2 -I 2 2 g = I«OJ) ,(OJ ), 1 ). 
(3) Type 3 in which g has three 9-dimensional eigenspaces Ui and V = 

UI EBU2EBU3 is a 3-decomposition of V. For example take g = 1«OJ)3 , (OJ- I )3). 

Proof. By 8.1 we may take g E Ho' Let E be the subgroup of elements 
of order 3 in Ho' Then E ~ E36 and Wyl(X)j02(Wyl(X)) acts faithfully 
on E, centralizes Z(G), and acts as 05(3) on EjZ(G). Thus Wyl(X) has 



72 MICHAEL ASCHBACHER 

three orbits on (EjZ(G»U, with representatives gjZ(G) , 1:5 i :5 3, such that 
q(gjZ(G» = 0, 1, -1, where q is the quadratic form on EjZ(G) preserved 
by Wyl(X). Hence, the first assertion of the lemma is established. Moreover, 
the three 9-groups listed in (1) through (3) are visibly not conjugate in G, and 
hence are representatives for the G-classes. 

(8.3) Assume F contains an element of order 3 and let Z(G) :5 A :5 G with 
A ~ E3n , but A is not contained in a Cartan subgroup of G. Then each member 
of A - Z (G) is of Type 3, and either 

(1) F is finite of order q == 4, 7mod9, A ~ E27 or E81 , and NAut(G)(A) 
acts on the stabilizer of a twisted 9-decomposition or 3-decomposition of V, 
respectively; or 

(2) A is an exotic E81 -subgroup of G, all eigenspaces of A are dark points, 
NG(A) is transitive on the eigenspaces of A, A = CG(A), and NG(A)jA is the 
centralizer in SL(A) of Z(G). Moreover ~ is transitive on exotic E81 -subgroups 
ofG. 

Proof. Assume A is not contained in a Cartan subgroup of G. By 8.2, IAI ~ 
27 . By 6.1 and 6.3.2, A fixes no brilliant point. However, if g E A is of Type 
1, then g has a singular eigenspace, and hence so does A. Similarly, if g E A 
is of Type 2, then each eigenspace of g has a distinguished singular point fixed 
by CG(g) , so again A fixes a singular point. Thus each member of A - Z(G) 
is of Type 3. 

Let go E A - Z(G). Define V = Al ffi A2 ffi A3 to be the 3-decomposition 
of V of part II, §4, and adopt notation as in that section. We may take Aj' 
1 :5 i :5 3, to be the eigenspaces of go. Let g E A - (Z (G) ,go} and set 
K = (Z(G), go' g}. Suppose for each i, g fixes no brilliant point of A j . By 
part II, §4, we may regard A3 as the tensor product B I ® B2 of natural modules 
B j for M j ~ SL3(F) , with the restriction of f to A3 the tensor product of the 
alternating trilinear forms on BI and B2 preserved by MI and M2 . Further 
CG(go) induces MIM2HI on A3; here h E HI acts as (a, 1, 1) on BI and 
(a-I, 1, 1) on B2 for some a E F U . 

Now if g fixes points PI and P2 in BI and B2 , then PI ® P2 is a singular 
point of A3 fixed by g, contrary to assumption. This forces F to be finite 
of order q == 4, 7 mod 9 and g E Mo centralizes a torus Tj of M j of order 
q2 +q+ 1. Then CG(K) = T(n}K ,where T = TI T2T3 and n = n l n2n3 , with nj 
of order 3 in M j acting on Tj . In particular, if K = A, then NG(A) :5 NG(P) , 
where P E Sylp (T) for any prime p divisor p =I- 3 of q2 + q + 1. Hence 
NAut(G/A) acts on the stabilizer of a twisted 9-decomposition of V by 7.4. 

So assume K =I- A; then we may take A = (K, n). Next replacing n by 
a suitable member of n(go, Z(G)} if necessary, we may take n E M6, where 
g = g6 . Further, n is centralized by a Sylow 3-group R of N M (Ko) and by a 

o 
Sylow 3-group R' of N MY (Ko) ,and (R, R') is transitive on the subgroups of 

o 
order 3 in K distinct from Z(G). So (Z(G), n} = KI = nx(M; n A), as x 
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varies over NG(A). Thus NAut(G)(A) :::; NAut(G)(K1) and hence NAut(G)(A) acts 
on the stabilizer of the 3-decomposition defined by KI . 

Thus (1) holds, unless K = (g , go' Z (G)) is in a Cartan subgroup of G for 
each g E A - (go' Z(G)); so we assume such a containment for all such g. 
In particular, IAI ~ 81. Also go E E :::; Ho with E ~ E36 and E = E/Z(G) 
admits a quadratic form preserved by Wyl(X). Indeed the subspace Eo of E 
orthogonal to go is Eo = E 1E2E3, where Ej = M j n E. That is Eo = En Mo. 

Now K is in an Mo-conjugate of E which we may take to be E . If g ~ Eo, 
then K contains an element not of Type 3, as (g, go) is not totally singular. 
Hence K :::; Eo. Thus g = gl g2 g3' gj of order 1 or 3 in E j . As M j is 
transitive on elements of order 3 in M j - Z(M) , it follows that NG(Mo) has 
three orbits &j on 27-subgroups (Z(Mo), e) with e in some Mo-conjugate 
of Eo; namely (Z(Mo) , ej) E &j' if ej projects nontrivially on i members of 
Mj/Z(M) , j = 1,2, 3. An easy calculation shows ej is of Type i. Thus, 
as g is of Type 3, K E &3 and gj E M j - Z(Mj) for each i. Therefore, 
AnM1M2 = Z(Mo) , so the projection A/Z(Mo) ~ M3/Z(M3) is an injection. 
Then as m3(M3/Z(M3)) = 2, IAI = 81 . 

Next, Aut(Mo) is transitive on the set J of subgroups A of Mo over Z(Mo) 
isomorphic to E81 such that each element in A-Z(Mo) projects on an element 
of M j of order 3; further, for A E J, NM (A)/A ~ SL2(3)/E81 or Q8/E81 for 

o 
F containing or not containing an element of order 9, respectively. It follows 
that with g = g~, we have (NM/A) , NM;(A))/A is the centralizer in SL(A) 
of Z(G). Thus AutG(A) is this stabilizer. Also V = EBBES Cv(R) , where S 
is the set of hyperplanes of A missing Z(G). As lSI = 27 and NG(A) is 
transitive on S, each space Cv(R) , RES, is a point, and these 27 points are 
the eigenspaces of A. Each is dark, as A is not in a Cartan subgroup. 

Next, if F is algebraically closed, then Mo is transitive on J, so A is 
determined up to conjugacy in G. So assume F is finite and let F be the 
algebraic closure of F, G = E6(F) , and regard G as Ca(o-), 0- a Frobenius 
map. Then Na(u}(A) = (o-)xNG(A) ,so (0-, Z(G)) is the unique G-conjugateof 
(0-, Z(G)) in Ca(u} (NG(A)) . Hence as G is transitive on exotic E81 -subgroups 
of G, it follows that ~ = Na( (0- , Z (G))) is transitive on exotic E81 -subgroups 
of G. 

(8.4) Let F be finite of order q and p a prime with dq(P) > 1. Assume K is 
an elementary abelian p-group with Cv(K) nontrivial and totally dark. Then 
either 

(1) Cv(K) is a point, or 
(2) Cv(K) is a twisted special plane. 

Proof. Let U = Cv(K) , k a cubic extension of F, and (0-) = Gal(k/ F). By 
7.1, dime U) :::; 3. If U is a line, then by 7.3, Uk has three brilliant points 
Pj , none of which is singular. Now by 6.1, K fixes a singular point S of 
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vk . As S i Uk = CVk(K) , dq(P) = 3. Then by 6.3, K is contained in a 
Cartan subgroup of Gk • But then CVk (K) is generated by singular points, a 
contradiction. 

So take U to be a plane. Again by 7.3 and 6.1, K fixes a member (P, W) of 
g; . Then by 6.3, if dq(p) = 3, then Uk is generated by singular points. So Uk 
is a special plane and hence U is a twisted special plane. So take dq(p) t- 3. 
Then [K, P] = o. As U is totally dark, a moves P, so W = (P(a)) is Uk or 
a line. In the first case, Uk is a special plane and we are done. In the second as 
W is a-invariant, W = Zk for some line Z in U. But also W contains the 
three singular images of P under (a), so W is singular. Thus Z is brilliant, 
a contradiction. 

(8.5) Let F be finite of order q and p t- char(F) a prime. Assume K is an 
elementary abelian p-group. Then either 

(1) Cv(K) t- 0, or 
(2) dq(p) = 1,3, or 9. 

Proof. First V is the direct sum of irreducible F K -submodules ~, 1 ~ i ~ r , 
with ~ ~ Cv(K) or dim(~) = dq(p). Hence, if Cv(K) = 0, then 27 = 

dim(V) = rdq(p) , so dq(p) = 3i , 0 ~ i ~ 3. As {(q27 - 1)/(q9 - 1), IGI) = 3, 
dq(p) t- 27. 

(8.6) Let U ~ I = (x~, ~o). Then one of the following holds: 
(1) Nr(U) ~ flO. 
(2) U n ~o and is singular and Nr ( U)-invariant. 
(3) U is a special plane and U = (x~, s, t) for some singular s, t E ~o. 
(4) U = (x~, s) is a hyperbolic line for some singular s E ~o. 
(5) U is a line and contains exactly three brilliant points, none of which is 

singular. 

Proof· Let W = Un ~o and g E Nr(U)-GIO. Then Z = Wn Wg is singular 
by I.7.2. As dim(U/W) ~ 1, either Z = W or U = W + Wg, and we may 
assume the latter. As S = (x~) is the unique singular point in I - ~o ' either 
(~( U)) = Z or S ~ W g and U = WEBS. 

Assume (~( U)) = Z . If Z t- 0, then W ~ Z.1 ~ W g ,so U ~ Z.1 ~ ~o8 . 
But then U ~ ~o8 n I = ~o' a contradiction. If Z = 0, then dim( U) = 2 
and U = WEB W g. Here one can check (5) holds. 

So take U = WEBS with S ~ W g. As S is the unique singular point in 
W g - Z , either Z = 0 and W g = S, or Z is a point and Wg a hyperbolic 
line. Then (4) or (3) holds in the respective case. 

(8.7) Let F be finite of order q and p a prime with dq(p) > 1. Assume K is 
an elementary abelian p-group. Then one of the following holds: 

(1) Cv(K) is totally dark. 
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(2) Nr(K) acts on a maximal parabolic. 
(3) Cv(K) is a special plane. 
(4) Cv(K) E ~ or ;i119. 

75 

Proof. Assume otherwise and let V = Cv(K) . Then by 6.1, K fixes (P, <1» E 
g;. As dq(p) > 1, P ~ V. If Vo = (P Nr(K)) ~ PD., then Vo is singular, 
so (2) holds. Thus we may assume Pg 1:. PD. for some g E Nr(V). Then 
the projection S of P g on <I> is singular and K centralizes a hyperbolic line 
in <I> through S, so we can take the special plane n of §4 to be contained in 
V; adopt the notation of that section. Next n =f V by hypothesis, so we may 
take 0 =f US n V. If Cv(K) ~ n + W2 , then (2) holds by 8.6. So we may also 
take 0 =f W3 n V. If US n V contains a singular point S, then V contains 
a hyperbolic line in US through S. So in any event, there is a nonsingular 
Wi E V n W;, i = 2, 3. Define a(w3) as in II.2.3 with respect of z = w2 . 
Then WI = a(w3) E V and (n, WI' w2' w 3) = V6 E ;i116. 

So K ~ CG(V6 ) = M. By 5.4, M = G2 (F). Hence by 15.1 in [2], one of 
the following holds: 

(a) dq(p) = 2 and K ~ T: . 
(b) d q (p) = 6 and K ~ T; . 
(c) dq(p) = 3 and K ~ T2- • 

Here Tt is a maximal torus of M of order (q + 1)2, (q3 + 1)/(q + 1), 
(l- 1 )/(q - 1) , in (a), (b), (c), respectively, and these tori are described in § 15 
of [2]. In particular, 11 is contained in a subgroup Me of M isomorphic to 
SL~e(F) and generated by root groups with Cv(K) = CV(Me) of rank 9. That 
is Cv(K) E;iII9 or ~. 

9. OVERGROUPS OF CARTAN SUBGROUPS 

In this section we continue the hypotheses and notation of § 1. In addition, 
assume F is finite or algebraically closed and IFI > 2. 

(9.1) (1) i is the set of Ho-invariant points of V. 
(2) Distinct members of i are not F Ho-isomorphic. 
(3) V ~ V is Ho-invariant, if and only if V = (V n X) . 

Proof. Let HI = Cn (~). Claim ~ = Cv(HI). For l(a)h(t) : XI 1-+ t-Ialxl , 
o 

so l(a)h(t) E HI if and only if al = t. Hence if al = 1, then lea) E HI . 
Now for each i > 1, lea) does not centralize Xi' X; , or Xii for suitable a 
with al = 1. Further if al =f 1, then l(a)h(al ) moves x;. So the claim is 
established. 

Next by the claim and transitivity of Wyl(X) on i, P = Cv(Cn (P)) for 
o 

each P E i. Hence (2) holds. Then (2) implies (I) and (3). 
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(9.2) Suppose K ~ Ho with K i Z(G) and Nr(K) is irreducible on V. Then 
either 

(1) Nr(K) ~ Nr(X) , or 
(2) K9 = 1, n I (K) 2: E9, and Nr(n, (K)) is the stabilizer of a 3-decomposi-

tion of v. 

Proof. Let V = EB;'EA V;. be the eigenspace decomposition of V under K and 
M = Nr(K). As K i Z(G), IAI> 1. As M is irreducible on V we conclude 
M is transitive on {V;.: A E A}, NM(V;.) is irreducible on V;. for each A E A, 
and dim(V;.) = 1,3, or 9. Pick a E A and let U = Va. By 9.1, U = (UnX). 

If dim(U) = 1, then by 9.1, {V;.: A E A} = X, so (1) holds. 
Suppose dim(U) = 3. As NM(U) is irreducible on U and U = (U n X), 

U is singular or a special plane. In the latter case NM(U) permutes the three 
singular points X n U in U, so again M ~ NG(X) . 

So take U singular. Let D = n;'EA NG(V;.). Then Ho ~ D :::l M. If D is 
not irreducible on U, then U is the sum of three singular points permuted 
transitively by NM(U). By 9.1 these points are X n U, so again M acts on 
X. Thus we may assume D is irreducible on U. Thus D is irreducible on V;. 
for all A EA. 

Let a' E A with Va' i ((U). Then as D is irreducible on v:", V = 
Vo,ffi((U) and then a=(a')'. Now M permutes the pairs {V;., V;.,}, AEA, 
contradicting IAI = 9 odd. 

So dim( U) = 9. Suppose K3 =I- 1. Then U is brilliant. As U is of 
dimension 9, U is not singular, so there exists y E U, PEA, x E X n Vp 

with Q(x, y) =I- o. Then 0 =I- Q(x, y) = Q(xk, yk) = p(k)a(k)2Q(x, y) for 
k E K. So P = a-2 . Similarly a4 = (a-2)-2 E A, and as K3 =I- 1, a 4 =I- a. 
So A = {a, a-2 , a 4 }. Further a-8 = (a4 )-2 E A, so a- 8 = a and hence 
K9 = 1. 

So replacing K by K3 , we may assume that either K3 = 1 or K is cyclic 
and K3 = Z (G). Assume K3 = 1 and let k E K - Z (G) . Then U is contained 
in an eigenspace for k so all eigenspaces of k have a dimension divisible by 9. 
Hence by 8.2, U is an eigenspace for k and indeed as N M( U) is irreducible 
on U, 8.2 says E = {V;. : A E A} is a 3-decomposition of V, K 2: E9 , and 
NG(K) is the stabilizer of E. 

Finally, assume K = (k) 2: Z9 and Z (G) ~ K . Let B be the subgroup of Ho 
consisting of elements b with b3 E Z(G). Then D = E x (bo) , with E 2: E36 
the subgroup of elements of order 3 in Ho and Ebo the set of elements cubing 
to some fixed generator of Z(G). Now B/Z(G) is dual to E as a Wyl(X)-
module, so in particular as E/Z(G) is a 5-dimensional orthogonal space for 
Wyl(X) , Wyl(X) has two orbits on points of B - E. So there are two classes 
of cyclic subgroups (j) of order 9 with (/) = Z(G). One can check that 
representatives for these classes are l(a), l(b), where ai = a, 1 ~ i ~ 5, 
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a6 = a 4 , and bi = a, 1 :::; i :::; 4, b5 = b6 = a -2. Further for l(a): 

Va =(Xi , x; : 1 :::; i :::; 5) 

Va4 =(x6' x~, Xi6 : 1:::; i:::; 5) 
V -2 =(x .. : 1 < i < J'< 5) a IJ - - -

while for l(b): 

is of dimension 10, 

is of dimension 7 , 
is of dimension 10, 

Va =(Xi , X;, Xi5 ' Xi6 : 1 :::; i :::; 4) is of dimension 16, 

Va -2 =(XS ' X6 ' X~ , X~, Xi) 1 :::; i :::; 4) is of dimension 10, 

Va4 =(X56 )· 
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SO Nr(K) is not irreducible, but if K = (l(a)) ,then CG(K) is the Levi factor 
NG((x6, x~) )nNG((xI6 , ... , X56)) , while if K = (l(b)) , then CG(K) is the Levi 
factor NG((X56 )) n NG(<I>(X5' x~)). 

(9.3) If F is finite or algebraically closed and k is of order 9 in G with 
Z (G) = (k 3), then F contains an element of order 9 and CG(k) is conjugate 
to one of the Levi factors G1 n NG(<I>(x~, x I6 )) or G2 n NG((XI2 , x~, ... ,x~)). 

Proof. If F contains an element of order 9, we showed this near the end of the 
proof of the preceding lemma. So assume F is finite of order q and q is not 
congruent to 1 mod 9. Let K be a cubic extension of F; then K is of order 
q3 == 1 mod 9, so we can take k E CHK(r) for some field automorphism r of 

o 
GK • Then r = a g for some g E Wyl(X) , where a is the field automorphism 
determined by X. Hence k rJ = k q , so k = k' = k rJg = k qg , and hence 
k g - 1 = k q • But k has eigenvalues a, a 4 , a -2 , with a of order 9, while q == 4 
or -2 mod 9. So g permutes the three eigenvalues of g' transitively, whereas 
we saw at the end of the proof of the previous lemma that the eigenspaces of 
k are not of the same dimension. 

Theorem 9.4. Let K be a subgroup of Ho not contained in Z (G). Then one of 
the following holds: 

(1) Nr(K) is brilliant. 
(2) Nr(K) acts on some special plane. 
(3) Nr ( U) acts on X. 

In the remainder of this section, let M = Nr(K) and assume M does not 
satisfy the conclusion of Theorem 9.4. Then by 9.2, M is not irreducible on 
V, so we may choose 0 =f:. U to be a proper irreducible M -subspace of V. 
Indeed replacing K by K~ if necessary, we may assume dim(U) :::; 13. Notice 
that if K is finite, then we may take K to be an elementary abelian p-group 
by 9.3. We establish Theorem 9.4 in a seq~ence of lemmas. 
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(9.5) Each member of X n U is in a special triple in X n u. 
Proof. Let x E XnU . As M is not brilliant, neither is U. As M is irreducible 
on U, U = (xNG(U)). Thus U i x~, so by 9.1, there is y E Xn U - x~. 
If U ~ (x, y)(} for all such y, then x E U(}. Then as U = (xNG(U)), U is 
brilliant, contradicting M not brilliant. So U contains the unique member of 
X - (x, y)(} by 9.1, completing the proof. 

By 9.5, U contains a special plane. Usually we will take the special plane 
1l of §4 to be contained in U and adopt the notation of §4. In particular, 
Vi' W, ~ are as in §4. As 9.4.2 does not hold, U f:. 1l • 

(9.6) Cv(K) = o. 
Proof. If not we may take U ~ Cv(K) . As U f:. 1l, X n W is nonempty. Now 
if Cv(K) ~ 1l + ~ for some i, then M is brilliant by 8.6, a contradiction. So 
X n ~ is nonempty for at least two i E {I, 2, 3}. Hence if for each distinct 
i, j and each x E ~nC(K), x~nXn Jfj is empty, 9.5 implies U = ll+ll' for 
some special plane ll' incident with 1l. But then M fixes the unique member 
of ~ containing 1l + ll' , contradicting M not brilliant. Therefore we may 
take x2' x~ E Cv(K). Thus K ~ K 2 , where 

'I -I -I -I U K2 = C H. «(1l , x 2 ' x2)) = ( (1, 1, a3 ' a4 ' as ' a3 a4 as ): a i E P ) . o 

Now CV (K2) E ~, so as N(K2) n N(Ho) is transitive on X - CV (K2)' we may 
take X3 E Cv(K). Thus K ~ K3 = {/(1, 1, 1, a, a-I, 1) : a E pU} ~ pU and 
CV (K3) E ~s ' contradicting M not brilliant. 

(9.7) K is not a 3-group. 

Proof. If so by an earlier remark we may take K elementary abelian. Also we 
may take Z (G) ~ K . Now K is contained in the group E ~ E36 of Ho gener-
ated by elements of order 3. Let if = E/Z(G) and Y = Wyl(X)/02(Wyl(X)). 
As we observed in the proof of 8.2, we may regard if as a 5-dimensional or-
thogonal space over GP(3) and Y as 0s(3). By a Frattini argument, M = 
C(K)N M(Ho)' so we may choose K to be minimal subject to being nontriv-
ial and Ny(K)-inv~riant. Hence K is nondegenerate or totally singular in the 
orthogonal space E. 

Let Eo = L n E. The quadratic form q on E = 0 is q(l(O/l, ... , a{6)) = 
2:i e; , where W E P is of order 3. Using this observation, we calculate that if 
T is a singular line in if , then the eigenspaces for I form a 9-decomposition of 
V and hence if I ~ K, then M ~ N(Ho)' a contradiction. So the Witt index 
of K is at most 1. Now by 8.2, K is not a point, so K is a nondegenerate line 
or plane or a nondegenerate 4-space of Witt index 1. In each case we find that 
for some m, the eigenspaces of K of dimension m generate a subspace of V 
which is brilliant or a special plane. 
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Next V = ffi;'EA V;. is the direct sum of eigenspaces V;. for some set A :::; 
Hom(K, Ftt) of weights. As M is irreducible on V, M is transitive on A. 
Let m = IAI and a = dim( V;.), A EA. By 9.6 and transitivity of M on A, 
1 i A. Similarly, if A E A with A3 = 1, then K/CK(V) is an elementary 
abelian 3-group, so as M:::; N(CK(V)) , replacing K by CK(V) if necessary, 
we can assume either K3 = 1 or Cv(K) f:. 0, contradicting 9.6 or 9.7. Thus: 

(9.8) For A E A, A 3 f:. 1 , and hence V;. is brilliant. 

(9.9) m ~ 3. 

Proof. By 9.8, m ~ 1, so assume m = 2; say V = Va EEl Vp . Let (x, y, z) be 
a special triple in X n V. Without loss x, Y E Va. Then by 9.8, z E Vp ' so 
(i p = 1 . By symmetry o.p2 = 1 , so 0. 3 = 1 , contrary to 9.8. 

(9.10) NWy1(X) (V) is transitive on X n V. 

Proof. As Nr(Ho) is the product of Wyl(X) with the pointwise stabilizer of 
X, it suffices to show N M(Ho) is irreducible on V. As Ho fixes each V;., 
N M(Ho) is transitive on A, so it suffices to show N/(Ho) is irreducible on 
Z = V;., where 1= NM(Z). As CM(Z)Ho is transitive on H~ n CM(Z)Ho ' 
by a Frattini argument it suffices to show I Z n N(H;) is irreducible on Z. 

Now dim(Z) = a with ma :::; 13 and m ~ 3, so a :::; 4. If a = 1, then 
the result is trivial. As I is irreducible on Z, Z is singular, a hyperbolic 
line or 4-space, a special plane, or a conjugate of (XI' x; , x2 ' x~). If Z is a 
hyperbolic line or special plane, then M acts on X n V. If Z is singular, then 
H; is the full diagonal group on Z and hence I Z is an irreducible subgroup 
of GL(Z) containing the diagonal group, so N/Z(H;) is irreducible on Z. 
A similar argument works in the remaining case where I Z = 0: (F) and H; 
is a Cartan group of I Z • 

(9.11) If dim(V/x~u) = 2 for some x E X n V, then V is the direct sum of 
special planes transitively permuted by M and dim( V) = 9 or 12. 

Proof. By 9.10, dim(V/x~u)=2 for all xEXnV. Thus V=ffiAEROA for 
some set R of Ho-invariant special planes transitively permuted by M (cf. 1.7 
in [2]; the same proof works when f is symmetric since members of X are 
singular). Thus dim( V) = 3k and as 3 < dim( V) :::; 13, k = 2, 3, 4. Without 
loss nand n' = (x~, x26 ' x 6 ) are in R. If R = {n, n'}, then M acts on 
V + 2:(n, n') E ~, contradicting M not brilliant. So dim(V) = 9 or 12. 

(9.12) dim(V) ~ 9. 

Proof. We may take n :::; V and adopt the notation of §4. By 9.11, we may 
assume dim(V/x~u) > 2 for each x E X n V. Thus I~ n X n VI ~ 2 for 
each i = 1 , 2, 3. Hence dim( V) ~ 9 . 
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Let N = NWy1(X)(U) and N* = N(xnu) . Then N* is a section of W(E6) = 
0; (2) ,so IN* I = i 3i 5k • Hence as N is transitive on X, dime U) $ 13, and 
dime U) ~ 9 , we have 

(9.13) dim(U) = 9,10, or 12. 

(9.14) N* is a {2, 3}-group and dim(U) = 9 or 12. 

Proof. If not we may take n* E N* , where n is the element of L n Wyl(X) 
induced by (1, 2, 3, 4, 5). Hence n* has orbits 

on X. By 9.12, dime U) = 9, 10, or 12, so n has orbit structure 52, II , 52 
on X n U. We conclude X n U = YI U Y2 or YI U Y3 • But now for x E YI , 

dim(U/xilu ) = 2, contradicting 9.11. 

Next W(E6) has three classes of elements of order 3 with representatives 
Ili' 1 $ i $ 3, where 113 has nine orbits of length 3 on X forming a 9-
decomposition of V, and III and 112 are induced by the elements (1, 2, 3) 
and (1, 2, 3)(4, 5, 6) in L n Wyl(X) , respectively. 

(9.15) 113 ct N*. 

Proof. Assume 113 E N*. We may assume the orbits of 113 make of the 
9-decomposition S of II.3.5.3. NW(E6)((1l3)) induces GL2(3)/E9 acting 2-
transitively on the nine orbits of 113 on X. Now argue as in the proof of 
7.4. 

(9.16) Either (Il i ) or (Ill' 1l2) is a Sylow 3-group of N* , and if III E N* fixes 
a point of X n U, then (Ill' 1l2) is Sylow and dime U) = 12. 

Proof. A 3-subgroup of W(E6) containing no conjugate of 113 is conjugate 
to (Ill)' (1l2) , or (Ill' 1l2). The remaining remark follows from 9.14 and the 
transitivity of N* on X n U . 

(9.17) III ct N*. 

Proof. Assume Il, E N* . Notice (Xi' x; , Xii: i, j E {I , 2, 3}) = A E ~ . 
As NW(E)(Il I )) is transitive on the orbits of III of length 3, we may take 

V3 $ U. By 9.5, either V; + (XI2' x 13 ' X23 ) $ U or we may take x~ and 
(J = (XI4' X24 ' X34 ) in U. In the first case A $ U and we find A is M-
invariant, contradicting M not brilliant. 

So x~, (J are in U. By 9.16, dime U) = 12 and 112 E N* . But now the image 
~ + (x~ , x~ , x~) + A of J-S, x~, (J under 112 is contained in U, contradicting 
dim(U) = 12. 
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By 9.16 and 9.17, (1l2) is Sylow in N*. So by transitivity of N* on xnu 
and 9.14, dim(U) = 12. Let AI = (Xi' x;, xij: i, j E {I, 2, 3}), A2 = (Xi': 
i E {I , 2, 3}, r E {4, 5, 6}) , and A3 = (x" x;, x,s : r, s E {4, 5, 6}). Then 
0: = {AI' A2, A3} is a 3-decomposition of V and 112 acts on Ai' Indeed 
the orbits of 112 on X n A2 and X n A3 are singular planes, while the orbits 
on X n A2 are special planes. As the normalizer of 112 is transitive on the 
singular orbits, we may take fJ:5 U. Then by 9.5, either V; + (XI2' x 13 ' X23 ) 
or B = (x~, x~ , x~ , XI4 ' X25 ,x26 ) is contained in U. In the first case M acts 
on A, contradicting M not brilliant. So the latter holds and by 9.5 we may 
take U = fJ +B+ (x I6 ' X 24 ' X 35 ). Now we calculate that ue = (X - (U +P)), 
P = (X I5 ' X26 ' X34 ). Then M acts on C = U + ue, so Me. acts on C¢ = P, 
for our final contradiction. Thus Theorem 9.4 is at last established. 

(9.18) If I :5 Aut( G) and I n r acts on some maximal parabolic of G, then 
one of the following holds: 

( 1) I acts on some proper parabolic of G . 
(2) I acts on some conjugate of L. 
(3) I acts on some conjugate of the Levi factor GI n NG (<J>(XI 6 , x~)). 

Proof. Assume J = In r acts on some maximal parabolic P, but none of the 
conclusions of the lemma hold. Let bEl - J . Then I acts on Y = P n pb . If 
R(Y) # 1, then (1) holds by the Borel-Tits theorem, so take R(Y) = 1. Then 
by §2.8 in [4], Y is a Levi factor of P and pb. It follows that either (3) holds 
or up to conjugation P = G2 and pb = N G( U), u = (XI2' x~, ... , x~). But 
then NB(Y) acts on some conjugate of L. 

(9.19) Let K be a subgroup of Ho not contained in Z (G) and let B = Aut( G) . 
Then one of the following holds: 

(1) Nr(K) acts on some maximal parabolic of G, or 
(2) NB(K):5 NB(Nr(o:)) for some 3-decomposition 0: of V, some 0: E xG, 

or some 0: E ~2 or Pl3· 

Proof. Assume otherwise and let M = Nr(K). Suppose first M is brilliant. 
As M acts on no maximal parabolic of G, M acts on a member of ~2 
or ~. Assume M acts on L, and let SL2(F) ~ J :5 CG(L). We have a 
representation of M L on a 6-dimensional F -space U. As M acts on no 
maximal parabolic of L, M is irreducible on U. Then as Ho :5 M , one of 
the following holds: (a) L:5 M; (b) L n M :5 N(Ho); (c) LIL2 ~ L n M with 
Li ~ SL3(F); (d) LIL2L3 ~ L n M with Li ~ SL2(F). In (a), L ~ NB(K) , 
so (2) holds. In (c), LIL2 preserves a unique 3-decomposition, so (2) holds. 
In (d), J LI L2L3 = Jo ~ NB(K) and Cv(Jo) is a special plane, so (2) holds. 

Thus we may assume (a) holds. Similarly, either J :5 M or JnM :5 N(Ho)' 
In the latter case, Ho ~ NB(K) , so (2) holds. In the former J ~ NB(K) and 
again (2) holds. 
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So assume M acts on AI E ~ and let O! = {AI' A2, A3} be the 3-
decomposition containing AI and Mi = CG(A). As above, Mi i M and 
MI n M and M2M3 n M do not both act on Ho. We conclude some element 
of M induces a graph automorphism on MI and SL2(F) ~ LI ~ MI n M. 
But Nr(L I ) = Nr ( U) for some U E ~2 . 

Thus M is not brilliant, so by 9.4 we may assume M acts on the special 
plane n of §4. Let J = CG(n) , so that J ~ Spin;(F). Again JiM nor 
does M n J act on Ho. As M acts on no maximal parabolic, some m E M 
is transitive on the three singular points in n and hence induces triality on J. 
Then as M acts on no proper parabolic of J, we conclude there is Y ~ NB(K) 
with Y the central product of one, three, or four copies of SL2(F) , leading us 
to the usual contradiction. 

10. THE PROOF OF THEOREM 3 

In this section we assume the hypotheses and notation of § 1. In addition, 
assume F is algebraically closed or finite. Using results in previous sections, 
we establish Theorem 3. First a lemma: 

(10.1) Let K be an extraspecial 3-subgroup of G of exponent 3 with Z (K) = 
Z(G). Then: 

(1) IKI=27. 
(2) If NG(K) is irreducible on K/Z(K), then all elements of K - Z(G) are 

of Type 2 and NAut(G/K) acts on NG( U) for some U in :i?l6 , ~, or :i?l9 • 

Proof. Let g E K - Z (G) and Z (G) = (z). Then there is h E K with 
(g, h) = Ko extraspecial of order 27, and we may take [g, h] = z. As Z(G) 
is of order 3, F contains an element w of order 3 and z = wI. Let ~(g) 
be the Wi -eigenspace of g, with the index i read mod 3. Then ~+I (g)h = 

~+I(gh) = ~+I(gz) = ~(g), so (h) is transitive on the eigenspaces of g. In 
particular, dim(~(g)) = 9 for each i, so by 8.1, g is of Type 2 or 3. 

We will show 0 3' (CG(Ko))Ko has a subgroup H of index at most 3 such 
that H = Ko X HI with HI ~ CG(Ko). It will follow from this claim that Ko 
is a maximal extraspecial 3-subgroup of G, and hence K = Ko ; in particular, 
(1) will be established. For, if K =I- Ko' then K = KoKI with KI = CK(Ko) 
extraspecial. Now there is 1 =I- x E HI n KI ' and as KI is extraspecial there is 
y E KI with [y, x] = z. Thus z E [y, HI] ~ HI ' contradicting Ko n HI = 1. 

Suppose first that g is of Type 3. Adopt the notation of part II, §§3 and 4. We 
may assume that Ai = ~(g) . Thus h permutes the subgroups Mi transitively, 
so CM (h) = Z(G) x HI with HI ~ L3(F). Further 0 3' (CG(g)) = MoHo' so 

o 
KoHl is of index at most 3 in d' (CG(Ko) )Ko' establishing our claim in this 
case. 

In addition we claim in this case that NG(Ko) is not irreducible on Ko/Z(G). 
For otherwise some x E NG(Ko) induces an automorphism of order 4 on Ko. 
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Then x 2 inverts Ko/Z(G) , so without loss, x 2 inverts hand g _ Hence by 
II.3.6, x 2 interchanges M2 and M3 and induces a graph automorphism on 
MI' So x 2 induces a graph automorphism on HI' This is impossible, as 
HI = E(CG(Ko)) ~ NG(Ko) ' whereas a graph automorphism of L 3(F) is not a 
square in Aut(L3(F)). 

So we may assume all elements of Ko - Z (G) are of Type 2. In particular, we 
may adopt the notation of §4 and assume Vj(g) = (Vi' W;) . Let n = CG(n)CXJ , 
so that n 2:: Spin; (F). Then h is transitive on the singular points of nand 
induces a triality automorphism on n. Define a as in §5 and let K2 = (g, a) . 

I 2 3' Then K2 2:: 3 + and 0 (CG(K2)) = G2 2:: G2(F) by 5.4. Then from the main 
theorem of [2], there is an element P of order 3 in G2 such that 0 3' (CG (P)) = 

2 

G3 2:: SL~(F) and G3 is generated by three root groups of G. Moreover up 
to conjugation in CG(g) , h = a or ap; let HI = G2 or G3 in the respective 
case. Then the claim is established, so K = Ko . 

Finally HI = E(CG(K)) ~ NAut(G)(K). Let U = Cv(HI ). Then U E W6 , 

if HI = G2 by 5.4 and 5.5, while if HI = G3, then as G3 2:: SL~(F), HI is 
generated by three root groups of G, so U E ~ or W9 for e = + or -, 
respectively. Now 6.8 completes the proof. 

Now to the proof of Theorem 3. Part (2) has already been established in 
various lemmas. For most types T of structures in %' , § 1 indicates the lemma 
in which the transitivity of ~ on T is established. To prove parts (1) and (3), 
we begin a short series of reductions. Let K be a closed solvable subgroup of 
G with K $ Z (G) , and assume K does not satisfy the conclusion of Theorem 
3. Subject to this constraint, pick K so that the length of the derived series for 
K is minimal. 

(10.2) K is abelian. 

Proof. Assume K is not abelian. Then [K, K] ::F 1 and by minimality of the 
derived length d(K) of K, [K, K] = Z(G). So K is nilpotent of class 2. 
By minimality of d(K), Z(K) = Z(G). But as Z(G) is of order 3 and K is 
of class 2, K3 :-:::: Z(K). Thus Z(G) = q,(K) and K is a finite extraspecial 
3-group. Proceeding by induction on the order of K, K is of exponent 3 
and NG(K) is irreducible on K/Z(G). Now 10.1 supplies a contradiction and 
completes the proof. 

(10.3) R(K) = 1. 

Proof. If not by the Borel-Tits theorem, NAut(G)(K) acts on a proper parabolic. 

( 10.4) K is semisimple on V. 

Proof. This follows, as K is abelian with R(K) = 1 and F is perfect. 

(10.5) K is not contained in a Cartan subgroup of G. 

Proof. This follows from 9.18 and 9.19. 
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(10.6) (1) F is finite of order q. 
(2) K is an elementary abelian p-group for some prime p with dq(p) > 1. 

Proof. If F is finite, then by induction on the order of K we may take K to 
be a p-group for some prime p and either K is elementary abelian or p = 3 
and K 2:: Z9 with Z(G) = K3 . The last case is out by 9.3. So if F is finite of 
order q, then K is an elementary abelian p-group. Hence if dq(p) = 1, then 
by 6.3 and 10.5, p = 2 or 3. Similarly if F is algebraically closed, then by 
6.3 and 10.5, K6 = 1. Then K is finite and by induction on the order of K, 
K is an elementary abelian p-group for p = 2 or 3. 

So in any event, we may assume K is a finite elementary abelian p-group for 
p = 2 or 3, and if p = 3, then F contains an element of order 3. Now 6.7 
supplies a contradiction when p = 2, while 8.3 supplies a contradiction when 
p = 3. 

(10.7) Cv(K) = 0 and dq(p) = 3 or 9. 

Proof. By 8.5 we may assume U = Cv(K):I O. Then by 8.7,6.8, and 9.18, U 
is totally dark. Finally 8.4 and 6.8 complete the proof. 

If dq(p) = 3, then 7.4 supplies a contradiction. If dq(p) = 9, then 7.5 
supplies a contradiction. Thus the proof of Theorem 3 is complete. 
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