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ITERATED SPINNING AND HOMOLOGY SPHERES 

ALEXANDER I. SUCIU 

ABSTRACT. Given a closed n-manifold M n and a tuple of positive integers P, 
let upM be the P-spin of M. If M n 'f!. Sn and P f. Q (as unordered tuples), 
it is shown that upM'f!. uQM if either (I) H. (Mn) '1- H.(Sn), (2)1!' I M finite, 
(3) M aspherical, or (4) n = 3. Applications to the homotopy classification 
of homology spheres and knot exteriors are given. 

In this paper we study manifolds obtained by iterated p-spinning. The pro-
cess of spinning was introduced by Artin [2] and generalized to p-spinning by 
Epstein [5] and Cappell [3]. As noticed by the latter, p+q-spinning is not in gen-
eral the same as p-spinning followed by q-spinning. We expand on this remark 
of Cappell and show how to distinguish among the various iterated spins of a 
given manifold by means of their homology or the homology of their universal 
covers. As an application, we prove that successively spinning 3-manifolds in 
different ways produces manifolds with distinct homotopy types. Other appli-
cations concern homology spheres. For every n ~ 5, we construct homology 
n-spheres distinguished by their rth homotopy groups (2 :::; r :::; n21), or by 
their first k-invariants. Finally, we discuss iterated spinning of knots. 

1. SPUN MANIFOLDS 

Let M n , n ~ 1, be a closed, smooth n-manifold with basepoint *, and 
p a positive integer. Let D n be a fixed embedded disk in M n and let M; = 
M n\ int Dn be a punctured copy of M. The p-spin of M is the closed, smooth 
n + p-manifold 

~+1 P n-1 ~+1 GpM = 8(Mo x 1f ) = Mo x S Usn-I xsP S X 1f . 

In other words, GpM is obtained from M x sP by performing surgery on 
* x sP with trivial framing. If n ~ 3, then GpM has the same fundamental 
group as M by Van Kampen's theorem. Another nice feature of p-spinning is 
that it respects connected sums. 
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Lemma 1.1 (Gordon [7]). (Jp(MI#M2) s::: (JpMI#(JpM2' 

The process of p-spinning can of course be iterated. Given an r-tuple P = 
(PI' ... , Pr) , Pi > 0, we define the P-spin of M to be 

(J pM = (Jp, ... (JPr M. 

It is a closed, smooth manifold of dimension n + !PI , where IPI = PI + ... + Pr • 

We also have 11:1 ((JpM) s::: 1I:IM (if n ~ 3) and (Jp(MI#M2) s::: (JpMI#(JpM2' 
The next lemma shows that (JpM depends only on the unordered tuple P. 

Lemma 1.2. (Jp(JqM s::: (Jq(JpM . 

Proof. Recall that (JpM is the result of surgery on * x sP in M x sP . Therefore 
there is a cobordism ~(M) = M x sP X /uhP+1 from M x sP to (JpM. Then 
W (M) x sq s::: M x sP x sq X /uhP+1 uhP+q+1 is a cobordism from M x sP x sq p 

to (JpM x sq. Also Wq((JpM) = (JpM x sq x/ U hq+1 is a cobordism from 
(JpM x sq to (Jq(JpM. Finally, 

Wq,p(M) = ~(M) x sq UUpMXSq Wq((JpM) 

= M x sP x sq X /uhP+1 uhP+q+1 uhq+1 

is a cobordism from M x sP x sq to (Jq(JpM. Now rearrange the handles to 
get 

~,p(M) s::: M x sq x sP x/ U hq+1 U hq+p+1 U hP+1 = ~,q(M), 

a cobordism from M x sq x sP to (Jp(JqM. This proves the lemma. 0 

If M is a manifold admitting a simple geometric description it is often 
not too difficult to identify (JpM. For example, (JpSn is Sn+p . We leave 
as an exercise for the reader to show (Jp(lRlP'n) = Sn-I X Z2 Sp+1 (where the 
generator of 112 acts by (antipodal, reflection)), (Jp(ClP'n) = ClP'n-1 x Sp+2 , and 
(Jp(lHllP'n) = lHllP'n-1 x Sp+4. What we really need is to identify the P-spins of 
product of spheres. 
Lemma 1.3. (i) (J (Sm x Sn) s::: Sm+p X Sn#Sm x Sn+p . 

p 
( .. ) (Sm Sn) ~ # Sm+IRI Sn+IPI-IRI 11 (Jp X - Rc;;,P X • 

Proof. (i) By definition, (Jp(Sm x Sn) = a W , where W = (Sm X Sn)o x IY'+I . 

As (Sm x Sn)o s::: Dm+n U hm U hn , we have W s::: Dm+n+p+1 U hm U hn. The 
attaching spheres for the handles of W form a link Sm-I uSn-I C Sm+n+p of 
codimension P + 2 > 2. By general position this is the unlink. Thus 

W s::: (Dm+n+p+1 U hm)~(Dm+n+p+1 U hn) 

s::: Sm x Dn+p+I~Sn x Dm+p+l • 

This implies a W s::: sm X sn+p#sn X sm+p . 
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(ii) Follows from (i) and Lemma 1.1. The connected sum is taken over all 
subsets R of P, including R = P and R = 0 (where 101 = 0). 0 

In particular, we have a complete description of spins of 2-manifolds: 

rIp(S2)=SP+2, rIp(#fSI xSI)=#~gSP+I xSI, rIp(#~RlP2)=#~SP+IXSI. 

Spun 3-manifolds were studied in [13], where it is shown that if M3 is oriented 
and geometric, then n I M determines the oriented homotopy type of rIl M . 

We are now in position to describe the universal cover of the P-spin of 
M n , n ~ 3, in terms of the P-spin of the universal cover of Mn. This will 
generalize the description in Plotnick [10], done there for n = 3 and p = 1 . 
First consider rIpM. Let n = n I M ~ n I (rIpM). Then rIpM is obtained by 
taking the cover M x sP of M x sP and performing (equivariant) surgery on 
the Inl lifts of * x sP . That is, 

~ ~ p II n-I ~+I 
rIpM = Mo x S UUnsn-lxsp S X 1J . 

1t 

The first surgery yields rIpM. The other Inl - 1 surgeries are done on nullho-
motopic SP's, so they add copies of Sn-I X Sp+1 . Therefore 

~M ~ M~##I1tI-ISn-1 Sp+1 rIp - rIp I x. 
Two particular cases are worth mentioning: 

If M = Sn In, then rIpM ~ #;1t I-1 Sn-I X Sp+1 ; 

If M = Rn In, then rIpM ~ Sn-I X RP+I##~ Sn-I X Sp+l. 

We now generalize to iterated spins. 

Theorem 1.4. rIpM ~ rIpM##~1tI-I#0#<;pSn-I+IPI-IRI x SIRI+I . 

Proof. We use the above formula, Lemmas 1.1 and 1.3, and induction on length 
(P). If P = (p, pI) then 

~M - (~M) ~ (~M)##I1tI-ISn-I+IP'1 Sp+1 rIp - rIp rIp' - rIp rIp' I X 

~ (M~##I1tI-I# Sn-I+IP'I-IR'I SIR'I+I)##I1tI-ISn-I+IP'1 Sp+1 
- rIp rIp' I 0iR'<;P' x I x 
~ (M)##I1tI-I# (Sn-I+IPI-IR'I SIR'I+1 
- rIp rIp' I 0iR'<;P' x 

#Sn-I+IPHR'I-p x SIR'I+P+I)##;1tI-1 Sn-I+IP'I X Sp+1 

_ M~##I1tI-I# Sn-I+IPI-IRI SIRI+I 0 - rIp I 0iR<;P x. 

2. HOMOLOGY OF rI pM 

In this section we compute the homology groups of rI pM and show how quite 
often they can be used to distinguish between rIpM and rIQM, if P -=f. Q. Of 
course, if 1P1-=f.IQI, then dimrIpM -=f. dimrIQM and there is nothing to prove. 
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So from now on we will implicitly assume IFI = IQI whenever we compare 
apM to aQM. 

Lemma 2.1. Hi(apM) ~ H;(Mo) $ Hi_P(M). 

Proof. The Mayer-Vietoris sequence for the decomposition apM = Mo x sP 
us'-'xsP Sn-I X Jj'+1 reduces to the exact sequences 

0-+ H;CMo x SP) -+ H;CapM) -+ 0, i =I- p, P + n - 1, P + n; 

0-+ Hp(SP) -+ Hp(Mo x SP) -+ Hp(apM) -+ 0; 
n-I p) (SP) 0-+ Hp+n(apM) -+ Hp+n_ 1 (S X S -+ Hp+n_ 1 Mo x 

-+ Hp+n_l(apM) -+ O. 

The result follows from the Kiinneth formula. 0 

Theorem 2.2. Hi(apM) ~ H;(Mo) $ EB0#cP H;_IRI(Mo) $ H;_IPI(M). 

Proof. It suffices to prove that H;(apMo) ~ EBR~P H;_IRI(Mo)' This is done 
by induction on length ( P ). For P = (p) , this is immediate from Lemma 2.1. 
For P = (p, pI) we have 

~ ~ 

H;(apMo) = H;(ap(ap,M)o) 

~ H;(ap,Mo) $ H;_p(ap,Mo) 

~ EB H;_IR'I(Mo) $ EB H;_p_IR'I(Mo) 

= EB H;_IRI(Mo)' 0 
Rr:;.P 

In particular, if M n is a homology n-sphere, that is if H.(Mn) ~ H.(Sn) , 
then a pM is a homology n + IPI-sphere. This means that we cannot distinguish 
homologically among the various iterated spins of a given homology sphere 
(unless they have different dimensions). For other manifolds though, we have 
the following: 

Theorem 2.3. If H.(Mn) ?p H.(Sn) and P =I- Q (as unordered tuples), then 
H.(apM) ?p H.(aQM). 

Proof. By assumption we have H.(M;) ?p H.(Dn) , so let io be the smallest 
integer such that ir (Mon) =I- O. Arrange P and Q in ascending order and 

'0 
assume P -< Q. Let j be the smallest integer such that Pi < qi' Then write 

(pI ") Q (I Q") h pI ( ) d p" ( P = ,P, = P, , were = PI ::; ... ::; Pi_I an = Pi = 
I." k (f· "Q Q") ... = Pi+k-I < Pi+k ::; ... ::; p,), lor some 2: 1. I } = 1, P = P, = . 

For i < Pi + io ' one can check that H;CapM) ~ H;(aQM). For i = Pi + io 
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though, we have 

Hpj+io (a pM) ~ H pj+io (a pI Mo) 

EB ( ED Hpj+io_IR"I(ap,Mo) EB Hpj+iO_IPIII(aPIM)) , 
0f=R"cPIl 
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where a pI M = M in case j = 1. The assumption on io implies that the 
only nonzero terms in the above parentheses are those corresponding to R" = 
(p,) , j ~ I ~ j + k - 1, which contribute 

Hpj+io_IR"I(ap,Mo) ~ Hi/ap,MO) ~ ED Hio-IR'I(Mo) ~ Hio(Mo)· 
R'cp' 

Thus 

Similarly 
H pj+iO (aQM) ~ Hpj+io (ap,M). 

As all groups in question are finitely generated abelian, we conclude that 

Hpj+io(apM) 1- Hpj+io(aQM). 0 

3. HOMOLOGY OF a pM 

We now show how to distinguish among the iterated spins of M n , n ~ 3, 
by means of the homology of their universal covers. We start by describing 
the homology groups of apM, viewed as /En-modules, where n = n 1 M ~ 

n l (apM). Let In be the augmentation ideal ker(/En ~ /E) and c5(,) the 
Kronecker delta. To keep the notation compact we adopt the convention AO = 
0, for a module A. 

~ ~ ~ - ~ J(i-I,p) Lemma 3.1. Hi(apM) = Hi(Mo) EB Hi_P(M) EB (In) . 
Proof. The Mayer-Vietoris sequence for the decomposition 

~ ~ P II n-I ~+I 
apM = Mo x S Ull. sn-l xsP S X 1f 

It 

reduces to the exact sequences 

0-+ H;(Mo x SP) -+ H;((JpM) -+ 0, i # p, p + 1, p + n - 1, p + n; 

0-+ Hp+1 (Mo) -+ Hp+1 ((JpM) -+ E9 Hp(SP) -+ Hp(Mo) E!) Hp(SP) -+ Hp((JpM) -+ 0; 
" (0,.) 

112 112 

Zn Z 

112 112 
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Hi(Mo) , 

Hi(MO) E9 In, 

i<p+l, 
i=p+l, 

H/ifo) E9 Hi_P(Mo), P + 1 < i < P + n - 1, 

HlM) , i~p+n-l. 0 

We are now ready to describe the homology of apM. For P a tuple we will 
use a generalized Kronecker delta given by fl(i, P) = Eel#~p 6(i, IRI) . 

Theorem 3.2. 

~ ~ ffi - ~ - ~ A(i-I P) 
Hi(apM) 2:: Hi(Mo) E9 W Hi_IRI(Mo) E9 Hi_1PI(M) E9 (In) '. 

eli-Rep 

- '" - ~ A(i-I,P) Proof· It suffices to prove that Hi(apMO) = EBR~P Hi_IRI(Mo) E9 (In) . 
Again this is done by induction on length (P). If P = (p, pI), then 

Hi(apMO) = Hi(ap(apIM)o) 
'" - ~ - ~ 6(i-I,p) 
= Hi(apIMo) E9 Hi_P (apl Mo) E9 (In) 

2:: ( E9 Hi_IRI(Mo) E9 (In)A(i-1 ,PI)) 
R/~p' 

E9 ( E9 Hi_P_IR/I(Mo) E9 (In)A(i-P-1 ,PI)) E9 (In)6(i-1 ,p) 
R/~p' 

ffi - ~ A(i-I,P) 
= WHi_IRI(Mo)E9(In) . . 0 
R~P 

We now would like to distinguish between H.(apM) and H.(aQM) , pro-
vided P"# Q. For that we adopt the notation from the proof of Theorem 2.3. 

( I " • I " P = P, P ), wIth P = (PI ~ ... ~Pj_l), P = (pj = ... =Pj+k-I <Pj+k ~ 
... ~ p,) and Q = (pI, Q") , with Q" = (qj ~ ... ~ qs) , where Pj < qj and 
k ~ 1. For i ~ Pj , we have Hi(apM) 2:: Hi(aQM) , as can be seen by direct 
computation or by using Lemma 5.1 below. For i = Pj + 1 however, we have 
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Proof. We compute 

Hp+I (apM) = Hp+I (apll(ap,M)) 
} } 

~ Hp+I (ap,Mo) E9 E9 Hp+HR"I(ap,Mo) 
} } o oFR"Cpll 
- ~ !!(p.,pll) 

E9 Hp+I_IPIlI(ap,M) E9 (In) } 
} 

~ Hpj+1 (ap,Mo) E9 E9 E9 Hpj+I-IR"HR'I(Mo) 
0oFR"cpl R'C;P' 

E9 E9 Hpj+I-IPIlHR'I(Mo) 
R'cP' 

E9 Hpj+I_IPIlI_IP'I(M) E9 E9 (In)!!(Pj-IR"I,P') E9 (In)!!(Pj,PIl). 
0oFR"C;pl 
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F ..J. R" p" d R' p' h IR"I 0 1 IR"I IR'I 1 or 0 .,.. ~ _ an ~ ~ we ~ve P j - $ ~ so P j + - - $. 

This implies Hpj+HR"I-IR'I(Mo) = Hpj+HPIlHP'I(M) = O. Also 

;1.(Pj' p") = I: J(Pj' IR"I) = k 
0oFR"C;pl 

and 
;1.(pj -IR"I, p') = I: J(Pj -IR"I, IR'I) = 0, 

0oFR'C;P' 

as Pj -IR"I $ 0 and IR'I > O. Therefore 
~ ~ k 

Hp+I (apM) ~ Hp+I (ap,Mo) E9 (In) . 
} } 

Similarly, 

finishing the proof. 0 

In order to be able to distinguish among the Zn-modules in Lemma 3.3 we 
need a cancellation theorem. Namely, given n a finitely generated group, and 
A, B finitely-generated Zn-modules, we want to conclude that A E9 B ~ A => 
B = O. Such a general result holds if A is projective. For then we have 
(Zn)' E9 B ~ (Zn)' , which implies B = 0 by a theorem of Kaplansky [9]. But 
in our situation A = Hp+ I (a pM) need not be projective, so we will settle for 

} 

two particular cases. 

Corollary 3.4. If n I M is a finite, nontrivial group and P -I- Q, then H. (a pM) ?F 
H.(aQM) as abelian groups. 

Proof. We have 

rank(Hp +1 (apM)) = rank(Hp+ 1 (aQM)) + k(lnl- 1) 
} } 
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Corollary 3.5. If M is aspherical and P :/; Q, then H.(a;M) 1- H.(aQM) as 
X .. rr-modules. 
Proof. Since Xi is contractible, Hj(Mo) = 0 for i:/; n - 1 and Hn_ 1 (Mo) == 
Zn. Thus: 

Hp+I (ap,Mo) == EB Hp+HR'I(Mo) EB (/n)fl(PJ ,P') 
} } 

R'r;p' 
== (Zn)t5(PJ- n+2 ,O)+fl(prn+2 ,P') EB (/n)fl(PJ'P'). 

As n is a Poincare-duality group of dimension n > 1, HI (n , Zn) = O. The 
cohomology exact sequence associated to the coefficient sequence 0 -+ In -+ 

Zn .!.. Z -+ 0 yields HI (n, In) == HO(n, Z) == Z. Therefore 
I ~ I ~ 

rankH (n, Hp+I (apM)) = rankH (n, Hp+I (aQM)) + k 
) } 

I > rankH (n, Hp+I (aQM)). 0 
) 

4. HOMOTOPY TYPE OF ITERATED SPINS 

In view of the above results it seems reasonable to make the following: 

Conjecture. If M n i:- Sn and P:/; Q, then apM i:- aQM. 

It follows from 2.3, 3.4 and 3.5 that the conjecture is true if either 
( 1) M n is not a homology sphere, or 
(2) M n is a homology sphere with nlM finite, or 
(3) M n is an aspherical homology sphere. 

We showed in §3 how to reduce this problem to a cancellation theorem for Zn-
modules. If n = 3 we can bypass this seemingly difficult algebraic question by 
using some geometric arguments. 

Theorem 4.1. If M3 i:- S3 and P :/; Q, then apM i:- aQM. 
Proof. Suppose apM ~ aQM. By the above, we only have to consider the 
case when M is a homology 3-sphere. In particular, M is orientable. Then 
M admits a prime factorization M = MI # ... #M, (see [8]). The summands 

~ 3 ~ 3 
M j are homology 3-spheres, with M j ~ S or M j ~ lR . We may assume 
n I M j :/; 1 , as homotopy sphere summands do not affect the homotopy type of 
M or that of its spins. We may also assume I ~ 2, for otherwise M = MI is 
of type (2) or (3) and a pM i:- aQM . 

Now let p be a nonnegative integer so that IPI + p = IQI + p = 4m , for some 
m > 0, and set P = (P, p), Q = (Q, p). Clearly P =j: Q and apM ~ a(jM. 
By Lemma 1.1 there exists a homotopy equivalence 

ap(MI )#ap(M2#··· #M,) ~ a(j(MI )#a(j(M2#··· #M,) 

between closed, orientable manifolds of dimension 4m + 3 ~ 7. By Cappell's 
Splitting Theorem [4, Theorem 3] the homotopy equivalence is splittable, and 
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( i) 

(ii) 
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O'p(MI) ~ O''Q(MI ) , or 
O'p(MI) ~ 0''Q(M2#··· #M/). 
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In the first case we derive a contradiction as before. In the second case, we must 
have I = 2, for otherwise n l MI is a nontrivial free product. Hence O'pMI ~ 
0''QM2 . This implies nlMI ~ n l M 2 and thus MI ~ M 2 . It follows from the 
proof of Theorem 3.5 that H.(O'pMI) ?F H.(0''QM2)-a contradiction. 0 

The above proof may be adapted to show that the Conjecture holds for con-
nected sums of manifolds of type (1), (2) or (3). But of course not all manifolds 
of dimension > 3 can be so decomposed. For example, let l:3 be the Poincare 
sphere and form Sl x l:3#SI X l:3 , with fundamental group 

(t, a, bla3 = b5 = (ab)2, [t, a] = [t, b] = 1) 
352 *(u,c,dlc =d = (cd) ,[u,c]=[u,d]=I). 

Then perform surgery on the curves t(cd)2 and u(ab)2. The resulting manifold 
is a homology 4-sphere M4 with 

4 
nlM = Z2 x nil: *z xz Z2 x nil:· 

2 2 

This group is not a free product, so M'f. MI #M2 (unless MI or M2 is ~ S4). 
Moreover, the center Z2 x Z2 is not square-root closed in nlM, so none of 
Cappell's splitting theorems apply. 

5. HOMOLOGY SPHERES 

We now use the techniques of the previous sections to produce examples of 
homology spheres distinguished by certain homotopy type invariants. First re-
call a definition from [15]. Two connected CW-complexes KI and K2 have the 
same p-type I if there is a cellular map f: KiP+' ) -+ KiP+' ) with fIK(p) a homo-

I 
topy equivalence. If KI and K2 are of the same p-type, they have isomorphic 
homotopy groups n j (i = 1, ... , p) and k-invariants k j (i = 1, ... , p - 1) . 
Now let P = (PI' ... , p,), Q = (ql ' ... , qs) . 

Lemma 5.1. 0' pM and 0' QM have the same p-type, for 

p = min(pl ' ... , P" ql ' ... , qs)· 

Proof. Recall O'pM = MoxSPUSn- 1 xd+ ' . It follows that O'pM admits a CW-
decomposition with (O'pM){P) ~ (Mo){P) . If p < q, we also have (O'qM)(p+I) ~ 

(Mo){P). Thus O'qM and O'pM have the same p-type. The lemma follows 
readily. 0 

1 This is called the (p + 1 )-type in [15]. 
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Theorem 5.2. Given p ~ 1 and n ~ 2p + 3, there are homology n-spheres I.7 
and I.; of the same p-type, but with 7I:p+I (I.I) ';f! 7I:P+I (I.2) as abelian groups. 

Proof. Let I.3 = I.(2, 3, 5) = S3/7I: be the Poincare homology sphere, with 
71: = 7I:1I. the binary icosahedral group of order 120. Define 

n 3 n 3 
I.I = O"n_ 3I., I.2 = O"n_p_ 30"pI. • 

By the above lemma, I.I and I.2 have the same p-type. By Theorem 1.4, their 
universal covers are 

~ _ #119Sn-2 S2 
"'I - 1 x, 
I.2 = #:19(Sn-2 x S2#Sn-p-I x SP+I#Sn-p-2 x Sp+2). 

As p + 1 < n - p - 1 ~ n - 2 , we have 

Therefore 

7I:p+I (I.I) ~ 7I:p+I (y (Sn-2 V S2)) ~ ~ 7I:p+1 (S2) , 

119 
~ ffi 2 p+1 n-p-2 

7I:p+1 (I.2) = w(7I:P+ 1 (S ) EB 7I:p+I (S ) EB 7I:P+I (S )). 
1 

if n = 2p + 3, 
if n > 2p + 3. 0 

In particular, for n ~ 5 we get two homology n-spheres with isomorphic 
71:1 but distinct 71:2 , In fact, we may get n - 3 such manifolds by setting 
~n i-I ~3 . 13Th "'i = O"n_i_ 20"1 "', 1 = , ... , n -. en 

if i < n - 3, 
if i = n - 3. 

The next theorem provides examples with different Z7I:-module structure on 
71:2 , Whether there are homology 4-spheres with distinct 71:2 (as groups or as 
Z7I:-modules) is still an open question (see.[12]). 

Theorem 5.3. Given n ~ 5, there are homology n-spheres I.7 and I.; with 
7I:II.1 ~ 7I: 1I.2, 7I:2I.l ~ 7I:2I.2 as abelian groups, but 71:2 I. 1 ';f! 7I:2I.2 as Z7I:1-
modules. 
Proof. Start with I.3 = I.(2, 3,7) = 1R3/7I:-an aspherical Brieskom homol-
ogy sphere - and define I.7, I.; as in Theorem 5.2. By Lemma 3.3 and the 
Hurewicz isomorphism we have 

I. ~ Z 71: I. ~ { Z7I: EB (I7I:) 2 , if n = 5, 
71:2 1 = 71:, 2 2 Z7I: EB 171: , if n > 5. 

These are both free abelian groups of countable rank, but, by the proof of 
Corollary 3.5, are distinct as Z7I:-modules. 0 
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We conclude this section with examples of homology n-spheres distinguished 
by their k-invariants, generalizing those of [11] and [12]. Recall that the k-
invariant of a CW-complex K is a cohomology class k(K) E H3(1CIK, 1C2K). 
It behaves nicely under p-spinning. Indeed, for n ~ 3 the inclusion map 
M; --+ GpMn induces 1CIMO = 1C IGpM and 1C2M o C 1C2GpM = 1C2M o EEl I1C, 
if p = 1 and 1C2M o = 1C2GpM, if p > 1. Since continuous maps preserve 
k-invariants, it follows that 

k(G M) = {(k(Mo)' 0), ~f p = 1, 
p k(Mo) , If P > 1. 

Notice also that for n ~ 4, 1C2M o = 1C2M and so k(Mo) = k(M) . 

Theorem 5.4. For n ~ 3 and N ~ 2, there exist N homology n-spheres with 
isomorphic 1C I and 1C2 (as Z1C I-modules), but with distinct k-invariants. 
Proof. We will construct homology n-spheres I.7, ... , I.~ satisfying a stronger 
condition. Namely, for i =F j, given any isomorphism a: 1C I I.; --+ 1C I I.; and 
any a-homomorphism p: 1C2I.; --+ 1C2I.; ,we have a*(k(I.;)) =F P*(k(I.;)). 

The existence of homology n-spheres I.; verifying the above condition is 
established for n = 3 in [11] and for n = 4 in [12]. For n ~ 5, set 

r.7 = Gn_ 4r.:· 
We claim r.; satisfy the above condition. 

If n = 5 , suppose there exist, for i =F j , an isomorphism a: 1C I I.; ~ 1C I r.: --+ 

1Clr.~ ~ 1C lr.; and an a-homomorphism p: 1C2r.; ~ 1C2r.:EElI1C --+ 1C2r.~ ~ 1C2r.;EEI 
I1C such that a*(k(r.~)) = P*(k(r.;)). Let p' be the restriction of p to 1C2(r.:). 
As k(r.;) = (k(r.:) , 0) , we see that p' is an a-homomorphism (not necessarily 
an isomorphism, even if p is) satisfying a*(k(r.;)) = P~(k(r.: )). This is a 
contradiction. 

If n > 5, then 1C2r.; = 1C2r.: and k(r.;) = k(r.:) , so -the proof is immedi-
ate. 0 

Remark. One cannot get these high-dimensional homology spheres by directly 
spinning the three-dimensional ones. Indeed, for every i and j, Gp(r.;) is 
diffeomorphic to Gp(r.~). This is why we first had to construct r.: before being 
able to continue spinning. 

6. ITERATED SPUN KNOTS 

Let K = (Sn , Sn-2), n ~ 3, be a smooth n-knot. The p-spin of K is the n+ 
p-knot GpK = (GpSn , GpSn- 2) . Cappell [3] shows that if X(K) = Sn\Sn-2 x D2 
is the exterior of K, then X(GpK) = sP x X(K) U (d+1 X Sn-\d-n- I ) x Sl , 

identified along sP X Sn-2 X Sl . Moreover, if K is a standardly fibered knot, 
with fiber F;-I , then GpK is also standardly fibered, with fiber (GpF)o. He 
then notices that in general Gp+qK '1- GqGpK. For P a tuple, denote by G pK 
the iterated P-spin of K. We then venture the following conjecture. 
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Conjecture. If K is a nontrivial knot and P =1= Q, then apK ~ aQK . 

One approach to this problem is to study the 'l..7t 1 X -module structure of 
~ 1 

the homology groups of X(apK) (of course H.(X(apK)) :;:: H.(S ) no longer 
provides any information). These groups can be computed using the description 
of H.(X(apK)) in [6] (see also [1, 5, 14]), which is similar to that of H.(apM) 
in Lemma 3.1. The ensuing difficulties though are much the same as for closed 
manifolds. We thus will content ourselves with providing some evidence for 
the validity of the conjecture in case the knot is fibered. 

First note that if K and K' are standardly fibered knots, with fibers Fo and 
F~, then K:;:: K' implies F ~ F' . For if Y(K) = X(K) Usn-2 xs l D n- I x Sl , 
then the universal abelian cover of Y is homotopy equivalent to F. It now 
follows from Theorem 2.3 that: 

If K is a standardly fibered knot, with closed fiber not a ho-
mology sphere, then the conjecture is true. 

In particular, if K = (S3, Sl) is fibered and nontrivial, then P =1= Q implies 
apK ~ aQK . If K is a topologically nontrivial knot in S4, its closed fiber F3 
cannot be a homotopy S3 by the work of Freedman. It follows from Theorem 
4.1 that: 

If K = (S4, S2) is a standardly fibered knot not homeomorphic 
to the trivial knot, then the conjecture is true. 

Acknowledgment. I wish to thank R. Daverman for raising some questions 
which led to the results in §5. 
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