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ON THE BIHOMOGENEITY PROBLEM OF KNASTER

KRYSTYNA KUPERBERG

ABSTRACT. The author constructs a locally connected, homogeneous, finite-
dimensional, compact, metric space which is not bihomogeneous, thus providing
a compact counterexample to a problem posed by B. Knaster around 1921.

0. INTRODUCTION

A topological space X is said to be homogeneous if for every two points p
and g in X there exists a homeomorphism 4: X — X such that A(p) =q. X
is said to be bihomogeneous if for every two points p and g in X there exists
a homeomorphism 4: X — X such that A(p) = ¢ and h(q) = p. Around
1921, B. Knaster asked the question of whether every homogeneous space is
bihomogeneous, and shortly after that C. Kuratowski (see [6]) described an
example of a non-locally-compact, homogeneous subset of the plane, which
is not bihomogeneous. In 1930, D. van Danzig asked whether homogeneity
implies bihomogeneity for continua; see [10]. A locally compact, homogeneous,
nonbihomogeneous, metric space was found by H. Cook in the early 1980s; see
[3].

This paper contains an example of a seven-dimensional, homogeneous, non-
bihomogeneous, locally connected, compact metric space. G. S. Ungar proved
that certain homogeneity type properties imply local connectedness; see [9].
However, [5] and this paper show that a locally connected homogeneous con-
tinuum may lack some stronger but still very simple homogeneity properties.

The author would like to thank Piotr Minc for his cooperation and valu-
able suggestions. One of his remarks is that, using similar methods, one can
obtain a simpler, although not locally connected, example of a homogeneous,
nonbihomogeneous continuum.

1. PRELIMINARIES

All spaces considered in this paper are metric and all maps are continuous.
By S", E", B",and B" we mean the n-dimensional sphere, the Euclidean
n-space, the n-dimensional open ball, and the n-dimensional closed ball respec-
tively.
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130 KRYSTYNA KUPERBERG

Let P and Q be two disjoint, closed subsets in a compact space X , and let
g: P — Q be a homeomorphism. Let ~ be an equivalence relation on X such
that p ~q if p=g,orif pe P and g € Q then g(p) =q,orif g€ P
and p € Q then g(q) = p. The space of equivalence classes with the quotient
topology will be denoted by X/g.

In our applications of homology theory, we use either the singular or Cech
homology groups with integral coefficients. For basic concepts of homotopy
theory we refer the reader to [4].

Throughout this paper, M will denote the universal Menger curve as de-
scribed in R. D. Anderson’s paper [1, p. 321]. M is a subset of the cube
{(x,y,2) € E*x, ¥y, z € [0, 1]} such that the intersection of M with each
of the faces of the cube is homeomorphic to Sierpifiski’s plane curve.

In [1], Anderson proved that M is homogeneous, and that every 1-dimen-
sional continuum with no local cut points and no open subsets embeddable in
the plane is homeomorphic to M . Furthermore, from results in [1 and 2], it
follows that if U 1is an open connected subset of M , and p, g € U, then there
exists a homeomorphism #: M — M such that A(p) = g, and A(v) = v for
veM-U.

In [5], the authors employ the fact that continua which are Cartesian products
with one or more factors homeomorphic to M admit few homeomorphisms.
A similar idea is used here in the form of Lemmas 1 and 2 whose proofs are
analogous to those of Theorems 2 and 1 in [5].

Lemma 1. Let X = X, x X,, where X, is homeomorphic to M for i =1, 2.
Let U, C X, be a connected open set for i =1, 2. If 9p: U, xU, — X is an open
embedding, then ¢ = ¢, x ¢, , where either (1) ¢:U, — X, and ¢,:U, — X,,
or (2) ¢,:U, — X, and ¢,:U, — X, .

Proof. Let m;: X — X, be the projection. Suppose that (u, v,) and (u, v,)
are two distinct points in U, x U, . Let ¢((u, v,)) = (x,, y,) and ¢((u, v,)) =
(x5, ¥,). Suppose that x, # x, and y, #y,. Let V|, C X; and V, C X, be
such that V| x V¥, is a neighborhood of (x,, y,) contained in ¢(U, x U,).

There exists a nonsingular loop f .St - U, such that u € f (Sl) , and if
f:8' — X is defined by f(s) = (f(s),v,) for i = 1,2, then po f,(S') €
Vi xV,,and for i =1, 2, we have niO(pofl(Sl)ﬂniogooj’z(S'):@. Since
fl(S') is a retract of U, x U, , then ¢ ofl(Sl) is a retract of ¢(U, x U,), and
hence a retract of V| x V,. Therefore ¢ o f is essential, which implies that
at least one of the maps 7, 0 ¢ o f| is essential. Suppose that 7, 0o ¢ o f is
essential. Since U, is arcwise connected, then f; and f, are homotopic, and
hence n,0¢0 f, and 7, opo f, are homotopic. However, no two essential and
disjoint loops in the Menger curve are homotopic. Therefore either x, = x, or
Y=Y

If x, = x,, then for any v, € U, we have ¢((u, v;)) = (x,, y;). Since a
similar fact can be shown for points in U, x U, with equal second coordinate,
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then ¢ = ¢, x ¢,, where ¢,:U, — X, and ¢,:U, — X,.
If y, =y, then ¢ = ¢, x ¢,, where ¢,:U, — X, and ¢,:U, —» X,. O

Lemma 2. Let X = X| x X,, where X, is homeomorphicto M x M, and X,
is a continuum whose every point has a closed neighborhood which is an absolute
retract. For i = 1,2, let U, C X, be an open set and let U, be connected. If
9:U, x Uy — X is an open embedding, then for every u € U, there exists an
x € X, such that p({u} x U,) C {x} x X,.
Proof. Suppose that (u, v,) and (u, v,) are pointsin U, xU,. Let ¢((u, v,))
= (x,,y;) and let ¢((u, v,)) = (x,, y,) . Suppose that x, # x,. Let V| C X,
and V, C X, be such that V| x ¥V, is a neighborhood of (x,, y,) contained in
9(U, x U,), and V, is an absolute retract. Let n,;: X — X, be the projection.

There exists an embedding f:S' x S' — U, such that u € (8" x Sl),
f(S' x S') is a retract of X,, and if f:S' x §' — X is defined by f(s) =
(f(s),v,) for i=1,2,then m opof,(S' xS N7, 000 f,(S' xS') =D, and
(pofl(S1 xS c Vi xV,. Note that f; and f, are homotopic. Since fl(Sl xS
is aretractof Uy x U,, ¢ ofl(Sl X Sl) is a retract of ¢(U, x U,), and hence
(pofI(S1 X Sl) isaretractof V; xV,. Let g: X, — X be an embedding defined
by g(p) = (p, y,). Using the Cech homology and the induced homomorphism,
we have 0 # (o f,),(a) = (gom, 090 f;),(a) = (gom, 090 f,),(a), where a
is a generator of HZ(Sl X Sl) .

Therefore, there are two 2-dimensional nontrivial homologous Cech cycles
with disjoint carriers in X, . By [7, p. 246], the dimension of X, is greater
than 2, which is a contradiction. O

2. THE TWISTED PRODUCTS

Denote by (r, 8, z) the cylindrical coordinates of a point in E*. Let u
be an embedding of the Menger curve M in E* defined by u(x,y,z) =
(r,0,z),where r=x+1, § =%y, and z =z, for every (x,y,z) e M.
Let f(r, 0, z) = (r, 6 + 2, z) be the rotation about the z-axis through the
angle of 391. Put 4)=u(M), A4, = f(k)(Ao), where f(k) is the kth iteration
of f,and put 4 = UszAl..

Clearly, A is invariant under f, and f, = f|, is a periodic homeomor-
phism of A onto itself. By [1], 4 is homeomorphic to A . Cylindrical coordi-
nates (r, 6, z) will be used to denote a point in 4, and Cartesian coordinates
(X,7,Z) will be used to denote a pointin M. If p=(a,m)e AxM isa
point, where a = (r, 6, z) and m = (X,y, Z), then p may be denoted by
(r,0,z,X,5,72).

For every a € [0, 1], put M ={(X,7,%) € M:Z =a}. Let g: M, — M,
be the homeomorphism taking (X, ¥y, 1) onto (x,y,0). Let g4 x M, —
A x M be defined by g,(a, m) = (f|(a), g(m)). Define B as the quotient
space (Ax M)/g,.
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Thus the continuum B, a twisted product of 4 and M , is obtained from
the Cartesian product 4 x M by pasting the “top” 4 x M| to the “bottom”
A X M, . Points in B will be denoted in the same manner as the corresponding
points in 4 x M for which Z # 1.

Define f,:B — B by f,(a, m)=(f,(a), m) for ac A and me M - M, .
Clearly, f, is a periodic homeomorphism of period 9.

Lemma 3. For every two points p, q € B there exists a homeomorphism h: B —
B such that h(p) =q and ho f, = f,oh.

Proof. First, we shall show that for every two points p = (rp , 0 X, y ,
z ) and g = (r e Oq, XXy, yq, ) there ex1stsahomeomorphlsm h — B
suchthat h,(p) = (p, Gp, p,xq,yq, q) and h o f,=f,0h,.

Let M /gl be the space homeomorphic to M obtained from M by identify-
ing, in a similar fashion as above, the point (X, , 1) with the point (X, ¥, 0)
for X,y € [0, 1]. For « € [0, 1), denote by ﬂa the subset of M/g, cor-
responding to M C M. The point in M/g, corresponding to the point
(X,5,z)€e M, where Z # 1, will be denoted by (X, 7, Z).

For every a € [0, 1), put B, ={(a,m)e B-me€ M_}. The map ¥ :B —

B, — Ax (M/g, — M, defined by
.0, if0<zZ<a,

‘P(r,e,z,f,v,f)={((r .. y,7)  iszca

@ ((r,0+%,2),(x,y,2)) ifa<z<l1,

is a homeomorphism.
There exists a number «, and there exists a connected open subset U C

M/g, containing (x,.%,,Z,) and (X,,7,, q) such that U N M = .
There exists a homeomorphlsm k:M/g — M/g, taking (X,,¥,,Z ) onto
(X, ¥,5 Z,),and not moving points outside U . Let k tAX (Mg ~ M 0) —

Ax(M/g, — 0‘0) be such that
ki((r,0,2),(®,7,2)=(r,0,2),k(F,¥,7),
and define h,: B — B by setting
_ ¥ 'lok o¥ (v) ifveB |
)= o tfie¥a @ Tves,
v 1fveBa0.
Hence,
7 _ -1 _ 2 — — —
h](p)_\yao oklo\yao(p)_(rp’ap'*_afﬂaZp’xqayq7zq)’
where ¢ € {0, 1, —1}. Put
El(v) ife=0,
h(v) = f2 Oh('u ife=1,
fzohl( ) ife=—1.
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Forany v=(r,0,z,X,7,2)€B, hj(v)=(r,0+6%, 2),k(X,7,2),
where 6 € {0, 1, —1}. Hence h,of,(v) = ((r, 0+(6+1)%, 2), k(X,7,2)) =
fyoh (v).

Next, we shall show that there exists a homeomorphism 4,: B — B such that
hz(rp, Op, zp,ic'q,?q,?q) =gq,and hyof, = f,oh,.

If fz(’)(rlJ 6,,2,)=1(r,,0,,x,) for some i, then set &, = f;”. Otherwise,

there is an open connected set U C A4 containing (r,, 6,, z,) and (r,, 6,, z,),
and such that the sets U, f(U), ..., ﬂs)(U ) are pairwise disjoint. There is a

homeomorphism k,: 4 — 4 which is the identity outside U taking (rp , 0p , zp)

onto (rq, Hq, zq). Define h, by
o) (fPokyo (SN @), m) ifae fOU),
v) = .
2 v ifagU_, 7(U),
where v=(a,m) and i=1,...,9.

Clearly, h,o f, = f,0h,.
Finally, put A= h,oh, . O

Let n be a positive integer, and let N be an n-manifold with nonempty
boundary such that 0N = N, U N,, where NN N, = J, both N, and N,
are closed, and there exists a homeomorphism g;: N, — N, . Let g,:B x N, —
BxN, besuch that g,(b, s) = (f°)(b), g;(s)), where f;>) is the third iteration
of f,. Define Z, as the quotient space (B x N)/g,.

Points in Z,, will be denoted in the same way as the corresponding points
in the Cartesian products B x N or 4 x M x N. Specifically, if p € Z,,,
then p = (b,s), where b € B and s € N- N, or p = (a, m, s), where
acA, meM-M ,and se N-N,,or p=(r,0,z,X,y,Z,s), where
(r,0,z)ed, (x,y,Z)eM—-M,,and se N-N,.

Lemma 4. Z, is homogeneous.

Proof. Let p = (bp, s,) and ¢ = (b,,s,) betwo points in Z . To show that
there exists a homeomorphism h:Z, — Z, taking p onto g, it is enough
to show that there are homeomorphisms 4, , h,: Z,, — Z,, such that A (p) =
(bp ,s,) and hy(b,,s,)=4q.

Let U be a neighborhood of bp in B such that U, f2(3)(U), and f2(6)(U)
are pairwise disjoint. The set W = {(b,s) € Z,:b € Ui=3’6‘9/§')(U)} is
homeomorphic to U x Q, where Q is an n-manifold; in fact, Q is a union
of three copies of N. For any two points d, and d, in Q, there exists
a homeomorphism k:Q — Q isotopic to the identity such that k(d|) = d,.
Using the isotopy and the Cartesian product structure of W , it is easy to obtain
the homeomorphism h:Zy — Z, with h(b,,s,) = (b,,s,) and h,(v) =v
for veg W.

By Lemma 3, there exists a homeomorphism 4: B — B such that E(bp) = bq

and ho f, = f,oh. In particular, Zofzm = jf) oh. Hence, hy:Zy — Z,,
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where h,(b, s) = (h(b), s), is well defined and hy(b,.s,)=q. O
Let p = (a,, m,) be a point in B. The sets A, and Mp are defined by
A, ={(a,m)e B:m =my},
M, ={(a,m)€B:a =f1(')(a0), where i=1,...,9}.
Similarly, if p = (b,, s,) € Z , then the sets Bp and Np are defined by
B, ={(b,s)€Zy:s =5},
N,={(b,s)€Zy:b=f,"(b,), where i=3,6,9}.
Each of the sets 4,, M, Bp , and N‘!7 will be called a fiber.

Lemma 5. If h: B — B is a homeomorphism, then either (1) h(Ap) App)
and h(M)) = My, forall p € B, or (2) h(4,) = My, and h(M,) = A,

forall peB.

Proof. Every point in B has a closed neighborhood in the form of a Cartesian
product X, x X,, where X, is a subset of 4 homeomorphic to M, and by
means of a homeomorphism similar to the homeomorphism ¥, of Lemma 3,
X, is a subset of M/g, homeomorphic to M . Moreover, for every x, € X,
and x, € X,, each of the sets {x;} x X, and X, x {x,} is contained in a fiber
A, or M, . Since B is compact, there exists a finite collection {V}, ..., V;}

of these neighborhoods such that B = Uf;, Int(¥V}). Similarly, every point in
B has arbitrarily small open neighborhoods in the form U, x U,, where for
i=1,2, U; ishomeomorphic to a connected subset of M . Let {W, ..., W}
be a finite collection of these neighborhoods covering B, and such that for each
Jj=1,...,1, thereisan / such that h(W) C V,. By Lemma 1, if p € B, then
for each j=1,...,1,thereisan i such that h(A nW,) c 4,,NV; C Ah(p) or
h(ApﬁW) C Mh(p)nV Cc M, - Hence h(4,) C Ah(p) or h(A ) C Mh(p Since
B is connected then if h(A ) C Ay [h(A ») C Myl for one point p € B,

then h(A ) C [h(A ) C M1 for every DEB. A similar statement holds
for M, . Slnce h 1s one- to -one, we have /(4,) = and h(M,) = M, for

h(p h(p)
peB or we have h(A4 ) = My, and h(M)— h(p) for peB O

Let p € B be a point. Denote by 0p the orbit of p under f,, ie., 0p =

A,NnM, =A{p, f,p),..., fz(s)(p)}. The following lemma is an immediate
consequence of Lemma 5.

Lemma 6. If h:B — B is a homeomorphism, then h(Op)
PEB.

Lemma 7. Let p, = (1,2,0,0,0,0)€ B for i=0,...,8. If B — B
is a homeomorphism such that h(p,) = p; and h(p,) = p; then h(pj) =

Oy for every

Pliy+j(i,—ig)imod 9 -
Proof. Let L, be the arc {(1,60,0,0,0,0) € B:2 < ¢ < ZU} | where
i=0,...,8. Theset L = U?=0 L, is a simple closed curve invariant under
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f,. By Lemma 6, U?:l fz(” oh(L,) C h(L). Furthermore, for i =0, ..., 8,

the end points of the arc f;’) oh(L,) are the points P +iymodo 304 P 4imoqs -

Therefore, since 4(L) is a simple closed curve, we have U?=| f;i)oh(Lo) =h(L).
Hence, the ends of the arc h(LJ.) are Dy 4 (i, —i;)imod 9 and Pl +(j+1)(i, = ig)Imod 9 *
Thus A(p;) = Dy 4 ji,—iomoas - O

Lemma 8. If h:Z,, — Z,, is a homeomorphism, then h(Np) = Ny for every
PEZ,.

Proof. Every pointin Z, has a closed neighborhood in the form of a Cartesian
product X, x X,, where X, is homeomorphic to M x M and X, is homeo-
morphic to a closed ball B” . We may assume that if p(x,, x,) € X; x X, , then
{x;}xX, C N, and X, x{x,} C B,. Since Z is compact, there exists a finite
collection {V|, ..., V. } of these neighborhoods such that Z, = Ui;l Int(V)).
Similarly, every point in Z,, has arbitrarily small neighborhoods in the form
U, x U, , where U, is homeomorphic to an open subset in M x M, and U, is
homeomorphic to an open ball B". Let {W,, ..., W,} be a finite collection of
these neighborhoods covering Z,, such that for every j =1, ..., /, there is an
i such that h(Wj) CV..ByLemma?2,if pe Z,, thenforevery j=1,...,/,
there is an i such that h(Npﬂ W) C Ny NV C Ny - Since N, is connected,
then h(N,) C Nyp - O

Now, we will define a continuum C by putting C = Z,,, where N = [0, 1],
N, = {1}, N, = {0}, and g;(1) = 0. Notice that C = {(b, s):b € B and
se€[0, 1)}. Consider B to be the subset {(b, s) € C:s =0} of C.

Let (p, a) denote the polar coordinates in the plane. Assume that s =
{(p,a)eE:p=1and a€[0,2n)}. Let I'C — S' be defined by

I'r,0,z,x,y,2,s8)= (1 , <6+ 2?”?+ 2T“s) mod27t> .
Clearly, I' is continuous.
Lemma 9. For every point p € C, T, :Np —S'isa homeomorphism.
Proof. If p= (rp, Op, z,, X, Y, 2, sp), then
N, ={(r p,0+38 2,,%,,V,,Z,,5):e€{0,1 ,2}and s € [0, 1)}.

F(( .0, +-—8 z,,%,,Y,,Z,,8) = (1,(6, +—8+2”7 + 2z 5-s)mod 27) .
Clearly, F is one-to-one and therefore I' is a homeomorphlsm D

Consider H, (Sl) to be the additive group of integers. For every p € C,
denote by g, the generator of Hl(Np) such that (I'|, ).(a,) =1. Just the first
P

homology group determines an orientation on S ' and on each fiber N
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Definition. A homeomorphism #:C — C is said to be orientation preserving
[reversing] if for every p € C, h|, is orientation preserving [reversing].
p

Lemma 10. If k: C — C is a map and if for every p € C there existsa p' € C
such that k(Np) C Ny, then for any two points p, and p, in C, we have

(Tokly, ).(a,) = (Tokly ).(@,).
Proof. There exists a finite open cover {V;} of C such that each V; is home-

omorphic to (¥;N B) x S', and such that if V.nV, # @, then the two Carte-
sian product structures coming from ¥, and V, are compatible. Hence, any
two simple closed curves Np and sz bound a singular annulus. Therefore

(Foklel)*(apl) = (r‘ok‘NpA)*(apz)' D
Lemma 11 follows immediately from Lemma 10.

Lemma 11. If h: C — C is a homeomorphism, then h is orientation preserving
or h is orientation reversing.

Lemma 12. Let p, = (1, 2:,0,0,0,0,0) € C, where i =0,...,8. Let
h:C — C be a homeomorphism such that h(B) = B. If h(NPo) = Npl and
h(NP.) = Npo’ then h is orientation reversing.

Proof. Since h({py, p3, Ps}) = {P\> 4> P;}, and h({p,, by, P5}) = {py, P,
p¢}, we have h(p,) = p; where iymod3 = 1, and h(p,) = p; where
ijmod3 = 0. By Lemma 7, h(pj) = Pl 4 (i, ~i)Imod 9 for j =0,...,8.
Therefore A(p,) = P, +6)mod 9 and h(p,) = P, +3)mod 9 which implies that &
is orientation reversing. O

3. THE EXAMPLE

Assume the following notation:

J"={(x,,...,x,) € E":x €]0, 11},
-1
JO" ={(x1,...,xn)€En:xl=0},
~1
I ={x),...,x,)€EE" 1 x, =1}
For i < n, consider E' to be the subset of E" for which X = =x,=0.

Let T be the Mobius strip with 07 =T, , and let 7|, be the middle simple
closed curve of T. Consider T to be the mapping cylinder of y:7, — T,
where y is a map of degree 2. Since there is a piecewise linear embedding
of T in E? , we may assume that 7T is a piecewise linear subset of J * with
T, = TﬂJf for i =0, 1. Let X7, be the suspension of 7;. Denote by LT the
mapping cylinder of the suspension of y. Again, assume that X7 is a piecewise
linear subset of J° with T, = ZTﬁJi4 for i =0, 1. Let V' be aregular neigh-

borhood of £7T in J° such that for i = 0,1, V,=Vn J;‘ is a regular neigh-
borhood of =T;,. Let V', V", ¥, ¥, and V¥, V" be two copies of V', V,,
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and V, respectively. Denote by ¢:0V' —Int(V, UV]) - aV" —Int(Vy U V"),
0,0V, — 8V, , and 0,;:8V] — 8V, the homeomorphisms corresponding to
the identity homeomorphisms. Assume that }/ has an orientation compatible
with the orientation of E’ , and assume that each V; has an orientation induced
by the orientation of V. Let 7:V, — V, be an orientation reversing homeo-
morphism, and let 7:¥] — ¥, and 7":¥" — V' be the homeomorphisms
corresponding to 7. Let G = (V' UV")/o. Note that G = G, U G, , where
G, = (VyUV,)/a, and G, = (V] UV]")/a, are disjoint sets, each homeomor-
phic to S* x S2. The homeomorphisms 7 and 7" yield a homeomorphism
.G, —=G,.

Denote by D the continuum obtained by putting D = Z, , with N = G and
8, = 7, where g, is the map appearing in the definition of Z, given in §2.
Each fiber Np of D is an orientable 5-manifold F which is a union of three
copies of G intersecting along the boundary components.

Let L be a properly embedded arc in G with end points ¢ and g,(gq) on G,
and G, respectively. There exists a retraction r:G — L such that r_l(q) =
G,, r '(8(q)) = G,. We can write F = G°UG'UG” with G} = GJ*"™* for
i=0,1, 2, where G , G(i) , and G: are copies of G, G, and G, respectively.
Let L, C G’ be an arc corresponding to thearc LC G. Put K=L,UL, UL,.
Note that K is a retract of F'. Let 7: F — K be a retraction such that for
i=0,1,2, Flg: G — L, is the retraction corresponding to r. Notice that 7
induces an isomorphism of the first homology groups 7,: H (F) — H,(K).

Let 7: F — F be a covering map such that t“'(K ) is homeomorphic to E' .
Clearly, for s, € F, nl(f, 5o)~0. For i=0,+1,+2,..., denote by F, a
subset of F homeomorphic to G such that F = Uf:_oo F,_,NF,# 2 and for
k=0,1,2, TG =U2_, Fyjpp -

j=—00
Definition. Let m be an integer. A homeomorphism A: F — F is said to be
an m-shift homeomorphism if h(F;)=F,  for i=0,+1,+2,....

Definition. Let m = 0, 1, 2. A homeomorphism h:F — F is said to be an
m-shift homeomorphism if h(G') = G™™43 for i=0,1,2.

Observe that for i =0, £1, £2, ..., F,_NF; is homeomorphic to S?x 8%,

From the properties of mapping cylinders and regular neighborhoods, it fol-
lows that the fourth homology group H,(F) is generated by {b,.}f:_oo , with
relations b, = 2b, |, where b, is obtained from the 4-manifold F;,_, N F,
for i =0, £1, £2, ... . Moreover, by choosing an appropriate orientation of
F,_, N F;, we may assume that the cycle representing b; has coefficient 1 on
every simplex of F,_, N F,. Then, b, cannot be represented by a cycle with
its carrier contained in U;’:m Fj for i =0, +1,+2,.... Also, note that if
hy, h2:F - F (h,, hy: F — F) are two isotopic m,-shift and m,-shift home-
omorphisms, respectively, then m, = m,.
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Let a be a generator of H,(K).

Lemma 13. If h: F — F is a homeomorphism, then (Foh|,), (a)=a.

Proof. By [4, pp. 90—~91] there exists a homeomorphism A: F — F, and there
exists a retraction 7: F — r_l(K ) such that the diagram

F X F L, 7Yk
t] bt l Tl,—lm
F X F L. K
commutes. N
Let {pn};’;l be a sequence of points in F . We will say that lim,___p, = oo
(lim, ,__ p, = —oo] if for every integer n, almost all of the points p, belong
to Uy —n, F, U2_ F :]. To prove Lemma 13, it is enough to show that if

lim, ,_p, = oo, then lim, _ __ iz(pn) = oo (hence lim,  Fo iz(pn) = o0) for
every sequence {p, }n , contained in T_I(K).
There exist two sequences of positive integers {i, } _, and {j, } _, such that

forevery n=1, 2,

Note that if n, > 0, then Uk_ 2

> —ny F, separates F between Uk oo Fi

h(F ) and
Uk:n0 +2 h( F,). Hence, there exists a strictly increasing sequence {i, }>

and {Jo e F,, and Uk__n (Fk) separates F between Uk_

—o0
m=1"
and a strictly increasing or decreasing sequence { jm}m:l such that /( 1','.1) C
Ure i Fe- If {j }oo_ isstrictly decreasing, then A (b 1) can be represented by
a cycle with its carrier in (J{ k, h( F,) for some k, > _]0 , which is a contradic-

tion. Hence, { jm} _, 1s strlctly increasing, and if {p, } is a sequence with
lim p, =00, thenlim, , _ h(p,) =oc0. O

n—oo

Lemma 14. Let X S'x F. Let h X — X bea homeomorphzsm such that
for every a € S' there exists an o € S' with h({a} X F) ={a'} x F. Let
p: X — X be a covering map deﬁned by setting X =S' x F and p=idg x 1.
Then there exists a map h: X — X such that the diagram

¥ A x
rl o
x M x

commutes.

Proof. As defined before, st = {a:0 € @ < 2rn}. We may assume that both
copies of S! appearing in A:S ''x F - 8' x F are parametrized in such a
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way that hA({a} x F) = {a} x F. Let x, = (0,s,) € X, y, = (0,71, €

X, % =(0,5) € X, and Vo = (0,7) € X be points such that p(Xy) =

Xy, P(Fy) = ¥y, and h(x;) = y,. By [4, p. 90], it is enough to show that

(hop)(m, (X, %) C py(m,(X,¥,). Let f:[0, 1] — X be a loop defined by

f(a) = (2ramod 27, §) ; the loop f represents a generator of ”1()?’ X,) -
For 0<a<b<2m, put

X _{{(a,s)eX:aSasb} if b#2n,
@017 | {(a,s)eX:a<a<bora=0} ifb=2n.
Let )?[a,b] = p_l(X[a,b]). Let izl: 7 X[0 ) be the unique lifting of

(hop)lg,  with h,(%,) = 7, and let iz )?[,, 2m] — X(x. 2 be the unique lifting

of (ho p)I}M . such that % 2l =hlz . By[4, p. 86], there exists a path

1
£:10, 1] — X with f(0) ) =7, ;uc]h that ;)o]f”= hopo f. Let ia:f — {a}xlE
be the inclusion defined by i (s) = (@, s), and let 7z:S !'x F — F be the
projection. If f(1) # J,, then k = 7z o hy'oh oiyF — F isa 3n-shift
homeomorphism with n # 0. However, 4, and #4, yield an isotopy H;:F — F
defined by

H, =7t;oizj_l oizmon;oizloio,
where j =1 if 1 €[0,4) and j =2 if t € [}, 1]. Hence, H, = id; and
H, = k are isotopic, which is a contradiction. Therefore, f(1) = y, and
(ho p)y(m (X, %)) C py(m (X, 3p)). O
Lemma 15. Let U and V be open connected subsets of B. Let X = U x F,
Y=VxF, X=UxF,and Y =V xF. LethX XandeY—aY
be covering maps defined by p, =id, x t and p, =1id, x 1 respectzvely If
h:X — Y is a homeomorphism, then there exists a map h.X — Y such that
the diagram

h
—

35‘
<
N

2

h
commutes.

Proof. By Lemma 2, for every u € U there exists a v € V such that
h({u} x F)={v} x F.

Let x,€ X, y,€Y, X, € X, and S Y be points such that Pyx(Xy) = Xq»
py(¥y) = ¥y, and h(x,) = y,. It is enough to show that if f:[0, 1] — X is
a loop with f(0) = f(1) = X,, then there exists a loop 00, 1] — Y with
f0)=f(1) = Yo such that hop,o f=p, o f. Without loss of generality, we
may assume that f([0, 1]) C U x {§,}, where X, = (1, §) .

Let t,=0<1t <---<t, =1 beasequence of points in [O 1], and let
f’:[O ]—»X bealoop such that F1U0, 1) Cc Ux{5,}, f'(1;) = f(t,) for i=
Osoesmy o imgey, oy 105 1= {tg, s t,,} = £(10, 1] {zO, ces b))
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is one-to-one, and for each i = 1,...,m, thereisa j = 0,1, 2 such that
hopyof (It »tD)Uhopyof(lt,_,,t]) CV x (G UGYUTIme3,

If P is asimple closed curve in f'([0, 1]), then Aop x(P) is a simple closed
curve in hopXof([O, 1]). Let m,: V' xF — V be the projection. Since for each
ueU, h({u}) x F = {v} x F forsome v €V, then n,ohop, (P) isasimple
closed curve in V', and ho(py(P)x F)=(m,ohop,(P))x F. By Lemma
14, for every z € pY oho pX(P) there exists a simple closed curve P C Y
containing z such that p,(P) = hop,(P). Also, for i =0, ..., m, every loop
whose image is the set hop, of([ti_l s ) Uhopyo f([t,_,, tl.]) lifts to a loop
in F. Hence, there exists a loop f: [0, 1] — X such that ko pyof=py of
and f(0)=f(1)=5,. O

Consider C to be a subset of D, C = {(b,s) € D:s € L}. Let s, be the
point of LNG,,. Consider B tobeasubsetof D, B = {(b, s) € D:s =s,} . Let
R:D — C be a retraction defined by R(b, s) = (b, r(s)), where s € G- G, .
In this section, the notation N, is used for fibers of D (homeomorphic to

F). Hence, if p =(b;,s,), then N, ={(b,s)eD:b=0b, b= ff)(bl), or
b= f;ﬁ)(bl)} , where f, is the homeomorphism defined in §2. If p € C, then

the fiber of C containing p, homeomorphic to S', is denoted by K,, ie.,
K,=N,N C.

Lemma 16. If h: D — D is a homeomorphism, then there exists an orientation
preserving homeomorphism h:C — C such that h(B) = B and such that for
every p and q in C, if h(Np) = N, then h(Kp) =K

Proof. Define a homeomorphism ¢:D — D by ¢(b,s) = (f23)( ),s). Let
X={(r,0,2z,X,7,2,5)€D:0<0<Z, <<, or ¥<f<2n}.
Let U be a component of X N B. Notice that X is homeomorphlc to UxF
and the set A(X) N B is not empty. Let V' be a component of A(X)NB.

We claim that A(X) is homeomorphic to ¥V x F. Since V is connected,
if VNne(V)# J, then V is invariant under ¢ . Then, there exist a point
Py €V and an arc P C V' joining p, and ¢(p,) such that P,No(P)) = {p,}.
Hence F,U¢p(F))U (p ( P,) is a simple closed curve contained in V. Consider
the Cartesxan product P, x F. Let n.:Pyx F — F be the projection, and let
i, F — Py x F be the inclusion defined by i,(s) = (p, s) for p € F,. The set
Y= UPGPO N, is homeomorphic to (PyxF)/k , where k:{p,} xF — {@(py)} x F
is a homeomorphism such that .ok o 20 is a 1-shift homeomorphism.

The embedding ! ly: Y — X preserves fibers, i.e., for every p € Y, we have
(h _ll )(N,) = N, forsome g € X. By an argument similar to that of the proof
of Lemma 14, n poko z is isotopic to the identity, which is a contradiction.
Hence, VNno(V) =09, and U y N, 1s homeomorphic to V' x F. Since h(X)
is connected, A(X) = UPGV e Notice that for every p € V', V intersects

each fiber N at exactly one point, and there is a homeomorphlsm of UpeV f
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onto V' x F which takes each fiber N, onto some fiber {q} x F.

Let w:B x F — D be a covering map such that w(b,s) = (b, 1(s)) for
(b, s) € Bx (F,—F,). By Lemma 15, there exists a ma 71 :UxF —>BxF
with A(U x F) = V x F and such that the diagram

UxF Ju, BxF
Oly | lo
x s p
commutes.
For every p € U, the closure of U, there exists a neighborhood w, of p

in B such that the set | 4ew, N, is homeomorphic to the Cartesian product

Wp x F . Furthermore, for every p € U , there exists a unique map 711,: W, x F —
B x F such that the diagram
Wp x F -—h"-—>B x F
wlpr;‘ ! lo
hquew Ny
Usew, Ny ——— D

commutes, and # | =h Therefore there exists a map

(UNW,)xF U|(umW)xF
h:U x F — B x F such that h|, ~=h,. Notethat (U x F)=V x F.
The set w*l(C ) is homeomorphic to B x E'. Assume that a)—l(C) =
BxE' and o (C)N({U xF)=TU xE". Let (b,s) € BxE', where b =
(r,0,z,x,y,Z). Let i=0,1,2. Assume that if i <smod3 < i+ 1, then
w(b,s)=(b,,s;), where b, =(r,0+% z,X,7,7),and 5; = (s mod3)—i.
Let R:Bx F — B x E' be a retraction such that the diagram
BxF X BxE'
a)l lwleE'

D R, C

commutes. Note that if p, 9(p) € U and s € E', then

w(p,s)=w(pp),s-1).

Hence, if p, ¢(p) €U, s€ E',and Roh(p, s) =(q, r), then Roh(p(p), s—1)
= (¢(q),r—1) or Roh((p(p) s—1) = ( (q) + 1). By Lemma 13, if
Roh(p, S) (g.r), then Roh(p(p), S—l)—((ﬂ( ),r—1) for p,p(p) €U

and s € E'. Finally, if (p,s) € U x E' isa point and R oh(p,s)=1(q,r),

then define #:Ux E' =V xE' by K'(p,s)=(q,s). Let h:C — C be such

that the diagram ,

UxE' X T7xE'

UxE! l l(‘)‘PXEI

C — C

ol
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commutes. 2 is an. orientation preserving homeomorphism, #(B) = B, and if
h(N,) =N, , then h(K,) =K, for p,qeC. D

Theorem. The continuum D is homogeneous but not bihomogeneous.

Proof. By Lemma 4, D is homogeneous. Let p, = (1,0,0,0,0,0,s;) and
p, = (1, %", 0,0,0,0,s,). Suppose that there exists a homeomorphism
h:D — D such that h(p,) = p, and h(p,) = p,. Then, by Lemma 16, there ex-
ists an orientation preserving homeomorphism 4:C — C such that A(B) = B,
E(Kpo) = Kp1 , and E(Kp‘) = KPo' However, by Lemma 12, # is orientation
reversing. Therefore D is not bihomogeneous. O

4. PROBLEMS

Definition. A space X is said to be semilocally bihomogeneous if for every p
there exists a neighborhood U of p such that for every g € U there exists a
homeomorphism 4: X — X with h(p) =q and h(q)=p.

Remark 1. The continuum D constructed in this paper is semilocally bihomo-
geneous.

Problem 1. Does there exist a homogeneous continuum (locally connected con-
tinuum) which is not semilocally bihomogeneous?

Problem 2. Does there exist a homogenous, locally compact metric space (con-
tinuum) X such that for no two points p and ¢ in X there exists a homeo-
morphism A: X — X with A(p)=¢q and h(q) =p?

Remark 2. Cook’s example (see [3]) of a homogeneous, nonbihomogeneous,
locally compact metric space is of dimension 2. The example constructed in
this paper is of dimension 7.

Problem 3. What is the lowest dimension of a homogeneous, nonbihomoge-
neous, locally compact metric space (continuum)?

Remark 3. W.R. R. Transue points out that by his result of [8], Cook’s example
is embeddable in E>.

Problem 4. Does there exist a homogeneous, nonbihomogeneous continuum
embeddable in E*?

Problem 5. Is every homogeneous, metric, absolute neighborhood retract biho-
mogeneous?

REFERENCES

1. R. D. Anderson, A characterization of the universal curve and a proof of its homogeneity,
Ann. of Math. (2) 67 (1958), 313-324. i

2., l-dimensional continuous curves and a homogeneity theorem, Ann. of Math. (2) 68
(1958), 1-16.



ON THE BIHOMOGENEITY PROBLEM OF KNASTER 143

3. H. Cook, A4 locally compact, homogeneous metric space which is not bihomogeneous, Topol-
ogy Proc. 11 (1986), 25-27.

4. S. T. Hu, Homotopy theory, Academic Press, New York, 1959.

5. K. Kuperberg, W. Kuperberg, and W. R. R. Transue, On the 2-homogeneity of Cartesian
products, Fund. Math. 110 (1980), 131-134.

6. C. Kuratowski, Un probleme sur les ensembles homogenes, Fund. Math. 3 (1922), 14-19.
7. J. Nagata, Modern dimension theory, Bibl. Mat. 6 (1965).

8. W. R. R. Transue, On the hyperspace of subcontinua of the pseudoarc, Proc. Amer. Math.
Soc. 18 (1967), 1074-1075.

9. G. S. Ungar, On all kinds of homogeneous spaces, Trans. Amer. Math. Soc. 212 (1975),
393-400.

10. D. van Danzig, Ueber topologish homogene Kontinua, Fund. Math. 15 (1930), 102-125.

DEPARTMENT OF FOUNDATIONS, ANALYSIS AND TOPOLOGY, AUBURN UNIVERSITY, AUBURN,
ALABAMA 36849



	0070131
	0070132
	0070133
	0070134
	0070135
	0070136
	0070137
	0070138
	0070139
	0070140
	0070141
	0070142
	0070143
	0070144
	0070145

