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THE INFLUENCE OF BOUNDARY DATA ON THE NUMBER
OF SOLUTIONS OF BOUNDARY VALUE PROBLEMS
WITH JUMPING NONLINEARITIES

GREG A. HARRIS

ABSTRACT. This paper contains results concerning the number of solutions, as
a function of the boundary data, for boundary value problems with jumping
nonlinearities. An example seems to indicate that boundary data has a different
influence on this number than does forcing data. Through approximating tech-
niques this example leads to lower bounds on solution numbers for the more
general case

1. INTRODUCTION

Consider the nonlinear boundary value problem

(1) { W'0) + f(u(x) = h(x),

u0) =g, u(n) = a,.
Here g, and o, are prescribed real numbers and f € C(R; R) and has asymp-

totic limits
f(s) { a, §— —00,
s B, s—o00,
for some real numbers « and f. Such f have come to be called jumpzng

nonlinearities, a term coined by Fucik [F1].
It is convenient to think of f in the form

f(s)=as” +Bs" +v(s), s€ER,
where v € C(R; R) and

lv(s)/s| =0 as|s|— .

Here ()":R—R and (-)":R — R are defined by s* def max{0, s} and s~ def

min{0, s} respectively.
To get at lower bounds on the number of solutions of (1) consider v a
perturbation term and then look at the unperturbed problem
W'(x)+au” +put =0,
(2)
u(0) =0, u(n) =o,.
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Note the free parameters o, f, g, and o,.

Degree arguments can be used to extend results obtained for this problem to
the perturbed problem (1).

Problems of this type have been popular in recent years. Further results in
this direction may be found in Amann and Hess [AH], Dancer [Dal, Da2],
Fucik [F1, F2, F3], Hess [He], Lazer and McKenna [LMcl, LMc2, LMc3],
Schmitt [Scl, Sc3], and Solimini [So].

In problem (2) we may assume, without loss of generality, that < . For

if w solves (2) with B < a then, in view of the relationship —(w™) = (—w)~,

def .
uE —w satisfies

u'(xX)+ pu” +out =0,
{ u(0) ="-o,, u(n) = —o,.

Precise results concerning the number of solutions of (2) will be obtained
for each given pair of boundary conditions o, and o, and positive parame-
ter values a and f. There is evidence that as the nonlinearity interacts with
more of the spectrum, that is, as f crosses over higher eigenvalues, then chang-
ing boundary data has a very different effect from changing forcing data on
the number of solutions; i.e., if the pair (a, §) belong to certain well-defined

regions of the parameter quadrant Q° & {(a, B) | @ > 0, B > 0} then the
unperturbed problem (2) has precisely zero, one, or two solutions depending on
the choice of o, and o, . It should be noted that these regions are unbounded
in the B direction and, as such, the result should be in contrast to what one
might expect. That is, regardless of the number of eigenvalues S crosses, the
number of solutions of (2) never exceeds two.

2. SIMPLIFYING THE SITUATION

Problem (2) may be reduced to three cases: g, =1, g, =0, and g, = -1;

ie., if o and B are fixed and if u, is a solution of (2) with #,(0) = 0o, >0

and u,(n) = g,, then u, &f u,/o,, o, >0, is a solution of (2) with u,(0) = 1

and u,(n) = g,/0, . Conversely, if u, is a solution of (2) with %,(0) =1 and
u,(m) = a,/0,, g, >0, then u, wf o,u, is a solution of (2) with ,(0) =0, >0
and u,(n) = g,. A similar situation holds if g, <0.

Solutions of (2) may then be recovered from solutions of one of the following
three problems:

0

-

3) { u' +au” + put

u0)=1, u(m)
' +au” + put
@ { u(0)=0, u(m)
5 W' +au” +put =0,
) {u(0)=——1, u(m) =o.

These problems are analyzed below by determining, for fixed @ and g, the

=0’;
0,

g,
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range of the values of o for which each is solvable. This will be done by
writing the differential equation

(6) ' +aou +put =0
as the system
u=uv,
7
Q {'l'):—au_—ﬂu+

and then looking at the phase-plane structure of (7).

Indeed, if
() [see ()]

denotes the solution of (7) with initial condition

(%)

and s is a positive real number, then setting

(3)or=(2) s (1))

we see that (£)(¢) is a solution of the system (7) with initial condition

s<%).
Y
Trajectories of (7) will correspond to periodic orbits (if a > 0) about the
origin, and hence if one nontrivial trajectory of (7) is known then, through
scaling, they all are. Accordingly, all the information contained in system (7)
may be recovered from any one nontrivial trajectory. One will be chosen that
is convenient for our purposes, but first observe that system (7) is /inear when
restricted to either the left or the right half of the phase plane. That is, if # <0
the system takes the form
u=v,
{ V= —au

(o

If u, >0 then the solution of (7) with initial condition

Uy
Yo
is given by

" y cos\/B —=sin\/B u
o (- (g ) (i)

and if ¥ > 0 the form
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-1

__1'2 1 1 1 1 1
-0.6 -0.5 -0.3 -0.2 -0.1 01 0.2 04 05

FIGURE 1. The periodic orbit of (7), with (a, f) =

(4.9), through the point (9)

with u, <0 then

o ()l ()] - (e v ) ()

is the solution of (7) with initial condition

Uy
Yo
and, again, is valid for as long as u(¢) <0.
The convenient trajectory for us will be the one passing through the point

( (l’) . From (8) and (9) we obtain this trajectory by pasting together the following
two solutions:

o (- (). e

and

(O () e

which results in the periodic orbit shown in Figure 1.
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We denote this solution by u[t; a, 8, (?)] and see that it has minimal pe-
riod n/\/a + n/\/B. Evidently, then, all solutions of (7) may be obtained
through a suitable time shift and scale of (4)[¢; a, B, (9)] and for notational
convenience we denote this solution by

() (2)

with the understanding that this solution depends continuously on the parame-
ters « and f.

3. A SHOOTING PROCEDURE

We approach the problems (3), (4), and (5) by a simple shooting technique.

A solution () s ()

will be started at time ¢ = 0, where u, is either 1, 0, or —1, depending on
which problem (3), (4), or (5), respectively, is under consideration; it is followed
for a time interval of duration 7 and there the value of %, i.e.,

7l ()]

is noted. The initial slope, v, is the shooting parameter and

<ol ()]

is a o value for which the problem has a solution.

Starting a solution at an arbitrary point on the periodic orbit in Figure 1 will,
in general, not satisfy the condition that u, be either 1, 0, or —1. This matter
is taken care of by the following scaling procedure.

Fix y € (-1, 1) and define

P Y /VBW1-9* and r () E /a1 -y

The two pomts
(~) ana (—r;m)

lie on the orbit as indicated in Figure 1 and the solution

()= (57)

then satisfies the differential equation (6) with

o (M) .

We want this solution to satisfy u and so define

(13) ( )[t,yl“ef (5{ ( )] IER.
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u,[t; 7] is then a solution of (6) with u_[0; ] =1 and thus a solution of (3)
with ¢ =u_ [n;7].
Setting

def
(14) o,.(») =S uln;y]l, -l<y<l,
observe that the range of o-values for which (3) has a solution is just the range

of the function o :(-1,1) = R.
Problem (5) is treated in the same fashion. For —1 <y < 1 define

o (e ()57 e

and let
(16) o () ¥ u_[n; 9.

Then the range of ¢ values for which (5) is solvable may be determined by the
range of the function o_:(—-1, 1) = R.

Problem (4) is handled by choosing y to be either 1 or —1 (i.e., so that
u(0) = 0). More is said concerning this situation later, but one can already see
that if

e (9o ()]

then (4) has a solution for each ¢ € R. If

e (o ()]

then (4) is solvable for all ¢ > 0 orall ¢ <0 depending on whether the signs of
the individual terms in the above product are negative or positive, respectively.
If it is the case that

e ()] ()]

then at least one of the values u[n; (9)] and u[n; (°

have a nontrivial solution of

(20) {

,)] must vanish and we

W' +au” +put =0,
u(0) =u(n)=0.

Of course, the conditions (17), (18), and (19), as well as the graphs of the
functions o_ and o, will depend on how the positive parameters o and S
are chosen. As will be seen later, each of conditions (17), (18), and (19) is
satisfied for certain values of o and f. In fact, the values of « and g for
which condition (19) is satisfied will be found to lie on curves separating the
quadrant,

(21) 0" ¥ {(a,B)|a>0,8>0},
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into regions where either condition (17) or condition (18) holds and in which,
at least qualitatively, the graphs of g_ are the same, as well as the graphs of
the functions o, . These graphs are used to get at the number of solutions of
problem (3) and problem (5).

4. PARAMETER REGIONS

It is"'known (cf. [F1]) that the homogeneous problem (20) has nontrivial
solutions if and only if the pair (a, ) € Q" is on one of the curves

(22) G+D/Ve+(G+1)/VB=1,

(23) JINea+(G+1)/VB=1,

(24) U+ D/Va+j/VB=1

for j=0,1,2,.... We should remark that this situation is easily seen using

the trajectory in Figure 1. That is, the solution (})[z; (9)] of (7) in Figure 1
has the property that #[0; (9)] = 0. In view of the fact that the time it takes
for such a solution to traverse first through the right half and then through
the left half of the uv-plane is n//B and n/\/a respectively, u[n; (¢)] will
vanish if and only if either

n=(j+ On/Va+(+ /B
or
n=jn/Va+(+)n/VB
for some j = 0,1,2,..., ie., if and only if (o, B) is on a curve in Q"
defined by either (22) or (23). The other possibility is to start a solution of (7)
at the point ( ° ). This will lead to a solution of (20) if and only if (@, B) lies
on one of the curves in Q" described by either (22) or (24). We have sketched

a few of these curves in Figure 2.
Fix k€ {0,1,2,3,...} and define the regions

LA .2
a<ﬂ\/_ \/_ ’\/5+\/ﬁ>1}

R(I) "éf{( . BeQ’
if k> 1 or, in the case that kK =0,

RIHE {(a, ﬂ)eQ+|0<a<ﬂ<1}

def k+1 k+1 k
(25) R(II)_{( <1l; — \/_ \/_ }

k+1 k+1 k+1
(111)def{(a, < B <1; +—>1}
Va \/_ VB
These regions are indicated in Figure 2 in the case kK = 1. If («a, #) belongs

to any of them then, of course, the completely homogenous problem (20) has
only the trivial solution.
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7.00
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4,67

3.50

2.33

0.00 1 1 1 | | 1 1 ‘\/E
00 08 18 26 35 44 53 6.1 7.0

FIGURE 2. Parameter curves of the homogeneous prob-
lem (20)

5. THE RANGE OF G, AND 0_

Now the solution structure of problems (3) and (5) will be examined by, at
least qualitatively, graphing the associated functions

g,:(-1,1)>R and o_:(-1,1)—R,
where, from (13) and (14),

o=l ()
and, from (15) and (16),
m e (5)]

It is convenient to remove, by way of a time shift, the shooting parameter
y (i.e., the initial slope) from initial conditions in (26) and (27). To find the
correct shift we compute the time 7 it takes for a solution of system (7) to

move from the point (!/ B/E ) to the point ("<")) and then, correspondingly,

the time 7_ it takes a solution to move from (~!/V®) to (~"5?). In the
case of T, the part of the trajectory of concern belongs to the right half of the
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uv-plane (see Figure 1). Here v = —fu and hence the value of T, is given by

v 7
ro= [ 4v L [ _dv _ 1 g1,

* o —Bu \/B- 0 V1-1v? \/B

Now consider the solution, (“)[z; ( °)], of system (7). This solution has
the initial condition (%) and after time ¢ = —(n/2y/B) + T, we find that

() 2z ()= ()

That is, —(n/2\/B) + T, is the time required for this solution to first back up
to the point (!/ (\)/E ) and then move to the point ("+{")) (again see Figure 1).

Evidently, then for fixed @ and f§ and for each —1 <y <1 we have
(28)

()5t oo ()] (e ()] vem

The argument for 7_ is similar. We find that

T_=(1/va)sin"'y, -1<y<l,

and so
(29)

u 0\| _(u A =r_(»)
() l-zmr e ()] - Q) s (57)] een
For computational purposes make the change of variable
y=sind, -n/2<0<mn/2.
The point ("+{") then becomes ((!/ \g)oms" ), T, = T,(6) may be written as

-(1/VB)o, -m/2<6<m/2,

and (28) becomes

()35 ()] () (V)

for teR and -n/2<0<m/2.
Similarly (“’;(”)) becomes (~(1/vaeost) T () = (1/y/a)f, and (29) may
be written as

(5) =27 7% ()]

_ (z) [,; (—(1/£Lcose>} remooe[L1).
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Finally, since each of the solutions of system (7) has period n/\/a + n/\/B,
the following two expressions hold for each j = 0,1,2,..., t € R, and
-n/2<0<mn/2.

(30)

(4) == e 3m) -5 (5] - () [+ (7))
(31) 1 .
() () o o s ()] = () ()]

5.1. For a fixed nonnegative integer k and for 6 € [-n/2, n/2] define the two
maps (times)

(32) r+(a,ﬁ,0)‘j§fn—n(%+—-\§_-§>—ﬁ—%{.}@,
(33) r_(a,ﬂ,@)d-ﬁ-fn—n<%+%)—%+%9.

Setting ¢ =z in (30) and (31) gives

s (3) e ()] = (3 (25
w9 (9 om0 (0] = (2) ()
and hence, from (26) and (27),

- /0
(36) o, (a,B,0)= - -T+(((:’/5’Ff)c;s<9‘l>] , —g <f< %
PP et atisd ) RSV

It is the range of each of these two functions of 6 that we wish to look at.
Their dependence on the parameters o and g is stressed by including them as
arguments.

The arguments contained in the next few sections are to support some impor-
tant qualitative features of these ranges that can be seen in the sample of graphs
of g, found in Figures 3 to 14. In these figures the two functions o Lo, B,)
and o_(«a, B, -) are graphed for various choices of («, ) sampled from a hor-
izontal line (B = 25) in regions R(I), R(II), R(III), and their boundaries;
see Figure 2.

6. MONOTONY AND CRITICAL VALUES

It is easy to check that 7 (a, B,-) is strictly decreasing on the interval
[-®/2, n/2] and t_(«, B, ) is strictly increasing on [—-7/2, n/2].
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7. OO T I T T I T
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o
Q
Q

—4.67

__7‘00 1 l 1 1 l 1
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0
FIGURE 3. o, (a, f,) and o_(a, B,") for (a, B) =
(2.25,25) € R(I)
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T
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FIGURE 4. 0 (a, B,-) and o_(a, B, ) for (a, B) =
(2.51,25) e R(I)
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—7.00

-1.6

FIGURE 5. 0,(a, 8,-) and o_(a, B, ") for (a, )

(2.75, 25) € R()

0.8 1.6

7.00 T I T I T

4.67 .

2.33 .
- o(a,B,)
L8 ﬂ
£ 0.00 ‘
¢

233 o4(a, B,) |
—4.67 | ]
~7.00 L L

—-1.6 -0.8 0.0 0.8 1.6

[

FIGURE 6. 0, (e, B,) and 0_(a, B, ") for (a, B) =
(2.83, 25) € R(II)
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-7.00 1 | 1 1 | 1
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FIGURE 9. 0, (a, f,-) and 0_(a, B, ") for (a, B) =
(6.17, 25) € R(I1)
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0+(0,ﬂ,~)
-2.33 | .
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~7.00 T '
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FIGURE 10. 0, (a, f,-) and o_(a, B, ) for (a, B) =
(6.33,25) e R(I1I)
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FIGURE 11. 0, (a, B,-) and o_(a, B, ) for (a, B) =

(7.11, 25) € R(III)
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FIGURE 12. ¢ (a, B,) and d_(a, B, ) for (a, B) =

(8.51, 25) € RUII)
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FIGURE 13. 0 (a, B,-) for (a, B) = (2.78,25) €
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FIGURE 14. 0o (a, B,) for (a, B) = (6.25,25) €
OR(II)NOR(III)
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Differentiating ¢, and o_ with respect to 6 and using the relationship
u=v gives
o\ (e, B, 0)=(1/cos’ 0)g, (a, . )
and
o (a, B,0)=(1/cos’0)g_(a, £, 0)

where g, : Q" x[-m/2, n/2] — R are the continuous functions

g.(a, B,0) def [r+(a,ﬂ, 6); (_Ol)] cos 0

(38) —\/Fu[‘q(a,ﬂ,@);(_ol)] sin @,
and
(39) g0, 8.0 e (g0 (])]cost

+ Vau [r_(a, B,0); ((1))] sinf.

The zeros of g, (a, #, ) in the open interval (-n/2, n/2) then correspond
to critical points of o, (a, B,-). In particular, the location of (a, f) will
determine whether or not g, (a, 8, -) hasazeroin (-n/2, n/2), i.e., whether
or not g, (a, f, ) has critical points in (-n/2, n/2). The next lemma will
be needed in determining such “critical” (a, f).

Lemma 1. g, (a, B, -):[-n/2, n/2] — R are monotone functions.

Proof. To check this first fix (a, 8) € Q© and then differentiate g . With re-
spect to 8 to get

a0 58 s ()] sl (4]

To compute the sign of g'+ we note that either

u[t+(a,ﬁ,0); (_01)] >0 or u[1+(a,ﬂ,0); (_01>] <0.

If it is the case that u[t (a, B, 6); (°)] >0 then ¥ = —Bu and hence

g (a, B, 6)=0.
If, on the other hand, u[7,(a, B, 6); ()1 <0 then ¥ = —au and so

cos d

¢ (0, B, 0) = _W{_"” a0 ()]

+Bu [t+(a,ﬂ’0); (_01>]}

= - uleop.0:(5)] 8-
> 0.
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Thus, g, (a, B, 6) >0 whenever 6 € [-7/2, 1/2], which, of course, shows
g.(a, B, 0) to be nondecreasing. Moreover, g, (a, B, ) is strictly increasing
whenever 6 € (—n/2, n/2) is such that

u[r+(a, B,0); (_01)] <0.

The situation with g_(a, f, ) is much the same. Differentiation with re-
spect to 6 shows that

0= [0 ()] el 0 (D))

Hence,

gap.0)=0 ifulea g0 (])] <0

and
cos

gl f.0)= =28 0. 5.0 (])]

u [t_(a, B,0); (?)] >0.

Therefore, g° < 0 for 6 € [-m/2, =n/2]. One concludes that g_ is nonin-
creasing on [—n/2, n/2] and strictly decreasing when 6 € (—n/2, n/2) is such
that u[t_(a, £, 6); (9)1>0. O

6.1. In what follows we examine the behavior of the graphs of o , and o_ for
particular choices of the parameters o and f taken from regions R(I), R(II).
R(III), and their boundaries. We suppose that a nonnegative integer k£ has
been fixed so that these regions are well defined.

If (o, B) € R(I) then by (32) we obtain the following estimates:

,+(a,,;,~g>=n;_(.;_+_f«f_)]>o
wfor B -G T e E
el (o5
o0 8) == (575) |- 7

Combining these estimates yields
~n/VB <t,(a, f,1/2) <0< (a, B, -1/2) <n/Va

and hence

0 o ()]0 oorn D (%) 0

whenever

SI

SI
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Similarly, one finds that

—n/Va<t_(a,B,-n/2)<0<1_(a, B,7/2) < n/\/_/?;

hence

o o (o g (o o on D ()

In view of (38) then

g+(a,/3, %) — —\/Bu [r+(a,ﬂ, g) (?)] <0.

From Lemma 1, g (a, B, ):[-n/2, n/2] — R is nondecreasing and hence
g.(a, p,0)<0 for6el-n/2,n/2].

Evidently then,
o (a,B,0)>0 forbe(-n/2,n/2)

and it follows that

o (a, B,):(-n/2,7/2) >R

+
is a strictly increasing function.
By a similar argument we have that
U_(a9 Ba °):(—7z/2, n/?.) —R
is also a strictly increasing function.
By (40) and (41)
—00 asf — -m/2,
(42) o,(a, B, 0)—

oo asf—m/2,

and hence conclude that o (a, f, -):(-n/2, n/2) — R are homeomorphisms
onto R. This shows that problems (3) and (5) have unique solutions for each
o €R.

6.2. Now suppose that

(a, B) € RUI) = {(a,ﬂ).l~ <%+k—\%) >0;1— (kjal +—%) <0}

for some k=0,1,2,.... From (32)

and
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Therefore,

0<T+<a,ﬂ, g) <t,(a, B, 0) <1+<a, B, -%) <z

for 8 € (—m/2, n/2) and so

u[r+(a, B,0); (_01)} <0 forfe[-m/2,n/2].

It follows from (36) that
o,(a,B,0)<0 forbe(-n/2,n/2)

with
(43) |g|1i_.m,,/2 g, (a,p,0)=—co.
Since
(o) =B o8 (4] o
and

o 5) =l (e 5 (4)]

recalling that g, (a, 8, -) is strictly increasing in 6 whenever 6 is such that
ult,(a, B, 0); ()1 <0, it follows that g, (a, B, ) has precisely one zero
in the open interval (-n/2, n/2). Consequently, g, (a, B, -) has exactly one
critical point, say 6, in (-n/2, n/2) and at this point o (a, B, 6;) <0.
Moreover,
2

a.(a, B,0)=~(1/cos 0)g, (a, B, 0)
shows that

o (e, B,0)>0, 0e(-n/2,6,)

and
o (a,B,0)<0, 0e(b,,n/2).

This indicates that o (a, B, -) is strictly increasing when 6 < 6, and strictly
decreasing when 6 > 6. Put

Mo, ;)% max oo f,0);
then M_ < 0 and, in view of (43), it is evident that problem (3) has no solution
if ¢ > M_(a, ), a unique solution if ¢ = M (a, B), and exactly two distinct
solutions if ¢ < M_(a, ). This is the familiar Ambrosetti-Prodi situation.
The argument for o_ is similar. That is, (a, ) € R(II) and equation (33)
give the following chain of estimates:

(44) —-:/7%<T_<a,ﬂ,—%)<0<%<1_<a,ﬂ,—g><%+%.
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o 45): ()] <o

_(a, B,0)=—c0.

So

and from (37)

lim o
|6|—+m/2
Since t©_(a, B, :):[-n/2, /2] — R is strictly increasing, from (44) there is a
nontrivial subinterval [6,, 6,] C (-n/2, n/2) such that 6 € [6,, 0,] implies
0<7t_(a, B,0)<n/\/B and hence

u [r_(a,/)’, 9); (?)] >0 on(6,,0,).

Using (39) gives the estimates

(o) i o) ()]
(o) il (05 ()] <

Since g’ (o, f,6)=0 for 6 € (—n/2, n/2)\[0,, 0,] (cf. Lemma 1) it follows
that

and

O0<g (a,B,-mn/2)=g_(a, B,0), 0el-n/2,0,),
and
0>g (a,B,7/2) =g (a, B,0), 6e(0,,n/2],

with g_(a, B, ) strictly decreasing on (6,, 6,). Let 50 be the unique point
in (6,, 6,) such that g_(a, 8, 6,) = 0; then
g_(a,8,0)>0, 0e[-n/2,8,),
g(a,B,0)<0, 0e(b,,7/2],

and hence
o' (a,8,6)>0, Oe(-n/2,6,),
and
o (a,B,0)<0, Oe(8,, 1/2).
Define

def
M_(aa ﬂ) - —n/lén<a0)i7t/20—(a’ ﬂ; 0)

Note that M_(a, B) > 0 and, as in the case for o__, one concludes that problem
(5) has no solution if ¢ > M_(a, B), a unique solution if 6 = M_(a, f), and
exactly two solutions if ¢ < M_(a, f).

There is a relationship between M, (a, 8) and M_(a, ). In Theorem 3 it
will be shown that M_(a, B) = —1/M_(a, B).

Figures 6, 7, 8, and 9 contain graphs of g, (a, B,-) and o _(a, f,-) for
(a, B) in region R(II) (see Figure 2) chosen from the line g = 25.



438 G. A. HARRIS

6.3. Fix (a, ) in R(I/II), where we recall

a<,B‘1~—<k+l ) 0;1- <k+l+@)<o

’ va /B ve VB

(see Figure 2). The situation here is similar to the case when (a, 8) € R(I).
Using (32) and estimating yields,

0<T+(a’ﬂ,%)<%<r+(a,ﬂ,—§><%+_”ﬁ_.

Similar use of (33) leads to inequalities

0<T_<a,ﬂ,—%><%<r_(a,ﬂ,%)<L+L.

efeon 5 (0] <
oo g (0] 0

R(111)={(a,/3)

Evidently then,

and, from (36) and (37), it follows that

oo asf— —-m/2,

(45) o, (a, B.6)— {

The estimates

o 3) =il o2 ()]0
(oo 8) =l (o5 (2] o

and fact that the g, (a, B, ) are monotone (see Lemma 1) shows that

g, (a, B,0)>0, 0el[-n/2, /2],

-0 asf —m/2.

and
g (a, B,0)<0, 6el-n/2,n/2].
Hence
o (a, B,0)<0 forfe(-n/2,71/2);
ie., both g, (a, B,-) are strictly decreasing on the interval (-n/2, m/2).
Finally, as in the case when (a, ) € R(I), (45) is enough to conclude that

o, (a, B,):(-m/2, n/2) - R
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is a homeomorphism onto R whenever (a, 8) € R(I1I). Problems (3) and
(5) then each have unique solutions for each g € R.

Graphs of o, and o_, when (a, B) € R(III) and B = 25 are shown in
Figures 10, 11, and 12.

6.4. Consider the boundary situation (a, f) € 9R(I)NOR(II) with a < §;
i.e., (a, B) is found on the curve

k/va+(k+1)/V/B=1.
From (32)

(s AN o o L 1
r+(a,ﬂ,9)—n[1 <\/E+\/f>] 2\/ﬁ \/?e 2\/? \/FH
and it follows that

0=1.(a, B,7/2) <1(a, B,0) <1,(a, B, ~7/2) =~n/\/B
for 0 € (—n/2, n/2). As before, this implies

(46) u[r+<a’ﬂ:9>;(_01)]<°’ "6[‘%’9

feor ) (4] o

a+(a,p,g)=\/§”[”(a’ﬁ"’);(—Olﬂ

cosf

Recalling that

E)

then
g, (a,B,0)<0, 0e(-n/2,7/2),
and
im0, 8.6)= -

Using I’Hopital’s rule yields

llmo'( B, 0)= hm \//—3 u[r+(a’ﬂ’0)§<_01>}r'+(a,ﬂ,0)
—n/2

—sinf

Cofe(oes 2) ()] =0 o (9)]

=-1.

From (46), g («, B, -) is strictly increasing on [-7/2, n/2) and since

e D)=l o 1) ()] -0
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then g (a, f,0) <0 on [-7/2, n/2). Hence,
o (a,B,0)>0 forfe(-n/2,n/2);

ie., g, (a, B,-) is strictly increasing up to its value of —1, which it attains at
6 = n/2. See Figure 5 for a graph of o _(a, f,-). In this situation we may
conclude that if ¢ > —1 problem (3) has no solution and if ¢ < —1 a unique
solution.

The argument for ¢_ is similar. It results in problem (5) having no solution
if ¢ > 1 and a unique solution if ¢ < 1. See Figure 13 for graphs of o, and
o_.

6.5. Consider the boundary case when a < f and («a, f) € OR(II)NOR(III)
forsome k=0,1,2,.... So

(k+1)/Va+k/V/B=1
and (32) becomes

t+(a,ﬁ,0)=n[1—(\—f_a+—\}%)} —ﬁ_/—g—ﬁe

T n 1

It follows that

O0<t (a,B,n/2)<t (a,B,0)<71(, B, -n/2)=n/Va,
and thus

(47) u[u(a,ﬂ,(’);(_ol)]w °“<'%’§]

T el D) ()] ()]0

This, in turn, shows that

b)) ()]

For 6 € (-n/2, n/2], (47) and Lemma | show that g, is increasing and hence
g, (a, B,0)>0, 0e(-n/2,m/2].
Consequently, o, (a, B, ), is strictly decreasing on (—n/2, n/2). Moreover,
o,(a,p,0)— —co, asb—mr/2
and applying I’Hopital’s rule once again yields

01111}[/2a+(a, B,0)=-1.

Thus problem (3) is solvable if and only if ¢ < —1, in which case it has a
unique solution.



INFLUENCE OF BOUNDARY DATA ON NUMBER OF SOLUTIONS 441

The situation with ¢_ is, again, much the same. One concludes that problem
(5) is solvable if and only if ¢ < 1, in which case the solution is unique.

Figure 14 contains a graph of o _(a, 8,-) and o_(a, B, ) for (o, B) €
OR(II)NOR(III) and a < B.

6.6. We consider the case when (a, ) belongs to a curve of the form

k/va+k/VB =1

for some k = 1,2, 3,.... In this situation the solvability question of prob-
lem (2) may be answered directly, i.e., without appeal to any of the auxiliary
problems (3), (4), or (5). That is, solutions of the system (7) have period
n/va+n/\/B,soif a and B are chosen as above then

kin/Va+n/V/B}=r.

Consequently, a solution starting at some point

(%)

Yo

in the phase plane will return there after time 7. Hence, problem (2) is solvable
if and only if o, = g,, in which case there are infinitely many solutions.

Remark. Up to this point we have determined the following: If (a, 8) €
R(I)UR(III), problems (3) and (5) have unique solutions for eachg € R. If
(a, B) € R(II), there exists a negative real number M, = M_(a, B) such that
problem (3) has either no solution, a unique solution, or exactly two solutions
depending on whether ¢ is greater than M_, equal to M_, or less than M_,
respectively. Similarly, there exists a positive real number M_ = M_(a, f)
such that problem (5) has either no solution, a unique solution, or exactly two
solutions depending on whether ¢ is greater than M _, equal to M_, or less
than M_ , respectively.

If (a, f) belongs to the boundary OR(I) N OR(II) or OR(II)NIR(III)
with a < f, then (3) has no solution if ¢ > —1 and a unique solution if
o < —1 and problem (5) has no solution if ¢ > 1 and a unique solution if
g < 1. Finally, if (a, B) belongs to a curve of the form

kiVa+k/\VB=1,

for some positive integer k, problems (3) and (5) are solvable if and only
if ¢ =1 and 0 = —1, respectively, in which case there are infinitely many
solutions.

7. THE cASE u(0) =0

We have looked at two of our three reduced problems and are left with
problem (4)

(48)

{ W' +au” +put =0,
.

u(0)=0, u(m)
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Results in this section parallel those of §5 but use somewhat cleaner arguments.
Before proceeding, note that if § = +x/2 in (34) then

| R O H &)

and

(50) u[n;<_01)]=u[r+(a,/>’,%);<_01)}.

7.1. Fix (a, ) in R(I) and recall from §6.1 the estimate (40)

e (o 5): ()] <0 oo 3): (%) 0

In particular then, using (49) and (50),

s e (9)] <0 me e ()]0

Thus, if o, > 0 there is a unique positive real number s, = s,(0,) (the correct
shooting slope) such that

(52) slu[n; (?)] =0,.

Hence,
w(t) ¥ su [z; (?)} ,  telo,n,

is a solution of (48) with ¢ =0, > 0.
Conversely, if w(¢) is a solution of (4) with ¢ = ¢, > 0, then by uniqueness

(¢
o ()b e

w(t
Note that w(0) # 0 (otherwise w = 0). Suppose that w(0) < 0; then by

T el ()] sl ()] 0

but this contradicts g, > 0. Thus w(0) >0 and

w(t) = w(0)u [z; (?)}
g, =w(n)=w0)u [n; (?)] .

From (52) it follows then that w(0) = s, and hence

w(t)=s,u[t; <?)] s te0, n].

The above argument shows that problem (48) has a unique solution whenever
(a, B)€ R(I) and ¢ > 0.

with
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Again the situation when o = g, < 0 is essentially the same. Straightfor-
ward modifications to the above argument show (48) to have a unique solution
whenever (a, ) € R(I) and ¢ < 0.

By the definition of R(I), (48) with ¢ = 0 has only the trivial solution and
so we conclude that problem (48), when (a, 8) € R(I), is uniquely solvable
for each 0 €R.

7.2. Suppose now that («, B) belongs to region R(I/I). From §6.2

0 o
u[r+(a,ﬂ,9);(_1>}<0, bel-3.5].
and so, using (49) and (50),

s s (0)] <o ana ufs (2)] <o.

An immediate consequence of (54) is that problem (48) has no solution if ¢ >
0.

If 0 = 0, < 0, there are two positive numbers s, and s, (initial slope
magnitudes) uniquely defined by the relations

su[x: ()] 2o a0 suafes (0] = oo

Set w, (t) o syult; (9)1 and w, (1) & sult; (°)] for t € [0, #]. Then w,

and w, are solutions of (48) with ¢ = g, < 0. Furthermore, w,(0) =s, >0
and w,(0) = —s, < 0, so these solutions are distinct. This shows that (48) has
at least two solutions whenever ¢ < 0.

To verify that w, and w, are the only solutions of (48), let w(z) be a

solution; then
<Z)}8;) - (5) [[; (w(()o)ﬂ . telo,n].

An argument as in the last section shows that if 4w (0) < 0 then —w(0) = s,
and if w(0) > 0 then w(0) = s,. Hence, either w = w, or w = w,, which
shows (48) to have exactly two distinct solutions for each boundary condition
0<0.

Again, from the way in which R(/]) was defined, it follows that problem
(48) has no solution if ¢ > 0, only the trivial solution if ¢ =0, and if ¢ <0,
precisely two solutions, characterized by the sign of their initial slopes.

7.3. Fix (a, f) € R(I1I). From §6.3

e )i (0] <o e oo ()]0

and hence, from (49) and (50),

s (9)] <0 ana ufes (0] 50
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At this point the argument proceeds analogously to the argument in §7.1 and the
same conclusions are obtained. That is, (a, #) € R(III) implies that problem
(48) has a unique solution for each o € R.

7.4. Now we consider a boundary case. Choose (a, ) such that o < f and
kiva+(k+1)/\/B=1.50 (a, B) € dR(I)NAR(II) and from §4.

et 2 (O] <0 o oo 3 ()]

From (49) and (50)

i (5)] <0 ana e ()] =o.

So if ¢ > 0, problem (48) has no solution. Also, when shooting with a nonneg-
ative initial slope one always hits ¢ = 0. More precisely,

w (1) & su [z; (?)J

is a solution of (48) for each s > 0.
If ¢ =0, <0 then, as argued before,

o %l ()

is the unique solution of (48), where s, > 0 is defined by

wilx: ()] =

We conclude that problem (48) has no solution if ¢ > 0, infinitely many solu-
tions, all with nonnegative initial slopes, when ¢ = 0, and a unique solution,
having a negative initial slope, for each o < 0.

7.5. In the case that (a, 8) € OR(II)NAOR(III) with a < #, then, for some
k=0,1,2,...,

(k+1)/Va+k//B=1.
From §6.5

anduhe[;ze(a,ﬂag‘)?<_ol)]<0 and u[f+(a,ﬂ’_%>;<f)l)]=o
“[ﬂ;<?)]<o and u[n;(_ol)]___o.

The argument of §7.4 shows problem (48) to have no solution if ¢ > 0, infinitely
many solutions if ¢ = 0 (with negative initial slopes if they are nontrivial), and
a unique solution, with positive initial slope, if ¢ < 0.

8. THE UNPERTURBED PROBLEM

We combine and summarize these results in the theorems of this section. We
assume that a nonnegative integer k has been chosen and the regions R([),
R(II), and R(III) are defined as usual.
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Theorem 2. If (a, f) € R(I) U R(III) then problem (2) has a unique solution
for each pair of boundary conditions a, and o,.

Proof. For such a and B we have shown that problems (3), (4), and (5) have
unique solutions for each ¢ € R. The theorem follows from the discussion in
§2. O

Theorem 3. Let («, f) € R(II) with the numbers M_(«, B) and M_(«a, B)
defined as in §6.2. Define

M (o, ifo, >0,
Lo { (@, B, ifo,

-M_(a, p)o, ifo, <0,
and the open sets

def
& = {(0,.0,) | 0, > L(a))},
f
g, de! {(a,,0)) |0, < L(a,)}.
Then M_(a, ) =1/M_(a, B) and problem (2),
{ W' +au” +put =0,
u(0) =0, u(n) = o,,
has no solution if (o, 0,) € &, exactly two solutions if (o,, 0,) € 7,, and a
unique solution if o, = L(a,).
Proof. If 0, > 0 and 0, = M_(a, B)o,, the discussion in §6.2 shows that
problem (3) has a unique solution for ¢ = 0,/0, and hence, from §2, problem
(2) has a unique solution. If g, = 0 = g, , then, from the way in which R(I[) is
defined, problem (2) has but the trivial solution. This shows unique solvability
of problem (2) whenever o, = L(d,) and g, > 0.

Now, for each solution u of problem (2) with u(0) = o, and u(n) = o,
there is a corresponding solution v, with v(0) = g, and v(n) = g, , obtained
from u by setting

v(x)=u(n—-x), 0<x<m,
and, of course, the converse. Thus, by reflecting the half line o, = L(0|),
g, > 0, through the diagonal,

DE{(0,,0) |0, =0},

we obtain another half line o, = (1/M + 1(a, B))o,, o, < 0, containing
points (o,, g,) corresponding to unique solutions of (2). Moreover, from
§6.2, problem (5) has unique solutions in R(II) if and only if ¢ = M_(a, B)
and hence problem (2) has unique solutions when o, < 0 if and only if
g,/0, = —M_(a, B), thatis, if and only if o, = —~M_(a, B)o, . Consequently,
M_(aa ﬂ) = —l/M+(as ﬂ)

Now suppose the point (g, g,) belongs to the region &,. Then g, > 0
implies that g,/0, > M_ («, B), o, = 0 implies that g, > 0, and o, < 0
implies that —o,/g, > M_(«a, ). In view of §6.2, we see that problems (3)
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and (5) have no solutions and so neither does problem (2). From §7.2 problem
(4), and hence problem (2), have no solution if ¢ =g, > 0.

If (0,,0,) € &, then o, > 0 implies that o,/0, < M_(a, f), 0, = 0
implies that g, < 0, and g, < 0 implies that —0,/0, < M_(a, f). The
discussions in §§6.2 and 7.2 show that each of the problems (3), (4), and (5)
has precisely two solutions, hence so does problem (2). O

See Figure 15 for a picture of the regions &, and &,.
The next theorem takes care of the boundary situations.

Theorem 4. Let (a, f) € OR(I)NAR(II) or OR(II)NIR(II) with o < B.
Then problem (2) has a unique solution whenever o, < —o,. If g, # 0 and
o, > a,, then (2) has no solution. Or if o, =0 and o, >0, then again (2) has
no solution.

Proof. Suppose that g, > 0 and put ¢ = 0,/0, ; then from §§6.4 and 6.5 we see
that problem (3) has a unique solution if ¢ < —1 and no solution if ¢ > —1.
Hence, problem (2) in this case has a unique solution if ¢, < —o, and no
solution if ¢, > —g,. If g, <0, we can argue the same way.
If o, = 0, problem (4), and hence problem (2), has a unique solution if
g =0, <0 and no solution if ¢ =0, >0. O
10.00 T T T T T T

6.67 -

No solution region

3.33 + .

o2 0.00

-3.33

Two solution region

-6.67

T
1

FIGURE 15. Solvability regions in the o,0,-plane for
problem (2) when (a, f) € R(II). If the pair (g, g,)
lies on the broken line L, problem (2) has a unique
solution.
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9. CONVERGENCE AND BLOWUP

We are ready to put together a few results that will be useful in computing the
local degrees (indices) of the solutions obtained for the unperturbed problems
(3), (4), and (5). It is again assumed that k € {0, 1,2,...} is fixed, thus
the regions R(I), R(II), and R(I/II) defined, and (o, B,) € IR(I)NIR(II)
with o < ;.

Recall that, if (o, ) € R(II), the functions o (o, #, ) and o_(a, B, )
have unique critical points, which we will call 6 (a, 8) and 6_(a, B), respec-
tively, in the open interval (—-n/2, n/2).

Lemma 5. 6 (a, B) — n/2 as the point (a, B) approaches (o, B,) through
values in R(II).

Proof. Recall, for (a, B) € R(II), that 6 _(a, B) and 6_(a, B) are the unique
zeros in [-n/2, n/2] of g (a, B,0) and g_(a, B, 8), respectively. Now
suppose there is a sequence {(« i B j)}j‘__’l C R(II) and an ¢ > 0 such that

(), B) — (ay, By)

but
-n/2<8,.(e;, B;)<n/2—¢ foreach;j=1,2,3,....

Let §_ and 6 . denote limit points of the sequences {6_(a It B j)} and
{0, (o, ﬂj)}, respectively. Then Ei € [-n/2, /2 — €] and from continu-
ity of
g,:0" x[-n/2,7/2] - R
we find that
(55) 0=gi(a0, B(), ai)
However, g, (o, B,,) has 6 = n/2 as its unique zero in [~7n/2, /2] (cf.
6.4), which contradicts (55) and so the lemma is proved. O
For each pair (a, ) € Q" the notation
u(a,p,0)), 0e(—-n/2,n/2),

is used to denote the solution of problem (3) with ¢ = g_(a, f, 0). Hence,

1
(56) u+(.;a,ﬂ,0)=ul-;(\/fi;(;s‘g)}/—\/l—zcosﬁ.

For r > 0 set

B (ag, By) & {(a, B) | (a—ap) + (B - By)° <1’}
and define the point g = g(r) by

a(r) ¥ inf{8, (a, B) | (a, B) € B,(ay, B) NRUD)}.

From Lemma 5 we see that ¢(r) —» n/2 as r — 0. Fix 6, € (-n/2, n/2) and
pick r, > 0 and sufficiently small that 6, < g(r,) .
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Proposition 6. Suppose that (o, B) — (o, By) then u (-; a, B, 6,) converges
to u, (-3, By, 8,) in C'[0, m].

Proof. If not, then there is a sequence {(a D ﬂj)}?il C Bro(a0 , By,) and £ >0
such that

(aj, ﬂj) - (a0> ﬁo)a

and
(57)  luy(sa,, By, 00) —u (5 ag, Bou Ol 26, j=1,2,3,...,
with r, > 0 is defined as above and |||, the norm on c'o, n.
For notational convenience define the maps
L(x) € (n - x)/n) + 0,(a;, B;, Op)(x/m), 0<x<m,

S Eau”+put,
def . .
uj(')=u+(.sajsﬂj990)a J—1,2,3,....
Then for each j
(58) u;=Kf(u)+1,

where K is the solution operator (i.e., the Green’s operator) associated with
the linear boundary value problem

~d"(x)=h(x), 0<x<7m, u(0)=ur) =0.
From (56) we have, for some M > 0, the bound
”ujlllsMa j=1,2,3,....

Consequently,
1wl < (‘maxa, + max g, )i, < 37

for some M > 0, where | - ll, is used to denote the norm on CO[O, n] =
C[0, nr]. Using (58) and the compactness of the operator K: CO[O, ] —
C 1[0, 7], we may assume that

c' .
u; v asj— oo

for some v € CI[O, 7]. Thus,
fi(u) = au; + ,Bju;.r = agv” + Byv”
as j — oo, and again from (58) we see that v satisfies
v=K(agw +Bv")+1,.
Equivalently, v € C*[0, n] and
v +agu” + vt =0,
{ v(0)=1, v(n) =0 (o, By, b).
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So v is a solution of problem (3) with (a, B) = (o, By) and o =, (a, B, 0,)-
But this problem has the unique solution u (s ay, By, 6y). O

If the notation
u_ (;a,p, o)), 0e(-=n/2,7m/2),

is used to denote the solution of problem (5) with ¢ =ag_(a, B, 8), it follows

that
- ﬁ cos 6

u_(+; a, ﬂ,0)=u[-; ( o )] /%cosﬁ

and an argument analogous to the one used in Proposition 6 gives us
Proposition 7. If (o, B) — (o, B,), then

u_(-;a, B, 0 <= u_(-; a4, By 0)-

Remark 1. Let (a, ) € R(I). If o, > —1 and y_ (a, B) € (-7/2, n/2)
denotes the unique point such that g, (a, 8, v (a, ﬂ)) = g, , then

”u+(°; a, Ba l//+((1, ﬂ))”] — 00
as (a, B) — (ag, By). Similarly, if g, > 1 and y_(a, B) € (-7/2, n/2)
denotes the unique point such that _(«, 8, ¥, (a, B)) = g,, then

”u_('; a, Ba t//_(a, B))H] — 0
as (a, B) — (ag, By) -

To see this, we argue the case for u,_ (the case for u_ is similar). If the
solutions

u+('; a, ﬁ’ '//+(a9 ﬂ))
(or some subsequence of them) were bounded in C 1[0, n], we would have, as
in the proof of Proposition 6, the existence of some v € CZ[O, m] satisfying
{ v" +ogv” + BvT =0,
v(0) =1, v(m) = g,.
But problem (3) with ¢ = g, > —1 has no solution.
Remark 2. For (a, B) € R(II) and close to («, B,) consider the set

Fla, By {u, (50, B,0)]6,(a, B) <6 <m/2}.
From (56) we have
u,(0;a,B,0)=+/Btand
and hence the estimate
llu, (-5 @, B, O)ll, > VBtanb, (a, B)
holds whenever u_ (-, a, §, ) € & (a, B) and («a, B) is sufficiently close to
(ag» By) - Since

0,(a, B) — /2 as (a, B) —L (ay, By)
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. . R(IT
it follows that each solution in & (a, ) becomes unbounded as («, f) LR
(o, By) . Of course, we have the analogous result for u_, i.e.,

(ao > :Bo)

I[u_(°;aaﬂ,0)||1_’oo, aS(a,ﬂ)M}

provided 0_(a, B)< 6 <m/2.

Remark 3. If we think of the graphs of o (a, 8, ), for (a, B) € R(II), as
defining two branches of solutions, a left branch and a right branch, for each
of problems (3) and (5), then we may combine the above two remarks into a
single observation. That is, solutions corresponding to the right branch become
unbounded as (a, B) approaches (o, f,) from R(II). Moreover, in view
of Proposition 6, the graphs (unique branches) defined by o, (o, B,, ) are
the limits, in some sense, of the graphs of o, (a, B, ) as (a, B) approaches
(ag, By) - One sees that the right branches of o (a, B, ), (a, B) € R(II), and
the “upper” parts of the graphs of o, (a, f,-), (o, B) € R(I), “disappear,”
i.e., the associated solutions become unbounded in the sense of the above two
remarks, as we pass to this limit.

10. THE INDEX OF THE TRIVIAL SOLUTION

Consider again the homogeneous problem

" - +

U +au +pu =0,

(59) fr e
u(0) = u(n) =0.

Let A c QF be defined by

4% {(a, B) € QJr | problem (5) has a nontrivial solution} .

Evidently then, («, 8) € A if and only if (a, #) is on one of the curves (22),
(23), or (24).

If (o, B) € Q"\4, then (59) has only the trivial solution and so the trivial
function is the only solution of

u=Klau +pu'l, uec'o,n].

Thus, if B, c C 1[0, n] denotes the ball of radius » > 0 centered at u =0,
then

deg, s(id —K[a(-)” + B()"], B,, 0)
is defined and independent of r > 0. In particular, if («, 8) € Q*\4, then the
index of the trivial solution, denoted by ind(0; «, 8), is defined by

ind(0; o, B) ¥ deg, ((id—K[a(-)” + B()], B,, 0).

So we have a map
ind(0; -, :Q" /A — Z,
where the symbol Z is used to represent the integers. Moreover, since

l(au™ + pu™) — (@u™ + Bu )y < (Ja =@l + |8 = BDIlully,
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for u € B,
(4~ Klow™ + Bu")) — (u~ Kfau~ + Bu’ DI,
< [IKllo. (l(au™ + Bu’) — (@i + Bu")l|,
<|[IKlly, (o =@l + |8~ Bllull
< 1IKlly, ((Ja =@l + |8 = BDIlull,
< (la—al+[8 - BDIIKlly, v
where || - ||, , is used to denote the norm on the Banach space of bounded
linear transformations from CO[O, 7] into C 1[O, n]. The map
u—u—Klau + pu’]
is then subject to uniform approximation on Fr by maps of the form
id-K[a()~ +B(-)"1:C'[0, n] - C'[0, n]
provided that (@, f) is close to («, ). This shows that, for fixed r > 0,
deg, (id —K[a()” + B(-)"], B,, 0) = deg, s(id ~K[a()~ + B()'], B,, 0)
and hence _
ind(0; a, ) =ind(0; @, B)

whenever (@, f) is sufficiently close to (a, ). Consequently, the index of the
trivial solution is a continuous map

ind(0; -, ):Q"\4 - Z

and hence is constant on the connected components of Q"\4. In particular,
ind(0; -, -) is constant on each of the regions R(I), R(II), and R(III).

If (o, B) belongs to R(I), then to compute the value of this index we first
note that the diagonal {(a, ) € Q" | = B} has nonempty intersection with
the connected component of Q" /A containing R(I) and so

ind(0; a, B) = ind(0; A, 4) = deg, ((id—AK, B,, 0) = (~1)* = 1

since (2k)? < A < (2k + 1)*. Similarly, if («, B) € RUII).

ind(0; a, B) = (~1)** =

-1.

The following technical lemma will allow us to obtain solutions of the prob-
lem

(60) { W' (x) + f(u(x)) = h(x),

u0)=o0,, u(n) = o,.
Lemma 8. Fix r >0 and (o, B) € Q*. Define

filu)=aou + Bu v (tu)/t
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for each u e CI[O, n] and t > 0. Then
IK f,(u) = Klau™ + pu" ||, — 0
uniformly on B, as t — oo.
Proof. First we have the estimate
(61)  ||Kf(u) — Klaw™ + Bu ||, = ||Kv(tu) /2|l < [IK]lyllv(tu)/t]]q -
Since the perturbation v is o(s) as |s| — oo (cf. §1), one may argue that
llv(eu)/tlly — O
uniformly on B, as t — co. The lemma follows from the estimate (61). O

Theorem 9. Let (a, f) € R(I)UR(III); then for each h € C[0, n] and o,
o, in R the problem (60)

{ '+ fu)y=nh,
u(0) =g, u(n) =oa,,

has a solution.

Proof. Set

l(x)=0’1((7t—x)/7t)+0'2(x/7t), 0<x<m;
then solutions of (60) may be found as solutions of the equation
(62) u=K[f(w)—hl+1, uecC'[0,n].

Let (a, ) € RUI)UR(III) and r > 0 be fixed. Then
{u— K f(u) + (1/0)(Kh = D)} = {u— K[ou™ + Bu" 1},
< 1K f(w) = Klaw™ + Bl + (1/DlIKA~1]],

and using Lemma 8 we see that the right-hand side of the above estimate tends
to zero, uniformly for u € B,, as t — oco. Thus, there exists a 7, > 0 such
that ¢ > 7, implies

deg, ((id =K f,(-) + (1/t)(Kh =), B,, 0)
= deg, 4(id —K[a()” + B(-)"], B,, 0) = ind(0; a, B).

If (a, B) € R(I) we have already seen that this index is 1, and if (a, f) €
R(III) this index is —1. In either case the index is nonzero and so, for each
t > T,, there isa w, € B, such that

w, =K(f(w,) = (1/0)h) + (1/0)].
By the smoothing properties of K, w, € C 2[0 , ] and satisfies
w, +aw, + pw, +v(tw,)/t = (1/)h,
{ w,(0) = 0,/t, w,(m) = a,/t.

It follows then that u & tw, solves problem (60). O
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If (a, B) < R(I), then to compute the index, ind(u_ (-; a, B, 0)), set

[(x)=((m-x)/n)+0.(a, B, 0)(x/n)
and note that for each ¢ € [0, 1] the unique solution of the problem
W' +au” +But =0,
() { u(0~)k= UITB u(n) = a,,
with ¢, =t and 0, =to_(a, B, 6) isjust tu (-; a, B, 6). Hence, choosing
R>|lu,(;a, B, 0l
we have, using ¢ as a homotopy parameter,
deg, (id —K[a(-)™ + B(-)"], By, tl) = deg,(id —K[a()” + B(-)"], B, 0)
for all ¢t € [0, 1]. Setting ¢t =1 yields
ind(u,(-; a, B, 6)) =ind(0; o, B) = 1.
By similar means, if (a, f) € R({1I) then
ind(u,(-; a, §, 6)) =ind(0; a, f) = ~1.
As a final remark of this section we make the observation that if (a, f) €
R(IT) then ind(0; a, f) = 0. This follows by noting that if ind(0; a, f) #0
for some (a, f) € R({I) then, following the proof of Theorem 9 with v =0

and /& = 0, we would have solutions of problem (63) for each pair of boundary
conditions g, and o, . But this contradicts Theorem 3.

11. LowER BOUNDSs IN R(I])

In this section we obtain some lower bounds on the number of solutions to

problem (60) when (a, 8) € R(II).
Let (a, B) € R(II) be fixed and, again, 6_(a, B) € (-7/2, n/2) isto denote
the unique critical point of o, (a, 8, -):(-7/2, n/2) — R. Recall that

M (o, f)=0(a. B.0,(a, )= max o(a p0).

As we have seen, if g, < M ,(a, B), there exist two points {, and {, with
-n/2<{ <0, (a,B)<{<7/2

and
o (a,B,{)=0.(a,B,{)=0,.

This gave us the two solutions u_(-; «, B, {,) and u_(-; o, B, {,) of problem
(3), defined by (cf. (56))

1
u (50, B,0) =u l (x/sﬁucl‘;sg)] /ﬁcos{i, i=1,2.

Thus, u (-, a, B, (), i =1, 2, are the only solutions of

u=klau +pu']1+1, ueC'0, x],
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where as before
[(x)=((m —x)/m) + 0y(x/m).
Since these solutions are isolated, each has an index. To compute these indices
we will use the next lemma.
Lemma 10. Fix (a, f) € R(II). Then ind(u_ (-; «, B, 0)) is constant for 6
in the interval —n/2 <6 <6 (a, B).
Proof. Choose 6, < 6, so that [6,, 6,1 C (-n/2,0_ (a, B)). If 0 €[6,,0,]
then from (56) we see that
,(0;a, B,0)=+/Btan6
and thus the norms
lu, (5, B, O,
are bounded for 6 € [6,, 6,]. Choose

R>0€r[%ax “u s a, B»e)“l

and ¢ > 0 sufficiently small to ensure that 6, +&<6_(«a, B).

Define the open set

# € {ueC'0, ] 0) < Ban(d, +¢)},

and set /" = Z N By, where By C c! [0, =] is a ball of radius R centered at
the trivial function. Then .#" is a bounded open set in C'[0, 7]. Furthermore,

u(a,p,0)es if ,<60<6,,andif 6 >0 (o, f) then
u,(0;a, B,0)=+/Btand > \/Btan(6, +e¢)
and therefore u, (-, a, B, 6) ¢ 4 . Thus, if
og€lo,(a,B,0,),0.(a, B,0))],
problem (3) has only the solution
u,(sa, B,0)eN
for some unique 6 where 6, <6 <6, and g, (a, B, 0) = . If we define

IG(X)CI——e—f<7Z;X)+0+(a”3,0)<%)’ ge< 72’ ;) 0<x<m,

then, letting 6 € [6,, 6,] be a homotopy parameter, we see that
deg, ;(id —K[a(-) + B, A, ly)

is defined and constant for 6 € [¢,, 6,]. Since the only requirements made on
6, and 6, were that

-n/2<0,<0, <0, (a, B),
the lemma is proved. 0O
Lemma 10 shows that, given (a, 8) € R(II), each solution associated with
the left branch of ¢, (a, B, -) has the same index. We will prove below that

solutions associated with left branches of any of the functions o, (a, 8, ),
(a, B) € R(II), have the same index.
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Lemma 11. Suppose that (a,, B,) and (c,, B,) are two points from region
R(II). If 6, and 0, are such that
-n/2<0, <0 (a,B,) and —-7m/2<0,<6 (o, ),
then
ind(u+('; a] s ﬂl > 01)) = ind(u+('; a2 b ﬁZ b 02)) N
Proof. First we show that the uniquely defined critical point ,(a, B) depends
continuously on (a, B) € R(II). We will rely on the already established fact
that 60 € (-n/2, n/2) is the unique zero of the continuous map
g, R(II)x[-n/2, /2] - R.

Suppose that this dependence of 6, on (a, f) is not continuous at some point
(a, B) € R(II). Then there are a positive ¢ and a sequence {(aj , ﬁj)}j21 €
R(II) such that

R(II
(a;, B)) = (a, B)
but
0, (a;, B;) =0, (a, B)| 26 foreach;=1,2,3,....
Let 6 € [-7/2, 7/2] be a limit point of the sequence {6, (a;, 8,)} . Continuity
of g, is enough to conclude that
8. (a, B, 6)=0.

Since (a, B) € R(II), then 6 = 6 (a, B), which is a contradiction.

Now let I':[0, 1] — R(/I) be a path connecting (a,, ;) to (a,, B,). So
I'(1) = (a(t), B(t)), where a(t) and B(¢) are continuous, I'(0) = (a,, B,),
and I'(1) = (a,, B,). By continuity, 6, (I'[0, 1]) is a closed subinterval of
(-m/2, n/2). Let n, denote the left endpoint of this subinterval, i.e.,

def

Mo o‘?fé’l 6. (I(2)).

Also, set

D ' min vV B(1)tann,

0<r<1

and choose 0 € (-7 /2, n,) such that
ongl?sxl VB(t)tanf < p.
Now let g be chosen so that
0rgtagxl VBt tanfd < g <p.
If  c C'[0, n] is now defined by
# € {uecC'0, n]|u0) < g},



456 G. A. HARRIS

7% 1is open Cl[O, n]. Now fix R > 0 so that
R > max [lu(-; T(1), O)]l; ;

then #/ L% nB r 1s a bounded open subset of c' [0, n] having the property

that N
u,(-; (), 0) e/ foreacht€(0, 1].

If 6(t) is used to denote the point such that
6. (I'(1) <6(t)<mn/2 and o (I'(2), 6(2)) =0 (I'(2), 9), 0<t<1,
then

(0 I'(2), 6(2)) = /B(t)tanb(t) > \/B(t)tann, > p > ¢q,
whence
u, (s (), 6(1)) ¢ A foranyt €0, 1].

It follows that u_(-; I'(?), 9) is the unique solution of

u=Kla(u +Btu'1+1, uel,
for each ¢ € [0, 1], where

[,(x) déf((7z—x)/7t)+a+(l"(t), (7)(x/n), 0<x<m.

Letting ¢ be a homotopy parameter, we can conclude that

deg, 5(id ~K[a(1)()” + B()()), A, 1))
is independent of ¢ € [0, 1]. Thus,
deg, s(id =Ko, () + B,()'1, 4, L) = deg (i —K[o,y ()™ + By() T, 4, 1))
and hence
(64) ind(u, (-; o, B, 0)) = ind(u, (-; ay, B,, 0)).
Since

5 < ”O S min{6+(a1 H B]) s 9+((12, ﬂz)} H
Lemma 10 implies that

ind(u, (-; @, B, 6,)) = ind(u,(-; a,, B, , 0))
whenever 6, is such that —n/2 <6, <6 (o, B,). Similarly,

ind(u, (-5 @y, B, 60,)) = ind(, (3 @y, B, 6))
whenever 6, is such that —n/2 <6, <6 _(a,, B,). So (64) now implies that

ind(u, (-; a;, B, 0))) =ind(u_(-; oy, B, 0,))

as desired. O
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Theorem 12. If (a, f) € R(II) and 0 < 6_(a, B), then ind(u,(-; a, B, 0)) =
1.

Proof. From the previous two lemmas we need only find some point (a, ) €
R(II) and some 6 < 6 (a, B) such that

ind(u,(-;a, f,0))=1.
To do this we will use Lemma 5, Proposition 6, and the index computation
(65)  ind(u, (-;a, B,0)=1, (a, B)eR(I), 0 €(-n/2,n/2)

obtained at the end of §10. The idea is to homotop this index across R(I)N
OR(II) and into R(II).

As usual, we take (), B,) from OR(I)NOR(II) with o < B, . Fix g, < —1
and let 6, € (-n/2, n/2) be the unique point such that ¢ (o, B, 6;)) = g .
By Proposition 6 and Lemma 5 there exist a ball B ¢ C 1[0, m] centered at
u,(-; ag, By, ;) and a ball B, (ay, By) C Q" such that u, (-;a, B, 6,) € B
is the unique solution of

u=Klau +pu1+1l(a,B), ueB,

where
la, B)(x) E (- x)/n) +0,(a, B, )(x/7), O0<x<m,

whenever (a, f) € Bro(ao, B,) . Fix (o, B)) € Bro(ao, By)NR(I) and (a,, B,)
€ B,O(ao, B,) N R(II) and let T:[0, 1] — Bro(ao’ B,) be a path connecting
(@, B,) to (a,, B,) and passing through the point (e, B,). Then

deg, ((id —K[a(2)(-)” + B(t)()'], B, |,) = constant
for 0 <t <1, where I'(¢) = (a(?), B(2)) and /, is defined by

Lx) ¥ (= x)/m) +0,(T(0), 6,)(x/n), O0<x<m.
Using (65) we have
I =ind(u, (-5 o, By, 6,))

= deg, ¢(id —K[a, ()" + B,()"1, B, L)
(66) = deg, ;(id —K[a(t)()™ + B()()], B, 1)

= deg, 5(id —K[oy(-)” + B,()"1, B, 1)

=ind(u,(-; a, By, 6,))-
Since 6, < 0, (a,, B,), Lemma 11 shows that

ind(u,(-; a, B, 0)) =1

whenever (a, f) € R(II) and 0 <0, (a, f).

We are now in a position to compute the index of solutions corresponding
to the right-hand branch of o (o, 8, ) when (o, B) € R(II).
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Corollary 13. Fix (a, f) € R(II). Then
ind(u_(-; @, §,0)) =-1
Jor all § such that 0, (a, f) <6 <m/2.
Proof. For such (a, B) we have seen that ind(0; o, ) = 0. That is,
deg, ((id —K[a()” + ()71, B,,0)=0

for each r > 0. If @ is such that 0. (a, B) <0 < m/2, we have only the two
solutions R
u+(°;aaﬂ’0) and u+(';a,ﬂ’0)

of problem (3) with
o=0,(a,B,0)=0,(a,B,0),

for some unique 6 such that —n /2 < 6<6 +(a, B). Choose r >0 sufficiently

large that both of these solutions are to be found in B, C c! [0, m]. Then, using
the additivity property of the Leray-Schauder degree, we see that

0 = deg, ((id—K[a(-)” + B()'1, B,, 0)
= deg5(id —K[a()” +B()7], B, 0)
+deg; o(id —K[a(-)” + B()], B,, 0),
where B, aAnd B, are disjoint balls contained in B, and centered at
u,(;a,B,0) and u (-; a, B, 0), respectively. By Theorem 12
1 =ind(u, (- o, . 0)) = deg, (id—K[a()” + ()], B, 0)
and hence

—1 = deg, ((id—K[a(-)” + B()"1, B,, 0) = ind(u, (-, a, B, 6)).

In the proof of Theorem 12 we required that the path I'(z) pass through the
point (o, B,), so I'(¢,) = (a,, B,) for some ¢, € [0, 1] and from (67) we
have

I = deg, (id = K[a()()” + ()71, B, 1, ).

This implies that
ind(u+(-; oy, By, 6p) =1.
Corollary 14. Let (a,, f,) € OR(I)NOR(II) with ay < f,. Then,
ind(u,(-, oy, B, 0)) =1, 0e(-n/2,n/2).

Theorem 12 and its corollaries are concerned with the solutions u_ obtained
from the mapping o, but, with minor changes in notation, the arguments work
for the solutions u_ associated with the map o . Therefore we have the
analogous results
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Theorem 15. If (a, ) € R(II) and 0 < 0_(a, B) then ind(u_(-; a, B,0)) =
1.

Corollary 16. Fix (a, )€ R(II). Then
ind(u_(-;a, f,0)=-1
forall 6 such that 0 _(a, f) <0 <m/2.
Corollary 17. Let (o, B,) € OR(I)NOR(II) with ay < B,. Then
ind(u_(-, o, By)) = 1, 0e(-n/2,n/2).

Our approach in this section was to continue the index, ind(0; a, f), of
the trivial solution from region R(I), where this index was easily computed
to be 1, onto the “left branch” solutions associated with parameter values in
region R(II). In this manner we were able to deduce the index of solutions
associated with parameters located on the curve dR(I) N dR(II) (cf. Corol-
lary 17). Of course, we could have started with («, f) in R(III), where
ind(0; @, B) = —1, and continued this index to solultions associated with the
“right-hand branch” of solutions in R(/I). If this approach is taken then, again
with only notational changes in the argument above for Corollary 14.

Corollary 18. Let (o, f)) € OR(II)NOR(III) with ay < f,. Then
ind(u, (-, oy, By, 0)) = -1, 0e(-n/2,m/2).
if (a, f) € R(II) and g, < 0, then from §7.2 we know that problem (4)
{ W' +ou” + put =0,
u(0) =0, u(n) = a,,

has exactly two solutions. In that section we call these solutions w, and w,
and found that they were given by

wl(-)=s|u[-; (?)] and w,(-) = s,u [~; (_Ol>]

where the positive real numbers s, and s, were uniquely determined by the

conditions
(0 (0
su|m; 1 =0,=S,U |T; - .
Since
w,(0) = s,v [0; (?)] =5 >0
and

W,(0) = s,v [0; <_01>] =-5,<0,

we may conclude that each boundary condition ¢ = g, < 0 uniquely determines
the two solutions of problem (4) and that they are distinguished by their initial
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slopes, one being positive and the other negative. Now suppose that we use the

notation 0
ofi() oo
def !

—su [ (_01)] . s<0.

With the above notation we always have
w(a, B,s)#Fw(sa, B,s,) ifs #s,

w(-;a, B,s)

and
w(0; a, B,s)=s, seR.

The family of solutions for problem (4), as ¢ ranges over the nonpositive real
axis, is then given by {w(-; a, B, §)},cg -

Theorem 19. If (a, B) € R(II) or dR(I)NR(II) with a < f and s <0 then
ind(w(-; a, g,5) =1
and if (o, B) € R(II) or OR(II)NR(III) with a < B and s >0 then

ind(w(-; a, B, 5) = —1.
Proof. Suppose that (a, 8) € R(II) is fixed. Then choose (@, f) somewhere
in R(I) and define, for ¢ € [0, 1], the line segment

def

()= (1-1)(@, B) + e, B)
so I' connects (a, F) to (a, B) and defines functions
a) (1 -tHa+ta and BOE (1 -0B+18.
Fix s < 0 and choose R so that
R > ,é?é‘,’%]”w('; (), s)li, -

Let ¢ > 0 be sufficiently small that s + € < 0 and define

1(x) & —su [n;a(t),ﬂ(t), (_01” (%) te[0,1]and 0< x < 7,

where we have emphasized the dependence of the solution on the parameters
a(t) and B(¢). Define the neighborhood .#" by

#E B n{weC'0, 7] w(0)<s+e}.

Then .#° is a bounded open set in CI[O, 7] such that, when ¢ € [0, 1],
w(-; I'(¢), s) is the unique solution of

(67) w = Kla(hw™ + Bt)w ]+,

in # ;i.e., if ¢ is such that I'(f) € R(II) then w(-; I'(¢), 5(¢)), for some unique
5(t) > 0, is the only other solution of (67) but it always has a positive initial
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slope and so cannot be in .#". Again, by using ¢ as a homotopy parameter, we
see that

lnd('LU( , &, E9 S)) = degLS(id -K[a(t)(°)_ + ﬂ(t)(')+]9 ‘/V’ lt) > te [O’ 1] )
=ind(w(-; a, B, )).
As before, we may use the fact that
ind(0; @, B) =1
to imply that
indw(-,a, ,s)=1.
Since the above argument holds if (a, f) belongs to R(I) N R(II), the first

assertion of the theorem is proved.
The argument above also works to prove the second assertion. We just choose

(@, B) from region R(III) and use the index computation

ind(0; @, ) = -1,

which holds whenever (@, ) belongs to region R(II]).

We use these index computations to prove the following theorems concerning
the perturbed problem
w' + f(u)=h,
{ u(0) =g, u(n) =oa,.
First, from Theorem 3, recall that the regions &, and &, were the two-solution

and the zero-solution regions in the o,0,-plane for problem (63) when (a, B) €
R(II).

Theorem 20. Fix (a, ) € R(II), (0,, 0,) €O,, and h € C[0, n]. Then there
exists a positive real number T, such that the problem
"

u + f(u)=nh,
(68) { Sf(u)

u(0) =ta,, u(n) = to,,
has at least two distinct solutions for all t > T,. Moreover, if (g,, g,) € &,
then there exists a positive real number T, such that the problem (68) has no
solution if t > To'
Proof. Suppose that (o,, g,) € R(II) with g, > 0. Put ¢, = g,/0, and let
6, and 6, be the distinct points in the open interval (-7/2, n/2) uniquely
defined by

o.(a,B,0)=0.(a,B,0,)=a,.

Thus, u_ (-;a, B, 6, and u (-;a, B, 50) are the only solutions of problem
(3) with g =g,,. For 0 <x <7 set

Iy(x) & (7 = x)/x) + a5(x/7).
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Then there are two disjoint balls B, and Eo contained in C 1[0, n] and cen-
teredat u (-; a, B, 6,) and u_(-; «, B, 6,), respectively, such that, from The-
orem 12 and Corollary 13, we may conclude that
1 =ind(u(-; a, B, 0,))
= deg, s(id—K[a(-)” + B()"], By, )
and
—1 =ind(u(-; o, B, 6)))
= deg, (id—K[a()™ + B()"], By, ).

From Lemma 8, with 7 def o,t, we conclude that there exists a positive real

number T, such that

deg, s(id —K[a(-)” + B(-)"], By, ) = deg, ;(id —K[f,(-) = (1/7)A], By, L)
and
deg, s(id —K[a()™ + B()"1, B, l,) = deg,(id —K[f,(-) — (1/7)h], By, I;)
whenever 7 > 7,. Therefore, there exist u, € B, and u, € Eo such that
{ i +au; + Bu; +v(tou;)/ta, = (1/ta))h,
uj(0)= 1, uj(n)=00=az/al,

for j =1, 2, whenever ¢ > 1)/, . Setting ﬁj def tou;, j=1,2, proves the
first part of the theorem when o, > 0.

In view of the index computations of Theorem 15 and Corollary 16 the case
of o, <0 may be treated in the same fashion. Also, from Theorem 19 and the
discussion preceding it, the case of g, = 0 may be treated likewise.

The second assertion of this theorem is proved by contradiction. Fix (a,, 0,)
€ @, and assume that there exist a sequence of positive real numbers {¢ j} and
a sequence {u;} € C'10, 7] with t; — oo and
{ uj + fu;) =h,

uj(0)=tja], uj(n)=tj02,
foreach j. Since |{uj|(1 > max{tja1 , 1;0,}, we see that {|uj||1 — o0 as j— oo.
Furthermore, for each j,

u, K f(uj)—h [
a1l Iu; 11, a1l

where / ; is defined by

[:(x) f to,((m—x)/n) +1t,(0,x/7).

If (,,7,) is a limit point of the sequence

{0 /1wl > 40,/ 1lugll)3
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then either (¢,,7,) €4, or (,,d,) = (0, 0). Since {(f(uj) = m)/lull} is
bounded in C[0, #], using the compactness of K again we may assume that

Cl
uj/“uj||1 —v
for some nontrivial v € C' [0, ] satisfying
(69) v=Klav +BvT]+1,

where [ is defined by

1(x) €7, ((n - x)/7) +T,y(x/7).
If (¢,,7,) = (0, 0) then v nontrivial contradicts (69) having only the trivial
solution, and if (7,, 7,) € &, then (69) has no solution. O

Our next and final result for the problem (68) deals with (a, #) in a reso-
nance situation.

Theorem 21. Suppose that (a, f) € OR(I)NIR(II), a < B, or that (a, B) €
OR(II)NOR(III) with o < B. Fix (o,,0,) such that o, < —o, and h €
C[0, n]; then problem (68) has a solution for all t sufficiently large.

Proof. Recall thatif (a, f) is on one of these curves, unique solutions for prob-
lem (63) exist whenever o, < —0g, . Hence, we may use the index computations
from Theorem 19 and Corollaries 14, 17, and 18 in the proof of Theorem 20
to prove this theorem. O
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