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A TOPOLOGICAL PERSISTENCE THEOREM FOR
NORMALLY HYPERBOLIC MANIFOLDS VIA THE CONLEY INDEX

ANDREAS FLOER

ABSTRACT. We prove that the cohomology ring of a normally hyperbolic mani-
fold of a diffeomorphism f persists under perturbation of /. We do not make
any quantitative assumptions on the expansion and contraction rates of Df on
the normal and the tangent bundles of N .

1. INTRODUCTION

In this paper, we shall apply C. Conley’s homotopy index theory for invariant
sets of flows to discrete dynamical systems. In particular, we prove a homotopy
version of the persistence theorem for normally hyperbolic invariant manifolds.

Let M be a smooth i.e. € manifold and let f: M — M be a diffeomor-
phism which restricts to a diffeomorphism of a compact #? submanifold N
onto itself. One calls N normally hyperbolic with respect to [ if it satisfies
a certain nondegeneracy condition on a normal bundle of N in M. In This
paper, we will use the following definition:

Definition 1. N is called normally hyperbolic with respect to f if the tangent
bundle of M over N splits into smooth subbundles

(1.1) TM|y=E @ TN®E"~

which are invariant under Df: TM — TM such that Df contracts E~ and
expands E* . Here we say that a vector bundle isomorphism y: E — E con-
tracts E if for every ¢ € E, the sequence y"¢ converges to the zero section
of E. We say that y expands FE if v~ contracts E.

N. Fenichel [2] examined the question under which conditions a normally
hyperbolic manifold persists under small perturbations of f. In fact, he proves
that if Df contracts E~ and expands E* stronger than any vector in TN,
then every #'.small perturbation of f has a normally hyperbolic manifold
%l-diﬁ“eomorphic to N (see also [6, Theorem 4.1] for more persisting proper-
ties of N ). Here, the expansion and contraction rates have to be measured by
some metric on M . In order to illustrate the importance of this quantitative
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hypothesis, consider on N an attracting fixed point such that the rate of ap-
proach in the direction of TN is greater than in the normal direction. At such
a point, a cusp may develop under perturbation (see [2, 8, and 4, pp. 239, 251}).
There are also examples (see Jarnik and Kurzweil, [7]), where a normally hyper-
bolic manifold changes under arbitrarily small perturbations into an invariant
set which is not even a topological manifold. In this paper, we shall prove that
if N is normally hyperbolic in the sense of Definition 2, i.e. without any ad-
ditional quantitative conditions, then the cohomology of N persists under z°
small perturbations of f:

Theorem 1. Let f: M — M be a diffeomorphism and let N be a smooth com-
pact normally hyperbolic invariant submanifold with respect to f. Let {f},cx
be a family of homeomorphisms of M , continuous in the compact-open topol-
ogy, with fy = f. Then for i small enough, f, has an isolated invariant set T,
whose cohomology ring contains H*(N) as a subring. In fact, for every neigh-
borhood U admitting a retraction r: U — N, we have T, C U for A small
enough, and

(1.2) (r|T}): H (N) — H'(T,)

is injective. Here, coefficients are arbitrary if N and E* are oriented and f|N
and Df|g. are orientation preserving and in Z, otherwise.

The notion of an isolated invariant set will be defined in the following section.

In analogy to [3, Theorem 2], one also has a global persistence result for
certain normally hyperbolic manifolds N, which does not assume that the per-
turbation is small. Instead, one has to assume, in addition, that N is a retract
of M Dby a retraction which commutes with f up to homotopy. This means
that there exists a continuous map

(1.3) r-M—N

such that r|N is homotopic to the identity and so that f|[Nor and ro f are
homotopic as maps from M to N.

Theorem 2. Let N C M be a compact normally hyperbolic invariant manifold
of the diffeomorphism f andlet r: M — N be a retraction commuting with f
up to homotopy. Then for every invariant set T of a homeomorphism f which
is related to (N, f) by continuation, r induces injective homomorphisms

(1.4) (r|T)": H (N) — H*(T)
with coefficients as in Theorem 1.

The notion of continuation will be defined in the following section. The proof
of Theorems 1 and 2 uses the index theory for topological flows developed by
C. Conley (see [1]). By a suspension procedure (§2) we construct a flow on a

bundle M + over S' with fibre M whose time 1 map equals f. In §3, we
show that a normally hyperbolic submanifold N of M for f corresponds to a
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normally hyperbolic submanifold N f of M f of the flow. In this situation, we
can apply Theorem 2 of [3] to continue N h under a perturbation of the flow.
In §4, we show that this proves the perturbation result for the map f on N.

2. MAPS AND FLOWS

We will denote by % (M) the space of all homeomorphisms from a locally
compact Hausdorff space M onto itself. In some applications, one also consid-
ers an operation p of a compact topological group G on M, i.e. a continuous
map

(2.1) p:GxM—M, (&, x)— gy

such that (goh)x = g(hx). In such a situation, we may restrict ourselves to the
subset 9'; C & (M) of homeomorphisms commuting with p(g) forall g € G,
i.e. of equivariant homeomorphisms. Let 3‘; be equipped with any Hausdorff
topology so that the inverse map

(2.2) F T f

is continuous, for example, we can take the compact open topology. In analogy
to [3, Definition 1], we can introduce the notion of an isolated invariant set

Definition 2.1. For any p-invariant subset U of M, and for f € 9‘; , define

(2.3) T/(U)={x¢€ U|f”(x) c U for all n > 0},
(2.4) /()= f'
n>0

The maximal invariant set is defined by
(2.5) T (U) =T/ (U)nTL (V).

We call U isolating, if the closure of T/ (U) is contained in the interior of U .
In this case, T/ (U) is called an isolated invariant set.

Next we define the notion of continuation. Define the set

(2.6) T ={T, NHIf = 3‘; and T is a nonempty compact
' isolated invariant set of f in M}.

On .7, consider the topology generated by the open sets

2.1 v =1{(T, f)|U is isolated with respect to f with
' nonempty maximal invariant set 7 = T/ oy,

where U is any open ( p-invariant) subset of M .

Definition 2.2. Two elements (7', f) and (T, f) of 7 are called related by
continuation, if they are connected to J by a continuous path.

We want to define a topological index for isolated invariant sets of maps f
on M which is invariant under continuation, i.e. which only depends on the
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path components in .7 . Theretore, we use the index theory for flows developed
by C. Conley. A flow on a topological space I' is defined as a continuous map
(2.8) X:IXR, DU =T (x, ) - x(x,0)=x-1,

where UL is a neighborhood of T'x {0} in I'xR_ with the following property:
If (x,?) and (x-t, x) € U, then (x,7+s)€ U, and

(2.9) (x-t)-s=x-(t+5).

Again, we can assume that the flow is equivariant with respect to some operation
p of a compact group G on T, i.e. that U is p-invariant and that

p(x)-t=p(x-t) for(x,t)eU.

Moreover, we can define isolated invariant sets (see, for example [3, Defini-
tion 1]),

Definition 2.3. For any ( p-invariant) subset U of I', define

(2.10) U_,={xeUx-R_cUj},
(2.11) U,=(U-t
>0

and the maximal invariant set

(2.12) S(U)=U_nU__.

We are concerned with the following family of flows:
Definition 2.4. Consider the quotient
(2.13) Mg =pM x5, x(=1,1)),

where p is the projection map corresponding to the equivalence relation gen-
erated by

(214) (.X,f,l—l)N(f(X),f,[)
for 1€ (0, 1). On M, consider the flow y defined by the map
(215) XT(X,f,l)=(.x,f,t—T)

for 7, t€[0,1).

We can define an operator p on M, commuting with the flow by

(2.16) p(&)x, f,0)=(p(gx, f,1).
Clearly, the flow y on M, restricts to a continuous flow x ; on every leaf
(2.17) Mg :=p(Mx(-1,1)),

where p, is the restriction of p to M x (-1, 1) = M x {f} x (-1, 1). The
flow x f is also called the suspension of the map f .
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Proposition 1. The flow invariant map

(2.18) My —-FM):(x, f,t)—f

defined a ( p-invariant) local product parametrization in the sense of [3, Defini-

tion 3].

Proof. It suffices to show that the map

Mx%xR—»MxZ’xR,

(x, L= (f(x), fot+1)

is a homeomorphism. In fact, in this case, we have M, = (M x 9‘; x R)/Z,

where the operation of Z is generated by the map (2.19). Since M x 97; xR is

a product space, this proves that M has the required local product structure.
Obviously, the map (2.19) is bijective and continuous, f € Z, is a homeo-

morphism and the evaluation map 3'; x M — M is continuous. But also the
inverse

(2.20) x, fot) = (T (x), frt=1),

is continuous, since the map (2.1) was assumed to be continuous on 9; . o

(2.19)

We now can define the notion of continuation in M . Following [1, Section
4] and [3, Section 2], we consider the set

(2.21) & ={(S, NIf GZ)(M) and S is a nonempty compact
isolated invariant (and p-invariant) set in M BE

The topology is generated by the open sets
(2.22)

I,={S, NunM Tis isolating in M f with maximal invariant set S},
where U is any open ( p-invariant) subset of M .
Proposition 2. The map
(2.23) ¥:7 -, /) (T;, /)

is a homeomorphism.

Proof. First, note that every nonempty invariant set of x ron M, is of the
form Tf , where T is an invariant set of f. We now show that for every open
set U C M and for every f € # , the set U, is isolating for the flow x, if

and only if U is isolating for f. In fact, it is easy to see that x € T;(U) if
and only if pilx, 1€ Uof0 forall t € (-1, 1). Similarly, x € 7 (U, f) if
and only if p.(x,1)€ U_f00 forall t—e1.

This shows that 7 is isolated in U if and only if 7/ is isolated in U’ .
Moreover, if U is any isolating neighborhood of T/ in M » then it contains a

neighborhood of the form U’ for some neighborhood U of T in M. Hence
the map ¥ of Proposition 2 is bijective.
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In order to show that it is also a homeomorphism, note that the topology
of % x M is generated by sets U = U, x U;, where U, is open in .#
and U,, is open in M . Similarly, the topology of M is generated by sets
p(U,, x Us; x I), where, in addition, I C (-1, 1) is open. However, since we
are only interested in neighborhoods U of (S, f) € & for which S = s/ (U)

is nonempty, we can restrict ourselves to those open sets where I = (-1, 1).
Then by the above,

Sy v,y = ST NS, N €Oy Ly} =¥O(U, x Uy)),
which completes the proof of Proposition 2. O

We can use the map W and the Conley index for flows (see [l and 3]) to
define a topological index on T .

Definition 2.5. For (T, f) € 7, define
(2.24) (T, f):=H,(X, 4)

where (X, A) is any ( p-invariant) index part for .7f cM f; and H; denotes
the equivariant Alexander-Spanier cohomology with values in some ring with
unit. Moreover, with 7n: M, — S : given by n(x, t) =t and for the standard

generator ¢ of H 1(Sl ), define

(2.25) 0. L(T, /)= (T, f):a—au(x|)e.

The continuation invariance of the index 7 )= (I; ,0) on I then follows
immediately from Proposition 2 and from Theorem 1 of [3].
Theorem 3. I;(T, f) does not depend on the choice of the index pair (X, A).
Moreover, if (T, f) is related to (T', f') by continuation, then there exists an
isomorphism i: I (T, f) — I;(T', 1) such that

(2.26) e(T,f) o l = iO H(Tl,fl) .

3. SUSPENDING NORMALLY HYPERBOLIC MANIFOLDS
In this section, we prove the following proposition.
Proposition 3. If N C M is a normally hyperbolic invariant submanifold with

respect to a smooth map f, then N isa normally hyperbolic invariant subman-
ifold of M I with respect to the suspended flow in the sense of [3, Proposition 1].

Note therefore that, by Definition 1, f is in fact a difftomorphism from
some neighborhood O of N ¢ M onto its image. Therefore,
(3.1) Of:=pf(0x(—1,l))ch
is a smooth open manifold with a smooth submanifold N =D (Nx(-1, 1)).
Now consider on N f the vector bundles

(3.2) ET =pp(E* x(-1,1)),
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where p;, . identifies (£, ¢—1) with (f,£, ) =(DfE, 1) for t € (0, 1). This
is well defined, since f, leaves E* invariant. Moreover, (3.2) constitutes a
decomposition of the normal bundle of N f; in Of. The flow on Of is generated
by the vector field

0
(3.3) ni=(p)egs
which is also well defined on O,. In order to show that N f satisfies the con-
ditions of Proposition 1 of [3], we have to find a metric g on O, so that for

every v € N, the linear operator

(3.4) L: TU(M)—>TUM:fv—>é-V§n
leaves the bundles E* f invariant and satisfies

(3.5) (€, L&) >miE’ foréeEy,

(3.6) (€, L&) < —m|e|" foré e E;

for some constant m > 0. In (3.4), & V§ denotes the covariant derivative
with respect to the metric g in the direction of &.
The first step towards the construction of the metric g is

Lemma 3.1. Let y be a contracting bundle map on the vector bundle E . For
any metric g, on E, define g, = (f *)kg;) for K € N. Then the series

(3.7) g=) g

k=0
converges to a metric on E with
(3.8) €15 = 1£u8ly = 21y, -

Proof. Set B, ={f € E |g,(£,¢&) < ga2 }. Since B, is compact, the contract-
ing property of Df on E~ implies that there exists an n € N with

(3.9) flB, CB,,.
Consequently, we have

n —k
(3.10) e <27V,
and hence for some % independent of x € N :
(3.11) (", <#2k.

Hence the sum of (3.7) converges and (3.8) holds. Moreover, g is positive as
a sum of positive metrics. O

We apply Lemma 3.1 to the contracting bundle maps Df on E  and
(Df)"" on ET to obtain metrics g¥ on ET with

(3.12) .8 — (8. L) s =FE. O, -
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We can extend these metrics to a Riemannian metric g¢ on M such that
(< é‘+)g = 0 for éi € EX. Now Z is defined as the unique metric on
M, satisfying

(3.13) rg=tg+(1-0fg,
(3.14) Inlz=1,
(3.15) (n,i;8)z=0 foréeTM

where i, M — M is given by /,(x) =p.(x, t). Note that i, = i, o f, so that
condition (3.13) is compatible for t =0, 1.

To calculate the linear operator L of (3.4), note that for any (x,t) € M ’
there exists a neighborhood which is naturally isomorphic by the flow f* to
I xU, where I C R and U Cc M are open sets. Choose any chart of M
at x. Let the index O denote the direction of ¢, so that »n corresponds to
the constant vector field e’ on the chart. With i, j, and k running from O
to dim M , the covariant derivative of ¢’ can now be expressed in terms of
Christoffel symbols (see [5])

(3.16) (LE) = (¢-Vge') =T, & "y =T,¢".
By [5], we have therefore 'gij(Lé)j = l“l,’okék with
g 0 0

To axk?jo + @?ﬂc = 5 Sok

317 = 2 (i + (1 =0/ 8)50)

=(&-1"8)j
whereas I'), =0 for k=0 or j=0. Hence we have for £, { € T(X,t)ﬁz
(3.18) € L= (n,¢, n,0), — (fing, fin,0),

where n: U x I — U is the projection. This immediately shows that L leaves
the mutually orthogonal subspaces E* and TNf invariant. Moreover, choos-

ing £=(e€E" or E” and using (3.8) proves (3.5) and (3.6).

4. PROOF OF THE CONTINUATION RESULTS

In this section we will complete the proof of Theorems 1 and 2. Let us
first consider the situation of Theorem 2. Since it can be done without much
additional work, we will always assume that f € 37, for some operation p of
a compact group G . Theorem 2 is obtained by considering G = {1}.

Theorem 4. Let p, M, f, N be as in Proposition 3. Let r: M — N be
a p-equivariant retraction such that there is a p-equivariant homotopy between
flyor and ro f. Then if T is a p-invariant isolated invariant set of a map
fe€%, and (T, f') isrelated to (N, f) by continuation,

*

(4.1) (rly)": Hy(N) = H,(T)
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is injective. Here H; denotes the p-equivariant cohomology with coefficients as
in Theorem 1.

Proof. By Proposition 3, N [ is a normally hyperbolic submanifold of O, C
M,. It is therefore by Proposition 1 of [3] a *-hyperbolic invariant set of the
flow x ;in M, (see 3, Definition 4]). We now construct a homotopy retraction
from M to N,. Letus therefore restrict our attention to a continuous family
f., TeR, with f, = f. Set

(4.2) M, = pg(M xR x (-1, 1))

where pp is uniquely defined by

(4.3) pg(x, 7, 1) =pg(fi(x), 7,1+ 1),

for t € (—1, 0). There is a continuous map

(4.4) H:RxMx[0,1]-M:(t,x,t)— H/(x, 1)

such that H (x, 0) =r(f.(x)) and H (x, 1) = f(r(x)). Define for ¢ € [0, 1]
(4.5) rr(pg(x, T, 0)=p(H(x,1),1).

This defines a continuous map rg: My — N i since
rR(pR(x ,7,0) = pf(Hr(x ,0),0) = pf(r(fr(x)) , 0)
(4.6) = p, (S (0))), 1) = p,(H(f,(x), 1), 1)
=rg(fi(x), 7, 1).

The following lemma summarizes the properties of this construction.

Lemma 4.1. If f: X — X is a homeomorphism, then there exists an exact
sequence

(4.7) H'(X,) — H'(X) L2% 1 (x) & 1 (x ).

Moreover, if r: X — Y is a map which homotopy commutes with f: X — X,
Y —-Y,and rer X, — Y, s defined by (4.5) restricted to the set {t = 0}, then
the following diagram commutes

H'(Y,) —— H'(Y) L2% mry) 2 H™(Y)

N L
H'(X,) —— H'(X) L% 1 () —— (X)),

Proof. We consider the Mayer Vietoris sequence (see [9]) for

(4.9) X, =p (X x[0, s)Up (X x4, 1])

which is given by

w10 S H'(X,) — H(p (X x [0, 4]) @ H (p (X x [}, 1])
S H (0 (X X {0)) @ H' (p, (X x {31)) 2 .
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Applying the homotopy equivalence 7, o pf_I , we obtain the exact sequence

(4.11) H'(X,) — (H (X)) 2 (H"(X))" — H™' (X))

with 6(a, B) = (ffa+ B, a+ B). Now define the isomorphism j,(x, y) =
(x=y,y) and jy(7,8) = (7,3 =) of (H"(X))’. Since

(4.12) jio8ojyla, B)=(fa-a,p),

we can eliminate the factor H*(X) in (4.11) and obtain the sequence (4.7).

If we set up the same sequence for X replaced by Y, then the maps R}:
H(Y;) = H"(X,) and f*r" & f*r": (H*(Y))’ - (H*(X))’ commute with the
exact sequences. Moreover, the latter homomorphism commutes with j, and
J, » as one readily verifies. Hence eliminating one factor H *(X) as before, we
obtain the commuting diagram (4.8). O

Setting X = Y = N in (4.8), we conclude by the five lemma (see [9]) that
ff: M - N ’ induces isomorphisms in cohomology when restricted to N Iz
Now the proof of [3, Theorem 2] applies to this situation and we can conclude
that under the hypothesis of Theorem 3,

(4.13) (r,T)": Hy(N,) = H,(T,)

is injective. In fact, although Theorem 2 of [3] formally requires r; to be a
retraction, the proof depends only on the fact that (r fIN f)* is injective.

We now have to pass from T, to the fibre 7. Note that in order to prove
the injectivity of (4.1), it suffices to prove that

(4.14) r'[N1£0,

where [N] € H:(N ), d = dim N, is the fundamental class. In fact, it then
follows from Poincaré duality (see [9]) that for every x € H;(N ), x # 0, there
exists a class y € H)(N) with xUy = [N]. Then (+"x)U (r"y) = r'[N] #0
implies that r*x # 0.

To prove (4.14), we apply (4.8) of Lemma 4.1to X =N and Y =T . Since
f: N — N is a diffeomorphism, we conclude that for coefficients as in Theorem
1, f*[N]=[N]. Therefore, /* —id, so that §[N]# 0. Hence r}ci[N] #0 by

‘injectivity of (4.13). Since (4.8) is commutative, we also have do f"or*[N]#0,
which proves (4.14). This completes the proof of Theorem 3.

In order to obtain a perturbation result, choose a ( p-invariant) neighborhood
U of N in M with a ( p-invariant) retraction r. For example, we can use the
metric ¢ on M defined in §3 to define a diffeomorphism of the disc bundle
D, C E*®E™ onto U:= expg(De) by means of

expg:De—vN.

We can define a retraction r which corresponds to the bundle projection
D, — N under exp, . It is homotopic to f”llN oro f, since all retractions
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D, — N are homotopic to the projection as is easily verified. Choosing such a
homotopy H , we can define r, asin (4.5). Now we apply Theorem 2 of [3] to
the flow on the open set Uf = pf(U x(—-1,1))c Mf.

Moreover, it is known that if U ’ is isolating for flow x > then this is true
for all f,1 for A small enough as in Theorem 1. For example, this is shown in
[1, II1.3]. In this case, U is also isolating for f’ by Proposition 2. We can now
apply Theorem 2 to the manifold U and the retraction r in order to conclude
that the maximal invariant set 7 = T, (U) satisfies the assertion of Theorem
1. This completes the proof of Theorem 1.
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