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CURVES ON K-THEORY AND THE DE RHAM HOMOLOGY
OF ASSOCIATIVE ALGEBRAS

JOHN G. RYAN

ABSTRACT. This paper describes the generalization to arbitrary associative al-
gebras of the complex of “typical curves on algebraic K-theory” and shows,
in particular, that for certain Q-algebras, A4, the complex is isomorphic to
the “generalized de Rham complex,” (HH,(A), B), in which B is Connes’
operator acting on the Hochschild homology groups of 4.

0. INTRODUCTION

In [BI], Bloch defined a cochain complex of “typical curves” on the algebraic
K-theory of commutative Fp-algebras. The background to Bloch’s paper is the
result of Van der Kallen that, for commutative Z[1/2]-algebras R, the group

%,K,(R) < ker(K,(RIT/(T?)) '5° Ky(R))

is isomorphic to the group of Kaehler differentials Q}z 125 and the fact that the

group
def

Z,. K (R) € lim ker(K, (RT1/(T")) "5° K, (R))

is isomorphic to the additive group 7 (R) of (Cartier’s) generalized Witt vec-
tors with coefficients in R. Cartier had shown that, for smooth connected
commutative formal groups G over a ring R, the role that is played by the
Lie algebra of G (which is just &,G(R) in the above notation) when R is a
Q-algebra is played in general by the group (with operators) of “curves on G,”
%_G(R). Bloch showed that, if R is a commutative smooth local ring, then
the “curves on the symbol part of K-theory” (i.e., the groups

Z K, (R) < limker(K;™ (RIT)/(T") 5" K™ (R))

where the superscript “sym” denotes the subgroup generated by the generalized
Steinberg symbols) are modules over 77" (R), and that there is a derivation
9: € K" (R) = B, K)\\(R).

oo tp+1
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As in the case of Cartier’s curves on formal groups, the invertibility of a set of
rational integers in R allows one to define idempotents in the ring of operators
on the curves and determines a direct product decomposition of the complex
(Z,,K,"(R); 9) into isomorphic “typical” pieces. Bloch showed that, if R
is a perfect field of characteristic p > 2 and X a smooth scheme over R,
then the hypercohomology of X with coeflicients in the (sheafification of the)
complex of p-typical curves on K:ym(é’x) is isomorphic to (Grothendieck’s)
“crystalline cohomology” of X . Recall that crystalline cohomology was devised
as a generalization (for arbitrary bases and for not-necessarily smooth schemes)
of the de Rham cohomology of smooth schemes over fields of characteristic
zero (cf. [Gro]). Bloch’s was the first work to show that, for smooth schemes
(over Fp), crystalline cohomology could be calculated as the hypercohomology
of a cochain complex (rather than in terms of toposes or of local liftings to
characteristic zero). Bloch’s complex has been reconstructed by Illusie “without
the K-theory” following Deligne’s modification of earlier work by Lubkin (cf.
[111]).

In another direction, Grayson and Stienstra (following work by Almgqvist)
have constructed complexes from the K-theory of the “exact category of endo-
morphisms over a commutative ring R,” i.e., from the category whose objects
are pairs (M, ), in which M is a finitely generated projective R-module
and a an endomorphism of M . The map that takes an endomorphism to its
characteristic polynomial induces a map from the Grayson-Stienstra complex
(K,(Endg), 8) to Bloch’s complex of curves (%OOK;’““(R); d). This leads to
many simplifications of Bloch’s arguments (cf. [St 1])

The organization of this paper is as follows. In §1, the complex of curves on
K-theory is defined for arbitrary rings. The definitions are fairly straightforward
modifications of those of Bloch. The proofs, however, rely on the pairing

%K, (R) x K (Nil(B)) = K, (R®B),

which is nondegenerate as B varies over commutative rings. This brings to
bear Steinstra’s results, allowing easy proofs of the general properties of the
complex.

§2 examines the case in which the ring R is a Q-algebra. Here, the crucial
result needed is Goodwillie’s theorem [Go 1] linking rational K-theory relative
to a nilpotent ideal to rational relative cyclic homology. The conclusion of §2 is
Theorem 2.8, which gives a simple homological interpretation of the complex
of typical curves on the K-theory of Q-algebras that satisfy a certain condition
which I call the “(K-theoretic) curves condition.”

Note. Chuck Weibel has pointed out to me that he had noted (in an unpublished
letter to Stienstra) the fact that Goodwillie’s theorem allows the determination
of the groups Z,_K,(4), for Q-algebras A. Thus, the results at the beginning
of §2.2 are already well known to the experts. I would like to thank him for
introducing me to the work of Stienstra and Bloch and for answering the many
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questions that I asked. I would also like to thank Gerhard Hochschild for his
constant encouragement and advice.
1. THE COMPLEX OF TYPICAL CURVES ON K-THEORY

1.1. The V and F operators.

Definition (cf. [Bl]). Let R be aring, m a positive integer. We define the group
of curves of length m on the algebraic K-theory of R, &, K, (R), by

%, K,(R) = ker(K,(RIT)/(T™)) "5° K,(R)).

The groups %, K, (R) form a cofiltered diagram (= projective system) with
respect to the maps induced by the natural ring homomorphisms:

RIT)/(TY) = RITY/(T") (M >n).

We denote the limit of this diagram by & _K_ (R), which we regard as a topo-
logical group (with the “projective limit topology”). We will refer to elements
of € _K,(R) as, simply, curves on K (R).
For each positive integer #, the ring homomorphisms
p, s RITY(T™) — RITYT™).
T—T"
induce continuous endomorphisms ¥, and F, of & _K,(R): V, is the limit

of the maps
z,K,(R)— ¢, K, (R)

induced (directly) by p,; F, is the limit of the maps
%, K.(R) = %,K.(R)
which are the transfer maps associated with p, .

Proposition 1.1. The following identities hold for the operations F, and V, on
the group of curves on K _(R), for an ring R:
(1) Vi, =F =1; F,oV, =n (= multiplication by n); F, oF, =
V,oV, =V, (forall positive integers n, m).
(2) If m and n are relatively prime then
V,oF, =F, oV .
3) If R isan Fp-algebra. then V,oF =p.

nm?

Proof. The relations in (1) are obvious from the definitions; those of (2) and
(3) will be proved in Corollary 2.3 below.

To prove assertions (2) and (3) of Proposition 2.1 (as well as other relations
between operators on curves) we need to define (as in [Bl]) a pairing between
curves on the K-theory of aring R and the K-groups of a category of nilpotent
endomorphisms.
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Definition. Let B be aring. Let Nil(B) denote the exact category whose objects
are pairs (M, ), in which M is a finitely generated projective B-module
and B a nilpotent endomorphism of M. Morphisms ¢: (M, ) — (N, a)
in Nil(B) are B-linear maps ¢: M — N satisfying ao ¢ = ¢ o f; exact
sequences in Nil(B) are determined by the exactness of the underlying sequence
of morphisms of B-modules.

Nil(B) is filtered by the exact full subcategories Fil, (Nil(B)), whose objects
are those pairs (M, ) for which B” = 0. The K-groups of Nil(B) are,
thus, (as in [Q]) filtered colimits (= “inductive limits”) of the K-groups of the
Fil (Nil(B))’s.

Now, for any rings R and B and any positive integer #, there is a biexact
functor
P(R[T])(T")) x Fil, Nil(B) - #(R ®, B)
defined by
(M, (N, B)—M ®Z[T]/T" Nﬂ

where NB denotes N viewed as a Z[T]/(T")-module via S and where, as
usual, &(A) denotes the exact category of finitely generated projective A-
modules for any ring 4.

Via Waldhausen’s QQ-construction (see, for example, [Gr 1]) there is an
induced linear map:

0,: K,(RIT)/T") ®, K,(Fil,Nil(B)) — K , (R ®, B).

The 6, °s are coherent with respect to the maps induced by the natural ring
homomorphisms:

M
RITV(T™) — RITY(T") (M 2m)
and the inclusions
Fil  (Nil(B)) — Fil, (Nil(B)).
Thus, there is a linear map (functorial in R and B)

0: lim K, (R[T1/T") ®; K,(Nil(B)) — K, (R &, B).

There is an obvious split inclusion:
P(B) S Nil(B).

If we denote by I~<*(Nil(B)) the kernel of K_(Nil(B)) — K_(B), then the pairing
0 gives rise to a natural pairing, which we also denote by 6:

6: 2, K,(R) ® K, (Nil(B)) - K, (R ®, B).

The crucial point to note about the above pairing 6 is that it is nondegener-
ate, even as B varies over only commutative rings. Specifically, if a € € _K p(R)
is such that the image 7,a of a in %KP(R) is nonzero, then, if B, is the
element [(Z[T]/T", T)] - [(Z[T)/T", 0)] of I?O(Nil(Z[T]/T”)) , we see that
Oa® B, =n,a.
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A consequence of this is that, if we define a filtration on £K_(R) by
Fil, 2 K, (R) = {a € €_K,(R): YV commutative rings B,
Vg € K, (Fil, Nil(B)), 6,(n,a® ) =10},
then .
Fil, %OOKP(R) =ker(% _K,(R) 3 €K, (R)).

In other words, the pairing with I?* (Nil B) for commutative rings B determines
the topology on Z K (R).

We can define operators V, and F, on K, (Nil(B)) for anyring B as follows
(cf. [Gr 2]). F, isinduced by the exact functor

Fil, Nil(B) — Fil_Nil(B),
(M, B)— (M, B").
V, is induced by the exact functor

Fil, Nil(B) — Fil,, Nil(B),
0 0 B
ot gy [ |0 0
[ d
’ o . 0 0
0 1 0

Note that V, and F, stabilize the image of K, (B): this is obvious for F, ; for
V, , we note that

0 0 0

s 1 0 0
10 . 0 0

o --. 1 0

has a filtration with quotients (A, 0)—the stability of K (B) now follows from
Quillen’s resolution theorem [Q].
Lemma 1.2. Let R and B be rings, o € €, K,(R), p € K,(Nil(B)), n>1;
the the pairing 6 satisfies

6(V,a® B) = 0(c ® F, B)
and

O(F,a®p)=00V,p).

The proof is immediate from the definitions.

Corollary 1.3. The above lemma and the nondegeneracy of the pairing 0 allow
us to use Stienstra’s results (Theorem 1.8 of [St 1]) on the operators V, and F,
on K_(Nil(B)) (for commutative rings B) to prove the remaining relations of
Proposition 2.1.

1.2. Typification. If R is a commutative ring and A a central R-algebra (i.e.,
if the image of R is contained in the center of A4), then & _K, (4) is a (topo-
logical) module over the Cartier ring Cart(R) (cf. [Laz]). Recall that Cart(R)
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is the topological ring whose elements are infinite sums of the form

(%) > V,Ir, F,
m,n>1
in which r,  €R and, Vn, r, =0 if n>> 0. The action of the elements

[r] on curves is via “homotheties,” i.e., via the homomorphisms

A[TYT" — A[TYT",
Tw—rT.

Note that the operation of an element of the form () onacurvein & _K, (4) is
defined (this follows from the fact that the topology on & _K,(A) is determined
by the pairing with the K-groups of Nil(B) for commutative algebras B, from
Lemma 2.2, and from the fact that V8 € I?q(Nil(B) , F,=0,V¥n>0).

One of the crucial points about the Cartier ring Cart(R) is that invertible
(rational) integers in R determine idempotents in Cart(R) ; specifically, if Z is
a set of rational primes that are invertible in R, and if (%) is the multiplicative
semigroups generated by % , then the element

Ty & 3 Vlum)/nlF,
ne(#)
(in which u is the Mobius function) is an idempotent in Cart(R), and
the image of the map “left multiplication by Ty ” coincides with

ﬂne(% ker(left mult. by F, ).

Definition. If S is the complement of a set #Z of rational primes that are
invertible in a ring R and if A4 is a central R-algebra, then the group of S-
typical curves on the K-theory of A, denoted I S%mK*(A) , is the image of the
(projection) map My O z K. (A).

Lemma 1.4 (Cartier). In the above notation, if p € S then
F O My = My © F

and

Von vy = Ty >oV

1.3. The derivation. To define the derlvatlon 0 that makes the family of groups
%z K,(R) into a cochain complex, we need to recall the role of the groups
K, (Nil(B)) in the localization theorem of K-theory. According to Quillen’s
proof of the localization theorem [GQ], if B is any ring and if %, (B) denotes
the exact category of finitely presented B-modules of projective dimension < 1,
then

(1) QNil(B) = Q% (B[X]) — Q2 (B[X, X '])
1s a homotopy-fibration. (Q is Quillen’s Q-construction [Q]; the arrow v is
induced by the exact functor

Nil(B) — 2 (B[X]),

(M, B)w— M/} .

1
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Topological terminology about categories and functors should be interpreted as
referring to the induced maps on classifying spaces.)
Let p, denote the connecting homomorphism

p,: K,(BIX, X ']) = K,_,(Nil(B))

in the homotopy sequence of the homotopy-fibration (t). Now, if we specialize
to the base B = Z[T]/T", we can define a derivation

0" & K,(R)—EK,, (R)
as follows:
0" (@) =0a@p X', 1-Xx"'T}),
where p,{X ti-x"! T} eK ,(NILZ[T]/ T") is the image under the connect-
ing homomorphism p, of the Steinberg symbol {X - x! T}, and where
6 is the pairing

0: €. K,(R)® K (NIl Z[T)/T") - ,K,, (R).

p+q
The maps o™ clearly induce a map
9: € K,(R)— € K, (R).

Proposition 1.5. Let R be any ring. Then the following identities hold for the
operations V,, F,, and 0 on the group of curves of K (R).

(1) V,00=ndoV,; 0oF, =nF, 00, Vn.

(2) o If (m,2)=1, then F, 080V, =9.

(3) e If R is an F,-algebra, then F,000V,=0.
In all cases, (FyodoV,—0)oV, =V, o(F,000V,-0).

e 20°=0.
(4) e If R is an F,-algebra, then 8% =0.

Proof. As with Proposition 2.1, the idea is to use the nondegeneracy of the
pairing with K_Nil(B) and Stienstra’s identities for operations on K, Nil(B).
In [St 1], Stienstra defined a derivation & on I~(* (Nil(B)) for any commutative
ring B as follows.

Let End(Z[y]; x(x—y)) denote the exact category of pairs (M, ) such that
M is a finitely generated projective Z[y]-module and a an endomorphism of
M such that a(a — y) is nilpotent. Again, Quillen’s proof of the localization
theorem of K-theory identifies BQ End(Z[y]; x(x — y)) with the homotopy
fiber of the localization

BOQP(Zix, y]) —» BQP(Zx,y,x ", (x-y)~"

D.
Thus, there is a long exact sequence
= K(ZIx, ) — K(Zlx, y, x7 L (x=»)7')
5 K, (End(Z[y]; x(x = y))) = .

-1
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Now, there is a biexact functor:
End(Z[y]; x(x — »)) x Nil(B) 2 Nil(B),
(M, @), (N, B) = (M @y, Ny, a@]1)
for any commutative ring B . Stienstra defines a derivation
9: K, (Nil(B)) — K, (Nil(B))

by 9(a) = ¢(r({y—x, x}), a). The following lemma shows how the derivation
on curves is related to the derivation on K, (Nil(B)).

Lemma 1.6. Let A be a ring and let B be a commutative ring. Then, for any
a€ %OOKP(A), B € K, (Nil(B)), we have that

6(0a, B) =0(a, 0B).
Proof. There are multiexact functors:
P(A[TYT"" ) x Fil,,, . (Nil(Z[y]/y")) x Fil, (Nil(B))

m,n

‘L #(4 ®, B)

and
PA[TYT™"V) x Fil (End(Z[y]; x(x — »))) x Fil (Nil(B))
vy P4 e, B)
defined by
v""(M, (N, a), (P, B)=M®N,®P,
and

v, "(M, (U, 7)., (P, B) = M@ (U@ Py)
There is a natural functor
J™": Fil, (End(Z[y]; x(x — y))) — Fil,, ., (Nil(Z[y]/y"))
defined by

Y1

(M, a) = (M @y, Z[Y]/y", a® 1).

Moreover, it is easy to see that the functors y,""" and """ o (I x j™" x I)
are isomorphic.
Now, let
J<" K (EndZ[y]; x(x — ) — %,K,(Nil Z)
be defined by ;" = colim, K,(;"").

Claim. j®"(t{y —x,x}) =p{x ", 1 —x"'y}.
To prove the claim, one notes that the commutativity of the diagram:
T — —
K (End(Z[y]; x(x = y))) —— Ky(ZIx,y,x"", (x=»""])
ljw.n J(““ ®Z|.rlz[y]/y”"

K,(NilZyly")  —— Ky(Zix,y, x 1"
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implies that

J M (ty —x, x}) = ply — x, x} = p{—x(1 —x"'y), x}
=p{-—x, x}+p{x"" 1=x"y)

Since {—x, x} is always zero, this proves the claim.
Now, if we take filtered colimits and cofiltered limits in the only reasonable
way, we can define

oo, 0o

~ . ~ . v,
Z K, (4) x %OOIT(ZSI\OI:IZ) x K,(Nil(B)) "— K, . (A®B),
o
~ ) ~ . y/oovoo
Z K, (4) x K (EndZ[y]; x(x — y)) x K, (Nil(B)) — K, .. (4®B).

We still have an isomorphism of functors y,°" % = y> % o (I x j* % x I)

and equalities:

v C(a, pix~, 1=x"y}, B) = 0(da, B)
[
ws> (o, t{y — x, x}, B) = O(a, DB).

This completes the proof of the lemma.
The results of the proposition now follow from Stienstra’s identities ([St 1])
for the derivation on the complex K_(Nil(B)).

Corollary 1.7. If S is the complement of a set % of (rational) primes that are
invertible in a ring A, then the derivation 0 of the complex €K (A) commutes
with the projection onto the group 7 S%OOK*(A) of S-typical curves on the K-
theory of A.

Corollary 1.8. The derivation 8 on € _K, (A) is a continuous linear map.
Proof. Let n, > 1 be such that the image of I?I(Filno End(Z[y]; x(x — »)))

in kl(End(Z[y]; Xx(x —y))) contains the element t{y — x, x} (i.e., the ele-
ment used in Steinstra’s definition of the derivation on I?*(Nil(B))). Then 8
maps the image of I?*(Film Nil(B)) to IZ*H(Fian(mH)Nil(B)). Now by the
above lemma, we can translate this into the statement that the derivation on

the complex of curves maps Filno( z K ,(4) to Fil & K,  (A4).

m+1) m “oo” p+

2. THE HOMOLOGY IN THE CASE OF (Q-ALGEBRAS

2.1. Goodwillie’s theorem. The calculation of the complex (J Q%OOK*(A) ,0)
for Q-algebras A relies on Goodwillie’s theorem [Go 1], which says, in partic-
ular, that if 4 is a Q-algebra and I a nilpotent ideal in A4, then there is an
isomorphism

K,(A4,I)— HC,_(4,]1).
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(We are using the fact that K (4, 1) is a Q-module [We 1].) Goodwillie’s
isomorphism is the composite of maps

KA, I)S HC (4, )"~ HC,_ (4, 1)

where HC_ is the version of cyclic homology introduced by Goodwillie (in
[Go 1]) and Hood and Jones (in [HJ]). Note in particular that the map « is the
rational relative version of a homomorphism

K,(4)— HC, (4)
which is shown in [HJ] to be multiplicative.

2.2. Stabilization of curves. Prior to Goodwillie’s theorem there was no method
for calculating Z_K,(A4) for any large class of rings, 4. In [St 2], Stienstra
showed that, in contrast to the case of K™, the (restriction) maps

ZyKy(A) —» € K,(4) (N >n)

are usually not surjective—even for Q-algebras. In light of Goodwillie’s the-
orem, we can easily generalize that part of Stienstra’s results to describe the
restriction homomorphism for the groups of curves on K, of Q-algebras for
any p. What we will find is that the general pattern follows that noted by
Steinstra in the case of K.

Notation (cf. [Ka], [Bur-O]). We will say that the cyclic homology of a Q-algebra
A can be written in quasi-split form as

HC,(4) =V, ®Qlu] + W,

if the above is a direct sum decomposition of HC, (A4) as a graded abelian
group (in which the degree of u is 2) and if the “periodicity operator” S of
cyclic homology (cf. [LQ]) annihilates the second summand and acts on the
first summand by (5,0, @) =5, v,®u'"

The cyclic homology of Q[T]/T" has been computed (by Goodwillie and
independently by Masuda and Natsume—cf. [Ka]) to be (in quasi-split form):

Qlul + P Qo

m>0
(where the superscript in brackets is the degree). Note that the first term
in the decomposition is just HC,(Q). If, then, we denote the quotient of
HC (Q[T]/T") divided by the subgroup HC,(Q) by I?E’*(Q[T]/T") (and
similarly for Hochschild homology HH . ), then the “Connes-Gysin sequence”
splits into short exact sequences:

—~

0— HC, (T L FR QYT L HC, QITYT") - 0.
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Now, HH,(Q[T]/T") has been computed (cf., for example, 1.10 of [GRW])) in
terms of cycles in the standard resolution. The result is as follows:

Q[T1/T™" on generator 1 if m =0,
HH, (QIT)/T""")={ QIT]/T"  on generator t'u if m = 2i + 1,
Q[T]/T"  on generator Trfl if m=2i (>0),
where
t, =ds([T"|T1+ T(T" " |T)+ -+ T"'[T|T)), u=ds(T)),

and the product is the shuffle product.
From this description it is clear that, if g > 2n, then the restriction map

QUTYy T — Qry/ T
induces a map that annihilates 7 , and that, thus, the induced map on
Hochschild homology is zero in degrees > 1.
It follows, then, from the Connes-Gysin short exact sequence that the restric-
tion homomeorphism
= 1 —~— 1
HC,QIT)/T"") - HC,,(QIT)/T"")
is zero if m > 1. For m = 0, the restriction is the natural surjection:
QITY/ T - QITYT™.

For m = 1, the Connes-Gysin sequence shows that HC (QIT)/T ”“) =0 for
all n.

The Kiinneth formula ([Bur-O] or [Ka]) for cyclic homology then implies
that there are natural isomorphisms for any Q-algebra A4:

lim HC, (A[T)/T"") = lim(HH,,(4) ® TQITY/T™).

Moreover, the proof of Theorem 5.6 of [GRW] shows that this isomorphism is
the limit of the composite maps:

HH,(4)® HH,(QIT)/T™") ™ HH (A[T)/T""")
L HC, (AT T™).

The isomorphism % _K, ,(4) = HH, (A)®TQI[T]] allows us to define the
operations V,, F,, and 0 on the right-hand side. In order to calculate the
complex of groups of J-typical curves and its homology, we need explicit de-
scriptions of the action of each of these three operators on HH, (A)QTQI[T]].

The operation V) is (clearly) the homomorphism

a®Tkr—>a®Tnk.

For F,, we need to examine how the transfer map in K-theory gives rise to a
map in cyclic homology relative to a nilpotent ideal.
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The map

¢(n): A[TYT" — A[TYT"",
T—T"

induces a map
$(n), : GL,(AIT)/T™™) — GL, (A[T1/T")
with the property that
trace(¢(n),(x)) = Tr¢(")(trace(x)) .

Moreover,

Tr T) =
o TV =\ ki ifn|k.

The Dennis trace map [Ig] K, (4) — HH (A) is the composite of the Hurewicz
homomorphism with the map on homology induced by the trace map:

ZB,GL(A) — Z.(A)

k {O lfn‘fk,

where the right-hand side is the group of Hochschild chains. From the effect of
¢(n) on traces and from the fact that the Dennis map determines Goodwillie’s
homomorphism, it is easy to see that the action of F, on HH, (A)QTQ[[T]]

is given by
0 ifntk
k s
®T
¢ H{na@Tk/" it n | k.

Corollary 2.1. For any Q-algebra A, there is a natural isomorphism:

T°% K,, = HH,(A).

*+1

The remainder of the paper is devoted to the calculation of the map ¢ that
makes the following diagram commutative:

T°% K, —2— T°% K,
[
HH, (A) —— HH(A).

I do not know how to do so in full generality, but only when the Q-algebra A
satisfies the “K-theoretic curves conditions” below.

K-theoretic curves conditions: A ring A is said to satisfy the K-theoretic
curves condition if the natural map

K, (AIITN) — Z,K,(4)

is a surjection for every n > 0.
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Examples.
(1) If 4 is a smooth commutative algebra over Q, then A satisfies the
K-theoretic curves condition. Indeed, HH, (A4) is naturally isomorphic to the

exterior algebra Q' and, forall n, K,(A[T]/T") (= Q,®TQ[1]/T") is gener-
ated by Dennis-Stein symbols of the form (aTk , b) [MS] which are obviously
in the image of the restriction map from I?Z(A[[T]]). The multiplicativity of
Goodwillie’s map then shows that

K, (AIIT1) — Q&QITI]

is surjective for all m > 0.
(2) If A satisfies the K-theoretic curves condition, then so does the matrix
ring ./#,(A) forany n.

Suppose, now, that 4 is a Q-algebra satisfying the K-theoretic curves con-
dition. We first define a (coherent) set of maps for each »:

d,: K (AlITI) — K, (A[T]/T")
and a pairing:
6: K, (Al[T]]) x K,(Nil(B)) = K, (4 ® B)
(for commutative Q-algebras B ) such that the following diagram commutes:

K, (A[IT]) x K, (Nil(B))

To
(1) d, K, (Nil(B)) K, , . (A®B)
Tincl.

K,.,(A)/y") x K, (Fil, Nil(B))

The pairing 6 is the map on K-theory induced by the biexact functor:
P(A[[T]]) x Nil(B) = P(A® B),

(M, (N, B) =M &y Ny

The map d, is defined as follows. The biexact functor

P(A[[T]]) x Nil(Z[y]/y") — Nil(4[y]/y"),
(M, (N, )= (M ®yppy Ny T)
induces a map of homotopy fibrations:
NilZ[yl/y" —— Z/(Z[TN]/y") —— P(Z(T))/Y")

l I I

NilA[y]/y" —— P (AUTND/Y") —— P ATV
where A((T)) denotes A[[T]][T—]].
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We now define
d,: K (Al[T]]) — K, (A[y]/y")

to be the composite
K, (AT © K, (Nil(Ay1/y") 2 K, (AD1/y")

in which the map (1) is the pairing with the element p{T'l, 1-717" y} of
K, (NilZ[y]/y") (and p the connecting homomorphism in the homotopy se-
quence of the above fibration) and (2) is the map on K-theory induced by the
“forgetful” map Nil(?) — Z#(?).

Now, recall Steinstra’s definition of the derivation 9 of the complex
I?*(Nil(B)) (cf. the proof of Proposition 2.5 above), via multiplication by the
element 7{y — x, x} of K,(EndZ[y]; x(x —y)). There is an alternative way

of defining Steinstra’s derivation as follows. First, there is a biexact functor

Nil Z[y]/y" x Fil Nil(B) — Nil(B),
((U> a)a (N5 ﬂ)) = (U ®Z[y]/y" Nﬂ’ a® 1)

Now, there is an exact functor:

v: End(Z[y]; x(x — »)) — NilZ[y]/y",
(M, p) (M &, ZDIY", p© 1)

which induces a map of fibrations:

End(Z[y]; x(x —=»)) — P (Zx,y) — PZx,y,x ,(x-»"")

v

NilZ[y]/y" - ATy — P (Z(T)DIY").

Note that K, (v) maps 7{y — x, x} to p{T'l , 1= T_ly}. We can therefore
define & on I?*(NilB) in terms of the pairing of K (Fil, (NilB)) with the

element p{T~1 -1 y} of NilZ[y]/y". The commutativity of (1) now
follows easily.

Before we can express 0 in terms of a map on Hochschild homology groups,
we need additional results on cyclic homology, which are the subject of the next
section.

2.3. A completed cone over a ring. The main difficulty remaining in the compu-
tation of the homology of the complex (F~ @ % .K.(A4), d) is how to translate 9
(defined in terms of the K-theory of a category Nil(B)) into a map on relative
cyclic homology. To accomplish this, we modify an argument used in Quillen’s
proof of the “fundamental theorem” of K-theory [GQ]. This involves a sort of
completion of the “cone” of a ring. R

For any ring R, we define rings C‘(R) and S(R) as follows.
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Definition. C (R) is the ring of row-finite matrices with entries in R, i.e., ma-
trices X = (x; ,), jeN such that x; € R and such that, for each i € N,
Jj(X,i)eN such that x;;=0, Vj >](X i).

Let A(R) be the two- 51ded ideal of “uniformly row-finite” matrices in X =
(x; ;) € 5'( R) such that 3j(X) € N with the property that x;, , = 0, Vj >
jx). R 3

We denote the quotient C(R)/A(R) by S(R).

Note that the ring A(R) does not satisfy Wagoner’s condition (x) [Wa]—i.e.,
does not have “local two-sided identity elements.” This means that there are
problems of excision in defining K, (A(R)). We do, however, have the following
commutative diagram in which F is the homotopy fiber of the map

BQZ(C(R)) - BQP(S(R))
and in which all the rows are homotopy-fibrations (cf. [GQ]).

QFR) — p OQP(C(R)) —— p QF(S(R))

e e /I

ONil(R) ————» QP(R[T])) — QP (R[T, 71!

| .| |

— QP(C( —— QZ(3(R))

/F_l/ P

ONil(R) —————>QZ(R([T]) ——— QL(R((T))

The commutativity of the front face and the identification of Q Nil(R) as
the homotopy fiber of

QZ(RI[T]]) — QL (R((T)))

—where R((T)) denotes R[[T]]LT_I]—are a result of Karoubi (cf. [We 2]).
The arrow QZ(R[[T]]) — QL (C(R)) comes from the homomorphism of R-
algebras:

RI[T]] — C(R)

0 ..
1 0
T—r=10 1 0

0 1 O

The diagram makes evident the result of the following lemma.



574 J. G. RYAN

Lemma 2.2. For any ring R, there is a commutative diagram (natural in R):

K, (R((T))) = » K, (S(R))
| |

K,_(Ni(R)) —— K,_,(R) = K,_,(C(R); A(R))

where K*_l((A?(R); A(R)) = n_(F) (F as in the previous diagram) and where
the left map is the connecting homomorphism of the homotopy fibration:

QNil(R) — QZ|(R[[T]]) — QZ(R((T))).

In fact, the right-hand arrow in the diagram of the lemma is an isomorphism.
This follows from the following results.

Lemma 2.3. For any ring R, C (R) is an infinite sum ring.

Proof. The terminology “infinite sum ring” comes from [Wa], and the proof
that C(R) is an infinite sum ring is a simple modification of Wagoner’s result
for C(R): one simply replaces consideration of “locally-finite endomorphisms
of [[yR” by “continuous endomorphisms of []yR.”

Corollary 2.4. K, (C(R)) =0 forall n>0.

This is a consequence of Wagoner’s result [Wa] that K, (4) = 0 for all infinite
sum rings A.

Corollary 2.5. The diagram of Lemma 3.2 determines a commutative diagram
for any ring R:
K (R((T))) —— K, (S(R))

I I

K,_|(Nil(R)) —— K,_,(R).

Before we can apply Goodwillie’s isomorphism, we need to discuss the cyclic
homology of C(R) for Q-algebras R.

Proposition 2.6. For any Q-algebra R and any n >0
HC,(C(R)=0.

Proof. The idea is to mimic the proof of the equivalent result for K-theory—
that is, to use the fact that C (R) is an infinite sum ring to prove the acyclicity
of the Lie algebra gl(C(R)).

For any infinite sum ring 4 and any x = (xi‘j), y = (y,,’j) € gl(4), we
define

x®y=(x;, ;0 ;)

where the @ on the right-hand side is the direct sum map 4 x 4 — 4. Note
that, as in Wagoner’s proof of the acyclicity of GL(A4) [Wa], for any finite
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subset x,, ..., x, of gl(4), there exist elements ¢, d of GL(4) such that
(1) c(x; @ 0)c ' = X,
d(Oeaxi)d‘l =x;, fori=1,...,n.

Again, following Wagoner’s argument, we define 7: gl(4) — gl(4) by
((x; ;) = (x;’f’j) , where x — x™ is the infinite sum endomorphism of 4.
This satisfies the condition

(1) x®1(x)=1(x) Vxe€gl(d).

From this, it is easy to prove that the rational Lie algebra homology H, (gl(A4))
is zero in positive degrees, as follows.
Let L denote gl(4), and let A denote the diagonal map

A:L—-LxL,
X (x,Xx).

The equality (f) shows that the endomorphisms ©o (I X t)oA and 7 agree on
L.
A defines a coalgebra structure on H_(L). There is also a multiplication:

&: H,(L) 8 H,(L) 3 H(Lx L) " H (L).
Claim. If we denote by [1] the homology class of the cycle 1 € Q in the Koszul
resolution for L, then [1] is the unit for the multiplication &.

To prove this claim, suppose z € A"(L). Then, [11®[z] = [0 z]. Now, by
(1), 0@ z is GL(A4)-conjugate to z; however, GL(A4) acts trivially on H (L)
(this follows, for example, from Goodwillie’s argument, pp. 402-403 of [Go
2]). Thus, [0® z] = [z]. Similarly [z]&[1] = [z], proving the claim.

Since H, (L) is, thus, a bialgebra, in order to prove that it is zero in positive
degrees, it suffices to prove that there are nonzero primitive elements. This
follows from the equality of @ o (I x 7)o A and 7, for if [z] € H (L) is a
primitive element, then

H, (7)([z]) = H,(® o (I x 1) 0 A)([2])
=H, (@0 (I x1))([z]®[1]+[1]1®[2])
= [z]+ H,(7)([2]).
This proves that H, (gl(A4)) is zero in positive degrees for any infinite sum ring

and Q-algebra A. It follows from [LQ] that the cyclic homology of A is zero
in all degrees.

The inclusion of (nonunital) Q-algebras A(R) — C (R) induces a long exact
sequence in cyclic homology:

- — HC,(AR)) — HC,(C(R)) — HC,,(CA'(R); A(R))
BHC, [(AR) = .
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The projection C(R) — §(R) induces maps:

n,: HC,(C(R); A(R)) — HC,(S(R)).
Since H Cn(C‘ (R)) =0 for all n, there is, thus, a homology suspension map:

g, ,=mn,008, :HC,_ [(AR)) — HC,(S(R)).

n

Let us denote by 7,_, the composite:

O’n_ -~
HC, (R)— HC,_,(A(R)) = HC,(S(R)).

The suspension can be described in terms of chains (cf. §2, No. 6-7 of [Bo]):
given a cycle y in F(A(R)) (where %(?), is the total complex whose

n—1
homology is HC,(?)), there is a chain z in % (C(R)), such that y =dz. If
Z in $(§(R))n , then g, , maps the homology class

z maps onto the cycle Z
of y to the class of Z.

Lemma 2.7. For any Q-algebra, A, there is a commutative diagram:

K, 41y = K, (84lvl/yh)

~ ~

HC,(Ap1)y*) — HC,, ,(85(41/v"))

(in which the vertical maps are Goodwillie’s isomorphisms, and in which the
upper horizontal map is the map of Corollary 2.5). Moreover, the horizontal
arrows are injections.

Proof. The commutativity follows easily from the fact that the Goodwillie-
Hood-Jones map for any Q-algebra, R:

a:K (R)— HC,_(R)
is the map on homotopy groups that is induced by a map of spaces:
a: BGL'(R) — X(%. (R))
in which %, is the total complex computing HC, and X is the functor from
chain complexes to topological spaces which associates with a chain complex %,
the geometric realization of the simplicial abelian group corresponding (via the

Dold-Kan equivalence) with the positive chain complex obtained by deleting
the terms of negative degree in %, (see [We 3]). There is, thus, a commutative
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diagram in which the rows are homotopy fibrations:
BGL™(R)

(QF), —— BGL"(C(R)) —— BGL*(5(R))

J [ [
& H —— X(# (C(R)) —— X(B(S(R))
| | [+
X(Z(AR)) —— Cyl(X(i)) —— Cone(X(i))

L/
X(Z (R))

(Here, H is the homotopy fiber of the map X(Z (C(R))) — X(Z (S(R))),
F is as in the diagram before Lemma 2.2 and / is the inclusion %~ (A(R)) —
Z~(C(R)).) The homology suspension

HC,_(AR)) — HC™(S(R))

is the composite of the map on homotopy groups induced by 7# following the
inverse of the connecting homomorphism in the bottommost fibration in the
above diagram.

It remains to prove the injectivity of I’{\(/?n(A[y]/yk) — I?E‘Hl (§(A[y]/yk)) .
This follows from the observations that:

(1) Goodwillie’s isomorphism and the isomorphism K_(R) = K* H(S(R))
(where S(R) is the suspen510n of aring R) prove that H C (Aly1/)y )
is isomorphic to HC*H( A[y]/y ));

(2) the inclusion S(R) — §(R) induces an injection in cyclic homology for
any Q-algebra, R.

To prove the second of these reduces to showing that if z is a normalized
Hochschild n-chain for S(R) that is the boundary of a (normalized) n + 1-
chain for S(R), then there is a (normalized) n + l-chain for S(R) whose
boundary is also z. This in turn reduces to the following (which is easily
proved), namely that given a finite set of matrices X, ..., X » in C (R) and a
sequence {m,: n > 1} of nonnegative integers, there is a sequence {,: n > 1}
such that, forevery i, j=1,...,p,

n(m*)(X,.Xj) = n(m*)(n(rh*)Xin(m*)Xj)

where m(m_) denotes the linear projection from C (R) onto the subspace of
matrices whose nth column is zero after the m,th term, for all n, that is
defined by

1,]

{X. . ifiSmj,
0 ifi>mj.

n(m,)(X),; ;=
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2.4. Calculation of the homology. We can now complete the calculation of the
homology of the complex (I~ g%OOK*(A) , 0) for Q-algebras A that satisfy the
“ K-theoretic curves condition.”

Recall that we have defined a coherent system of maps:

d,: K, (AlIT])) - K, ,,(Ay]/y")

and an inclusion

Ji K Ay < K, ,(S(4ly]/y")
such that jod, is the composite:

K. 4ur & K4y DR, Sy

where (i) is the K-theory product with the Steinberg symbol {T_1 1-77! Y} €
K,(Q((T)) [¥1/¥") and (ii) is the map induced by the A[y]/y"-algebra homo-
morphlsm

A(T)DY" = Sy,
T—T.

Since the Goodwillie-Hood-Jones map
a: K, (R)— HC,_ (R)

is multiplicative, the map on HC ™ corresponding to the homomorphism (i),
above, is the cyclic homology product with

AT Y- a(l = T7'y) € HC, (QUT)/Y").

Now, the commutativity of the diagram
K, (R) —— HC,_(R)

\ l
HH (R)
(where D is the Dennis trace) together with the well-known (and easy) fact that

D({x}) = cls(x_l ®x) (for any unit x in a commutative Q-algebra, R) shows
that

T el =T 'Y =cds{(TU-T "N '@T '0(1 =T 'y))

~(T1-T"'»)'e(1-T 'yeT™)
+ higher order terms} .

Since, by Goodwillie’s theorem, we know that this is in the image of the map

B: HC,(QUT)I/Y") — HC, (QUT)VI/Y").

the higher order terms must be negligible.
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Now, if we assume that n = 2, then the Hochschild cycles

-1 1 1 1

(TA-T' ) 'eT ' o1 -T"Y) (T -T 'y ' 'e1-T"'NeT™"

and

l—1®T_l®y)

(1ey®T
are homologous. (Their difference is the boundary of the chain

(TeT 'eyeT )+i1eT '9T 'yay)

—lueT lyeT ey - i(leyeT & T 'y)

+lieyeT yeT ) +iT 'eyeT 'ay).)

Thus, for n = 2, (/3_1 o a)({T_1 , 1 — T_'y}) is the cyclic homology class of
y® T,
Now, we define a map

D,: HC (AIIT]) — HC, ,(S(Alv1/»"))
to be the following composite:
HC (AT & HC, (4Tl @ HC, ,(S(4ly1/y™)

where (1) is the (cyclic) homology product with the element ( ,3_1 oa) -
({T'l , 1 - T"ly}) , and (ii) is induced by the ring homomorphism 7 + 7.
We then have the following commutative diagram:

R, (ATY) —°— HC, (A[T)) —— HC,(A[T])

\ o
- lim_ fféml(A[T] /T
R, (A1) ”
J d
K, 5(S(AD)/Y") = > HC,, ,(S(A1/y")

where 7 and p are surjections, j is an injection, and the maps d, induce, in
the limit, a map 4_, making a commutative diagram:

K, (AT —— &K, . (4)

oo "m+1

\ 2

gooKm+2(A) :
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Passing to J-typical curves, we get the following commutative diagram:

T K(4)~ HH,_(4) J HC,_ (A[T])

al
T°% K, (4)~ HH(4) D,
1
HC (A)/y") & HC.(S(A1/»Y)) -

The map J is the composite

HH,_ (4) — BH,_(AIT]) L B, (AITT)

in which the first arrow is the map o — o#T (where # denotes the shuffle prod-
uct on Hochschild homology, and T is viewed as an element of HH,(Q[[T1])) .

Now, if x € HH, (A), we calculate D,(J(x)). By Corollary 3.8 and formula
3.2 of [LQ],

D,y(J(x)) = ¢(cls(y ® T ') « [(x#T))
=¢ol{cls(y ® T~ #B(x#T)}

where ¢ is the map on homology induced by the homomorphism of rings
A((THIyY/ y: o S(Aly}/ yz) and where * is the product in cyclic homology.
If x is the class of the Hochschild chain x,® ---® x,, , this means that

D,(J(x) = ¢ (cls{Z(—l)im”(y@x,.@m@ T ®~--®xi,,})

i,J
where the T~' occurs in the j + 1 position and the entry in the m — i + 2
position is Tx; .
Let z be the Hochschild chain for the ring @(A[y] / y2) defined by

z=Y (-)"yex® ®c® ®x_)
i
where the x,’s are scalar matrices, the m — i+ 2 term in the sum is 7x,, and
010
O 1 O cee
0 1 0
If b denotes the Hochschild boundary, then bz is a sum of commutators, the
only nonzero elements of which are

Z(—l)im+l(y®xi®~--®xm®ex0®--~®xi_l)
i
where e = 01 — 1o (that is, the matrix having | in the upper left corner and
zeros elsewhere).
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For convenience, we shorten A[y]/ y2 to R for the rest of the calculation.
Let Z(R) denote the subring of diagonal matrices in C (R). Note that e is a
central idempotent in Z(R) and that bz is a chain in the Hochschild complex
;?;(Z(R)). Z{(Z(R)) is the direct sum of three subcomplexes: Z’;(eZ(R)) ,
Z,((1 - e)Z(R)), and the complex of “mixed” terms, Z(K(R)mix) . Since the
projection onto the sum of the first two of these induces an isomorphism on
homology, #Z, (B(R)mix) is acyclic. It is easy to see that the element bz of

#,(A(R)) can be written in the form

*

S0 ey @ex; @ ®ex, ®exyex, ) +v
I
where v € Z(K(R)mix) . Moreover, the first of these terms is a cycle (since

it is just Bx#y). Thus v is a boundary of the subcomplex Z{(Z(R))—say
v = bu. Then b(z — u) = Bx#y and~the homology class of the image of
z—u in Z/(S(R)) is the element D,(J(x)). It follows that the suspension
homomorphism

oy 2 T s 2

HC (Aly]/y") = HC_((S(Aly]/y7))

~

maps cls(Bx#y) to D,(J(x)).
We have therefore proved the following result.

Theorem 2.8. Let A be a Q-algebra that satisfies the K-theoretic curves
condition. Then there is an isomorphism of complexes from the complex
(YggooK*H(A), d) to the complex (HH (A), B), where B is Connes’ op-
erator on the Hochschild homology groups of A.
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