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A SPANNING SET FOR ~(ln) 

THOMAS BLOOM 

ABSTRACT. '?f(In) denotes the Banach space of continuous functions on the 
unit n-cube, In, in Rn. Let {a i }, i = 0, 1, 2, ... , be a countable col-
lection of n-tuples of positive real numbers satisfying limi a~ = +00 for 

j = I, ... , n. We canonically enlarge the family of monomials {xa'} to a 
family of functions 7(A). 

Conjecture. The linear span of 7(A) is dense in '?f(In) if and only if 
2::ol/lail = +00. For n = 1 this is equivalent to the Miintz-Szasz the-
orem. For n > 1 we prove the necessity in general and the sufficiency un-
der the additional hypothesis that there exist constants G, N > 1 such that 
lail ~ Gexp(iN) for all i. 

INTRODUCTION 

Let 0 < bo < b l < .... The Miintz-Szasz theorem gives a sufficient condition 
for the linear span 0 the function 1 and the monomials t bo, t bl, ••• to be dense 
in the continuous function on I = [0, 1]. The condition is 

(1) limbi=+oo. 
(2) L:o l/bi = +00. 

Furthermore, given (1) then (2) is necessary. 
The sufficient condition may be deduced from results on zero sets of functions 

bounded and analytic in a half plane [10, 13], although other proofs are known 
[4, 5]. 

In several variables the corresponding Miintz-Szasz problem would be to find 
necessary and sufficient conditions that the linear span of a family of monomials 

at a i i i 
{t = (tIl) ... (t~n)} i=O, 1,2, ... (where each aj ~ 0) be dense in the space of con-
tinuous functions on the unit n-cube In = [0, 1 r. An essentially equivalent 
problem is the question of characterizing discrete sets of uniqueness for func-
tions of several variables bounded ina cone. Interesting results on this problem 
have been found by Korevaar-Hellerstein [7], Ronkin [11, 12], and Bemdtsson 
[1]. For example, in [1] the following result is proved (see also [11, 12]). 
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Theorem. [1] Let K be an open cone in Rn with vertex the origin and T(K) = 
{z E Cnl Re(z) E K}. Suppose / is bounded and analytic on T(K). Let E be a 
discrete subset K such that/or some constant h > 0, e l , e2 E E => lei -e21 ~ h. 
Let n (r) = # En B (0, r). Assume / vanishes on E. Then / is identically zero 
i/ 

lim n(r)r -n > O. 

This sufficient condition is not necessary, and finding neessary and sufficient 
conditions would seem to be very difficult. In the case n = 1 (the one-variable 
case) the above result is not sharp enough to yield the classical Miintz-Szasz 
theorem. 

In this paper we will take a somewhat different approach to the Miintz-Szasz 
problem in several variables. Given a family of monomials {t} aEA ' we will 
canonically associate a family of functions 9"'(A) (see §1). The functions of 
.9f(A) will include sums of monomials multiplied by rational functions in the 
logarithms of the coordinates. We will give sufficient conditions for the linear 
span of the family .9f(A) to be dense in continuous functions on the n-cube 
(Theorem 2.2). 

Conjecture. Let A = {a;} ;=0, I , ... and assume lim; a~ = +00 for j = 1 , ... , n . 
Then the linear span of .9f(A) is dense in ~(ln) if and only if L; 1/1a;1 < +00. 

For n = 1 this conjecture is equivalent to the Miintz-Szasz theorem (see 
§ 1.7) and hence is correct. For n > 1 we prove the necessity of the divergence 
of the series 1 Ila i I (§5) and the sufficiency under an additional condition on 
the sequence lail (see Theorem 2.2 and condition (2.2.3)). 

The outline of the paper is as follows: The family of functions .9f(A) is 
defined in § 1 and its basic algebraic properties are established. The main result 
of the paper is Theorem 2.2. The proof of Theorem 2.2 is outlined in §§2.4 and 
2.5. The estimates used to prove Theorem 2.2 are Theorems 3.2 and 3.9. 

In §4 we show that Kergin interpolation-a canonical polynomial interpo-
lation procedure in several variables may be used to define the family .9f(A). 
Our result (i.e., Theorem 2.2) is related to a uniqueness result on bounded func-
tions analytic in products of half planes, where the conditions on the bounded 
analytic functions involve vanishing on a discrete set and also the vanishing of 
the Kergin interpolants at subsets of the discrete set (see §4. 7). 

1. A FAMILY OF FUNCTIONS ON In 

1.1. Let x = (XI' •.• ,xn ) be coordinates for Rn . If Xj ~ 0 for j = 1, ... , n 
we set logx = (logxl , ... , logxn). Let a = (ai' ... ,an) be an n-tuple of 
positive real numbers (i.e., aj > 0 for j = 1 , ... , n). We will use the notation 
x a for the product (x~')···(x:n) and (Iogxt for (Iogxlt'···(logxntn in 
case Xj ~ 0 for j = I , ... , n . 

We let In = {x E Rn I 0 ~ Xj ~ 1 for j = 1, ... , n}. ~(ln) will denote the 
Banach space of continuous functions on In with the sup norm. 
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1.2. Let A be a countable collection of n-tuples of positive real numbers. We 
will describe a family of functions .9f(A) which is determined by A . .9f(A) 
will include the monomials {xa} aEA and certain other functions canonically 
determined by A. 

The functions of .9f(A) will be continuous on In . That is, .9f(A) c ~(/n). 
The main result of the paper (Theorem 2.2) will give sufficient conditions on 
A so that the linear span of .9f(A) is dense in ~(/n). That is,denoting by 
UT(A) the linear span of .9f(A) and by UT(A) its closure in the sup norm 
on In, Theorem 2.2 gives sufficient conditions on A so that UT(A) = ~(/n) . 
1.3. The family .9f(A) will be a union of a countable collection of subfamilies 

(1.3.1) 7(A) = (g9J(A)) uK. 

Jf' consists of those functions on ~(/n) which, for some j = 1, ... , n, are 
constant on the slices xi = c for 0 :5 c :5 1. In particular, Jf' includes the 
constant functions. 

Yo(A) consists of the monomials {xa} aEA . 
The functions of ~(A) (s ~ 1) may be described as follows: 
Each collection of (s + 1) elements of A, say aO , '" , as , together with an 

n-multi--index v such that Ivl = s, determines a function of ~(A) given by 

( 1.3.2) 
S ak 

(logxt L S ~ k • 
k=O ili# ,i=O(a - a ) . log x 

Here (ai - ak ) ·logx denotes the usual inner product Rn; namely, 
n 

( 1.3.3) 
. k . k 

a1 - a ·logx = L(a; - a; ) log(x) . 
;=1 

~(A) consists of all functions arising in this way. 
There may be repeated n-tuples in the collection A. That is, we may have 

ai = ak for j 1:- k. However, we will see that formula (1.3.2) will make sense 
in this case also. 

1.4. We will give an alternate description of the functions in ~(A) for s ~ 1 . 
First we note that 

(1.4.1) XU = exp(O' .logx) 

for x E In and 0' E (R+)n where 

R+ = {r E RI r > O}. 

The function XU is defined and continuous on In X (R+)n and is, in fact, 
in ~oo(/n x (R+)n) where XU and all its partial derivatives are zero if one 
coordinate of x is zero. 
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The functions of g;(A) are divided differences of order s of XU multiplied 
by (logxt for v an n-multi-index of length s. 

To be precise, we recall some properties of divided differences (see [4] or 
[5]). 

Let g(r) be a real-valued function of the real variable r defined on an 
interval J cR. Let bo' ... ,bs be (s + 1) distinct points of J . 

We use the notation 

( 1.4.2) [bj]g = g(b) for j = 0, .. , , s 

and consider the values of g as Oth order divided differences. kth order divided 
differences may be defined inductively. For example, the kth order differences 
of g at bo' ... ,bk denoted [bo'" bdg is defined in terms of the (k - l)th 
order difference by 

(1.4.3) 
[bo'" bk_dg - [b, .,. bdg 

b - b = [bo ... bdg . 
o k 

In fact, it is easily seen that 

(1.4.4 ) 

If the function g is s times continuously differentiable, the sth order di-
vided difference is well defined even if some (or all) of the points bj coincide. 
This is readily seen by using the Hermite-Genocchi formula [5] 

(1.4.5) [bo···b]g= f g(S)(vobo+···+vb)dv, ... dv sill! S S S 

where /).S is the s-dimensional simplex 

{ 
S } 

S s+, . 
/). = v E R L v j = 1 and v j ~ 0 for } = 0, ... ,s . 

}=o 
( 1.4.6) 

Thus if g is in Cjfs(J) then [bo"'" bs]g is continuous on f+' (as a 
function of bo' ... , bs ) • 

The function of g;(A) given by (1.3.2) may be written in the form 

(1.4.7) ( V 0 s logx) [a . log x , ... , a logx] exp 

where Ivl = sand aO , ••• , as are elements of A. Here, exp is the one-variable 
exponential function. 

1.5. Lemma. Let ¢(x) E g;(A). Then 
(i) ¢ is continuous on In; 

(ii) ¢(x) = 0 ifone of the coordinates Xj = O. 

Proof. The proof is immediate using (1.4.7) and (1.4.5). 
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1.6. We will use the notation of § 1.4. The Lagrange interpolating polynomial 
to g at bo' ... ,bs can be written in Newton form [4, 5] 

s 
(1.6.1) Ls(r) = g(bo) + L[bo'" bk]g(r - bo)'" (r - bk_ 1). 

k=l 

Ls(r) is the unique polynomial of deg ~ s whose values coincide with g at 
the points bo' ... , bs • 

To be precise concerning the interpolating points and function, we will some-
times use the notation Ls(bo, ... , bs ; g)(r) for the interpolating polynomial 
to g at bo' ... , bs ' 

If some (or all) of the points bo' ... , bs coincide, formula (1.6.1) still makes 
sense if g is of class !f?s. In this case it is referred to as the hermite interpo-
lating polynomial [4, 5] and it has the following property: If the number b is 
of multiplicity m in bo' ... , bs ' then L/ r) and g( r) must coincide to order 
m - 1 at b. That is, 

(i) b (i) b£" (1.6.2) Ls ( ) = g () torr = 0, 1, " . , m - 1. 
We also remark (see [4, 5]) that if g is analytic on an open subset U of 

C and bo"'" bs E U, then there is a unique complex analytic polynomial 
Ls of deg ~ s which interpolates g at bo' ... , bs ' We will also denote this 
polynomial by L/bo, ... , bs ; g)(r). 

The functions of 9k(A) for k = 0, ... ,s arise as follows. In the Newton 
form (1.6.1), if we substitute 

r = a . log x , g = exp , 
( 1.6.3) 

bj=aj.logx forj=O, ... ,s, 
we have 

Ls(ao ·logx, ... , as ·logx; exp)(a ·logx) 
s k-l ° 0 k . = x a + L[a . log x , ... , a ·logx] exp II (a - aJ ) • log x 

k=l j=O ( 1.6.4) 

aO s 0 k 
= X + L L <pv(x)Q)a, a , ... , a ) 

k=llvl=k 

where <Pv E 9k(A) for k = 11I1 and Qv is a polynomial in a, aO, ••• , ak • 

1.7. We will examine the family 7(A) in the case n = 1 (the one-variable 
case). In this case A consists of a countable collection of positive real numbers. 
J't' consists of the constants and g;; = {xa} aEA . 

First, suppose all elements of A are distinct. Then, using (1.4.4) one finds 
that the functions of g;(A) for s ~ 1 are-linear combinations of the monomials 
{xa}aEA' Thus Lsr(A) (the linear span of 7(A)) is the same as that of the 
functions 
(1.7.1) 
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Next, suppose A has repeated elements. Suppose that a E A and is of 
multiplicity m. Then (1.4.5) shows that x"(logx)i is in 9j(A) for j = 
1, ... ,m-l. 

The formulas (l.4.3), (l.4.4), and (1.4.5) show that the function of ~+l (A) 
determined by the (m + 1) elements aO , '" ,am of A is a linear combination 
of functions in U7=o9j(A) unless all ai are equal for j = 0, ... , m. Thus, 
in case all elements of A are of finite multiplicity, L7(A) is the same as the 
linear span of the functions 

(l.7.2) 1, {xa}aEA' {x<>(1ogx)i} for j = 1, ... , m - 1 and a E m(A) 

where m(A) consists of those elements of A of multiplicity m. 
Now let A = {a\=o. 1 .2. ... and suppose 

(l.7.3) 1· i Ima = +00. 
i 

Then the classical theorem of Miintz-Szasz [4, 5, 10, 13] states that the linear 
span of the functions of (l.7.1) or (l.7.2) is dense in ~(l) if 

(l.7.4) 1 L a i = +00. 
I 

In case A has multiple elements (of at most finite multiplicity), say A = {ai } 

where the a i are distinct and each is of multiplicity m i ' then (l. 7 .4) may be 
written 

(l.7.5) "m L..J -1 = +00. 
i a 

Furthermore, given (l.7.3), then (l.7.4) is a necessary condition for L9f(A) to 
be dense in ~(l) [13]. 

2. MAIN RESULT 

2.1. Let A = {a i } be a countable collection of n-tuples of positive real numbers. 
That is a i = (a; , ... ,a~) where a; > 0 for j = 1, ... , n and all i. We will 
give conditions on A so that the linear span of 7(A) is dense in ~(ln) in 
Theorem 2.2 below. 

The statement of the theorem imposes three conditions on the collection A. 
Condition (2.2.1) is a generalization of (l.7.3), and (2.2.2) is a generalization 
of (1.7.4) or (l.7.5). 

In the case n = 1 , condition (2.2.1) and (2.2.2) are sufficient to ensure that 
L9f(A) is dense in ~(l) . This is, in fact, the sufficient condition in the classical 
Miintz-Szasz theorem. 

Condition (2.2.3) is, of course, not needed in case n = 1. Whether (2.2.3) 
(or some similar restriction) is needed in case n > 1 remains open. In the 
introduction it is conjectured that no such restriction is needed. 
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2.2. Theorem. Let A denote a countable collection of n-tuples of positive real 
numbers. Then L!T(A) = ~(In) If A satisfies 

(2.2.1 ) 

(2.2.2) 

(2.2.3) 

lim d = +00 for j = 1 , ... , n ; 
/--->00 ) 

1 2( I?I = +00; 

there exist constants G > 0, N > 0 such that 
lail :::; Gexp(iN) for i = 0,1,2, .... 

2.3. The approach to the proof of the above result will be outlined in §§2.4 and 
2.5 and will be carried out in §3. 

First we make some remarks: 
(i) L!T(A) does not depend on the ordering of the elements of A. Hence 

we may assume 

(2.3.1) 012 la I:::; la I:::; la I:::;··· . 
(ii) The map (XI"'" xn) -4 (xi, ... ,x~) for y a real number> 0 is a 

homeomorphism of In and so induces an isometry of ~(In). Functions of 
Y;(A) are mapped to constant multiples of functions in Y;(yA) where 

(2.3.2) > yA={yaJaEA' 
Thus L!T(A) is dense in ~(In) if and only if L!T(yA) is dense (for some 
y > 0). Thus under hypothesis (2.2.1) we may further assume that 

(2.3.3) a~ ~ 3 for j = 1 , ... , n and all i. 

2.4. Proof of Theorem 2.2 (outline). Let d Il be a finite Borel measure on In . 
Consider the function of the complex variables z = (z I ' ... , Z n) defined by 

(2.4.1) F/1(z) =! tZ dll· 
In 

F/1 is holomorphic on the cone 

(2.4.2) r = {z E en I Re(z) > 0 for j = 1, ... , n}. 

For z E r we have the estimate 

(2.4.3) IF,,(z)1 :::;! le(z) dllli :::;! dllli ,. r In 

where dllli is the total variation of dll. Hence we may conclude that F/1 is 
bounded on r. 

Now, by the Riesz representation theorem, every bounded linear functional 
on ~(In) is of the form f -4 S/1(/) where 

(2.4.4) S/1(/) =! f dll 
In 

for some finite Borel measure dll on In . 
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Suppose that Sp. annihilates ~(A). Then we will show that under the 
hypothesis of Theorem 2.2, the function F defined by (2.4.1) is identically 
zero. This implies that Fp.(pI' ... ,Pn ) = 0 for all n-tuples of positive integers 
(PI' ... ,Pn),andhencethemonomials (xfl) ... (~n) are in ~(A) forany n-
tuples of positive integers (PI' ... , Pn)' Since If'' contains all the monomials 
(xfl) ... (~n) where Pi ~ 0 for i = 1, ... , n and Pi = 0 for some j = 
1, ... , n, we can conclude that ~(A) = ~(ln). The above is the approach 
to the Miintz-Szasz theorem used in [13]. 

2.5. First we will examine what information we obtain concerning the function 
Fp. from the hypothesis that Sp. annihilates ~(A). We have, from the fact 
that Sp. annihilates ~(A), 

(2.5.1) Fp.(a) = 0 for a E A. 

We have, using (1.6.4), Ls(ao ·logx, ... , as ·logx; exp)(O' ·logx) is a linear 
combination of functions in U~=I 9j. Hence 

(2.5.2) /, Ls(ao . log x , ... , as . log x ; exp)(O' ·logx) d/-l == 0 
In 

for all a E (R+t . But then 

(2.5.3) 

F(O') = /, XU d/-l 
I" 

= /, {exp(O' ·logx) - Ls(ao, log x , '" , as ·logx; exp)(O' . log x)} d/-l. 
In 

Since F is analytic on r, to show that F == 0 it suffices to show that 
F(O') = 0 for a in a subset of (R+t with non empty interior. 

Theorem 3.9 shows that there is a set E C (R+)n with nonempty interior 
such that 

lim Ls(ao ·logx, ... , as ·logx; exp)(O' ·logx) = exp(O' . log x) 
S-+OO 

uniformly for all a E E and all x E (0, It c In . One may assume 

{x E In I some Xi = O} 

is of measure zero for d/-l since in the definition of F the integrand vanishes 
on this set. This fact, Theorem 3.9, and (2.5.3) complete the proof that F == O. 

2.6. Remark. Let Y = {x E In I some Xi = O}. Theoem 2.2 gives sufficient 
conditions on A so that L(U':o9j(A» be dense in {f E ~(ln) If = 0 on Y}. 

3. CONVERGENCE OF LAGRANGE-HERMITE INTERPOLANTS 

3.1. We will prove (Theorem 3.2) a one-variable result on the convergence of 
Lagrange-Hermite interpolants of an analytic function bounded on the right 
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half plane H = {~I Re(~) ~ O}. We will use the estimate only in the case of 
the funtion e-e. Theorem 3.9 will result from a version of Theorem 3.2 with 
parameters. (Results on the convergence of Lagrange interpolants at the integers 
to functions analytic in the right half plane may be found in [5, Chapter 2].) 

3.2. Theorem. Let g(~) be analytic and bounded on H. Say Ig(~)1 $ 1 for 
all ~ E H. Let {b i} i=O, , ,2... be a sequence of real numbers such that 

(3.2.1) limb. = +00; 
i I 

(3.2.2) bi ~ 3 for all i; 

(3.2.3) for some constants G> 1 and N > 1 we have 
bi $ Gexp(iN) for i = 0,1,2, .... 

Let a satisfy 0 < a $ 1. Then for all A E [a, 2] there exists a constant C > 0 
independent of m such that 

m 1 
log Ig(A) - Lm(bO' ••• , bm; g)(A)1 $ C - aLb.' 

j=O } 

The proof of Theorem 3.2 will be concluded in §3.8. It is based on Lemmas 
3.6 and·3.?, which involve estimating a contour integral. 

3.3. Corollary. If L~o 11bj = +00 then 

lim Lm(A) = g(A) uniformly for A E [a, 2]. 
m 

3.4. Corollary (to the proof). C depends only on G, N, a. 

3.5. Let )I be a simple closed curve in H which contains points bo' ... , bm , z 
in its interior. Then the difference between g(z) and its Lagrange-Hermite 
interpolant Lm (z) may be expressed in terms of an integral [4, 5] 

g(z) - Lm(bO' ... , bm; g)(z) 

=_l rrm (Z-b.)l g(~)d~ . 
2ni . } (~ - b ) ... (~ - b )(~ - z) }=o YOm 

(3.5.1) 

Let B be a large positive real number (to be specified later). For )I take 

(3.5.2) 

where )I, is the straight line from 0 to iB, )12 is the semicircle center 0, 
radius B from iB to -iB, and )13 is the straight line from -iB to O. 

For z = A E [a, 2] we have from (3.5.1) 

1 1 Id~1 (3.5.3) Ig(A) - Lm(A)1 $ 2na (bo - A)'" (bm - A) Y I~ - bol" 'I~ - bml 

since Ig(~)1 $ 1 for ~ E H and I~ - AI ~ a for ~ E)I and A E [a, 2]. 
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We must estimate 

(3.5.4) 

3.6. Lemma. Let 1 < To < TI < ... < Tm be positive reals (to be specified). 
Let do ::; dl ::; ... ::; dm be the numbers bo' ... ,bm in nondecreasing order. 
Let B = dmTm. Then 

{ Idel < 1 {2T d + 2 f: djTj + 7r dmTm } 
I y Ie - bol·· ·Ie - bml - bo··· bm 0 0 j=1 (Tj_l)j-1 (Tm - l)m . 

Proof. First we note that 
(3.6.1 ) 
so it is equivalent to consider the integral 

{ Idel 
(3.6.2) ly Ie - dol·· ·Ie - dml . 

We consider the integral over YI first. Subdivide YI as follows: 

(3.6.3) 
s=o 

where each Is is a directed segment of the imaginary axis. Is is the straight 
line from iTs_Ids_1 to iTsds for s = 1, ... , m and 10 is the straight line 
from 0 to iTo do. 

For e E 10 we have 
(3.6.4) Ie - djl ~ dj for j = 0, ... , m. 
For eEls (s > 0) we have 

(3.6.5) Ie - d) ~ ((Ts_ I dS _ I)2 + d~)1/2 ~ Ts_I ds_1 ~ Ts_ I dj 

and 
(3.6.6) 
Hence 

(3.6.7) 

for j = 0, ... , s - 1 

and for s ~ 1 

j Idel < Ts ds - TS _ I dS _ 1 < ~ ds 
I Ie - d I··· Ie - d I - Ts- I d ... d - Ts- I d ... d . 

s 0 m s-I 0 m s-I 0 m 
(3.6.8) 

Combining (3.6.3), (3.6.7), and (3.6.8) we have 

{Idel 1 { ~ T. d } 
l~ Ie - d I·· ·Ie - d I ::; d ... d To do + ~ (T J )~-I . 

YI 0 mOm J=I J-I 
(3.6.9) 

The integral over Y3 satisfies the same estimate. 



A SPANNING SET FOR '5'(1") 751 

As for the integral over 1'2' we have specified B = dmTm . Hence, for e! E 1'2 
we have 

(3.6.10) 

Thus 

(3.6.11 ) 1 Ide!1 ndmTm ndmTm 
l'2 Ie! - dol" . Ie! - dml $ (Tm - 1)m d; $ do'" dm(Tm - 1)m . 

Combining (3.6.9) and (3.6.11), the result follows on noting that do'" dm = 
bo" ·bm · 

3.7. Lemma. Suppose there exist constants G> 1 and N> 1 such that bj $ 
Gexp(jN) for j = 0,1,2, .... That is, condition (3.2.3) is satisfied. Then 
there is a constant C = C( G, N) > ° independent of m such that 

1 Ide!1 C(G, N) 
y 1e!-bol"'Ie!-bml $ bO· .. bm · 

Proof. Let 

(3.7.1) 

Now br $ Ts for r = 0, 1, ... , s, so ds $ Ts for s = 1 , ... , m. Hence 

(3.7.2) 

Also, 

(3.7.3) 

and the series 

(3.7.4) ~ G2 exp(2sN) 
~ Gs- 1 exp((s _ I)N+I) < +00. 

Hence 
m d.T. nd T 

2Todo+2L } ~_I+ m{)m$C(G,N) 
j=1 (Tj _ l ) (Tm -

(3.7.5) 

where the bound C(G, N) may be chosen independent of m. 
The result now follows from Lemma 3.6. 

3.8. Proof of Theorem 3.2. Using (3.5)) and Lemma 3.7, we have, for A E 
[a, 2], 

C ( G, N) ( A ) ( A ) (3.8.1) Ig(A) - Lm(bO' ... , bm; g)(A)1 $ 2na 1 - bo ... 1 - bm . 
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(3.8.2) 

(3.8.3) 
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10glg(A)-Lm(bO' ... , bm ; g)(A)1 ~ 10gC(G, N)-log21l'-loga 

+~lOg(l~ 0 
m 1 

<C -a"'--, L.J b. 
j=O } 

where C, = C, (G, N, a) and we have used the fact that 10g(1 - x) < -x for 
O<x<1. 

3.9. Theorem. Let {ail i=O' be a countable collection of n-tuples of positive 
real numbers satisfying " ... 

(3.9.1) 

(3.9.2) 

(3.9.3) 

lip1a; = +00 for j = 1 , ... , n ; 

a; 2: 3 for j = 1, ... , n and all i; 

there exist constants G, N > 1 such that lai I ~ G exp( iN) . 

Let a satisfy 

(3.9.4) 

Let E = {a E (R+)n I a ~ aj ~ J2jn for j = 1, ... , n}. Then there exists a 
constant C=C(G,N,a) such that for all XE(O, It wehave 

log I exp(a ·logx) - Lm(ao ·}ogx, ... , am ·logx; e~)(a .10gx)1 

~ C-a (t~). 
i=O la I 

Theorem 3.9 will be based on Lemmas 3.10 and 3.11. 
Of course, if Li Ijlail = +00 then Theorem 3.9 implies that 

Lm(ao ·}ogx, ... , am ·}ogx; e~)(a ·logx) 

converges uniformly to exp(a ·}ogx) for all a E E and all x E (0, It. As 
noted in §2.5, this suffices to prove Theorem 2.2. 

3.10. Lemma. Let g be holomorphic in the closed right half plane Hand 
bounded by I. Let PO' ... ,Pm be points of H with Re(p) > O. Let y be a 
simple closed curve which includes the points PO' ... , Pm' z in its interior. Let 
p > O. Then 

Ig(pz) - Lm(pPO' ... , pP; g)(pz)1 

< _1 rrm Iz _ P.I r Ide;1 . 
- 21l' . } iv Ie; - P I·· . Ie; - Pile; - zl }=o tOm 



Proof. Let 

(3.10.1) 

A SPANNING SET FOR W(In) 

'II: H -. H be the map given by 'II(w) = pw . Let 

P; = 'II(P) = PPj for j = 0, ... , m, 
z' = 'II(z) = pz . 
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Let y' be the image of y under the map'll. Then y' is a simple closed 
curve in H with P~, ... , P~, z' in its interior. Thus 

g(z') - Lm(P~' ... , P~; g)(z') 

(3.10.2) 1 m , , f g(~')d~' 
= 2ni U (z - P) Jy' (~' - P~)'" (~' - P~)(~' - z') . 

Let ~ = ~' / P and transform the line integral in (3.10.2) to one over y. Then, 
using the substitutions of (3.10.1), the lemma follows. 

3.11. Lemma. Let p > 0, 0: a real number 0 < 0: ~ 1, and {bi}i=O,I, ... a 
sequence satisfying (3.2.1), (3.2.2), and (3.2.3). then there exists a constant 
C = C( G, N , 0:) such that, for all A E [0:, 2] and all rrt, we have 

-).p b b -~ I (~ 1 ) log Ie - Lm(p 0' •.• , Pm; e )(pA) ~ C - 0: ~ bi . 

Proof. The proof follows from Lemma 3.10 and the estimate used in the proof 
of Theorem 3.2 when applied to g(~) = e ~~ . 
3.12. Proof of Theorem 3.9. For x E (0, It and a E E we set 

( + n (3.12.1) w = -logx E R ) . 

Also, let 

(3.12.2) 

Hence 
(3.12.3) 

P= Iwl, v=w/lwl, and A=a·v. 

p(a· v) = -a ·logx. 

Consider the sequence of positive real numbers {a i • V}i=O, 1 , ..•• We have 
o < a i • v < la i I for all i and 

. n· n . 
(3.12.4) a' . v ~ Mina'(v1 + ... + vn ) ~ Min a'. ~ 3. 

j=l ] j=l ] 

In a similar way we have 

(3.12.5) 0:<A<2. 

Thus the sequence of positive real numbers ai • v satisfies conditions (3.2.1), 
(3.2.2), and (3.2.3). 

Applying Lemma 3.11 for A = a . v, bi = ai • v , we have 

-p(r1"l1) 0 m -~ ~ 1 (3.12.6) logle -Lm(p(a ov)···p(a ·v); e )(p(a·v))1 ~ C-o:~-,-. -
i=O a . v 

where C is independent of m or v. 
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But 0 < ai • v ~ JaiJ for all i, hence 

(3.12.7) 
m 1 m 1 

-0: '" -. - < -0: '" -. . ~ I - ~J1J i=O a . v i=O a 

On substituting p(a·v) = -a·logx and p(ai ·v) = _ai ·logx in (3.12.6) and 
noting that Lm(bO···bm; e-~)(A) = Lm(-bO' ... , -bm; i)(-A), the theorem 
follows. 

4. KERGIN INTERPOLATION 

4.1. It is possible to give an intrinsic interpretation to the family of functions 
yeA) and to the interpolant Lm(ao . log x , ... , am . log x ; i)(a ·logx) (see 
Proposition 4.5). 

This interpretation relies on a natural polynomial interpolation procedure, 
Kergin interpolation, for functions of several variables. The basic properties 
may be found in [6, 8, 9]. I will list some of the properties of this interpolation 
procedure which are needed. 

4.2. Let Po' PI ' ... , Pm be points in Rn contained in a convex open set V. 
There is a natural projection Xm: ~m(V) ~ gm(Rn), where ~m(V) denote 
the space of m-times continuously differentiable functions on V and gm (Rn) 
denotes the space of polynomials of total degree ~ m in x = (XI' ... , xn ). 

This projection satisfies 
(4.2.1 ) 

(4.2.2) 

(4.2.3) 

(xml)(P) = I(P) for j = 0, ... , m. 

If P. , ... , P. are (s + 1) elements c {Po' ... , Pm} and XJ 
Jo Js 

denotes the Kergin interpolation for Pio ' ... , Pis' then XJXm = 
X," 

If 1 = gOA where A: Rn ~ R is linear and g E ~m (R) , then 

xml = Lm(A(PO)' ... , A(Pm); g)(A(X)). 

4.3. Next we list some properties of this interpolation procedure when applied 
to holomorphic functions. Suppose that Po' PI ' ... , Pm are points in en con-
tained in a convex open set V. Identifying en with R2n , we may apply the 
Kergin interpolation procedure. Suppose 1 is holomorphic on V and let 

(4.3.1) 

(4.3.2) 

(4.3.3) 

Then Xm (I) is an analytic polynomial on en . 

If 1 = gOA where A : en ~ e is linear and g is analytic on 
e, then 



(4.3.4) 

A SPANNING SET FOR '?f(In) 

Suppose f and V are invariant under conjugation, that is, if 
z E V ~ Z E V and f( z) = f(z) for all z E V. Suppose 
Po, PI ' ... E V n Rn ; then 
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4.4. Proposition. Let X be a compact subset of RN and dJ1, a finite Borel 
measure on X. Let V be open and convex in Cn and let Po, PI ' ... , Pm be 
points in V. Let H(z, t) be continuous on V x X, holomorphic in z for t 
fixed, and bounded on sets of the form K x X with K compact C V. Let 

(4.4.1) h(z) = Ix H(z, t) dJ1,(t). 

Then 

(4.4.2) 

where the interpolant Xm(H(z, t)) is considered with respect to z for t fixed. 
Proof. First we note that using the Cauchy formula for derivatives it follows 
that for any multi-index v, 8 V H(z, t)/8zv is bounded on sets of the form 
K x X and continuous on V x X. Also 

(4.4.3) 8 V h(z) = 18v H(z, t) d () 
!:l V !:l V J1, t . 
uZ x uZ 

There is an integral formula for the difference of a function and its interpolant 
Xm (see [3, 9]). It is 

(4.4.4) h(z) - Xmh = { dm+1 h (Vm+1 Z + t ViPi ) dV I ... dVm+1 iam+' i=O 
x (z - Po, ... , z - Pm) 

where dm+1 is the total (m+l)th derivative and Llm+1 is the (m+l) simplex 
in Rm+l. Applying the same formula for H(z, t) and using (4.4.3) and an 
interchange of order of integration, we obtain (4.4.2). 

4.5. Proposition. Let F(z) = fIn tZ dJ1, (as in 2.4) and let A = {a\=O,I,2 bea 
sequence in (R+)n. Then XmF == 0 for all m if and only if the linear funcrional 
S J1 given by f ---t fIn f d J1, annihilates u.:o 9j (A) . 
Proof. By Proposition 4.4 

(4.5.1) XmF(z) = j xm(e Z !Ogt)dJ1,(t) 
In 

and using (4.3.3) this equals 

(4.5.2) j Lm(aO ·logt, ... , am ·logt; exp)(z·logt)dJ1,(t). 
In 
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For z = a E (R+)n 

(4.5.3) XmF(a) =! Lm(ao ·logt, ... , am . log t; exp)(a ·logt) dp(t). 
In 

Thus, if SJl. annihilates U':o9j(A) , using (1.6.4) we have XmF(a) == 0 for all 
m. 

Conversely, suppose XmF == 0 for all m. Let aio , ., . ,ais be any (s + 1) 
elements of A and let X, denote the Kergin interpolation at aio , ... , ais . If 
m = Max(jo' ., . , js) , then by (4.2.2) 

(4.5.4) X,XmF = X,F == O. 
This implies 

(4.5.5) ! LS+I (aio ·logt, ... , ais . log t; exp)(a . log t) dp(t) = O. 
1" 

In particular, since this is a polynomial in a of degree ~ s, for every multi-
index v satisfying JvJ = s the coefficient of aV must be zero. But, from (1.6.4) 
the coefficient of aV in the above expression is 

(4.5.6) ! [aio ·logt, ... , ais . log t] exp(logtt dp(t). 
In 

Thus, SJl. annihilates all elements of Ui 9j(A). 

4.6. Remark. Let A = {a\=o, I ,.... For each n multi-index v such that 
JvJ = s let (see (1.3.2)) 

s ak 
V,"" X ¢v = (logx) ~ s i k • 

k=O I1i=O,i#(a - a ) . log x 
Then the linear span of the family ¢v is the same as the linear span of 
U':o 9j (A). g; (A) was defined in (1. 3) as consisting of functions of the above 
form as aO, ••• , as ranged over all collections of (s + 1) elements of A (rather 
than just the first (s + 1) elements in a fixed ordering of A). 

4.7. A natural question is the following: Let F be a bounded analytic function 
on the cone r (see (2.4.2)). Let A = {a\=o, I ,2, ... be a countable sequence of 
points such that limi a~ = +00 for j = 1 , ... , nand 

00 1 2:-. =+00. 
i=O JalJ 

Suppose that XmF == 0 for m = 0, 1 , ... . Is F == O? A positive answer to 
this question would imply that Theorem 2.2 holds without condition (2.2.3). 

5. NECESSITY 

5.1. We will examine the necessity of conditions (2.2.1), (2.2.2), and (2.2.3) in 
Theorem 2.2. 
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For n = 1 (the one-variable case), under (2.2.1) condition (2.2.2) is necessary 
and sufficient. Condition (2.2.3) is not needed in the one-variable case. Whether 
or not (2.2.3) (or some other condition) is necessary for n > 1 is not known. 
We will show that, for n > 1 under condition (2.2.1), condition (2.2.2) is 
necessary. 

5.2. Proposition. Let A = {a i} i=O, I, ... be a sequence of n-tuples of positive 
real numbers satisfying (2.2.1). That is, limi a; = +00 for j = 1 , ... , n. Let 
bi = ~;=I a; for i = 0, 1, .... Let b be a positive real number distinct from 
bo' b l ' . .. and let al ' ... , an be positive real numbers satisfying al + ... + an = 
b. If ~:o I:;' < +00 then ta i LST(A). 

In particular, LST(A) is not dense in Cjj(In). 
Proof. bi ~ lail for i = 0, 1, .... Hence 

(5.2.1) 
00 1 L b. < +00. 
i=O I 

Also 

(5.2.2) limbi = +00. 
I 

Following a construction in [13, p. 338], there exists an analytic function 
g, bounded on the right half plane vanishing only at bo' bl ' . ... (The con-
struction in [13] is done in the case the b;'s are distinct but clearly it is valid 
in general.) g is of the form g(z) = Jd tZ dj.l where dj.l is a finite Borel mea-
sure on [0, 1]. Also, g(b) =/; 0 and tb is not in the closure of the span of 
1, tbo , •••• 

Consider 

(5.2.3) 

where d v is the measure on In defined by 

(5.2.4) -I v(2) = j.l(J (2)) 
where 2 c In and J : I -> In is given by 

(5.2.5) 

Then 

(5.2.6) 

But 

(5.2.7) 

J(t) = (t , t, ... , t) . 

XmG = 1 Lm(aO ·logt, .. : , am ·logt; exp)(z ·logt) dv(t) 
In 

= Lmg(zl + ... + Zn) 
= Lm(bO'"'' bm; g)(ZI + ... + Zn) = 0 for all m 
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since g vanishes at bo"'" bm . Hence dv annihilates U~o9j(A). But 
g(b) =J. 0 so G(a l , ••• , an) =J. 0 and thus 

-,---------;,.-

(5.2.8) t" ~ L (90 .9j(A)) . 

We must show that ta ¢. L9T(A). We will proceed by contradiction. Sup-
pose 

(5.2.9) 

where <Pk(t) E L(U~o9j(A)) and 1fI;(t) is constant on the slices tj = c. Thus, 
we may write 1fI;(t) = 1fI;(tI' ... , Ij' ... , tn). Let Y = {t E In I tj = 0 for 
some j = 1 , ... , n}. For t E Y, <Pk (t) = 0 (by Lemma 1.5) and so 

(5.2.10) lit" (t \'1;(1)) ~ 0 for t E Y. 

Fix i an integer, I ~ i ~ n , and consider points of the form 
ith ) (11' •.. ,0./ , ... , In E Y. 

If we consider (5.2.10) at points of this form we see there are functions (for 
j =J. i) 

k •• k ilh· 
Vij (t i' ... , t i ' ... , I j , ... , In) = IfIj (I I ' ... , 0./ , ... , I j , ... , t n) 

such that 

.(k ~k .. ) h.f IfIj (t) + ~ Vij(t I ' ... , ti' ... , Ij' ... , In 
Hi 
j=1 

(5.2.11) =0 

for all t E In . We may deduce that 

(5.2.12) li.f(tlfl:(t)+ i~1 Vi~(t)) =0 foralltEI n 

if;i 

and 

li.f ( t Vi~(t)) = 0 for lEY. 
1,)=1 
if;i 

(5.2.13) 

Repeating the above argument sufficiently often, we can conclude that there are 
constants ck such that 

(5.2.14) lit" (t \'I; (I) + c') ~ 0 for all t E /" 
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and limk l = o. Hence 

(5.2.15) li[" (t. \'I; (I)) = 0 for all tEl' . 

Thus ta = limk ¢k(t) , but this contradicts (5.2.8). Hence ta ~ LY(A). 
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