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ON THE INTEGRABILITY
OF SINGULAR DIFFERENTIAL FORMS
IN TWO COMPLEX VARIABLES

A. MEZIANI

ABSTRACT. In this work we study the integrability of a germ at 0 € c? ofa
singular differential form for which the closure of the integral curves are analytic
varieties that pass through 0. The focii of this paper are the existence of pure
meromorphic integrals, the linearization and the nonexistence of a topological
criterion for transcendental integrability.

0. INTRODUCTION

Suppose that w isa germ at 0 € C? ofa holomorphic differential form that
vanishes only at 0. Then w generates a foliation F, in U - {0}, where U is
a small neighborhood of 0 in C’: the leaves of F, are the integral curves of
the differential equation w = 0. The properties of such foliations have been
studied by several authors: C. Camacho, D. Cerveau, J. F. Mattei, R. Moussu,
P. Sad and others. Among these foliations, the simplest ones are those defined
by the connected components of the level sets of a function f. In this case f
is said to be an integral of w and satisfies wA df = 0.

In [6], J. F. Mattei and R. Moussu characterize holomorphic integrability.
They prove that w has a holomorphic integral if and only if the closure (in a
neighborhood of 0) of the integral curves are analytic varieties and only a finite
number of them pass through 0.

There is no such criterion for the existence of pure meromorphic integrals. By
pure meromorphic function, we mean the quotient a/f of two nonunit coprime
holomorphic functions a, f. D. Cerveau and J. F. Mattei construct in [2] a
homeomorphism of a neighborhood of 0 € C? that maps the integral curves of
the differential form

u= (y3 +y2 -xy)dx — (2xy2 +xy - xz)dy
with no meromorphic integral (see [13]), into that of
V= (2y2 +x3)dx -2xydy,

which admits (2y2 + x3) /x2 as a meromorphic integral. Hence they conclude
the nonexistence of a topological criterion for the meromorphic integrability.
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In this paper, we investigate the integrability of a class of differential forms.
The closure of the integral curves of these differential forms are analytic va-
rieties that pass through 0. We use the term well-behaved for such foliations
or differential forms. Note that the foliations defined by the level sets of pure
meromorphic functions are examples of well-behaved foliations.

§1 is devoted to the necessary background. After recalling the notions of
singular foliations and of the blow-up of a point on a two-dimensional complex
manifold, we give a brief description of the desingularization of a holomorphic
differential form. Then we define various integrals (holomorphic, meromorphic,
transcendental and multiform) and recall some old results. Most of the material
in this section can be found in [1] and [2].

In §2 we prove, as a consequence of the reduction theorem [2] and a lin-
earization theorem for reduced forms [6], a reduction theorem for well-behaved
differential forms. We show that if w is well behaved, then the foliation defined
by E*w (E: M — U is the reduction map) is conjugate near each one of its
singularities to a foliation defined by

pv du+qudv,

where p, g are coprime positive integers. Then we apply this result to refor-
mulate the problem of finding an integrating factor p of w (thatis, p is a
holomorphic or a meromorphic function such that pw is a closed form) into
solving a kind of Cousin problem in the unit disc.

§3 deals with the existence of pure meromorphic integrals. Using the reduc-
tion map E: M — U, we define a holomorphic function P into the Riemann
sphere C and show that w has a meromorphic integral if and only if the enve-
lope of holomorphy of P contains an open subset that is an analytic cover over
M. Then, in preparation for §4, we prove that w has a meromorphic integral
that separates all the integral curves if and only if the space X, obtained by
identifying the points on the same integral curve, is a Hausdorff space.

We show in §4 that w is conjugate to a linear form ry dx — sx dy, where
r, s are positive integers, if and only if X, is a Hausdorff space. Then we char-
acterize the meromorphic functions that are conjugate to the rational functions
R(x"/y’), where R is a rational function on C.

The last section deals with the nonexistence of transcendental integrals. We
prove that

W= (xy - cy2 - cy3)dx + (—x2 +cxy + 2cxy2 - y3 - y4) dy,
where
V21
V2-1’
is a well-behaved differential form that does not admit a transcendental inte-
gral. Then an argument similar to that used by D. Cerveau and J. F. Mattei in

[2] demonstrates the nonexistence of a topological criterion for transcendental
integrability.
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1. PRELIMINARIES

1.1. Singular holomorphic foliations. Let w = a(x, y)dx + b(x, y)dy be a
holomorphic differential form in a neighborhood U of 0 € C* and let S, be
the singular locus of w; i.e., S, is the analytic variety {p € U; w(p) = 0}.
Then w defines a foliation F, of U - S, : aleaf of F_ through the point p
is the integral curve of w, i.e., the orbit through p of the differential equation

dx
E——b(X,)’),
zeC.
dy
E—G(X,J’),

Since the coefficients of w are holomorphic functions, then the germ of w at
0 can be written as w = gv, where g is the “greatest common divisor” of the
coefficients a, b and where v is a holomorphic differential form whose singular
locus is contained in {0}. The singular foliation F,, defined by v, coincides
with F_ outside S, . This new foliation is called the saturate of F, and will
be denoted by F_ (see [2]).

More generally, as in [1], we define a singular holomorphic foliation F on a
2-dimensional complex manifold M as the datum of

(a) a discrete subset of points S(F) in M: the set of singularities of F;

(b) an open covering {U j} e of M and a collection of holomorphic 1-forms
{wj} el that define F. More precisely, the following conditions hold:

(b, ) The differential form w ;> definedin U B vanishes exactly on S(F)nU. .

(b, ) The leaves of F in U, are the integral curves of w Iz

(by) If U;NU, # O, then there is a holomorphic function f;;: U,nU, — C
such that

W, = fjl.w,..
1.2. The blow-up of a point. We first recall the blow-up of C? at 0. Let CP' be
the complex projective space of dimension 1, that is, the set of complex lines

in C? that pass through the origin, and let q: c’- {0} - CP' be the quotient
map: q(p) is the complex line in C? through p and the origin 0.

Definition 1.21 [14]. The blow-up of C” at 0 is the subset of C> x CP' given
as

Co={(p, a(p)) € (C’ = {0}) x CP'} U ({0} x CP").
Recall that C(Z) is a 2-dimensional complex manifold. More precisely if V| =
CPl—q((O, 1), V,= CPl—q((l ,0)), t:V, = C, s:V, — C are the canonical
charts of CP', ie., ¢ = y/x and s = x/y, and if P: C; — CP' is the
projection, then the maps ¢,: P_'(Vl) — % and },: P"I(VZ) — C?, defined
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by
¢, ((x,¥),a(x,y)=(x,y/x),  ¢,(0,a(x,y)=(0,y/x),
o, ((x,¥),alx, ) =(x/y,y),  #(0,a(x,y))=(x/y,0),
form an atlas of Cg. The coordinates (x, t), (s, y) of a point are related by
y=tx and s=1/t.

The first projection E: C(z) — C? is called the blow-up map. It is defined in
terms of the coordinates (x, ¢), (s, y) by

Ey(x,t)=(x,tx) and Ey(s,y)=(sy,)).

The map E| is a biholomorphism between Cg - E; '(0) and c’ - {0}, and
the exceptional divisor E; '(0) = {0} x CP' will be identified with CP'.

More generally, the blow-up of a 2-dimensional complex manifold M at a
point p consists in replacing p by CP'. To do so, consider, as in [1], TpM
the tangent space of M at p andlet w: U — V be a biholomorphism between
the open sets U ¢ M and V C TpM such that p € U and w(p) = 0, and
let Ey: (T,M), — TpM be the blow-up of M at0 (T .M is identified with
c? ). Then the mapping E; Yo v is a biholomorphism between U — {p} and
Ey l(V —{0}). The blow-up M, of M at p is the 2-dimensional manifold

(M= {pP})Ug-1,, Eg (V)

where U denotes the identification via E; "oy of the points in U — {p}

Eo—low
with the corresponding points in E; l(V -{0}).

1.3. Desingularization of a germ of a differential form. Let w(x, y) = a(x, y)dx
+ b(x, y)dy be the germ at 0 € C’ ofa holomorphic differential form such
that w(0) = 0 and O is the only singularity in a small neighborhood U of 0.
Let

o0

S (@ (x, v)dx + b (x, )dy)

k=1
be the Taylor expansion of w (a, , b, are homogeneous polynomials of degree
k). The smallest integer v such that a,dx + b,dy is not identically zero is
called the order of w at 0. We will also refer to v as the order at 0 of the
foliation F, . Write

w,(x,y)=a,x,y)dx+b,(x,y)dy
and
w(x,y)=(a,(x,y)+alx,y)dx+(b,(x,y)+B(x,y))dy,
where a, f are holomorphic functions of order > v +1 at 0. Following the ter-

minology in [2], the differential form w is said to be dicritic if the homogeneous
polynomial

(1.31) P (x,y)=xa,(x,y)+yb,(x,y)
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is identically zero. Otherwise w is said to be nondicritic.

Let E, be the blow-up map of C? at 0. The pullback ng of wisa
holomorphic differential form on E; 1( U), whose expressions in the charts
(x,1),(s,y) are:

Egw(x, t)=x"(P,

v+1

(1, 8) +xA(x, 1)) dx + x* (b,,(l,t)+ (x)’cfx)> dt,

Egw(s,y)=y"(P,

v+1

v+1 (S,V, )
(5. 1)+ yB(s, y))dy + (a,(s,1>+———yy )ds,

where P, | is the polynomial in (1.31) and where

(1.32)  A(x, 1) = X210 :Vt(x, X) and B(s,y) =32 y)yJVr (sv,%)
The saturated foliation FEO.w on Ej 1(U ) is defined in the charts (x, ¢), (s, y)
by the differential forms

E w(x, tx - E w(sy,
Eqwix, tx) - ) and  Wy(s,y) = —Ow(ky y)
X y
where k = v + 1 in the dicritic case and k = v otherwise. The singularities
of Fng are on CP' (= Ey '(0)) and are given in the nondicritic case by the

equations

(1.33) W, (x, 1) =

b

P, (1,1)=0, P, .(s,1)=0
and in the dicritic case by the equations

b,(1,1)=A4(0,t) =0, a,(s,1)=B(s,0)=0.

Note that when w is nondicritic, the complex curve CP'—{p,, ..., p,}, where
{pys .- p} is the set of singularities of Fp.,, is a leaf of Fy. . When
w is dicritic, the complex curve CP' - (pys..., 0 yY{q,...,q,}), where
{4,,...,4,} is the set of zeros of the polynomials b (1, ) and a,(s, 1), is
transversal to the foliation FEO.W and the leaves through ¢, , ..., ¢, are tangent
to CP'.

It is shown in [1, 2, 6] and [10], for example, that the singularities of Fng
are simpler than that of F_ ; i.e., the order of the singularities diminish after
blow-ups. Hence a series of blow-ups will produce a foliation whose singularities
are reduced. More precisely

Definition 1.31 [2]. A holomorphic differential form w on a two-dimensional
complex manifold M is said to be reduced at m € M if there are coordinates
(u,v) centered at m, a holomorphic function 4 defined in a neighborhood
of m and a holomorphic differential form v such that w = Av and either
v(m) # 0, or the first jet of v has one of the following forms:

(*) udv,
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(#x) c,udu—cudv, with ¢jc, # 0 and ¢,/c, ¢ Q", where Q" denotes
the set of positive rational numbers. When w is_ reduced at all the points of
M, we will say that w (or the saturate foliation F) is reduced on M.

Reduction Theorem 1.31 [2]. Let w be a holomorphic differential form in an
open neighborhood U of 0 € C? and assume that 0 is the only singularity of
w. Then there is a proper holomorphic map E: M — U from a 2-dimensional
complex manifold M onto U, obtained by composition of blow-ups, such that:

(i) The exceptional divisor E~'(0) is a hypersurface with normal crossings;
(i) The restriction of E to M—E~"(0) is a biholomorphism onto U — {0};
(iii) The foliation Fy. is reduced on M;
(iv) The branches of E~'(0) are either leaves or else transversal to the folia-
tion Fp- .

1.4. Integrals of a germ of a holomorphic differential form. An integral of a germ
at 0eC? ofa holomorphic differential form w is a germ at 0 of a “function”
f constant on the leaves of F_. When df is defined, we have wAdf =0. A
precise definition of the various integrals is

Definition 1.41. (i) A germ at 0 € C? of a holomorphic function f 1is said to
be an integral of w if

(1.41) wAdf =0

in a neighborhood of 0.
(ii) A germ at 0 € C’ ofa pure meromorphic function m = a/f (a, B
germs of nonunit coprime holomorphic functions) is an integral of w if

(1.42) (adf — fda) Aw =0,

or equivalently, dm Aw=0 when f#0 and d(I/m)Aw=0 when a #0.

(iii) A transcendental integral of w is a holomorphic function 7 into C,
defined on U — (y, U---Uy,), where U is an open neighborhood of 0 and
7> ---» 7y finitely many integral curves of w, such that

(1.43) dTAw=0 inU~-(y,U---Uyy).

(iv) A multiform integral of w is a holomorphic function H into C, defined
in the universal covering U of U—(y,U---Uyy), where y , ..., 7, are finitely
many integral curves of w, such thatif p: U— U—(y,U---Uy,) is the covering
map, then

(1.44) dHAp'w=0.

When w has a holomorphic or a meromorphic integral in U, then the leaves
of F, are the connected components in U — {0} of the level sets of an integral.
Hence, the closure in U of the leaves are analytic varieties. Moreover, when w
has a holomorphic integral, then only a finite number of integral curves adhere
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to 0 (f _'( f(0)) is an analytic variety, so it has a finite number of irreducible
components). Conversely, J. F. Mattei and R. Moussu show the following the-
orem.

Theorem 1.41 [6]. Let w be the germ at 0 € c’ of a holomorphic differential
Sform with an isolated singularity at 0 and such that

(i) all the leaves of F,, are closed in c’ - {0}, and
(ii) only a finite numbers of leaves accumulate at 0.

Then w has a holomorphic integral.

Note that the condition (i) in Theorem 1.41 implies (by the Remmert-Stein
removable singularity theorem, see [3] for example) that the closure of the leaves
of F, are analytic varieties. A factorization result for integrals is also proved
in [6].

Theorem 1.42 [6]. Let f and g be the germs at 0 of holomorphic integrals of
w such that f is not a power of a holomorphic function. Then there is a germ
at f(0) € C of a holomorphic function h such that g = ho f.

Contrary to holomorphic integrability (Theorem 1.41), there is no topologi-
cal criterion for meromorphic integrability (see [2] or §5 here). However, the
following theorem in the meromorphic situation is an equivalent of Theorem
1.42.

Theorem 1.43 [2]. Let w be the germ at 0 € c’ of a holomorphic differen-
tial form that admits a pure meromorphic integral. Then there is a germ of a
meromorphic function my,, unique up to a left composition by a Mébius trans-
Jormation, such that if m is a meromorphic integral of w, then m = Rom,
where R is a rational function on the Riemann sphere C.

The above theorems are in fact proved in C”;i.e., w isa germ at 0 € C" of
an integrable holomorphic differential form (wAdw = 0). Also, it is proved in
[2, 5 and 6] that if (1.41) (resp. (1.42)) is formally true, i.e., there are formal
power series such that (1.41) (resp. (1.42)) holds, then w is holomorphically
(resp. meromorphically) integrable.

2. DESINGULARIZATION AND INTEGRATING FACTOR
OF WELL-BEHAVED DIFFERENTIAL FORMS

Next to the foliations that are given by the level sets of a holomorphic func-
tion, the simplest ones are those for which the closure of the leaves are analytic
varieties that pass through 0. We will say that the germ at 0 € C? of a holo-
morphic differential form is well behaved if the closure in a neighborhood of
0 of the integral curves are analytic varieties that pass through 0. An example
of well-behaved foliation is furnished by the level sets of a pure meromorphic
function.

We prove in this section, as a consequence of the reduction Theorem 1.31 and
a linearization theorem for reduced forms [6], that if w is well behaved, then
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the singularities of Fz., (E: M — U is the reduction map of Theorem 1.31)
are of the form pvdu+qudv, where (u, v) are the appropriate coordinates in
Theorem 1.31 and p, g are positive integers. We then show that the existence
of an integrating factor for well-behaved differential forms can be reduced into
solving a kind of Cousin problem in the unit disc. But first recall a linearization
theorem for reduced forms, proved by J. F. Mattei and R. Moussu.

Theorem 2.11 [6]. Let w be the germ at 0 € c’ of a reduced differential form.
Then the following properties are equivalent:
(i) There is a biholomorphism ¢: (Cz, 0) — (CZ, 0), a holomorphic func-
tion g and two positive integers p, q such that
¢'w(x,y) = g(x,y)(pydx +gxdy);
(ii) w has a holomorphic integral;
(iii) the integral curves of w are closed in c- {0}.

The reduction theorem for well-behaved differential forms is

Theorem 2.12. Let w be the germ at 0 € c’ of a well-behaved differential form,
E:M — U the reduction map of Theorem 1.31, and m € E~'(0) a singularity
of Fp-,. Then there are coordinates (u,v) centered at m, a holomorphic
function g and two positive integers p, q such that:

E'w(u,v) = g(u, v)(pvdu+ qudv).

Moreover, a branch of the exceptional divisor E™' (0) is transversal to the folia-
tion Fg., .

The proof of this theorem is not difficult. However, to give a complete de-
scription of the situation, we first prove some elementary lemmas. Let us start

by recalling what is meant by a reduced form to be stable by blow-up.

Lemma 2.11. Let w be the germ at 0 € c’ of a reduced differential form. Then
F'Eo.w is reduced (E,: C — C* is the blow-up at 0).

Proof. Write
w(x,y)=(cy+alx,y)dx+(—c,x+ B(x,y))dy,

where ¢, ¢, € C are such that ¢,c, # 0 and ¢, /c, ¢ Q' or ¢, =0, ¢,#0
and where a, # are holomorphic functions with order > 2 at 0. Then in the
chart (x,t) of Cg the foliation Fsgw is defined by

alx, tx)+tf(x, tx)
X

W (x,t) = ((cl -t + ) dx + (—cyx + B(x, tx))dx.
The only singularity of W, on the complex curve {x = 0} is the point (x =
0, t=0). To show that this singularity is reduced, we have just to remark that
if

a(x, tx)+tB(x, tx)

X,t)=
p(x,t) 2
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and 4 = p(0, 0), then the change of variables

li —A li li
X=X, t= X +t
¢, —2¢,

transforms W, into

w,(x', )= (c,—c,))t' dx' —c,x'dl +1,
where 7 is a differential form with order > 2 at (x' =0, # =0). A similar
argument shows that in the chart (s, y) of C(z) the only singularity (s =0, y =
0) of Fsgw is also reduced. The lemma is there proved.

In order to continue, we need to recall the notion of the tangent cone of
a holomorphic function at a point. Let f(x,y) be the germ at 0 € C? of
holomorphic function of order v and let f, (resp. f,) be the holomorphic
function defined in the chart (x, t) (resp. (s, y)) of Cg by
- flx, tx) f(sy,y)>

filx, )= — <1'°SI3- s, y) = 7

In the intersection of the charts (x, ), (s, y) (when ¢ # 0 and s # 0), the
functions f,, f, are related by

7ix, 0 =17, (% xt) .

So, outside {t =0} U{s = 0} the functions f, and f, have the same zeros.
Theset C(f,0)={pe EO"(O); fi(p) =0 or f,(p) =0} is called the tangent
coneof f at0. The following lemma (proved in a more general context in [14])
relates the irreducibility of f to that of C(f, 0).

Lemma 2.12. If f is irreducible, then C(f, 0) is reduced to a point.

In the next lemma we prove that if the sequence obtained by successive blow-
ups of the tangent cones of an analytic variety are all contained in the north and
south poles of CP', then this variety is either the x-axis or either the y-axis. Let
us first introduce some notation. Let f be the germat 0 € C? of an irreducible
holomorphic function. Denote by p, the tangent cone C(f, 0). Let f; be the
defining function of the irreducible variety ¥, = Cl E l(V - {0}), where Cl
denotes the closure and V' the variety {f = 0}. Note that 7, or 72 or both
if py#(x=0,t=0) and p, # (s =0,y =0) vanish on V, = {f; = 0}. Let
E,: (C(z))po — C(z) be the blow-up map of C(z) at p,. Denote by p, the tangent

cone C(f,,p,) andby f, adefining function of V| = Cl Erl(lfb—{po}). More
generally, we define f;, p, by p, = C(f,_,,p,_,) and f; a defining function
of ¥,=ClLE " (V,_,—{p,_,}). Finally, the north and south poles of CP' will
be denoted by N and S,ie, N=(x=0,t=0) and S=(s=0,y=0).
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Lemma 2.13. Let f be the germ at 0 € c’ of an irreducible holomorphic func-
tion such that p, € {N, S} for every i€ Z" . Then, up to units,

fx,y)=x or f(x,y)=y.
Proof. We distinguish first the case where f has order 1 at 0. Hence, we can
assume 9 f(0)/0y = 1. If in addition 8" f(0)/8x" =0 forevery n € Z", then
f(x,y)=yg(x,y), where g is a nonvanishing holomorphic function and the
lemma is proved in this situation. Actually, the other eventuality cannot occur.
Indeed, if

[, 9) =y +a,x" +x" oy (x) + Ve, () + xvay(x, ¥),
where a, € C*, a,, @, and a, are holomorphic functions, then

fx, ) =t+ax""" +x"a(x)+ £ xa(xt) + Xtay(x, 1X).
So after (n — 1) blow-ups, we obtain

fn—l(x’ tn—l) = tn—l +anx+g(x’ tn—l)’

where 7, | is a coordinate in the corresponding branch and g a holomorphic
function of order > 2 at (x =0, ¢,_, =0). But then

Cf, 1,0 ={(x=0,t,=-a,)} ¢ {N, S};

i.e., the hypothesis of the lemma is violated. To complete the proof of the
lemma, we have to remark that the other case also cannot occur. For, if the
order of f at O were > 2, then after a finite number of blow-ups, we would
obtain an f, with order 1 (reduction of singularities of a complex curve) and
the previous case applies to f, . Hence, V = {f =0} is one of the axes; i.e.,

foe, ) =x"gx,y) or flx,y)=yax,y)

with g(0,0) # 0 and k& > 2. This is impossible because of the irreducibility
of f.

Corollary 2.11. Let w be the germ at 0 € c’ of a reduced differential form and
let y be an integral curve whose closure is an analytic variety that passes through
0. Then vy is one of the axes.

Proof. The tangent cone of the closure of y is contained in the singularities
{N, S} of the reduced foliation Fng (see Lemma 2.11). By continuing this
processes, we see that the hypotheses of Lemma 2.13 are fulfilled and the con-
clusion follows.

Proof of Theorem 2.12. Let E: M — U be the reduction map of Theorem
1.31 and let m € E_’(O) be a (reduced) singularity of F,. . Since w is well
behaved, then the closure of the leaves of FE.W are analytic varieties that pass
through E _'(0) . Moreover, it follows from Corollary 2.11 that the leaves that
accumulate to m are the ¥ and v axes (in the coordinate system (u, v) of
Theorem 1.31). Hence, only 2 leaves of F,., accumulate to each one of its
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singularities. Therefore, the first part of the theorem follows from Theorem
2.11. To finish the proof, notice that the branches of F "I(O) are either leaves
or transversal to the foliation F £+ - 1f all the branches were leaves, then only
a finite number of leaves of FE.W would accumulate to its finite number of
singularities.

A holomorphic (resp. meromorphic) integrating factor of a differential form
w is a holomorphic (resp. meromorphic) function # such that w/A is a closed
form. It is proved in [2] (Theorem 2.1, p. 37) that if w has an integrating factor,
then it has a multiform integral. We associated to a well-behaved form a kind
of a Cousin problem, called here problem P. The solvability of this problem
insures the existence of an integrating factor.

Let D be the unit disc in C and {(Vij, ﬂij)}l.) jes @ finite collection of
simply connected subsets Vi of D and holomorphic functions Bij satisfying
the following:

(1) ﬂij: V=V is a biholomorphism,

(11) B,‘j © ﬂj,‘ =id,

(111) ﬂij oBjo B =1d.
The problem is the following:
Problem P. Find nontrivial holomorphic functions /; defined in D such that

! . .
l(z) = ,Bij(z)(lj o B;)(2) foralli, jeJand z € V-

When problem P has a solution, we will refer to (V,;, B,,); ; as admissible data.

Let w be a well-behaved differential form at 0 € C> and E: M — U be
the reduction map of Theorem 1.31. Choose a finite covering (O,), of a neigh-
borhood of E~'(0) c M such that in each O, the foliation F,._ has at most
one singularity (of the type pv du + qudv , by Theorem 2.12) and E*w has a
holomorphic integral 4, defined in O, with the following properties:

(a) h,‘(oi) =D,
(b) Vij =h,(0;N 0)) is simple connected,
(c) dh,(m)+# 0 for every m € O, no,.

When O,NO; # O, the integrals h; and h , are related by
(2.21) hi(m)= B, oh(m), meO,NO,,

where B, is a holomorphic function defined in V; ;- It follows from the choice

of O, and A, that (V] T B; ;) are data for problem P. We show the following: if

(Vi;, B;;) are admissible data for problem P, then w has an integrating factor.

For it follows from the fact that 4, is an integral of E *w in O, that there is

a holomorphic function fl , defined in O,, such that

E'w
J;

(2.22) =dh,.
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Also, since 4, , h ; are related by (2.21), then f,, fj are related by

(2.23) fi=(Boh)f; inONO,
Next, define the holomorphic integrals g; of E*w in O; by
(2.24) g =1Lloh,

where the functions /; are the solutions of the problem P for the data (V] T B, )
Now, the mapping F defined in O, by

(2.25) F=g/f,

is a well-defined integrating factor of E*w in a neighborhood of E™" (0)c M.
To see this, write

g,‘/j;' = (l,'oh[)/f;' = B,Ij(ll oﬂ,'joh,')/f;‘ = (ljohj)/fj = gj/f,’

and
d(FE'w)=gd(E"w/f)+ (I/f,)dg, AE W =0.

Finally, m(x,y)=FoFE _l(x, y), a holomorphic function into C defined in
c’ - {0}, extends by E. E. Levi’s theorem (see [7, p. 133]) as a meromorphic
function to a neighborhood of 0 and clearly m is an integrating factor of w.

3. MEROMORPHIC INTEGRALS

We give here a necessary and sufficient condition for a well-behaved differ-
ential form to admit a pure meromorphic integral. Unfortunately, we do not
have a criterion to check if an arbitrary differential form satisfies this condi-
tion. Then, in view of application in the next section, we give a necessary and
sufficient condition for the existence of a meromorphic integral separating the
integral curves.

First recall the notion of analytic cover (see [3]). We say that the triple
(R, p, M) is an analytic cover if

(i) R is a locally compact Hausdorff space.
(ii) M is a complex manifold.
(iii) P is a proper, light (p"l(x) consists of a discrete set of points for all
X € M), continuous mapping of R onto M.
(iv) There is a negligible set 4 C M, and an integer »n, such that P is an
n-sheeted covering from R — p'l(A) onto M- 4.
(v) R- p_l(A) is dense in R.

Let w be the germ at 0 € C? of a well-behaved differential form and let
E: M — U be the reduction map. Let X be a branch of E ’1(0) , transversal
to the foliation F.  (the existence of such branches is guaranteed by Theorem
2.12). Let {p,, ..., py} be the subset of X consisting of the singularities of
F,., and of the points through which the leaves are tangent to Z. Let O be a
neighborhood of £ - {p,, ..., py} on which

#(yan) =1 foreverypeO,
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where 7 denotes the connected component through p of the leaf of Fg., .
Then define a function P: O — C by

P(p)=7y,NnZ,

where X is identified with C. Clearly P is an integral of E*w in O. Denote
by E the envelope of holomorphy of P and by p the corresponding projection
into M. We have the following theorem:

Theorem 3.1. Let w and P be as above. Then w has a meromorphic integral if
and only if the envelope of holomorphy E of P contains an open subset R such
that (R, p, M) is an analytic cover.

Proof. Let Z,p,, ..., py be as above and define, in a neighborhood W, C Z
of p,, the equivalence relation ~

{~{ ifandonlyif I, =T, (,{ew,

where I"C is the leaf through { of Fj., . Consider a holomorphic integral 4,

of E*w in a neighborhood of p; €M and let p; be its restriction to . Denote
by f the germ at p, € £ of an invariance function of p,, i.e.,, f is such that

p;io f(§)=p;(§) forevery{ near p,.

Since the germ of an invariance function of a holomorphic function is conjugate
to a rational rotation (see [6] for example) and

(3.1) p(0)=p, ) if{~{

(h; is constant on the leaves), then the equivalence relation ~ is conjugate to
a rational rotation; that is, there is an integer k; and a holomorphic function
J; , defined in a neighborhood of p, € £ such that

5.(k)= 0,008 =id

P ———
k; times
and _
{~¢ ifandonlyif ¢ = 5}”({) for some integer j.
Denote by 6,, ..., 8, the global analytic continuations of J,, ..., §, respec-
tively.

Now, assume that w has a pure meromorphic integral m(x, y). Then the
function V': M — C defined by

V(p)=moE(m) ifpeM-E (0,

constant on the leaves of F,. , extendsto E "(0) as a meromorphic integral
of E*w. The restriction R of V to X (= C) is a rational function and the
roots of the equation

(3.2) R(§) = R(C)
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are algebraic functions that form a finite group G under the law of composition
of functions. To see this, let g({) and /({) be two solutions of (3.2) and write

R(log({)) = R(I(8(0))) = R(8(L)) = R({).
Moreover, it follows from (3.1) and (3.2) that the functions 6,, ..., 8, are
algebraic functions and generate a finite subgroup (6, , ..., 6,) of G. Hence,

if P is the holomorphic extension of P to a neighborhood of X, then its re-
striction a to X is an algebraic function with branches id, «,, ..., o, . Define
the rational function R, by

R (§) =La(O) -y ()

and the compact Riemann surface

S = C/R =C/ 0,,...,0y),
obtained by identifying { € C with its ( [ 6 )-orbit (or equivalently, by
identifying ¢ with ¢’ s.t. R, ({) = (C ). S is then an analytic cover over
the compact Riemann surface
§'=C/R=C/G.
So,

R({) = Qo R,({),

for some rational function Q. Therefore, the algebraic function R;' o Q‘l oR
extends to M by
®(p)=R;' 0 Q' oV (p)
as a continuation of P and its envelope of holomorphy is an analytic cover over
M.
Conversely, assume that (R, p, M) is an analytic cover and denote by P
the lift of P (P: R — C is uniform) and by q,, ..., q, the N-branches of

~!: M — R. Then the mapping
w(p) = (Pogq,)(p)---(Pogy)p)
is a well-defined integral of E*w in M. Hence, the mapping

-1
m(x,y)=yoE (x,y)
is a meromorphic integral of w at 0 € C’ . The theorem is therefore proved.

Define the equivalence relation ~, on U — {0}, where U is a small neigh-
borhood of 0, by
)/ ~p' if and only if Vp =Py
Here 7y denotes the integral curve through p of w. We equip the orbit space
X, = (U~ {0})/ ~
with the quotient topology and adopt the notation r: U — {0} — X_ for the
quotient map and p = r(p). We obtain the following proposition.
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Proposition 3.1. w has a pure meromorphic integral m such that m_l(m(x))
is irreducible for all x € U — {0} if and only if X, is a Hausdorff space.

Proof of necessity. First recall, from [4] for example, that the germ of a pure
meromorphic function assumes all the values of C. Hence, if w has a pure
meromorphic integral m such that m_l(m(x)) is an irreducible variety for
every x € U — {0}, then X, is homeomorphic to m(U —{0}) =C.

The proof of the sufficiency is based upon two lemmas. But first introduce
the following: let T, be a small transversal (complex) curve to y, through the
point p. Denote by Tp the quotient space of Tp by the equivalence relation ~
restricted to T, . Then clearly T, is homeomorphic to the open neighborhood
r( Tp) of p in X, . On the other hand, consider the analytic space D, , obtained

as the quotient of the unit disc D by the function z" (two points z, z' are
equivalent if z" = z""). The first lemma is

Lemma 3.1. For every p € X, there is an integer n such that x( T,) is homeo-
morphic to D, . Moreover, only a finite number of points p,, ..., py are such
that ¥(T, ) is homeomorphic to D, with n; > 2.

Proof. Denote by E: M — U the reduction map of Theorem 1.31 and by
Lp-1 ) the leaf through the point E_l(p) of FE*W. We can select an open
neighborhood U of 0 € C? insucha way that Cl(Lz —1,)NE - (0) consists
of one point p, (Cl denotes the closure). If p, is not a singularity of F._,
then E*w has an integral hp0 near p, such that its restriction Py, toany small
transversal curve to Ll’o through p, satisfies

dp,(pg) # 0.

That is, r(Tp) is homeomorphic to D, n =1 in this case. When p; is a sin-
gularity of FE.W , then from Theorem 2.12 follows the existence of coordinates
(4, v) centered at p, on which L, — 1 is one of the axes and u'v®, for
some coprime positive integers r and s, is an integral of E*w. The quotient
KT, in this situation is homeomorphic to D, or D,. To conclude the proof
of the lemma, note that when r( Tp) is homeomorphic to D, with n > 2, then
L - l(m accumulates to a singularity of FE.W . Since the number of such sin-
gularities is finite and only two leaves adhere to each singularity, the conclusion
follows.

Denote by S the set X, —{p,, ..., py}, where p,, ..., p, are the points
in Lemma 3.1. The second lemma is
Lemma 3.2. S is a schlicht Riemann surface.
Proof. A chart about p € § is given as

1

(((T,), @ 'or '),
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where ®,: D — T isa conformal map and where ™' x(T,) — T, means here

a section of r. The transition functions between two charts (r( T,), (I>;1 o r_‘)
and (r(T,), CDq_l ° r") are given on

-1 -1
0,, =, (T,n ( U yx) and 0, =, (Tq n ( U yx))
xeT, xeT,

respectively by

® 'o®, and @ 'od.
This shows that S is a complex manifold. To prove that S is schlicht (a
simple closed curve separates S ), take I" a simple closed real analytic curve in
S and denote by A4 its pre-image via r in U. Then CI(E_I(A))nE"l(O) isa
simple real analytic curve in E~' (0) and so CI(E _1(A)) is a 3-dimensional real
analytic manifold in M. Therefore, its blow-down Cl(A), a 3-dimensional real

analytic variety through 0 € c’ , separates U . Hence, S —I' is disconnected
and the lemma is proved.

Now we go back to the proof of the proposition.
Proof of the sufficiency. S being a schlicht Riemann surface, then there is
Q:S=X,—{p,,....05} = PS)=C—{z,,..., zy}

a conformal representation of S into the Riemann sphere C (see [11]). The
function m(x, y) defined in U — (ypl U---uy, U {0}) by

m(x,y)=®or(x,y)

and extended to U — {0} by m(y,) = z; is the desired meromorphic integral.

4. LINEARIZATION

We give in this section a topological criterion for a well-behaved differential
form w to be conjugate to a linear form rydx —sxdy, where r, s are coprime
positive integers, and then as an application we characterize the germs at 0 € C?
of pure meromorphic functions that are conjugate to the functions R(x'/y’),
where R is a rational function on C. Recall that two germs at 0 € C? of
differential forms w, w' (resp. of meromorphic functions m, m') are said to
be conjugate if there is a germ of biholomorphism &: (C2 ,0)— (C2 , 0) such
that

O'wAw =0 (resp. mo®=m').

The notation X will have the same meaning as in the previous section. The
linearization theorem is the following:
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Theorem 4.1. A differential form w is conjugate to a linear form rydx —sxdy,
where r, s are coprime positive integers, if and only if X is a Hausdorff space.

Proof of necessity. When w is conjugate to ry dx — sx dy , then the orbit space
X,, is homeomorphic to X, , ., . But rydx —sxdy admits x"/y’ as
a meromorphic integral. Since r, s are coprime, then for every ¢ € C*, the
variety V. = {x" — ¢y’ = 0} is irreducible, i.e. ¥, —{0} is connected. We have
then X (ry dx—sx dy) homeomorphic to C and the necessity is proved.

The proof of the sufficiency, given at the end of this section, is based upon
the following proposition

Proposition 4.1. Assume that x, is a Hausdorff space. Then w has order 1 at
0.

Proof of the proposition in the dicritic case. Assume that
wix,y)=(a,(x,y)+alx,y)dx+(b,(x,y)+ B(x,y))dy,

where v is the order at 0 of w and a,(x, y)dx + b, (x,y)dy isits v th jet,

is dicritic, 1.€.

(4.1) xa,(x,y)+yb,(x,y)=0.

Then Ejw(x, t) = x""'W,(x, t) and Ejw(s, y) = y"“?vz(s, y), where Ej: c’

— C? is the blow-up map and where

W (x, 1) = a(x, tx)+tf(x, tx) dx 4 (b,,(l,t)+ B(x, tx)) ”

xu+l v

Wils, ) = HEERLTS 0 M gy (a,ts. 1+ 222 s,

We first show that b (1, ) is constant. If not, assume that b (1, ) has a root
t, and consider an integral m(x, y) of w that separates the integral curves (see
Proposition 3.1). Then the function 7 defined in a neighborhood of E 1(O)
by ’

m(x,t)=m(x,tx) and m(s,y)=m(sy,y)
is an integral of Eg w that satisfies (0m/91)(0, t;) = 0. This means that the
rational function m(0, t) on the sphere C (= E, l(0)) is not injective and
therefore m, and by consequence m, does not separate the integral curves.
Thus the assumption is false and so b (1,¢) = C, where C is a constant.
Similarly, we show that a, (s, 1) =C ". Hence

(4.2) a (x,y)=Cy" and b (x,y)=Cx".
Finally, it follows from (4.1) and (4.2) that C =—-C' and v = 1.

Some lemmas are needed for the proof of the proposition in the nondicritic
case.
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Lemma 4.1. Assume that X, is a Hausdorff space and w nondicritic. Then the
Soliation FEO.W has two singularities on E; 1(0). Moreover we can assume that
these singularities are N =(x=0,t=0) and S=(s=0,y=0).

Proof. The foliation F.._ is defined in the charts (x, ¢), (s, y) by

Egw
Wi 0= (@, 04,0, ) LLIE) g,

X
B(x, tx)) dt
xl/

+ X (bu(l , 1)+
(4.3)

Wy(s, ) = ((b,,(s, 1) +sa,(s, 1)+ 2629 +ysa(sy,y)> dy

+y(a,,(s,1)+(—sy7’,,—y—)> ds. '

We can assume, by a linear change of variables, that s = 0 is not a root
of b,(s, 1) +sa,s,1) =0, so that the singularities of FE » are the roots
tyy...,t, of a (l,1)+1tb,(1,1) = 0. Since w is nondlcrlnc, then S =

CcP' - {ty,...,t,} is a leaf of Fng- Moreover, the fact that w is well be-

haved implies that all the leaves I', of Fng adhere to CP' (=E, 1(0)) . Hence,
these leaves accumulate to the singularities ¢, , ..., f, (w nondicritic). So we
can assume that in a neighborhood O, of ¢, € Cé all the leaves Fp , PEO,,
accumulate at 7, . Let us show that in this situation Eg w has a holomorphic
integral in the neighborhoods of the remaining singularities ¢,, ..., ¢, . For,
assume that F Elw has a pure meromorphic integral in a neighborhood O, of a

singularity ¢, with i > 2. Then the function m defined by
m(x,t)=m(x,tx) and m(s,p)=m(sy,y),

where m is a pure meromorphic integral as in Proposition 3.1, would be a

pure meromorphic function at ¢, and at ¢;. But the fact that the germ of a

pure meromorphic function assumes all the values of C would then imply that

distinct leaves F and F (in neighborhoods of ¢, and ¢; respectively) are

not separated by m Hence the distinct integral curves y, o) and VEyp) of

w would not be separated by m, and this contradicts the deﬁmtion of m.
Now that the holomorphic integrability of the differential form E('; w is es-

tablished at ¢,, ..., ¢, , we show that n < 2. If n were > 3, then one could

find distinct leaves F , Fp such that F # 8 for i =2,...,n and

F accumulates to ¢, (1f S were the only leaf that accumulates to t;, then ¢
would not be a smgularlty) Then m(F ) =m(S), i=2,...,n, and again m
would not separate the distinct leaves yE e FEo(p )

Finally to prove that n = 2, assume that n=1.Then S = CP' —{t,} would
be a leaf of F Erw and two possibilities would occur at 7, : either the orbit space

X, of w, at ¢, is Hausdorff or not. In the case where it is a Hausdorff space,
1
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the foliation Fng would have a meromorphic integral F that would separate

all its leaves and so if ¢, = F(S), then the function m = Fo E ! would be a
pure meromorphic integral of w that avoids the value ¢, and thls is 1mpossible
If X~ is not a Hausdorff space, then any meromorphic integral of w, would
not separate the leaves and so w would not have a meromorphic integral that
would separate its integral curves. Therefore n = 2.

The second part of the lemma can be proved as follows:

u/:fxCi‘_—‘Cg—»fxCECg,
(&, z) = (H(), 2),

where H: C — C is the Mobius transformation H({) = ({ —1¢,)/({-1t,),isa
biholomorphism of Cg and y"Ww, has singularities at N and S.

Lemma 4.2. Assume that the differential form w of order v at 0 has an integral
( holomorphic or meromorphic). Then its v-jet w, has an integral.

Proof. If f is a holomorphic function of order k at 0, then denote by f, its
k-jet. Then

df A\w=df Aw,+1n,

where df, Aw, is a homogeneous 2-form of order k+v—1 and # a 2-form with
order > v + k. In particular, when f is an integral of w we get df, Aw, =0,
ie. f, is an integral of w, .

If m =a/f is a pure meromorphic function, we write

a=ao +(a-q) and ﬂ=ﬂj+(ﬂ—ﬂj),

where k, j are the respective orders of «, g and «, , B . their respective jets
of order k, j. We can assume, by adding a constant to m if necessary, that
ak/ﬂj is not constant. Then Bjdak —a’ak,Bj is homogeneous of order k+j—1.
Hence, ‘

(Bda—adf)Aw= (ﬂjdak —akdﬂj)/\wu +7,

where 7 is a 2-form with order > v + k + j. In particular, when m is an
integral of w, we get (,Bjdak —aydB;)Aw,=0,ie. a./B; is an integral of
w, . The lemma is thus proved.

Lemma 4.3. Assume that w has an integral ( holomorphic or meromorphic) and
that F.ng has only singularities of order 1 at N=(x =0, t=0) and S =
(s=0, y=0). Then w has order 1 at 0.

Proof. The leaves of FEO-W are the integral curves of the differential forms

w,(x, t) and w,(s, y) given by (4.3). We can assume, after a linear change of
variables, that

a(x, tx)

xu+l

(x=0,1=0)=0 and 2V _0 ,-0)=

v+1
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Since the differential form w,(x, ¢) has only one singularity of order 1 at N,
then
(4.4) a,(1,0)+1tb(1,1)=ct",

for some integer k < v +1 and a nonzero constant c¢. The fact that w, has an
integral and has order 1 at N implies, by Lemma 4.2, that the first jet J lel has
an integral at N. Furthermore, since a singular foliation defined by a linear
form ¢, ydx + c,xdy has a meromorphic integral if and only if ¢ /c, is a
rational number, then k =1 and b(1, 0) #0, i.e.
J'W,(x, 1) = ctdx +xb, (1, 0)dt.
So we can write
b,(1,8)=b,(1,0)+Q(1),

where Q(¢) is a polynomial of degree < v — | (because of (4.4) and degree
a,(l,t)<v),and

a,(l,t)=ayt—Q(1),
for some constant a,, such that ¢ =aqa;+b,(1,0) # 0. Hence,

a,(x,y)=apx"" —yx""'oW/x),
b, (x,y)=>b,1,0x"+x"Q(y/x).
Therefore,

Wwy(s,y) = ((a0 +b,(1,0)s" + Blsy, y) + salsy, y)) dy

y
_ v—1 (Sy, y)
s Q(L/s)+ 7 ) ds

+y (aos"_l
has an integral and is of order 1 at S =(s =0,y =0) only if v = 1. The
lemma is proved.

Proof of the proposition in the nondicritic case. The foliation FE(;W has singu-
larities at N and S (see Lemma 4.1); one of its leaves accumulates at .S and
all the others at N . Since the blow-up of this foliation at S gives rise to a new
foliation with only two singularities of the same type as the singularity at S, we
see then by further blow-ups of the singularities that at the final step, we obtain
a reduced foliation with only two singularities on each branch of the exceptional
divisor Eg 1(S) , where Eg is the desingularization of FEO*W at S'. Hence, by
blow-downs, we see that FEO*W has order 1 at S (Lemma 4.3). Next, since the
orbit space X;I is Hausdorff (because X, is ), then either w, is dicritic at N,
in which case 1t has order 1, or else its blow-up gives rise to a new foliation
of the same type as FE(;W. Since this process of blow-ups eventually reaches
the dicritic situation (Theorem 2.12), then we conclude, after a succession of
blow-downs, that w, has order | at N . Hence, Lemma 4.3 insures that w has
order 1 at 0 and the proposition is proved.
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Proof of Theorem. 4.1 It follows from Proposition 4.1 that w has order 1 at 0
and from Proposition 3.1 that w has a pure meromorphic integral. Then we
can write

(4.5) w(x,y)=(rydx —sxdy)+n,

where r, s are coprime positive integers and # a differential form with order
> 2 at 0. Now a classical theorem due to H. Poincaré [8] says that when w has
the form (4.5), it is conjugate to its first jet (rydx — sxdy). The theorem is
thus proved.

As a consequence of Theorems 4.1 and 1.43, we obtain a rationalization result
for a class of germs of meromorphic functions. Consider a germ at 0 € C? of
a pure meromorphic function m(x, y) and denote by X, the orbit space of
the foliation defined by the level sets of m . Then

Theorem 4.2. A germat 0 € c’ of a pure meromorphic function m is conjugate
to a rational function of the form R(x"/y’), where R is a rational function on
the sphere C and r,s are coprime positive integers, if and only if X, isa
Hausdorff space.

5. NONEXISTENCE OF A TOPOLOGICAL CRITERION
FOR TRANSCENDENTAL INTEGRABILITY

In [12] and [13] M. Suzuki shows that the differential form
u(x, y) = (J/3 +y’ - xy)dx — (2xy* +xy — x2) dy

is well-behaved and does not have a meromorphic integral. However the func-
tion (x/y) exp((y2 +y)/x) is a transcendental integral of u.

Here, we given an example of a well-behaved differential form W that does
not have a transcendental integral. Then an argument similar to that used by
D. Cerveau and J. F. Mattei in [2] to prove that u is topologically conjugate to
the differential form

v(x,y) = (2y2 +x3)dx - 2xydy,

for which (y2 - x3) /x2 is a meromorphic integral, shows that u,v and W
are topologically conjugate. Two germs at 0 € C? of holomorphic differential
forms are said to be topologically conjugate, if there is a homeomorphism of
a neighborhood of 0 that maps the integral curves of the first differential form
into that of the second. Hence we conclude: there is no topological criterion for
the existence of transcendental integrals of a germ of a holomorphic differential
form in C2.
Let

W(x,y)=(xy— cy2 - cya)a'x + (—x2 +cxy + 2cxy2 —y —y4)dy,
where ¢ = (V2+1)/(v2—1). In the rest of this section we show the following:
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Proposition 5.1. W is well behaved and does not have a transcendental integral.
The proof of this proposition is based upon some lemmas.

Lemma 5.1. W is well behaved.
Proof. We use the blow-up map E;,. We see that
* 35 * 3
EyW(x,t)=x"W,(x,1) and E;W(s,y)=y W,y(s,y),
where
W, (x,0)=(ct’ =" = Px)dx + (=1 +ct+ 2c’x = £x = 1*x%) dt
and .
W,(s,y)=(es—(1 +y))dy+(s-c(1 +y))ds.
The differential form W (resp. W ) does not vanish on the complex curve
{x =0} (resp. {y =0}). So the foliation FEOW has no singularities on E; L0).
Moreover, E; l(0) is transversal to all the leaves of Fng except one: it is
tangent to the leaf that passes through the point (s = ¢, y = 0). Next, since

Ey ! maps the leaves of F, into that of Fng , then the integral curves of
W adhere to 0 and they are closed in U — {0}, provided that U is a small
neighborhood of 0. That is, W is well behaved and the lemma is proved.
Lemma 5.2. W does not have a meromorphic integral.

Proof. We use an argument similar to that used by M. Suzuki in [12]. The linear
form Wz(s, y) has a singularity at (s = 0, y = —1) and in the coordinates
(Y=s5s+(@p+1), S=s—-(1+y)), W has the expression

W,(S,Y) = \/‘ 2SdY - Y dS).
\/‘ _
By integrating the correspondmg llnear differential equation, we see that the
integral curves of W are not closed near (s =0,y =—1). Thus W has no

meromorphic integral near its singularity. Now, assume that W has a mero-
morphic integral m(x, y) in a neighborhood of 0 € C’ . Then the function
defined in a neighborhood of E l(0) C C(Z) by

m(x,t)=m(x,tx) and m(s,y)=m(sy,y)

would be an integral of Eg W. The integral curve of Wz through a point A4
with coordinates (s =a,y = —1), a # 0, intersects the s-axis at a point B.
Let L be a (real) path that joins 4 to B in the integral curve through 4 of
Wz . Then we could choose ¢ small and R large so that the bidisc

D(0, R)x D(0,€) cC,xC,
is contained in the domain of /m and furthermore, the projection of the path

L into the s-axis is contained in the disc D(0, R). The function m would
extend, by constancy along the integral curves, to a neighborhood V' of L. We
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can then assume, by shrinking V' about L if necessary, that the projection of
V' into the s-axis is also contained in the disc D(0, R). Hence, m would be
a holomorphic function (into C) in

(D(0, R)x D(0, ¢))uV,
whose envelope of holomorphy is
D(0, R) x (D(0, e)u V"),

where V' is the projection of [/Vinto the y-axis. Therefore, m would extend
as a meromorphic integral of W,(s, y) in a neighborhood of the singularity
(s =0,y =—1). This is impossible and the lemma is thus proved.

In what follows multiform functions are going to be considered. Let us recall
this notion. Let U be a complex manifold and let q: U — U be the universal
covering of U. A multiform (or a multivalued) function on U is a relation
m: U — C such that moq is a holomorphic function (into C) defined in U.

Now, consider the multiform function m({) = ({ + 1)‘/5/ (¢ = 1) defined in
cP' - {=1,1,00}. Let q: D > CP' = {~1, 1, oo} (D denotes the unit disc)
be the universal covering and m be the lift to D of m. An invariance function
of m is an (global) analytic function p that satisfies

m(p(z)) = m(z) forevery z € D.
Denote by S the Riemann surface of p and by p the projection into D.

Lemma 5.3. There is a sequence of points (o, j)k’ ezt in D such that: S is

a covering of D — {ak,j; k,jeZ'} and for every g € p“l(ak’j) there are
U, ; (resp. Vk,j) neighborhood of f €S (resp. a € D),and @, ; (resp.
Vi, j) homeomorphism of U ; (resp. V. j) into C, such that

-1
y/k’jopod)k’j(z) =z,

where v =1 or 2.

Proof. For any branch of m, we have

(5.1) m () #0 ifl{#c, m(c)=0 and m'(c)#0,

where ¢ = (v2+1)/(v/2—1) . Denote by () )kez+ the infinite sequence p_l(c).
Then it follows from (5.1) that

m(z)#0 ifz#a,, m(a)=0 and m'(e,)#0.

So that m is a covering from G = D—m*'{m(ak) , k € Z'} into its image. An
invariance function p of m can then be continued throughout G. Next, for
every k € Z*, denote by (o, )7+ the infinite sequence m~ () = {a, )}
Now, let k and j be fixed. Then when z tends to o ;2 branch of p tends
either to o I% (for some j') or to o, . Since m is a local biholomorphism
at a, and o, o then the branch of p that tends to oy 4 can be extended
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through «, ;. That is, there are neighborhoods U, ; of the corresponding
point to oy in §,and V, k. of oy in D, and homeomorphlsms D, ¥ and
Y of Uy . ; and V, k. respectwely, mto C, such that

W, jopo d),:’lj(z) = z.
In the case where p(z) tends to «, , then it follows from
M) =mlay ), Moy )#0, m(xy)=0 and m'(a,)#0,

the existence of neighborhoods V, and V), ; of o, and ay respectively, such
that the function 1
m oﬁ’l:[/}{—ar’;l(l/;()——»Vk’!

is conjugate to z*. That is, p(z) is conjugate to \/z near a, ; and the lemma
is proved.

Let p be an invariance function of m distinct from the identity. Then
define the function H , multiform on CP' — {=1,1,00},by H=qopo q"
H is an invariance function of the multiform function m . Thatis, moH = m
globally.

Remark 5.1. The integral curve T of the linear form Wz(s, y) through

0,¢)
(s =c,y=0) is tangent to CP'. So, when { is close to ¢ the integral curve
F(o, 0 intersects CP' at ¢ and another point ¢’ . The mapping J: { — (' isa
well-defined holomorphic function near ¢. Moreover, the multiform function
H is the analytic continuation of J. To see why, notice that m({) is the
restriction to CP' of

(s y) = EHLEVIVI

’ (s=(1+»))

a multiform integral of Wz(s, y) and J is the invariance function of any
branch of m.

Remark 5.2. 1t follows from J o J({) = { that
(5.2) HoH=1id,

bl

H considered as a global analytic function.

Lemma 5.4. H is not an algebraic function.

Proof. If H were an algebraic function, then it would follow from (5.2) that
the space R, obtained by identifying the points in CP' via the equivalence
relation

(~C i (e (),
is a compact Riemann surface. So, if r: CP' — R is the quotient map, P
any nonconstant meromorphic function on R (such function always exists on
a compact Riemann surface [11]) and y: U — CP', where U is a tubular



THE INTEGRABILITY OF SINGULAR DIFFERENTIAL FORMS 619

neighborhood of CP' C €7, is defined by w(p) =T,NCP', with T, the leaf
through p of FEJW, then the mapping
ux,y)=@oroyoE, (x,)

would be a meromorphic integral of W. This contradicts Lemma 5.2 and
Lemma 5.4 is proved.

Define the function 9: CP' — R by

s+ 1V2

B(s) = =t 1-V2

-,

and  8(t) = |1+ 1Y)
where ¢, s are the homogeneous coordinates of CP'. The function ¥ is the
absolute value of m and its level sets are closed curves in CP'.

Corollary 5.1. For every { € CcP' - {1, 1, 00}, the set H({) has an accumu-
lation point {_ on the curve 19_'(19(5)).
Proof. Since U is the absolute value of m and H is an invariance function of

m, then H({) C 19—1(19(C)) . Since H is not an algebraic function, then H({)
consists of an infinite number of points and the conclusion follows.

Proof of the proposition. If T(x,y) were a transcendental integral of W in a
neighborhood U of 0 e c’ (see Definition 1.41) then the function T, defined
in E;'(U) by

T(x, t)=T(x,tx) and T(s, v)=T(sy,y),

would be an integral of ES W, outside finitely many leaves. The restriction

To of T to CP' would then be a holomorphic function with a finite number
of essential singularities. Now, since { and J({) are on the same leaf (see
Remark 5.1), then 7,0 J = T and, by analytic continuation, we get

Ty(H() = Ty(¢) for every { € CP' — {—1, 1, oo}.

Hence, To would have an essential singularity at {_ (see Corollary 5.1). But
the number of such accumulation points {__ is infinite, thus the assumption is
contradicted and the proposition is proved.
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