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STABILITY OF INDIVIDUAL ELEMENTS
UNDER ONE-PARAMETER SEMIGROUPS

CHARLES J. K. BATTY AND VU QUOC PHONG

ABSTRACT. Let {T(f):t> 0} bea Cj-semigroup on a Banach space X with
generator A, and let x € X. If g(4) N iR is empty and ¢ — T(f)x is
uniformly continuous, then ||[7(#)x|| — 0 as ¢t — oo. If the semigroup is
sun-reflexive, o(A4)N iR is countable, Pa(A4)NIR isempty, and ¢ — T(t)x is
uniformly weakly continuous, then T(f)x — 0 weakly as ¢ — oo. Questions
of almost periodicity and of stabilization of contraction semigroups on Hilbert
space are also discussed.

1. INTRODUCTION

Let . = {T(t):t > 0} be a bounded C-semigroup on a Banach space
X, with generator 4. The spectrum og(A) of A is contained in the left half-
plane {4 € C:Rel < 0}. Suppose that the peripheral spectrum, o(A4) N iR, is
countable, and the peripheral residual spectrum, Ro(A4) N iR, is empty. Then
IT(t)x|]| — 0 as t — oo, foreach x in X.

Two independent proofs have been given of this stability theorem [1, 13].
In [1], an estimate on limsup,_, _ ||7(¢)x||, for certain x in X, was obtained
by modifying a contour integral introduced by Korevaar [9] and Zagier [22] to
obtain a simple proof of a Tauberian theorem for Laplace transforms (itself a
special case of an old Tauberian theorem of Ingham [8]) and hence of the Prime
Number Theorem. Then the estimate can be modified and extended iteratively
to larger classes of vectors x, until the conclusion of strong convergence on X
is reached. If g(A)N iR is empty, the proof is very simple and explicit; indeed,
in this case, ||T(t)A_l || = 0. In cases when o(A4)N iR has reasonably simple
structure, the proof remains fairly explicit, but if the peripheral spectrum is
complicated (while remaining countable), the proof does become obscure, the
general case requiring transfinite induction.

The proof of the same stability theorem in [13] is by reductio ad absurdum.
It deals with all cases, whatever the structure of ¢(4) N iR, in the same way,
and therefore provides a succinct method for the general case. However, it is
less elementary than [1] when a(A4) N iR has a simple structure.
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In [1] it was noted that stability of an individual element x could sometimes
be obtained by the same method, even if .7 is not bounded. If g(4) C {A €
C:ReA <0}, x € D(A), and ||T(t)4x] is bounded, then ||T(¢)x|| — 0. The
present paper contains some further individual stability results. It is shown
(Theorem 1) that ||T(¢)x|| — O provided that Ag(A) N iR is empty and ¢ —
T(t)x is uniformly continuous. A duality argument, combined with the method
of [1], shows that T(f)x — 0 weakly if .7 " is strongly continuous, o(4)NiR is
countable, Ra(A")NiR isempty, and T(f)x is bounded (Corollary 3), or if .7~
is sun-reflexive, a(A4) N iR is countable, Pa(A)N iR is empty, and ¢ — T(t)x
is uniformly weakly continuous (Corollary 5). In §3, two examples are given to
show that these results are close to being optimal.

In §4, we show how our methods can be used to prove that a bounded C,,-
semigroup .7 is almost periodic if g(A4) N iR is countable and Ran(A4 —iu) +
ker(4 — iu) is dense in X for each real u [19]. In §5, we show how almost
periodicity can be used to give an alternative proof, and slight improvements,
of results of Korobov and Sklyar [10] concerning problems of stabilization of
semigroups on Hilbert space arising in control theory.

Throughout the paper, .77 = {T(f): t > 0} will be a C,-semigroup on a
Banach space X, A4 will be its generator, p(A) the resolvent set of 4, and
g(A), Pa(A), Aa(A), and Ro(A) the spectrum, point spectrum, approximate
point spectrum, and residual spectrum of A, respectively. Thus,

Ro(A) = {# € C: the range of A — A is not dense in X } = Pg(A").

We are grateful to W. Arendt, Yu. I. Lyubich and G. M. Sklyar for valuable
comments and suggestions about this work. The paper was completed during a
visit to Oxford by the second author. '

2. STABILITY THEOREMS

In this section, we give two individual stability theorems, one giving strong
stability, and the other leading to weak stability. It should be noted that, in
neither theorem, is it assumed that the spectrum o(A4) of the generator A4 is
contained in the left half-plane. In the first theorem (and in Corollary 4) it is
not assumed that 7(¢)x is bounded (although this follows from the conclusion
of the theorem).

Theorem 1. Let {T(t): t > 0} be a C -semigroup on a Banach space X , with
generator A, and suppose that Aa(A) N iR is empty. Let x € X, and suppose
that t — T(t)x is uniformly continuous. Then ||T(t)x|| — 0 as t — oo.

Proof. Let Y be the closed linear span of {T(f)x :¢> 0} in X, and 4, be
the part of 4 in Y, sothat D(4,) = D(A)NY, Ay =Ay (v € D(A)). Let
a(t) = T(t)x . Since «a is uniformly continuous, there are constants ¢, d such
that ||a(?)|| < ct+d forall 1> 0. Hence

/ e Hla(t)] di < oo
0
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forall A>0. Let

g(z) = z/oo e “a(s)ds (Rez>0),

(*) o

g(z)=e a(t) + z/ e “a(s)ds (zeC,t>0).
0

By a standard argument, it can be seen that g(z) € D(4,) and A(g(z)) =
Ay(g(z)) = zg(z) — zx . Since 0 ¢ Aa(A4),

0 < timipt L7501 T2(2) I)I)”" mié‘f:|21<”z);||||’
Bl 18 Ko 18

so ||g(2)|l/|z| is bounded, as z — 0, Rez > 0. Hence —z_lAO(g(z)) - X,
so x is in the closure of the range of 4. Since this range is .7 -invariant, it
isdense in Y. Thus 0 ¢ o(A4,). A similar argument shows that iu ¢ o(4,)
(L €R).

Now the function g(z) is analytic for Rez > 0 and

g(z)=z(z-4,)"'x  (x€p(4,), Rez > 0).

Thus g extends to an analytic function in p(A4;)U{z:Rez > 0}, which is an
open set containing the imaginary axis.
Since o is uniformly continuous,
lim limsup sup |a(s)—a(?)| =
010 [—o0 (—§<s<t
It therefore follows from [2, Theorem 2.3] that g,(0) — g(0) as ¢ — oo, so
that ||a(?)|| — O.

Remarks. 1. The reader should be aware that the essence of the proof of The-
orem 1 is to apply an estimate of Korevaar [9] and Zagier [22], obtained
from a simple contour integral, to show that ||T(¢)xs|| — O, where x; :=
5! fo‘s T(t)xdt (so that T(t)x; is bounded), and then to use the fact that
T(t)xs — T(t)x, uniformly in f,as 6 | 0.

2. Theorem | remains true if the assumption that Ao(A4) N iR is empty
is replaced by the assumption that the function g(z) defined by (*) has an
analytic extension across the imaginary axis.

The formulation of the next result requires the notion of the sun-dual .7 ®
of 7 [7, Chapter 14; 3, §3.4]. Let

C={peX T (1)p-¢| —O0as 110}

Then X© isanorm-closed .7 *-invariant subspace of X*; moreover, X© is the
norm-closure of D(A*). Let T9(¢) = T*(¢)|X®. Then 9° isa C,-semigroup
on X%, and its generator 4% is given by

D(A®) ={peDA): Ao X®),  A°=4"|D°).
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The following spectral properties hold:
o(A)=0(A4
Ro(A) = Pa(A™) = Pa(A°),

Ra(A®) C Ra(A").

Theorem 2. Let {T(t):t >0} be a C,-semigroup on a Banach space X with
generator A, and suppose that a(A)NIR is countable and Ra(A°)NiR is empty.
Let x € X and suppose that {T(t)x : t > 0} is bounded. Then ¢(T(t)x) — 0
as t — oo, forany ¢ in X©. Hence T(t)(A— A)_'x — 0 weakly as t — oo,
forany 4 in p(A).

Proof. For ¢ in X©, let

,(0) = (20 T2(1))¢ = (TO(D)$)(x) = $(T(1)x).

Then fd) is a bounded continuous function, with Laplace transform

g¢(z)=/0 e—z’j;(t)dt.

This is defined and analytic in the region Rez > 0. Moreover, if z € p(4),
then

1 1

oo
820 == [ AT - A X de = gl(z - ) )
Thus g, extends analytically to p(4)U{z:Rez > 0}.

Now the argument of [1, §3] is applicable. (In the inductive hypothesis,
the quantities ||T(t)A_lUx|| , |Ux||, ||ij|| are replaced by |¢>(T(t)A_lUx)| ,
IU$ll, IIU;@ll respectively, and M now represents sup,.,|[|7(¢)x||.) The
conclusion is that ¢(T(t)x) — 0 for each ¢ in X© . In particular, for y in
X, A-A"'yeDUA") C X, s0

—1

W(T(A—4)""'x)= (A~ 4" w)(T(t)x) — 0.

Corollary 3. Suppose that 7" is strongly continuous, a(A) N iR is countable,
and Ro(A*) N iR is empty. Then T(t)x — 0 weakly for each x such that
sup,.o I7(t)x|| < co. Furthermore, there is a net (T,) in the convex hull of
{T(t):t>0} suchthat ||T, x| — 0 forall such x.

Proof. Tt is immediate from Theorem 2 that T(t)x — 0 weakly. The final
statement is a standard Hahn-Banach argument.

In the situation of Corollary 3, it is not necessarily true that

] !
’—/0 T(s)xds

; —0 as t— o©

(see Example 7).
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Corollary 4. Suppose that o(A) N iR is countable and Ra(A®) N iR is empty.
Let x € X and suppose that t — e~ "™ T(t)x is uniformly weakly continuous for
some iy in p(A)NiR. Then T(t)x — 0 weakly as t — co.

Remark. A posteriori, we know that 7T'(¢)x is bounded. Then the condition of
uniform weak continuity is independent of u .

Proof. Replacing T'(t) by e’””T(t) , we may assume that 4 =0 and 0 € p(4).
For 6 >0, let

0

Then {T(t)ys:t > 0} is weakly bounded, hence bounded. It follows from
Theorem 2 that ¢(7(1)4x;) — O for any ¢ in X®. For v in D(A"), we
may put ¢ = A" "'y € D(4") € X® and deduce that y(T(t)x;) — O as
t —oo. But,as 6 | 0, w(T(t)x5) — w(T(t)x) uniformly in ¢, by uniform
weak continuity of 7T(¢)x, so w(T(t)x) — 0 as t — co.

)
X, = é/o T()xdt, y;=Ax; = ~(T(6)x - x).

The construction of the sun-dual may be repeated to form (X 0 g oo) as
the sun-dual of (X ° g O). There is a canonical (nonisometric) embedding
x— % of X in X®® given by

() =o(x) (o€ XO).

Since T°°(1)x = (T()x)~, we may identify (X,.7) with a subspace of
(X9°, 799 If X°° = X, 7 is said to be sun-reflexive. De Pagter [5]
has shown that .7 is sun-reflexive if and only if the resolvents (A — A)_1 are
weakly compact operators on X, for 4 € p(A4). If X is reflexive, then any
C,-semigroup on X is sun-reflexive. The translation semigroup on C(T) is
sun-reflexive, but the translation semigroup on C,(R) is not.

Corollary 5. Suppose that 7 is sun-reflexive, a(A)NiIR is countable, Pa(A)NIiR
isempty, and let x € X . If {T(t)x :t > 0} is bounded, then ¢(T(t)x) — 0 as

t > o0 forany ¢ in X°. If t — e_i”'T(t)x is uniformly weakly continuous
for some iu in p(A)NiR, then T(t)x — 0 weakly.

Proof. Since .7 is sun-reflexive,
Ra(A®) = Pa(A®*) = Pa(4°®) = Pa(4),

so Theorem 2 and Corollary 4 are applicable.

3. EXAMPLES

In this section, we give examples to show that the previous results are close to
being optimal. The first example includes Example 2.5b) of [1], but it also shows
that similar effects can occur in reflexive spaces, and that, in nonreflexive cases,
Theorem 2 and its corollaries cannot be strengthened to give weak convergence
under more general conditions.
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Example 6. Let X =/, (1 <p<oo) or X = ¢y - Define a C-semigroup on
X by

(T(1)x)y,_, = é'im_t/nz(xzn—l +1X,y,),
(T(0)x),, = ™" x, .
The generator A is given by
D(A4)={xe X :(nx,) € X},
(AX)4,_; = Xy, + (in — l/nz)x2n_l ,
(Ax),, = (in = 1/n")x,, ,
a(A) = {in—- l/n2 n> 1}
We identify X with /Y where 1/p+1/g=1 (¢=1 if X =¢,). Then
1 X=0",1<p<o)),
x° =3¢ (X=1Y,
I' (X =q¢)),

o} int—t/n’
(T (t)x)2n—l = e’" ! x2n—| ?
o} int—t/n*
(TO(0)x),, = """ (x,, + tx,,_,)-

The semigroup is sun-reflexive.
Now define y € X by

—(2p+1 2.
Va1 =0, Vop =1 (2p+1ip (Vy, =n "if X =¢;).
Then (if X =17),
_ 4 l'nl—l/n2
(T()y)y,—y = We ,
_ 1 int—t/n’
(T([)y)z,, - n(2p+|)/p€ .
2
A simple argument involving Riemann sums of s~ ‘**"e™”/* shows that, as
I — 00,
0o p oc 2
1+ —piyn? - /sl
IlT(t)yllI):Z ;—+le pt/n _'/ s (2p+])e p/s dS
— n” 0
® poi - — 1)
=l/ e ”“duz—(p pl).
2 Jo 2p
If X =¢,, then | T(2)y|| — e”'. In each case, [|T°(¢)y|| converges to a non-

zero limit. Thus, in Theorem 1, it is not possible to replace the assumption of
uniform continuity by boundedness, even in reflexive spaces.
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If X=10",(1l<p<o)orX=c,, then X® = X* and it may be seen
by direct calculation, or from Corollary 3, that 7(¢f)x — 0 weakly whenever
T(¢)x is bounded. However, if p = 1, then X* =[®, X° = ¢, If we put
p(x) =217 x,, (x €l'), then, as r — oo,

(T(2nr)y) = |TQrry| = (l +n§7zr) o2

n=1
oo 2
- 27z/ l}e_zn/s ds = %,
0 S
so T(t)y does not converge weakly to O, even though o(4) C {A€C: Red <
0}, y € D(A), and T(t)y is bounded. This shows that Theorem 2 and its
corollaries cannot be strengthened to give weak convergence under various more
general conditions. Moreover, if we put

. 2
mnt—t/n
e /

£(6) = H(T(1)4) =§:‘{1 w0 (in- )

n=1 n

we find that
SOl < NT@ON 4yl = [ 4plI(1 + 1),

g(2) = /0 T fe ™ d = ¢((z — 4) Ay),

so the singular set'of g is empty, but

/0 f(s)ds - g(0)] = |$(T(1)y)] .

which does not tend to 0 as 1 — oo. This gives an example of a scalar-valued
function f to show that the assumption of boundedness of f cannot be relaxed
in even the simplest cases of Ingham’s type of Tauberian theorem [8, 9, 22; 1,
Theorem 4.1].

The second example shows that Theorem 2 and its corollaries cannot be
improved to give strong convergence, except in circumstances covered by [1,
Theorem 3.1] or Theorem 1. It also answers negatively a question raised in [1].
Note that the semigroup in this example is norm-continuous.

Example 7. Let X =/, (1 <p <o) or X = ¢, - Define a norm-continuous
semigroup on X by

(T()X)y,_y = e_[/"(xzn_l +1x,,), (T()x),, = e_’/"x2

-
The generator A4 is given by

1 1
(Ax)Zn—l = Xop ~ ExZn—l > (Ax)Zn = _Ex2n >

o(4) = {—%:n > 1}u{0}, 0 ¢ Ro(4)URa(4°).

It may be seen by direct calculation, or from Corollary 3, that if T(¢f)x is
bounded, then T(f)x — 0 weakly as t — o0.
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Define y in X by

—(p+1 -1 .
Vo1 = O, Yy, =N p+h)/p (yZn =n if X = Co )

Now, as t — oo,

pt/n ) /P _ 1/
unz)yn:{z”’;l } =Ty,

1Tyl —e™ (X =)

Hence ¢ — ||T(¢)y|| is bounded. Since A4 is bounded, it follows that ¢ —
IT(t)Ay| is bounded and ¢t — T(¢)y is uniformly continuous. This shows
that the question raised in [1, Remark 3.4] has a negative answer. Moreover,
Theorem 2 cannot be improved to give strong convergence.
Note further that
1

! o~ (n ~i/n —t/n
7/()(T(s)y)2n_|ds—n {7(l—e )—e },

—t/n
L[ @y, ds =2
0

t t
Thus, if X =17,

1 [ X Ciffn —t/n —yn)” 1—e /"\?
’7/0 T(s)yds —;n H?(l—e )—e } +<——t )
_./ %(s(l—e_l/s)—e_l/s)pds>0.
0

If X =c,, then

— sup|s(1 —e ' —e_l/sl > 0.
>0

t
l/ T(s)yds
tJo

Thus, a mean ergodic theorem does not apply to y.
Finally, define z in X by

22r2=l/r (VZI),
z, =0 otherwise.

If s>¢,

[(T(8)2)32_; = (T(D)2)2_, | = %Ise_‘/’z e

[(T(5)2),,2 = (T(1)z2),,2

= ;(e

Hence

00 1/p
IT(s)z = T(D)z]) < (s = 1) (Zr‘”) (x =1,

r=1

IT(®)z =Tz Ss—1 (X =¢)
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Thus ¢~ T(t)z is uniformly continuous. Nevertheless,

TPzl > (T(P)z2),e_, =re”".

This shows that, in Corollary 4, it is not possible to assume that ¢ — e ‘T()x
is uniformly weakly continuous for some iu in o(4)NiR.

4. ALMOST PERIODIC SEMIGROUPS

A bounded semigroup .7 is said to be almost periodic if each orbit {T'(¢)x :
t > 0} is relatively compact. By the splitting theorem of Jacobs, de Leeuw, and
Glicksberg [4; 11, Theorem 4.4, p. 105], if 7 is almost periodic, then

X=X(T)eX,(T),

where X (7)) = {x € X :|[T(¢t)x|]| — 0} and X,(") is the closed linear span
of {x € D(A4): Ax = iux for some u € R}. Moreover, 7 |X,(J) extends to
a bounded C,-group on X,(7).

The following theorem has been obtained in [19] by a method similar to the
stability theorem proved in [13]. We outline an alternative proof similar to [1].

Theorem 8. Let 7 be a bounded C ,-semigroup on a Banach space X, with
generator A. Suppose that o(A) N iR is countable. Then I is almost periodic
if and only if, for each real u, Ran (A — iu)+ker(A —iu) is dense in X .

Proof. Suppose that .7 is almost periodic, f € X~, and f vanishes on
Ran(A—iu)+ker(A—iu). Then A"x =iuf,so T(t)' f=e"f. If x€ X,(T),
then

e f(x) = f(T(t)x) — 0,

so f(x) =0. If x € ker(4 — iu), then f(x) = 0 by assumption. If x €
ker(A — iA), where A # u, then

™ f(x) = [(T(1)x) = ™ f(x),
so f(x)=0. Thus f =0, by the splitting theorem.

Conversely, suppose that, for each x, Ran(4 —iu)+ker(4 — iu) is dense in
X . Then a routine variation of a spectral mapping theorem [14, p. 85] shows
that, for each ¢t > 0, Ran(7'(¢) — 1) + ker(7T(t) — 1) is dense in X . Suppose,
without loss of generality, that 0 € p(4). Now, in the notation of [1, p. 843],
consider the following inductive hypothesis (where « is an ordinal):

If E_ iscovered by disjoint intervals (r]j—sj , nj+sj) (j=1,...,n),where
njeE”, |'7,-|—8j >0, R-|n|—¢;>0 and n, £¢, ¢ E (j=1,...,n),

then {T(t)A_I Ux :t >0} has an &-net whenever

2M|Ux|| + ‘ -1, 22—l T

e> 2NN TT 0 4 agmdr S 10 xllinyle iy )™ 0 =€) ™" T] B
Jj=1 Jj=1 k=1

k#j
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If @ = 0, this follows immediately from the estimate, obtained in [1] by
contour integration, on limsup,_, ||T(t)A"]Ux|| . The inductive step for a
nonlimit ordinal is carried out using the density of Ran(7'(¢)—1)+ker(T(1)-1).
Eventually when E_ is empty, we find that {T(t)A_lx :t > 0} has an e-net

whenever & > 0. Since .7 is bounded and Ran (A_') = D(A) isdensein X,
it follows that {T(¢)x : t > 0} has an e-net whenever ¢ > 0, and is therefore
relatively compact.

Remark. Suppose that .7 is bounded and that a functional f in X~ annihi-
lates Ran (A4 — iu) + ker(A — iu). For any x in X, le’

R T
X, == ; e (t)xdt,

n
and let y be any weak ™ limit point of (x,) in X® . Then T®*(1)y = ey,
so y € X°°. Thus if 7 is sun-reflexive, or if {T(t)x : t > 0} is relatively
weakly compact, then y € X, so y € ker(4 — iu), and f(y) =0. But f(x) =
f(y) =0, since T"(t)f =e™ f. Thus any bounded semigroup, which is either
sun-reflexive or weakly almost periodic—in particular, any bounded semigroup
on a reflexive space—is almost periodic, provided that o(4) N iR is countable.

5. STABILIZATION OF CONTRACTION SEMIGROUPS ON HILBERT SPACE

Let 7 be a C,-semigroup of contractions on a Hilbert space X, with gen-
erator A. Let X (77) be the unitary subspace of 7, so that

X (T)={xeX | T)x| = x| =IT(t)"x]|| forall £>0}.

Then X, (7") is a reducing subspace for .77, 77| X, (") is a unitary semigroup
on X, (7),and T(t)x — 0, T(1)*x — 0 weakly as 1 — oo, for any x in
Xu(Y)L. If 6(A)NiR is null, then |T(¢)x|| — 0 and ||T(¢t)*x|| — O for all x
in Xu((7)l [15]. If X, (7) ={0},then 7 is said to be completely nonunitary.

Let Y be another Hilbert space, and B: Y — X be a bounded linear op-
erator. For any bounded linear operator K: X — Y, 4 + BK generates a
Cy-semigroup 4 = {Sg(t) : t >0} on X . If Sg(¢f)x — 0 in norm (respec-
tively, weakly) as 1t — oo for all x in X, then (A4, B) is said to be strongly
(resp., weakly) stabilizable, and K is said to be a stabilizer of (4, B). We
shall be particularly interested in the case when K = —B", so that Sy isa
contraction semigroup, which we shall denote simply by % .

The problem of stabilizability has been considered by several authors [20, 16,
12, 10} with applications to control theory in mind. Using almost periodicity,
we shall give a proof of a slightly improved version of an elegant result obtained
in [10].

Lemma 10 [16, 12]. Let . be the semigroup generated by A — BB*. Then
X (&) C X (7 )NnkerB". Moreover, X () is a reducing subspace for T

u

and T(t)x =S()x (x € X, (F), 1>0).
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Proof. For x in X, (&)ND(A),
0 =Re((4 - BB")S(1)x, S(t)x) < —|B*S(1)x|*.
Hence B*S(t)x = 0. Now
T(0)x = lim [S(t/n)e' 1"x = S(t)x.

Similarly, T()"x = S(¢)"x for x in X (¥)ND(A") = X (¥)ND(A), and all
the results follow.

Let M_ be the closed linear span of {T(¢)By:y €Y,t> 0}, and M: be
the closed linear span of {T(¢#)*By:y € Y,t>0}. Korobov and Sklyar [10]
proved variants of the following three lemmas.

Lemma 11. Let * be the semigroup generated by A — BB*. Then X () C
Xu(7)ﬁMCl NM:*. If iR is not contained in a(A), then X,(A)=X,I)n
M Cl =X, ()N M: L. In particular in this case, % is completely nonunitary if
and only if X,(7) ﬁMCl = {0}.

Proof. Let x € X,(*). By Lemma 10, x € X (") and B*T(t)x = B*T(1)"x
=0 forall t>0, so xeMClnM:l.

Conversely, suppose that x € N := X, ()N M, L. Then B*T(t)x = 0 for
all t >0, and

t/n)BB*

~WmBE )] x = T(0)x.
Moreover, N is J -invariant and 7'(¢)|N is isometric. Since g(4|N)NiR C
Ao(AIN)NIR C a(4A)NiR, if iy ¢ a(A), then iu ¢ a(A|N). If iR is not
contained in o(A4), it follows that #|N = J|N extends to a unitary group
on N (see, for example, [13]). Thus N C X (&). Similarly, X () ﬁMCl -
X, (&) if iR is not contained in o(A).
Lemma 12. Let A and B be as above. Then

o(A—BB")NiRCa(4A)NiR, Po(A—-BB*)NiR C Pa(A)NiR.
Moreover, if (A— BB*)x = iux for some x in D(A) and some real u, then
Ax = iux and B*x =0.
Proof. Let ip€ 6(A—~BB")NiR. Then ip€ da(A-BB") C Aa(4-BB"), so
there is a sequence (x,) in X suchthat |x, || =1 and ||(A—BB'—i,u)xn|| —0.
Then

S(t)x = nlirgo[e

0> —||B"x,|I” > Re((4 — BB" — iu)x,, x,) = 0,

so ||B*x,|| — 0 and (4 - ig)x,|| — 0. Thus iu € o(A4). The other statement
is proved similarly.

If . is an almost periodic contraction semigroup on a Hilbert space X,
then (in the notation of §4), X, () = X (7).
Lemma 13. If X ()N MCl N M:J' = {0}, then (A, B) is weakly stabilizable,
and —B" acts as stabilizer. Conversely, if I is almost periodic, and (A, B) is
weakly stabilizable, then X (7 )N M, Cl = {0}, and —B" acts as stabilizer.
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Proof. The first statement follows from Lemma 11, which shows that % is
completely nonunitary, hence weakly stable.

Now suppose that (A4, B) is weakly stabilized by K, and let x € M Cl . For
any t>0and y in Y, (x, T(1)By) =0, s0 (x, T(1)e*®*z) = (x, T(1)z) for
all z in X, s> 0. Hence

(x, (T(t/n)e""PKY"

z)=(x, T(t)z).
Letting n — oo,
(x, 8¢()z) = (x, T(t)z).

It follows that 7'(1)"x — O weakly as t — co. Hence x € Xb((7)l =X(T).
Thus M C X,(7), X,(T)n M} = {0}, and X, (%)= {0} by Lemma 11.
Hence % is weakly stable.

Korobov and Sklyar proved that conditions (1), (3), (4), and (5) of Theo-
rem 14 are equivalent under the assumption that ¢(7°(1)) NT" is countable. If
o(T(1))nT is null, they proved that (1), (3), and (4) are equivalent. Since
o(T(1)) contains {e’1 :A€a(A)}, this latter condition is stronger than g(4) N
iR being countable. Similarly, using [15, p. 149] one may prove that (1), (3),
and (4) are equivalent if g(4) N iR is null.

Theorem 14. Let 5 = {T(t): t > 0} be a C ,-semigroup of contractions on a
Hilbert space X, with generator A, and let B be a bounded linear operator
from a Hilbert space Y into X . Suppose that a(A)N iR is countable. Then the
Jfollowing are equivalent:

(1) (A4, B) is strongly stabilizable,

(2) (A, B) is weakly stabilizable,

(3) X, (I)nM ={0},

4) X (T)nM™* ={0},

(5) there do not exist real u and x in ker B*, x # 0, such that Ax = iux.
Under these conditions, —B" acts as stabilizer.
Proof. Note first that .7 is almost periodic (see the remark after Theorem 8).
Moreover, by Lemma 12, o(4 — BB*) N iR is also countable, so ¥ is also
almost periodic.

(1) = (2). This is trivial.

(2) = (3) and (4). Since .7 is almost periodic, this follows from Lemmas
13and 11.

(3) or (4) = (1). By Lemma 13, . is weakly stable. Since .7 is almost
periodic, it follows that . is strongly stable. _

(3) = (5). If Ax = iux and B*x = 0, then T(t)x = e"'x, T(t)"'x =
e x, B'T(t)’x=0,50 x€ X, (T)NM..

(5) = (1). It follows from Lemma 12 that A—BB” has no purely imaginary
eigenvalues. Since . is almost periodic, it follows from the splitting theorem
that % is strongly stable.
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A C,-semigroup 7 is quasi-compact if, for some ¢t > 0, T(t) = K+ V,
where K is compact and ||V|| < 1. The following version of the Yosida-
Kakutani Mean Ergodic Theorem [21] is well known.

Theorem 15. Let 7 = {T(t) : t > 0} be a bounded quasi-compact C ;-semigroup
on a Banach space X . Then  is almost periodic, X,(7") is finite dimensional,
and |[T()|X ()| =0 as t = o00.

In particular, if 4 generates a bounded quasi-compact semigroup, then g(A)
N iR is finite, and we obtain the following corollary of Theorem 14. In the
case when B is compact, this result was obtained by O’Brien [16], who showed
moreover that the five conditions are equivalent to exponential stability of %
(IS —0 as 1 — o).

Corollary 16. Let 7 = {T(t) : t > 0} be a bounded quasi-compact C ,-semigroup
on a Hilbert space X , with generator A, and let B be a bounded linear operator
from a Hilbert space Y into X . Then the five conditions of Theorem 14 are
equivalent. Moreover, under those conditions, —B" acts as a stabilizer.

Remark. Quasi-compact semigroups are examples of the compactifying semi-
groups introduced in [17, 18]. A semigroup 7 is said to be compactifying if
there is a compact subset Q of X such that d(7(¢)x, Q) — 0 as t — oo,
whenever ||x|| <1 (where d denotes metric distance in X ). It was proved in
[18] that " is compactifying if and only if .7~ is almost periodic and X,(.7")
is finite dimensional.

6. SINGLE OPERATORS

Let T be a bounded linear operator on a Banach space X . There are ana-
logues of the results of §2 for the discrete semigroup {7 : n > 0}, but they are
of relatively limited interest. For example, the analogue of Theorem 1 has an-
other elementary proof. For, if o(T)NI" is empty, where ' = {1 € C: |i] = 1},
then there is a spectral decomposition X = X 10X, T=T,0T,, where T,
is invertible and 7, and Tz"l have spectral radii less than 1. Thusif x € X
and ||7"x|| is bounded (or if ||7"x| = o(a") forall a > 1), then x € X, and
I7"x|| = | T x| = 0.

There is an analogue of Theorem 2 and Corollary 3. If ¢(7)NI is countable,
Ro(T*)NT is empty, and ||T"x| is bounded, then 7"x — O weakly. One
might expect this result to remain true if it is assumed only that | T" x| = o(a”")
for all a > 1. However, this is false, as may be seen by taking X = * and

T=1+S, where Y x x
_ 1 X2 M3
SX—( , —2—,?,7,...).

Then ||T"|| = o(a") forall a > 1,-0(T)= {1}, 1 ¢ Po(T) = Ro(T"). But
IT"|| — oo, and there exists x such that ||T"x|| is unbounded.

There is also an analogue of Theorem 8. If {T"} is bounded, o(T)NT is
countable, and Ran (7 — A) + ker(T — A) is dense in X for each A in I', then
{T"x :n>1} is relatively compact, for each x in X .
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king the discrete semigroup {7'(n):n > 1} contained in Example 7 pro-
counterexamples to other possible conjectures.
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