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AN ASYMPTOTIC FORMULA FOR HYPO-ANALYTIC
PSEUDODIFFERENTIAL OPERATORS

S. BERHANU

ABSTRACT. An asymptotic expansion formula for hypo-analytic pseudodiffer-
ential operators is proved and applications are given.

INTRODUCTION

In [2] we introduced hypo-analytic pseudodifferential operators that are nat-
urally associated with the hypo-analytic structures of [1]. In this paper we estab-
lish an asymptotic formula for these operators. Such an expansion is essential
in several applications. It allows us to define, in a natural way, the symbol of a
hypo-analytic pseudodifferential operator, as well as the symbols of the adjoint,
transpose and composition of operators. The paper is organized as follows. In
Chapter I we discuss and develop the asymptotic formula. Chapter II applies
this formula to two results.

Acknowledgment. 1t is a pleasure to express my thanks to Professor F. Treves
for many stimulating discussions.

1. ASYMPTOTIC EXPANSION

1. Hypo-analytic structures. We will deal with structures which are a special case
of the hypo-analytic structures introduced by Baouendi, Chang and Treves in
[1]. We shall summarize the relevant concepts here. Let Q be a C™ manifold
of dimension m . A hypo-analytic structure of maximal dimension on Q is
the data of an open covering (U ) of Q and for each index a, of m C%

functions Z(: , ..., Z" satisfying the following two conditions:

(1) dZ(: e dZ(:" are linearly independent at each point of U _;

(i) if U N U/? # J, there are open neighborhoods @ of Z (U N Uﬂ) and

Gy of Zy(U, N U,) and a holomorphic map Fl‘; of &, onto &,
such that
Z,= F;;oZ” on U, NUj,.

We will use the notation Z = (Z(: v Z): U, — C™. A distribution A
defined in an open neighborhood of a point p;, of Q is hypo-analytic at p,
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712 S. BERHANU

if there is a chart (U,, Z ) of the above type whose domain contains p, and
a holomorphic function # defined on an open neighborhood of Z (p,) in C "
such that h = ho Z, in a neighborhood of p,. By a hypo-analytic local chart
we mean an m+ l-tuple (U, Z', ..., Z™) [abbreviated (U, Z)] consisting of
an open subset U of Q and of m hypo-analytic functions whose differentials
are linearly independent at every point of U .

We will now reason in a hypo-analytic local chart (U, Z) of Q. Assume
that the open set U has been contracted sufficiently so that the mapping Z =
(z',...,Z™): U — C™ is a diffeomorphism of U onto Z(U) and that U
is the domain of local coordinates X; (1 € j < m) all vanishing at a "central
point” which will be denoted by 0. We will suppose Z(0) = 0 and denote
by Z_ the Jacobian matrix of the Z / with respect to the x* . Substitution of
ZX(O)_'Z (x) for Z(x) will allow us to assume that Z (0) = the identity ma-
trix. Therefore the real part of the Z’ (=1, ..., m) can serve as coordinates
and in these new coordinates

Z =X+ V14 (x),  j=1,...,m,

where ¢ = (q&l ,...,@") is real valued with O differential at the origin.

Moreover, the functions Z’ are selected so that all the derivatives of order
two of the ¢j vanish at the origin. Indeed if this is not already so it suffices to
replace each Z J by

——-‘ZZ 6¢j kZ[.

ox* c')x
We will use Z'x to denote the transpose of the inverse of the matrix Z . Since
the first and second derivatives of all the ¢’ are zero at the origin, after con-

tracting U if necessary, we can find a number. ¢, 0 < ¢ < 1 such that for all
x,y in U and forall ¢ in R,

ISZ, (x)¢] < ¢|RZ (x)¢] and
(1.1) RV=1Z (X)E(Z(x) = Z(y)) — (Z (X)ENZ(x) - Z(»))*}

< —clEllZ(x) - Z),

where (¢) = ({7 + -+ ¢2)? for |9¢] < [RC].

2. Hypo-analytic pseudodifferential operators. We will continue to work in the
chart (U, Z) of §1. Our aim now is to briefly describe the hypo-analytic pseu-
dodifferential operators.

Definition 2.1. Let d be a real number. We denote by S‘d(U , U) the space of
holomorphic functions a(z, w, 8) in a product set @ x @ x € with @ an open
neighborhood of Z(U) , and # an open cone in C,\{0} containing R,\{0}
which have the following property -
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Given any compact subset K of & and any closed cone & C & whose
interior contains R, \{0}, there is a constant r > 0 such that for all z, w in
K and all 8 in &', we have

la(z, w, 0)] < r(1+16])°

Definition 2.2. We say that a C* function a(x,y,0) in Ux U xR, isa

hypo-analytic amplitude of degree d and we write a € Sd(U , U) if there is
aeSU, U) such that

a(x,y,0)=a(Z(x),Z(y),0), forallxinU,yinU,0#60€R,

Let a(x,y,0)=a(Z(x), Z(y), 6) be a hypo-analytic amplitude of degree
deRinUxU. Forany ¢ >0 and u € CO(U) we define the linear operator

(2.3) Au(x) = ( ) / / exp(V=1E - (Z(x) - Z(v) — el¢])

ca(x,y,u(y)dZ(y)dé

We contract U sutﬁciemly so that for every x,y € U and { € R, the
point Z (X)E + V=1(Z Y(Z(x) — Z(y)) will remain in the cone in which
alx,y, ) is defined. We observe that each 4°u is a hypo-analytic function.
The results of [2] may be consolidated into:

Theorem 2.1. When ¢ — 0, A° converges to a continuous linear operator A:
E'(U) —» 2(U) which maps Cc°°(U) into Cf°(U) continuously. If u is hypo-
analytic at 0 then Au is hypo-analytic at 0.

The first part of the theorem is proved by first deforming the path of &-
integration from R, to the image of R, under the map

¢— Q)= &) +vV-I(Z Z(x) = Z(y)).

The second inequality in (1.1) will then force the exponential term in (2.3)
to be bounded. The integral can then be treated as an oscillatory integral.

Following [2] we will call 4 a hypo-analytic pseudodifferential operator.
When Z(x) = x this specializes to the usual analytic pseudodifferential op-
erator.

3. Formal hypo-analytic amplitudes. In this section (U, Z) will be as in §2.
Our aim is to establish an asymptotic expansion formula for hypo-analytic am-
plitudes.

Fix a neighborhood @ of Z(U) in C", a cone € in C"\{0} and let
Ry(z, w) be a positive continuous function on & x & . For each j =0, 1,
2,... let kj(z , w, 8) be a holomorphic function in the set

{(z,w,0) €@ xO xF ;10| > Ry(z, w)sup(j, 1)}.
Set k;(x,y,0) = fcj(Z(x), Z(y),0).
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Definition 3.1. We will say that the series 5 - =0 j (x, v, 0) defines a formal
hypo-analytic amplitude of degree d if there exists a continuous function cy(z, w)
>0 on @ x @ such that for all (z,w) in @ x@ and all 6 in &, 6| >
Ry(z, w)sup(j, 1),

(20w, 0 < Cylz, w)™ e

We now show how to construct a true hypo-analytic amplitude from the
formal one given above. We will work in a compact set K C U and a relatively
compact neighborhood @, of Z(K) in & . This enables us to replace the
functions C(z, w) and Ry(z, w) of the above definition by constants C, and
R, . We will also assume that the cone % has been shrunk to satisfy: for some
d >0, whenever § =¢+=1ne &, then 6|6 < [¢|. Let R > max(R,, C,).

We will use a sequence of smooth cutoff functions ¢ i (&) having the following
properties:

0§¢j(é)forallé, and ¢j(é)=0in|§|<2Rsup(j,l),

e
60 =1 ifll>3Rsupli 05 ID'91< (F)  iflel <2,

See [8] for the construction of such cutoffs. Define

=> ¢,k (z,w, )

Jj=0

for (z,w) € @y x O and 6 = E+V/—In€ &. k isa C* function of
(z, w, 6) holomorphic in (z, w). k satisfies the following estimates:

k(z,w, )< > lk(z.w, 0]+ ¢,)lk;(z. w. 0)]
0<j<d jzd

< S Hk(zow, 0+ 30, o1

0</<d j2d

< 3 Hk(zow, 0+ 6,0 ey el

0<j<d jzd

Since for j > d the jth term lives on the set {&: || > 2R/}, the latter

J
J+1 .
< (z C —
< Z k(z, w, 0) + &S <2RJ>
0<<, <d j>d
- d
< Z |kj(z,w, 0)| + constant |&|
0<j<d
< constant |6|d
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Ogk(z,w, 0) <3 19,6,)k;(z, w., O)

IN

o T
S 10,6,()lc) léT)

j=0
< s [ 166,010 L
< g

We now use the fact that Jy¢,(£) lives in the set {&: 2R/ <|¢] < 3Rj};

d o= j+1,, 1
< constant |&| ZCO J(5%3)
(j=0 2Rj

Since j!/j° < e’ the latter < constant |¢|* Zﬁo(%)je‘j.
Recalling that 2Rj < || < 3Rj, we get

d = o\ -~k
constant || Z (———) e ¥

£ \2R

IN

1€

< constant e “**
— 716

< constant e

Thus for (z,w, 6) € Gy x O x €, we have: lk(z,w, 6)] < const. |0|d

and |9,k(z, w, 6)| < const. e~ HI0

We may assume that the shape of # has been modified to allow us to solve
the Cauchy-Riemann equations in & (see [5]) 591}1 = 8’01} in such a way that
the solution fcl is holomorphic with respect to (z, w) in &; x &, and the
following estimate holds on sets of the kind K, x K, x &|(K,, K, CC &) and
%, a cone whose closure is contained in % .

- — 9
|k,(z, w, 6)| < const. e wlfl

Define then h=/~<—l}l. We now have, in @ x G, x%l,éeiz =0and k—h
decays exponentially as |#| — oo (uniformly, provided (z, w, 8) stays in sets
like K, x K, x %, as above).

This decay together with Theorem 2.1 of §2 imply that if for u e &'(U), U
sufficiently small, we define

R 1 \? e (Z ()= Z () —elE|
op Kou(x) = (_3) // oV I 220 el
4n UJR,

k(Z(x), Z(y), Ou(y)dZ(y) d¢

then as ¢ — 07, opk® will converge to an operator opl~<~having the properties
in Theorem 2.1, §2. Moreover, for any u € g'(U), opku — op hu is a hypo-
analytic function. We will therefore replace k by the hypo-analytic amplitude
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h and think of 4 as being the true amplitude constructed from the formal one
given by Z;’ZO ki(x,v,6).
4. Asymptotic expansion. Let k(x,y, 6) be a hypo-analytic amplitude of de-
gree d say k(x,y,0) = k(Z(x), Z(y), 8) where k is holomorphic in & x
@ x%, @ and % are asin §1. Foreach j=1,...,m, let Nj denote the
vector field NjZk = —\/—1(5;" .

If K c U is any compact subset, by Cauchy’s inequality we have ¢ > 0 such

that:

| RPN « d—|a
0Nk ) < M+ e

al
for xeK,l€eR,.
Thus if we define

1 x 103
kj(x, &) =D =0 NJk(x, x, ¢)
Jal=j
then Z;’ZO kj(x, &) can be thought of as a formal hypo-analytic symbol. Let

(¢ j) j be the cutoff functions of the previous section. If U’ is any relatively
compact subset of U, we can form a true symbol by setting

k(x, &)=Y k;(x, 8¢,
j=0

We then have two operators opk(x, y.¢) and opk(x, ¢): &' (U') —» D'(U")
where for ue &' (U'),

opku(x) = lim (L)’ / / oV TIZW= 2O | () Z () dE

e—0" \ 47>
and
3 )eE—elE |2
opku(x) = lim (4_‘7[_3) [ [Tk y, Euty)dz )
E—

The next theorem proves that if U’ is small enough, modulo a hypo-analytic
regularizing operator, opk = opk .

Theorem 4.1. If the neighborhood U’ is sufficiently small, opk = opk in the
sense that for any ue 2'(U'), opku — opk is a hypo-analytic function.

Proof. Assume U’ is an open ball centered at 0, its size to be determined later.
We first take u € CCO(U "). The theorem will be proved by first establishing:

(i) (opk —opk)uisin C*(U"), and
(ii) There exists ¢ > 0 such that for all a € Z |
|M“(opk — opk)u(x)| < "'t where M, = V=1N,
foreach j=1,..., m.
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Taylor expansion in U’ gives

kroy )= 3 EOZ 2O pon, g

la|<N
+ Y (Z() - Z(x) 'k, (x, ¥, &)
|a|=N+1
where k (x,y,&) = 1) fy Mek(x, x +1(y —x), &)(1 - )"dt.
For each N 1, 2 ... we deﬁne the amplitudes
ky(x,9,8) =y, (Ok(x,y,8), ky(x,y,8) =2 ¢,&k(x,%),
JEN
re(x, &) = (by, (&) — 6,0k, (x, &),
JEN
sN(xv,y,é)=( > gbgk(,(x,y,é)) bni(€), and
la]=N+1 "

.y = Y LDy Ok, 0, ¥, €) -~ by, (ODK,).

Ja|<N+1

Let K, K ~> Ry, Sy and T denote the respective operators that are de-
fined in the same fashion as op k. We have

(opk —opk)u = (Ky —opk)u+ (opk — Ky)u+ Ryu + Syu+ Tyu.

Our estimates will show that given any positive integer /, there exists a posi-
tive integer N such that each term on the right-hand side of the above equation
is in C'—thus establishing that (opk —opk)u € C*(U").

(A) Estimate of M“(opk — K)u. Since the ¢-support of
(I =@y E)k(x,y,8)

is compact, (opk — K )u is hypo-analytic and therefore in particular, C *°
Suppose |Z(x) — Z(y)| < A4 forall x, y in U'.

1\ e e
l(opk — K )u(x)| = (;ﬁ) eV 1Z0=20m ¢

Y JICIS3R(N+1)

k(x,y, )1 - oy(&)dZ(y)dE

d
< const. / e+ 1e)%d
[EJ<3R(N+1)

(the constant is independent of N)

< const. (eSRA)N+I(N N 1)d+m

< cl 1 for some ¢, > 0 independent of N.
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Moreover, since each (opk — K )u is hypo-analytic in a common domain,
for example some neighborhood of the compact set U’, we can find a constant
¢, > 0 independent of N such that forall a € Z ,

|Ma(0pk _ KN) )' < -|(r|+IC:V+la!
(B) Estimate of M"(S,u). Write

Sy, ¥, 8) = bp (&) Y Dik(x.p.8) =¢y, (O)5y(x, ¥, &)

|a]=N+1
For |a| =N+ 1, we have
Dk (x,y, —N—
Dl Sl qar ey,
.
It follows that [5,(x, v, &) <cp T N1+ (€)™ for some ¢, > 0.

Let
B = () [ [T @y )z ()de.

We note that syu(x) = lim,_ . Iy (x).

We will deform the path of £-integration from R, to the image of R,
under the map

& — 0(8) = d,5(8)0(E) + (1 — Py x(8))E
where
(&) = Z ()& +V-IZ (X)ENZ(x) = Z(p)).

The deformation is allowed since it takes place in a region where ¢, ,({) is

analytic.

We have
{é, for || < 4RN,

{(&), for & > 6RN.
u—ﬂe\/—_l<2(x>-z<y>)-¢—e|¢|2

by (OMP 5 (x, y, é)u(y)dZ(y)dé‘

We use the above contour and pass to the limit to get:

m

(471z )7 Z <;> /2R(N+l)§|éIS6RN /(0(5))”_1;

B<a
.eJ:T(Z(,r)—Z(,\'))-B(é)¢N+l(é)MﬂjN(x y, Eu(y)dodZ(y)

u—ﬂ V=1(Z(x)-Z(y
+/§|>6RN/Cé ¢N+l(é)

M 5y (x, . LE)u(y)dZ (y)de

I(MQSNM) )| <
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We recall that the exponential in the second integral is bounded (§1, (1.1)). By
hypo-analyticity we get ¢; > 0 such that

. N d—-N-1
VB, IMP5, (. y, &) < P gl T N+ e

These observations imply that

T (a) / léla—ﬂeAléIC;VH/flﬂ
B 2R(N+1)<|¢|<6RN

B<a

BN+ (e e+ Y (;)

B<a

|M%syu(x)| < const.(

./GRN<|<:| el gL+ Iél)d_N_ldé)

for some ¢, > max(¢é;, ¢,). Hence, after modifying c; if necessary, we get

1 la—Bl+d—N—1 57, N
Z (a—B)! /2R(N+l)§|£|(1 1D N'dé) “

B<a

|M sy u(x)| < al (

N 1 1
<aley | X o= TR

BLa

)N—la—ﬂl—d—m+1N!)

<alc Z;(1+2RN)ia—Bl+d+m—l (L ¥ N
v | Z o py 8) W

N
N 1 Ja—Bl+d+m—1 1
<aley [ Y el b,)!(l +2RN) ) <_2Re Ne

B<a

1 142RN 1 \"
ga!cN ————(la—B|+d+m—1)le <—> Ne
N Zem

2R\ N
" <atdd ;m—_lﬂ—)!qa—ﬂumm—l)!) (2%5) Ne?

Using the inequality: (k +/)! < 2 g for any positive integers k and /,
the latter is dominated by

2R\ N
N 1 la|+d+m—1 [ € 2
aley | S ——cla-plt]2 <—) Ne’.
(m (@—p) 2Re

For |a|] < N, we can find another constant which we will still call ¢; such
that the above quantity < a!cg/ .
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(C) Estimate of M“(opk — K, )u. Let

1\¢ 2 Z (el
Ju(x) = <_> oV T HZ(X)=Z ()¢ —el]

an’
: (Z ¢;(&)k;(x, é)) u(y)dz(y)d&.
J>N
For each j > N, we will use the contour
_ 3 NES when |¢| < 4Rj,
0,0 = 9,0 + (1= @ne={ 1y i = SO

In the quantity

o= (5) %

J>N

{Z (Z)//éa-ﬂe\/——l(am—zw)>-<—s|¢|2
f<a

-, M K (x, &)uiy)dZdE

we use the contours 6’ in each term of the sum and take limits to get

M*(opk — K\ )u(x) = > (1] (x) + 13 (x))
J>N

where

1 % 0 . ! .
i) = (4_ :ﬁ) 2 (ﬂ)/ /ej(f)e' =20
2Rj<|E|<6Rj

pLa

-, Mk (x, 6" (E)u(y)dZdy’

while Ig (x) 1s a similiar expression except that the integration in ¢ is carried
out over the region {&:|&| > 6Rj}.
Assuming that |o| < N —d — m, we have

|1 (x)] < const. Y (“)/ (14 [g)) IR QORAYT P11 g1
i< \BJ Jarj<ici<er;

/ 1 —Jj+|a|— .
SCOHSI.(CoeéRA)Ja! > —'/ (1 + |/ Flel=18 cév
e (= B Jarj<iei<or;
. l _ al— _ .
< const.(coe(’RA)’a! > ———'/ pl Il B M= g cév
it (@ = B)! Jo<p<or;

(We have used the fact that d — j + || <0.)

6RA\ / i
c e d+m+N N 1 J!
| 0
< const. «! ( 6R ) (6R) € (B; (o — B)!jj—d—m—lnlﬂﬂl) ’
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Therefore, for some ¢, > 0 independent of j and N,

6RA\ J
J N+1 [ Cp€
1} ()] < ateg (%x)

Similarly, after modifying the constant ¢, if necessary,

j—d—m—|a
|IJ(X)| < const. 'Z ! e A1+ jy
« (a— BN \T+6R) o J
B<Lla
N+1 [ €
<al -0
@ (6R>

We recall that ¢, < R. At this point we choose U’ so small that if 4 =
SUp, ey | Z(x)—Z(y)|, then coeGRA < 6R.

We then get a constant ¢, > 0 such that: |M* (opk — KN)u x)| £ oAcN‘Ll for
la| < N—-d-m.

(D) Estimate of M“(Ru).

potn (85" f e

: (Z(¢N+.(é) ~ 6,(E)k,(x, é)) dZ (y) dé

JSN
is hypo-analytic since each ¢, , — ¢ ; is supported in 2Rj < || < 3R(N +1).

We estimate
1 —j d
<[ ST e | el
J<N

> ( ) " (since 2R)
‘ since 2Rj < [¢])
(J<N 2Rj )
2 g a4 j —Jj+1
< (Z (ZRe) f) coelé|”  since = 7 - <je "
J<N

D (Byai () — ¢;(E))k;(x, &)

JEN

It follows that
|Ryu(x)| < constant / IE1°dE < const. 3R(N + 1)+
[E|<3R(N+1)
which in turn implies that there is a constant ¢ > 0 such that |R,u(x)]
gv *!'. Moreover, by hypo-analyticity, we get c5 > 0 satisfying |[M" Ry u(x)|
alcl vl forall || < N.

(E) Estimate of M" (T, u)

T u(x)—lnr%< ) // VIIZW=Z0NEE (e Eyu(y)dZ (v)de

<
<
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where
1 (X (63
iy, y, 8= 3 (D (b (DK, (X ¥, O) = by, (DK, (x. v, &)}
la|<N+1

We can therefore take the limit under the integral sign and write

Tyu(x)= Y A,(x)

] <N+1

where for each a, |[a| < N +1,

V=IZ((x)-2ze |
20=(5) T | [T
Z 2RIN+1)<[E|<IR(N+1) B!

0#B<N
Dn—ﬂk .y,
¢ K200 az v de

-(DE oy, (&)

(a = B)!
Therefore
al+1, 3RAN4I I (BR(N + DIP™Y f¢py 141
4,01 < const. aley (| T 5 ([ oo ) ()
orp<a P \ [ZR(N +1)]
a! 3RAN+1 |a]+1
< const.———— (e ) ¢
[2R(N + 1] 0
J [2(N + 1) ]!
“BR(N + D! ( ) ___l}'_o] .
0<p<a
Since |a| < N and R may be taken to be larger than 1, we know that the
factor W . Therefore, we conclude that there is a constant ¢, > 0

for which |M*“( TNu)| < ¢ "' Nt whenever |a| < N .
From (a)-(e) we conclude that there is a positive number ¢ such that
|M"(opk —op k)u(x)| < ™' N
forall a, |ja| < N-m-—d.
If we take |a| = N —m —d, we can get a constant ¢ > ¢ satisfying:

(!|+|

Va, |M“(opk —opk)u(x)| < ¢*'a! forevery x e U'.

By using integration by parts we also reach the same conclusion for u €
&'(U’). Indeed all we need is a representation of the form u = Yy Mu,

where each u € CCO(U') which is always possible. We have thus shown that
(opk —opk)u isin C®(U') and that there is ¢ > 0 such that forall a € Z; ,

|M*(opk — opk)u(x)] < " ar.

By Theorem 3.1 of [1] it follows that op ku —op ku is a hypo-analytic func-
tion.
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II. APPLICATIONS

1. Parametrix for an elliptic operator. As an application of Theorem 4.1 we con-
sider here the construction of a parametrix for an elliptic hypo-analytic differen-
tial operator. We will begin by composing a hypo-analytic differential operator
A with a hypo-analytic pseudodifferential operator B. In [3] we introduced
hypo-analytic differential operators. In the local chart (U, Z), the operator 4
is given by 4=}, .,a,(x)N* where each a,(x) is a hypo-analytic function
and N, = —V~IM, for j=1,...,m.

Theorem 4.1 of the previous chapter allows us to represent the operator B by
a symbol b(x, 0). From §2, Theorem 2.1 we know that both Bo 4 and Ao B
are continuous linear maps from &'(U) to Z'(U). We first assume that the
operator 4 = a(x)N # for some hypo-analytic function a(x) and some index
B . Then B(Au)(x) is by definition the limit as ¢ — +0 of

Be(Au)(X) = <Z71;3> ’ //e\/—:]—(Z(X)—Z(,V))’f—dﬂzb(X, é)a(y)Nﬂu(y)dZ(y)dé

On the other hand, lim, . B(4u)(x) = C o (N"u)(x) where C is a hypo-
analytic pseudodifferential operator with amplitude given by b(x, &)a(y).

Therefore, Theorem 4.1 tells us that C can be represented by the symbol
c(x,8) =23, %N a0 1t follows that modulo a hypo-analytic function, we

a
can write

B(Au)(x) = lim <#) //e“‘_“z‘”‘z(y”f“'f' Ee(x, Eyuly)dZ () de.

e—0*

The latter says that a symbol of Bo A4 is given by
05b(x, ON"(a(x)e")
Fex, 6= = ,
Q.

On the other hand, applying the operator 4 to

& 1 % — X)— ’))C—E€ 2 .
Bou(x) = (4—n3) / / oV TTENI=ZONECkT p o ey (1) dZ (v)dE

gives

1 \? —(Z()— Z(v))E—e|E P
A(Bu(x)) = (F) //e\/_l(zm Z(y)-E—elé]

V<P

- (L ! e\/——l(Z(x)—(Z(yré—slél2
4’

@ B @
| (Z {‘95 (RNt é)D oz de.

x

: (Z(f)c”"a(x)N”b(x, é)) u(y)dZ d¢
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This means that 4o B has a symbol given by
Z o5 (a(x)e’ >N“b(x 3]

By linearity, we will have the same formulas for the symbol of Bo4 and AoB
when A is also given by 4 = EMS" a, (x)N“.

We have thus shown that if either 4 or B is hypo-analytic differential op-
erator, the composition 4o B is hypo-analytic pseudodifferential operator with
symbol

5 dalxr ON'blx. §)

a!
[¢3

Definition 1.1. Let P = ZMS,( a,(Z(x))M" where the a (z) are holomorphic

in a neighborhood of Z(U) in C™ . We say a point (x, &) € T*U\{0} is in the
characteristic set of P if the point (Z(x), Z _(x)£) is in the characteristic set of

X
V4 H \ @
= Zln|§k a('(Z)(J)—:)( '
Notation. Char P = the characteristic set of P as given by Definition 1.1.

Definition 1.2. 4 hypo-analytic differential operator P is said to be elliptic at a
point x € U if for every (x,&) e T U, (x,&) ¢ CharP.

Now suppose P =3, <, 4,(Z(x))M “ is a hypo-analytic differential opera-
tor that is elliptic at our central point 0 € U . Since Z(0) =0 and dZ(0) =1d,
we can find a neighborhood @ of 0 in C”, a cone ¥ in C, containing

R, \{0} and constants ¢, R >0 such that: when z€ @ and { €%, |{|> R

k
we have |30, o, a,(2){"| > c|C]".
We now have all the ingredients we need to state

Theorem 1.1. Let A be hypo-analytic differential operator in Q that is elliptic
of order d . Given any relatively compact open subset Q of Q, there is a hypo-
analytic pseudodifferential operator B in Q of order —d such that AB — 1 and
BA — I are hypo-analytic regularizing in Q.

The proof of this theorem is a simple adaptation of that of the correspond-
ing theorem for analytic pseudodifferential operators as given by Treves [8].
Therefore we omit it.

2. Propagation of hypo-analyticity. In [3] it was shown that hypo-analytic sin-
gularities for solutions propagate along the bicharacteristics of hypo-analytic
differential operators. Here we extend this result to what may be called classical
hypo-analytic pseudodifferential operator. This result may also be viewed as an
extension of a theorem of Hanges [4].

We will work in the hypo-analytic local chart (U, Z) of ChapterI. Let P be
a classical hypo-analytic pseudodifferential operator with principal symtgol D.
Let t — (x(1), &(1)) = y(1) beacurvein T"U\{0} andset 7(1) = (X(1), (1)) =
(Z(x(1). Z,(x(1)E(1)) .
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Definition 2.1. The curve y(t) is said to be a bicharacteristic for P if the equa-

tions N 3
= ‘;—‘é’(x(z), *(), G = 20, E0)

hold.
We can now state the theorem of this section.

Theorem 2.1. Assume p(0,&,) =0 and P is of principal type at (0, &,). Sup-
pose y = {(x(1), &(1))} is a bicharacteristic for P through (x(0), £(0)) = (0, &,)
and that Pu is hypo-analytic on y. Then either u is hypo-analytic at every point
of y or u is not hypo-analytic at any point of 7.

The proof will use a version of the FBI transform as developed by Sjostrand
in [7]. We will therefore first discuss Sjostrand’s FBI transformations adapted
to our situation here.

Let H be a totally real submanifold of C™ of maximal dimension with
defining functions 4, ..., A

Define

m*

A, = {(x, %6h(x)> cheC®(C™,R),h=0o0n H} .

Note that if x, € H, then (x,, ) € Ay iff 3 real numbers ¢,,...,17, >

2 m
& = 7th8hj(x0).
j=1

Fix a point (y,, 1,) € A, . Let ¢ be a holomorphic function defined near
(Xo5 Yo) 2

(2.1) %ﬁ(xo; Yo) =~
(2.2) det £ (x5 v9) #0,
(2.3) %‘¢yy(x0 > yo)‘rVOHxTvOH >0.

Here Q¢ is considered as a function on C" x H, defined locally.
Set
9,(x,y)=-S0(x,y).

Condition (2.1) implies that H > y ~ ¢,(x,,y) has a critical point at
Y, since 7%%()(0, Vo) = %%(xo, Yo) = —N, and that therefore a'y(/)l(xo, Vo) =
dh(y,) for some A vanishing on H . This together with condition (2.3) and the
implicit function theorem give us neighborhoods N(x;) of x, in c", N Vo)
of y, in H and a unique C* function y = y(x) : N(x,) — N(y,) such that
y(x) is the unique critical point for H >y — ¢,(x, y), x € N(x,;). We next

note that for x € N(x,), (y(x), liz%(x, y(x))) € A, . Indeed, this follows

from the fact that H 3 y — ¢,(x, y) has a critical point at y(x) and that

h,, ..., h, are the defining functions for H .
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For x € N(x,), let n(x) = =2%%(x, y(x)). Then

ay
-20¢
om0 = (v TG 0 €Ay
Moreover, for x in N(x;), y(x) is the unique point in N(y,) such that

-0 -20
S x yx) =

5 T )€ (A,

This is due to the uniqueness of the critical point.

Let ®(x) = ¢,(x,y(x)). Let a(x,y,A) be a classical analytic symbol
defined near (x;, y,) and elliptic at this point. For ¥ a real-valued func-
tion defined on an open set W in C"”, we define the space H.'*?C(W) ={v:
W xR, — C:v(z,4) is holomorphic in z and for any K CC W and ¢ >
03c>v(z, A) < eI forall ze K, i>1}.

Let u e D'(N(yo)) , and for z in N(x,) set

Tu(z, A) = / e Va(z vy, Ay (v)u(y)dy
H

where x € C;°(N(y,)), x =1 near y,.

Here we are assuming that the neighborhoods N(y,) and N(x,) have been
contracted so that the symbol a and the phase function ¢ are defined. It is
easily checked that

T:D'(N(yy) — Hy (N(xp)).
In the sequel, W F, u denotes the hypo-analytic wave front set of Baouendi-

Chang-Treves [1]. Our proof of Theorem 2.1 will use the following proposition
of Sj6strand [7].

Proposition 2.1. Ler z, € N(y,). Then (y(z,),n(z,)) ¢ WF,u iff Tu €
H(l;’fso(W) Jor some &, > 0 and some neighborhood W of z,.

Proof of Theorem 2.1. In order to obtain a suitable phase function, we will need
the following two lemmas from [6]. For notational convenience we will use y,
for 0e Z(U)=H.

Lemma 2.1. Set z; = (v, — i&,,0) € C"™' x C. There exists a holomorphic
function ¢ defined near ( =z, y,) which solves

d¢ N -9 _

2z =r (3. =)

and satisfies (2.1)-(2.3) with n, =¢,.

]

We remark that the lemma is proved by using the Cauchy-Kovalevska theo-
rem, which guarantees the existence of a holomorphic ¢ that solves the initial

value problem
do —dyp
9z _”<-V’ i),v)
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and
1

(2, = )" = o)V + ICY, = (),
1

n

¢(Z,0,J’)=

Nl ~.

J
where RC is chosen sufficiently large. In the sequel, the neighborhoods N(z),
N(y,) and the function @ are related to the ¢ of Lemma 2.1 as before.

Lemma 2.2. There is an elliptic analytic symbol a(z,y, A) such that the FBI
transformation T with phase ¢ and symbol a satisfies D, T = TP in HCb,zO‘

That is , if ¥ C Z(U) = H is a small neighborhood of y,, then for z in
W C C™ asmall neighborhood of z, = (y6 - ié(') ,0)and u € &' (Y) we have

loc

D, Tu—TPue Hy (W)

for some ¢ > 0.

The symbol a(z, y, A) is constructed by solving the transport equations at
each degree of homogeneity.

We recall now that

P(0) = (x(1), E(0))
and
7(0) = (¥ &) = (Z(x(0)), Z,(x(0))&) .-
Write yo = (v, (¥,),,) and & = (&, (&)),,) -
We will use the equations

%%(Zo’ yo) = _éo

to prove that &(1) = —42(yg — i&, 1, X(1)).
We recall that . ‘ .
{ @ =%(x(n,¢1) and
& =20, &),

Hence
d a(ﬂ ' Ll N
& 520t - . 1. x|
Ll o ;o Lo dx
=9, o = 1&g 1, X(0) +9,, (0 = &, 1, X(1)) =

= 0, 0~ i€ L KO+ 0,0 = 6 1, SN TR, &)

Now (2.4) implies that

ap -0 ap -0
Q,,:"(Z, y)= ay (y, ()—y(p> ~ac (y, a—y(p) (”w(za y).
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It follows that
d —0(/) / Lyt S
[B—y-(yo — Gy, t, X(f))]

ai
-0 0 ' ! .
23 =52 (w0, -5E0h g 1 xw).
8 li oyl N ! s ~
v 57 (30, -5L0p - igy. . £(0)) 9,05 - i€ 1, X(1)
= 00— i, £, OV SE ), &),
But &(¢) also satisfies (2.5) since
T = = 20 &)+ ), &0y, 0 - . 1, 5(0)
= 0,05 = . 1, XO)FE (0, 1)
_ 0
= - 2. .
Moreover, by 2.4, Z22(yg — i&, 0, yy) = & = &(0).
We conclude that
ol —8 / ol ~
(2.6) &) = 53 0 = iy 1, X(0).

For t €0, 1], let
2(t)=zy+ (0", 1) = (yy —i&), 1) e C""' x R.

We now recall that for z near z,, y(z) is the unique point in N (yo) € H
such that

y(zo) = yO and %y(o(z, y(Z)) € (AH)y(z)‘

But by (2.6), &(1) = “T“;ﬂ(z(z), %(t)) and since the forms 20h,, ..., 20h,

are real on H = Z(U) and span all of T"H , we know that
&) = Z(x(1)E(W) € (Ay)z -
It therefore follows that
y(z(1)) = x(2).
In our previous notation,

_—0yp _ "9 S = &
nz0) = -7 (z(1), ¥(z(2))) = 3y (z(1), (1)) = &(1).
Thus
(2.7) (xX(1), 1) = (v(z(2)), n(z(2))).

Since WF, (Pu)ny =@ and y is compact, (2.7) and Proposition (2.1) tell
us that |
oC
T(Pu) e H¢-e0(N)
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for some g, > 0 and a neighborhood N of {z(1)=0<¢<1} in c".Ifw
is chosen as in Lemma 2.2, then
loc

D, Tue Hy®, (NOW).

This may require a modification of ¢ .

Now z(0) = z, € Nn W. Therefore, 3t, > 0 such that NN W i1s a
neighborhood of {z(): 0 <t <t,}. Itis crucial to note that the size of 7, is
independent of the distribution u.

If now K is a compact neighborhood of {z(7):0<r<1¢},then 3c>0
such that

(2.8) D, Tu(z, 1) < c®™ P vzekandi>1.

If (yy,&) = (¥(2(0)), n(2(0))) ¢ WF,,u, we know that, after modifying ¢
and ¢,

(2.9) |Tu(z, )| < c®? P vi> 1 andVz near 2,
From (2.7,), (2.8) and (2.9), it follows that
WE, )n{y@),ir):0<t<}=0.
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