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ON SETS THAT ARE UNIQUELY DETERMINED BY
A RESTRICTED SET OF INTEGRALS

J. H. B. KEMPERMAN

ABSTRACT. In many applied areas, such as tomography and crystallography,
one is confronted by an unknown subset S of a measure space (X, 4) such
as R", or an unknown function 0 < ¢ < 1 on X, having known moments
(integrals) relative to a specified class F of functions f: X — R. Usually,
these F-moments do not fully determine the object S or function ¢ . We will
say that S is a set of uniqueness if no other function 0 < y <1 has the same
F-moments as S in so far as the latter moments exist. Here, S is identified
with its indicator function.

Within this general setting and with no further assumptions, we develop
a powerful sufficient condition for uniqueness, called generalized additivity.
When F is a finite class, this condition of generalized additivity is shown to be
also necessary for uniqueness. For each ¢, which is not the indicator function
of a set of uniqueness, there exist infinitely many sets having the same F-
moments as ¢, provided (X, A, F) is nonatomic or regular and, moreover,
‘strongly rich’, a condition which is satisfied in many applications.

Using such general results, we also study the uniqueness problem for mea-
sures with given marginals relative to a given system of projections 7.: X — Y,
(j € J). Here, one likes to know, for instance, what subsets S of X are
uniquely determined by the corresponding set of projections (X-ray pictures).
It is allowed that A(S) = oo. Our results are also relevant to a wide class of
optimization problems.

1. INTRODUCTION

Let X be a measurable space and A a fixed nonzero o-finite reference mea-
sure on X . All sets and functions below are assumed to be measurable. Sets
or functions which are equal a.e. [A] will be identified. A subset S of X can
be identified with the associated measure u((B) = A(BNS) on X. Thus,
dug = 14dA, where the so-called indicator function 1g(x) has the value 1 or
0, respectively, depending on whether x € S or x ¢ S, respectively.
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1.1. For any function f: X — R, the quantity d defined by

(1.2) d,=d, (s /famS /fd/t

is called a moment of ug or §, provided [¢|f|dA < co. If f = 1, then
a'f =ug(B)=ABNS). If X = R® with ordinary Lebesgue measure A then S
may be regarded as an object of density 1. Possible moments d,(S) for this
case would be the different moments of inertia of the object S or else the mass
A(BNS) of S within certain sets B.

Let F be a given set of functions f: X — R. The triplet (X, A, F) will
also be referred to as a system. For S as a subset of X, let F(S) be the set
of all f € F such that [(|f|dA < co. We like to know what subsets S of X
are uniquely determined by its F-moments df(S ) is so far as these exist, that
is, in so far as f € F(S). This problem has been studied in detail for special
cases, see §2.8 for further references. The following definitions of uniqueness
go back to Fishburn et al. [3, 4]; Gutmann et al. [5] and Kemperman [11], who
largely restricted themselves to projection type problems, see §6 for a general
treatment.

1.3. Definition. We call S a weak set of uniqueness, relative to the system
(X, A, F),if nootherset T exists such that F(7) > F(S) and df(S) = a’f(T) ,
for all /€ F(S). In many applications, one is only interested in sets S such
that F(S) = F, in which case F(T) D F(S) would mean that also F(T)= F.

Let M, be the set of all functions w: X — R satisfying 0 < y(x) <1, for
all x € X. We will be interested in measures u < A on X, that is, measures
of the form du = ¢dA with ¢ € M. Let F(¢) denote the set of all f € F
such that [|f|¢dA < co. Thus, F(S) = F(lg) and F(0) = F. In many
applications each f € F is A-integrable, thatis F(1) = F, and then F(¢) =
for all ¢ € M), while F(S)=F for all subsets S of X.

A function ¢ € M,, is said to be a uniqueness function (relative to the given
system (X, 4, F)) if there exist no other w € M|, such that F(y) D> F(¢) and
df(qb) = a'f(t//) , for all f e F(¢). Here, a’f(¢>) is the moment defined by

(1.4) df(cz)):AfQSd/l when f € F (¢) .

Roughly speaking, 0 < ¢ < | is a uniqueness function if there exist no other
0 < w <1 with the same F-moments.

A subset S of X issaid to be a set of uniqueness if ¢ = 1 is a uniqueness
function. A weak set of uniqueness S can fail to be a set of uniqueness due to
the existence of a nonindicator function ¢ € M, such that ¢ dA has the same
moments as 1.d4, relative to all f € F(S). See 2.11 for a simple example.

When F is empty or F = {0}, we say that F and (X, A, F) are trivial.
The system (X, A, F) is said to be singular (and regular, otherwise), if there
exists a subset D of X with A(D) > 0 such that f(x)=0 a.e. [A] on D, for
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each f € F. When F istrivial this happens with D = X . For each suchset D,
the moments d (¢) (f € F) remain unchanged when one arbitrarily modifies
the values ¢(x) (x € D), subject to 0 < ¢ < 1. Consequently, uniqueness
functions or (weak) sets of uniqueness can only exist when (X, A, F) is regular,
in particular, F must be nontrivial.

1.5. General additivity. Below, we introduce the notion of an s-additive set or
function, relative to the given system (X, A, F). See [11] for a related notion
of additivity of degree s. A generalized additive set or function is one which
is s-additive for some choice of s. From Theorem 3.17, generalized additivity
is a sufficient condition for uniqueness. If F is finite or else dim F < oo then
generalized additivity is also a necessary condition for uniqueness, see Theorem
4.16. If H is any set of functions f: X — R then H" denotes its linear span
and dim H = dim H* < oo the corresponding linear dimension.

1.6. Let s > 0 be an integer. A subset S of X is said to be a special s-additive
set (or also a special generalized additive set) if S is of the form

N
(1.7) S=|J{xeXx: f(x)=0for0<q<r; f(x)>0},
r=0
for some choice of the functions f, € F(S)* (r=20,1,...,s), such that
AM(Z) =0, where
(1.8) Z={xeX:f(x)=0, forallr=0,...,s}.

The integer s and functions f, € F(S )" are not unique.

A function ¢ € M, is said to be an s-additive function (or also a generalized
additive function) if functions f € F ()" (r=0,...,s) can be found such
that ¢(x) =1 if x € S; further 0 < ¢(x) <1 for x € Z and ¢(x) =0 for
x ¢ SUZ, while moreover F(¢) is Z-determining, (as is trivially true when
A(Z) = 0). Here, S and Z are again as in (1.7), (1.8). Choosing f, , = f,,
this implies that ¢ is also (s + 1)-additive.

Here, a set H of functions f: X — R is said to be Z -determining if there
does not exist any nonzero bounded function 8 supported by Z (thatis, 6(x) =
0 when x ¢ Z), which is orthogonal to H, in the sense that [ |f6|dA < oo
and [ f0dA = 0 for all f € H. Naturally, this is the same as H" being
Z-determining.

We will say that ¢ is a special generalized additive function when by a
suitable choice of s and the f € F(¢)" (r=0,...,s) the above is true with
A(Z) = 0. This is the same as saying that ¢ is the indicator function of a
special generalized additive set, as defined above.

It is not excluded that Z = X, equivalently, that f, =0 (r=0,...,s).
Naturally, in that case, F(¢) is required to be X-determining. Functions
¢ € M, of this type will also be said to be s-additive with s = —1. They
only exist when F itself is X-determining. If all f € F are A-integrable this
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would mean that each ¢ € M, is a uniqueness function, a rather uninteresting
situation as far as the present uniqueness problem is concerned.

A subset T of X issaid to be s-additive if and only if its indicator function
¢ = 1, is an s-additive function. This means that f, € F(T)" (r=0,...,s)
can be found such SUZ > T > § while F(T) is Z-determining. Here, S
and Z are as above. If F(T) is X-determining, one could choose f =0 for
all r, in which case S i1semptyand Z = X .

1.9. Additive sets. A set S is said to be additive if f, [* € F(S)" can be
found such that either § = {x € X: f;(x) >0} or § = {x € X: f(x) > 0}
and, moreover, f*(x) > 0 a.e. [A] on the zero-set {x € X: Jo(x) =0}.

Choosing f, = £ /T, we see that each additive set is also a special 1-additive
set; (the converse is false, see 3.13). In many applications, the above ﬁ-
condition is trivially satisfied, because of the existence of a A-integrable function
fT e F, (hence, e F(S), forall S), such that f"(x) >0 ae. [A] on X.
If leF and A(X)< oo then f =1 will do.

In special cases, an analogous but somewhat more restricted notion of addi-
tive set was employed by Krein and Nudel'man [14, 15]; Fishburn, Lagarias,
Reeds, and Shepp [3, 4]; see also [5, 11].

1.10. Remarks. As to (1.7), (1.8), if in the sequence {f,, ..., f,} one drops
those f, which depend linearly on the fq with 0 < g < r, and thereby lowers
the value of s, then the associated sets S and Z remain unchanged. Hence,
assuming that s is minimal (as we may), it follows that the resulting set of
functions f, (r = 0,...,s) is (A-essentially) linearly independent. Hence,
s <dim F, while each f, is not zero a.e. [4]. The case s = —1 (no remaining
function at all and Z = X) corresponds to the situation where F(¢) or F(S)
i1s X-determining.

As was already mentioned, a sufficient condition for a set S to be a set of
uniqueness, or a function ¢ € M, to be a uniqueness function, respectively,
is that S be a generalized additive set, or ¢ a generalized additive function,
respectively. On the other hand, we observed in 1.4 that there cannot exist any
uniqueness function if (X, A4, F) is singular or even trivial. Hence, in this case
there cannot exist any generalized additive function either. And indeed in that
case it is impossible that F(¢) is Z-determining. After all, Z as defined by
(1.8) contains the set D in 1.4. Thus A(D) > 0, while each f € F vanishes a.e.
on D. Any bounded function 6 supported by D (and thus by Z) is orthogonal
to F and thus orthogonal to F(¢), showing that F(¢) is not Z-determining.

1.11. The case dim F < oco. Let us now consider in more detail the situation
that m = dim F < oo, which occurs in many applications. Thus F* is spanned
by a finite set {f,,..., f,,} of (A-essentially) linearly independent functions.
For this important case, and with no further assumptions, Theorem 4.16 states
that in order that ¢ € M|, be a uniqueness function, it is not only sufficient but
also necessary that ¢ be a generalized additive function. That is, ¢ must be



SETS DETERMINED BY A SET OF INTEGRALS 421

s-additive for some s. In view of Remark 1.10, one can always achieve that
s<m-1.

1.12. Part of the definition of s-additivity requires that F(¢) be Z-determining
with Z as in (1.8), as is trivially true when A(Z) = 0. Suppose A(Z) > 0 and
further (for the moment) that each f € F is A-integrable. Then ¢ remains
s-additive (and thus a uniqueness function) when one arbitrarily modifies the
values ¢(x) (x € Z), subject to 0 < ¢ < 1. Hence, in this situation there
exist many uniqueness functions y € M, which are not indicator functions.

If m=dimF < oo and F(¢) is Z-determining with A(Z) > 0, then the
restriction A to Z must be purely atomic with a finite number k of atoms,
1 < k < m. Moreover, the restriction of F(¢) to Z has its dimension equal
to k.

1.13. Next, consider the case that (X, ) is nonatomic and further dim F < co.
In view of the latter remark, F(¢) can be Z-determining only when A(Z) =
0, (thus, the case s = —1 in 1.6 never occurs). Consequently, ¢ € M, is
a uniqueness function if and only if it is of the form ¢ = 1 s With S as a
special generalized additive subset of X ; (that a uniqueness function must be
an indicator function is also easily seen directly, see Lemma 4.4).

As a corollary, we have that the empty set is a set of uniqueness if and only if
there exist one or more linearly independent (nonzero) functions f, ..., f, €
F*, such that Z defined by (1.8) is a A-null set, and that further the first
nonzero element in the sequence {fy(x), ..., f,(x)} is strictly negative, for
almost [A] all x € X . Similarly, for § = X to be a set of uniqueness, except
that now we only allow f € F(X)", that is, each f must be a finite linear
combination of A-integrable functions f, SEF.

1.14. Finally, consider the case that (X, 1) is nonatomic and dimF < oo
while, moreover, each nonzero f € F satisfies /I(Zf) =0, where Z = {x €
X: f(x) = 0}. Under these conditions, Theorem 4.11 asserts that a function
0 < ¢ <1 is a uniqueness function if and only if ¢ is an indicator function
¢ = lg with S of the form § = {x € X: fi(x) > 0} and f, as a nonzero
member of F(S)", hence [(f;),dA< co.

For instance, under the assumptions stated, the empty set is a set of unique-
ness if and only if f* > 0 (a.e. [A]) for some f* € F*. Similarly, $ = X is
a set of uniqueness if and only if the latter /™ can be chosen as a finite linear
combination of A-integrable functions fj €F.

Theorem 4.11 admits many applications. The property A(Z f) = 0 is often
satisfied, for instance, when X is an open subset of R" supplied with Lebesgue
measure 4 and, moreover, each f € F is analytic on S. Another important
special case, where X is a real interval and F is spanned by a Tchebycheff
system, goes back to Ahiezer and Krein [1]; Karlin and Studden [7]; Krein and
Nudel'man [14, 15].
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1.15. Richness. In §5, given ¢ € M), we investigate the possibly empty collec-
tion of sets S such that dug = 1;dA has the same F-moments as du = ¢di.
For each ¢ € M, let M (¢) consis: of all y € M, satisfying F (y) D F (¢)
and

/fy/d/1=/f¢d,1, forallfeF(q&):{feF: /|f|¢d,1<oo}.

In particular, ¢ € My(¢). Thus, ¢ is a uniqueness function if and only if
My (¢) = {¢}. For S as asubset of X, we put My (S) = My(lg). Thus, S isa
weak set of uniqueness if M (S) contains no indicator function 1, other than
lg. And S is a set of uniqueness if M(S) = {1}.

We will say that the system (X, A, F) is rich if each set M (¢) contains
at least one indicator function. And k-rich if for each nonindicator function
¢ € M, there are at least k different sets T such that 1, € M,(¢). Here,
I <k < +oo is fixed. Equivalently, (X, 4, F) is k-rich if M (¢) contains at
least k distinct indicator functions, for each ¢ € M, not of the form ¢ = I
with S as a set of uniqueness. Hence, k-rich implies 1-rich which is the same
as rich. If (X, A, F) is 2-rich then each weak set of uniqueness is also a set
of uniqueness.

If (X, A) isa finite discrete space and F is nontrivial then (X, A, F) cannot
possibly be rich, simply because X has only finitely many different subsets. On
the other hand, (X, 4, F) is always rich when dim F < oo and (X, 4) is non-
atomic, as follows easily from Lyapunov’s theorem, see 5.2.

1.16. Definition. The system (X, A, F) is said to be strongly rich if, for each
choice of ¢ € M, and the subset D of X with A(D) > 0, there exists a
nonzero bounded function 8 on X which is supported by D and, moreover,
is orthogonal to F(¢), see (5.6). Equivalently, A(D) > 0 implies that F(¢) is
not D-determining, (see 1.6). Obviously, this property is maintained when F
1s replaced by a smaller set.

If (X, A, F) is strongly rich and, moreover, regular then it must be non-
atomic. If (X, A, F) is strongly rich and nonatomic then also (X, 4, G) is
strongly rich, whenever G is contained in the linear span of F and finitely
many other functions, see 5.8. Since (X, A, {0}) is trivially strongly rich, this
implies that (X, A, F) is strongly rich as soon as (X, ) is nonatomic and
dim F < co.

In a different context, the notion ‘strongly rich’ (under a different name)
already occurs in Kingman and Robertson [13]. The above terms ‘rich’ and
‘strongly rich’ were first used in Gutmann et al. [5].

1.17. Suppose (X, A, F) is strongly rich. Then the set of extreme points of
M(¢) coincides with the set of indicator functions 1, € M(¢), see Propo-
sition 5.9. Therefore, in order that (X, A, F) be k-rich, it is necessary and
sufficient that M (¢) have at least k extreme points, for each choice of the
nonindicator function ¢ € M. The major result here is the useful Theorem
5.15. It asserts that (X, A, F) is oo-rich when (X, A, F) is strongly rich and
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nonatomic and, moreover, each f € F is A-integrable. It should be stressed that
this result is very much built on ideas already present in Kingman and Robert-
son [13] and Gutmann et al. [5]. It has important consequences, see Theorems
5.20 and 6.23.

1.18. Reconstructing a set from its projections. Let (X, 1) be a g-finite measure
space and let 7 = {n s Jed } be a given nonempty system of mappings 7 fE
Yj where Yj is a measurable space. §6 is devoted to applications of the previous
results to measures 4 on X with given m-marginals iU (j € J). For each
¢ € M, let My (¢) be the set of all y € M, such that d/zw = wdJ has
precisely the same 7-marginals as du, = ¢dA. If My (¢) = {¢} then ¢ will
be said to be a m-uniqueness function. That is, ¢ € M, is uniquely determined
by {n My T €V }. A subset S of X is said to be a set of m-uniqueness if
¢ = lg i1s a m-uniqueness function.

1.19. In general, it is a very difficult problem to characterize the class of all
m-uniqueness functions. In 6.10, we discuss the class of so-called special gener-
alized additive sets S. Each member of this class is a set of m-uniqueness and
most known examples of a set of m-uniqueness do belong to this class. Here,
a special generalized additive set is defined in the usual way (see 1.6) in terms
of finitely many functions f: X - R (r=0,...,s), each of which is a finite
sum of functions gj(njx) on X, where g;: YJ — R must be such that

/Slgj(njx)li(dx) < 00.

1.20. For any fixed 1 < k < oo, we say that (X, A) is k-rich relative to n
when M (¢) contains at least k distinct indicator functions, for all ¢ € M
not of the form ¢ = 1 with S as a set of z-uniqueness. When k =1 we also
speak of (X, A) as being rich relative to n. It implies that all m-uniqueness
functions (if any) must be indicator functions.

We say that (X, A) is strongly rich relative to n if, for each subset D of X
with 0 < A(D) < oo, there exists a nonzero bounded function 6 supported by
D, such that the signed measure dn = 6 dA satisfies nn=0, forall jeJ.

Each of the above richness properties is preserved when replacing the system
n= {nj;j € J} by a derived (or induced) system 7 = {Tj;j € J} where
gjzst —Z is of the form T, =0gn; with oY, — Z,, for all j € J; see

1.21. The central Theorem 6.23 states that if (X, A) is strongly rich relative
to m then (X, A) is nonatomic and oo-rich relative to m; in particular, any
m-uniqueness function is an indicator function. And similarly when n is replaced
by any derived system .

1.22. Aswas shown in [5, 11], the measure space (X, A) is strongly rich relative
to 7 in the important situation, also occurring in tomography, where X =
R” with 1 as any absolutely continuous measure (relative to n-dimensional
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Lebesgue measure m, ), while n = (n ¥ j € J) consists of finitely many central
projections. We do allow the center Pj of n ; to be a point at infinity, in which
case 7; is to be interpreted as a parallel projection along lines of direction Pj .
This setup admits many different derived systems 7 = {Tj =0,7m;;j€ J}, for
instance, T = {r,,..., 7,} with 7,x = x; as the jth coordinate of x € R"
(j=1,...,n). See 6.35 for related results in the literature.

1.23. Optimization. The results of the present paper are also relevant to the fre-
quently occurring optimization problem, where one tries to maximize Q(¢) =
[he¢dA, with ¢: X — R as an arbitrary function satisfying 0 < ¢ < 1
and, moreover, any finite or infinite number of prescribed moment conditions
[ fédi=d, (f€F). An additional condition, that du = ¢d4 have given
marginals 7 u=v, (j € J), can also be expressed as a set of such moment con-
ditions, see 6.36. The notion of a generalized additive set or function leads to
sufficient conditions in order that an optimal function ¢ be the only one. These
conditions are also necessary when F or dim F is finite. If ¢: X — {0, 1} is
an indicator function then the function ¢ is often described as a ‘bang-bang’
control. In particular, the above richness conditions lead to sufficient conditions
in order that there exists at least one or even infinitely many optimal bang-bang
controls. See 2.22, 4.27, 5.20, and 6.25 for further details.

2. DEFINITIONS AND BASIC RESULTS

In the sequel, X is a fixed measurable space supplied with a nonzero o-finite
reference measure A. All subsets of X and functions on X , considered below,
are assumed to be measurable. Functions on X (or subsets of X) which are
equal a.e. [A] will be identified. The indicator function of a subset S of X
is denoted as 1¢. Thus, 1¢(x) =1 or 0, respectively, depending on whether
xeS or x €S = X/S, respectively. Sometimes, as will be clear from the
context, the symbol 1 denotes the function fy(x) = 1 on X. Unspecified
integrals extend over all of X . Let further

(2.1) My={all $: X - Rsuchthat 0 < ¢(x) <1 (x€ X)},

thus 1 € M, for all S. The class of all measures du = ¢dAi with ¢ € M,
is denoted as M . Equivalently, M is the class of all measures u on X such
that u <4.

We are interested in functions y: X — R that are uniquely determined by
bounds a(x) < w(x) < b(x) together with certain moments [ gy di (g € G).
Introducing

hix)=b(x)—a(x); ¢x)=(w(x)—a(x))/h(x); F={gh:geG},

the problem largely reduces to a study of functions ¢ € M, which are uniquely
determined by the associated collection of moments [ f¢di (fe€F).
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2.2. With H as any set of functions f: X — R, let M [H] denote the convex
set

(2.3) M,[H] = {d)eMo: /|f|¢d/1<oofor all f e H}.

To each ¢ € M [H], we associate the H-moment point cy(d) € R defined
by

(2.4) ¢y (¢)=1{d (¢): fe H}, where df(gb):/quSd,l.

The set of all such points

(2.5) Cy ={cy(®): ¢ € My[H]}
will be referred to as the H -moment space. Hence, C,, is a convex subset of

R such that 0 = cy(0) € Cp, . For S as a subset of X', we write dug = 14dA
and ¢, (S) = cy(lg).

2.6. All the following considerations are relative to the system (X, A, F) with
F as a fixed collection of functions f: X — R. If desired, one may assume
that 0 € F. Given ¢ € M, let F(¢) be the subset of F defined by

(2.7) F(¢)={feF:/|f|¢dA<oo}.

For instance, F(0) = F. If F(¢) is empty or F(¢) = {0} then F(¢) is said
to be trivial. A desirable property is that F(¢) = F holds for all ¢ € M. This
happens if and only if each f € F is A-integrable.

For any subset H of a linear space, let H* = span H denote the linear span
of H (over the reals). It should be noted that F*(¢) might be strictly larger than
F(¢)". For instance, it might happen, that the finitely many nonzero « ;€ R
and f; € F are such that [ |} a;f|¢dA < oo, though [1fl¢dA = oo forall
j. This is the main reason we did not assume that F is a linear set, (which
would simplify some arguments and would imply that 0 € F). If desired, one
may assume without any real loss of generality that F is invariant under scalar
multiplication.

Clearly, (2.3), (2.5) are equivalent to

My[Hl={¢eM,: F(¢)DH} and C,= {cy (®): € My; F(¢)DH}.
For each ¢ € M, let c(¢) = c;(¢) € R¢ , where G = F(¢). This ‘moment’

point c(¢) represents the values of all the existing moments which du = ¢dA
happens to have relative to the different functions f € F.

2.8. Let ¢ € M, and du = ¢dA. An important role is played by the associated
convex set
(2.9)

M0 ={veMiFw>F@: [rvdi= [fodi itreFo).
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Further M(u) will denote the set of all corresponding measures dv = y di;
w € My(¢). Letting G = F(¢), the set M (4) thus consists of all y € M|, such

that, the G-moment point c;(y) € R is well defined, (thatis, F(w) D> F(¢)),
and moreover coincides with the G-moment point ¢(¢) = c;(¢).

Equivalently, M (¢) consists of all 0 < w < I, such that [|f|lydi < oo
and [ fydi=[f¢dA, for each f € F suchthat [|f|$A < oo, (identifying
functions y equal a.e. [A]). The smaller the set F(¢) the larger M (¢). For
instance M,(¢) = M, if and only if F(¢) is trivial. Obviously, u € M(u) and
¢ € My(¢). Often one assumes that 1 € F(¢) and then all measures v € M (u)
have the same finite total mass v(X) = u(X). It is important to note that

w € My(¢) implies M,(¢) D M,(y) .

After all, suppose y € My(y). Then F(x) D> F(y) D F(¢) and moreover, if
f€F(¢) then [fydi=[fydi=[fpdi, hence, y € My(o). If ¢ € M is
the indicator function ¢ = 1 of a subset S of X, we also write ¢(S) = c(1)
and F(S) = F(lg), further M, (S) = M(1¢) and M(S) = M(uy).

For certain special cases, the following notions of uniqueness (see Definitions
2.10 and 2.11) were already studied by Carrington [2]; Fishburn et al. [3, 4];
Gutmann et al. [5]; Karlin and Studden [7, Chapter 8]; Kemperman [11, 12];
Ahiezer, Krein, and Nudel'man [1, p. 70; 14, 15, Chapter 7]; Kuba and Volcic
[16, 18] and Lorentz [17]. In the older literature [1, 7, 14, 15], the space X is
usually a real interval with Lebesgue measure while F is the linear span of a
fixed Tchebycheff system on X .

2.10. Definition. Let ¢ € M, and du = ¢di. We will say that ¢ is a
uniqueness function (relative to the system (X, A, F)) when M(u) = {u},
equivalently, when M;,(¢) = {¢}.

Equivalently, 0 < ¢ < | is a uniqueness function if for any other 0 < w < 1,
there exists f € F such that [|f|¢dA < oo and either [|f|wdAi = oo or else
[fwdi# [ fod.

Roughly speaking, ¢ is a uniqueness function if ¢ is completely determined
by 0 < ¢ < | together with its associated moment point c(¢). The point
c(¢) represents all the moments d(¢) = [ f¢dA (f € F) in so far as these
moments exist, (see 2.6).

The condition M (¢) = {¢} would be impossible if M (¢) = M, as happens
precisely when F(¢) is trivial. In particular, when F itself is trivial then the
system (X, A, F) does not admit any uniqueness function at all.

Here is an example of a uniqueness function ¢ which is not an indicator
function. Suppose (X, 4) has an atom 7 = {x,}, thus, A(T) >0, and let F
be the linear span of f, =1 and f, = 1. Futher choose ¢(x) =0 for x # x,
and 0 < ¢(x,) < 1.

2.11. Definition. Let S be a subset of X. We will say that S is a set of
uniqueness (relative to the system (X, 4, F))) when ¢ = l¢ is a uniqueness
function. Equivalently, M, (S) = {1} . Equivalently, no other measure wd4,
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with 0 < y < 1, has precisely the same moments as dug = 1,d/A relative to
each f € F(S), that is, each f € F such that [(|f]dA < co.

We will call S a weak set of uniqueness if M (S) contains no indicator
function 1, other than 1g. Equivalently, no other measure of the special
form du; = 1,;dA has precisely the same moments as dug = lgdi relative
to each f € F(S). Roughly speaking, no other subset 7 of X has the same
F-moments as S.

As a simple example, choose X = {u, v} with p = A({u}) and g = A({v}),
such that p, ¢ >0 and p # q. Let further F = {1}. Then S = {u} is a weak
set of uniqueness which is not a set of uniqueness. The latter because there exists
a nonindicator function ¢ € M|, such that ¢ dA has the same mass p as 1;d4.
Namely, define ¢(u) =1-¢q/p and ¢(v) =p/p, where p > max(p, q)>0.

2.12. Remarks. In order that the empty set & be a set of uniqueness, it is
necessary and sufficient that there does not exist any nonzero ¢ € M, which
is perpendicular to F, in the sense that [|f|¢dA < oo and [ f¢pdi =0, for
all f € F and, hence, for all f € F* = span F. It suffices that F* contains
a function f* > 0, (that is, such that f7(x) > a.e. [A]). Similarly, X itself
is set of uniqueness if and only if there exists no nonzero ¢ € M, such that
[ f¢di = 0 for all A-integrable functions f € F. Hence, in order that X
itself be a set of uniqueness, it is at least necessary that the empty set be a set of
uniqueness. It would be sufficient that f~ > 0 with /™ as a linear combination
of A-integrable functions f € F, (as happens when 1 € F and A(X) < o0).

For the moment, suppose that 1 € F and further that each f € F is A-
integrable, in particular, A(X) < co. Choose ¢ € M, and put ¢, = 1 — ¢,
thus, ¢, € M. As s easily seen, M (¢,) = {l -y : y € M(¢)}. Therefore, ¢
is a uniqueness function if and only if ¢, is a uniqueness function. Similarly,
letting ¢ = 1, a subset S of X is a (weak) set of uniqueness if and only if
its complement S = X/S is a (weak) set of uniqueness.

In general, the larger the set F(¢), the easier it is for ¢ to be a uniqueness
function. At first reading, the reader may prefer to think only of the case
F(¢) = F. Namely, by allowing that F(¢) is a proper subset of F, some of
the arguments below become more subtle. On the other hand, the assumption
that F(¢) = F, for all ¢ € M, (such as ¢ = 1) seems unnecessarily severe,
since it is equivalent to the strong assumption that each f € F be A-integrable.

As an illustration, in the present setup, it is possible that y € M (¢), (thus
My(¢) D My(y), see 2.9), while simultaneously ¢ ¢ M,(y), thus, M (y) is a
proper subset of M (¢). This happens precisely when F(¢) is a proper subset
of F(w), (and hence of F). In such a situation, it is even conceivable that
My(y) = {w}. Thus, even when ¢ itself is not a uniqueness function, it is
not excluded that some other y € M (¢) happens to be a uniqueness function.
Similarly, even when S is not a weak set of uniqueness, it is conceivable that
M,(S) contains another indicator function 1., such that T is a weak set
of uniqueness, (necessarily with F(T) strictly larger than F(S), as would be
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impossible when F(S) = F). The following result will not be needed futher on
but has a clear interest of its own.

2.13. Lemma. Let S be a subset of X and put G = F(S). Then in order
that S be a set of uniqueness, it is necessary that the corresponding moment

point ¢(S) = c;(S) be an extreme point of the moment space C, (see (2.4)
and (2.5)).

2.14. Proof. Let ¢ = 1, and G = F(S). Suppose that

c(S)=c;(d) =ac; (o) +(1—a)c;(4,), whereO<a<l,
and ¢, ¢, € M, satisfying F(¢,)NF(¢,) D G. Letting y = ad, + (1 —a)¢,,
onehas y € M,; F(y) D G and c;(¥) = c;(¢). But S is a set of uniqueness,

hence, ¥ = ¢ = 1§ having its values in {0, 1}, therefore, ¢, = ¢, = I (both
a.e. [4]), showing that ¢;(¢,) = c;(¢,).

By the way, a similar proof shows that ¢;(¢) = ac;(¢,) + (1 —a)c;(4,) with
0<a<l1; F(¢) C F(¢,)NF(4,) and ¢ is a uniqueness function, can only
happen when also ¢, and ¢, are uniqueness functions.

2.15. Some natural questions would be as follows.

(1) Exactly when is a given ¢ € M|, a uniqueness function? If not, what can
be said about the “size” of the set of measures M (u), (where du = ¢dA), such
as its total variation diameter?

(i1) Suppose that 1 € F. Let S be a subset of X with A(S) < oo, that
is, 1 € F(S),and let ¢ = 1¢. If S is not a set of uniqueness, one would be
interested in the size of the convex set M(S) (of measures u € M having the
same F-moments as .S). For instance, one would like to know more about the
quantity

8(S)=%sup{”u—,usn:VEM(S)}z%sup{/W/—qbl dAi: c//eMO(S)}.

Here, ||-|| stands for total variation distance. Since 1 € F(S), each y € M (S)
satisfies [(¢ — w)dA =0, hence,
(2.16) s(S)zsup{/(l—y/) a’/l:(//eMO(S)}.

s

Note that &(S) = 0 if and only if S is a set of uniqueness. A small value of
€(S) would indicate that the set S, (regarded as a measure ¢ di with ¢ € M),
is at least nearly determined by its associated moment point c(S); that is, by
the moments [ f¢di = [ fdA, one for each f e F such that [(|f|dA < oo.

(iii) Let u € M , thatis, du = ¢dAi with ¢ € M. For 6: X — R as a given
(measurable) function, how can one calculate or approximate a quantity of the
type

(2.17) L(6)=L(0,,u)=inf{/Odu:I/GM(,u)}?
P

Here, we take L(f) = —oo as soon as [ min(0, §)dv = —oo for some v €
M(p).
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2.18. Asto question (iii), where du = ¢ dA is given, note that 6 > f—(f-0)_,
(with z_ = max(z, 0)). Here,

/fa'u:/fdu and /(f—a)+ arug/(f—a)+ da,

when f € F(¢)" and v € M(u), (that is, dv = wdA with y € My(¢)). It
follows that

(2.19) L(e)zsup{/fdu—/(f-0)+dzl:feF(qs)*}.

Writing =6+ (f - 0), — (6 — f),, this is equivalent to
(2.20) sup{/@(q&—w) dai: u/eMO(¢)} =/9¢d&—L(0)
ginf{/(()—f)+¢dl+/(f—0)+(l—¢) d).:feF(qb)*}.

Suppose ¢ € M|, is of the form ¢ = 1 and further that 1 € F and A(S) < o0,
thus 1 € F(S). Then (2.15) and (2.19), with 6 = 1, yield that

(2.21) s(S)ginf{/S(l ., dl+/scf+d/1:feF(S)*} ,

where S¢ = X/S . Sufficient conditions in order that (2.19), (2.20), (2.21) hold
with the equality sign follow from results in [8, 9, 10]. In a subsequent paper,
we hope to give a detailed discussion of problems (ii), (iii) as well as concrete
applications to the uniqueness problem.

2.22. Optimization. Uniqueness problems of the above type may arise as fol-
lows. Let F be any set of functions f: X — R, let further d r( f €F) be
given real numbers and consider the convex set

(2.23) Md={c//eM0: /|f|wd/1<oo;/fy/d,1=d , forallfeF}.

We will assume that M? is nonempty. If M7 = {¢} then ¢ would be unique-
ness function relative to (X, A, F), (having F(¢) = F). One is often inter-
ested in

(2.24) p(h) = sup {/ht//d/l: we M (h)} ,
where Md(h)z{t//eMd: /lhlt//d,1<oo},

with h: X — R as a given function. Suppose that this supremum is finite and,
moreover, is assumed by some ¢ € M d(h) ; sufficient conditions for this can be
found in [8, 9]. Such functions will be said to be optimal. Let M* denote the
class of all optimal functions. Natural questions would be:

(1) Does M* contain any indicator function (‘bang-bang’ control)?
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(1) Is the optimal ¢ unique? If not, how serious is this nonuniqueness?
These problems fit in the previous framework, but with F replaced by

(2.25) F,=Fuih}.

Let M, ,(¢) denote the class M (¢), as defined in (2.9), but taken relative

to (X, 4, F,) instead of (X, 4, F). Observe that, for ¢ € M* | all moments
[ fodi (f € F,) exist and are independent of the particular choice of ¢. That

is, F,(¢)=F, and M, ,(¢) = M . Equivalently, if ¢ € M* then
{V/GMO: /Ifll//d/1<oo;/f!//d/1:/f¢d/1, forallfth}=M#.

Let ¢ € M. Question (i) above thus simply asks whether or not M, ,(¢) does
contain any indicator function. And (ii) above asks whether or not M ,(¢) =
{¢} , that is, whether or not ¢ is a uniqueness function, this time relative to the
system (X, 4, F,), (see 2.10). Problems of this nature are extensively studied
in the subsequent sections.

3. GENERALIZED ADDITIVE SETS

Here, we use the notations of §2. Thus (X, A) is a given o-finite measure
space and F a given set of functions f: X — R. The linear span of a set
H of functions is denoted as H*. Terms such as ‘almost all’ or ‘a.e.’ are
always relative to 4. In the present section, we develop sufficient conditions
for ¢ € M,, to be a uniqueness function. In the sequel, fT: X — R denotes
a variable function such that f(x) > 0 on certain subsets of X . In many
applications, fT(x) =1 is admissible.

3.1. Definition. A (measurable) subset S of X will be said to be an additive
set (relative to F or the system (X, A, F)) if the following hold. Here, as
usual, one identifies sets which differ only by a set of A-measure zero.

(i) The set S is of the form

(3.2) either S={xe€ X: f(x) >0} orelse S={xeX: f(x)>0},

for some f, € F(S)". Recall that F(S)" is the linear span of F(S) = {f €
F: [¢|fldi < oo}. Let D={xe X: f(x)=0}.

(ii) There exists f € F(S)" such that f*(x) > 0, for almost [4] all x € D,
with D as above. This would be trivially true when A(D) =0.

3.3. Remarks. 1f the set F is linear then condition (i) requires precisely that
S be of the form (3.2), with f, € F such that [(f)),d4 < oo, showing that
the above definition is not as circular as it may seem at first sight. Here, z_ =
max(0, z). In many applications, each f € F is A-integrable and then F(S) =
F, for all S. Often all sets S satisfy (ii), simply because of the existence of a
strictly positive A-integrable function f* € F, (thus, f € F(S), for all S).
For instance, /7 =1 will do if A(X)< oo and 1 € F.
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For important special cases, an analogous notion, of additive set or function,
was already studied by Krein and Nudel'man [14; 15, p. 240], Carrington [2],
Fishburn, Lagarias, Reeds, and Shepp [3, 4]. See Kemperman [11, 12] for
related results.

The terminology “additive” arises from F(S)" being the linear span of F(S).
In many applications, the latter set is quite small, (e.g., finite or countable). Ob-
serve that the above additivity implies that ¢ = 1 attains each of the suprema

sup{/fol//dl:t//eMO(S)}-——sup{/foc//d/I:OSV/S1}
= [ (), d2= [ fdz.

Here, f, € F(S )* is as in condition (i). The following Lemma is a straightfor-
ward generalization of some known results, see [3, 11].

(3.4)

3.5. Lemma. An additive set S is always a set of uniqueness.

3.6. Proof. Let S be additive as in 3.1 and consider y € M(S). Thus 0 <
w <1 and [fwdi = [ flgd4, each side being finite, for all f € F(S).
Choosing f = f;, one has [ fi(13—#)di =0. From (3.2), the latter integrand
is everywhere nonnegative, implying that ¢(x) = 14(x) a.e. [4] on D' =X/D,
where D = {x € X: fy(x) = 0}. We are ready when A(D) = 0. If not then
by (ii) there exists f* € F(S) such that fT(x) >0 ae. [A] on D. Similarly
as above, one has [ /(13— ¢)dA =0 thus Jp [Tl —¢)dA=0. In view of
(3.2), the latter integrand has a constant sign showing that ¢(x) = 14(x) a.e.
[4] alsoon D.

3.7. Remarks. 1t is clear from the proof that an additive set .S, depending on
Sy ft e F(S)" asin 3.1, is already a set of uniqueness relative to (X, 1, H)
with H as the tiny set H = {f,, /*}, (often with /™ =1).

Suppose S is of the form (3.2) with f; € F (S)* and, moreover, that 1 € F
and A(S) < oo, thus 1 € F(S). In this case, another proof would be to show
that the right-hand side of (2.21) equals zero. In the second case (3.2), this
follows by choosing f = pf, with p >0 large. Then f € F (S)* while £ <0
on S¢, hence, the second integral (2.21) equals zero. Further, f0 >0 on S,
hence, (1 —pf;), — 0 on §,as p — oo, hence, the first integral (2.21) tends
to zero (by the bounded convergence theorem, since A(S) < oo). At least when
A is finite, (thus, A(S°) < 00), a similar proof applies to the first case (3.2), this
time choosing f =1+ pf, with p >0 large.

3.8. Illustration. Take X = R and let 1 be Lebesgue measure on R. Let m be
a fixed positive integer and choose F = P, as the linear set of all (real-valued)
polynomials f on R of degree < 2m. Let X, denote the collection of all
subsets S of R which are unions of at most m finite intervals, including the
empty set.
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If § contains an infinite interval (such as S = X) then F(S) = {0}, thus
M,(S) = M,, showing that S cannot possibly be a set of uniqueness, hence, S
is not additive either. Using this remark, it is easily seen that a subset S of R is
additive if and only if it is a bounded set of the form S = {x € X: f,(x) > 0},
with f; as a nonzero polynomial of degree < 2m ; (and one can choose /= = |
in Definition 3.1). Equivalently, a subset S of R is additive if and only if
S €%, . Hence, from Lemma 3.5, each § € X, is a set of uniqueness. For
each such set S, one has ¢ = 1 a.e. assoonas 0 <¢ <1 and

(3.9) /qub(x) dx=/xjdx forall 0 < j <2m;
s

(orall 0 <j <2k if S isthe union of k < m intervals). Conversely, it is also
true that any uniqueness function 0 < ¢ < 1 must be of the form ¢ = 1 with
S € X,,,. This assertion is a consequence of results in Krein and Nudel'man
[15, pp. 238-242], Karlin and Studden [7, p. 235], and also follows from much
more general results in §4, see Remark 4.13.

3.10. Definition. Let ¢ € M, and put G = F(¢). Let s be a nonnegative
integer. We will say that ¢ is s-additive if, for some choice of f € F* (r =
0,...,s), the following properties (i), (ii) are true. Here,

(3.11)
S={xeX:fq(x)=0for0§q<r;f;(x)>0; for some r=0, ..., s};
T={xeX:fq(x)=0for0§q<r;f,(x)<0; for some r =0, ..., s};
Z={xeX:f(x)=0forall0<r<s}.

Thus, S, T, and Z are disjoint with union X .

(1) We have ¢(x) = | for almost all x € S and ¢(x) = 0 for almost all
xeT.

(ii) Moreover, G = F(¢) is a Z -determining set (of functions). Which is
the same as G* being Z-determining. The present condition (ii) is trivially
satisfied when A(Z)=0.

In general, if H is any set of functions f: X — R and Z a subset of
X, we will say that H is Z -determining if a function y € M [H], which
is supported by Z, is completely determined by the set of moments [ fy di
(f € H). Equivalently, w(x) =0 a.e. [A] assoon as y: X — R is a bounded
function satisfying

v(ix)=0 forx ¢ Z; /|f|t//d/1<oo,/f|//a’/l=0, forall fe H.

3.12. In the special case that G is X-determining we will also regard each
¢ € M, to be s-additive with s = —1. In this case, choosing s = 0 and
fo=0¢€ F(S)", the function ¢ is also 0-additive. In general, s-additivity

implies (s + 1)-additivity, as can be seen by choosing f , = f .
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A subset S of X is said to be an s -additive if its indicator function ¢ = I
is s -additive. The associated integer s and functions f;, ..., f, € F (S)* need
not be unique. We will say that the set S is a generalized additive set if it is s-
additive for some integer s > —1. Similarly for generalized additive functions.

3.13. Of special interest is the case A(Z) = 0. Here, condition (ii) above is
trivially satisfied while ¢ = I is an indicator function. An s-additive set, such
that A(Z) = 0 for the associated set Z, will be called a special s-additive set
(or also a special generalized additive set). The situation A(Z) = 0 occurs in
3.10 if and only if the functions fj, ..., f, € F(¢)" are such that f(x) =0
forall 0 <r <s implies that f(x) # 0, (a.e. [4]).

In particular, each additive set is a special 1-additive set. Namely, let f;,
f+ € F(S) be as in Definition 3.1 and choose s =1 and f, =c¢/f" in 3.10, ¢
as a nonzero constant. This leads to the additive set S = {f;(x) >0} or § =
{fy(x) > 0}, respectively, depending on whether ¢ > 0 or ¢ <0, respectively.
If A({fy(x) = 0}) = O then the additive set S on hand would even be 0-
additive. As to the converse, there are examples (see 3.22 and 6.35) of special
1-additive sets S which are not additive. In such a situation

S={xeX: fy(x)>0o0r f(x)=0; f (x) >0},
where A ({x € X: fy(x) = f, (x) =0}) ,

(fy, f, € F(S)"). Moreover, D = {x € X: fy(x) = 0} satisfies (D) > 0 and
f1(x) must take both signs on D.

3.14. Remark. In certain important applications, the class F is determined
by a given collection of mappings n ;i X — Yj (j € J). Typically, F is then
chosen as the (nonlinear) set of all functions f: X — R of the special form
f(x) = gj(njx) ,where j€J and g;: Y, —» R, see 86 for details. In the papers
[3, 4, 5, 11] it is further assumed that A(X) < oo, thus, 1 € F(S), while there
aset S was said to be additive if it is of the form S = {x € X: f (x) > 0}, for
some f, € F (S)*. In [11] we introduced the notion of a set S being additive
of degree < s. This means that f, € F(S)" (r=0,...,s) can be found,
such that x € § if and only if, either f,(x) =0 (r=0,...,s) or else there
exists 0 < r <s such that f (x)=0 for 0<g¢ <r and f,(x) > 0. Choosing
Jip1 = 1 € F(S), we see the additivity of degree < s in the sense of [11] implies
(s + 1)-additivity in the present sense (with the associated set Z as the empty
set).

3.15. Remark. Let G = F(¢) and Z be asin 3.10, with G as a Z-determin-
ing set. Consider for the moment the case that the dimension k of {f,: f €
G’} is finite, (with f, asthe restriction of f: X — R to Z). Then, as is easily
seen, G being Z-determining means precisely that the measure A restricted to
Z determines a measure space consisting of precisely k atoms, to the effect
that each (measurable) function on Z is the restriction f, of some € G".
For instance, kK = 0 if and only if A(Z) = 0. Moreover, 0 < k < co implies
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that (X, A) must have atoms. In particular, if (X, A) is nonatomic and F
is finite then a generalized additive function ¢ must be special. That is, one
must have A(Z) = 0 for the associated set Z , implying that ¢ is an indicator
function. This would also follow from Theorem 3.17 and Lemma 4.4.

3.16. Remark. For the moment, suppose that each f € F is A-integrable.
Thus, F(y)=F forall 0<y <1. Choose f € F* (r=0,...,s) such that
the associated set Z asin (3.11) has positive A-measure. Suppose further that
F is Z-determining, as happens when sufficiently many functions supported by
Z are equal to the restriction of some f € F*. In such a situation, y: X —
[0, 1] is s-additive as soon as w(x) =1 (x € S) and y(x) =0 (x e T),
whatever the values 0 < y(x) <1 (x € Z). Here, S and T are defined by
(3.11). In view of the following Theorem 3.14, any such y is also a uniqueness
function. However, most of these functions y are not indicator functions.

As a trivial example, if X = {x,} and F = {1} then F is X-determining so
that each ¢ € M,, is s-additive with s = —1. Choosing s =0 and fy=0€ F",
we see that each ¢ € M, is also 0-additive with associated set Z = X .

As another illustration, let X = R with Lebesgue measure 4. Let further F
consist of all functions f: X — R that are linear for x > 0, and arbitrary for
x < 0. Then, with ¢ as any positive constant, ¢ € M|, is 0-additive (and thus
is a uniqueness function) as soon as ¢(x) =1 for 0 < x <c¢ and ¢(x) =0 for
X > ¢, whatever the values 0 < ¢(x) <1 with x < 0. After all, choose s =0;
Jfo(x) =0 for x <0 and fy(x) =c—x for x >0, thus, Z = (~00,0). Itis
obvious that F(¢) is Z-determining.

3.17. Theorem. In order that ¢ € M, be a uniqueness function it is sufficient

that ¢ be a generalized additive function. Similarly, a generalized additive set
S is always a set of uniqueness.

3.18. Proof. Let ¢ € M, be s-additive as described in 3.10, involving func-
tions f, € G° (r=0,...,s), where G = F(¢). The case s = —1 is triv-
ial, (for, then each ¢ € M, is a uniqueness function), thus, let s > 0. Let
w € My(¢) be fixed, thus, 0 < w <1 and further

(3.19) /If[t//a’/1<oo and /f(t//—¢)d/1=0, forall feG".

In particular since f € G”,

(3.20) / £ (6 (x) = w (x))A(dx) =0,
(r=0,...,s). It must be shown that v = ¢, (a.e. [A]). For r=0,...,5s,
put

Qr:{xeX:fq(x)=0f0r0§q<r;f,(x)7&0};
Z,={xeX:j;(x)=0forO§q§r}.

Note that X is the disjoint union of Q,, ..., Q, and Z = Z. From 3.10, if
x € Q, then ¢(x) =1 or 0 depending on whether f (x) > 0 or f(x) <0,
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respectively. Thus, the integrand in (3.20) is nonnegative on Q, and equals
zeroon Q,  U---UQUZ=Z, (r=0,...,s). Taking r =0, it follows that

—¢ =0 on Q,. Afterwards, taking r = 1, one obtains that ¥ — ¢ =0 on
Q, and so on. In this way, we see that y —¢ =0 on Q U---UQ, = Z¢ and it
only remains to show that y — ¢ = 0 also on Z . But this follows immediately
from (3.19) and the fact that G* is Z-determining, (see 3.10).

3.21. Remark. Suppose that S is a special generalized additive set. Thus,
s>0and f,..., f, € F(S)" can be found such that S is of the form (3.11),
while, simultaneously, A(Z) = 0 for the associated set Z . It follows that S is
a special generalized additive set (and, thus, a set of uniqueness) also relative
to the usually much smaller system (X, 4, H) with H = {f;,..., f}. In
particular, ¢ = ¢ as soon as ¢ € M, satisfies [|f[¢dA < oo and [ f¢di=
[gfdi (r=0,...,5).

3.22. Illustration. The following is an example of a set S of uniqueness which
is not additive (as defined in 3.1; see 6.35 for a related result). In fact, S will
be chosen as a special 1-additive set of the form

(3.23) S={xeX: f(x)>0}u{xeX: f(x)=0; f (x)>0}.

Here, f,, f, € F(S) will be such that Z = {x € X: fy(x) = fi(x) = 0}
satisfies A(Z) = 0. Namely, choose X = (-1, +oc0) with Lebesgue measure
A. Let further F be the linear span of the two functlons u(x) =x(1-x);
uy(x )_x if x <0 and u,(x) =0 if x > 0. Now choose f, = u, and
fi = u,. Then S as defined by (3.23) takes the form S = (-1, +1) while
the associated set Z = {0 1} indeed satisfies A(Z ) =0. Each u; is integrable
on § thus F(S) = F. It follows that S = (-1, +1) is l-additive, hence, S
is a set of uniqueness. This presently means that ¢ = 1g is the only function
0<¢<1 on (-1, co) which satisfies

o) 0
/ x(1=x)¢(x)dx =-2/3; / X (x) dx =1/3.
-1

-1
We claim that S is not additive (relative to (X, A, F)). For, otherwise, either
(=1, +1)={x € X: g(x) >0} orelse (-1, +1)={xe X: g(x)>0} (uptoa
set of measure zero), where g: X — R is of the form g(x) = bx(1-x)+cu,(x),
with b and c as constants. But u,(x) =0 for x >0, while g must change
sign at x = 1, hence, b > 0. Since u,(x) = xt = o(x), for x <0, it would
follow that, for x < 0 small, g(x) =~ bx, thus, g(x) < 0 and we have a
contradiction. This construction is easily modified so as to yield, for any s, an
example of an s-additive set which is not (s — 1)-additive.

3.24. Remarks. By the way, it follows from the results in §4, see also 1.13, that
in the present example every set S of uniqueness must be of the form (3.23)
with f,, f) € F(S) such that f; # 0 and A(Z) =0, (possibly f, = 7Jy) - The
empty set S = is presently not a set of uniqueness, since 7 = (0, 3/2) has
the same F-moments as S.
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The set S = (-1, +1) remains a nonadditive set of uniqueness even when
one replaces F by the linear span of f© =1, u,, and u,. Note that the
nonadditive set of uniqueness S is of the limit of the additive set

sz(—l,—p)U(O,1):{xeX:pul(x)+(1—p)uz(x)>0} asp 0.

As a related feature, it is even possible that a sequence {S,} of additive sets
converges to a limiting set .S which is not even a set of uniqueness. Namely,
Fishburn et al. [3] showed that this can happen for the subset X = [0, 1]3 of
R® with Lebesgue measure 4, while F consists (say) of all bounded functions
of the form f(x) = ijj(xj). In fact, for this choice of (X, 4, F), it was
shown that the set S = {x € X: x; > max(x,, x,)} is not a set of uniqueness,
though S is the limit of {x € X: xj — x] —x) >0} as n — o0.

4. THE FINITE DIMENSIONAL CASE

As usual, we identify functions on X which are equal a.e., (relative to 4).
It is useful to visualize the o-finite measure space (X, 4) as being decomposed
into a discrete part (determined by a finite or countable number of atoms) and
a nonatomic part. Either part could be empty.

If H is any set of functions on X and Z is a subset of X, then dim(H|Z)
will denote the dimension of the linear span of {h_: h € H}, with h, as the
restriction of 4 to Z. We also write dimH = dim( (H|X), thus, dimH =
dim H™ . Let further N = N(4|Z) < +oo denote the largest number of disjoint
subsets of Z , each of positive A-measure. Thus, N =0 if and only if A(Z) =
0, while | € N < oo if and only if (Z, A) is purely atomic with precisely N
atoms. In all other cases N = oo. Clearly, dim(H|Z) < N(4|Z) < oo, for all
H .

4.1. Throughout §4, we restrict ourselves to the case that F if finite. Presently,
letting m = dim F = dim = F", the span F" of F is of the form

(4.2) F'={f=au (x)+...+a,u, (x):a,...,a, €R},

m-m

with u, € F and the u,: X — R as (A-essentially) linearly independent func-
tions. What really matters is the condition dim F* < oo, and not the finiteness
of F itself. On the other hand, one cannot simply replace F by F* =spanF ,
since this may lead to an essentially differem notion of uniqueness function, see
the discussion in 2.6.

Let ¢ € M, be fixed. We like to know exactly when ¢ is a uniqueness
function. Put G = F(¢), thus, G is the set of all f € F that are integrable
relative to du = ¢dAi. Letting k = dimG, one may as well assume that
k > 1 since, otherwise, M (¢#) = M,, and ¢ could not possibly be a uniqueness
function. Let v, € G (i=1,..., k) besuch that {v ,..., v} is a basis for
G" =spanG, thus, 1 <k < m. Presently, M [G] as defined by (2.3) coincides
with the set of all functions 0 < w < 1 such that f[vihz/di < oo, (I =
l,..., k). Since G" is spanned by {v,....,v,}, the moment point ¢ (y¥)
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corresponding to w € My[G] is fully determined by the ‘reduced’ moment point
(4.3)

YW) =, (W) ...y, (w) €R*, where yi(w)=/vi(x>w<x)z<dx),

(i=1,..., k). Note that the map y: M,[G] — R is linear. We also write
y(T) =y(1;) with T as a subset of X such that 1, € M[G].

From the Definition 2.10, ¢ is a uniqueness function if and only if there
does not exist any y € M([G] distinct from ¢ such that y(y) = y(¢), that
is, y(v) =y(¢) (i=1,...,k). Asubset § of X is said to be a set of
uniqueness when ¢ = 1 is a uniqueness function.

The following result is implicit in the literature, see [7, p. 265; 15, pp. 239-
242, and 13]. For more general results see Theorems 4.16 and 5.9 below as well
as remarks in 5.2 and 5.8.

4.4. Lemma. Suppose that (X , A) is nonatomic and further that F* is spanned
by finitely many functions. Then each uniqueness function is necessarily an in-
dicator function.

4.5. Proof. Let ¢ € M, be a uniqueness function and let v, € G = F(¢) (i =
1,..., k) define a basis for G", in particular, each v, is integrable relative to
¢dA. Suppose first that each v, is A-integrable. From Lyapunov’s theorem (see
Karlin [7, p. 266]), applied to the finite set of measures {v,di; i=1, ..., k},
there exists a subset S of X such that y,(lg) = y(¢) (i =1,...,k), see
(4.3). Since ¢ is a uniqueness function, it follows that ¢ = 1.

If some v, is not A-integrable then first decompose X into countably many
disjoint sets X, , such that v, ..., v, are bounded on X, and 0 < A(X,) < o0,
forall r. Let ¢,, 4,,and F,, respectively, be the restrictions to X, of ¢, 4,
and F, respectively. Since ¢ is a uniqueness function relative to (X, 4, F),
it is easily seen that ¢, is a uniqueness function relative to (X,, 4,, F,). From
the result just obtained, since (X,, 4,) is also nonatomic, it follows, for all r,
that ¢, is the indicator function of a subset S, of X,. Hence, ¢ itself is the
indicator function of S =JS5,.

4.6. With the above notations, let
(4.7) Y=Y;={y(v) :ve MG}

be the set of all reduced moment points, as in (4.3). We call Y the reduced
moment space for G = F(¢). It depends on ¢ and the above particular choice
of the basis elements y, € G. Clearly, Y is a convex subset of R¥ containing
the origin y(0) = 0. The boundary of Y will be denoted as 8Y and its interior
as int(Y). We assert that int(Y) is nonempty.

For, otherwise, the convex set Y would be a subset of some hyperplane
2_;a;y; =0, (notall o, equal to zero). Equivalently, v = }_, a,v; is a nonzero
function on X satisfying [vy di =0 forall y € M,[G]. But this is impossi-
ble since M [G] is quite large. After all, X can be decomposed into countably
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many sets X, with A(X,) < oo and such that v, ..., v, are bounded on each
X, . Hence, M[G] contains all functions 0 < y <1 which are supported by
any such set X, (thatis, y(x) =0 for x ¢ X,), and it would follow that v
vanishes on each X, .

From Lemma 2.13, if ¢ = I with § as a set of uniqueness then y(¢) is an
extreme point of Y, hence, y(¢) ¢ int(Y). A related result is as follows.

4.8. Theorem. Let ¢ € M be a uniqueness function with associated reduced
moment point y(¢) € Y. Here, Y =Y. is the moment space defined by (4.7).
Then either y(¢) € OY or else

(4.9) NAX)=dimG =dimF =m (1 <m< o).

In the latter case, the measure space (X , 4) is discrete with precisely m atoms
while G* = F* consists of all functions f: X — R. This in turn implies that
each function 0 < w <1 on X is a uniqueness function. In particular there

exist uniqueness functions ¢ which are not indicator functions and even such
that y(¢) € int(Y).

4.10. Proof. Clearly, (4.9) implies the subsequent assertions. Suppose ¢ is a

uniqueness function such that y(¢) ¢ 0Y, thatis, y(¢) € int(Y). Since
dimG <dim F = m < N (4X),

it suffices to show that N(A|X) <dimG.

On the contrary, suppose that N(4|X) > dim G = k. That is, there exist k+1
disjoint sets A, --- , 4, in X with 0 <A(4,) <oo (r=0,..., k). One may
even require that each function v; be bounded on each A4, (i =1,..., k
and r = 0, ..., k). Therefore, M,[G] contains each function 0 < y < 1
which is supported by 4 = A, U A4, U---U A4, . For example, one may choose
w(x) = z, = constant when x € 4 (r = 0,....,k: 0<z <1) and
w(x) =0 if x ¢ A. There even exist distinct functions y,, w, € M [G] of
this type satisfying y(y,) = y(v,), see (4.3). For instance, let y, correspond
to z, = % nd w, to z, = (1 +ew,)/2, where ¢ > 0 is sufficiently small, while
the w, (r=0,..., k) are chosen as numbers not all zero satisfy > a,w, =0
(i=1,...,k). Here, aq,, = f1 vdi.

Let y* = y(¥,) = y(w,). Since y" €Y and y(¢) € int(Y), there exists
y(t//#) € Y, (where q/# € M,[G]), such that y(¢) belongs to the line segment
(y", v(w")]. Thus, for some constant 0 < o < 1,

Y(d) = ay” + (1 =)y

= ap(y,) + (1 = a)y(y") = oy, + (1 —a)y").
(i = 1,2). Since ¢ is a uniqueness function, this would imply that ¢ =
ay, + (1 —a)y * (i=1,2) thus y, = v, and we have a contradiction.
4.11. Theorem. Assume that (X, ) is nonatomic, that dim F < oo and, fi-
nally, that

(4.12) AUxEX: f(x)=0Y)=0 for each nonzero f € F".
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Assertion. A function ¢ € M, is a uniqueness function if and only if it is of
the form ¢ = lg with S as an additive set (relative to F). In fact, S = {x €
X: fy(x) >0} for some nonzero member f, of F(S)*.

4.13. Remark. In particular, under the assumptions of Theorem 4.11, the
empty set @ is a set of uniqueness (with F(@) = F) if and only if /7 (x)>0
a.e. [A] on X for some f" e F*. And S = X is a set of uniqueness if and
only if there exists a A-integrable function f* of this type.

Let us discuss here the possibility of dropping the condition in Theorem 4.11
that (X, A) be nonatomic. One may as well assume that F is nontrivial, (for,
otherwise, there does not exist any uniqueness function). Let x, be an atom
of (X,A) thus A({x,}) > 0. It is easily seen that (4.12) holds if and only
if F* consists of all multiples of a single a.e. nonzero function g. Note that
[g¢di(¢ € M) takes all values in [-a, b], where a = [g_dA < oo and
b=[g .dA < oo, thus a+ b > 0. There exist no uniqueness functions at all
when a = b = co. The set S = {x € X: g(x) < 0} is a set of uniqueness if
and only if a < co. Theset T = {x € X: g(x) > 0} is a set of uniqueness
if and only if b < co. Besides 1 and 1, no other uniqueness functions can
exist unless X = {x,}.

The above argument shows that in Theorem 4.11 the condition that (X, 4)
be nonatomic can be omitted, provided we rule out the possibility that (X, 1)
is atomic with a single atom Xx,, while simultaneously F * consists of all the
constant functions on X . In the latter case, each ¢ € M, is a uniqueness
function but it need not be an indicator function.

Theorem 4.11 is also a consequence of Theorem 4.16 below, since under
the above assumptions each generalized additive set is already additive, (as
described in Theorem 4.11). To see this, first observe that 3.10 can only hold
with A(Z) =0, since (X, A) is nonatomic and dim F < co. Letting s in 3.10
be minimal, we see from (4.12) that necessarily s = 0, while f; € F(S)" must
be nonzero, showing that S is additive. By the way, the case s = —1 cannot
arise because F(S) cannot possibly be X-determining, since dim F(S) < oo
and (X, 4) is nonatomic.

In many applications, X is an open subset of R" with n-dimensional
Lebesgue measure A and then condition (4.12) is satisfied, for instance, when
each f € F is analytic on X . Essentially known, see [1, 7, 14, 15], is the
special case of Theorem 4.11 that X = (a, b) is a finite or infinite open in-
terval in R with Lebesgue measure A while F* is spanned by a Tchebycheff
system of order #. In this situation, (4.12) is always satisfied, hence, it follows
from Theorem 4.11 that any set of uniqueness is a union of at most (n + 1)/2
intervals. As a special case, taking X =R and F = P, as the polynomials of
degree < 2m, one obtains the yet unproved assertions in 3.28.

4.14. Proof of Theorem 4.11. If S is additive then 1 is a uniqueness func-
tion by Lemma 3.25. Conversely, let ¢ € M, be a uniqueness function with

associated reduced moment point y0 = y(¢p) € Y. Let k = dimG and the
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v, are as in 4.1. Here, kK > 1, for, otherwise, ¢ could not be a uniqueness
function.

From Theorem 4.8, since (X, A) has no atoms, we have y0 € 0Y.
Since int(Y) is nonempty, there exist numbers o, (i = 1,..., k) not all
zero, such that 37, a,(y, — y;(¢)) <0, forall y € Y. Equivalently by (4.3),

(4.15) /fo(X)(w(x)—¢(X))/1(dx)50,
for all y € M,[G], where f; :Zaivi,

thus fy € G* = F(¢)" . Further f, # 0, since «, # 0 for some i. Hence, (4.12)
implies that A(D) = 0, where D = {x € X: f(x) = 0}. Finally, (see also the
remark preceding Theorem 4.8), (4.15) implies that for almost all x ¢ D,
we have ¢(x) = 1 or 0, depending on whether f (x) > 0 or f,(x) <O,
respectively. Thus ¢ = 1, where S = {x € X: f,(x) > 0} is an additive set.

4.16. Theorem. Suppose that m =dimF < oo and let ¢ € M.

(i) In order that ¢ be a uniqueness function (relative to F and A) it is
necessary and sufficient that ¢ be (m— 1)-additive, as defined in 3.10. If (X, A)
is nonatomic then the associated set Z as in 3.10 must satisfy A(Z) = 0, that
is, ¢ must be an indicator function ¢ = l; with S as a special generalized
additive set.

(i1) If ¢ is a uniqueness function then ¢ is s-additive, more precisely, s and

theassociatedf,eF(qﬁ)* (r=0,...,s) asin 3.10 can be found so as to satisfy
-1<s<m-1 and
(4.17) s+1+N(AZ)<dimG<m.

Recall from 3.10 that Z = {x € X: f(x) =0 for 0 <r < s} and further that
G = F(¢) is a Z-determining set of functions. One has N(A,Z) = 0 if and
only if M(Z) =0 and then ¢ is an indicator function.

4.18. Remark. 1 have been informed that W. A. Carrington in his unpublished
thesis [2] already obtained certain special cases of Theorem 4.16. The main
point of Theorem 4.16 is that, relative to an arbitrary measure space (X, A) and
a finite set F of functions f: X — R, (or at least a set F with dim F < o0),
a function ¢ € M| is a uniqueness function if and only if ¢ is a generalized
additive function. If ¢ is a uniqueness function (and thus a generalized additive
function) but not an indicator function then the associated set Z satisfies 1 <
N(A|Z) < oo. The latter is only possible when (Z, A1) is purely atomic, in
particular, (X, A) must have atoms. In this way we again find (Lemma 4.4)
that all uniqueness functions are indicator functions when (X, 1) is nonatomic
and dim F < oo.

4.19. Proof of Theorem 4.16. In view of Definition 3.10, Remark 3.14, and
Theorem 3.17, it only remains to prove the necessity part of (i). Thus, let
¢ € M, be a given uniqueness function relative to 4 and F and put G =F(¢)
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and k = dimG, thus, 1 < k < m. Obviously, G(¢) = G, (where G(¢) is
defined by (2.7), but with F replaced by G), while ¢ is also a uniqueness
function relative to 4 and G. We must show that ¢ is s-additive, such that s
and the corresponding set Z (as in 3.10) satisfy (4.17). The proof will be by
induction with respect to k (1 < k < o00). Let kK > 1 and suppose the theorem
is true for situations where the positive integer k' on hand is strictly smaller
than k, (a void assumption when k =1).

Let y0 = y(¢) be the associated reduced moment point defined by (4.3),
depending on the particular choice of the v, € G (i = 1,..., k) as in 4.1.

One has y0 €Y =Y, with Y as the convex subset of R* defined by (4.7).

From Theorem 5.8, if y0 is not a boundary point of Y then (X, A1) is discrete
with precisely m atoms, (equivalently, N(i|X) = m), while G = F* consists
of all (measurable) functions f: X — R, (thatis, G is X-determining). Hence,
see 3.10, the function ¢ is s-additive with s = —1 and associated set Z = X,
so that (4.17) is satisfied.

It remains to consider the situation that y0 € 0Y . In that case, just as in
the proof of Theorem 4.11, there must exist numbers o, (i =1,..., k) not
all zero satisfying (4.15). Letting fy = Y, a,v,, thus fj € G* and fy #0,it
follows from (4.15) that

(4.20) ¢(x)=1 if fy(x)>0; #(x)=0 if f(x) <0,
for almost [A] all x € X with fj(x)# 0. Let

(4.21) X,={xeX: f(x)=0}, where fy=) au,.

If A(X,) =0 then ¢ = I is O-additive while N(4|X;) =0, hence, (4.17) holds
with s =0 and Z = X,,.

Thus, one may as well assume that A(X,) > 0. Let further ¢,: X, — R be
the restriction of the given uniqueness function ¢: X — R to the subset X, of
X . Let further

(4.22) Fy=Gy={fy: [€G},

where fXO: X, — R denotes the restriction of f: X — R to X;. Then
[1fldgdA, < oo for all f) € G,, where i, denotes the restriction of 1 to
X, - Interpreted relative to (X, 4,), one has Fy(¢,) = G,, (analogous to the
above G(¢) =G).

It is convenient to associate to each y,: X, — R the unique extension
w: X — R of y, suchthat y(x)=¢(x) forall x € X/X,. If 0 <y, <1 then
0 <y < 1. Thus ¢ is precisely the extension associated to ¢,. Using such
extensions and the fact that ¢ is a uniqueness function relative to (X, 4, G),
it easily follows that ¢, is a uniqueness function relative to (X, 4,, G,) . Here
ko := dim(G,| X)) < k = dim(G|X). After all, from (4.21), the basis functions
v, € G (i=1,...,k) for G* = spanG become linearly dependent when
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restricted to X,. If k; = 0 then ¢, could not possibly be a uniqueness func-
tion. Hence, in the present situation one has k, > 1, thus k > 2.

From the above induction assumption, the assertions of the Theorem will
hold with X', 4, ¢ and F, G, respectively, replaced by X, 4,, ¢, and F,,
G, , respectively, (F, = G,). Thus, the uniqueness function ¢, relative to
(Xy»> 49> Gy) » 1s t-additive with a corresponding subset Z of X, as described
in Definition 3.10 (this time instead relative to X, 4,., ¢, and G,). Here, ¢
and Z satisfy

(4.23) 1+ 1+ N(4|Z) <dim(G X)) =k, <k —1.

More precisely, there exist g, ..., g, € Gg such that the following is true.

Here,

(4.24)
Soz{xeXO:gq(x) for0<g<r;g(x)>0; forsomer=0,...,1};
Toz{xeXO:gq(x) for0<g<r;g (x)<0; forsomer=0,...,1}:
Z={x€eX,:g(x)=0forr=0,...,1},

thus, X, is the disjoint union of S, 7, and Z. First ¢ (x) =1 if x € §,
and ¢y (x) =0 if x € T, (at least a.e. [4]). Moreover, G, is Z-determining
(see 3.10). Since G, is the restriction of G to X, see (4.22), and 4, is the
restriction of 4 to X, this implies that G is Z-determining. Letting

(425) S={xeX: fy(x)>0}US,: T={xeX: f(x)<0}uT,,

we have from (4.20) and (4.21) that X is the disjoint unionof S, 7,and Z.
Moreover, ¢(x) =1 if x €S, while ¢(x) =0 if xeT.

Let f, € G* be as above. For r = 1,..., 1+ 1, choose f, as any fixed
function f,: X — R such that /. € G" = F(¢)" and that further the restriction
of f, to X, coincides with g _, € GS. This is always possible in view of
(4.22). Using (4.23), (4.24), one now easily verifies that the subsets S, T,
and Z of X have precisely the structure (3.11) relative to {f,, f,..... f;}.
where s =+ 1. This proves that ¢ is s-additive. Moreover, from (4.23) and
N(A|Z) = N(3,|Z).

SHI+N@AZ)<ky+ 1 <k=dimG < m,
thus, also (4.17) is satisfied.

4.26. Remark. Theorem 4.16 can be improved if X is a finite set. Namely,
then any generalized additive function is already 0-additive. Hence, from The-
orem 4.16, if X is finite then ¢ € M is a uniqueness function if and only if
¢ is 0O-additive. The latter result was already obtained in [11] by a more direct
proof.

After all, let ¢ € M, be s-additive and let f, € F(¢)" (r = 0,....5)
and Z be as in 3.10, thus, F(¢) is Z-determining. Now consider g = f, +

pfi+ -+ psfY with p > 0 so small that |f (x)| < (p~' - D/ .(x)], for all
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xeXandOgqu s such that f(x) # 0. Then g € F(¢)"

={x € X: gx ) =0 M oreover, g(x) > 0 or g(x) <0, respectlvely,
implies o(x) =1 ¢(x) = 0, respectively, showing that indeed ¢ is also
O-additive.

4.27. Optimization. Theorem 4.16 also has important consequences for opti-
mization problems as in 2.22, in the special case that F is spanned by finitely
many functions. Equivalently, ¥ € M, in 2.22 is essentially subject to only
finitely many moment conditions. For convenience assume that (X, 1) has no
atoms. It follows from Theorem 4.16 that an optimal function ¢ as in 2.22 is
unique if and only if ¢ = 1 with S as a special generalized additive set rela-
tive to (X, 4, F,), where F, = FU{h}. Thus S has the structure described
in 3.10, for some s > 0, even with A(Z) = 0, except that there F is to be
replaced by F, . One example would be

S={xeX:g,(x)>00rg,(x)=0;
g (x)>00r g (x)=g (x)=0;g,(x)>0}.
Here, the g, = f.+ Bh € F, (f,€ F" and B, €R; i = 0 1 2) are such
that A(Z) = 0, where Z = {x € X: gy(x) = g,(x) = g&(x) =0}. If ¢ = I
happens to be optimal then it is the only optimal functlon

5. INDICATOR FUNCTIONS

Let & be either a positive integer or else k = +oo. In this section, we study
sufficient conditions in order that (X, A, F) be k-rich. When k& =1 we also
speak of (X, A, F) being rich.

5.1. Definition. The system (X, A, F) is said to be rich, if for each ¢ € M,
there exists an indicator function 1, € My(¢). Here, M,(¢) was defined in
(2.9).

Equivalently, (X, A, F) is rich if for each function 0 < ¢ < 1 there exists
a subset 7 of X having the same moments as ¢ (relative to F), in the
sense that [ fdA = [ f¢dA, forall f € F(¢), thatis, all f € F such that
J1fl¢dA < oo . If there exists only one such set T then 7" would be a weak set
of uniqueness, see 2.11, (but not conversely, see the remarks preceding Lemma
2.13).

We will say that (X, 4, F) is k-rich if, for each ¢ € M|;, which is not of the
special form ¢ = 1, with S as a set of uniqueness, the set M,(¢) contains at
least k distinct indicator functions.

Thus k-rich implies rich, (which is the same as 1-rich). Further, if (X, 4, F)
is 2-rich then every weak set of uniqueness is a set of uniqueness; the converse
is false, see 5.2. When F is trivial then My(¢) = M|, for all ¢ € M, thus,
(X, 4, F) is k-rich with k > 2 as the number of (1-essentially) distinct subsets
of (X,4).

5.2. Remarks. Recall from 2.8 that y € M, (¢) implies My(¢) D My(y).
Hence, in order that M,(#) contains > k indicator functions it suffices that
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M,(y) contains > k indicator functions, for some y € M,(¢). Consequently,
in order that (X, A, F) be k-rich, it is necessary and sufficient that, for each
nonindicator function y € M, the set M (y) contains > k indicator func-
tions. After all, if the convex set M,(¢) does not contain any nonindica-
tor function y (such as the average of two distinct indicator functions) then
My(¢) = {ls}, thatis, ¢ = I with S as a set of uniqueness.

An important example of a rich system (X, A, F) is one where (X, A) is
nonatomic and, moreover, F is finite, (or else is spanned by a finite set). That
this system is rich follows easily from a slight modification of the proof of
Lemma 4.4 (which itself uses Lyapunov’s theorem). If the v, are not all 4-
integrable then note that the subset S, of X can be chosen so as to duplicate
¢, as to the integrals relative to the 2k function v; and |v,| (i=1,...,k).
Actually, the system on hand is even oo-rich, see 5.18.

The term ‘rich’ was first used in [5] relative to a special case of the projection
type, analogous to the one discussed in §6. If (X, A) is a finite discrete space
then (X, A, F) is never rich, unless F is trivial. After all, let f € F be fixed
with f # 0. On the one hand, a = [ f¢dA has an uncountable range, when
¢ can be any function satisfying 0 < ¢ < 1 and [|f|¢dA < oco. On the other
hand, f = [ fdA assumes only finitely many different values when S ranges
over the finitely many different subsets of (X, 4).

There exist systems (X, A, F), having (X, A) as a finite discrete space and
F nontrivial, (hence, the system is not even rich), such that every weak set
of uniqueness is also a set of uniqueness. For instance, let X = {1, ..., m}
with A({i}) =1, forall i, and let F = {1}, thus, F* consist of the constant
functions. Then the only weak sets of uniqueness are S = X and the empty
set, each of which is also a set of uniqueness. The following result is an obvious
consequence of the definitions involved.

5.3. Lemma. If (X, A, F) is rich then every uniqueness function ¢ € M, is
necessarily an indicator function.

5.4. The converse of Lemma 5.3 is false. For instance, let (X, 4) be a finite
discrete space with at least two atoms and let F = {1}. Then ¢ =0 and ¢ =1
are the only uniqueness functions but nevertheless (X, A, F) is not rich.

5.5. Definition. We say that the system (X, A, F) is strongly rich if, for each
choice of the subset D of X with A(D) > 0 and the function ¢ € M,
there exists a nonzero bounded function 6: X — R supported by D, (that
1s, 8(x) =0 if x ¢ D), which satisfies

(5.6) /|f9|au<oo; /fed,1=o, forall f€ F ().

Equivalently, (X, A, F) is strongly rich if and only if the set F(¢) is not D-
determining (see 3.10), for all choices of D and ¢ with A(D) >0 and ¢ € M, .
If F itself is trivial (e.g. F = {0}) then (X, 4, F) is strongly rich in a trivial
manner.
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5.7. Remark. Since A is o-finite, one may as well assume that 0 < A(D) < c©.
In many applications, (5.6) would be implied by the analogous condition, where
F(¢) is replaced by a quite different and often much smaller class of functions.
Sometimes this can be seen from the fact that, for 0 < A(D) < oo and 6 as
above, the collection, of all f: X — R satisfying [ f6dA = 0, is a linear set
which is closed under dominated limits f = lim, f,, thatis, #: X — R exists
such that |f(x)] < h(x) (xe€ D andall r) and [, |h|di < cc.

The term ‘strongly rich’ was first used in [5], relative to a class F of the type
discussed in §6. Definition 5.5 goes back to Kingman and Robertson [13] who
instead speak of F being thin relative to (X, A). But note that in [5, 13] it is
always assumed that 1 € F and, moreover, that each f € F is A-integrable, in
which case A(X) < oo and F(¢) = F forall ¢ € M.

The A is strongly rich relative to F then so is any measure p(dx) =
q(x)A(dx), as long as (in an obvious notation) F,(¢) D Fp(¢), for all ¢ €
M, . For instance, the latter condition is satisfied (with F,(¢) = F ,(0) = F)
when each f € F is both A-integrable and p-integrable. See [5] for the easy
proof; (hint: choose 6 = h/q where A is a bounded function supported by
{x e D:q(x)>6 >0} such that [ fhdi=0 forall fe F,(¢)).

5.8. Remark. Let W be the maximal set, such that f(x) =0 a.e.on W, for
each fe F.If A(W)=0 we will say that (X, A, F) is regular or also that it
is nonsingular. It would be sufficient for regularity that 1 € F.

If F is trivial then W = X thus (X, A, F) is singular. Every time that
(X, A, F) issingular, thatis, A(W) > 0, then there cannot exist any uniqueness
function at all. After all, changing the values ¢(x) (x € W) has no influence
whatsoever on the integrals [ f¢dA (f € F). Since W plays no real role, it
would be natural to restate the uniqueness problem on hand by simply dropping
W from X, thereby achieving regularity.

The restriction of (4, F) to W is strongly rich in a trivial way, (whether or
not W possesses atoms). On the other hand, if (X, 4) has any atom X, in
W= X/W then (X, A, F) fails to be strongly rich. After all, apply Definition
5.5 with D = {x,} and ¢ = 0, observing that x, ¢ W implies f(x,) # 0,
for some f € F = F(0). In particular, if (X, A, F) is both strongly rich and
regular then (X, A) must be nonatomic.

Conversely, if (X, A) is nonatomic then (X, F, A) is strongly rich pro-
vided F = {h, ..., h,} is finite; (naturally, all that matters is the condition
dim F* < 0o). This result is due to Kingman and Robertson [13, Lemma 2].
As a somewhat different proof, if X is nonatomic and A(D) > 0, then there
certainly exist m + | disjoint subsets D,, ..., D _ of D each of positive A-

m
measure, such that each /; is bounded on each D, . Let a; = [ D, h;d and

choose z, (k=0,1,..., m) as constants not all zero such that }_, ayz; = 0
for j=1,...,m. Then 6 =3, z, le 1s a nonzero bounded function which
is supported by D and satisfies (5.6).
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Since (X, 4, {0}) is trivially strongly rich, the following is a more general
result. Namely, if (X, A) is nonatomic and (X, A, F) is strongly rich then also
(X, A, G) is strongly rich, provided G can be obtained from F by adjoining
finitely many functions hj: X —->R, (j=1,...,m). Thatis, G = FU
{h,,..., h,} inwhichcase G" consists of all functions of the form f+3, Bih;
with f€ F* and B, €R.

As to the proof of the latter assertion, let ¢ € M, be given and let D, D,
be as above. For kK =0, ..., m, choose ¢, as a bounded nonzero function
supported by D, which satisfies (5.6). Let a; = f#leka'/l and choose the
z, as above. Then 6 =}, z, 6, is a bounded nonzero function supported by
D which satisfies (5.6) with F(¢) replaced F(¢)U{h , ..., h,}, hence, also
with F(¢) replaced by G(¢). Observe that in the present proof we did not use
Lyapunov’s theorem, (as we did in 4.5 and 5.2).

Propositions 5.9 and 5.13 below are generalizations of known results due to
Kingman and Robertson [13] and Gutmann, Kemperman, Reeds, and Shepp
[5].

5.9. Proposition. Suppose that (X, A, F) is strongly rich. We assert that:

(1) Each uniqueness function is necessarily an indicator function.

(ii) Let ¢ € M, and y € M(¢). Let Ey(¢) denote the (possibly empty) set
of extreme points of the convex set M (¢). Then in order that y be an indicator
Jfunction it is necessary and sufficient that w € E(¢).

(iii) Suppose (X, A) is nonatomic and let ¢ € M. Then either ¢ is a
uniqueness function or else M,() is infinite dimensional. That is, dim M (¢) =
0 or +c0.

5.10. Proof. If ¢ isa uniqueness function then M,(¢) = {¢}, hence, ¢ is an
extreme point of M (¢). Therefore, (ii) implies (i). As to (ii), note first that
any indicator function 1g is trivially an extreme point of M and, hence, of
any (convex) set M (¢) which contains 1. As to the converse, let ¢ € M,
and y € M (¢) and suppose that y is not an indicator function. Then there
exists &€ > 0 such that A(D) > 0,where D={xe X:e<wy(x)<1l-¢}.Let 0
be as in 5.5. One may assume that |0| < ¢. Clearly, v + 6 € M (¢), showing
that y cannot be extreme in M((#). This proves (ii).

As to (iii), since (X, A) is nonatomic, the above set D contains an infinite
collection of disjoint subsets D,, D,, ..., each of positive A-measure. Each
D, has a corresponding nonzero function 6, as above (supported by D;). The
resulting functions w+6, € My(¢) (i =1, 2,...) are easily seen to be linearly
independent. Consequently, A (¢) is infinite dimensional as soon as it con-
tains at last one nonindicator function  , (such as the average of two distinct
indicator functions). The only alternative is that M (4) consists of a single
indicator function I, thatis, ¢ = I is a uniqueness function. By the way,
since the system (X, A, F) was already assumed to be strongly rich, (X, 4)
will be nonatomic as soon as (X, A, F) is regular, (see 5.8).
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5.11. Corollary. Suppose that (X, i, F) is strongly rich and let 1 < k < o0.
Then (X, A, F) is k-rich if and only if My(¢) possesses at least k extreme
points, for each ¢ € M, which is not a uniqueness function. On the other hand,
if ¢ is a uniqueness function, (that is, My(¢) = {¢}), then ¢ = 1 for some
subset S of X.

5.12. Proof. This follows immediately from Definition 5.1 and Proposition
5.9.

5.13. Proposition. Suppose that each f € F is A-integrable. Let ¢ € M, be
fixed thus F(¢p) = F .

Assertion. The subset M,(¢) of the dual L™ of L' is the weak*closed convex
hull of the set Ey(¢) of its extreme points. Hence, My($) possesses at least
1 + dim M (¢) extreme points. Consequently, either M (¢) possesses at least
two extreme points or else ¢ is a uniqueness function.

5.14. Proof. Here L® = L™(X, ) and L' = L'(X, A). It is assumed that
L' > F. Let us assign to L™ the weak* topology, that is, the coarsest topology
such that ¢ — [ f¢dA is continuous on L™ for each f € L' Let ¢ € M,.
From Alaoglu’s theorem the set M, = {y € L™:0 <y < 1} is weak*-compact,
hence, so is the nonempty weak*-closed and convex subset

Mo(¢)={weM0: /fyuu:/quam forallfeF}.

It follows from the Krein-Milman theorem that M,(¢) is the weak*-closed
convex hull of the set Ej(¢) of all extreme points of M,(¢).

5.15. Theorem. Suppose that each f € F is A-integrable and further that
(X, A, F) is strongly rich. We assert that:

(i) Each (X, A, F) uniqueness function is also an indicator function.

(ii) The system (X, A, F) is 2-rich and thus rich.

(iii) The system (X, A, F) is oo-rich as soon as it is nonatomic or regular.

5.16. Proof. Here, (i) follows from Proposition 5.9. Consider ¢ € M|, which
is not a uniqueness function. By Proposition 5.9, the set Ej(¢) of extreme
points of M,(¢) coincides with the set of indicator functions 1, € My(¢).
Therefore, Proposition 5.13 implies that (X, A, F) is 2-rich. And even oo-
rich provided dim M (¢) = co. By Proposition 5.9, the latter is true as soon
as (X, A) is nonatomic. Also recall (see 5.8) that a strongly rich system is
nonatomic as soon as it is regular.

5.17. Remark. The result that under the assumptions stated, (X, 4, F) must
be rich, is due to Kingman and Robertson [13, p. 349]. They also noted that
(X, A, F) being strongly rich is also a necessary condition in the following
sense. Assume that each f € F is A-integrable, thus, F(¢) = F forall ¢ € M.
For each subset D of X with A(D) > 0,let (D, 4,, F},) denote the restriction
of (X,4, F) to D. Then the system (X, A, F) is strongly rich if and only if
each system (D, A, Fp) is rich.
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For, on the one hand, if (X, 4, F) is strongly rich then also (D, 4, F))
is strongly rich and thus rich, in view of Theorem 5.15. Conversely, suppose
(X, 4, F) is not strongly rich. Then by Definition 5.5, there exists a subset D
of X with A(D) > 0 such that F is D-determining. But then each function
0<¢ <1 on D is a uniqueness function relative to (D, 4, F},), showing
that the latter system is not rich.

Theorem 5.18 below may be regarded as a strengthening of certain versions
of Lyapunov’s theorem, such as the one given by Karlin [7, p. 266]. Lyapunov’s
theorem is never used in the proof, see also 5.8, though the proof could be
shortened by using it. See Kingman and Robertson [13] for a generalization of
Lyapunov’s theorem in a different direction.

5.18. Theorem. Suppose that (X, A) is nonatomic and further that F is finite
(or else that dim F* < o0). Then (X, A, F) is oo-rich.

5.19. Proof. Let F = {f,...,f,}. We already observed in 5.8 that
(X, A, F) is strongly rich. Suppose first that each f, is A-integrable. Then
it follows from Theorem 5.15 that (X, A, F) is oo-rich. In other words, if
¢ is a nonindicator function and f, ..., f,, are finitely many A-integrable
functions then there exist infinitely many different subsets S of X such that

/Slf,-|d1<oo; /Sf,d,1=/xfi¢dz (i=1,...,m).

One can even attain that, in addition, [(|f|dA= [, |flodi (i=1,...,m).

Now, let F = {f,,..., f,} be an arbitrary finite set of functions and let
¢ € M, be a fixed nonindicator function. Let G = F(¢) = {g,,..., &}
where k < m < oo, thus, [|gl¢di<oo (i=1,..., k). Decompose X into
at most countably many disjoint sets X,, with 0 < A(X,) < co and such that
each g, is bounded on each X, . Let ¢, be the restriction of ¢ to X,. For
some indices, r, ¢, might be the indicator function of a subset S, of X, . Next,
let r be such that ¢, is not an indicator function, (there must be at least one
such index r). From the previous result, with X and f, replaced by X, and
g, » there must exist infinitely many different subsets S, =S, , (r=1,2,..)
of X, such that

/|g,.|d/1=/ le.|pdA; /g,.d/l=/ gpdA, foralli=1,... k.
s, X, s, X,

Let S be the union of the §,. Each such union S satisfies

/;|g,-|di:/)(|g,-l¢dl<oo; /ngd/1=/)‘,g,.¢d/1 (i=1.,....k).

thus 1g € M (¢). Since the above construction leads to infinitely many possible
sets S, this implies that M (¢) contains infinitely many different indicator
functions, showing that (X, A, F) is oo-rich.

5.20. Theorem. Let ¢ € M, be fixed and suppose that the system (X , A, F(¢))
is strongly rich. Then if ¢ is a uniqueness function it must be an indicator
function.
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Next, assume that X is a countable union of sets X,(¢), each of finite A-
measure, such that the restriction of f to X, is A-integrable, for each f € F(¢)
and each r. Also suppose that (X, 1) is nonatomic and that even (X , 4, G,) is
strongly rich. Here, G, denotes the set of all functions f and |f| with f € F(¢).
Assertion. Unless ¢ = 1g with S as a set of uniqueness, there exist finitely
many different subsets S of X such that 14 € My(¢).

5.21. Proof. Since ¢ € M, is fixed, one may as well assume that F = F(¢).
The proof of Theorem 5.10 is completely analogous to the proof in 5.19 of
Theorem 5.18. Simply apply Theorem 5.15 to the restriction of (X, A, F(¢))
to the different subsets X, (¢) of X .

5.22. Remark. Theorem 5.20 generalizes Theorem 5.15. After all, see 5.8, if
(X, A) is nonatomic and dim G 5 <00 then (X, 4, G ¢) is always strongly rich.

5.23. Optimization. Consider the general optimization problem 2.22 except that
now we assume that each f € F is A-integrable as well as the given function
h: X — R. From 5.14, the set M,(¢) is weak*-compact while v — [hy dAi
defines a weak*-continuous function on M;,(¢). Consequently, optimal func-
tions ¢ always exist.

Suppose (X, 4, F) is regular (as happens when 1 € F) and strongly rich,
thus (X, 4) is nonatomic. It follows from a result in 5.8 that also (X, 4, F,)
is strongly rich with F, = F U {h}. We conclude from Theorem 5.15 that
(X, 4, F,) 1s co-rich and thus rich. In particular, an optimal function ¢ which
is unique is always an indicator function. Moreover, either there is only one op-
timal function ¢ (necessarily an indicator function) or else there exist infinitely
many distinct optimal function, each of which is an indicator function. See 6.31
for an important case where (X, A, F) is strongly rich. Another would be the
case that (X, A) is nonatomic and dim F* < oo, see 5.8.

6. RECONSTRUCTING A MEASURE FROM ITS PROJECTIONS

Here, we discuss applications of the previous results to measures with given
marginals, as well as related results in the literature. In the sequel (X, A) is
a fixed o-finite measure space and n = {# s Jed } a given nonempty set of
(measurable) maps n i X — Yj (j € J). Here, the Yj are given measurable
spaces. Let u be a measure on X such that u < A. We will derive necessary or
sufficient conditions in order that a given measure u be uniquely determined
by its associated set of ‘marginals’ {x AvAS J}. We are also interested in the
collection of sets S such that 1¢dA has the same marginals as .

Let u < A4, thus, du = ¢dA with ¢ € M. Its nj-image v, =T is the

measure on Yj defined by v;(B) = ,u(nj_'B) . It will also be referred to as the
4 j-marginal of ¢ or u. Knowing this marginal v 1s the same as knowing the
value

(6.1) g,(nx)p(x)A(dx) = [ g,(nx)udx)= [ g (v, (dy),
J J
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for each nonnegative function 8 Yj — R. At least when z is o-finite, this is
the same as knowing the value (6.1) for each Vj-integrable functions g Y, —
R, that is, g € L'(Yj, uj). Which is the same as gj(njx) being integrable
relative to du = ¢pdA.

6.2. Remark. Given a particular marginal v, =Tl of u, we will only use the
resulting information about u as expressed by the values (6.1), with g Yj. — R
running through the z/j-integrable functions. Even in very natural settings, it
can easily happen that the marginal v =T of u is not o-finite, in spite of
the fact that u itself is o-finite, (since u < A where A is o-finite). Consider
for instance the special case that X = Ri with 4 = m, as n-dimensional
Lebesgue measure. Let further 7 = {n,, ..., n,}, where m;: X - Ris defined
by X=X, with X; as the jth coordinate of x € R". Here, the jth marginal
A ;= ji of A satisfies 4 j(B) =0 or +oc, respectively, depending on whether
m (B) =0 or m (B) > 0, respectively.

Similarly, for many other measures x4 < A. For instance, let u = 1¢di
where § = {x € X:xj <1 for j > 2} and let v, =T, (J=1,...,n).
Then v, = m, is o-finite. On the other hand, for j > 2, the marginal v, of u
is not o-finite, since uj(B) =0 or oo, depending on whether m (BND) =0 or
> 0, respectively, where D = [0, 1]. There clearly exist many other measures
¢di (¢ € My) on X having exactly these same marginals.

6.3. The class F, . In the sequel, F = F, will denote the set of all functions
f: X — R defined by

(6.4) F ={f(x)= gj(njx) for some j € J and some g:Y, — R}.

Naturally, g, must also be measurable. Let ¢ € M, and let a’% = ¢di be
the associated measure on X . It follows from (2.7), (6.1), and (6.4) that
(6.5)

F_ (¢)={all f: X - Rwith [ = gm; for some j € J and g, € Ll(nj,u(b)}.

Note that F, (¢) contains a function /T > 0 as soon as at least one of the
marginals miu, (JEJ) is o-finite.

For each ¢ € M|, let M,(¢) denote the class of functions defined by (2.9)
relative to the system (X, 4, F,). That is,
(6.6)

My @) = {w e My ) S F ) [ £du, = [ rdu,. torall re F o))

Equivalently, using (6.1) and (6.5), M (¢) consists of all y € M, such that,
forall jeJ,
(6.7)

if /lgj|d(nj/‘¢)<00then /]gjld(njuw)<oo;/gjd(7rjuw)=/gjd(7tj,u¢).

Finally, let M,(¢) denote the set of all yw € M, such that MMy =Tl for
all jelJ.
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6.8. Remark. For each fixed j € J, condition (6.7) is clearly necessary in
order that Mty = MM, . It is also sufficient provided il is o-finite. It
follows that M (¢) O M, (¢) and further that M (¢) = M,(¢) provided each
iy is o-finite.

For j € J fixed, condition (6.7) is not always sufficient for = My =T,
This can be seen in a situation, where = jﬂ¢(3) = 0 or oo, depending on
whether BND is empty or nonempty, respectively, with D as a fixed nonempty
subset of Yj . In this case, (6.7) merely requires that n My be supported by D.

6.9. Uniqueness. As usual, the function ¢ € M, is said to be a uniqueness
function relative to the system (X, 4, F,) if M (¢) = {¢}. We will say that ¢
is a m-uniqueness function if M, (¢) = {¢}. Equivalently, ¢ isa m-uniqueness
function if there exists no other y € M, such that d 1, = wdA has the same
nj-marginal as du¢ =¢di, forall je€J. Asubset S of X issaid to be a set
of m-uniqueness when ¢ = I is a m-uniqueness function.

From My(¢) O My,(¢), in order that ¢ € M be a n-uniqueness function, it
is sufficient that ¢ be a uniqueness function relative to (X, 4, F,). From The-
orem 3.17, a sufficient condition for the latter is in turn that ¢ be a generalized
additive function relative to (X, 4, F,), as defined in 3.10.

6.10. Generalized additive sets. Let us discuss here only the case ¢ = 1, with
S as a special generalized additive set relative to (X, 4, F,). As usual, F (S )"
denotes the linear span of F, (S) = F, (1g). By 3.10 the subset S of X is a spe-
cial generalized additive set, (and thus a set of uniqueness relative to (X, 4, F,)
and thus a set of #-uniqueness), if one can find finitely many f, € Fn(S)*
(r=0,...,s), such that S is of the form

N

(6.11) S=|J{xeX: f(x)=0for0<g<r; f(x)>0},
r=0

(up to a set of A-measure zero), and such that A(Z) = 0 where

(6.12) Z={xeX:f(x)=0forall0<r<s}.

In this case, one also says that S is a special s-additive set. The subset S is
said to be additive if either S = {f(x) > 0} or S = {f(x) > 0}, for some
choice of f € F,(S)", and moreover /" € F, (S)" exists such that f*(x) >0
ae. [A] on Z ={x € X: f(x) = 0}. Letting f; = f and f, = +1", we see
that any additive set is also a special 1-additive set.

Observe, from (6.1) and (6.5), that Fn(S)* consists of all functions f: X —
R of the special form

(6.13) f(x)=)"g,n;x) where /lgj(njx)M(dx) < o0,

jeJ S
and such that all but finitely many functions g:Y, — R are identically zero.
The last condition (6.13) is equivalent to the condition that g, be integrable
relative to the =« j-marginal of dus = 14dA. in particular, different sets .S with



452 J. H. B. KEMPERMAN

the same collection of marginals {xn Mg JEJ } also have the same associated
set F (S).

6.14. Remark. In trying to construct such special generalized additive sets S,
one typically first selects functions f(x) = Ejej g,(n;x) € F’ = span(F,)
(r=0,...,s), such that Z defined by (6.11) satisfies A(Z) = 0. Afterwards,
define S asin (6.11). Then S is a special generalized additive set (and thus a
set of m-uniqueness), provided f, € F, (S)" (r=0,...,s).

The above definition of a generalized additive set is analogous to our def-
inition in [11], except that there it is always assumed that A(S) < oo. The
latter assumption considerably simplifies things. For it implies that /" =1 is
an everywhere positive function with f* e F.(S) and further that the measure
dug = 1¢d4 is finite and, hence, so are all its marginals Vv, =Tl . The latter in
turn implies that M (¢) = M, (#), for all ¢ € M, in particular, 7-uniqueness
is the same as uniqueness relative to the system (X, 4, F)).

6.15. Using the results of §5, let us now study the question whether there exist
one or more sets S such that dug = 1,d4 has exactly the same marginals as
a given measurs ¢dA (¢ € M) . In the sequel, it will be useful to employ the
following condition.

6.16. Condition L. We will say that (X , A, n) satisfies Condition L when, for
each j € J, the marginal Ay =1 of 4 (itself a measure on Y}) is o-finite.

6.17. Remarks. 1t would be sufficient that A4 itself be finite. Condition L is
an essential restriction, see the example in 6.2. Suppose Condition L holds.
Then we have, for all ¢ € M, and j € J, that also 7 u, < /1]. is o-finite,
consequently (see 6.8) M (¢) = M,(¢). Moreover (Radon-Nikodym), v, =
mip < /lj has the form a’vj = hjdlj where hj: Y, —R is such that 0 < hj <1.

6.18. The class G, . This class will only be used in the presence of Condition
L. Thus, assume that all marginals /lj (j € J) of the reference measure A
are o-finite. Foreach j € J, let G, be a fixed set of A -integrable functions
g:Y,—R, such that Gj is a determining class for (Y;, lj) . By this we mean
that

(6.19) ifhj: Yj—»Risbounded;/gjhjdij:Oforall gjeGj then hj.=0,

(a.e. [/1/.]). Here, hj is fixed. Since /lj isa o-finite, such a determining class Gj
always exists. From the last remark 6.17, when u is an unknown measure on
X known to satisfy u < i, then for each fixed j € J the projection v, =T
of u onto Yj is uniquely determined by the values of the integral (6.1) with
g ranging through Gj.

Further, G = G, will denote the set of all functions f: X — R of the special
form

(6.20) G ={f(x)= g,(m,x) for some j € J and some g, € G}

n
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Observe that each f € G, is A-integrable. Hence, we have for all ¢ € M,
that G (¢) = G, (see 2.7). Note that, for many ¢ € M, there will exist
functions g:Y, — R that are integrable relative to # My but not relative to
A i The corresponding function f(x) = gj(7z jx) would belong to F,(¢) but
notto G,(¢) =G, even when G, =L'(Y;,1,).

It is important to note (using (6.19)), that for each ¢ € M|, the above class
My, (¢) = My(¢) coincides with the class M, (¢) as defined by (2.9), but now
relative to the system (X, 4, G,) instead of the system (X, 4, F).

We further assert that the present system (X, A, G,) is regular (as defined
in 5.8). One must show that A(W) =0 when W is a subset of X, such that,
forall j€J and g€ Gj , one has gj(njx) =0 a.e. [A] on W . Even a single
Jj € J would suffice. Let du = 1,dA. Namely, using (6.1) and the fact that
G S is (YJ., A j)-determining, the latter property implies that 7 =0, therefore,
AW) = u(X) = (m,u)(Y;) =0

6.21. Remark. Still assuming Condition L, the precise choice of the deter-
mining set~Gj for (Yj,lj) in (6.20) (one for each j € J) is irrelevant.
Note that condition (6.19) requires precisely that G’f = spanG be weakly

dense in L' (Y., 4,), a rather weak condition. One example would be the set

VAR
G, = L' (Y;,4;) of all 4 -integrable g;: Y, — R. In this case, G, contains,
foreach j € J, a function f > 0 of the form f*(x) = g;(m;x). If A is finite
one could also choose G =L" (Y A ) Another example is the class Gj of all
(bounded) indicator functlons lB of subsets B, of Y, such that 4, (B, ) < 00.

In the latter example, one could even restrict B, ; toa ﬁxed collectxon of subsets
of YJ of finite A j-measure, provided the latter generates the o-field associated
with Y, and, moreover, is invariant under finite intersections. If Yj = R"

and A j" is locally finite it would be sufficient to let B; be any compact interval
parallel to the coordinate axes.

6.22. Richness. We will say that the measure space (X, A) is strongly rich
relative to the given set of mappings n = {n AR } if the following is true.
Namely, we want, for each subset D of X with 0 < A(D) < oo, that there
exists a nonzero bounded function 6: X — R supported by D, such that the
signed measure dn = 6 dA has all its marginals n ;n (J €J) equal to zero.

For any 1 < k < oo, we will say that (X, A) is k -rich (relative to =) if
and only if, for any ¢ € M, not of the special form ¢ = 1g with S as a
set of m-uniqueness, there exist at least k& distinct subsets 7 of X such that
1, € My,(d), equivalently, such that 1,.dA has the same n-marginals as ¢dA.
As an equivalent definition, (see the first remark in 5.2), in order that (X, 1) be
k-rich (relative to n) it is necessary and sufficient that the set M,(¢) contains
at least k distinct indicator functions, for each choice of the nonindicator
function ¢ € M.
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Assuming Condition L and using (6.19), one easily verifies that (X, A) is
strongly rich relative to 7 if and only if (X, 4, G, ) is strongly rich (in the
sense of Definition 5.5), if and only if (X, 4, F,) is strongly rich. Similarly,
if Condition L holds then Mg (¢) = M (¢) for all ¢ € M, , hence, for any
1 <k <oo, (X, 4) is k-rich relative to 7 if and only if (X, 4, G,) is k-rich
if and only if (X, 4, F,) is k-rich.

6.23. Theorem. Suppose that (X, ) is strongly rich relative to n. Then
(X, A) is nonatomic and, moreover, oo-rich relative to n. In particular, each
n-uniqueness function ¢ € M, must be an indicator function ¢ = 1.

6.24. Proof. First consider the situation that Condition L is satisfied, (as is
true when A is finite). Then the different richness properties relative to 7 are
equivalent to the corresponding richness property relative to (X, A, G_). From
Remark 5.8, since (X, 4, G ) is both regular and strongly rich, it follows that
(X, 4) is nonatomic. Since each f € G, is A-integrable, Theorem 5.15 now
implies that (X, 4, G,) is oo-rich.

We now consider the general case. Since (X, A) is o-finite, one can write X
as the union of at most countably many disjoint sets X, satisfying 0 < A(X,) <
co. Let A, and 7" be the restriction of 2 and n = {n;j € J} to X,. It

is obvious that (X , 1) is strongly rich relative to " . From what we proved
already, it follows that (X,, 4.) is nonatomic and, moreover, oo-rich relative
to nn".

Let ¢ € M, be a fixed nonindicator function. We must prove that M ()
contains infinitely many indicator functions. Let ¢, = ¢1, be the restriction
of ¢: X — [0,1] to X,. For each r, since (X,,4,) is oco-rich relative to
7", we have that either ¢, is an indicator function already or else there exist
infinitely different indicator functions y, supported by X, , such that w, d4 has
the same projections as ¢, d4 relative to n", and, thus, relative to 7. It follows
that there are infinitely many different indicator functions w: X — {0, 1} such
that y d4 has the same projections as du, = ¢ dA relative to 7, which is the
desired result. Note that we are not excluding the possibility that some or all
of the marginals 7 4, fail to be o-finite.

6.25. Factorizations. For each j € J, let a;: Yj -7 i be a (measurable) map
with domain Y, and put 7, =07,  thus, 7,: X — Z,. Let 0 ={0g;;j € J}
and 7= {7, j € J}. We will say that the system 7 is derived from the system
n. It is useful to visualize the systems 7, o,and t alsoasmaps n: X~ — Y™
o:Y — Z".and t: X" — Z", with X"; Y" or Z", respectively, as the
disjoint union of the X,=X:Y orZ (jelJ), respectively. This map 7 is
precisely the composition 7 = gn of the maps ¢ and =n.

Let us denote the set My,(#) , interpreted relative to the system of projections
m or T, respectively, as M (¢) or M _(¢), respectively. An important property
is that M (¢) D M (@), for all ¢ € M. In fact, let ¥ € M (¢), that is,
w d/ has the same n-projections as ¢dAi. But then they also have the same
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t-projections, hence, ¥ € M (@) . In particular, M (¢) = {¢} implies M (¢) =
{o}.

In other words, if ¢ € M, is a 7-uniqueness function then ¢ is also a 7-
uniqueness function. As a simpler proof, let ¢ € M, and du = ¢di and
suppose one knows all the images vi=mu (JeJ ). Then one also knows
all the images T =0, (j € J) and thus u itself, as soon as ¢ is a 1-
uniqueness function. The following is a result in the opposite direction.

6.26. Theorem. Let T = on be any system of projections which can be derived
from 7 as above.

(1) If (X, A) is strongly rich relative to m then it is also strongly rich relative
toT.

(ii) For any fixed 1 < k < oo, if (X, A) is k-rich relative to n, (as defined
in 6.22), then (X, A) is also k-rich relative to 1.

6.27. Proof. As to (i), simply note that if a measure dn = 6dA on X is such
that mn vanishes, for all j € J, then also N = aj(njq) vanishes, for all
J € J. Asto (ii), let ¢ € M, be a nonindicator function and let M, (¢) and
M (¢) be as above. It is given that M, (¢) contains at least k distinct indicator
functions, and we want to establish this same property for M (¢). But this is
obvious since M (¢) D M, (¢).

6.28. Application. Here, we take X = R” with n > 2, supplied with a nonzero
o-finite reference measure A which is absolutely continuous relative to n-
dimensional Lebesgue measure m,(dx) = dx . Equivalently, A(dx) = q(x)dx,
with ¢g: R” — R as any fixed nonzero function, such that 0 < g(x) < oo. If
q(x) is supported by a subset B of R", (g(x) =0 if x ¢ B;eg, qg=1p)
then, for all practical purposes, one is in the case X = B.

We further choose 7 = {n;; j€J} asafinite collection 7 ={x,, ..., 7wy}
of central projections in R". Here, the central projection n; is essentially
determined by its center P;. Asto the function = It R" — Y, , one may choose
Yj as any fixed hyperplane R" not containing the point P;. The precise choice
of Yj is irrelevant. In fact, whatever the choice of YJ , we hze for each
¢ € M that the 7 -projection v; = 7 of the measure du = ¢di on R” is

J
fully determined by the associated function

(6.29) hj(z)=/_ O(P, +12)q(P, + (z)d1, thus, h,(pz) = h,(2)/|p]

(x € R", p € R). We will also allow one or more centers Pj to be points at
infinity in which case 7© i is to be interpreted as a parallel projection along lines
of direction PJ . One may choose YJ as any fixed hyperplane in R" not parallel
to Pj . For such a parallel projection, (6.29) is to be replaced by

(6.30) H;(z)= /_Oo P(z +1w;)q(z + tu)j)dt (zeR",
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with w; asa fixed nonzero vector in R” having direction P;. Note that H (z)
is constant along lines of direction P The following result was established in
[5, 12].

6.31. Theorem. Choose X = R" and i(dx) = q(x)dx. Then (X,21) is
strongly rich relative to any finite system n = {m ,...,ny} of central pro-
Jjections in R" .
6.32. Theorem. Let X = R" and A(dx) = q(x)dx. One has from Theo-
rems 6.26 and 6.31 that (X, A) is strongly rich relative to any system 1 =
{t,., ..., Ty} of projections which can be derived (as in 6.25) from a finite sys-
tem n={m, ..., ny} of central projections in R" . This includes each system
T consisting of finitely linear maps t Iz R' - Z T where Z ;isa linear space
such that diij <n-1.

It follows from Theorem 6.23 that (X, A) is also oo-rich relative to any such
n or 1. In particular, each m-uniqueness function is an indicator function.
Moreover, if 0 < ¢ < 1 is not a n-uniqueness function then there exist infinitely
many distinct indicator functions 1y such that 1g € My (¢); thatis, 1,dA has
the same m-projections as ¢ di. Similarly when 7 is replaced by any derived
system T.

6.33. The classical case. By the way, the above results do not carry over to a
countable system 7 of central projections. For instance, consider a nonindicator
function 0 < ¢ <1 on R’ of compact support and let A = m, . Since the
Fourier transform of ¢ is an entire function, one easily sees that the measure
d,u(b = ¢ dA is uniquely determined by {nju¢; j=1,2,...} with n = {nj;
Jj=1,2,...} asany fixed system consisting of countably many distinct parallel
projections in R’. In particular, the corresponding set M,(¢) does not contain
any indicator function. That is, there exists no measure of the form dug, = 14dA
such that 7, ug =mu,, for all ;.

Consider now the so-called classical case where X = R" (n > 2) and di =
gdx are as above while v = {r,...,7,} with 7, R" — R as the (‘one-
dimensional’) linear map 7,x = x,, which maps x = (x,, ..., x,) € R" to its
jth coordinate (j = 1, ..., n). This system 7 has all the indicted properties.
Presently, we have for each ¢ € M that
(6.34)

Fo) = {700 = g,00)++ £,00: [ 18, (x)l6atx) dx < oo}

(j=1,...,n). Anopen and difficult problem is to describe the structure of all
sets .S of uniqueness. The only known way of constructing a set of uniqueness
is in the form of an additive set or generalized additive set, (or a certain even
more general sets where the construction in 3.10 is extended to any denumerable
ordinal number, see [11] for details).

6.35. The following comments all refer to the classical case above. Much more
can be said when n =2 and g = | thus 4 = m,. Namely, it turns out that
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then a subset S of R’ satisfying A(S) < oo is a set of uniqueness if and only if it
is additive, that is, of the form g, (x,)— g,(x,) > 0, (up to a set of m,-measure
zero). This important result is due to Fishburn et al. [3], and Kuba and Volcic
[16, 18], each making an essential use of results due to Lorentz [17].

We conclude that, in the latter n = 2 case, each special generalized additive
set S as in (6.11) satisfying A(S) < oo must already be additive. This seems
to be related to the fact that the functions j:] € F,(S)" in (6.11) are far from
unique when n = 2. After all, f(x) = g,(x,) — &(x,) > 0 is equivalent to
0(g(x,)) — 6(g,(x,)) > 0, for each choice of the strictly increasing function
6: R — R. More general results for the classical case n = 2 will be presented
in a subsequent paper, where we allow for an arbitrary function g(x) and the
possibility that A(S) = co.

The analogous result is false for the classical case with n > 3. More precisely,
if n > 3 then there exists [11] a special 1-additive set S, (that is, a set of the
form (6.11) with s = 1 and A(Z) = 0), which is not additive, (see 3.23 and
3.24 for related remarks).

In more detail, let » = 3 for simplicity and consider K = [0, 2) x [0, 2) x
[0, 1), a bounded subset of R’. Choose g = 1., that is, 4 is a Lebesgue
measure m, restricted to K, thus, one is essentially in the case X = K. Further
choose S as the set of all x € K such that either f,(x) >0 or f,(x) =0 and
fi(x) >0, where

fo(x)=0(x,)+6(x;) and f,(x)=x +x,+x;-2.

Here 6(u) =0 for 0<u <1 and 6(u) = 3/2—u for 1 <u < 2. In particular,
AMZ)=0 with Z asin (6.12) and s = 1. The resulting special 1-additive set S
is the union of a prism, a tetrahedron and two rectangular blocks. Much more
general pairs f,, f; work equally well. The only problem here is to prove that
the latter set S is not additive. This is done [11] by showing that there does
not exist any triplet of measurable functions A, , h,, hy, such that, for almost
all xeK,onehas 3> h >01fandonly1fxeS

6.36. Optimization. Let (X , 4, G,) be as above, thus G, is determined as
in (6.20) by a given system 7z of projections n,: X — Y (jeJ) which is
assumed to satisfy Condition L, see 6.16. In particular, (X, 4, G,) is regular
and, moreover, each f € G, is A-integrable.

Let further A: X — R be a given A-integrable function. Quite a common
problem (see [6, Appendix; 8, 9, and 10]) is the study of sup,, [hdu, when p
can be any measure on X satisfying u < A and having preassigned marginals
v,=mpu (j€J). If the supremum is achieved by du = ¢dA (with ¢ € M)
we will say that ¢ is optimal.

Here, we are exactly in the setting of 5.23 but with F replaced by G, . It
follows that optimal functions ¢ always exist. One also would like to know
whether some optimal ¢ is an indicator function and to what extent ¢ is
unique.
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Suppose that (X, 4, G,) is strongly rich (and thus nonatomic). This as-
sumption is satisfied, for instance, for the example in 6.28 (see Theorem 6.31)
and, hence, for the classical case as described in 6.33. Then it follows from the
remarks in 5.23 that either there is only one optimal function, necessarily an
indicator function, or else there exist infinitely many indicator functions each
of which is an optimal function.
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