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STRONG SHAPE FOR TOPOLOGICAL SPACES

JERZY DYDAK AND SLAWOMIR NOWAK

ABSTRACT. Strong shape equivalences for topological spaces are introduced in
a way which generalizes easily to inverse systems of topological spaces. Each
space is then mapped via a strong shape equivalence into a fibrant inverse system
of ANRs. This leads naturally to defining the strong shape category SSh for
topological spaces. Other descriptions of SSh are also provided.

0. INTRODUCTION

Strong shape category for topological spaces was introduced by D. A. Edwards
and H. Hastings in their excellent monograph [E-H]. They introduce Steenrod
homotopy category ho(pro-TOP) for pro-spaces which is a model category in
the sense of Quillen. Then one has to associate an appropriate inverse system
X' of ANRs with a given space X and define strong shape morphisms from X
to Y as morphisms of ho(pro-TOP) from X' to Y'. Edwards and Hastings
chose the Vietoris system V(X) as X'. The drawback of that is that there
is no morphism from X to V(X) in pro-TOP. This was remedied by Cathey
and Segal [C-S] who chose Mardesi¢ resolution M(X) of X as X'. However,
Mardesié¢ resolution is not a functor from TOP to pro-TOP. Such a functor
exists in the compact metrizable case (see [C-H]).

For some the approach in [E-H] seems too abstract, so there was a need to
introduce strong shape category in a more geometric way. Such a task was
undertaken by Lisica and Mardesi¢ [L-M, ]. However, they ran into many tech-
nical difficulties; some of the notions are hard to visualize and their geometric
intuition gets lost. In this paper we produce for each cardinal number a new
kind of resolution which is a functor from TOP to pro-TOP. The unifying idea
is that of a strong shape equivalence. A map f: X — Y is a strong shape
equivalence if both f and the natural projection p : DM(f) — Y from the
double mapping cylinder of f to Y, are shape equivalences. This allows us to
use (in the paracompact case) the double mapping cylinder trick of Kozlowski
[K]. The reason it is so useful is because it is the geometric equivalent of the
Mayer-Vietoris exact sequence for cohomology.
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766 JERZY DYDAK AND SLAWOMIR NOWAK

In the first part we prove general results concerning strong shape equiva-
lences. Some of them are generalizations of the corresponding results in the
compact metrizable case (see [D-S,;, C and C-H]) and some are new (Theorem
1.8). §2 is devoted to the paracompact case. Theorem 2.7 is a variation of
the main result of [K]; we think that our proof is quite simple and is a good
example of how the double mapping cylinder works. §3 is devoted to fibrant
diagrams. We changed the original definition from [E-H] to a more symmetrical
one. This allows us to prove the main result (Theorem 3.5) quite easily. No-
tice that no advanced ANR theory is used in this paper (in contrast to [L-M, ]);
Theorem 3.5 is all we need. Our definition of strong shape equivalences was
chosen so that it generalizes without any changes to pro-TOP (§4). Now, the
basic idea is to find a resolution X’ of a topological space X such that (a)
X — X' is a strong equivalence and (b) X' is fibrant. This is done in Theo-
rem 4.6 and the construction is quite simple. We obtain a characterization of
strong shape equivalences similar to that of shape equivalences (Theorem 4.7).
Also we give a description of the strong shape category SSh in a way resem-
bling Mardesi¢ definition of shape category (Theorem 5.9). §5 contains a result
(Theorem 5.6), previously overlooked, which establishes a connection between
Ferry’s [F,] question of improving compacta and that of isomorphism between
SSh and the category obtained from HTOP by formally inverting strong shape
equivalences. If X is a closed subset of an ANR-space M , then the system of
neighborhoods of X in M provides a natural resolution X' such that X — X’
is a strong shape equivalence. The problem is that X’ is not fibrant. Using §3
we provide a simple description (in §6) of a fibrant system which is equivalent
to X'. This allows us to describe morphism of SSh to X in a way analogous
to Quigley’s [Q] approaching maps. By switching from homotopy to homology
one arises naturally at strong k-homology groups (k is any integer) which are
isomorphic to Lisica-MardeSic [L-M,] strong homology groups (see [M-P] for
their definition). Also we apply our results to conclude that the function spaces
P¥ and PY are homeomorphic if X and Y are nondegenerate compacta of
the same shape and P is separable and completely metrizable ANR with no
isolated points. This result is a form of duality. It is well known that homology
of (S")X is closely related to cohomology of X (see [Mo]).

The authors are grateful to Sibe Mardesi¢ for many valuable comments and
improvements of the paper.

1. STRONG SHAPE EQUIVALENCES BETWEEN TOPOLOGICAL SPACES

Recall that amap f: X — Y is a shape equivalence if for each P € ANR
(here ANR means ANR for metric spaces), the function f*:[Y, P] - [X, P]
is a bijection between sets of homotopy classes [Y, P] and [X, P]. Thus
gf~hf, g, h:Y — P, implies g ~ h. Strong shape equivalences are maps
for which a stronger property holds:
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1.1. Definition. A shape equivalence f is called a strong shape equivalence if
for any maps g, h:Y — P € ANR and a homotopy H : H x I — P joining
gf and hf, H is homotopic rel. X x{0, 1} to H'-(fxid) for some homotopy
H':Y xI — P joining g and A.

The homotopy H' in the above definition is unique in the sense that any
other homotopy H" : Y x I — P joining g and A such that H is homotopic
rel. X x {0, 1} to H"-(f xid) must be homotopic to H'rel.Y x {0, 1}. More
generally, the following holds (n = 2 corresponds to the above statement).

1.2. Proposition. If f: X — Y is a shape equivalence and g : 81" xY — P €
ANR is a map such that g(id xf) extends onto I" x X, then g extends onto
I"xY.

Proof. g can be thought of asamap g:Y — P’ Let h: X = P! bean
extension of gf. Since f is a shape equivalence, there is a map 4’ : Y — P’ "
with A'f ~ h. Now, treat &’ as h' : I" x Y — P. Then K'|8I" x Y ~ g and
since (I" x Y, 81" x Y) has the homotopy extension property with respect to
any space (see [W, p. 22]), g extends onto I" x Y.

The double mapping cylinder DM(f) of amap f: X — Y is the subspace
X xITuM(f) x{0,1} of M(f) x[0,1] (we consider both X and Y as
subspaces of M(f)). Notice that DM(id,) is homeomorphic to X x I.

1.3. Theorem. Let f: X — Y be a map. The following conditions are equiva-
lent:

(a) f is a strong shape equivalence,

(b) given a space Z containing X as a closed subset, every map g : Z —
P € ANR extendsto ZUM(f) and every map H : ZxIUDM(f) — P € ANR
extends to (ZUM(f)) x I,

(c) if X is a closed subset of Z , then both inclusions Z — Z U M(f) and
ZxIUDM(f)— (ZUM(f)) x I are shape equivalences,

(d) if X is a closed subset of Z , then the inclusion Z — Z UM(Y) is a
strong shape equivalence,

(e) if X is a closed subset of Z, then the inclusion Z — Z UM(f) is a
shape equivalence,

(f) both inclusions X — M(f) and DM (f) — M(f) x I are shape equiva-
lences,

(g) every map g : X — P € ANR extends to M(f) and every map H :
DM(f) — P € ANR extends to M(f) x I.

Proof. (a)— (b) If g:Z — PUANR, then g|X extendsto g': M(f)— P.
By pasting g’ and g we get an extension g”: ZUM(f) - P of g.

Suppose H:Z x IUDM(f) — P € ANR and let g : DM(id,) — DM(f)
be the natural projection. Since Hg is homotopic rel. X x {1} x {0, 1} to
H'f', where H' : DM(idy) — P is a homotopy joining H|Y x {1} x {0} and
H|Y x {1} x {1}, and f: DM(idy) — DM(id,) is induced by f, it is clear
that H extends onto (ZUM(f)) x 1.
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(b) — (c) Since [ZUM(f), Pl —[Z, P] is onto for all P € ANR we need
to show that it is injective. Suppose g, h: ZUM(f) — P and g|Z ~ h|Z .
Choose a homotopy H : Z x I — P joining g|Z and h|Z . It induces a map
G:ZxIUDM(f)— P such that GIM(f)x {0} =g and G|M(f)x {1} =h.
Let G': M(f) xI — P be an extension of G. Then G’ is a homotopy joining
g and h.

To show that [(ZUM(f))xI, P]— [ZxIUDM(f), P] is a bijection for all
P € ANR it suffices to prove that for twomaps G, H: (ZUM(f))xI — P,

G(ZxIUDM(f))~ H|(ZxIUDM(f))
implies G ~ H . Notice that
G(ZxIUDM(f))~ H|(Zx IUDM(f))

implies

GZuM(f))x {0}~ HI(ZuM(f)) x{0}.
However, the inclusion (Z U M(f)) x {0} — (Z U M(f)) x I is a homotopy
equivalence, so G~ H .

(c) — (d) Suppose H:Z x I — P € ANR is a homotopy joining g|Z and
h|Z forsome g, h: ZUM(f) — P. Itextendstoamap G: ZxIUDM(f) — P
such that G|M(f)x{0} = g and G|M(f)x{1} =h. Let G' : (ZUM(f))xI —
P be a homotopy extension of G (such an extension exists by (c). Notice that
the pair

(ZUM(N))xI,ZxIUDM(f))

has the homotopy extension property with respect to any space. Indeed,
(ZxTUDM(f)) x TUM(f)x I x {0}
is a retract of
(ZxITUDM()UY xI) x ITUM(f) x I x {0}
(because Y x I x {0}UY x {0, 1} x I isaretractof Y x I xI) and
(ZxITUDM(H)UY xI) x TUM(f) x I x {0}

is a retract of (ZUM(f)) x I xI). Therefore we may assume that G’ extends
G . Thus the homotopy G’ joins g and /4, and G'|Z xI=G.

(d) — (e) Obvious.

() — (f) Using Z = X x TUM(f) x {0} we infer that the inclusion X x
TuM(f) x {0} — DM(f) is a shape equivalence. Therefore the inclusion
DM (f) — M(f) x I is a shape equivalence. Using Z = X we get that X —
M(f) is a shape equivalence.

(f) — (g) Obvious in view of the fact that both (M(f), X) and (M(f) x
I, DM(f)) have the homotopy extension property with respect to any space.

(g) — (a) Suppose H : DM(id,) — P € ANR is a homotopy joining gf
and hf, where g, h:Y — P. It induces a map G : DM(f) — P such that
GlY x {0} =g, G|Y x{1} =h. Let G': M(f) x I — P be an extension of
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G . Using the projection p : X x I x I — M(f) x I and a strong deformation
retraction of X x I x I onto X x {1} x I one gets that H is homotopic
rel. X x {1} x {0, 1} to H'-(f x id,) for some homotopy H': DM (idy) — P
joining g and k. Thus f is a strong shape equivalence.

In case where f = i is the inclusion i : 4 — X Theorem 1.3(f) has the
following simple interpretation:

1.4. Corollary. Suppose A is a subspace of X . The inclusion i: A4 — X isa
strong shape equivalence iff both i and the inclusion

J:Xx{0,1}udxI—-XxI
are shape equivalences.

1.5. Corollary. If f : X — Y is a homotopy equivalence, then it is a strong
shape equivalence.
Proof. X is a strong deformation retract of M(f) (see [W, Corollary 5.10, p.

25]). Therefore Y x {0} is a strong deformation retract of DM (f) and both
X - M(f) and DM(f) — M(f) x I are homotopy equivalences.

1.6. Corollary. If ' : X — Y is homotopic to a strong shape equivalence f,
then f' is a strong shape equivalence.

Proof. M(f') is homotopy equivalent to M(f) rel. X (see [F,]). Therefore
for every space Z containing X as a closed set Z U M(f) and Z U M( i)
are homotopy equivalent rel.Z. By Theorem 1.3(e), f is a strong shape
equivalence.

1.7. Proposition. If f: X - Y and g:Y — Z are strong shape equivalences,
then g- f is also a strong shape equivalence.

Proof. Obviously gf is a shape equivalence. Suppose a, b:Z — P € ANR
are two maps and H : X x I — P is a homotopy joining agf and bgf.
Then there is a homotopy H' : Y x I — P joining ag and bg such that
H~ H'(f x id) rel. X x {0, 1}. Again, there is a homotopy H":Z x I — P
joining a and b such that

H ~H'"(g xid)rel. Y x {0, 1}.
Then H"(gf xid)~ H rel. X x {0, 1}.
1.8. Theorem. Suppose f:X — Y and g:Y — Z are maps such that g - f

is a strong shape equivalence. If one of f and g is a shape equivalence, then
both f and g are strong shape equivalences.

Proof. Observe that both f and g are shape equivalences. First let us show
that f is a strong shape equivalence. Suppose H : DM(f) — P € ANR. Since
Y — M(g) is a shape equivalence, there is an extension

H XxIuM()x{0,1}uM(g)x{0,1} - P
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of H. Since M(f)UM(g) is homotopy equivalent of M(gf)rel. X (see [F,])
and gf is a strong shape equivalence, H' extends onto (M(f)UM(g))xI. In
particular, H extends onto M(f)x I. By Theorem 1.3(g) f is a strong shape
equivalence.

Suppose H:Y x I — P € ANR is a homotopy joining ga and gb, where
a, b:Z — P. Since gf is a strong shape equivalence, there is a homotopy
H":Z xI— P joining a and b such that

H'(gf xid) ~ H(f x id) rel. X x {0, 1}.

Construct
G:Y x(9I') =P

by G(y> 0, t) = H(y’ t)> G(y9 1, t) = H”(g(y)’ t)a G(ya L, 0) = ag(y) and
G(y,t,1)=bg(y) forall yeY and t €. Then G(f xid): X x (612) — P
extends onto X x I° , so by Proposition 1.2, G extends onto Y x [ 2. This
means that

H~H"(gxid)rel.Y x {0, 1}.

1.9. Corollary. Suppose the inclusion f: X — Y is a shape equivalence. If f
has either left or right homotopy inverse, then it is a strong shape equivalence.

Proof. Suppose gf ~id, (resp. fg ~id,). By Corollary 1.6, gf (resp. fg)
is a strong shape equivalence and Theorem 1.8 implies that f is a strong shape
equivalence.

1.10. Corollary. Suppose f : X — Y is a shape equivalence. If X has the
homotopy type of an ANR, then f is a strong shape equivalence.

Proof. Thereisamap g:Y — X such that gf is homotopic to id, .

1.11. Theorem. Let f: X — Y be a map of topological spaces. The following
conditions are equivalent:

(a) f is a strong shape equivalence,
(b) for all Z of the homotopy type of an ANR and containing X as a closed
subset the inclusion Z — Z U M(f) is a shape equivalence.

Proof. It suffices to show (b) — (a). Suppose g: X — P € ANR. Put Z =
M(g). Since Z — Z U M(f) is a shape equivalence and (Z U M(f), Z)
satisfies the homotopy extension property with respect to all spaces (see [W, p.
23]), the natural map Z — P extends over Z UM(f). Then the restriction g’
of the map ZUM(f) — P to M(f) is an extension of g. Now suppose g,
h:Y — P ANR and gf is homotopicto Af. Put Z = M(gf). Then on
ZUM(f) we can define two maps: g : ZUM(f) — P and h': ZUM(f) —» P
such that both g’|Z and 4'|Z are natural projectionsand g'|Y =g, h'|Y = h.
Since the inclusions Z — Z U M(f) is a shape equivalence and g'|Z = /|Z,
we conclude that g’ is homotopic to 4. Restricting the homotopy to Y one
gets g is homotopic to 4.
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Thus f: X — Y isashape equivalence. It remains to show that the inclusion
X — DM(f) is a shape equivalence (in such a case DM (f) — M(f) x I must
be a shape equivalence). Suppose Z contains X as a closed subset and has the
homotopy type of an ANR. Since Z — Z U M(f) is a shape equivalence, by
Corollary 1.10 it is a strong shape equivalence. Applying Theorem 1.3(d), one
gets that the inclusion Z UM (f) — ZUDM(f) is a strong shape equivalence.
Thus the inclusion Z — ZUDM(f) is a shape equivalence. By putting X "= X
and Y' = DM(f) in the first part of the proof we get that X — DM(f) is a
shape equivalence.

1.12. Proposition. If f : X — Y is a strong shape equivalence and Z is a
compactum, then f xid: X x Z — Y x Z is a strong shape equivalence.

Proof. For any P € ANR the space P?% is also an ANR if Z is compact
metrizable (see [M-S, p. 38]). Therefore f. :[Y, P“]— [X, P”] is a bijection
which is equivalent to saying that

(fxid), :[YXZ,P]>[X x Z, P]

is a bijection. Thus f x id is a shape equivalence. Similarly one shows that
DM(f x id) —» M(f x id) x I is a shape equivalence.

1.13. Theorem. Suppose amap f: (X, x)— (Y, y) is a pointed shape equiv-
alence. If X, Y are connected and def-dim X, def-dimY are finite, then f
is a strong shape equivalence.

Proof. As in the proof of Theorem 7.1 in [D-S,] one shows that for every space
Z containing X as a closed subset, the inclusion i:(Z, x) —» (Z UM(f), x)
induces isomorphisms of all pro-homotopy groups. Applying that to the case
Z =X xIUM(f)x {0} one gets that the inclusion M(f)x {0} — DM(f) isa
shape equivalence (this is so in view of def-dim (DM (f)) < def-dim X + 1, see
the proof of Theorem 5.3.8 in [D-S,, p. 73]). Therefore the inclusion DM (f) —
M(f) x I is a shape equivalence.

1.14. Theorem. The family SSE of strong shape equivalences admits a calculus
of left fractions. That is, the following conditions hold:

(a) SSE is closed under composition and contains all identity morphisms,

(b) given u:A—Y and s: A— X with s € SSE there exist u' : X — Z
and s' 1Y — Z with s'u~u's and s' € SSE,

(c) given u, v: X — Y and s € SSE such that us =~ vs, there exists
t € SSE such that tu =~ tv.

Proof. (a) follows from Proposition 1.7.

(b) Put Z = M(s)UM(u) and u', s’ are natural maps. Since M(u) — Z
is a strong shape equivalence (Theorem 1.3(d)), s’ : Y — Z is a strong shape
equivalence.

(c) Any homotopy joining us and vs induces a map H : DM(s) — Y
such that H|X x {0} = u and H|X x {1} = v Let p: DM(s) —» X be the
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natural projection. By Theorem 1.3 and Theorem 1.8, p is a strong shape
equivalence. Consider the natural inclusion ¢:Y - Z = M(H)UM(p). Itis
a strong shape equivalence by Theorem 1.3(d) and Proposition 1.7 (applied to
Y > M(H)—> M(H)UM(p)). Itis clear that tu~tv.

Theorem 1.14 allows to define a category of left fractions (SSE) ~'HTOP (see
[G-Z]) by formally inverting all homotopy classes of strong shape equivalences.
In the compact metrizable case it was described by Calder-Hastings [C-H] and
Cathey [C].

2. STRONG SHAPE EQUIVALENCES BETWEEN PARACOMPACT SPACES

In case of paracompact spaces certain of the above results have a simpler
form. This is because every P € ANR has the homotopy type of a topologically
complete metrizable space P’ € ANR which is an ANE for paracompact spaces
(see [D-K, p. 211]). Therefore in all questions regarding shape and strong shape
equivalences we may consider only metrizable P € ANE (paracompact). In
particular every pair (X, A), X paracompact and A4 closed in X, has the
homotopy extension property with respect to P.

2.0. Proposition. M(f) is paracompact for any map f: X — Y of paracom-
pact spaces.

Proof. Notice that one-point subsets in M (f) are closed. Suppose A is closed
in M(f) and g:A4 — I is continuous. First extenditto g': 4UY — I. Let
p:XxI®Y — M(f) be the projection. Since X x I & Y is normal, gp :
p~! (AUuY) — I extends onto X x &Y . That extension induces an extension
g’ i M(f) — I of g. Thus M(f) is normal. To show it is paracompact it
suffices to prove that every open cover U of M(f) has an open o-locally finite
refinement [E, Theorem 4, p. 210]. Since M(f)—Y is paracompact, we need to
find a locally finite refinement U’ of U covering Y . First find a locally finite
refinement ¥ of UNY. U’ is constructed as follows: for 4 in ¥ choose A4’
in U containing A4, then take p"'(A) NnA". Since p"’(V) is locally finite, so
is U'.

2.1. Theorem. Suppose f: X — Y is a map of paracompact spaces and X is
a closed subset of a paracompact space Z . Then the projection p: ZUM(f) —
Yu 7 Z is a strong shape equivalence if Y U 7 Z is paracompact.

Proof. Let g : Z — Y U Z be the natural projection. Then Z U M(f) is
contained in M (q). It suffices to show that the inclusion i: ZUM(f) — M(q)
is a strong shape equivalence. Suppose g: ZUM(f) — P € ANE (paracompact)
is a map. There is a closed neighborhood U of X in Z and an extension
g 1 ZUM(q|U)— P of g. Since M(q)— Z U M(q|intU) is homeomorphic
to (Z —intU) x I, the homotopy extension property for (Z —intU, U —intU)
implies the existence of an extension g : M(q) — P of g. Similarly one can
show that every map DM (i) — P extends onto M(i) x I.
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2.2. Corollary. Suppose f:X — Y is a map of paracompact spaces and X is
a closed subset of a paracompact space Z . If f is a strong shape equivalence,
then the projection Z — Y U, Z s a strong shape equivalence if Y U Z s
paracompact.

Proof. Apply Theorem 1.3(d) and Proposition 1.7.
2.3. Lemma. Suppose A is a closed subset of a paracompact space X and
g:AxIUX x{0, 1} —» P € ANE(paracompact)

is a rzp such that g|A x {0} ~ const. Then g extends onto X x I if one of
the following conditions holds:

(a) i: A— X is a shape equivalence,

(b) X/A is of trivial shape.

Proof. Suppose i: A — X is a shape equivalence. Since g|X x {0} ~ const,
then g|X x {1} ~ const. We may simply assume that g|X x {0} = const and
glX x {1} = const. Then g factors as g = g'p, where p : A x IU X x
{0, 1} — XA is the natural projection (notice that the suspension X4 of 4 is
AxTUX x{0,1} with X x {0} and X x {1} contracted to points). Since
A4 — XX is a shape equivalence ([Z4, R] =[4, QR] = [X, QR] = [ZX, R]
for any R € ANR), g’ extendsto g’ : X — P. Then g"p’ extends g,
where p': X x I — X is the natural extension of p.

If X/A is of trivial shape, we homotop g to g with g'|4 x I = const
(use that (X/A, %) is of trivial shape; see [M-S, Lemma 4, p. 104]). Then g’
factors as g’ = g”(p x id), where p : X — X/A is the projection and

g" 1 (X/A)x {0, 1}u(4/4)x I — P.
Since the inclusion 4/4 — X/A is a strong shape equivalence (see Corollary
1.10), g” extends onto (X/A) x I. Therefore g extends onto X x I.

2.4. Corollary. If A is a closed subset of a paracompact space X and the
inclusion i: A — X is a shape equivalence, then X /A is of trivial shape.
Proof. Suppose g : X/A — P € ANE (paracompact) is a map. It induces a
map G: AxITUX x {0, 1} — P such that
GAXxTUX x{1}) =g(4/A)

and G|X x{0} = gp, where p : X — X/A is the projection. Then any extension
G : X xI — P of G induces a homotopy between g and a constant map.
2.5. Corollary. If f: X — Y is a shape equivalence of paracompact spaces,
then (M(f) x I)/DM(f) is of trivial shape.
Proof. First (M(f)x1I)/Y x {0} is of trivial shape. Furthermore, DM(f)/Y x
{0} is of trivial shape since it is homeomorphic to M(f)/X . Thus

(M(f)x I)/DM(f) = ((M(f) x I)]Y x {0})/(DM(f)]Y x {0})

is of trivial shape.
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2.6. Corollary. If f: X — Y is a shape equivalence of paracompact spaces,
then every map g : DM(f) — P € ANE (paracompact) such that g|Y x {0} ~
const extends onto M(f) x I uniquely up to homotopy rel. DM (f).

Proof. Notice that g ~ const. Indeed, we may assume g|Y x {0} = const and
since g factors through DM (f)/Y x {0} which is of trivial shape since it is
homeomorphic to M(f)/X, g ~ const. Therefore g extends onto M(f)x1I.
Lemma 2.3 implies that every two such extensions are homotopic rel. DM (f).

2.7. Theorem. If f: X — Y is a closed surjective map of paracompact spaces
such that for each closed set B of Y the map flf—l(B) : f_l(B) — B isa
shape equivalence, then [ is a strong shape equivalence.

Proof. We need to show that every map g : DM(f) — P € ANE (paracompact)
extends onto M(f) x I (Theorem 1.3(g)). Let p : M(f) xI — Y be the
natural projection. Notice that p_l(y) NDM(f) = Zf_l(y) foreach y in Y.
Therefore glp‘l(y) NDM(f) ~ const for each y in Y, and g extends onto
some neighborhood of p_l(y) NDM(f) in M(f)xI. Choose a neighborhood
V of y in Y such that g extends onto DM (f)Up l(V) Then choose a
locally finite cover {4} ¢ consisting of closed sets Wthh is a refinement of
{V}ye}’ For each s in S choose a map

g,: DM((f)up~'(V,) = P
extending g such that g (4 x {0}) ~ const. If g :DM(f) Up_l(A) — P is
an extension of g (A4 closed in Y) and s € §, then

glp ' (AnA) ~glp (AN A4,) re. DM(f)Np~ (AN A)

(see Corollary 2.6). Since g5|p (AN A,) extends onto p~ (AS), g' extends
onto p l( A,) . Therefore we have an extension

¢ :DM(f)up '(4ud,)— P

of g. By well-ordering S and by the transfinite induction we can construct an
extension G: M(f)xI — P of g.

2.8. Corollary. Suppose f: X — Y isa map of paracompact spaces, A and B
are closed subsets of X=AUB, A and B' are closed subsets of Y = AUB'.
If flA:A— A", flB:B— B' and flANB:ANB — A’ NB' are strong shape
equivalences, then f is a strong shape equivalence.

Proof. Replacing Y by M( f ) we reduce Corollary 2.8 to the case where f
is an inclusion, 4 = XnNA4 and B = XN B'. Then X — X UB' and
A—AuA' NB) - A’ are strong shape equivalences (use Propositions 1.7-
1.8). Consequently AUB' = XUB' — A'UB’ =Y is a strong shape equivalence
which completes the proof.

2.9. Theorem. Suppose f : X — Y is a map of paracompact spaces and S
is a locally finite cover of Y consisting of closed sets. If for arbitrary elements
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Ay, ..., A, of S the map
A7 04) : 171 (04,) - n4,

is a strong shape equivalence, then f is a strong shape equivalence.

Proof. Corollary 2.8 implies Theorem in case S is finite. First we are going to
show that every map g : X — P € ANE (paracompact) extends onto M(f).
For each 4 in S choose a map

g XUMSIf7 ()= P
extending g . If
g xuM(nr(Us)) - P
is an extension of g (S’ a subset of S) and B € S, then
g1M(7 (Bn(US)) ~ glM (5~ (Bn (US))) rel. £~ (BN (US)
(this is because the inclusion
7B (Us) - m(r7 (B0 (US)))

is a strong shape equivalence). Since gz|M(f "I(B N (US'))) extends onto
M(f "(B)) , & extends onto XUM(f - (B)) . Therefore we have an extension

g xuM(f((JS)uB)) —P

of g. By well-ordering S and by the transfinite induction we can construct an
extension G: M(f) — P of g.
Let p: M(f) x I — Y be the natural projection. Notice that

p™ ()N DM(f) = DM(fIf~(4))
for each closed set 4 of Y. Since the inclusion
DM(f1f™1(A4) = M(f1f () x I
is a strong shape equivalence for each 4 € S, we infer that
pIDM(fIf (4) : DM(f1/ ™ (4)) — 4
is a strong shape equivalence. By the first part of the proof every map
g :DM(f) — P € ANE(paracompact)
factors up to homotopy through Y . Therefore it extends onto M (f) x I.

2.10. Theorem. Suppose X, Y and B are paracompact spaces and P X—
B, p,:Y — B are closed surjective maps. Suppose f:X — Y is a closed map
such that for each b in B,

floy ' (b) : ;' (b) — p; ' (b)
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is a strong shape equivalence. If Ind B (large inductive dimension of B) is finite
(or locally finite), then f is a strong shape equivalence.

Proof. By inductionon n=1IndB. If n = -1 it is obvious. Suppose Theorem
2.10 holds for all cases where IndB < n, n > 0. Consider the case with
Ind B = n. Suppose

g : X — P € ANE(paracompact)

is a map. Our goal is to extend g onto M(f). Given b € B one can
extend g onto X UM(f|p, 1(b)) and then onto some neighborhood U, of

XUM(flpl_l(b)) in M(f). Since each U, contains M(f|p1"1(Vb)) for some
neighborhood ¥, of b in B, we may assume that B = |JS, where S is a
locally finite cover consisting of closed sets and for each 4 in S there is an
extension g, :XUM(f|p1'1(A)) — P of g. If

g xuM(flp; (US)) - P
is an extension of g (S’ a subset of S) and A €S, then first extend g’ to
g XUM(flp; (U)) = P,

where U is a neighborhood of |JS' in B and then choose a neighborhood
V of US' in U with IndFrV < n -1 and cl(V) contained in U. Let
C = (FrV)n A. Now we have two extensions

g M(flpy'(C)) and g"|M(flp; ' (C))
of g. By the inductive assumption,
fpy (€)1 p7 (€)= py (O
is a strong shape equivalence, so
gM(fley (€)= &' |M(flp; (C)) rel.p; '(C).
Since gAlM(f|p1_'(C)) extends onto M(flpl_l(A)) , &' extends onto X U
M(flp, '(A4)) . Therefore we have an extension
G:XuM(flp; ' (Au(|JS))) - P

of g. By well-ordering S and by the transfinite induction we can construct an
extension G: M(f) — P of g.
Let i : DM(f) — M(f) x I be the inclusion and p : M(f) x I — Y the
natural projection. Notice that
-1, - -1
p”'(p; (b)) NDM(f) = DM(fIp; ' (b))

for each point b of B. Since the inclusion

DM(flp; ' (b)) — M(flp; ' (b)) x I = p™ " (b; ' (b))
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is a strong shape equivalence for each b € B, we infer from the first part of the
proof that every map

g:DM(f) — P € ANE(paracompact)
extends onto M(f) xI.

2.11. Theorem. Suppose X and Y are paracompact spaces, X = U;,";l X,,
X, closedin X and X, cintX, ,, Y=U,,Y,, Y, closedin Y and Y, C
intY, ,.If f: X =Y isamap such that for each n, f, = flX,: X, =Y, is
a strong shape equivalence, then f is a strong shape equivalence.

Proof. Since X — X UM(f,) is a shape equivalence for each n, the inclusion

XUM(f,) = XUM(f,,,) is a shape equivalence for each n. Given
g : X — P € ANE(paracompact)

we can keep extending g to X UM(f;) and then from X UM(f,) to XU
M(f,,,). Therefore g extends onto M(f). Applying the same step to the
inclusion DM (f) — M(f) x I one gets that any

g :DM(f) — P € ANE(paracompact)
extends onto M(f) x 1.

3. FIBRANT DIAGRAMS

Given a finite diagram D in TOP with commutation relations and no loops
(i.e., the beginning and end of a chain of arrows are always distinct) one can
consider for each vertex a of D the subdiagram D(a) consisting of vertices
reachable from a (but not a) and arrows between them. The space at the
vertex a is denoted by X(a) and the map (if it exists) from X(b) to X(a) is
denoted by Pyp-

3.1. Definition. Given a diagram D, lim D is the subspace {{x,}|p, ,(x,) =
x,} of the cartesian product [] X(a).

3.2. Definition. D’ is a full subdiagram of D if for every vertex a of D', D’
contains D(a) and all the arrows beginning at a.

3.3. Definition. D is called a fibrant diagram if the projection lim D' — lim D"
is a fibration for each pair of full subdiagrams D" c D' of D.

3.4. Proposition. If D is a fibrant diagram, then for each vertex a of D the
natural projections imD — X(a) and X(a) — lim D(a) are fibrations. In
particular, all the arrows in D represent fibrations.

Proof. Let D'(a) be the union of D(a) and all the arrows beginning at a. Then
lim D'(a) is simply X(a) and p, ,: X(a) — X(b) corresponds to lim D'(a) —
lim D'(b) .

3.5. Theorem. Suppose D is a diagram in TOP such that for each vertex a of
D the projection X(a) — lim D(a) is a fibration. If each proper full subdiagram
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D' of D is fibrant, then D is fibrant. If D is a fibrant diagram in ANRs, then
lim D is an ANR.

Proof. The proof is by induction on the number k of vertices in D. The
subsequent lemma takes care of cases with k < 3.

3.6. Lemma. If D is the diagram in TOP
X(a)
|
X(©b) <« X(o)
and Dy X(c) — X(b) is a fibration, then lim D — X (a) is a fibration. If, in
addition, all three spaces X(a), X(b) and X(c) are ANRs, then lim D is an
ANR.

Proof of Lemma 3.6. The first part of Lemma 3.6 follows from the fact that the
pullback of a fibration is a fibration (see [W, Theorem 7.21, p. 37]).

It remains to show that lim D is an ANR, if all three spaces ‘X (a), X(b)
and X(c) are ANRs. We are going to produce an open neighborhood U of
limD in X(a) x X(b) x X(c) and a retraction r: U — limD.

Let p: X(a) x X(b) x X(c) — X(a) and g : X(a) x X(b) x X(c) — X(c)
be projections. Since pb)ap| limD = pbicql lim D, there is an open neighbor-
hood U of limD in X(a) x X(b) x X(c) such that p, ,p|U is homotopic to
pb’cqurel. limD. Let H: U x I — X(b) be a homotopy joining p, .4 and
Dy 4P with H|{x} x I being constant for x in limD. Using the fact that p,

is a fibration and Corollary 2.4 in [D, p. 397] one can find H' : U x I — X(c)
with H = pb,cH' , H' starts at g|U and stays fixed on limD. Consider
h:U — X(c) defined by h(x)=H'(x, 1). Then p, h=p, ,p|U and there-
fore r: U — lim D defined by r(x) = (p(x), p, ,p(x), h(x)) is a retraction.

Obviously, Theorem 3.5 is valid for all diagrams with the number of vertices
at most 2. Suppose n > 3 is an integer such that Theorem 3.5 holds for all
diagrams with the number of vertices less than n. Consider a diagram D with
n vertices and satisfying the hypotheses of Theorem 3.5.

It suffices to show that lim D — lim D" (resp. lim D is an ANR) is a fibration
for each proper full subdiagram D" of D. Choose any initial vertex a of D
(that means no arrow ends at @) notin D" and form a new diagram D’ from D
by removing all the arrows starting at a . By the inductive assumption lim D' —
lim D(a) is a fibration (resp. limD’ and lim D(a) are ANRs). Consider the
natural map lim D' — lim D(a) and apply Lemma 3.6 to the diagram D"’

X(a)
!
limD(a) « limD'.

Thus lim D" — lim D’ is a fibration (resp. lim D"’ is an ANR). Consequently

limD"” — limD" is a fibration. Since it is clear that limD"” = lim D, the

theorem follows.
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3.7. Construction. Given a fibrant diagram D we can form a new diagram
dr(D) (called the derived diagram) whose vertices are full subdiagrams of D.
The space at the vertex D' of dr(D) is limD'. The arrow from D' to D"
exists only if D" is a full subdiagram of D', and it represents the map lim D' —
limD" .

3.8. Proposition. If D is a fibrant diagram, then its derived diagram is also
fibrant.

Proof. Any full subdiagram E of dr(D) gives rise to the minimal full subdi-
agram — E of D which contains all the vertices of E. Notice that limE =
lim(— E) and if E' c E, then limE — lim E' corresponds to lim(~ E) —
lim(— E'). Proposition 3.8 follows.

3.9. Definition. An inverse system X = {X_, p,,/, A} of topological spaces is
called fibrant provided for each b in A the diagram X(b) = {X,, p,/, A'(b)},
where A'(b) = {a € A : a < b}, is fibrant. In particular, 4'(b) is finite. A
space Z is called fibered if it is the inverse limit of a fibrant system of ANRs

(this is a generalization of fibered compacta from [G]).

4. STRONG SHAPE EQUIVALENCES IN PRO-TOP

pro-TOP is the category in which objects are inverse systems in TOP. The
set of morphisms (called maps) from X ={X_,p,, A} to Y ={Y,, q;,, B}
is defined by

aa'’

pro-TOP(X, Y) = @ h_n} TOP(X,, Y,).
b a
In case B is a one-point set
pro-TOP(X, Y) = lim {TOP(X,, ), (p,,)", 4}.
a

So it is clear how to compose f: X — Y and g:Y — Z incase Y and Z are
topological spaces. In the general case f: X — Y ={Y,, q,,/, B} is simply a
family {f,: X — Y,, b € B} such that f, =g, f;, for b<d'.If
g={g:Y—-Z ,ceCr:Y-2Z={Z,r,,C}

we choose for each ¢ € C a representative 8ho)c Yb(c) — Z,_ and put

gf={gb(c)c~fC:X—>Zc,ceC}:X—»Z.
The identity map id: X — X is {p,: X — X, a € A}, where id: X, — X,
represents p,. p, is called a projection map. Notice that for

f={f,: X=Y,,beB}: X -Y

we have f, =p,f forall be B.

If X={X,,p,, A4} and Y is a topological space, we define X x Y as
{X,xY,p,, xid, A}. In particular we can talk about X x I and inclusion
maps i X — X xI for 0 <t < 1. Thus H: X x I — Z is a homotopy
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Joining Hi, and Hi, . In this way one gets the homotopy category H(pro-TOP)
of pro-TOP. The homotopy category HTOP of TOP is a full subcategory of
H(pro-TOP) and many notions and terminology will be the same or analogous.

Given a cardinal number m > X, let TOP(m) (resp. ANR (m)) be the full
subcategory of TOP which objects are spaces (resp. ANRs) of density (= the
least cardinality of a dense subset) less than or equal to m.

Amap f:X — Y of pro-TOP is a shape-equivalence (resp. m-shape equiva-
lence) if for each P € ANR (resp. P € ANR(m)), the function f*:[Y, P] —
[X, P] is a bijection between sets of homotopy classes [Y, P] and [X, P].

4.1. Definition. A shape equivalence (resp. m-shape equivalence) f: X — Y
of pro-TOP is called a strong shape equivalence (resp. strong w-shape equiv-
alence) if for any maps g, h:Y — P € ANR (resp. P € ANR(m)) and a
homotopy H : X xI — P joining gf and hf, H is homotopic rel. X x {0, 1}
to H' - (f x id) for some homotopy H':Y x I — P joining g and A.

As in the case of TOP the homotopy H' in the above definition is unique
in the sense that any other homotopy H" : ¥ x I — P joining g and 4 such
that H is homotopic rel. X x {0, 1} to H" - (f x id) must be homotopic to
H'rel.Y x {0, 1}.

4.2. Examples. (a) Ifeach f : X — Y, a € A, is a strong shape equivalence,
then the level preserving map f = {f,},., is a strong shape equivalence.

(b) Y={Y,,p,,, A} is the system of all open neighborhoods of a closed
subset X of an M € ANR and each f,: X — Y, is the inclusion.

Example (a) is clear. Example (b) follows from the fact that every map
g:A— P e ANR, where A is a closed subset of metrizable space B, extends
onto a neighborhood of 4 in B. Thus every map g : X — P € ANR factors
through Y . If

H:XxIuUx{0,1} > PeANR

is a map, H extends onto V x I for some neighborhood V of X in U.
Therefore every homotopy H : X x I — P € ANR joining two maps f|X
and g|X, where f, g:Y — P € ANR factors as H = H'|X x I for some
homotopy H':Y x I — P € ANR joining f and g.

4.3. Proposition. Suppose f-X ={X,,p,, A} =Y ={Y,,q,,,B} isa
strong m-shape equivalence. If the density of each X, and each Y, is at most

m, then f is a strong shape equivalence.
Proof. Suppose g : X — P € ANR is a map. By Theorem 5 in [M-S, p. 38]
g factorsas g =rg', where g’ : X — P’ and P’ is an ANR of density <m.
Choose 4 :Y — P’ with [hf] =[g']. Then [g] = [rh][f],s0 f*:[Y, P]—
[X, P] is onto.

Suppose g, £ :Y — P € ANR are two maps such that gf and Af are
homotopic. Choose a homotopy H : X x I — P joining gf and hf. Choose
representatives g, : ¥, — P of g and h, : ¥, — P of h. Then choose a
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homotopy H, : X, x I — P joining representatives of g,/ and 4,f. Then
8,(Y,)Uh,(Y,)UH (X, xI) can be embedded as a closed subset of P' € ANR(m)
such that

ul(g,(Y,) Uh,(Y,) UH (X, x I)) =id

for some map u : P — P (see [M-S, proof of Theorem 5, p. 38]). Now
we have maps g' = gp, : Y —» P',h = hp, : Y — P' and a homotopy
H =Hp,: X xI — P' joining g’ and A’. Notice that ug' = g, uh' = h
and uH' = H. Since H' is homotopic rel. X x {0, 1} to G(f x id) for some
homotopy G : Y x I — P’ joining g'f and A'f, we conclude that H is
homotopic rel. X x {0, 1} to uG(f xid) and uG:Y x I — P is a homotopy
joining g and A.

4.4, Theorem. If f: X — Y is a strong shape equivalence (resp. strong m-
shape equivalence) and Z € pro-ANR (resp. Z € pro-ANR(m)) is fibrant then
forany g : X — Z thereis a unique homotopy class h: Y — Z with h[f] =[g].

Proof. Suppose Z={Z_ ,p,,,A} and g={g,}: X = Z.

Special case. f =i is an inclusion map and (Y, X) has the homotopy exten-
sion property with respect to any topological space. That means Y = {Y,, g, ,
B}, X = {X,,q,,,B} and each X, is a closed subset of Y, such that
(Y,, X,) has the homotopy extension property with respect to any space.

Proof of the special case. Since i is a shape equivalence (resp. m-shape equiv-
alence), for each a € 4 there is an extensionmap k,: Y — Z_ of g, . We are
going to construct extensions 4, : Y — Z of g, such that p, h, = h, for
a < d'. The construction will be by induction on the number of predecessors
n(a) of a. Incase n(a) = 0 put h, = k,. Suppose h, is defined for all a
with n(a) < m, m > 1. Given a4’ with n(d’) = m the maps h,, a < d’,
define a map 4 : Y — limZ(a'). Notice that (Z, — limZ(a’))ga, = h|X.
Since
(Zy, = limZ(d)ky|X =(Z, —limZ(a'))g,

and i is a strong shape equivalence (resp. strong m-shape equivalence) there is
a homotopy H : Y xI — limZ(d') joining (Z, — limZ(a'))k, and h which
is stationary on X x I. By [W, Theorem 7.16, p. 35] there is an extension
H' :YxI— Z, of H such that Hy =k, and H'|X x I is stationary. Put
ha' = H{ .

Suppose 4, h': Y — Z are two maps with 4|X homotopic to 4'|X . Notice
that (Y xI, XxIUY x{0, 1}) has the homotopy extension property with respect
to any space (see [W], p. 22) and that the inclusion X x JUY x {0, 1} - Y x[
is a strong shape equivalence (resp. strong m-shape equivalence). Using the
first part of the proof we can extend the homotopy joining 4|X and A'|X to a
homotopy joining 4 and A'.

General case. Replace [ by alevel preservingmap f': X' — Y’ and apply the
special case to the inclusion of X' into the mapping cylinder of f'.
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4.5. Corollary. If f: X — Y € pro-ANR (resp. Y € pro-ANR(m)) and g :
X — Z € pro-ANR (resp. Z € pro-ANR(m)) are strong shape equivalences
(resp. strong wm-shape equivalences) and both Y, Z are fibrant then there is a
unique homotopy equivalence h:Y — Z with h[f] =[g].

4.6. Theorem. There is a functor R_ : pro-TOP — pro-ANR(m) and a natural
transformation i :id — R from the identity functor to R_ such that the
Sfollowing conditions are satisfied:

(@) i (X): X — R_(X) is a strong m-shape equivalence for each X €
pro-TOP,

(b) R (X) is a fibrant object for each X,

() R, (N)=R,(8) if [~g.

Proof. Let ANR_ be the set of all ANRs contained in /™. Then any ANR
of density at most m is homeomorphic to one of the elements of ANR . Let
D, be the set of all fibrant diagrams in ANR . Given X in TOP let A(X)
be the set of all pairs (f,, D) such that D is a fibrant diagram in ANR_ and
Jfp: X —=1limD. Weput (f,, D)< (fy, D') if D is a proper full subdiagram
of D' and fp = (lim D' — lim D) fp - This turns 4(X) into a directed set such
that each element has only finitely many predecessors. Indeed, given (f},, D)
and (f, , D) one can form a new diagram D" which is the disjoint union of
D and D'. Then limD" = (lim D) x (lim D) so we put f,. = f, x f, . Then
(fp> D) < (fyr» D) and (fyy, D) < (fyr, D).

Put R (X)={X,,p,,, A(X)}, where for a = (f,, D) we put X, =limD
and p,, = (limD' — limD) for a' = (f,, D') > (f,, D). The map i_(X):
X — R, (X) is defined as i_(X), = fp for a=(f,, D).

Given a morphism g : X — Y of TOP define R _(g): R (X) — R_(Y)
by putting ¢(f,, D) = (f, - g, D) for (f,, D) € A(Y) (this defines an order-
preserving function ¢ : A(Y) — A(X)) and then defining R _(g),: X, o) — Ya
(here a = (f,, D) € A(Y)) as the identity map. It is easy to check that one
obtains a functor that way and R, (g)-{ . (Y)=1i,(Y)-g. Thus i :id - R
is a natural transformation of functors.

Suppose g : X — P € ANR(m) is a map. Choose a homeomorphism # :
P—-Pe ANR_ . Then g factors as h! -i(X),, where a = (hg, D) and D
consists of single space P’'. Thus

pro-TOP(R_(X), P) — TOP(X, P)

is onto for all P € ANR(m). Suppose g, #: X, — P € ANR(m) are two maps,
a = (fp, D), such that gf; and hf,, are homotopic. Choose a homotopy
H:X xI— P joining gf, and hf,. Our goal is to find (f,, D'y > (fp, D)
and a homotopy H" :limD’' x I — P joining

glimD' —1limD) and A(limD’ — lim D)

such that H = H"(f,xid). Since P is homeomorphic to an element of ANR
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we may as well assume P € ANR . Consider the diagram D"

PI

le
imD —%, Px P
where e(w) = (w(0), w(1)) and (gAh)(x) = (g(x), h(x)). Since e is a fi-
bration (see [Sp, Corollary 3, p. 98]), the projection limD” — limD is a
fibration of ANRs. Observe that the homotopy H can be thought of as a map
H:X — P’ and the diagram

x . pf

bk
limD -2, Ppx P

is commutative. Therefore one has maps f,. : X — limD"” and H" : limD" —
P, with H=H"f,, and

fp = (UimD" = limD)f,., eH"=(gx h)(limD" —1limD).

Let D' be the diagram (strictly speaking we should replace both limD and
lim D" by equivalent objects of ANR_) limD"” — limD — D where the last
arrow represents all the maps from limD to vertices of D. Then lim D' is
equal to lim D", so we can put f,, = f,». Now, H" is a homotopy joining

g(limD’ —1limD) and A(limD' — lim D)

such that H = H"(f, x id).

The fact that R_(f) ~ R_(g) if f~ g is a simple consequence of Theorem
4.4.

For Y ={Y,, q,,, A} define R _(Y) as

!ii_n {Rm(Ya) > Rm(qaa') > A}

(recall that pro-TOP is a category with inverse limits). Equivalently, one can
define A(Y) as the set of all triples (a, f},, D) suchthat D is a fibrant diagram
in ANR_ and f,,: Y, —limD. We put (a, f,, D) < (d’, fy, D') provided
D is a proper full subdiagram of D', a <4’ and

(limD' — imD) - (fy) = fp * dpp'-

Similarly one can define R_(f) for any morphism f of pro-TOP. Using general
properties of inverse limits in categories it is easy to complete the proof of
Theorem 4.6.

For each topological space X let d(X) be the maximum of R, (the cardi-
nality of the set of integers) and the density of X . In case of an inverse system
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X, d(X) is the maximum of densities of elements of the inverse system and
of R;.

To simplify notation we will denote R d(x y(X) by R(X) and i ax (X ) b
i(X).

The next result shows that the class of fibered spaces plays the same role for
strong shape equivalences as the class of ANRs does for shape equivalences. It
also shows that using fibered spaces in place of ANRs in the definition of strong
shape equivalences does not lead to a new class of maps.

4.7. Theorem. Suppose f : X — Y is a map of topological spaces. f is a
strong shape equivalence iff for every fibered space Z the function [~ :[Y, Z] —
[X, Z] is a bijection. If f is a strong shape equivalence, then for any maps g,
h:Y — Z, Z fibered, and a homotopy H : X xI — Z joining gf and hf, H
is homotopic rel. X x {0, 1} to H'-(f xid) for some homotopy H' : Y xI — P
joining g and h.

Proof. Suppose f is a strong shape equivalence and Z' is a fibrant object
of pro-ANR with Z = lim Z'. By Theorem 4.4, f*:[Y,Z'] — [X, Z'] is
a bijection. Since the projection p : Z = !&n Z' — Z' induces a bijection
p":[A, Z] - [A, Z'] for each topological space A, we get that f*:[Y, Z] —
[X, Z] is a bijection.

Suppose f*:[Y, lim Z] - [X, !El Z] is a bijection for each fibrant object
Z of pro-ANR. Then f* :[Y,Z] — [X, Z] is a bijection. By considering
single ANRs we get that f is a shape equivalence. Let Z = R(X). There is
g:Y — R(X) with [gf] = [i(X)]. By Theorem 1.8 (or more precisely, its
slight generalization), f is a strong shape equivalence.

Suppose f : X — Y is a strong shape equivalence and H : X x I — Z
is a homotopy joining gf and Af, g, h: Y — Z, Z fibered. Replace
X xI by DM(idy). Then H induces a map G : DM(f) — Z such that
G|Y x {0} = g, G|Y x {1} = h. Since DM(f) - M(f) - M(f)x1I is a
strong shape equivalence, by the first part of the proof there is an extension
G :M(f)xI— Z of G (recall that (M(f) x I, DM(f)) has the homotopy
extension property with respect to any space; see the proof of Theorem 1.3).
Using the projection p : X x I x I — M(f) x I and a strong deformation
retraction of X x I x I onto X x {1} x I one gets that H is homotopic
rel. X x {1} x {0, 1} to H'- f for some homotopy H': DM (id,) — Z joining
g and h.

5. STRONG SHAPE CATEGORY

5.1. Definition. The strong shape category SSh (resp. the strong m-shape cate-
gory SSh ) is the category whose objects are all topological spaces and the set
of morphisms SSh(X, Y) from X to Y is

H(pro-TOP)(R(X), R(Y))
(resp. H(pro-TOP)(R_(X), R, (Y))) with the obvious composition rule.



STRONG SHAPE FOR TOPOLOGICAL SPACES 785

Since the inverse limit functor }ln : pro-TOP — TOP induces
Lil_n : H(pro-TOP) — HTOP,
one has the functor r : SSh — HTOP (resp. rn : SSh, — HTOP). Thus,
r(X) = !ﬂl R(X). Let py : r(X) — R(X) (resp. Py - rn(X) — R (X)) be
the natural map from the inverse limit to R(X). Put

iy = lim (i(X)) : X — r(X)

(resp. i, = }iLn(im(X)) X — r (X)). In view of Theorems 4.4 and 4.6
there is a functor S : HTOP — SSh (resp. S, : HTOP — SSh_) such that for
eachmap f:X — Y, S[f]: R(X) - R(Y) (resp. S,[f]:R_(X)— R_(Y))
is the unique morphism of H(pro-TOP) satisfying [i(Y)f] = S[fI[i(X)] (resp.
[i(Y)Sf1=S,[f1[i,,(X)]) . Notice that S[f] is an isomorphism iff f is a strong
shape equivalence (use results of §4).

5.2. Proposition. If f: X — Y is a map then the following diagram is com-

mutative: ,
x oy B Ry (X)

| |7t st

y b py) 2L R (7).
Thus i is a natural transformation from the identity functor id: HTOP —
HTOP to the composition rS .

Proof. Let [g] = S[f]. Since [i(Y)f] = S[fI[i(X)], i(Y)f is homotopic to
gi(X) . Applying the inverse limit functor one gets r(S[f])-[i x1=1[iy-f]. The
commutativity of the second part of the diagram is a simple consequence of
general properties of inverse limits.

5.3. Proposition. The function © : [X, r(Y)] — SSh(X, Y) defined by
e[f][pxlxl = [pyf],

is a bijection. In particular, G_I(S[a]) =[iyal fora: X - Y.

Proof. © is an injection because lpyf1 = [pyg] implies [f] = [g] in
H(pro-TOP). It is onto since every morphism X — R(Y) of pro-TOP fac-
tors through r(Y). G_I(S[a]) = [iya] follows from S[allp,i,]= [pyiya].
5.4. Proposition. S[i,]: X — r(X) = X' has a left inverse g in SSh such
that glpyiy]=[pyl.

Proof. Notice that p,i, = i(X). Take a morphism g : X' — X of SSh such
that g[i(X")] = [p,] (see Theorem 4.4). Then

S J(X)] = gli(X)iy] = [pyiy] = [i(X)],
so gS[iy]=1id, in SSh.
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5.5. Corollary. i, : r(X) — r(r(X)) has a left homotopy inverse.

Proof. Let g :r(X) — X be the morphism of SSh such that g[i(r(X))] = [p,].
Apply lim to get r(g)[i, x)] =[id, )]

5.6. Theorem. Let X be a topological space X . The following conditions are
equivalent:

(a) i ’r( x) P rX) — r(r(X)) a homotopy equivalence,

(b) i, : X — r(X) astrong shape equivalence,

(c) iy: X — r(X) ashape equivalence,
(d) S HTOP(Y, r(X)) — SSh(Y, r(X)) is a bijection for all Y,
(e) the function r: SSh(X, Y) — HTOP(r(X), r(Y)) is a bijection for all
Y,

(f) each strong shape morphism p : Y — X factors as (S[g])_lS[h] for
some map h:Y — Z and some strong shape equivalence g : X — Z ,

(g) X is isomorphic in SSh to X' such that

S:HTOP(Y, X') = SSh(Y, X
is a bijection for all Y .
Proof. (a) < (b) Using Proposition 5.2 one has rS[iy][iy] = [i,(X)][iX]. If iy
is a strong shape equivalence, then rS[i,] = [ir( X)] by Theorem 4.7. However,
S[i,] is an isomorphism of H(pro-TOP), so rS[i,] is a homotopy equivalence.
Suppose i, .y, is a homotopy equivalence. Put r(X) = X'. Let g: R(X') —
R(X) be the unique morphism of H(pro-TOP) such that g[p,.i,/]=[px]. By
Proposition 5.4, gS[i,] =id. Then by applying !ln to g[Pyiy]=1[py] and
gSliy] = id one gets r(g)rS[i,] = id and r(g)[i] = id. Thus r(g) is a
homotopy equivalence and rS[i,] = r(g)'l = [iy+]. Since for any topological
space Z, [Z,R(X)]=[Z,r(X)] and [Z, R(X)]=[Z, r(X')], we get that
Slix]" 1 1Z, R(X)] = [Z, R(X)]
is a bijection. Consequently,
Sliy]” :SSh(Z, X) — SSh(Z, X'
is a bijection which means that i, is a strong shape equivalence.
(a) & (d). The following diagram
HTOP(Y, r(X)) 5 SSh(Y, r(X))

Lo N\ Te
HTOP(Y , r(r(X)))

is commutative. Indeed, given f:Y — r(X),

ellr(x Apyiy]l = [pr r(X)ﬂ
Also, S[f1lpyiy] = (2, x) r(X)f] » SO

S[f][pyiy] = G[ir(x)ﬂ[pYiY]'
By Theorems 4.4 and 4.6, S[f] = ©[i,,f].
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Since © is a bijection (Proposition 5.3), S is a bijection iff Lxy is one
which happens iff ir( X) is a homotopy equivalence.

(b) « (c). If i, is a shape equivalence, then py is a shape equivalence and
since pyi, isa strong shape equivalence, by Theorem 1.8, i, is a strong shape
equivalence.

(b) & (e). The following diagram

SSh(X, Y) 4, SSh(X,Y)

lr TS(iX).
HTOP(r(X), r(Y)) —2— SSh(r(X), Y)
is commutative. Indeed, suppose g : R(X) — R(Y). Then gp, factors as
8py = pyr(g). Also,

e[r(g)][pr(x)ir(x)] = [pyr(g)]
and
e[r(g)]S[ix][pxixl = O[r(g)][pr(x)ir(x)][i)(] = [pyr(g)][i)(] = [gpxl[ixl

Thus B[r(g)1S[iy] = [&].

Consequently

r:SSh(X, Y) — HTOP(r(X), r(Y))

is a bijection iff S[i X]‘ is a bijection which is equivalent to saying that i, isa
strong shape equivalence.

(b) — (f) Take a map h : Y — r(X) such that S[i,]p = S[h]. Thus
Z =r(X) and g =i, works.

(f) — (b) Consider the morphism p : ¥ = r(X) — X of SSh such that
plpyiy] = [py] (see Proposition 5.4) in H(pro-TOP). Let p = S[g]™'S[h],
where g : X — Z is a strong shape equivalence. Thus S[g]lp = S[#]. Now,

S[g][pxl = S[glp[pyly] = S[h][leY] = [pzlzh]
Applying !1“ we get rS[g] = [i,h]. Since rS[g] is a homotopy equivalence
and ir(z) has a left homotopy inverse (Proposition 5.4) i, is a homotopy
equivalence. Thus p is an isomorphism and i, is a strong shape equivalence.
(b) — (g) Obvious.
(g) — (f) Take a strong shape equivalence g: X — X ""Ifp:Y—-Xisa
morphism of SSh, then there isamap 4:Y — X' such that S[g]p = S[A].

5.7. Problem. Characterize spaces X for which i,: X — r(X) is a shape
equivalence.

5.8. Remark. We do not know of any space for which i, : X — r(X) is not
a shape equivalence. It is easy to show that if a compact metric space X is
the inverse limit of a sequence of fibrations of ANRs (i.e., X is fibered, see
[G]), then i, : X — r(X) is a homotopy equivalence. In view of Theorem
5.6, Problem 5.7 is closely related to a problem of Ferry [F,] of improving
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compacta (see also the example in [Z]). In case each i, is a shape equivalence
one would get that SSh = (SSE)_IHTOP (i.e., SSh is obtained by localizing
HTOP at strong shape equivalences).

Let FIBERED be the full subcategory of TOP whose objects are inverse limits
of fibrant objects of pro-ANR. Let HFIBERED be the homotopy category of
FIBERED. If f: X — Y is a map of topological spaces one has a natural
transformation f*:[Y, ] — [X, -] of two functors from HFIBERED to SETS;

f(gh=1rel.

5.9. Theorem. The strong shape category SSh is isomorphic to the category
whose objects are all topological spaces and morphisms from X to Y are natural
transformations I1: [Y, -] — [X, -] of functors defined on HFIBERED. The
transformation corresponding to S[f] equals f~.

Proof. Given a natural transformation Il : [Y,:] — [X, -] we define a mor-
phism g : R(X) — R(Y) of H(pro-TOP) as follows:

Since [iy]: Y — r(Y), I[i,]: X — r(Y) and there is a unique gp: R(X) —
R(Y) satisfying gylpyiy] = pyIl[i;] (see Theorems 4.4 and 4.6). Suppose
h:Y —rZ)= !ﬁl Z , where Z is a fibrant object of pro-ANR. Let p, :
r(Z) — Z be the projection. By Theorems 4.5 and 4.7 thereis g: R(Y) — Z
with [p,h] = g[p,i,]. Applying inverse limit we get [h] = r(g)][i,]. Since
IT is natural, II[A] = r(g)I[i,]. Thus g; = g implies II = IT'. Given
a strong shape morphism f: X — Y we define II[i,] as 8_1( f) and then
II[h] as r(g)[iy], where g: R(Y) — Z satisfies [p,h] = g[pyi,] (hence
[A] = r(g)liy]) . This establishes a bijection between all natural transformations
and strong shape morphisms. Also, it is clear that under the map Il — g
the composition rule is preserved. If f = S[a], then 8"'( f) = liya] (see
Proposition 5.3) and II{A] = r(g)I[i,] = r(g)[iyal = [ha].

Let (ANR(m), fibrations) be the subcategory of ANR (m) with the same ob-
jects and whose morphisms are Hurewicz fibrations. A strong m-shape function
¢ : X — Y is a natural transformation from the functor

TOP(Y, -) : (ANR(m), fibrations) — SETS
to
TOP(X, -): (ANR(m), fibrations) — SETS.

Thus for each P € ANR(m) there is a function ¢, : TOP(Y, P) — TOP(X, P)
such that for every fibration p: E — B in ANR(m) the diagram

|43

TOP(Y, E) —%— TOP(X, E)

[ [
TOP(Y, B) —2— TOP(Y, B)

is commutative. Two strong m-shape functions ¢ and y are homotopic if
there is a strong m-shape function H : X xI — Y with H|X x {0} = ¢
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and H|X x {1} = w. Given amap f : X — Y one gets a strong m-shape
function f* : TOP(Y,.) — TOP(X,.); f*(g) = fg. Obviously f ~ g
implies f* ~ g". It is clear that topological spaces and homotopy classes of
strong m-shape functions form a category.

5.10. Theorem. The above category is isomorphic to the strong m-shape cate-
gory SSh . In particular, the homotopy class corresponding to S_[f] is [ 1.
Proof. Given a strong m-shape function ¢: X — Y define g(¢): X — R_(Y)
by g(9), = 0(fp): X = Y, if a=(f,, D). By the naturality of ¢ it is clear
that 5,) is a map of pro-TOP. Also g(¢) is homotopicto g(y) if ¢ is homo-
topic to y . By Theorems 4.4 and 4.6, g(¢) determines uniquely a morphism
f(9): R, (X)— R_(Y) of H(pro-TOP). Given a morphism f: R _(X) — R_(Y)
of pro-TOP consider fi (X): X — R_(Y). Define a strong m-shape function
¢(f): X —» Y as follows: Given P € ANR(m) and amap g: Y — P choose
a homeomorphism 4: P — h(P) € ANR_. Now a = (hg, h(P)) is an el-
ement of R _(Y) (here the diagram consists of one space A(P) only). Put
9(f)p(8) = h™'fi(X),: X — P. If p: E — B is a fibration in ANR_|
and g:Y — E, then b = (¢, E — B) is an element of R _(Y) (here the
diagram consists of two spaces E and B). Since b > a = (g, E) and
b >c = (pg,B), whave fi (X), = fi (X), and Ji,(X), = pfi,(X),.
Consequently, po(f):(g) = ¢(f)g(pg), i.e. ¢ is natural. It is easy to check
that f~ g implies ¢(f) =~ ¢(g).

5.11. Remarks. In [B] F. Bauer seems to define a category (with all topological
spaces as objects) whose homotopy category is the strong shape category when
restricted to compact metrizable spaces. His construction involves both maps
and homotopies. We could not find [B, p. 34] any statement that the family of
morphisms is a set. For similar reasons we do not know if Theorem 5.10 works
for the strong shape category. In particular we do not know if the family of all
strong shape functions from X to Y forms a set. The reason it is a set in case
of strong m-shape functions is because ANR _ is a set.

The remaining part of this section is devoted to some applications of strong
shape theory to function spaces. Function spaces P (with compact-open topol-
ogy) have good properties for compactly generated spaces only (see [W, pp. 17-
21]). In this paper we deal with the singular complex of P¥, so we adjust its
definition to work well in the category of all spaces. Let #» (X, P) (see [G-Z,
p. 131]) be the simplicial complex whose n-simplices are maps from A, x X
to P (equivalently; maps from X to PA") . If X is compactly generated,
these correspond precisely to n-simplices of the singular complex of P* . Here
A, ={(ty, ..., t)I0<t; <1, 3t =1} is the standard n-simplex. Recall the
maps 6;:A,_, — A, and g,:4,,, —A;

0(Lgs - sty )=ty .oty 0, | S
and
oty - s tn+1)=(t0’ s Lo s s e tn+l)'
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The face 9, and degeneracy s; operators on simplices in #a7(X, P) are de-
fined as follows (see [May, p. 2]): 8,f = f-(d;, xid) and s,f = f- (g, x id)
for any n-simplex f of #»(X, P). Thus one has for each P a contravariant
functor

\%m(-, P)| : HTOP — HCW

from the homotopy category to the homotopy category of CW complexes. | |
stands for the geometric realization functor and

|\ #an(Lf], P)| - |#ar(Y , P)| — |#am(X , P)|,

where f: X — Y is a map, is equal to [|[Z=(f, P)|], where %o (f, P)(g) =
g(idxf) for g : A, xY — P. Our goal is to factor this functor through the
strong shape categories.

5.12. Theorem. Suppose P € ANR and m is a cardinal number greater than
or equal to the density of P. There is a contravariant functor I1: SSh  — HCW
such that TI(X) = |#a(X, P)| and for every map f: X — Y, II(S_[f]) =
| e ([f], P)|.

Proof. By Theorem 5.10 we can replace SSh_ by the homotopy category of
strong m-shape functions. Suppose ¢ : X — Y is a strong m-shape function.
We will construct a simplicial map « , from Han(Y , P) to Zae(X, P). We
define

a,: #m((Y, P) — Hm(X, P))

as follows: if f:Y — P is a nondegenerate (i.e., f # s;g forany g :
A,_,xY — P) n-simplex of #a(Y, P) o(f) = Ppon (f). If fis degenerate,
f can be expressed uniquely as f = S; 1S, 8> where 0 < j, <--- < jp <n
and g is a nondegenerate (n — p)- smplex of Ao (Y , P). Put

ay(f) =5, 5, 0,(8):

The reason o 0 1s a simplicial map lies in the fact that the map P phie
given by f — 0,f is a fibration (essentially 9,/ is obtained by restricting f
to a face of A,). Therefore aw(aif) = 0,0, Also ay(s,.f) = 8,075 this
follows from the way o , Was described for degenerate simplices. It is clear that
for the composition w of ¢ : X — Y and ¥ :Y — Z one has o, = a,q, .
If H: X xI — Y is a homotopy between m-shape functions ¢ and v,
then ¢ = H-i, and y = H-i , where i), i, : X — X x I are inclusion
induced m-shape functions. Thus a, =a; ay and a, = q, oy Notice that
on the level of geometric realizations «, is homotoplc to a; in the same
way as homotopic maps a, b : 4 — B produce homotopic maps |#~(a)|,

| Zare(b)| : | #are(A)| — |#a(B)| on the level of geometric realizations. Thus
(on the level of geometric realizations) «, is homotopic to «, . This completes
the proof of Theorem 5.12.
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5.13. Corollary. Suppose X and Y are nondiscrete shape equivalent compact
metrizable spaces. If P is a separable completely metrizable ANR without iso-
lated points, then P¥ is homeomorphic to pPY.

Proof. Since P¥ is an ANR and X is compact, #(X, P) is the singular
complex of P* and the natural map |Zan (X , P)| — PX isa homotopy equiv-
alence. By Theorem 5.12, PY s homotopy equivalent to Py (if X and Y are
shape equivalent, then they are isomorphic in SSh—see [D-S, ]). Since both P
and PY are l,-manifolds (see [S]), they are homeomorphic (see [B-P, p. 316]).

5.14. Theorem. A map f: X — Y is a strong shape equivalence iff for each
P € ANR the map |Zarn(f, P)| : |#an(Y, P)| — |#a(X, P)| is a homotopy
equivalence.

Proof. The fact that | (f, P)| : |#an(Y, P)| — |#w»(X, P)| is a homo-
topy equivalence if f is a strong shape equivalence follows immediately from
Theorem 5.12 applied to m = d(P). To complete the proof of Theorem 5.14
it suffices to consider the case when f is an inclusion and (Y, X) has the
homotopy extension property with respect to any space. Obviously f is a
shape equivalence as [Z, P] is the set of path components of |#Z=(Z, P)|
for every space Z. It is also easy to see that the natural simplicial map
i : Zam(Y, P) —» #am(X, P) is a Kan fibration (see [May, p. 25]). Since i
is a homotopy equivalence, the fibers of i have trivial homotopy groups. Sup-
pose H: X x I — P is a homotopy joining g|X and h|X for some maps g,
h:Y — P. We may assume (by homotoping H if necessary) that g|X = A|X
and H = (h|X) xid. Then both g and 4 belong to the same fiber of i, so
there is a 1-simplex H': I x Y — P of the fiber such that H'|{0} x Y = g and
H'|{1} xY =h. Since H' is an extension of H , the proof is completed.

In some cases we do not need to consider all the ANRs P in Theorem 5.14.

5.15. Theorem. Suppose i : X — Y is an inclusion of compact metrizable
spaces such that the induced map (Sk , s)(y‘x) — (Sk , s)(X ) s a homotopy
equivalence. Then i is a strong shape equivalence if one of the following condi-
tions is satisfied:

(a) Y is a subset of the plane and k > 2,
(b) dimY < k/2 and both X and Y are shape 1-connected.

Proof. Since Hq((Sk , $)) is naturally isomorphic to H*™9(4) for ¢ <
2(k —dim 4) (reduced groups are considered here—see [Mo]), we infer that
HP(Y) — H?(X) is an isomorphism for p < 1 in case (a) and for p < dimY
in case (b). Now, use [Bo, p. 221] (and the proof there), in case (a) and the coho-
mological version of the Whitehead theorem (see [M-S, p. 155]) plus Theorem
1.13 in this paper.
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6. STRONG SHAPE FOR METRIZABLE SPACES

In case of a metrizable space X which is a closed subset of M € ANR we
have a simple description of a strong shape equivalence i: X — {U,, i,,,A4}.

{U,, i, A} is the system of all open neighborhoods of X 1n M and
i, X-U, i ' - Uy — U, are inclusions.

This calls for equally simple description of the strong shape for metrizable
spaces. Let N(X) be the simplicial complex whose vertices are open neighbor-

hoods U of X in M. s={U,, ..., U,} is an n-simplex in N(X) iff either
U, c Uj or U, CU forall i #j, i, j<n. N(X) will be also treated as a di-
rected set: s <t means that s is a proper face of ¢. Given s = {U,, ..., U,}

weput U, =U._, U, and N, U—V Notice that V, c V, if s > ¢, sothat
one can form the system {V, i, N(X)} such that the 1nclus1on induced map

—{V,,i,, N(X)} isa strong shape equivalence. Now we will find a fibrant
object {u! N(X)} of pro-ANR and a map

SI’

{V;’iu’ ( )}_’{U, S[,N(X)}

represented by homotopy equivalences V, — USl for each s. Edwards and
Hastings [E-H] have a general procedure for replacing objects of pro-TOP by
fibrant ones. Cathey and Segal [C-S] showed that in case of ANRs the resulting
fibrant object is also in pro-ANR. Using Part III we are able to shorten their
proofs significantly.

Let US' ={a:|s| > U :a(lt]) c U, forall t < s}, Us' inherits the topology
from U, Also let U'={a:|0s| - U, :a(t]) c U, forall t<s}. Given
t <'s we have the map r,, : US' - U; given by r,(a) = a||t|. Notice that in
the diagram

uP
|
USH - Uslasl
(the horizontal arrow is simply the inclusion) the vertical arrow (= the restric-
tion map) represents a fibration (that is just the homotopy extension theorem)
and the limit of that diagram is simply Us'. Therefore the restriction map
U, — U, is a fibration and U, is an ANR provided U, is an ANR. Also no-
tice that U,’ is the limit of the diagram whose vertices are U, , ¢ < s and arrows
represent restriction maps r,, : U(’t) — U/ for t <. Soby induction on the
dimension of the simplex s one gets that U is an ANR and { ry» N(X)}
is fibrant. The map c: V, — US is given by c( )(x) = u forall x 1n |s| Notice
that ¢(V)) is a strong deformation retract of US' (homotop a map a: |s| — U,
in US' to the constant map by linearly deforming |s| to the vertex representing
ﬂ:’ ,U;). Since ¢: V, — c(V) is a homeomorphism, ¢ is a homotopy equiv-
alence Thus c|X : X — { s 1,» N(X)} is a strong shape equivalence and
{ , I, » N(X)} is equivalent to R(X).
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To understand strong shape morphisms from X to Y=cl(Y) c M € ANR
it is sufficient to analyze maps f: X — {U o> I'y» N(Y)} of pro-TOP. Notice
that f : X — US is the same as f,: X x |s| = U, with f (X x |¢]) c U, for all
t < s. Therefore f corresponds to f: X x |N(Y)| — M with g(X x |¢f]) C U,
for all ¢. Notice that f ~ g iff there is a homotopy H: X x I x |[N(Y)| - M
joining f and g suchthat H(X xIx|t|) C U, forall ¢. Notice the resemblance
of these properties with Quigley’s [Q] definition of approaching maps in the
compact case.

The composition of

[f1: X x|N(Y)]—- M and [g]:Y x|N(Z)|— P

can be defined as follows:
Treat f asamap from X to { r,>N(Y)} and g as a map from Y to
{V Z)}. Then [g] =[G]|Y] for some

Y)} = {V,, 1y, N(Z)}

N(Y)} is a strong shape equivalence). Then

b St,

G:{U;

s? sl ’
(this is so because ¥ — {U,

[el/1=[G/].

6.1. Theorem. If f: X — Y is a strong shape equivalence of metrizable spaces
and Z is a locally compact metrizable space, then fxid: X xZ - Y xZ is
a strong shape equivalence.

s? st’

Proof. Choose a locally finite cover S of Z consisting of compact sets. By
Proposition 1.12, the map

fx1d|f><1d_1X><ﬂA (f xid)~ XxﬂAl.)—-»XxﬂAi

is a strong shape equivalence for each element 4,,...,4, of Y xS. By
Theorem 2.9, f x id is a strong shape equivalence.

6.2. Corollary. If f: X —Y and g: X' — Y' are strong shape equivalences
of locally compact metrizable spaces, then fx g: X x X' = Y x Y' is a strong
shape equivalence.

Given a closed subset X of M € ANR let C(N(X)) be the chain complex
of the simplicial complex N(X) and A(M) the singular chain complex of M .

6.3. Definition. Suppose G is a group and k is an integer. The strong k-
homology group sHk(X ; G) of X is the group of all chain homotopy classes
of chain maps ¢ : C(N(X)) — A(M) ® G of degree k satisfying the follow-
ing condition: For each simplex s of N(X), ¢(s) € A(U,) ® G. The chain
homotopy D between ¢ and y must also satisfy D(s) € A(U,)®G.

Thus for each n we have a homomorphism ¢, : C, (N(X)) - A, (M)®G

with ¢ (s) €A, (U,)®G for s € N(X)™ . The fact that ¢ is a chain map
means that 0-¢, =¢, -0 forall n>0.
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The above definition was motivated by the idea of changing homotopy to
homology. Thus a strong morphism from A, (the standard k-simplex) to X
is represented by amap g : A, x|N(X)| — M such that g(A, x|s|) is contained
in U, foreach s in N(X). In particular, g|A, x|s| is a singular (k +dim(s))-
chain in U, .

6.4. Theorem. 'H,(X; G) is isomorphic to the group H,i(X ; G) introduced
by Lisica and Mardesic.

Proof. Since i: X — {U s I, » A} isaresolution of X in the sense of Mardesi¢
(see [M-S, p. 74]), H (X G) is the homology group of the chain complex
C,({U,, i, , A}) of strong chains (see [L-M,]) of {U,, i, , A}. A strong
k-chain (p > 0) of {U,, i, , A} is a function x which assigns to every de-
creasing sequence a = {U,, ..., U,} of neighborhoods of X in M, a singular
(n+ k)-chain x, of A(U,; G). The boundary dx of x is defined as follows:

n

(1), =005 - (-

Here a; (j 20) is the sequence obtained from a = {U,, ..., U,} by removing
the jth element U,. Suppose x is a strong k-cycle (k > 1); then a — x,
defines a chain map x : C(N(X)) — A(M)® G of degree k such that for
each simplex a of N(X), x, € A(U,) ® G. It is also clear that every such
chain map arises from a strong k-cycle. Suppose x —y = dz and x, y are
strong k-cycles. We are going to define a chain homotopy D (of degree k + 1)
from x to y. Put D(a) = (—l)"za if a is an n-simplex of N(X). Then
dD(a) + D(da) = x, — y,. Conversely, chain homotopic maps define strong
k-chains which difference is a boundary.

6.5. Remark. Originally Lisica and Mardesi¢ [L-M,] introduced strong k-chains
for kK > 0 only. See [M-P] for a general definition of strong k-chains for all
integers k.

The Lisica-Mardesi¢ strong homology groups have the following interesting
property (characteristic for Steenrod homology):

6.6. Theorem. If X is paracompact and A is a closed subset of X, then the
projection X — X /A induces an isomorphism
H (X, 4; G) — H\(X/A, pt; G).
Proof. Consider the union X U C(A4) of X and the cone over 4. By [L-M
p. 32] the inclusion induced homomorphism
H (XUAx[0, 1], 4x[0, 1];G) —» H(XUC(4), C(4); G)
is an isomorphism (excision property). Since the inclusion induced homomor-
phism
HY(X, 4; G) = H(XuAx[0, 3], 4x[0, }]; G)
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is an isomorphism (the inclusion is a homotopy equivalence), we infer that
H{(X, 4; G) = H{(XUC(4), C(4); G)

is an isomorphism. Consider the projection X U C(4) — X/A. By Corollary
2.2 it is a strong shape equivalence. Therefore

H{(XUC(4), C(4); G) — H,(X/A), pt; G)
is an isomorphism which completes the proof of Theorem 6.6.

In case X is strongly paracompact Theorem 6.6 was proved by T. Watanabe
[Wa). In full generality it was established by Lisica and Mardesi¢ [L-M,] via a
more involved argument than ours.

6.7. Corollary. A shape equivalence f: X — Y of paracompact spaces induces
an isomorphism f, : H(X ; G) — H,i(Y; G) of strong homology groups.

Proof. 1t suffices to consider the case where f is an inclusion and X is a
closed subset of Y. By Corollary 2.4, the space Y/X is of trivial shape. By
Corollary 1.10, the inclusion pt — Y/X is a strong shape equivalence. Thus
H{(Y/X;G) =0 (reduced groups) and H,(X; G) — H,(Y; G) is an isomor-
phism by the exactness of strong homology groups.

In the compact metrizable case Corollary 6.7 appears in [C-H].

6.8. Definition. Given an object X of pro-TOP (pointed case) define ‘m,(X)
as 7, ( !ﬂl R(X)) (this is the group of all homotopy classes of maps from S,
to R(X)). If {E,} isaspectrum and X a topological space, we have a natural
homomorphism

Mhom(Eg ARX)) =11 (Bt AR(X)).

m+1

The direct limit of this sequence we denote by *E, (X).

6.9. Problem. If {E,} is the Eilenberg-Mac Lane spectrum {K(G, n)}, is
sEk(X ) isomorphic to the Lisica-Mardesi¢ group H,i(X ; G)? If X is compact
metrizable, is *E, (X) isomorphic to the group introduced by Kahn-Kaminker-
Schochet [K-K-S]?

REFERENCES

[B] F. W. Bauer, 4 shape theory with singular homology, Pacific J. Math. 64 (1976), 25-65.

[Bo] K. Borsuk, Theory of shape, Polish Scientific Publishers, Warsaw, 1975.

[B-P] Cz. Bessaga and A. Pelczynski, Selected topics in infinite-dimensional topology, Polish Sci-
entific Publishers, Warsaw, 1975.

[C] F. Cathey, Strong shape theory, Shape theory and Geometric Topology, Lecture Notes in
Math., vol. 870, Springer-Verlag, Berlin and New York, 1981, pp. 215-238.

[C-H] A. Calder and H. M. Hastings, Realizing strong shape equivalences, J. Pure Appl. Algebra
20 (1981), 129-156.

[C-S] F. Cathey and J. Segal, Strong shape theory and resolutions, Topology Appl. 15 (1983),
119-130.



796 JERZY DYDAK AND SLAWOMIR NOWAK

[D] J. Dugundji, Topology, Allyn and Bacon, 1966.

[D-K] J. Dydak and G. Kozlowski, 4 generalization of the Vietoris-Begle theorem, Proc. Amer.
Math. Soc. 102 (1988), 209-212.

[D-S,] J. Dydak and J. Segal, Strong shape theory, Dissertationes Math., vol. 192, PWN, Warsaw,
1981, pp. 1-42.

[D-S,] —, Shape theory: An introduction, Lectures Notes in Math., vol. 688, Springer-Verlag,
Berlin and New York, 1978, pp. 1-150.

[E] R. Engelking, Outline of general topology, North-Holland, Amsterdam, 1968.

[E-H] D. A. Edwards and H. Hastings, Cech and Steenrod homotopy theories with applications to
geometric topology, Lecture Notes in Math., vol. 542, Springer-Verlag, Berlin, 1976.

[F,] S. Ferry, A stable converse to the Vietoris-Smale theorem with applications to shape theory,
Trans. Amer. Math. Soc. 261 (1980), 369-389.

[F,] —, Homotopy, simple homotopy, and compacta, Topology 19 (1980), 101-110.
[G] R. Geoghegan, Fibered stable compacta have finite homotopy type, Proc. Amer. Math. Soc.

[G-Z] P. Gabriel and M. Zisman, Calculus of fractions and homotopy theory, Ergeb. Math. Gren-
zaeb., vol. 35, Springer-Verlag, Berlin and New York, 1967.

[H] S. T. Hu, Theory of retracts, Wayne State Univ. Press, Detroit, 1965.

[K-K-S] D. S. Kahn, J. Kaminker and C. Schochet, Generalized homology theories on compact
metric spaces, Michigan Math. J. 24 (1977), 203-224.

[K] G. Kozlowski, Images of ANR’s, Mimeographed notes, Univ. of Washington, Seattle, 1974.

[L-M,] Ju. T. Lisica and S. Marde3i¢, Coherent prohomotopy and strong shape theory, Glas. Mat.
19 (1984), 335-399.

[L-M,] —, Strong homology of inverse systems of spaces. 1, Topology Appl. 19 (1985), 29-43.
[L-M;] ., Strong homology of inverse systems of spaces. 111, Topology Appl. 20 (1985), 29-37.
[L-M,] —, Steenrod homology, Proc. Geometric and Algebraic Topology, Banach Center Publ.,

vol. 18, PWN, Warsaw, 1986, pp. 329-343.

[M-P] S. Mardesi¢ and A. V. Prasolov, Strong homology is not additive, Trans. Amer. Math. Soc.
307 (1988), 725-744.

[M-S] S. Mardesi¢ and J. Segal, Shape theory, North-Holland, Amsterdam, 1982.

[May] J. P. May, Simplicial objects in algebraic topology, Van Nostrand, New York, 1967.
[M] J. Milnor, On the Steenrod homology theory, mimeographic notes, Berkeley, 1960.
[Mo] 1. C. Moore, On a theorem of Borsuk, Fund. Math. 43 (1955), 195-201.

Q] J. B. Quigley, An exact sequence from the nth to (n— 1)st fundamental group, Fund. Math.
77 (1973), 195-210.

[S] K. Sakai, The space of cross-sections of a bundle, Proc. Amer. Math. Soc. (to appear).
[Sp] E. Spanier, Algebraic topology, McGraw-Hill, New York, 1966.

[St] A. Strom, The homotopy category is a homotopy category, Arch. Math. (Basel) 23 (1973),
435-441.

[Wa] T. Watanabe, Cech homology, Steenrod homology and strong homology. 1, Glas. Mat. 27
(1987), 187-238.

(W] George W. Whitehead, Elements of homotopy theory, Springer-Verlag, Berlin and New York,
1978.

[Z2] S. Zdravkovska, An example in shape theory, Proc. Amer. Math. Soc. 83 (1981), 594-596.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TENNESSEE, KNOXVILLE, TENNESSEE 37996

INSTITUTE OF MATHEMATICS, UNIVERSITY OF WARsAw, PKIN, IXp., 00-901 WARSZAWA,
PoLAND



