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OPTIMAL HOLDER AND L7 ESTIMATES FOR 9,
ON THE BOUNDARIES OF REAL ELLIPSOIDS IN C"

MEI-CHI SHAW

ABSTRACT. Let D be a real ellipsoid in C”, n > 3, with defining function
p(z) = ZL,(xi"“ +yim") -1, z; = x, + iy, , where n,, m, € N. In this
paper we study the sharp Holder and _L” estimates for the solutions of the
tangential Cauchy-Riemann equations 9, on the boundary 4D of D using

the integral kernel method. In particular, we proved that if o € L&i (0D)
such that d,a = 0 on 4D in the distribution sense, then there exists a u €
Ay, (0D) satisfying 9,u = a and ”u”AI/Zm(aD) < cllallyeoyp for some
constant ¢ > 0 independent of o, where A, ,,(0D) is the Lipschitz space
with exponent ﬁ and 2m = max, <<, min(2n, , 2m,) is the type of the
domain D.

0. INTRODUCTION

The tangential Cauchy-Riemann operators, or 51, complex, on the boundary
of a domain D in C", n > 2, have played an important role in the study of
boundary values of holomorphic functions and holomorphic extension problems
(see Kohn-Rossi [14] and Folland-Kohn [6]). When D is strongly pseudo-
convex, the 517 complex has been studied extensively by many authors. The
Sobolev estimates for 51, were obtained by Kohn [12] using subelliptic esimates
for O, . The Hélder and L? estimates were obtained first by Folland-Stein [7]
using analysis on the Heisenberg group and by Skoda [24], Henkin [10], and
Romanov [17] using kernel methods.

On weakly pseudo-convex boundaries, the C* solvability for 8, was proved
by Rosay [18] (see also Shaw [20]). The L? existence and estimates for 51, on
weakly pseudo-convex boundaries have been proved by Shaw [21], Boas-Shaw
[1], and by Kohn [13] independently. Much less is known about the regularity
for 5b on weakly pseudo-convex boundaries in the Holder and L? classes
for p other than 2. When » = 2 and the boundaries are of uniform strict
type, the Holder and L” estimates for 8, were obtained by the author in [22].
Recently Fefferman and Kohn [5] have proved the Holder estimates for 51; on
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weakly pseudo-convex boundaries of finite type in c? using the L? results and
microlocal analysis.

In this paper we study the optimal regularity of the solution for the equation
(l) 5[7“ = f s
where f isa (0, 1) form on the boundary D in Hélder and L? classes on
the boundaries of real ellipsoids in C”, n > 2. These domains are a special
class of weakly pseudo-convex domain of finite type. Our results are the first
concerning sharp Holder and L’ estimates for '8_b for n > 2 and should serve
as prototypes of estimates for 51: on general weakly pseudo-convex boundaries
of finite type. The Holder and L? estimates are particularly important since
they are crucial in many applications. Using the L? estimates, we are able
to prove the existence of holomorphic functions in the Nevanlinna class with
prescribed zeros.

The plan of the paper is as follows: In §1 we introduce the notation and
the main results. In §2 we derive the integral formula which solves 5,, explic-
itly. This follows from the previous work of Romanov [17], Henkin [10], and
Harvey-Polking [9] based on the existence of holomorphic support functions.
The holomorphic support function we use here was constructed by Diederich-
Fornaess-Wiegerinck [4] to prove the Holder estimates for & on real ellipsoids.
We note that the obvious choice of the holomorphic support function, the defin-
ing function for the complex tangent plane of 8D, does not yield the optimal
estimates, even though the complex tangent plane has the maximal order of
contact with the boundary. We estimate the kernels in Holder and L? spaces
in §3. These estimates are much more complicated than the cases in C? and
they show the complexity of the problem in C” when n > 2. In §4 we apply
the L? estimates to the Poincaré-Lelong equation. The results allow one to
construct holomorphic functions in the Nevalinna class with prescribed zeros.
In §5 we give some examples to show that the Holder estimates we obtained are
sharp.

1. NOTATION AND THE MAIN RESULTS

Let D be a real ellipsoid in C" with defining function
n
2 2 .
(1.0) p(z)=2(xknk+ykmk)— 1, Zp =X + 1Yy,
k=1
where n,, m, € N and n > 2,1ie, D = {z € C"|p(z) < 0}. It is easy
to see that the order of contact of the boundary point p, = (0,...,z, =
1,0,...,0) with any complex analytic curve I" which passes through p, is at

most max min(2n It 2m j) and p, is a point of finite type
maxmin(2n;, 2m.).
j#k 2 )

Thus the domain D is of finite type 2m = max, ., ., min(2n,,2m,). By a
linear holomorphic change of coordinates, we can always assume m, < n, . For
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more discussion of pseudo-convex domains of finite type and order of contact,
see D’Angelo [3].

We define D’ = {z € C"|p(z) < 6} and D; = {z € C"|p(z) < 5} fora
small number J > 0. The Lebesgue measure on 9D is denoted by ¢ and v(z)
denotes the outward unit normal at z € 8D . The letter ¢ will always denote a
positive constant which might vary from line to line.

Let 4, (0D) be the restriction of (p, ¢) formsin C” to dD. The (p, q)
forms on BD denoted by ,B ( D), where 0 < p<nand 0<gq < n,
are forms which are in 4, (aD) and are orthogonal to the ideal generated by
dp. Let T be the projection operator from 4, ,0D) to B, (0D). We use
L, ,(9D) to denote the completion of §, (8D) with L°(9D) norm, 1< s <
co. As usual, Ck(BD) denotes the space of functions whose kth derivatives
are continuous. le, ,(0D) are (p, q) forms on 6D with Ck(aD) coefficients.

The Hélder space of exponent o on 4D, 0 < a < 1, is denoted by A _(0D)
and is defined by the following norm (see Stein [25]):

el oy = suplul + sup 1480 (8O
g€? t]
0<I<1

<00,

where & = {g(t):t€[0, 1] > g(t) €D, g is C' and [g'(1)| < 1}.

The tangential Cauchy-Riemann complex 9,: 8, ,(6D) — B, ,.,(0D) is
defined as follows. Given f € B, ,(0D), choose fe A, (D) such that T f=
f. Then

(1.1) 3,/ =13/).

Note that 5b f does not depend on the extension f. We shall say 5bu =f
in the weak sense for u € L ,(0D) and fe Lp q+1(6D) if for any smooth
(n—-p,n—g-1) form y on BD

(1.2) (—1)"“/{3Du/\5bu/=/wf/\y/.

It is easy to see that when u and f are smooth, (1.2) agrees with (1.1).
Our main results of the paper are the following three theorems.

Theorem 1. Let D be a real ellipsoid in C", n > 2, with defining function p(z)
in (1.0) and 2m = max, ., m1n(2n , 2m, ) Let feLg’l(aD), 1<p<o,
where [ satisfies the compatibility condztzons
(i) If n=2, [,pfANd=0 forevery d-closed (2,0) form ¢ on D and
¢ is continuous on D.
(i) If n>2, 9,f =0 in the distribution sense.

Then there exists a function u € L*(0D) such that 0,u = f on 8D in the
weak sense.
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Furthermore, u satisfies the following estimates:
(i) If p=1, then |[ull py—5py < cllfllp1opy > Where
_ 2(n-1)(m—-1)+2n
T dm—Dm-D+2n-1
and ¢ > 0 is any small number.
(i) If 1 <p <2(n—1)(m = 1)+ 2n = py, then ||ullpayp) < cIfllpop)-
where q < q, and q, satisfies 1/q,=1/p—1/p,.
(111) If p = 2n=1)(m=1)+2n, then |[ul s , , < | fllpp, Sorall p' <oo.
(iii) If p>2(n—1)(m — 1)+ 2n, then ”u”Al/Zm—po/Zmp(aD) < cllflleopy) -
In particular, ||ul|Al/2m(aD) < C”f“Loo(aD), where the constants ¢ in (i)-(iv)
depend only on p, m, and D.

We introduce the Besov spaces Aﬁ(aD) ,0<a<l1, 1<p<o. Afunction
u € A2(4D) if and only if u € L*(9D) and

llu(g(2)) — u(g(0)ll s
”u”LP(aD) + zgg Itla L (BD) = “u”/\ﬂ(aD) < o0,

where & and g(¢) are defined as before. When p = oo, we have AZ°(6D) =
A_(8D) . Thus the Besov spaces are natural generalizations of the Holder spaces.
(For basic properties of Besov spaces, see [26] where Aﬁ (8D) is denoted by
AP>*°(0D).) We obtain below estimates for solutions of 8, in these spaces.

Theorem 2. Under the same assumption as in Theorem 1, there exists a u €
A? . (D) satisfying 8 ou = f in the weak sense and the estimates

1/2m
14llA s (DD) < ellfll o) »
where ¢ depends on m, p, and D only.

We note that when p = oo, Theorem 2 agrees with (iv) in Theorem 1.

We shall apply the L? estimates obtained in Theorem 1 to the zeros of
holomorphic functions in the Nevanlinna class. A holomorphic function 4 on
D is said to be in the Nevanlinna class, denoted by N(D), if

sup/ log* |h(z)|das < 00,
s Job,

where o, is the Lebesgue measure of 9D;. An analytic variety M = ) iV jM f
in D, where v; € N and the M f ’s are irreducible varieties in D, is said to be

of finite area if
ds,, = ,,,/ ds < oo,
fasu=%n],

where ds is the induced (2n — 2) measure on M iE Using the L' estimates
for 0, , we were able to prove the following:
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Theorem 3. Let D be a real ellipsoid in C" with defining function p(z) in
(1.0). Given any analytic variety of complex dimension (n— 1) such that M is
the zero sets of an analytic function on D of finite area, there exists a function
h € N(D) such that M is the zero sets of h.

The proof of Theorem 3 depends on solving the Poincaré-Lelong equation
80u = o with L' boundary values. Its relation with the tangential Cauchy-
Riemann equations was first investigated by Henkin [10] and Skoda [24] on
strongly pseudo-convex domains. On the complex ellipsoids it was also studied
by Bonami-Charpentier [2].

2. THE KERNEL FORMULA

In this section we shall use the Bochner-Martinelli-Koppelman formula and
the Leray formula to derive the kernels for the solution of 8, on D explicitly.
It is well known that such kernels exist for convex domains and the kernels
can be constructed using the complex tangent plane as the holomorphic support
function (see Range [16] and Harvey-Polking [9]). Harvey-Polking also showed
that such kernels make sense in the Cauchy principal-value sense. However, we
need precise estimates of the holomorphic support function in order to obtain
the optimal Holder and L’ estimates. The key in the present construction is to
use the special holomorphic support function employed by Diederich-Fornaess-
Wiegerinck [4]. This holomorphic support function is much more complicated
than the defining function of the complex tangent plane. Since the derivation
of the kernel formula follows closely the papers by Harvey-Polking [9], Henkin
[10], and Romanov [17], we shall refer the readers to those papers for details.

(2.1) Lemma. There exists a holomorphic support function ®({, z) on D’ xD°
such that

(i) D¢, z) is holomorphic in z.
(i) ®(¢,z)=0& =z and d.P((, z)|,_, =-0p({) #0.
(i) D¢, z) =Y, p,({, 2)({,~z;), where the p, ’s are C' functions holo-
morphic in z.

(iv)
|Re (¢ >1>c( ‘[T [am —z,»|2+tc,-—z,»|2’"'])

forall { e D‘S\D and z € D, where c is a positive constant.

Proof. This follows essentially from Diederich-Fornaess-Wiegerinck. We let
pj= 6p/8Cj and p5= Bp/aé'j. Define

Zp, z;-{)) ~aZl TN (2= G0+ (2 = 60T,
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where {, = ¢, +in, . If a is chosen to be small enough, then there exists ¢ > 0
such that

(2.2) 2Re®((, 2) < p(z)=p({)— sZ[ (R

k=1
To prove (2.1), we note that there exists a constant ¢ > 0 such that for all
t,T€R,
(2.3) £~ _2pt Nt - 1) > 8P (=) + (1 - 1)),
(2.2) is proved easily by the convexity of * and comparing the highest term
on both sides. Thus we have from (2.3)

)lzk—§k|2+lzk—€k|2mk]

(2.4)
p(2) - p(8) - 2Rep,(z, - {,)

>0 Z[éznk_z ) + ,’ka 2( Vi — ﬂk)z + (X, — ék)an + (yk - ﬂk)zmkl
Since

_ aReZ 2m;, -2 _éan—Z)(z _ Ck)Z
- _a Z[ank -2 X ) +§2nk 2( k _ r,k)Z

2n, -2 2m,—2 2
-& " (k_ék) —"kmk W= m)7]
if we choose o < d, then the term

aZ[éz"“Z &+ T v — 1)’

can be absorbed by the right-hand side of equation (2.4). To control the term
—aReY[_ (z, — Ck)2m" we only need to estimate the term Re(z, — Ck)zmk <0.
This can be estimated in two parts:

) If |y, — mil < gglx, — G|, where ¢, > 0 is chosen small enough, then
Re(z, — )™ > Lx, — & [*™ > 0. There will be no extra condition
on «.

(i) If [y, =Ml > eghxe — &l then |z, — ™ < (1+1/86)"™ |y, — |
Thus if we choose a such that a(1 + 1/e,)*™ < §/2, then this term
can be absorbed by the last term in (2.1). Thus if a is chosen small
enough, there exists an ¢ > 0 such that (2.2) holds.

Letting p,((, 2) = p; — al(n ™" = &™)z, = ¢) + (2, - ¢)P™ '), (i) is
proved.

2my

Next we use ®({, z) to construct the kernel formula for 5,7. Let B denote
the Bochner-Martinelli-Koppelman kernel for the (0, 1) form, i.e.,

(=124t T -2, dT - 2), ..., dT—2)),,,
2ri)" £ -z

B, z)=

b
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where
C-2=0C-7,....5,-2,)
and
dC-7)=(d{ -dz,,...,dl, ~-dz,),
t is the transpose. We define
B! f(z) whenzeD,
aD FONBE, ) dG A AL, = Bg;gz; when z € C"\D

for any f € L(I; .1(0D). We have the following jump formula.

(2.5) Lemma. Let D C C" with smooth boundary 8D . Let f € Lj \(8D) and

0,/ =0 when n>2. Then B,,f is 8-closed on D and B, f is 8-closed on
C"\D. Furthermore, for any continuous (n, n—2) form w on 0D, we have

lim (B, f(z —ev(2)) — By, f(z +ev(z))]| A y(z / f(2)Ay(z
e—0" JzedD
Proof. When f is smooth, see Harvey-Polking [9]. For any general f with L’

coefficients, an approximation argument can be applied.
Let L denote the Leray kernel generated by ®({, z), i.e.,

(~1)""=D2 det(P(L, 2), B, P&, 2), ..., By P, 2
(2ni)" o, 2)"

P, z)=(p,({, 2), ..., p,(C, 2))

9, P, 2)=@, 0, 2),..., 8, .p, (¢, 2)"
Weset L*(¢, z) = (-=1)"L(z, ¢) and define

Lypf(z) = FOANLK, z)AdE A---ANd{, whenzeD,
{eaD
Lypf(z) = FOANL(, 2)AdL A+~ AdE, when z € C"\D.
{edD
Let 3
_ Cj_?j _ pj(C,Z)
nj(C,z,l)—l——K_Zlﬁ(l Mcp(g,z)
and
(=1)rn=1/2 _ B
R(C,ZJ)=Wdet(n,(6C’z+dl)r],...,(6¢,z+dl)n)nxn,

where again n = (1,(¢, z,4), ..., n,({, z, A))' . We also define R*({, z, A) =
(-D)"R(z, ¢, 4).
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We define R;,f(z) and R,,f(z) b

(2.6) Ripf(z)= /ceap FOARC. 2, )N A+~ AdL, forzeD,

0<4i<1

(2.6') R;,f(z) = / ceon FOAR(C, 2, ANdL A~ AdC, for z € C\D.

0<A<1
Then we have the following lemma.

(2.7) Lemma. Let f € Ly (8D) and 8,f =0 if n > 2. Then we have

(28) ()  9,R,,f(z)=B,,f(z) forzeD,
(29) () i n=2.0.Ropf(2) = By (2) = Lyp S (2) forz€ C\D,

(2.9 ifn>2,9 R, f(z)=B,,f(z) forzeC"\D.

Details of the proof for this lemma can be found in [22]. The key point in
the proof is the fact that (5(,z+dA)R(C’ z,A)=0forall ({, z)e (D'S\_D-) xD,
where R({, z, A) is smooth.

(2.10) Lemma. Let f € Lg’l(aD), 1 < p <oo. Then the integrals R;Df and
R;pf have boundary values for almost z € D, i.e., if we define

(2.11) Tf(z)= 1ir(r)1+ Ry, f(z —ev(z)),
(2.12) Sf(z) = 1irg+ R, f(z +ev(2)),

the limits on the right exist a.e. for z € O0D. Furthermore, T and S are
compact operators from Lg’l(aD) to LP(8D).

We shall postpone the proof of this lemma since it follows easily from the
proof of Theorem 2. In Theorem 2 we prove that 77 and S are bounded
operators from Lg 1(0D) to Afﬂm(aD) , which implies T and S are compact

operators from L{ (D) to L*(8D).

(2.13) Theorem. Let f and D be the same as in Theorem 1 andlet T and S
be defined as in (2.11) and (2.12). Then

(2.14) f=5b(Tf—Sf)
in the distribution sense.

Since f satisfies the compatibility conditions and L*({, z) is 9 ,-closed for
{eD,wehave Ly, f=0 for z€ C2\D in (2.9).
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From Lemmas (2.5) and (2.7), for any smooth (n, n—2) form ¢ on 4D
we have

/ £(2) A w(z)
oD

—tim [ [Bipf(z - 0(2)) - Bypf(z + sv(z)] A w(2)
e—0" JzedD

lim [EZR;Df(z —ev(z)) —0,Rypf(z +ev(2)] A y(z)
e—0" JzedD

lim [R,pf(z —ev(z)) — Rypf(z +ev(z))]AD,y(z)
e—0" JzeoD

= lim aD[Tf(Z) ~Sf(2)]A8,¥(z)

e—0" Jze

which implies (2.15) in the weak sense as defined in (1.2) in §1.

3. PROOF OF THEOREMS 1 AND 2

In this section we shall estimate the solution derived in (2.14) and justify
Lemma 2.10 at the same time. By integrating over the A variable in (2.6) and
(2.6'), we have

(3.1) Ry f(z) = FOAKE, z)AdS A---AdL, forzeD,
{edD

(3.1 Ry, f(z)= FOANK (L, 2)AdL A AL, for ze C\D,
{edD

where K({, z) =Y K,({, z) and

(n—2—g)-times g-times
_ 1 det(z_?’P(C’z)3 dzy""EC,5L'P(Caz)5"~15cP(C’z))
(3.2) K, 2)= )" O, 2L = 0T )

We define K*({, z) = K(z, {).
We note that K(z, ) and K*({, z) have only singularities at { = z. We
shall first prove that the kernels K and K™ are integrable. In fact, we prove

(3.3) Lemma. There exist constants M, and M, such that

(3.4) / IK(C, 2)|"da, < M, uniformly for z € D,
aD

(3.4) / \K*(¢, 2)|*da, < M, uniformly for z € D°\D,
aD

where a is any number such that
1<a<y=QR2n-1)(m-1)+2n)/(2(n- I)Zm -1)+2n-1).
Proof. Let K, be defined as in (3.2). We shall prove

(3.5) / K, (¢, 2)"do, < M uniformly for z € D,
aD
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where a is any number such that 0 < a < a, and

4 = 2(g+ 1)(m—1)+2n
7 2+ 1l)(m-1)+2n-1"
Then (3.4) will be proved since a, <a, <---<a,_,=7.

Since K(¢, z) is smooth except at { = z, it is clear we only need to estimate
(3.5) when |{ — z| is small. We also note that only the complex tangential part
of K({, z) will be integrated. Lete B _(r) be a ball in C" centered at x with
radius r. We cover the boundary 9D by a finite collection of balls {B, (170)}, {
such that x; € 4D and 7, is small. We also require that B (110/2) covers
a tubular nelghborhood of dD. We shall estimate (3.5) for ze B, (;10/2)

for some fixed i, and denote B, (7,/2) = B and B (1, = B. Thus for
I —z| < ny/2 we have { € B. If 1, is small enough, one of the coordinates

of {,,¢{,,...,{, must be bounded away from zero on B. Assuming that
coordinate is ¢, , i.e., |[Re{ | > & > 0, we can choose a basis for the (0, 1)
complex tangential vector fields L,, ..., L,_, such that
- 0 0

3.6 L =p— —p-—, i=1,...,n—1.
(3.6) j = Pry 3 i 4 J
Using (ii) of Lemma 2.1, {,, ..., ¢,_, {,, ..., {,_, and Im®({, z) are lin-
early independent and thus form a coordinate system on BnaD.

We introduce new real coordinates ¢ = (¢,,T;, ..., L, T, 1> 1,_y) =

(¢',t,,_,) on BNaD such that

{l;c=tk+irk=zk_ck’
ty,_, = Im®(, 2).

Let y = |p(z)|; then under these coordinates we have from Lemma 2.1,
(3.8)
\do,| < cdtydz,---dt,_ dt,_dt,, I_ca't_cdt dt,, ,,

n—

(3.7)

IC—z|>c(lf'| +y),
D¢, z)|

n—1

2n, -2 2m -—2 2m

Zc{y+|t2n_1]+ § :[(Xk—tk) ‘ +(yk—Tk) - |tk| +'tk| k}
k=1

From now on, we shall always assume n,, m, > 1 (the other cases are
simpler), since from (3.6) and the definition of the p,’s, we have

(3.9) Lo (¢, 2)] < 8llpg O+ (&> + 1 L, = 2,11
for i,k=1,2,...,n—1 and
(3.10) Lo, Dl <c(& +m ™, i=1,..,n-1
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In ¢ coordinates, (3.9) and (3.10) become
(3.11)

fzipk| < Jik[(lxk - tk|

2n, — 2mk—2) 2n,—3 2nk—3)

2 [
+Ve =7l + (X =1l +1y =T AP

—_ 2n.—1 2m, —1
(3.11) Lol < cllx, = /7 + vy — 7 7.

To prove (3.5), we note that

' H;I'=1 'ijpkj(c, 2)|
|®|q+llc _ Z|25+1

where Y is summed over all g-tuples 1 < k; < k, < -+ < k,<n,s=

n-2-gq.

To show that each term on the right of (3.12) is in L*(dD) uniformly for
all z € D, we need the following lemma.

(3.13) Lemma. For a>1, j>1, A>0, and I ={(t, 7)|f* + 1° < 1|}, there
exists a constant c¢ satisfying the following assertions.

. Ix —tf dtdr < oqC
. A7,
® /1 (Ix =t/ (2 + 1)+ 4> ~ ¢

(3.12) K, (L 2 <Y

b

— Pt
(i) / |x —t]"""|t|dtdt <ed™®
1

(Ix =t} (2 + 72 + 4! ~

Ix =t Yt|dtdt -a
(iii) / : : <cd 7,
I(x =t/ (2 + )+ (V2 + 722 4+ )

L IEV e ded <A™
) /1(|¢|f'(12+z2)+(\/?_+?)f+2+A)“+"c ’

j—1

/ .2 2,é| ltlzdtdzt +2 Sed™,
1(EP (2 + )+ (VI + 1222 4 4!

uniformly for |x|, |£] < 1.

Proof. Parts (i), (i1), and (iii) of this lemma are proved in [4]. Since this lemma

is crucial in the estimates that follow we shall include a proof for (i)-(iii).

To prove (i), we divide the domain of integration into three parts:
(@) If |1 < 3lx|,

v)

/ Ix -t/ dtdt / x|’ dtdt
T(x =P+t + A = S (Ix)P (e + %) + 4!

1 J
x|['rdr —
SC/ e
o (|x['r-+ A)
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(b) If x| < 41,

/ lX—l|jdtd‘L' / |l|jdtd‘[
(7 2 atl < J(s? 2 a+l
Hx = @4 7) - 7 T 7+ 4)

2n ol Jj
= C/ / ‘ercosel rdrdt S <cA™"
o (r™|cosb} + A4)*

(c) If §|x| < |t| < 2|x|, we have 3|¢| > |¢t| + |x| > |x —¢|. Making a change
of variable x — ¢t = 7, we have
|x —t)/ dtdr - / i didt
1(x =t (2 + 78 + 4 ~ g o< (117 (2 + 12) + A)
2n 2 LJ+1 ejd de —u
co[" [ Lot drdn
o (r’™|cosB) + A)
Part (i) is proved. (ii) can be proved in exactly the same way. To prove (iii),
we divide the domain of integration into two parts:
(a) If 7] < |x —1|
/ Ix — 1t/ Y7|dtdr
Hx =t/ (2 + )+ (VEE+ 1) + 42!

x =t didt a _
: /1 P+ A = cd = by ).

a+1

(b) I [o] 2 |x — 1

/ Ix —tf "|7|dtdz

I (IX—tfj_l(tz-i-rz)-f—(\/tz_,,—rz)j+2+A)a+1
< |t dtdt
= /_2_1‘ +T§)J+2+A)a+1

27[ 1 J+1 j
<c/ / |sin@|’ drd@ <o

r]+2+A a+1

To prove (iv), we decompose I into two parts:
(a) If |t] <[], then

/ eV~ 1| dedt
LIV (2 + %) + (Vi + 22 4 )t

Iéljdtd‘[ 1_@_’,_ e
S/I(|§|JA(12-+-12)+A)"+l < C/O (EPrE + 4)™ scd .

(b) if || < [¢], then

£ e\ dedT - /1 g, .
' NN Scf| —m—ar Sed .
/I(|é|’(t2 +7)+ (VE+ PPt T o (7 )
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Part (v) can be proved exactly the same way and the lemma is proved.

To finish the proof of Lemma 3.3, using (3.7), (3.8), and (3.12), it suffices to
show that (k, ..., kq) =(1,2,...,q) and the other terms in (3.12) can be

estimated similarly.
Let

. Tl = P72y, = o P77 4 (o — P 7 4y, = 1 P )1 d
4 list Lty |+ TE2I0 = 50772+ 0 = 1) ™ P + e POy R
We shall prove that there exists a constant M such that

(3.14) <M

uniformly for [z| <1, forall a<a,.
To prove (3.14), if ¢ =0, we have

1
I 5/ dt
0 IIISI (|Z2n_1| +|t/|2m)a,tl,(2n—3)a
1 /
</ dt
t|<l|t|2ma1’tl2n3
1 P23 dr
< C/o 2ma=D+(n-3)a <

since a < (2m+2n-2)/(2m+2n-3) =aqa, and 2m(a—-1)+(2n-3)(a-1) < 1.
When g > 1, we let

"

E=(t, T, .5t Tt s byy_1)s

q’

" "
where 7= (t, 1, T, sty s 7, ,) and dt" = dtq+1d‘tq+l edt,_dt, |
Let

2n.—2 2m. =2 2n,— 2m;—-3

=|-xj_tj| ’ +|yj—rj| ! +(|xj_tj| +|.V "Tl It'

and 2n,—-2 2 2 2
n.— m- / m
Bj=[(xj—tj) ! +(yj-7) ]|t|+|t|

Then (3.14) becomes

q
Ia </ ( ] lAj) dt
! l71<1 ('th—ll + EZ;II Bk)(q+1)a1t/|(2s+1)a
since a > 1. We integrate the right-hand side with respectto ¢,, 7,,¢,, 7,, ...

and ¢, 7, respectively using Lemma 3.13 g-times. Then

1
[ _
|(’”J2,,_|)|S1 (ltzn—ll + |t”|2m)(q+l)a qlt//|(2s+l)a

IN

"
dt,,_,dt

a
Iq

IA

1 "
C/III,Kl |t1/|2m(q+l)(a 1) i(2s+1) t

1 23+1dr
c/o mig+ a1+ +Da <
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since a < a, = (2(¢ + 1)(m - 1) + 2n)/(2(qg + 1)(m — 1) + 2n — 1) and claim
(3.5) is proved. (3.4') can be similarly proved. This proves Lemma 3.3.

(3.15) Lemma. There exists a constant c, depending only on m and p, such
that

(3.16) sup |grad R} f(z)] < co~ ' H/2m=hl2me g
2€0D; ob ?

and

(316/) sup |gI‘adRan I < 5—]+1/2m ﬂo/sz”f”
zeaD’

where By =2(n—1)(m—-1)+2n, By <p<oo,and |f|,= “f”LS,I(aD)‘

Proof. We shall first prove (3.16) when p = oo and p = 8. Let K g be defined
as in (3.2). Then

L p 5., I, oy |
/ j:]l k ¥k, j=1 kk.

(3.17)  leradK (L, 2) < A AN
q |(qu+l|c _ Z|25+2 l¢|l]+2|c_ 2‘25+1

where Z' is summed over all increasing g-tuples (k,, k,, ..., kq), 1<k <
k, < mgqun,and g+s=n-2.
Thus (3.16) will be proved for p = oo if we can show

H, llLk Pk' d 2
(3.18) I = /w ST 4o < cloglp(2))

HJ 1 lLk pk I 1+1/2
(3‘19) 2 /;D |¢’|q+2lc l2$+2 dGC - C|p( )l m;

and (3.17) will be proved for p = f, if one can show

©_ L, 2, IIFQ) )
(3.20) I3=/6D Ié)|;+1lz’_"12|2s+z do, < c|p(z)| 1||f|l,,o,
L, 5, IFQ)]
(3.21) = m;“!k kz;2s+2 da, < clp()|”" 1/l

We shall estimate (3.18)—(3.21) assuming k, =1, ..., kq = g . All the other
terms can be similarly estimated.

Using the local coordinates ¢ introduced in (3.7) and the estimates (3.11),
(3.11"), we have (using the same notation as before)

q
(3.18) I < c/ niT‘qu+1 ; 52 4t
<1 (|tzn..1| +y+ Zk=1 B,) (71 +y)
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Integrating with respect to dt, dt,, dt,dr,, ..., dtq dt g respectively and
applying Lemma 3.13 ¢ times, we have

Ui
P <c/ dt dt,,_,
1 = " 2 25+2
("t DIU (g [+ ¥ + )+ )T

logy " (logy)
Sc/ ————dt SC/ dr < c(logy
t”|<l y+|t”l 2542 o r+y )
To prove ( , we repeat the same arguments. Then we have
1 "
I,<c / dt,,_,dt
" ISt (g |4y + [P 4 p)Pr

1 "
dt +C
/ y+ 'tIIIZm)(ltlll +y)23+1 1

Vodr _
Sc/ <oy 1+1/2m
0o y+r

Thus (3.19) is proved. To prove (3.11), by Holder’s inequality we have

q Zpl 4, I/aq
J=1"j"]
bs [/zw (|<I>|‘”‘|c —ae) 4o Wi,

| p | 1/a,
= [/ao |®'(a+l)a"|C _ !(2s+2)aq dac] ||f||,go

since l/aq +1/B,=1. Integrating dt, dz, ..., dtq drq and applying Lemma
3.13 g times, we have

r " 1/a
Leelf ! I
3= (" 1y, )< (lt2n—1' 1y + |t//l2M)(‘l+1)aq—q(|l/ll + y)(23+2)aq By

1/a
dt”
<c / !
|t"|<l (y+ |I//|2m q+1 (a —1 (lt |+ )23+2)aq “ ”BO

<e|[ dr ]/ I
< o (y+r2m)(q+1)(a (r+y)(23+l (a -1)( + )% By
- 1/a
- dr ‘
a,+e
<cly /0 (v + 2+ (e, 1), @+ Da,~D+e ||f||,;0
(3.20)

1/2m 1/a
v = r/y1/2m —c y—aq+s—e/2m /l/y dv
o (1 + o2+ e, =1, 54,1

where & > 0 and we have used

(g+1)(a, - 1)+ -2—%[(2s+ I)(a,-1)+¢] - ﬁ =

2m’
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Since 2m(q+1)(a, —1)+(2s+1)(a, - 1)+¢e>1 and (2s+1)(q,—1)+e< 1
if ¢ is sufficiently small, it follows that the integrand in (3.20') is integrable,
_ —e/2 1 -1
L < ey ™ =M £, < ey A,

and (3.20) is proved.

Finally, we proceed as before to prove (3.21). We have

dt,,_ dt" Ve,
14 <c / " 112my(g+2)a, —q 1"N2s+1)a ”f”ﬂo
L1671, )IST (It |+ Y+ [E177) 754y + |£7) ‘

1 1/a
"
sc¢ /It”|<1 (y + |t//|2m)(q+2)aq—(q+1)(y + ltlll)(2s+l)aq dt ] “f“ﬂo

1 I 1/a,
s¢ /0 (y + r2m)(‘1"'2)%—(<I+l)r(2s+1)(aq—1)] ”f“,go
=cly ™% Ly dv e,
Y /0 (1+ Uzm)(q+2)aq‘(q+l)v(25+1)(aq-—1)] I1£1lg,
<cy I flly,
since | |
(@+2)a, = (q+ 1)+ 525+ 1)(a, = 1) = 5~ =4a,,

2m(g +2)a, - (@ + D]+ @25+ (@, = 1) > 1,

and (2s+1)(a, — 1) < 1. (3.32) is proved. Thus (3.17) is proved for p = B,
and oo since y is equivalent to ¢ .

To prove (3.16) for B, < p < oo, we use an interpolation argument. By the
linearity property in (3.16), we may assume | f||, = 1. Let f = f;+ f,, where
fi(z) = f(z) if |f] < h and f; = 0 otherwise (A is a positive constant to be

determined later). Then f, € Lg?l(aD) and f, € LS‘?I(E)D). Using (3.17) for
p =B, and p = oo we have

(3.22) sup |grad R, ,f(z)| < sup [|grad R, f,(2)| + |grad R} , £, (z)]
2€8D; z€0D;

<@ hllg, +07 AN
Since |If,]|l, <k and || f]l, >k,

AR L . e
flly,= | [ 1f°da] s[h"'/ 1 da}
Wollg [ o0 4% 11>k ‘

= n' =y ) o = IR,

Thus if we choose 4 = 3 %/ then (3.22) becomes

sup |grad R}, f(2)| < co~ "2 A2y g
zG@DJ
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and (3.17) is proved. (3.16') can be proved similarly and Lemma 3.15 is
proved.

(3.23) Lemma. For every 1 < p < oo, there exists a constant ¢ such that

(3.24) | 8rad Ry f(2)l1s(an, < €6~ "1 I rom)
and
(3.24) | grad Ry £ (2)ll ooy < €8~ "1 fll oy

Proof. When p = oo, this is proved in Lemma 3.16. To prove (3.24) when
p =1, using Fubini’s theorem and letting o, denote the surface area on 9D,
we have

/ |grad, Ran )| da,

/ao/ |grad, K(C, 2)||f(¢)|da, do,
= ./ao [/aua |gradK({, z)|doa, |f(§)]dac

—Z/ |grad K (¢, z)do,|f({)|do,.

To prove (3.24), following (3 17) it suffices to show
/ Z H, 1'ijpk|
d

(3.25) . |<qu+1|§— |2$+2 do, < c(logd)
)
and
326 Z HJ llLkpk | do, 5—l+l/2m
( N ) aD& |¢|q+2‘€ |2S+2 '

Since in (3.25) and (3.26) the kernels have singularities only at z = {, we
shall localize in a small neighborhood |{ — z| < ¢ and use a change of variables
similar to (3.7) (viewing { as a parameter and the z, ’s as variables). Then
(3.25) and (3.26) can be proved exactly in the same way as (3.18) and (3.19)
except that we invoke (iv) and (v) of Lemma 3.6. We omit the details here
and (3.24) is proved for p = 1. For 1 < p < o0, it is an easy consequence of
the Marcinkiewicz interpolation theorem (see e.g. Stein [26]) and the lemma is
proved.

Proof of Theorems 1 and 2. Now we can easily prove Theorems 1 and 2.
Using Lemma 3.3, the kernels are in L?(dD) for a < y, thus by the application
of a lemma in Folland-Stein (see Lemma 15.3 in [7]), (i), (ii), and (iii) in
Theorem 1 follow easily.

To prove (iv) of Theorem 1 and Theorem 2, we use the following version
of the Hardy-Littlewood lemma: For 0 < a < 1, if a function v € C l(D)
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satisfies ||gradv(z)|1Lp(3D6) < C6™'** uniformly in &, then v € A’ (8D). For
a proof of this lemma, see Krantz [15] or Ramanov [17]. Theorems 1 and 2 are
proved using Lemma 3.23. It remains to prove Lemma 2.10. From Theorem
2, Tf and Sf are bounded operators from L{ ,(8D) to A] 2m(8D) . Since

Af),,(0D) is compact in L?(D), the lemma is proved.

4. THE POINCARE-LELONG EQUATION AND THE PROOF OF THEOREM 3

In this section we shall prove Theorem 3 using the estimates obtained in §3.
By the Poincaré-Lelong equation, for any holomorphic function 4 in D, we
have

1 =
(4.1) 500h = M,

where M, is the zero divisor of /. One can reduce this problem to solve
(4.2) 00u =a,

where o is a positive d-closed current with finite measure coefficients. We
are looking for solutions u in (4.2) with L' boundary values. To do this we
proceed as in Henkin [10] and Skoda [24] (see also Rudin [19] and Shaw [23]).

(4.3) Lemma. Let o be a positive d-closed (1, 1) formon D, i.e.,
n —
a= Z aﬁdzi/\d?j, aijeC“(D),
i,j=1
and a5 Is positive definite. Then there exists a (0, 1) form f on D such that

(i) 9f=0,
(i) 0f-0f =a,

(iii) there exists a constant ¢ depending only on D such that

(4.4) 1Ly op) S €l o))

Proof. Since D is star-shaped, it follows from the classical Poincaré lemma
that if we define

n n 1
(4.5) flz)=)_ f,dz,, where f, =) z /0 ta z(tz)dt,
k=1 j=1

then f is d-closed and 8f —8f = a. (For details, see e.g. Rudin [19,
Theorem 17.2.7].) Since a is positive, we have 2|as| < aj +oaj; for all
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i,j=1,2,...,n. Thus from (4.5)

/6D z)|do, < Z/ |Z|/|ta (tz)|dtda,
5"2// +(t2)| dtdo,
SCEJ:// (tz)dtdo,

< CZ: ”aﬁ”L‘(D) < C”a”L:,l(p)
J

and the lemma is proved.

(4.6) Lemma. Let f be a smooth (0, 1) form on D such that 9f =0 on D.
Then there exists a smooth function u such that

(i) Ou=fonD,

(ii) ”““L‘(au) < C”f“Ll(aD) , Where c is independent of f.

Proof. Let u = B,f + R;Df, where R;D (z) is defined as in (2.6) and B, f
is defined by

1
BDf=W/Df(ow(c,z)AdCIA--‘Aan,

(4.7)

where B((, z) = det(l -z, dC, ..., d0),, /I — z[", i.e, u is the Grauert-
Lieb Henkin solution of 8 on D. Then du = f and it follows from [4] that
u € Ay),(0D). One can also modify the argument of Siu to show uniform
bounds for the derivatives of u and obtain u € C*(D). We shall omit the

details since our main application is (4.7).

To prove (4.7), we note that when z € 9D, it follows from Romanov [17]
(see also Shaw [23]) that u(z) = R;D (z) = R,pf(2), ie, Oyu=f and u
is exactly the solution constructed in §2. Using estimate (i) in Theorem 1, we
have proved ||ul|,,--(0D) < c||f||L(1) l((B?D) and the lemma is proved.

(4.8) Lemma. Let o be a positive d-closed (1, 1) form on D with smooth
coefficients in D . Then there exists a function u such that u € C>(D) and

(i) 00u=a,
(i) ullprop) < cllallr o)

Proof. This is an easy consequence of Lemmas 4.3 and 4.6.

Using Lemma 4.8 and the Poincaré-Lelong equation, one can easily prove
Theorem 3 by an approximation argument. We shall omit the details and refer
the readers to [19] and [23] for details.
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5. A SPECIAL DOMAIN

In this section we consider an example which shows that the Holder exponent
1/2m — B,/2mp obtained in Theorem 1 is the best possible. This example is a
modification of an example of Stein (see Kerzman [11] and Krantz [15]). Let
D be the complex ellipsoid in C" defined by D = {z € C"||z,|*+-- -+ 12,_, *+
|zn|2'” < 1}. We shall assume S, < p < oo. First we consider f, < p < oc.

5.1, Let

dz - -
f(Z)=T—Z"—b, where p = 2= Dlm -V +2n _ A
(z;-1) 2mp 2mp
and define (z, — 1)° to be the branch with 0 < Arg(z, — 1)’ < 2z for all

z, ¢ [1,00).
(5.2) Lemma. f(z) is 8,-closed and f € Lé’l(aD) forall s<p.

Proof. Since f=1(0Z,/(z, - %), fis d,-closed. Since

(5.3) iz <I-lz)P <20 =z, Jj=1,....n-1,

and

(5.4) 2, < 1—|z,)> <2(1 - |z,)

on dD, if we parametrize 8D near a neighborhood U of (1,0,...,0) by
(Y15 Yy> V35 .-+ Z,) , then from (5.3) and (5.4)

/Uiflsdazs/ul—l—tlzﬁdaz

/ ! do
vz, P17 )2
< / !

T ol =z PP, |

1 g Vdx.d Vdx d .
sof (1 588) (L 588) m s

Next we shall assume p > .

do
ZS/pIZnIZS/p z

(5.5) Theorem. If u is a solution satisfying 5bu = f in the weak sense, then
u ¢ A (OD) for any o > 1/2m — B,/2mp = «a,. However, there exists a
solution v € A%(aD).

Proof. Let v(z) =%,/(z, — l)b. Then v € A%(aD). To see this, we note that

veC™ (_D_\xo), where x;, = (1,0, ..., 0). We choose a small neighborhood
U around x, such that |p(z)| <c|1 - x,|. Then

1 —b
5.6 sup <c <c|p(z
(5.6) R T STy 1p(2)]
)]—l+a0

<clp(z since 1 — b > ay,.

Using (5.4) we have
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(5.7) sup 12|

1/2 2
c(l -z, /2m <c(l —xl)l/ m ( |—1+1/2m—b
zepnv |z, = 1P T -z 7Y T T (1-x))

S clp(z)

It follows from (5.6), (5.7), and the Hardy-Littlewood lemma that v € A%(aD) .
For any solution u € A (0D), if a > «,, then u —v € A%(aD) and

5b(u —v) = 0. It follows from a theorem of Bochner’s that ¥ — v is the
boundary value of a holomorphic function # in D. Let u = v + h; then
ueA, (D). Let I, ={z€dD|z,=1~¢,2,=0,...,2,_, =0, |z, =¢},
I,={ze€odD|z,=1-2¢, z,=0,...,z, ,=0, |z M —¢},and 6 = ¢'/*".

n—1
Then
dz —/ ndz
/r " Jr "

1 2

/ a(l—a,O,...,O,zn)dzn—/ a(1-2¢,0,...,0,z2)dz,
T r

1 2
2n

al

(5.8)

< cga+l/2m.

=o|] [m(1-¢,0,...,0,8¢°)~u(1-2¢,0,...,0,0e7)d0| <

0

On the other hand, let €, and Q, be the plane region in D bounded by
I', and I', respectively. Then by Stokes’ theorem we have

/adzn—/udz /6 udz, —/6 udz,
l—‘l
dz,dz, dz,dz, 5° s
- n _
/nl o /n (~2e)° (—e)  (-2¢)°
Since 0 < b < 1/2m, we have |1 — 1/2°| > C, > 0. Combining this with
(5.8) and (5.9), we have |1 — 1/2°16%/¢® < ce®™'/*™  which is impossible if
a>1/2m—b. Thus u ¢ A_(0D) forany a > 1/2m—b. When p = oo, let
f(z) =dz,/log(z, - 1). Then f € C, (0D) and f is d,-closed. The same
arguments as before will show that there exists no solution u € A_(9D) for any
a > 1/2m and the theorem is proved.

(5.9)

7162
8b

1

1—2—b.

Note added in proof. Recently Fefferman, Kohn, and Machedon have proved
Holder estimates on CR manifolds with a diagonalizable Levi form (see [27]).
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