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OPTIMAL HOLDER AND L P ESTIMATES FOR 8b 
ON THE BOUNDARIES OF REAL ELLIPSOIDS IN en 

MEl-CHI SHAW 

ABSTRACT. Let D be a real ellipsoid in en, n ~ 3, with defining function 
p(z) = E~=I (x~nk + y~mk) - 1, zk = xk + iYk ,where nk , mk EN. In this 
paper we study the sharp HOlder and L P estimates for the solutions of the 
tangential Cauchy-Riemann equations ab on the boundary aD of Dusing 
the integral kernel method. In particular, we proved that if 0: E L(({,I)(aD) 
such that abO: = 0 on aD in the distribution sense, then there exists a u E 

A I/2m (aD) satisfying abu = 0: and lIuIiAl/2m(lW) ::; cllo:iiLOO(IlD) for some 
constant c > 0 independent of 0:, where AI / 2m (aD) is the Lipschitz space 
with exponent 2~ and 2m = maxi <k<n min(2nk , 2mk) is the type of the 
domain D. - -

O. INTRODUCTION 

The tangential Cauchy-Riemann operators, or 8b complex, on the boundary 
of a domain D in en, n ~ 2 , have played an important role in the study of 
boundary values of holomorphic functions and holomorphic extension problems 
(see Kohn-Rossi [14] and Folland-Kohn [6]). When D is strongly pseudo-
convex, the 8 b complex has been studied extensively by many authors. The 
Sobolev estimates for 8b were obtained by Kohn [12] using subelliptic esimates 
for Db' The Holder and L P estimates were obtained first by Folland-Stein [7] 
using analysis on the Heisenberg group and by Skoda [24], Henkin [10], and 
Romanov [17] using kernel methods. 

On weakly pseudo-convex boundaries, the COO solvability for 8b was proved 
by Rosay [18] (see also Shaw [20]). The L2 existence and estimates for 8b on 
weakly pseudo-convex boundaries have been proved by Shaw [21], Boas-Shaw 
[1], and by Kohn [13] independently. Much less is known about the regularity 
for 8b on weakly pseudo-convex boundaries in the Holder and L P classes 
for p other than 2. When n = 2 and the boundaries are of uniform strict 
type, the Holder and L P estimates for 8b were obtained by the author in [22]. 
Recently Fefferman and Kohn [5] have proved the Holder estimates for 8b on 
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weakly pseudo-convex boundaries of finite type in c2 using the L 2 results and 
microlocal analysis. 

In this paper we study the optimal regularity of the solution for the equation 
(1) 

where f is a (0,1) form on the boundary aD in Holder and L P classes on 
the boundaries of real ellipsoids in en, n ~ 2. These domains are a special 
class of weakly pseudo-convex domain of finite type. Our results are the first 
concerning sharp Holder and L P estimates for lJ b for n > 2 and should serve 
as prototypes of estimates for lJb on general weakly pseudo-convex boundaries 
of finite type. The HOlder and L P estimates are particularly important since 
they are crucial in many applications. Using the L P estimates, we are able 
to prove the existence of holomorphic functions in the Nevanlinna class with 
prescribed zeros. 

The plan of the paper is as follows: In § 1 we introduce the notation and 
the main results. In §2 we derive the integral formula which solves lJ b explic-
itly. This follows from the previous work of Romanov [17], Henkin [10], and 
Harvey-Polking [9] based on the existence of holomorphic support functions. 
The holomorphic support function we use here was constructed by Diederich-
Fornaess-Wiegerinck [4] to prove the Holder estimates for lJ on real ellipsoids. 
We note that the obvious choice of the holomorphic support function, the defin-
ing function for the complex tangent plane of aD, does not yield the optimal 
estimates, even though the complex tangent plane has the maximal order of 
contact with the boundary. We estimate the kernels in Holder and L P spaces 
in §3. These estimates are much more complicated than the cases in e2 and 
they show the complexity of the problem in en when n > 2. In §4 we apply 
the L P estimates to the Poincare-Lelong equation. The results allow one to 
construct holomorphic functions in the Nevalinna class with prescribed zeros. 
In §5 we give some examples to show that the Holder estimates we obtained are 
sharp. 

1. NOTATION AND THE MAIN RESULTS 

Let D be a real ellipsoid in en with defining function 
n 

( 1.0) p(z) = 2)x~nk + y~mk) - 1, 
k=1 

where nk , mk E Nand n ~ 2, i.e., D = {z E enlp(z) < O}. It is easy 
to see that the order of contact of the boundary point Pk = (0, ... , zk = 
1 , 0, ... , 0) with any complex analytic curve r which passes through Pk is at 
most maxj;oik min(2nj' 2m) and Pk is a point of finite type 

maxmin(2n),,2m),). 
jik 

Thus the domain D is of finite type 2m = max1<k<n min(2nk' 2mk ). By a 
linear holomorphic change of coordinates, we can aiways assume mk ~ nk • For 
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more discussion of pseudo-convex domains of finite type and order of contact, 
see D'Angelo [3]. 

We define DJ = {z E enlp(z) < c5} and DJ = {z E enlp(z) < -c5} for a 
small number c5 > O. The Lebesgue measure on aD is denoted by u and 1I (z) 
denotes the outward unit normal at z E aD. The letter c will always denote a 
positive constant which might vary from line to line. 

Let Ap,q(aD) be the restriction of (p, q) forms in en to aD. The (p, q) 
forms on aD, denoted by pp,q(aD) , where 0 ~ p ~ nand 0 ~ q < n, 
are forms which are in Ap,q(aD) and are orthogonal to the ideal generated by 
8p. Let r be the projection operator from Ap,q(aD) to pp,q(aD). We use 
L;,q(aD) to denote the completion of pp,q(aD) with LS(aD) norm, 1 ~ s ~ 
00. As usual, Ck(aD) denotes the space of functions whose kth derivatives 
are continuous. C;,q(aD) are (p, q) forms on aD with Ck(aD) coefficients. 
The Holder space of exponent Q on aD, 0 < Q < 1, is denoted by Aa.(aD) 
and is defined by the following norm (see Stein [25]): 

lu(g(t) - u(g(O))1 
IIuli A (aD) = sup lui + sup Itla. < 00, 

Q aD gE'?J' 
O$;t$; 1 

where ~ = {g(t): t E [0, 1] - g(t) E aD, g is C 1 and Ig'(t)1 ~ 1}. 
The tangential Cauchy-Riemann complex 8 b : pp,q(aD) - Pp,q+l(aD) is 

defined as follows. Given f E pp,q(aD) , choose f E Ap,q(D) such that rf = 
f. Then 

(1.1 ) 

Note that 8 b f does not depend on the extension f. We shall say 8 bu = f 
in the weak sense for u E L;,q(aD) and f E L;,q+l(aD) if for any smooth 
(n-p,n-q-l) form'll on aD, 

( 1.2) 

It is easy to see that when u and f are smooth, (1.2) agrees with (1.1). 
Our main results of the paper are the following three theorems. 

Theorem 1. Let D be a real ellipsoid in en, n ~ 2, with defining function p( z) 
in (1.0) and 2m = max1$;j$;n min(2nj' 2m). Let f E L~, 1 (aD), 1 ~ p ~ 00, 

where f satisfies the compatibility conditions: 
(i) If n = 2, faD f 1\ rjJ = 0 for every 8-closed (2, 0) form rjJ on D and 

rjJ is continuous on D. 
(ii) If n > 2, 8 b f = 0 in the distribution sense. 

Then there exists a function u E LP(aD) such that 8 bu = f on aD in the 
weak sense. 
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Furthermore, u satisfies the following estimates: 

(i) If p = I, then IluIlLr-e(8D) ::; cllfIlL1(8D)' where 

2(n - I)(m - I) + 2n 
Y= 2(n-I)(m-I)+2n-1 

and e > 0 is any small number. 
(ii) If I < p < 2(n - I)(m - I) + 2n = Po' then lI u Il LQ(8D) ::; cllfIlLP(8D) ' 

where q < % and % satisfies 1/% = lip - Ilpo. 
(iii) Ifp = 2(n-I)(m-I)+2n, then lIuIlLP'(8D)::; cllfIlLP(8D) for all pi < 00. 

(iii) If p > 2(n - I)(m - I) + 2n, then lIuIiAI/2m_po/2mp(8D)::; cllfIl LP(8D). 

In particular, lIuIlA1/2m(8D)::; cllfIlLOO(8D) ' where the constants c in (i)-(iv) 
depend only on p, m, and D. 

We introduce the Besov spaces A~(8D), 0 < a < I, I ::; p ::; 00. A function 
u E A~(8D) if and only if u E L P(8D) and 

lIu(g(t)) - u(g(O)) II LP (8D) 
lI u Il LP(8D) + sup Itl" = lI u Il AP(8D) < 00, 

~r • 
where ~ and g(t) are defined as before. When p = 00, we have N;(8D) = 
A,,(8D). Thus the Besov spaces are natural generalizations of the Holder spaces. 
(For basic properties of Besov spaces, see [26] where A~(8D) is denoted by 
A~,OO(8D).) We obtain below estimates for solutions of 8b in these spaces. 

Theorem 2. Under the same assumption as in Theorem I, there exists a u E 
A~/2m(8D) satisfying 8bu = f in the weak sense and the estimates 

lIuIlA~/2m(8D) ::; cllfIlLP(8D) ' 

where c depends on m, p, and D only. 

We note that when p = 00, Theorem 2 agrees with (iv) in Theorem 1. 
We shall apply the L P estimates obtained in Theorem I to the zeros of 

holomorphic functions in the Nevanlinna class. A holomorphic function h on 
D is said to be in the Nevanlinna class, denoted by N(D) , if 

sup f 10g+lh(z)ldad<00, 
d 18Da 

where ad is the Lebesgue measure of 8Dd • An analytic variety M = E j vjMj 
in D, where Vj E N and the M j 's are irreducible varieties in D, is said to be 
of finite area if 

f dS M = L Vj f ds < 00, 1M 1Mj 
where ds is the induced (2n - 2) measure on M j • Using the L 1 estimates 
for 8b , we were able to prove the following: 
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Theorem 3. Let D be a real ellipsoid in en with defining function p(z) in 
(1.0). Given any analytic variety of complex dimension (n - 1) such that M is 
the zero sets of an analytic function on D of finite area, there exists a function 
hE N(D) such that M is the zero sets of h. 

The proof of Theorem 3 depends on solving the Poincare-Lelong equation 
aau = Q with L1 boundary values. Its relation with the tangential Cauchy-
Riemann equations was first investigated by Henkin [10] and Skoda [24] on 
strongly pseudo-convex domains. On the complex ellipsoids it was also studied 
by Bonami-Charpentier [2]. 

2. THE KERNEL FORMULA 

In this section we shall use the Bochner-Martinelli-Koppelman formula and 
the Leray formula to derive the kernels for the solution of ab on D explicitly. 
It is well known that such kernels exist for convex domains and the kernels 
can be constructed using the complex tangent plane as the holomorphic support 
function (see Range [16] and Harvey-Polking [9]). Harvey-Polking also showed 
that such kernels make sense in the Cauchy principal-value sense. However, we 
need precise estimates of the holomorphic support function in order to obtain 
the optimal Holder and LP estimates. The key in the present construction is to 
use the special holomorphic support function employed by Diederich-Fornaess-
Wiegerinck [4]. This holomorphic support function is much more complicated 
than the defining function of the complex tangent plane. Since the derivation 
of the kernel formula follows closely the papers by Harvey-Polking [9], Henkin 
[10], and Romanov [17], we shall refer the readers to those papers for details. 

(2.1) Lemma. There exists a holomorphic support function <1>(" z) on DO x DO 
such that 

(i) <1>( , , z) is holomorphic in z. 
(ii) <1>(" z) = 0 <=>, = z and d,<1>(, , z)I,=z = -ap(')::f O. 

(iii) <1>(C z) = L:7=l P;(C z)(,;-z), where the P; 'sare C1 functionsholo-
morphic in z. 

(iv) 

I Re<1>(" z)1 ~ c (P(') - p(z) + t [ a 2 p- (')1'; - z/ + IC; - z/m;]) 
;=1 a,;a,; 

for all 'E DO\D and z E D, where c is a positive constant. 

Proof. This follows essentially from Diederich-Fornaess-Wiegerinck. We let 
Pj = apla'j and Py = apia,}, Define 

n n 
<1>(" z) = L Pj(Zj - ') - Q L[(,,~mk-2 - ~~nk-2)(zk - 'k)2 + (zk - 'k)2mk] , 

j=l k=l 
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where 'k = r;k + iYlk . If a is chosen to be small enough, then there exists 8> 0 
such that 

n 
(2.2) 2 Recl>(, , z) $ p(z)-p(')-8 ~)(r;~nk-2 H7~mk-2)lzk-'kI2 +lzk-'kI2mk ). 

k=1 
To prove (2.1), we note that there exists a constant 0 > 0 such that for all 

t, rER, 
(2.3) t2p - r2p _ 2pt2P- 1(t - r) ~ o{t2p- 2(r - t)2 + (1 _ r)2p}. 

(2.2) is proved easily by the convexity of t2p and comparing the highest term 
on both sides. Thus we have from (2.3) 
(2.4) 

p(z) - p(') - 2Repj(zj - ') 

if we choose a < 0 , then the term 
n 

a 2)r;~nk-2(Xk - r;k)2 + YI~mk-2(Yk - Ylk)2) 
k=1 

can be absorbed by the right-hand side of equation (2.4). To control the term 
-a Re EZ=, (zk - 'k)2mk we only need to estimate the term Re(zk - 'k)2mk < o. 
This can be estimated in two parts: 

(i) If IYk - Ylkl $ 80lxk - r;kl , where 80 > 0 is chosen small enough, then 
Re(zk - 'k)2mk ~ !Ixk - r;kl2mk ~ o. There will be no extra condition 
on a. 

(ii) If IYk - Ylkl > 80lxk -r;kl, then IZk - 'kl 2mk $ (1 + 1/80)2mkIYk - Ylkl2mk . 
Thus if we choose a such that a( 1 + 1/ 80)2mk < 0/2, then this term 
can be absorbed by the last term in (2.1). Thus if a is chosen small 
enough, there exists an 8> 0 such that (2.2) holds. 

L · (r) [( 2m.-2 ;:2n.-2)( r) ( r )2m-l) ( ... ). ettmg Pi 'o ,Z = Pi - a Yli I -"i I Zi -"i + Zi - "i I ,111 IS 
proved. 

Next we use cl>(" z) to construct the kernel formula for lib. Let B denote 
the Bochner-Martinelli-Koppelman kernel for the (0, 1) form, i.e., 

(-1 )n(n-I)/2 det(( - z, d(( - z), ... , d(( - z))nxn 
B(" z) = (2ni)n I' _ zI2n ' 
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where 

and 
dC' - z) = (dC I - dzi' ... , dCn - dzJ, 

t is the transpose. We define 

[ _ [B;Df(Z) when zED, 
laD f(') /\ B(" z) /\ d'i /\ ... /\ d'n - B;;Df(z) when z E en\D 

for any f E L~, I (aD). We have the following jump formula. 

219 

(2.5) Lemma. Let Dc en with smooth boundary aD. Let f E L~, I (aD) and 
abf = 0 when n > 2. Then B;Df is a-closed on D and B;;Df is a-closed on 
en\D. Furthermore, for any continuous (n, n - 2) form Ij/ on aD, we have 

lim [ [B;Df(z - ev(z)) - B;Df(z + ev(z))] /\ Ij/(z) = [ f(z) /\ Ij/(z). 
e~o+lzEaD laD 

Proof. When f is smooth, see Harvey-Polking [9]. For any general f with LP 

coefficients, an approximation argument can be applied. 

Let L denote the Leray kernel generated by <1>(" z) , i.e., 

_ (_1)n(n-I)/2det(P(C z), a"zP(e, z), ... , a"zP(C z))nxn 
L(" z) - (2ni)n <1>(" zt ' 

where 

and 
a"zP(C z) = (a"zPI(C z), ... , a"zPn(C z)( 

We set L*(', z) = (-l)nL(z, ') and define 

Let 

and 

L;Df(z) = [ f(,)/\L(Cz)/\d'I/\···/\d'n whenzED, 
l'EaD 

(_1)n(n-I)/2 _ _ 
R(C z, A) = (2nit det(1'/, (a" z + d)) 1'/ , ... , (a" z + d;)1'/)nxn' 

where again 1'/ = (1'/1 (', z, A), ... , 1'/n(', z, A)/. We also define R*(', z, A) = 
(-ltR(z, ',A). 
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We define R;Df(z) and R;Df(z) by 

(2.6) R;Df(z) = f'E8D f(')I\R(Cz,).)l\d'II\···l\d'n forzED, 
J09~1 

Then we have the following lemma. 

(2.7) Lemma. Let f E Lg, I (aD) and libf = 0 if n > 2. Then we have 

(2.8) (i) 

(2.9) (ii) 

(2.9') 

- + + a zR8Df(z) = B8Df(z) for ZED, 

ifn = 2, lizR;Df(z) = B;Df(z) - L;Df(z) for z E C\D, 
ifn > 2, lizR;Df(z) = B;Df(z) for z E Cn\D. 

Details of the proof for this lemma can be found in [22]. The key point in 
the proof is the fact that (li"z+d;)R(C z,).) = 0 for all (C z) E (D6\D) xD, 
where R(" z,).) is smooth. 

(2.10) Lemma. Let f E Lg, I (aD), 1 $. p $. 00. Then the integrals R;Df and 
R;Df have boundary values for almost z E aD, i.e., if we define 

(2.11 ) T f(z) = lim R;Df(z - ev(z)), 
8-+0+ 

(2.12) 

the limits on the right exist a.e. for z E aD. Furthermore, T and S are 
compact operators from Lg, I (aD) to LP(aD). 

We shall postpone the proof of this lemma since it follows easily from the 
proof of Theorem 2. In Theorem 2 we prove that T and S are bounded 
operators from Lg, I (aD) to A;/2m(aD), which implies T and S are compact 
operators from Lg,l(aD) to LP(aD). 

(2.13) Theorem. Let f and D be the same as in Theorem 1 and let T and S 
be defined as in (2.11) and (2.12). Then 

(2.14) 

in the distribution sense. 

Since f satisfies the compatibility conditions and L * (' , z) is li Cc10sed for 
, ED, we have L;Df = 0 for z E C\D in (2.9). 
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From Lemmas (2.5) and (2.7), for any smooth (n, n - 2) form If/ on aD 
we have 

r fez) /\ If/(z) 
laD 

= lim r [B;Df(z - ev(z)) - B;Df(z + ev(z))] /\ If/(Z) 
8-+0+ lZEaD 

= lim r [8zR;Df(z - ev(z)) - 8 zR;Df(z + ev(z))] /\ If/(Z) 
8-+0+ lZEaD 

= lim r [R;Df(z - ev(z)) - R;Df(z + ev(z))] /\ 8 z lf/(Z) 
8-+0+ lZEaD 

= lim r [T fez) - Sf(z)] /\ 8b lf/(z) 
8-+0+ lZEaD 

which implies (2.15) in the weak sense as defined in (1.2) in § 1. 

3. PROOF OF THEOREMS 1 AND 2 

In this section we shall estimate the solution derived in (2.14) and justify 
Lemma 2.10 at the same time. By integrating over the A. variable in (2.6) and 
(2.6') , we have 

(3.1) R;Df(z) = r f(') /\K(C z) /\d'i/\"'/\ d'n for zED, 
l'EaD 

(3.1') R;Df(z) = r f(,)/\K*(Cz)/\d'I/\···/\d'n forzECn\D, 
l'EaD 

where K(" z) = I:;:g Kq(" z) and 
(n-2-q)·times q-times 
~ .~------~----~ 

(3.2) 1 det(C - z, P(C z), iC, ... , d, , a,p(c z), '" , a,p(c z)) 
K (' z) = -- ----------,--,---.....,-!--.--"7:""':"--~~-
q' (211:i)n <1>(" z)q+ll' _ zI2(n-2-q)+1 

We define K*(', z) = K(z, ,). 
We note that K(z, () and K*((, z) have only singularities at (= z. We 

shall first prove that the kernels K and K* are integrable. In fact, we prove 

(3.3) Lemma. There exist constants MI and M2 such that 

(3.4) r IK(Cz)lada,<M1 uniformlyforzED, 
laD 

(3.4') r IK* (( , z)la da, < M2 uniformly for z E D6\D, 
laD 

where a is any number such that 
1 ::; a < y = (2(n - 1)(m - 1) + 2n)j(2(n - 1)(m - 1) + 2n - 1). 

Proof. Let Kq be defined as in (3.2). We shall prove 

(3.5) r IKq((, z)l a da, < M uniformly for zED, 
laD 
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where a is any number such that ° < a < aq and 

2(q + 1)(m - 1) + 2n 
a = . 

q 2(q + 1)(m - 1) + 2n - 1 

Then (3.4) will be proved since ao < al < ... < an_ 2 = }'. 
Since K (' , z) is smooth except at , = z , it is clear we only need to estimate 

(3.5) when I' - zl is small. We also note that only the complex tangential part 
of K(" z) will be integrated. Lete Bx(r) be a ball in en centered at x with 
radius r. We cover the boundary aD by a finite collection of balls {Bx('1o)}~1 
such that Xi E aD and '10 is small. We also require that Bx('10/2) covers 
a tubular neighborhood of aD. We shall estimate (3.5) for 'z E Bx('10/2) , 
for some fixed i, and denote Bx('10/2) = Band Bx('1o) = B. Thus for , , 
I' - zl < '10/2 we have' E B. If '10 is small enough, one of the coordinates 
of 'I' '2' .•. , 'n must be bounded away from zero on B. Assuming that 
coordinate is 'n' i.e., IRe'nl ~ e > 0, we can choose a basis for the (0,1) 
complex tangential vector fields L I , ••• , Ln_ 1 such that 

(3.6) - a a 
L J = Pi! a'J - fJy a,/ j=I, ... ,n-l. 

Using (ii) of Lemma 2.1, 'I' ... , 'n-I' 'I' ... , 'n-I and Im<l>(C z) are lin-
early independent and thus form a coordinate system on B n aD. 

We introduce new real coordinates t = (t l , 1"1' ••• , tn-I' r n_ 1 ' tzn_l ) -
(t' , t2n_ l ) on B n aD such that 

(3.7) { t~ = tk + irk = zk - 'k' 
t2n- 1 = Im<l>(', z). 

Let Y = Ip(z)l; then under these coordinates we have from Lemma 2.1, 
(3.8) 

Ida,1 ~ edtl d1"1 ... dtn_1 d1"n_1 dt2n _1 = edt = edt' dt2n_ l , 

I' - zl ~ e(lt'l + y), 

1<1>(" z)1 

~ e {y + It2n_ 11 + E[(Xk - tk)2nk-2 + (Yk - 1"k)2mk-2]lt~12 + It~12mk}. 

From now on, we shall always assume nk , mk > 1 (the other cases are 
simpler), since from (3.6) and the definition of the Pi'S, we have 

(3.9) ILiPk(', z)1 ~ t>ik[lpkk(')1 + Clekl2nk-3 + l'1kI 2mk- 3)I'k - zkl] 

for i, k = 1 , 2, ... , n - 1 and 

(3.10) i=I, ... ,n-l. 
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(3.11') 

To prove (3.5), we note that 
q -

, flj=IILkPk.(C z)1 
(3.12) IKq (" z)l::; L 1cI>lq+IIC _'zI2S+1 ' 

where ""£' is summed over all q-tuples 1 ::; kl < k2 < ... < kq ::; n, s = 
n-2-q. 

To show that each term on the right of (3.12) is in LQ(8D) uniformly for 
all zED, we need the following lemma. 

(3.13) Lemma. For a > 1, j 2: 1, A > 0, and I = {(t , r) I t2 + r2 ::; II}, there 
exists a constant c satisfying the following assertions. 

(i) 

(ii) 

(iii) 

(iv) 

(v) r leli-Ilrldtdr < cA- Cl 

if (lel j (r2 + t2) + (../t2 + r 2/+2 + A)"+I - , 

uniformly for lxi, lei::; 1 . 
Proof. Parts (i), (ii), and (iii) of this lemma are proved in [4]. Since this lemma 
is crucial in the estimates that follow we shall include a proof for (i)-(iii). 

To prove (i), we divide the domain of integration into three parts: 
(a) If It I ::; !Ixl, 

r Ix - tli dtdr < r Ix Ii dtdr 
if (Ix - tli (t2 + r2) + A)"+I - c if (Ixl i (t2 + r2) + A)"+I 

11 Ixlirdr -Cl < c . < cA 
- 0 (lxl Jr2 + A),,+I -
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(b) If Ixl ~ tltl, 

r Ix - tli dtdr < r . Itl i dtdr 
if (Ix - tl) (t2 + r2) + A)a+1 - if (Itl) (t2 + r2) + A)o+1 

10
211:10 1 IrcosOlirdrdO -a 

= C . 2 . I < cA . o 0 (rJ+ IcosOI) +At+ -

(C) If tlxl ~ It I ~ 21xl, we have 31tl ~ It I + Ixl ~ Ix - tl. Making a change 
of variable x - t = l, we have 

r I~ - tli dtdr < r . Ill i dldr 
if (Ix - tl) (t2 + r2) + At+1 - il(i, T)19 (IW (t2 + r2) + At+1 

10
211:102 ri+llcosOlidrdO -a < C . 2 . I < cA . 

- 0 0 (rJ+ IcosOI) +At+ -

Part (i) is proved. (ii) can be proved in exactly the same way. To prove (iii), 
we divide the domain of integration into two parts: 

(a) If Irl ~ Ix - tl 

r Ix - tli-Ilrl dtdr 

if (Ix - tli (t2 + r2) + (v't2 + r 2)i+2 + At+1 

< r I~ - tli dtdr < cA-a 
- iI(lx - tl) (t2 + r2) + At+1 - (by (i)). 

(b) If Irl ~ Ix - tl 

r Ix - tli-Ilrl dt dr 

if (Ix - tli 1(t2 + r2) + (v't2 + r 2/+2 + At+1 

< r Itl i dtdr 
- if ((v't2 + r 2/+2 + A)a+1 

10
211:10 1 ri+llsinOli drdO -a < c . 2 I < cA . 

- 0 0 (rJ+ + At+ -

To prove (iv), we decompose I into two parts: 
(a) If It I ~ lei, then 

r leli-Iltl dtdr 

if (lel i (t2 + r2) + (V?+?/+2 + At+1 

r leli dt dr < rl leli r dr A-a 
~ if (Ieli (t2 + r2) + At+1 - C io (leli r2 + A)a+1 ~ C 

(b) if lei ~ It I , then 

[ leli-Iltldtdr 10 1 rJ+ldr -a 
---;--:~--:;-'-'-'-----'r::ir====;;:--;-:-~---:-;- < c . 2 I < cA. 

f(leli(t2+r2)+(v't2+r2)i+2+At+1 - 0 (rJ+ +At+ -
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Part (v) can be proved exactly the same way and the lemma is proved. 

To finish the proof of Lemma 3.3, using (3.7), (3.8), and (3.12), it suffices to 
show that (kl' ... , kq ) = (1,2, ... , q) and the other terms in (3.12) can be 
estimated similarly. 

Let 
nq [I 12n ·-2 112m ·-2 (I 12n - 3 112m .-3)I'11a d [a _ r j=1 Xj - tj ) + Yj - T: j } + Xj - tj } + Yj - T: j } tj t 

q - 11/19 {lt2n-d + EZ=f[((Xk - tdnk 2 + (Yk - T:dmk 211t~12 + It~12mk)}q+llt'12S+1 . 

We shall prove that there exists a constant M such that 

(3.14) [; < M 

uniformly for Izl :::; 1 , for all a < aq • 

To prove (3.14), if q = 0, we have 

[a < { 1 dt 
o - 11tl$.1 (lt2n- 11 + It'1 2m )al t'I(2n-3)a 

< ( 1 dt' 
- 1 1t'1$.1 It'1 2m(a-I)lt'I(2n-3)a 

101 r2n-3 dr 
< C < 00 - 0 r2m(a-I)+(2n-3)a 

since a < (2rn+2n-2)/(2rn+2n-3) = ao and 2rn(a-l)+(2n-3)(a-l) < 1. 
When q ~ 1 , we let 

" t= (tl' '1''''' tq , 'q' t ,t2n _ I), 

where t" = (tq+1 ' 'q+1 ' ... , tn_I' 'n_l) and dt" = dtq+ld'q+1 '" dtn_1 d'n_1 . 
Let 

and 
Bj = [(Xj - t)2nj-2 + (Yj _ ,)2mj-2]lt~12 + It'1 2mj. 

Then (3.14) becomes 

[a < { (nJ=1 A) dt 
q - 1111tl<1 (It 1+ "n-I B )(q+l)al t'I(2s+I)a 

- 2n-1 L...,k=1 k 

since a ~ 1. We integrate the right-hand side with respect to t l , 'I' t2 , '2' ... 
and tq , 'q respectively using Lemma 3.13 q-times. Then 

[a < C { 1 dt dt" 
q - 11(t" ,12n -I)I$.1 (lt2n- 11 + It"12m)(q+l)a-qlt"I(2s+I)a 2n-1 

< C { 1 dt" 
- 1 11"1$.1 It"1 2m(q+l)(a-l)jtl(2s+I)a 

101 r2s+1 dr 
= C < 00 o r2m(q+l)(a-l)+(2s+1)a 
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since a < aq = (2(q + l)(m - 1) + 2n)j(2(q + 1)(m - 1) + 2n - 1) and claim 
(3.5) is proved. (3.4') can be similarly proved. This proves Lemma 3.3. 

(3.15) Lemma. There exists a constant c, depending only on m and p, such 
that 

(3.16) sup I gradR;Df(z)1 :5 c6-1+1/2m-po/2mpllfllp 
zE8D6 

and 

(3.16') sup I gradR;Df(z)1 :5 c6-1+1/2m-po/2mpllfllp' 
zE8D6 

where Po = 2(n - 1)(m - 1) + 2n, Po:5 p :5 00, and Ilfllp = IlfllLP (aD)' 
0,1 

Proof. We shall first prove (3.16) when p = 00 and p = Po' Let Kq be defined 
as in (3.2). Then 

I1q IL pi' I1a IL p I 
(3.17) I grad Kq(' , z)1 :5 L' 1<l>lq~~;, _\1{s+2 + L 1<Dlq~~;, :izl{s+1 ' 

where E' is summed over all increasing q-tuples (kl' k2' ... , kq)' 1:5 kl :5 
k2 :5 ... :5 kq = n , and q + s = n - 2 . 

Thus (3.16) will be proved for p = 00 if we can show 

{ I1]=IILk Pk llf (')1 -I 
(3.21) 14 = l8D 1<Dlq+IIC _lzI2s+2 da,:5 clp(z)1 Ilfllpo ' 

We shall estimate (3.18)-(3.21) assuming kl = 1, ... ,kq = q. All the other 
terms can be similarly estimated. 

Using the local coordinates t introduced in (3.7) and the estimates (3.11), 
(3.11'), we have (using the same notation as before) 

(3.18') 1. I1~ IA. 1 < c J= J dt. 
1- Itl::::;1 (It2n _ 11 + y + EZ=: Bk)q+I(lt'l + yfs+2 
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Integrating with respect to d t, d 7: I' d t2 d 7: 2 ' ... , d t q d 7: q respectively and 
applying Lemma 3.13 q times, we have 

I < c f dt" dt2n_1 
I - 11(t" ,12n - 1)1:::;1 (It2n- 11 + y + It"12m)(lt'l + y)2s+2 

< c f logy dt" < c t (logy) dr < c(logy)2. - 111"1:::;1 (y + It"1)2s+2 - 10 r + y -

To prove (3.19), we repeat the same arguments. Then we have 

I < c f 1 d t d t" 
2 - 11(t" ,12n - 1)1:::;1 (It2n _11 + y + It"12m)2(lt"l + y)2s+1 2n-1 

< C f 1 dt" + C - l lt"I:::;1 (y + It"12m)(lt"l + y)2s+1 I 

< C fl dr < cy-I+1/2m 
- 10 y + r2m -

Thus (3.19) is proved. To prove (3.11), by Holder's inequality we have 

I < f j=1 jPj d Ilfll [ ( Ilq L I ) aq jl1aq 

3- laD 1<l>l q+IIC-zl(2s+2) 0', Po 

< [f Il~=1 I LjPj I d jl1aq 
- laD 1cI>I(a+l)aq" _ zl(2s+2)aq 0', IIfil po 

since l/aq + 1/ Po = 1. Integrating dtl d7: l , ... ,dtq d7:q and applying Lemma 
3.13 q times, we have 

I < c f 2n-1 IIfil [ 
dt dt" jl1aq 

3 - 11(t" ,12n - 1)1:::;1 (It2n_11 + y + It"12m)(q+l)aq-q(lt"l + yps+2)aq Po 

[ f dt" jl1aq 
~ c 11/"1:::;1 (y + It"1 2m )(q+l)(aq-I)(lt"l + y)(2s+2)aq IIfil po 

~ c [ t dr jl1aq IIfil 10 (y + r2m )(q+l)(aq-I)(r + y)(2s+I)(aq-I)(r + y)aq Po 

< [-a +e fl dr jllaq IIfil 
- c y q 10 (y + r2m)(q+I)(aq-l)r(2s+I)(aq-I)+e Po 

(3.20') 

/ 112m [ -a +e-eI2m l11y1/2m dv jllaq 
v=ry =cy q , o (1 + v 2m )(Q+I)(aq-l)v(2s+1)(aq-l) + e 

where e > 0 and we have used 
1 1 e 

(q + 1)(aQ - 1) + 2m[(2s + 1)(aQ - 1) + e] - 2m = 2m· 
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Since 2m(q + 1)(aq - 1) + (2s + 1)(aq - 1) + e > 1 and (2s + 1)(aq - 1) + e < 1 
if e is sufficiently small, it follows that the integrand in (3.20') is integrable, 

13 :::; c(y-aq+£-e/2m)l/aqllflipo :::; cy-Illfll po ' 

and (3.20) is proved. 
Finally, we proceed as before to prove (3.21). We have 

[ 
dt dt" ]I/aq 

14:::; c l(tll ,12n -I)I:::;1 (It2n- 11 + y + It"12m~~;;2)aq-q(y + It"I)(2s+I)aq Ilfll po 

,; c [1,"'<I (y + 11'12m/q+2) •• -(~+i)(y + 11'1)(2<+1) •• dIn] II •• II/lip, 

,; c [f (y + ?m/q+2) •• ~(q+l)r("+I)( •• -i) ]1/ •• II/lip, 

[ 
1//12m ]I/aq 

= C Y -aq fa (1 + v2m)(q+2)aq~~q+l)v(2S+I)(aq-l) IIfll po 

:::; cy-Illfll po 
since 

1 1 
(q + 2)aq - (q + 1) + 2m (2s + 1)(aq - 1) - 2m = aq , 

2m[(q + 2)aq - (q + 1)] + (2s + 1)(aq - 1) > 1, 
and (2s + l)(aq - 1) < 1. (3.32) is proved. Thus (3.17) is proved for p = Po 
and 00 since y is equivalent to 6. 

To prove (3.16) for Po < p < 00, we use an interpolation argument. By the 
linearity property in (3.16), we may assume Ilfllp = 1. Let f = fo + 1;., where 
1;. (z) = f(z) if If I :::; hand 1;. = 0 otherwise (h is a positive constant to be 
determined later). Then fo E Lg~I(8D) and 1;. E L':,I(8D). Using (3.17) for 
p = Po and p = 00 we have 

(3.22) sup I gradR;Df(z)l:::; sup [I grad R;Dfo(z) I + I gradR;D1;. (z)l] 
zE8DJ ZE8DJ 

:::; c(6- l llfoll po + 6-1+1/2mll1;.llex,). 

Since 111;.11 00 :::; hand lifolioo 2: h, 

lifo lip = [ [ Ifl Po do-,]I/Po :::; [hPo-h [ If( do-,]I/Po 
o llfl>h llfl>h 

= hl-P/Pollfll~/Po = h l- P/Po . 

Thus if we choose h = 6-po/2mp , then (3.22) becomes 

sup I gradR;Df(z)1 :::; c6-1+1/2m-po/2mpllfllp 
ZE8DJ 
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and (3.17) is proved. (3.16') can be proved similarly and Lemma 3.15 is 
proved. 

(3.23) Lemma. For every 1 ~ P ~ 00, there exists a constant c such that 

(3.24) II grad R;Df(z) II LP(aDd) ~ cc5-1+1/2mllfIILP(aD) 

and 
(3.24') II gradR;Df(z)llu(aDd) ~ cc5-1+1/2mllfIlLP(aD)' 
Proof. When P = 00, this is proved in Lemma 3.16. To prove (3.24) when 
P = 1, using Fubini's theorem and letting az denote the surface area on {)Dr5 , 
we have 

f Igrad,R;Df(z)ldaz 
laDd 

~ f f Igrad,K(C z)llf(C)lda,daz 
laDd laD 

= f [f I gradK(C z)1 daz]lf(C)1 da, 
laD laDd 
n-2 

= L f I gradKq(C, z) dazlf(C)1 da,. 
q=O laDd 

To prove (3.24), following (3.17) it suffices to show 
, q -f 2: nj=l ILkPkl 2 

(3.25) 

and 

(3.26) 

laDd 1<l>1q+1IC _ Z12S~2 daz ~ c(logc5) 

1 2:' n~=llrkPkl -1+1/2m 
_ __:--"-:::J _J",::- d a < cc5 . 

aDd 1<l>lq+2 IC _ z12s+2 z -
Since in (3.25) and (3.26) the kernels have singularities only at z = , , we 

shall localize in a small neighborhood I C - z I < e and use a change of variables 
similar to (3.7) (viewing , as a parameter and the zk's as variables). Then 
(3.25) and (3.26) can be proved exactly in the same way as (3.18) and (3.19) 
except that we invoke (iv) and (v) of Lemma 3.6. We omit the details here 
and (3.24) is proved for P = 1. For 1 < P < 00, it is an easy consequence of 
the Marcinkiewicz interpolation theorem (see e.g. Stein [26]) and the lemma is 
proved. 

Proof of Theorems 1 and 2. Now we can easily prove Theorems 1 and 2. 
Using Lemma 3.3, the kernels are in La({)D) for a < y, thus by the application 
of a lemma in Folland-Stein (see Lemma 15.3 in [7]), (i), (ii), and (iii) in 
Theorem 1 follow easily. 

To prove (iv) of Theorem 1 and Theorem 2, we use the following version 
of the Hardy-Littlewood lemma: For 0 < a < 1, if a function v E C1 (D) 
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satisfies II grad v(z)IILP(OD.) ~ CJ-!+a uniformly in J, then v E A~(aD). For 
a proof of this lemma, see Krantz [15] or Ramanov [17]. Theorems 1 and 2 are 
proved using Lemma 3.23. It remains to prove Lemma 2.10. From Theorem 
2, T f and Sf are bounded operators from Lb,! (aD) to A~/2m(aD). Since 
A~/2m(aD) is compact in LP(D) , the lemma is proved. 

4. THE POINCARE-LELONG EQUATION AND THE PROOF OF THEOREM 3 
In this section we shall prove Theorem 3 using the estimates obtained in §3. 

By the Poincare-Lelong equation, for any holomorphic function h in D, we 
have 

(4.1 ) 1 -
-2 .aah = M h , 

1tl 

where Mh is the zero divisor of h. One can reduce this problem to solve 

(4.2) aau=a, 

where a is a positive d-closed current with finite measure coefficients. We 
are looking for solutions u in (4.2) with L! boundary values. To do this we 
proceed as in Henkin [10] and Skoda [24] (see also Rudin [19] and Shaw [23]). 

(4.3) Lemma. Let a be a positive d-closed (1 , 1) form on D, i.e., 

n 
a = L a;jdz j 1\ dz j , 

j,j=! 

and a j ) is positive definite. Then there exists a (0, 1) form f on D such that 

(i) af = 0, 
(ii) af-af=a, 

(iii) there exists a constant c depending only on D such that 

(4.4) IIfIl L , (OD) ~ cllall L , (D))' 
0,' ',' 

Proof. Since D is star-shaped, it follows from the classical Poincare lemma 
that if we define 

n 
(4.5) f(z) = Likdzk' 

k=! 

then f is a-closed and af - af = a. (For details, see e.g. Rudin [19, 
Theorem 17.2.7].) Since a is positive, we have 21a;j1 ~ a{l + aJ7 for all 
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i, j = 1,2, ... , n. Thus from (4.5) 

1 If(z)1 daz ::; L 1 IZj ll 1 Itajj((tz)1 dtdaz 
aD j, k aD 0 

and the lemma is proved. 

::; eLl/I lajj((tz) I dt daz 
j,k aD 0 

::; c L 111 ajj(tz) dt daz 
j aD 0 

::; c L IlajjlILI(D) ::; cllaIIL:,I(D) 
) 
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(4.6) Lemma. Let f be a smooth (0, 1) form on D such that a f = 0 on D. 
Then there exists a smooth function u such that 

(i) au = f on D, 
(4.7) 

(ii) IluIILI(aD)::; cllfIILI(aD) ' where c is independent of f. 

Proof. Let u = BDf + R;Df, where R;Df(z) is defined as in (2.6) and BDf 
is defined by 

- - - 2n where B((, z) = det(( - z, d(, ... , dOnxn/l( - zl ,i.e., u is the Grauert-
Lieb Henkin solution of a on D. Then au = f and it follows from [4] that 
u E A I / 2m (8D). One can also modify the argument of Siu to show uniform 
bounds for the derivatives of u and obtain u E COO (D). We shall omit the 
details since our main application is (4.7). 

To prove (4.7), we note that when z E 8 D, it follows from Romanov [17] 
(see also Shaw [23]) that u(z) = R;Df(z) - R;Df(z) , i.e., abu = f and u 
is exactly the solution constructed in §2. Using estimate (i) in Theorem 1, we 
have proved Ilullu-,(8D) ::; cllfilLI (8D) and the lemma is proved. 

0, I 

(4.8) Lemma. Let a be a positive d-closed (1, 1) form on D with smooth 
coefficients in D. Then there exists a function u such that u E Coo (D) and 

(i) 8au = a, 
(ii) IluIILI(aD)::; cilailLI (D)' 

1.1 

Proof. This is an easy consequence of Lemmas 4.3 and 4.6. 
Using Lemma 4.8 and the Poincare-Lelong equation, one can easily prove 

Theorem 3 by an approximation argument. We shall omit the details and refer 
the readers to [19] and [23] for details. 
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5. A SPECIAL DOMAIN 

In this section we consider an example which shows that the Holder exponent 
112m - po/2mp obtained in Theorem 1 is the best possible. This example is a 
modification of an example of Stein (see Kerzman [11] and Krantz [15]). Let 
D be the complex ellipsoid in en defined by D = {z E en II Z / + ... + I Z n_ 112 + 
Iznl2m < I}. We shall assume Po < p ~ 00. First we consider Po < p < 00. 
5.1. Let 

fez) = r dZn , where b = 2(n - 1)(m - 1) + 2n = J!JL 
(z I - l)b 2mp 2mp 

and define (zl - l)b to be the branch with 0 < Arg(zl - l)b < 2n for all 
ZI ¢. [1,00). 

(5.2) Lemma. fez) is lib-closed and f E L~.I (8D) for all s < p. 
Proof. Since f = r(liznl(zl - l)b), f is lib-closed. Since 

2 2 (5.3) IZjl ~1-lzll ~2(1-lzlj), j=I, ... ,n-l, 
and 
(5.4) IZnl2m ~ 1 -Izl ~ 2(1 -lzI j) 
on 8 D, if we parametrize 8 D near a neighborhood U of (1, 0, ... , 0) by 
(Y I , Y2' Y3' ... , zn)' then from (5.3) and (5.4) 

r If IS doz ~ r 1 b doz lu lu 11 - zlls 

_ r 1 do - lu 11 - zlls/P(1 _lzl j)(n-2)s/p z 

< r 1 do - lu 11 - zlls/Plz212s/P .. 'IZn_112S/PlznI2S/P z 

< e - . . . < 00 smce - < . 10 1 dYI (10 1 dX2 dY2) (10 1 dXn dYn) . s 1 
- 0 yf/P 0 Izis/P 0 Izis/P p 

Next we shall assume p > Po' 
(5.5) Theorem. If u is a solution satisfying libu = f in the weak sense, then 
u ¢. ACt (8D) for any Q > 112m - po/2mp = Q o' However, there exists a 
solution v E A (8D). Cto 

Proof. Let v(z) = znl(ZI - l)b . Then v E ACt/8D). To see this, we note that 
v E COO (D\xo) , where Xo = (1,0, ... ,0). We choose a small neighborhood 
U around Xo such that Ip(z)1 ~ ell - XII. Then 

1 1 -b 
(5.6) sup b ~ e b ~ elp(z)1 

zEDnU IZI - 11 11 - XII 
~ elp(z)I-I+Cto since 1 - b ~ Q o' 

Using (5.4) we have 
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IZnl (1 _lz,I)'/2m (1 - x,)'/2m I ( )1-1+'/2m-b (5.7) sup <c <c <cpz 
zEDnulz,-llb+'- 11 - z,lb+' - (l-x,)b+'-

It follows from (5.6), (5.7), and the Hardy-Littlewood lemma that v E A (aD). 
"0 

For any solution U E A (aD), if 0: > 0:0 , then U - v E A (aD) and " ~ 
ab(u - v) = 0. It follows from a theorem of Bochner's that u - v is the 
boundary value of a holomorphic function h in D. Let u = v + h; then 
uEA,,(D). Let f, = {zEaDlz, = l-e, z2 =0, ... , zn_' =0, Izim =e}, 
f2 = {z E aDlz, = 1-2e, z2 = 0, ... , zn_' = 0, Iznl2m = e}, and t5 = e'/2m. 
Then 

(5.8) 1£\ udzn - £2 UdZnl 

= 1£\ u(l- e, 0, ... ,0, zn)dzn - £2 u(1 - 2e, 0, ... ,0, Zn)dZnl 

= t5lfo271[U(I_ e, 0, ... ,0, r5e iB ) - u(l- 2e, 0, ... ,0, r5e iB )] dOl ~ ce,,+'/2m. 

On the other hand, let 0, and 02 be the plane region in D bounded by 
f, and f2 respectively. Then by Stokes' theorem we have 

(5.9) 1£1 udzn - £2 udznl = III a Zn udzn -l2 8 Zn udznl 

_If dzndzn _ f dZndZnl_2n:1~_~1_2n:r5211_~1 - 10.1 (_e)b 10.2 (-2e)b - (_e)b (-2e)b - i 2b . 

Since 0< b < 1/2m, we have 11-1/2bl ~ Co > 0. Combining this with 
(5.8) and (5.9), we have 11 - 1/2blr52/i ~ cea+'/2m, which is impossible if 
0: > 1/2m - b. Thus u ¢. A,,(aD) for any 0: > 1/2m - b. When p = 00, let 
J(z) = dzn/log(z, - 1). Then J E Co" (aD) and J is ab-closed. The same 
arguments as before will show that there exists no solution u E A,,(aD) for any 
0: > 112m and the theorem is proved. 

Note added in proof. Recently Fefi'erman, Kohn, and Machedon have proved 
Holder estimates on CR manifolds with a diagonalizable Levi form (see [27]). 
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