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Dedicated to Professor Shigeo Sasaki

ABSTRACT. First, we classify all the multiplicative Poisson structures on the
(ax + b)-group and determine their dual Poisson Lie groups. Next, we show
the existence of symplectic groupoid over the Poisson (ax + b)-group. Fi-
nally, by the Hamilton-Jacobi method we construct nontrivial symplectic double
groupoids and conclude that for each pair of nondegenerate multiplicative Pois-
son structures of the (ax + b)-group there exists a symplectic double groupoid.

1. INTRODUCTION

Poisson Lie groups which were defined by V. G. Drinfel'd [2] are used in [7] to
treat the hamiltonian structure of the Zakharov-Shabat dressing transformations
of integrable systems theory. In [5], Lu and Weinstein investigate geometric
properties of Poisson Lie groups and dressing transformations systematically,
especially in the case of semisimple Lie groups.

Poisson structures can be understood in the framework of symplectic geom-
etry at least locally by the notion of symplectic groupoids [1, 4, 6, 9]. We hope
to understand Poisson Lie groups in this context. In [6], we stated the hope
that we might construct symplectic double groupoid structures over Poisson Lie
groups by the Hamilton-Jacobi method of characteristics.

In this paper, we shall try to construct symplectic double groupoid struc-
tures over the 2-dimensional Poisson (ax + b)-group, which is neither abelian
nor semisimple. in.§2, we classify the multiplicative Poisson structures on the
(ax + b)-group and study some differences among them.

In §3, we shall show that each Poisson (ax + b)-group has a symplectic
groupoid.

In the final section, §4, for each pair of multiplicative Poisson structures of
(ax + b)-group, which are nondegenerate in the sense of Drinfel'd [3], we shall
find two symplectic groupoids which are compatible with each other, namely
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we shall construct a symplectic double groupoid for each pair of nondegenerate
Poisson (ax + b)-groups.
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Miss J.-H. Lu for stimulating conversations. His thanks go to MSRI at Berkeley
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2. MULTIPLICATIVE POISSON STRUCTURES OF (ax + b)-GROUP
AND THEIR DUALS

Definition 2.1 (Drinfel'd [2]). A Poisson structure on a Lie group G is multi-
plicative (or grouped) if the multiplication map from G x G to G is a Poisson
map. A Lie group with a multiplicative Poisson structure is called a Poisson Lie
group.

Let g be the Lie algebra of a Lie group G and let {{;} be a basis of g so
that the structure constants are given by [¢;, ¢ j] = cl'.‘jé . - Denote by 0, the right
invariant vector field on G such that §,|, = ¢;. Every exterior contravariant
tensor field IT of degree 2 on G can be written as

M(a) = $7"(a)0,(a) A 3,(a),

where nij(a) = —nji(a).

Proposition 2.2 [2, 5]. (1) II is a Poisson tensor if and only if
@i ;. k{n”@,njk + ntlcljm mk} =0,

where ©; ., means the cyclic sum in i, j, k. (If the 7" are constant, this is
equzvalent t0 the Yang-Baxter equation.)
(2) I1 is multiplicative if and only if

7" (ab) = n'/(a) + Ad(a), 7" (b) Ad(a)! ,

where Ad(a)é, = Ad(a) &, .

(3) Let dI1: g — g Ag be the intrinsic derivative of 11 at e. Then this
is a l-cocycle of adjoint representation of g and its dual map (d,I1)": g* A
g" — g defines a Lie algebra structure on the dual space g*. Let G be the
simply connected Lie group with Lie algebra g* . Then, there exists uniquely a
multiplicative Poisson structure, say II' on G* which induces the Lie algebra
structure of g. Thus, (g, g") has a structure of Lie bialgebra. We call (G™, IT')
the dual Poisson Lie group of (G, II).

Example 2.3. (1) Any Lie group has a Poisson Lie group structure with the zero
Poisson structure.
(2) If G 1is abelian, its multiplicative Poisson structure must satisfy

n’(a+b)=n"(a)+7"(b) and ©, 2" =0.
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(3) The dual Poisson Lie group of (1) is the abelian group g* which is
equipped with the Lie-Poisson bracket structure.

It is natural to classify Poisson Lie group structures by the following equiva-
lence relation.

Definition 2.4. Two Poisson Lie groups (G, , I1,) and (G,, I1,) are isomorphic
if there is a group-isomorphism ¢: G, — G, which is also a Poisson map.

If a manifold is 2-dimensional, any 2-vector field is a Poisson tensor and
so finding multiplicative Poisson tensors is equivalent to finding multiplicative
2-vector fields.

Example 2.5. (1) The multiplicative Poisson structures on the abelian group R’
are {x,,x,} = a;x, +a,x,, where a,, a, are any constants. We have two
isomorphism classes of Poisson Lie groups R? with {x, 5} = ax; + a,x,
classified by (a,, a,) #0 and (q,, a,) =0.

(2) The only multiplicative Poisson structure on the standard 2-torus T is
the zero Poisson structure.

(3) The multiplicative Poisson structures on S' x R are bx,0/00 ND/Dx,,
where (6, x,) are local coordinates on S' xR and b is any constant. Poisson
Lie group isomorphism classes are parametrized by |b|.

The simplest nonabelian Lie group with nontrivial Poisson structures is the
following (ax + b)-group. We consider the group of transformations which
map x to ax+b (a#0). We call it the full (ax + b)-group and its identity
connected component the (ax + b)-group. The (ax + b)-group as a matrix
group is {(2%)] @ > 0}. Under the identification of the matrix (4%) with
((log a)/c, b/\/a) for some fixed nonzero constant ¢, we will deal with the
(ax + b)-group as Rf with the group structure

(X1, %) (V)5 ¥y) = (x; + ¥, ¥, exp(cx, /2) + x, exp(—cy,/2)) .

Note that these are isomorphic for different values of ¢ and that Ré is the

abelian group R%.
Our main result in this section is the following:

Proposition 2.6. The multiplicative Poisson structures on the (ax + b)-group Rf
(c # 0) are given by

{x,, x,} = 2k sinh(cx,/2)/c + k,x,,

where k, , k, are any constants.

Denote the (ax + b)-group with these Poisson structures by (Ri , (ks ky)).
The isomorphism classes of multiplicative Poisson structures are given by

{0,0)}, {(k, 0k #0}, and {(k, k)l k €R}y
and so can be parametrized by {(0, k,)| k, e R}U{(1,0)} if c#0.
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The dual Poisson Lie groups of (Rf , (0, 0)), (Rf, (k,,0)), and (Rf, 0, k,))
are (Ré, (0, c¢)), (Ril , (¢, 0)), and (Ri2 , (0, ¢)) respectively.
Proof. Let &, &, be the basis of the Lie algebra of the (ax + b)-group R? with
¢,(0) = 9/0x,|, and ¢,(0) = 8/0x,|,. Then, we have [{,,¢,] = ¢,. The
adjoint representation is

Ad(x)¢, =&, — cx, exp(cx, /2)¢, and Ad(x)¢, = (expcx,)E,.
The right invariant vector fields 0, , 0, are given by
0,(x)=0/0x, +(c/2)x,0/0x, and 0,(x) = exp(—cx,/2)0/0x,.
It follows from Proposition 2 (2) that I1(x) = #(x)0,(x)Ad,(x) is multiplicative
if and only if
n(x-y) =mn(x)+n(y)expcx,,

where x = (x,x,), ¥y = (¥,,),) € R®. Setting X =y, =0, x, =y, =
0, x,=y,=0, and x, =y, =0, we have

71'(0, Xy +y2) = 7t(0, xz) + 7[(0, yz) s

n(yy> X, exp(—cy,/2)) =n(0, x,) + n(y,, 0),

n(x,, y,exp(cx,/2)) = n(x,;, 0) + (0, y,) expcx, ,
and

n(x, +y,,0) ==n(x;,0)+n(y,, 0)expcx,.

Since n(0, 0) = 0, the first equation implies n(0, t) = k,t, where k, is
constant. Denote zn(s, 0) by g(s). It follows from the second or third equation
that 7 can be written as n(s, t) = ¢q(s) + k,texp(cs/2) . The fourth equation
implies that g(¢ + 5) = q(¢) + q(s)expct. By differentiating this equation in s
at s = 0, we have 4(t) = ¢(0)expct . It follows from ¢(0) = 0 that g(¢) =
k (expct — 1)/c for some constant k, and ¢(t) = k;t when ¢=0.

Thus,

m(x,, Xy) = q(x,) + k,x, exp(cx,/2)
= k,(expcx, — 1)/c + k,x, exp(cx,/2).
Hence, multiplicative Poisson structures are
IT= {k,(expcx, — 1)/c + k,x, exp(cx,/2)}0, A 0,
= {2k, sinh(cx,/2)/c + k,x,}0/0x, ND[Ox, .

The inner automorphism group of the full (ax + b)-group gives the automor-
phism group of the (ax + b)-group Ri (c # 0), which is larger than the inner
automorphism group of the (ax + b)-group. Thus, the automorphism group of
the (ax + b)-group Ri is given by

(x5 x,) = (9,(x,, xz) ) ¢2(x1 , xz)) ,
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where
cx,

9,(x,x,)=x;, and  ¢,(x,, X,) = a,, sinh 7 T anX, (ay, # 0).

Now assume that this group automorphism ¢ is a Poisson map of (Rﬁ , (ky,
2
ky)) to (R, (h,, hy)). Then {p,, (/)2}(,(1,,(2) ={x,, xz}(h,,hz) o ¢ holds, where
{, }(k. .k, Means the Poisson bracket of the Poisson manifold (Rf , (ks ky)) .
Computing the both sides of the equation above, we have

_2h co,
RHS = Tsmh (T) + hy0,
= 2—h‘sinh (ﬁ
c

3 ) +h, (a21 sinh Czﬁ + a22x2)

and

2
LHS = a,, (% sinh (S1) + k2x2) :

Therefore, we have
h, = ayk, —chya, /2, and h,=k,.

Conversely, the last two equations show how to construct a Poisson Lie group
automorphism ¢ .

Each nonzero multiplicative Poisson structure gives again the Lie algebra
structure of (ax+b)-group and we already have all of the multiplicative Poisson
structures of (ax+b)-group, so it is easy to see the dual Poisson Lie group. This
completes the proof of Proposition 2.6. O

It is interesting to understand some difference among Poisson structures
which we get in Proposition 2.6.

Notes 2.7. (1) On the (ax + b)-group Rg (c #0), since

(T, —Tr ) (k& AE,) =k [€,(x) A&y (x) — 0,(x) A G,y (x)]
= 2k, sinh(cx,/2)0/0x, NO[Ox, ,
the multiplicative Poisson structures which come from r-matrices in the sense
of Drinfel'd [2] are {x,, x,} = 2k sinh(cx,/2)/c, ie., (Rf , (k;,0)).

(2) The Lie bialgebra structure defined from (Rf , (k;, 0)) is degenerate and
the one defined from (Rf , (0, k,)) is nondegenerate if k, # 0 in the sense of
Drinfel'd [3].

In general, a given Poisson Lie group G with Lie algebra g defines a Lie
algebra structure on the dual space g*. It is known that g @ g° has a Lie
algebra structure such that g and g* are subalgebras of g@®g* and [&, o] is
defined by

£, 0] = Ad,(&)(0) — Ad - (0)(%) ,
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where £ €g, o €g", and g is identified with g naturally. This Lie algebra
is called the double Lie algebra in [5] and is an example of Manin triples (cf.
[5]).
Proposition 2.8. For the multiplicative Poisson structures on (ax + b)-group
R’ (c#0),

(1) the double Lie algebra structure defined by {x,, x,} = k,x, (k, # 0) is
isomorphic with gli(2, R), and

(2) the double Lie algebra structure defined by {x, , x,} = 2k, sinh(x,/2) (k, #
0) is isomorphic with the semidirect product of R and a 3-dimensional Heisen-
berg Lie algebra.
Proof. Let &, and &, be the standard basis of g = Lie algebra of Rf as in the

proof of Proposition 2.6. Let o! , o? be the dual basis of ¢, and ¢, .
(1) The Poisson structure {x,, x,} = k,x, implies the Lie algebra structure

on g" as [a1 , 02] = k202 . The double Lie algebra structure is defined by

€.&1=¢, [&,01=0, . 0°1=-0",
(&, a'1= k&, &, o] = —ky&, + o', [¢', o= kzaz.

If we put

6= (& +0'/k)/2, e =(&+a k)2,
e, =& -0’ k)/2,  ey=( ~a'/k)/2,
the Lie algebra structure has ¢, as a central element and
le,, el =e5, le;, &3] = —ey, le;. ]l =¢,,

i.e., the linear span of {e,,e,, e;} is the Lie algebra s((2, R) and the double
Lie algebra is isomorphic with g/(2, R).

(2) Similarly, the Poisson structure {x,, x,} = 2sinhx,/2 implies [a1 , 02]
1

= k,0° and the double Lie algebra structure is defined by
2
.&1=&. .0 l=ke, [§.0° 1=k -0,
£, 0'1=0, [&.0°1=0', [d'. 0 ]=ko'
Putting

=& —a'/k)/2, e =(&—a'[k)/2,
e, =& +0' k)2, ey=(& +0[k)/2,
we rewrite the double Lie algebra structure as

leg. €1=0, ley, el =e,, [e, e3]=—e;,
[6’1,62]:0, [31,63]=O’ [82,6’3]:—(_’1,
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It turns out that e, , e,, e, generate a 3-dimensional Heisenberg Lie algebra,
with e, acting on it.

Remark 2.9. 1t is also an interesting problem whether, for a given Poisson Lie
group G, there exist Lie groups G* and D whose Lie algebras are g* and the
double Lie algebra g @ g* respectively such that G and G* are subgroups of
D,and GxG" - D:(g,, &)~ &8, is a diffcomorphism, i.e., D is globally
factorizable into GG* (cf. [5, 7]). When G is the (ax + b)-group with the
Poisson structure {x,, x,} = 2k, sinh(x,/2) or {x, x,} = k,x, (k;, k, #0),
there exists no unique factorizable Lie group D.

3. SYMPLECTIC GROUPOIDS OVER THE POISSON (ax + b)-GROUPS

In this section, we shall prove the following theorem. From here on we
assume that c=1.

Theorem 3.1. There always exists a symplectic groupoid for each multiplicative
Poisson structure on the (ax + b)-group R’.
Proof. It is known that the cotangent bundle T*G of a Lie group G with the
canonical symplectic structure is a trivial symplectic groupoid over G with the
zero Poisson structure. If G is our (ax + b)-group R’?, we have the trivial
symplectic groupoid R* over R? with the zero Poisson structure.

The cotangent bundle T*G with the canonical symplectic structure is also
a symplectic groupoid over the dual space g* of the Lie algebra g with the
Lie-Poisson structure (see [6] for detail). Let G be our (ax + b)-group R’
with the coordinates (x,, x,). Under the identification by right translations,
the symplectic groupoid structure of R* = T*G with equivariant momentum
mappings induced from right and left action as the source and target map is as
follows:

ay(Xx) = (X, + x,X,/2, X, exp(—x5/2)) (source map),
Bo(x) = (x; — x,x,/2, x, exp(x;/2)) (target map),
e((x;, x,)) = (x,, x,,0,0) (identities) ,

(x'y)1 =X ‘y2y4/2 (= i +x2x4/2),
(x- y)z =X, exp(y3/2) (= Vs exp(—x3/2)) s
(X-y)y=X3+;,
(x-¥)y = exp(x;/2)y, + x,exp(-y3/2),
and the cotangent symplectic structure is
Q) =—dx, Ndxy—dx, Ndx,,

=

where XY and (x-y) ; mean the jth component of x, y and x -y respec-
tively. The induced Poisson bracket of g* is given by {x,, x,} = X, . Although
this Poisson structure is multiplicative for the additive group structure of g*, it
is also multiplicative for the (ax + b)-group structure by Proposition 2.6 (with
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k, =0, k, = 1). Thus we have proved the existence of symplectic groupoid
over R* with {x, %} =x,.

Using the following obvious Proposition 3.2 and Lemma 3.3, we have com-
pleted the proof of Theorem 3.1. 0O

Proposition 3.2. Let (I', «, B, ¢, 1)) be a symplectic groupoid and let P be a
Poisson manifold. If P is Poisson diffeomorphic to Ty by some Poisson diffeo-
morphism ¢ of Ty onto P, then the symplectic manifold T is also a symplectic
groupoid on P with o = goa, B =gpof, & =cop™", and the same groupoid
multiplication.

Lemma 3.3. Nonzero multiplicative Poisson structures on R’ are Poisson iso-
morphic to each other.

Proof. The Poisson structures {x,, x,} = x, and {x, x,} = k,x, are Pois-
son isomorphic by a diffeomorphism ¢(x,, x,) = (k,x,, k,x,) of R’. The
Poisson structures {x,, x,} = x, and {x,, x,} = 2k, sinhx, /2 are also Pois-
son isomorphic by a diffeomorphism ¢(x,, x,) = (=x,/(k,0(x,)), x,) of R’ ,
where 6 is a function defined by 6(¢) = sinh(¢/2)/(¢/2). Combining these facts
and Proposition 2.6, we see that every nonzero multiplicative Poisson structure
is Poisson isomorphic with {x,, x,} =x,. O

Note 3.4. In [1, 4, 10], there is a general theory for constructing a local sym-
plectic groupoid structure over a given Poisson manifold. Although we already
have the cotangent bundle of the (ax + b)-group as a symplectic groupoid over
R? with {x,, x,} = x,, we can also reconstruct a symplectic groupoid by the
general theory described above. As expected, it turns out that this symplectic
groupoid is isomorphic with the cotangent bundle. We will show briefly how to
carry out this procedure and find a symplectic groupoid isomorphism from the
result to the cotangent bundle.

Since the source map « is a submersion, we may assume a(x) = (x;, X,) .
By the symplectic realization procedure in [8], the symplectic structure we get
on R* is

exp(—x;) — 1+ x5

Q=dx Ndx;+x, 5 dx, Ndx,
X3
1 —exp(—x 1 —exp(—x
+ ﬁdxz ANdx, - )cz—g(—3)cz’)c3 Ndx,.
3 X3
It turns out that the target map £ is
1 —exp(—x,)

B(x) = (x1 +X,X, ) X, exp(—x3)> .

The groupoid structure in R* with o and B as source and target map re-
spectively is given by
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(x-y) =x <=y1 XXy

(x-y), =X, (=y,€xpX;),
(x'y)3 =X3;+YV;,

and

X, +y
(x-p),=—2—=3 )<x4expy3

expx; — 1 Ly expy; — 1)
exp(X; + Vs 4 ’

X3 Y3

There is a symplectic groupoid isomorphism from (R4 , Q) to (R4 , Q) de-
fined by
XyX, 1 —exp(—x;)

2 X, ’
Uy = X, €Xp(—X3), U= —X;,

U =x;+

and

¥ exp(x;/2) — exp(—x;/2)
4 x3 .

U, =-—

4. SYMPLECTIC DOUBLE GROUPOID

The cotangent bundle T*G of a Lie group G is one of the typical exam-
ples of symplectic groupoids. As we mentioned in §3, T*G with the canonical
symplectic structure is a symplectic groupoid over G and g* in two compatible
ways. From the fact above and Theorem 4.4.4 in [11], we expect that a sym-
plectic groupoid over any Poisson Lie group has another symplectic groupoid
structure, compatible with the original one, over the dual Poisson Lie group.

In this section, we shall show that the symplectic groupoid R* over a Poisson
(ax + b)-group R? of nondegenerate type, i.e., the (ax + b)-group with the
Poisson structure {x,, x,} = k,x,, has a “dual” symplectic groupoid structure
compatible with the original one.

If we consider the (ax + b)-group R’ with the zero Poisson structure, the
situation is just the cotangent bundle case and there is a “dual” symplectic
groupoid over the additive group g* = R? with its Lie-Poisson structure.

Next we consider the symplectic groupoid (R4; oy, Bys R’ ) in §3 over the
Poisson (ax + b)-group R’ with {x,, x,} = x, according to Propositions 2.6,
3.2 and 3.4.

The following results are already known.

Proposition 4.1 [11]. The graph of the multiplication of a Poisson Lie group is a
coisotropic submanifold.
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Proposition 4.2 [11]. The inverse image of a coisotropic submanifold of the base
Poisson manifold by the source map is a coisotropic submanifold of the symplectic
groupoid.

We shall apply these propositions to our symplectic groupoid, as given in
Theorem 3.1. Let % be the graph of the multiplication of the (ax + b)-group,
namely,

% :={(@ 0, 0) eR* xR xR |a-0=w}
And let Z be the inverse image of % by the source map, i.c.,
Z:={(x,y,2) eR' x R* xR | (09(x), ap(), ap(2)) € B} .
Then & = h, L0)n h;l(O),where
XaXa YaVa\ _ %2%4
h(x,y,z)= (xl+ 5 )+(yl+ > ) (z,+ 5 )

and

X X\ X y
hz(X,y,Z)=yzeXp<‘2‘l'+%—73)

Flowing out &, = & N (R°@ R’ R?) by (TZ)", we have a submanifold .Z .
We suspect that .% is the graph of some groupoid structure which is compatible
with the original one, but it seems hard to verify this directly, since in general
[10, 11] such a flowout is not a graph nor even an embedded submanifold.
Instead, we will pick up some information which we can get from % .

Proposition 4.3. Let F be the foliation of &, C R'? whose leaves are defined

from (T® )l. Let (x,y, z) be a(general) point in the leaf & , which is flowed
out from %, by the hamiltonian vector fields X, by and X - Then, we have the

Sollowing :
() If z=y, then
x=(0,0, Yy + y2y4/2’ Va4 exP(—yl/z)e(y2y4))~
(2) If z=x, then
y=1(0,0, x5 —x,x,/2, x,exp(x,/2)0(x,x,)).
The function 0 above is the same as the one in Proposition 3.4, defined by
6(t) = (exp(1/2) — exp(—1/2))/t.
Proof. (x,y, z) isgivenas expsX, oexth (zz U, w) forsome (&, U, W) €
%, and suitable times s, ¢, where exp tX, means the flow of the hamiltonian
vector field X, (j=1,2). Let exptX, (u U,w)=(u,v,w).
The flow of exsth is integrated as (exst )(u, v,w)=(x,y, z), where

X, =u;, Xx,=u,exp(=s/2), x;=us;+s, Xx,=u,exp(s/2),
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V=0, y,=v,exp(=$/2), Yy3=v3+s, y,=v,exp(s/2),
Z,=w;, z,=w,exp(=s/2), z;=w;+s, z,=w,exp(s/2).

From this explicit formula, the condition y = z in (1) implies v = w. Con-
cerning Hamilton’s equations %(x, v,z)=X hz(x .V, 2), e,

X Xy

X, =7epr, x2=——24—2expB,

X

X, = %expB, x4=epr+—‘2y—2expB,

. y2 . X,y

h=3 exp B, y2=L43epr,

X

y3=->expA, Vo= 24y“ expA +expB,

. z z .

zl—fexp( 23>, 2,=0,

z

2,=0, and z, = exp (—73) ,

where
Y,y X8 X
A=( yl——224)/2 and B=(x1—y3+—224)/2,
it turns out that
X, X A z,z
S A e nER i
X y z
X, EXp (—2é ,  V,exp (73) ,  Z,€Xp (73) ;

are the first integrals of our differential system. Under the initial condition
(@,v,w) € B,if y=1z,ie, v=w, then we have 0 =w andso # = 0.
Thus, we have x; = x, = 0 identically. Now our Hamilton’s equations become
simple and we have y, =0,, y;=0,and B=0. We solve

= 2t = D40, v=t
u3 = 7 s v, = 3 +U1 . 4 =1
Since A = —30,t — 40, , we have the equation

. _ 0 0, _ 3.
x4=—4—x4+exp —7—21)2[ .

and we have the solution

U, = exp (7‘1! - —21) (1 —exp(—0,1))/0,.

Since s =y,, t =y,exp(-y;/2), U, =y,exp(¥;/2), and 0, =y, —y,,/2,
we have

x=(0,0,,+ yzz—& , V4 €Xp (—%) 0(r,7,))

Thus, we have completed the proof of (1). The proof of (2) is the same as in
(1), so we omit it. O
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If the submanifold .# which is obtained by flowing out the submanifold
%, along (TZ)" is a graph of some groupoid structure, then the points in
Proposition 4.3 are the image of the source and target map respectively. In the
next theorem, we shall show that they are actually the source and target maps
of a symplectic groupoid structure and that . is an open submanifold of the
graph of multiplication of that groupoid.

Theorem 4.4. (1) Define maps o and B as
xzx X
a(x) = (o 0, x,+% x4exp( : ) 0(x2x4))
and

X, X x
B(x) = (0, 0, x; — —2?‘1 , X, €Xp (7’) 0(x2x4)) ,
where 6 is the function in Proposition 4.3. Then o and B are projections of
R* onto R* = (0, 0) x R? and satisfy

{0‘1’0‘2}=—az, {apﬂ]}:O’ {a]’ﬂz}::oa
{aza B1}=0’ {azy ﬂ2}=0’ {ﬂl’ﬁz}=ﬂ2,
where the Poisson bracket is induced from the canonical symplectic structure
Q) =—dx, Ndx; —dx, Ndx,.
(2) There is a symplectic groupoid structure in (R4, Q) such that o and
B are the source and target map respectively, and the graph of multiplication
contains & .
(3) The two groupoid structures defined from (o, B,) and (a, B) are com-
patible in the following sense:

(x-y)x(u-v)=(x*xu)-(y*v)
where “ -7 and “ x> denote the groupoid multiplications of those groupoids defined
by (g, By) and (a, B) respectively.
Proof. (1) Since (1) comes from a direct computation, we omit its proof.
(2) Suppose first that there exists a groupoid multiplication * with the source

and target map « and f. Let z = x *y. Then, we have a(z) = a(x) and
B(z) = B(y) under the compatibility condition f(x) = a(y). These imply

(20 22) (5,4 52) o,

248(z,2) exp (~ 1) - x,0(x,x,) exp (3L )
(-5 (-2 -0

40(z,2,) ex ( )—y40(y2y4)exp(%)=0,
<—><—>

40(xyx,) ex ( ) y40(y2y4)exp(—%)=0.

0,
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From the first and third equations above, we have
VaVs (
=)y

The second, fourth, and sixth equations yield
z,(exp(z, —x, ~y,)—1)=0.
Thus, z, should be x,+y,. z, = x,+y, and the second equation above imply
that
y b'e
z,0(z,2,) = x,0(x,x,) exp (?1) (= ¥,0(»,5,) exp (——2—‘)) .
We have
2z =X X4t V3,
from the first, third and fifth equation above. If z, # 0, from z,z, = x,x, +
¥,¥,  the second and fourth equation we have

e Xa Ya
Zy “xzz4 +y224
0(z,z,) zZ, X 0(z,z,) z,
= M290x,x,) P (-3+3)+» 00y,7,) P (#-3)
namely, we have

Z % Y1 V) 1

0(z,2,)  B(xpxy) P (‘?) T 8y, &P (7) '

This equation makes sense even if z, = 0. We can verify that the set .#
of common zeros of the functions below defines a groupoid structure with the
source and target maps o and f respectively.

f = - ( )9
| _ " ) o X2 Vi V2 ual
L= g~ (0(x2x4) exp (-5) + 00,y P (?)) ’

y
fi = 2,0(2,2,) — x,0(x,x,) exp (—2‘—) ,

= (- 59 - (0 24Y).

X y
fo = x,0(x,x,) exp (7‘) - v,0(y,y,) exp (~?‘) .
Since dfj (j=1,...,6) are linearly independent, .# which is the graph

of groupoid multiplication * , is a 6-dimensional manifold; it is a lagrangian
submanifold because

s Sy ==1/2,  {Sfss fh = S
and the other Poisson brackets of fj (j=1,...,6) areall zero. Thus, we have

another symplectic groupoid structure (R4 , ©,) over the Poisson manifold R’
with {x;, x,} = —x,.
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To show that .& C ./ , it is enough to see X n, and X p, are tangent to /£,
e, {h;, i} =0on A for j=1,2, k=1,...,6 because &, C .# . To
see {h;, f} =0 on £, we use the following algebraic lemma.

Lemma 4.5. For any functions P, Q on R"? , we have

(1) {P+ij, S} =AP, f,} on &, and

(2) (Pexp(Qf), fi} ={P, f,} on 4.

We continue the proof of Theorem 4.4. Since h, = 0mod (f,, ..., fy), we
have {h , f,} =0 on .#. We also see h,z, =0mod (f, ..., f), and have
{hz4, [} =0 on A4 ,ie,

h2{243 f}(} + {hza fk}z4 =0 on./Z.
This implies that {4,, f,} =0 on # N{z, # 0} andso {4,, f,} =0 on # .
(3) We first recall that
(x ‘y)z(x '.V)4 =(x *y)z(x *.V)4 = X)X+ VoV,

Assume that (x, y), (4, v) are composable pairs with respectto “- ™, (x, u),

(v, v) are composable pairs with respect to “*”, (x:y, u-v) is a composable

pair with respect to “* ” and (x*u, y*v) is a composable pair with respect to
“.”. Then the compatibility conditions are

6%
.

XX
X y
xexp () =ypexp (-3)
UplUy _ Yyl
R
u
o) s (-3).
X,X, Uy,
3 2 3 2’
X, €Xp (?') 6(x,x,) = u,exp —7‘) O(u,u,),
Ya¥a _ YU
i e R

(X-¥)y(x-¥)g _

(e-y)y - T2 (g, 000
(- gexp (F520) 010kt
= wo)yenp (-5 ) (G- )00,

3 (x *u)y(x xu),
2

(y* U)z(y * U)4

(x * ), = (v, + 2D

and
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(X * u), exp ((x *2u)3> = (y *xv), exp (—%) :

Concerning the first and third components, we have directly that

(w0} = {(xsw)- v+ 0)},
= (e w)y+ (o)} = { o - 2020

2

v + v,v4
-xl—)%‘l+ul——32—vi—{xl+ul—m“7i—}
=0

and

{(x~y)*(u-v)}3—{(X*u)-(y*v)}3
={(x-y)*x(u-v)}; = (x*u); = (y*v),

= (xoy)y - LD () (yaw),

_ 3 uud +v,v, B Uy 0y,

=ty st (=) - (- )
=0.

Using the composability conditions and the property

(s+1)0(s+t) =s0(s)exp(—t/2) + t0(¢t) exp(s/2),
we can rewrite both sides of the second components as follows:

{(x-p)*(u-v)}, = 00X, X, + Y, + Uylhy + V,0,)

o Py () * e sy e (7))

= [exp{_(“ .2'0)1 _ U2u4‘;U2U4} {(u (U)z (y)4 )4 +(x- y)z}
(X)X, + VoY) + €XD { (x '2Y)1 et wztyzy4 }

(X-y)y(x-y)
: {(u V), + (142—1))44} (uyuy + ”2"’4)]

F Xy Xy + VyVy + Uy +U,0,)
— exp { (u-v), U, + v2v4} X)Xy + VoV,

2 (X-¥),
+exp )i x2x4+y2y4 Uyly + 0,0,
2 (u-v),
u-v U U, + VU
._xzexp{z w0, o)

xy) Xa X, + VY
+u2 p{?3 1 24224}‘

461
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Also, we have

{(x*u)-(y*v)}, = (x*u),exp ((y *21))3)

= oty ) { gt o (- 5) + g oo (3) )
o (252
u

[exp (— >~ %—-) (uyux, + x22x4)

X X5 X
+exp (7‘ + 224 (1,1, + 1y,

2
- eXp (%) ] (X%, + uyu,)

- oo (-5 - 5) + o (34 50w (2522

Since we have

vy (W-v)y  upu, v, [y Ul + Y *v),
2 2 2

_ Vs _(, _ VY% Wty UV U WUy (0 Ul
=3 <”1 2)/2 2 7 T2t (y3 2)/2
=0
and
[v3 (x-¥), x2x4+y2y4] [‘xl Xy Xy (y*v)3}
2+ + —| R L
2 2 2 2 T3 2
_Y _ Vs XoXg ¥ VoVs X1 XXy YaVs
‘2+(x1 2)/2+ 2 2 72 (”3+ 2)/2
=0

we finally have
{(x-p)x(u-v)}, ={(xxu)-(yxv)},.
Using the same argument on the fourth component, or from the relations
Xy Xy + VoV, + Uyly + U,V
{(x-y)*(u-v)}4= 2774 274 274 274

{(x-y)*(u-v)},

and

Xy Xy + Vo4 + Uyl + V0,

{(x*xu)-(yxv)}, = {Cxxu)-(yxv)},

b

we also have
{(x-y)*x(u-v)},={(x*u)-(y*v)},. O
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