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ABSTRACT. First, we classify all the multiplicative Poisson structures on the 
(ax + b)-group and determine their dual Poisson Lie groups. Next, we show 
the existence of symplectic groupoid over the Poisson (ax + b)-group. Fi-
nally, by the Hamilton-Jacobi method we construct nontrivial symplectic double 
groupoids and conclude that for each pair of nondegenerate multiplicative Pois-
son structures of the (ax + b)-group there exists a symplectic double groupoid. 

1. INTRODUCTION 

Poisson Lie groups which were defined by V. G. Drinfel'd [2] are used in [7] to 
treat the hamiltonian structure of the Zakharov-Shabat dressing transformations 
of integrable systems theory. In [5], Lu and Weinstein investigate geometric 
properties of Poisson Lie groups and dressing transformations systematically, 
especially in the case of semisimple Lie groups. 

Poisson structures can be understood in the framework of symplectic geom-
etry at least locally by the notion of symplectic groupo ids [1, 4, 6, 9]. We hope 
to understand Poisson Lie groups in this context. In [6], we stated the hope 
that we might construct symplectic double groupoid structures over Poisson Lie 
groups by the Hamilton-Jacobi method of characteristics. 

In this paper, we shall try to construct symplectic double groupoid struc-
tures over the 2-dimensional Poisson (ax + b)-group, which is neither abelian 
nor semisimple. in. §2, we classify the multiplicative Poisson structures on the 
(ax + b)-group and study some differences among them. 

In §3, we shall show that each Poisson (ax + b)-group has a symplectic 
groupoid. 

In the final section, §4, for each pair of multiplicative Poisson structures of 
(ax + b)-group, which are nondegenerate in the sense of Drinfel'd [3], we shall 
find two symplectic groupoids which are compatible with each other, namely 
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we shall construct a symplectic double groupoid for each pair of nondegenerate 
Poisson (ax + b)-groups. 

Acknowledgments. The author would like to express his sincere thanks to Pro-
fessor A. Weinstein for his kind advice and helpful suggestions. He also thanks 
Miss J.-H. Lu for stimulating conversations. His thanks go to MSRI at Berkeley 
for their hospitality during his stay. Also, he expresses his deep gratitude to the 
referee whose comments helped him to improve the presentation of this paper. 

2. MULTIPLICATIVE POISSON STRUCTURES OF (ax + b)-GROUP 
AND THEIR DUALS 

Definition 2.1 (Drinfel'd [2]). A Poisson structure on a Lie group G is multi-
plicative (or grouped) if the multiplication map from G x G to G is a Poisson 
map. A Lie group with a multiplicative Poisson structure is called a Poisson Lie 
group. 

Let 9 be the Lie algebra of a Lie group G and let {~J be a basis of 9 so 
that the structure constants are given by [~i' ~) = C~~k . Denote by 0i the right 
invariant vector field on G such that 0ile = ~i' Every exterior contravariant 
tensor field II of degree 2 on G can be written as 

II(a) = !nij (a)oi(a) 1\ 0j(a) , 

where nij(a) = _nji(a). 

Proposition 2.2 [2, 5]. (1) II is a Poisson tensor if and only if 
{ if jk if j mk} ai,j,k n 0ln +n clmn =0, 

where ai, j ,k means the cyclic sum in i, j, k. (If the n ij are constant, this is 
equivalent to the Yang-Baxter equation.) 

(2) II is multiplicative if and only if 
.. .. . ~ . 

n'J (ab) = n'J (a) + Ad(a)~n (b) Ad(a): ' 

where Ad(a)~k = Ad(a)~~/' 
(3) Let dell: 9 ---+ 9 1\ 9 be the intrinsic derivative of II at e. Then this 

is a l-cocycle of adjoint representation of 9 and its dual map (deII)*: g* 1\ 
g * ---+ 9 * defines a Lie algebra structure on the dual space 9 *. Let G* be the 
simply connected Lie group with Lie algebra 9 *. Then, there exists uniquely a 
multiplicative Poisson structure, say II' on G* which induces the Lie algebra 
structure of g. Thus, (g, 9 *) has a structure of Lie bialgebra. We call (G* , II') 
the dual Poisson Lie group of (G, II) . 

Example 2.3. (1) Any Lie group has a Poisson Lie group structure with the zero 
Poisson structure. 

(2) If G is abelian, its multiplicative Poisson structure must satisfy 
ij ij ij il jk 

n (a+b)=n (a)+n (b) and ai,j,kn 0ln =0. 
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(3) The dual Poisson Lie group of (1) is the abelian group g* which is 
equipped with the Lie-Poisson bracket structure. 

It is natural to classify Poisson Lie group structures by the following equiva-
lence relation. 

Definition 2.4. Two Poisson Lie groups (GI , lll) and (G2 , ll2) are isomorphic 
if there is a group-isomorphism rp: GI ~ G2 which is also a Poisson map. 

If a manifold is 2-dimensional, any 2-vector field is a Poisson tensor and 
so finding mUltiplicative Poisson tensors is equivalent to finding multiplicative 
2-vector fields. 

Example 2.5. (1) The multiplicative Poisson structures on the abelian group R2 
are {XI' x 2 } = al XI + a2 x 2 ' where aI' a2 are any constants. We have two 
isomorphism classes of Poisson Lie groups R2 with {XI' x 2 } = alxl + a2x 2 
classified by (aI' a2) =ft 0 and (aI' a2) = O. 

(2) The only multiplicative Poisson structure on the standard 2-torus T2 is 
the zero Poisson structure. 

(3) The multiplicative Poisson structures on Sl x Rare bx2a /ao 1\ a /ax2 , 

where (0, x2) are local coordinates on Sl x Rand b is any constant. Poisson 
Lie group isomorphism classes are parametrized by Ihl. 

The simplest nonabelian Lie group with nontrivial Poisson structures is the 
following (ax + b)-group. We consider the group of transformations which 
map X to ax + b (a =ft 0). We call it the full (ax + b)-group and its identity 
connected component the (ax + b)-group. The (ax + b)-group as a matrix 
group is {( g f) I a > O}. Under the identification of the matrix (g f) with 
((log a)/c, b/va) for some fixed nonzero constant c, we will deal with the 
(ax + b)-group as R~ with the group structure 

(XI' x 2 )· (YI ' Y2) := (XI + YI ' Y2 exp(cxI/2) + x 2 exp( -cyl /2)). 

Note that these are isomorphic for different values of c and that ~ is the 
abelian group R2 . 

Our main result in this section is the foHowing: 

Proposition 2.6. The multiplicative Poisson structures on the (ax + b)-group R~ 
(c =ft 0) are given by 

{XI' x2 } = 2kl sinh(cxI/2)/c + k2x2 , 

where k l , k2 are any constants. 
Denote the (ax + b)-group with these Poisson structures by (R~, (k l ' k2)). 

The isomorphism classes of multiplicative Poisson structures are given by 

{(O, On, {(kl ' 0)1 kl =ft O}, and {(kl' k2)1 kl E Rh2iO ' 

and so can be parametrized by {(O, k2)1 k2 E R} U {(I, On if c =ft o. 
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The dual Poisson Lie groups of (R~, (0, 0)), (R~, (k, ' 0)). and (R~, (0, k2)) 
are (R~, (0, c)), (R~ ,(c, 0)). and (R~ ,(0, c)) respectively. 

I 2 

Proof. Let ~, ' ~2 be the basis of the Lie algebra of the (ax + b )-group R~ with 
~,(O) = %x,lo and ~2(0) = 0 /ox210. Then, we have [~" ~2] = C~2. The 
adjoint representation is 

and 

The right invariant vector fields 0" O2 are given by 

and 

It follows from Proposition 2 (2) that n(x) = n(x)o, (X)t\02(X) is multiplicative 
if and only if 

n(x· y) = n(x) + n(y) expcx, ' 

where x = (x" x2), y = (Y" Y2) E R2. Setting x, = y, = 0, x, = Y2 = 
0, x2 =y, =0, and x2 =Y2=0,wehave 

n(O, x2 + Y2) = n(O, x2) + n(O, Y2) , 
n(yl' x2 exp( -cy, /2)) = n(O, x2) + n(y, ' 0) , 
n(x" Y2 exp(ex,/2)) = n(x, ,0) + n(O, Y2) expex, ' 

and 
n(x, + y, ' 0) = n(x, ' 0) + n(y, ' 0) exp ex,. 

Since n(O, 0) = 0, the first equation implies n(O, t) = k2t, where k2 is 
constant. Denote n(s, 0) by q(s) . It follows from the second or third equation 
that n can be written as n(s, t) = q(s) + k2t exp(cs/2). The fourth equation 
implies that q(t + s) = q(t) + q(s) exp et. By differentiating this equation in s 
at s = 0, we have q(t) = q(O) exp et. It follows from q(O) = 0 that q(t) = 
k, (exp ct - 1) / c for some constant k, and q(t) = k, t when c = O. 
Thus, 

n(x, ' x2) = q(x,) + k2x2 exp(cx,/2) 
= k, (expex, - l)/c + k2x2 exp(cx,/2). 

Hence, multiplicative Poisson structures are 

n = {k, (expex, - l)/e + k2x2 exp(cx,/2)}o, t\ O2 
= {2k, sinh(ex, /2)/e + k2x2}o /ox, t\ %x2 . 

The inner automorphism group of the full (ax + b)-group gives the automor-
phism group of the (ax + b)-group R~ (e ¥- 0), which is larger than the inner 
automorphism group of the (ax + b)-group. Thus, the automorphism group of 
the (ax + b )-group R~ is given by 

lJ1(x, ' x2) = (1J1, (x, ' x2), 1J12(X" x2)) , 
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where 

and 

Now assume that this group automorphism rp is a Poisson map of (R~, (k, ' 
k2)) to (R~, (h" h2)). Then {rp" rp2}(k1 ,k2 ) = {x" x2}(h1 ,h2) 0 rp holds, where 
{ , }(k1 ,k2 ) means the Poisson bracket of the Poisson manifold (R~, (k, ' k2 )). 

Computing the both sides of the equation above, we have 

RHS = 2:, sinh (Ci') + h2rp2 

2h,. (CX,) ( . CX, ) 
= c smh 2 + h2 Q2' smh 2 + Q22X 2 

and 

( 2k,. (CX,) k ) LHS = Q 22 c smh 2 + 2X 2 • 

Therefore, we have 

h, = Q22k, - C h2Q2d2, and h2 = k2 . 

Conversely, the last two equations show how to construct a Poisson Lie group 
automorphism rp. 

Each nonzero multiplicative Poisson structure gives again the Lie algebra 
structure of (ax + b)-group and we already have all of the multiplicative Poisson 
structures of (ax+b)-group, so it is easy to see the dual Poisson Lie group. This 
completes the proof of Proposition 2.6. 0 

It is interesting to understand some difference among Poisson structures 
which we get in Proposition 2.6. 

Notes 2.7. (1) On the (ax + b)-group R~ (c =F 0), since 

(Tlx -'Trx)(k,e, 1\ e2) = k,[e, (x) 1\ e2(x) - a, (x) 1\ a2(x)] 
= 2k, sinh(cx,/2)a lax, 1\ a lax2 ' 

the multiplicative Poisson structures which come from r-matrices in the sense 
of Drinfel'd [2] are {x" x2} = 2k, sinh(cx,/2)/c, i.e., (R~, (k" 0)). 

(2) The Lie bialgebra structure defined from (R~, (k, ' 0)) is degenerate and 
the one defined from (R~, (0, k2)) is nondegenerate if k2 =F 0 in the sense of 
Drinfel'd [3]. 

In general, a given Poisson Lie group G with Lie algebra 9 defines a Lie 
algebra structure on the dual space 9 *. It is known that 9 E9 9 * has a Lie 
algebra structure such that 9 and 9 * are subalgebras of 9 E9 9 * and [e, a] is 
defined by 
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where <! E g, (J E g * , and g ** is identified with g naturally. This Lie algebra 
is called the double Lie algebra in [5] and is an example of Manin triples (cf. 
[5]). 

Proposition 2.8. For the multiplicative Poisson structures on (ax + b)-group 
2 Rc (c =1= 0) , 
(1) the double Lie algebra structure defined by {x" x 2 } = k 2x 2 (k2 =1= 0) is 

isomorphic with g[(2, R) , and 
(2) the double Lie algebra structure defined by {x" x 2 } = 2k, sinh(x,/2) (k, =1= 

0) is isomorphic with the semidirect product of R and a 3-dimensional Heisen-
berg Lie algebra. 
Proof. Let <!, and <!2 be the standard basis of g = Lie algebra of Ri as in the 
proof of Proposition 2.6. Let (J', (J2 be the dual basis of <!, and <!2. 

( 1) The Poisson structure {x" x2 } = k 2x 2 implies the Lie algebra structure 
on g * as [(J' , (J2] = k2 (J2 . The double Lie algebra structure is defined by 

If we put 

the Lie algebra structure has eo as a central element and 

[e" e2 ] = e3 , [e2 , e3 ] = -e, ' [e3 , ed = e2 , 

i.e., the linear span of {e, ' e2 , e3} is the Lie algebra 5[(2, R) and the double 
Lie algebra is isomorphic with gl(2, R) . 

(2) Similarly, the Poisson structure {x" x 2 } = 2sinhx,/2 implies [(J' , (J2] 

= k, (J' and the double Lie algebra structure is defined by 

Putting 

we rewrite the double Lie algebra structure as 

[eo' ed = 0, [eo' e2] = e2 ' [eo' e3] = -e3 ' 

[e, ' e2 ] = 0, [e" e3] = 0, [e2 , e3] = -e,. 
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It turns out that e" e2, e3 generate a 3-dimensional Heisenberg Lie algebra, 
with eo acting on it. 

Remark 2.9. It is also an interesting problem whether, for a given Poisson Lie 
group G, there exist Lie groups G* and D whose Lie algebras are 9 * and the 
double Lie algebra 9 EEl 9 * respectively such that G and G* are subgroups of 
D, and G x G* ~ D : (g, ' g2) 1---+ g, g2 is a diffeomorphism, i.e., D is globally 
factorizable into GG* (cf. [5, 7]). When G is the (ax + b)-group with the 
Poisson structure {x" x2} = 2k, sinh(x,/2) or {x" x2} = k2x2 (k" k2 =f. 0), 
there exists no unique factorizable Lie group D. 

3. SYMPLECTIC GROUPOIDS OVER THE POISSON (ax + b)-GROUPS 

In this section, we shall prove the following theorem. From here on we 
assume that c = 1 . 

Theorem 3.1. There always exists a symplectic groupoid for each multiplicative 
Poisson structure on the (ax + b)-group R2. 
Proof. It is. known that the cotangent bundle T* G of a Lie group G with the 
canonical symplectic structure is a trivial symplectic groupoid over G with the 
zero Poisson structure. If G is our (ax + b)-group R2, we have the trivial 
symplectic groupoid R4 over R2 with the zero Poisson structure. 

The cotangent bundle T* G with the canonical symplectic structure is also 
a symplectic groupoid over the dual space 9 * of the Lie algebra 9 with the 
Lie-Poisson structure (see [6] for detail). Let G be our (ax + b)-group R2 
with the coordinates (x3' x4). Under the identification by right translations, 
the symplectic groupoid structure of R4 ~ T* G with equivariant momentum 
mappings induced from right and left action as the source and target map is as 
follows: 

Q!o(x) = (x, + X2X4/2, x2 exp( -x3/2)) 
Po(x) = (.~, - X 2X 4 /2, x2 exp(x3/2)) 
e((x" x2)) = (x" x2' 0, 0) 
(x.y), =x, -Y2Y4/2 (=y, + X2x4/2) , 
(x· y)2 = x2 exp(Y3/2) (= Y2 exp( -x3/2)) , 
(x· Y)3 = x3 + Y3 ' 
(x· Y)4 = exp(x3/2)Y4 + x4 exp( -Y3/2) , 

and the cotangent symplectic structure is 

Q o = -dx, /\ dX3 - dX2 /\ dx4, 

(source map) , 
(target map), 
(identities) , 

where x j ' Yj and (x· y) j mean the jth component of x, Y and X· Y respec-
tively. The induced Poisson bracket of g* is given by {x" x2} = x2. Although 
this Poisson structure is multiplicative for the additive group structure of 9 * , it 
is also multiplicative for the (ax + b)-group structure by Proposition 2.6 (with 
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kl = 0, k2 = 1). Thus we have proved the existence of symplectic groupoid 
over R2 with {Xl' X 2 } = X 2 • 

Using the following obvious Proposition 3.2 and Lemma 3.3, we have com-
pleted the proof of Theorem 3.1. 0 

Proposition 3.2. Let (r, 0, p, e, ro) be a symplectic groupoid and let P be a 
Poisson manifold. If P is Poisson diffeomorphic to r 0 by some Poisson diffeo-
morphism rp of r 0 onto P, then the symplectic manifold r is also a symplectic 
groupoid on P with 0' = rp 00, p' = rp 0 p, e' = eo rp -1 , and the same groupoid 
multiplication. 

Lemma 3.3. Nonzero multiplicative Poisson structures on R2 are Poisson iso-
morphic to each other. 
Proof· The Poisson structures {Xl' X2} = x2 and {Xl' X2} = k2X2 are Pois-
son isomorphic by a diffeomorphism rp(Xl' X2) = (k2Xl' k2x2) of R2. The 
Poisson structures {Xl' X2} = x2 and {Xl' X2} = 2kl sinhxl/2 are also Pois-
son isomorphic by a diffeomorphism rp(xl , x2) = (-x2/(kl()(Xl )) , Xl) of R2, 
where () is a function defined by ()(t) = sinh(t/2)/(t/2). Combining these facts 
and Proposition 2.6, we see that every nonzero multiplicative Poisson structure 
is Poisson isomorphic with {Xl' X 2 } = X 2 • 0 

Note 3.4. In [1, 4, 10], there is a general theory for constructing a local sym-
plectic groupoid structure over a given Poisson manifold. Although we already 
have the cotangent bundle of the (ax + b)-group as a symplectic groupoid over 
R2 with {Xl' X 2 } = X 2 ' we can also reconstruct a symplectic groupoid by the 
general theory described above. As expected, it turns out that this symplectic 
groupoid is isomorphic with the cotangent bundle. We will show briefly how to 
carry out this procedure and find a symplectic groupoid isomorphism from the 
result to the cotangent bundle. 

Since the source map 0 is a submersion, we may assume o(x) = (Xl' X 2 ) . 

By the symplectic realization procedure in [8], the symplectic structure we get 
on R4 IS 

exp( -X3) - 1 + X3 n = dXl 1\ dX3 + X4 2 dX2 1\ dX3 
x3 

1-exp(-x3)d d 1-exp(-x3)d d + X21\ x4 - x2 X31\ x4 · 
X3 X3 

It turns out that the target map p is 

( 1-exp(-x) ) P(x) = Xl + X2X4 X3 3, X2 exp( -X3) . 

The groupoid structure in R4 with 0 and p as source and target map re-
spectively is given by 
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( 1 - exp( -X) ) 
(X, Y)l = Xl = Yl - X2X 4 X3 3 , 

(X, Y)2 = X 2 (= Y2 expx3)' 
(X'Y)3=X3 +Y3' 

X 3 +Y3 ( expx3-1 eXPY3-1) 
(X, Y)4 = exp(x3 + Y3) X4 eXPY3 X3 + Y4 Y3 . 

There is a symplectic groupoid isomorphism from (R4 , n) to (R4 , no) de-
fined by 

and 

4. SYMPLECTIC DOUBLE GROUPOID 

The cotangent bundle T* G of a Lie group G is one of the typical exam-
ples of symplectic groupoids. As we mentioned in §3, T* G with the canonical 
symplectic structure is a symplectic groupoid over G and 9 * in two compatible 
ways. From the fact above and Theorem 4.4.4 in [11], we expect that a sym-
plectic groupoid over any Poisson Lie group has another symplectic groupoid 
structure, compatible with the original one, over the dual Poisson Lie group. 

In this section, we shall show that the symplectic groupoid R4 over a Poisson 
(ax + b)-group R2 of nondegenerate type, i.e., the (ax + b)-group with the 
Poisson structure {Xl' X 2 } = k2X2 ' has a "dual" symplectic groupoid structure 
compatible with the original one. 

If we consider the (ax + b)-group R2 with the zero Poisson structure, the 
situation is just the cotangent bundle case and there is a "dual" symplectic 
groupoid over the additive group g* ~ R2 with its Lie-Poisson structure. 

Next we consider the symplectic groupoid (R4; 0:0, Po; R2) in §3 over the 
Poisson (ax + b)-group R2 with {Xl' X 2 } = x 2 according to Propositions 2.6, 
3.2 and 3.4. 

The following results are already known. 

Proposition 4.1 [11]. The graph of the multiplication of a Poisson Lie group is a 
coisotropic sub manifold. 
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Proposition 4.2 [11]. The inverse image of a coisotropic sub manifold of the base 
Poisson manifold by the source map is a co isotropic submanifold of the symplectic 
groupoid. 

We shall apply these propositions to our symplectic groupoid, as given in 
Theorem 3.1. Let ~ be the graph of the multiplication of the (ax + b)-group, 
namely, 

~ := {(u, 'D, ill) E R2 X R2 x R21 u· 'D = ill}. 
And let ~ be the inverse image of ~ by the source map, i.e., 

~:= {(x, y, z) E R4 X R4 x R41 (Qo(x), Qo(Y) , Qo(z)) E ~}. 

Then ~ = h;'(O) n h;'(O) , where 

( X2X4) ( Y2Y4) ( Z2 Z4) h,(x,y,z)= x'+-2- + Y'+-2- - z'+-2-

and 

( X, X2X4 Y3) h2(x, y, z) = Y2 exp 2 + -4- - 2" 
( Y, Y2Y4 X3) ( Z3) +x2 exp -2 - -4- - 2 - Z2 exp -2 . 

Flowing out ~ = ~ n (R2 ED R2 ED R2) by (T~)J. , we have a submanifold .:? . 
We suspect that.:? is the graph of some groupoid structure which is compatible 
with the original one, but it seems hard to verify this directly, since in general 
[10, 11] such a flowout is not a graph nor even an embedded submanifold. 
Instead, we will pick up some information which we can get from .:? . 

Proposition 4.3. Let !T be the foliation of ~ C R'2 whose leaves are defined 
from (T~)J. . Let (x, y, z) be a (general) point in the leaf.:?, which isj/owed 
out from ~ by the hamiltonian vector fields Xh and Xh . Then, we have the 

2 I 
following: 

( 1) If z = y, then 

x = (0, 0, Y3 + Y2Y4/2, Y4 exp( -Y,/2)O(Y2Y4))· 

(2) If z = x, then 

Y = (0,0, x3 - X2x 4/2, x 4 exp(x,/2)0(x2x 4))· 

The function 0 above is the same as the one in Proposition 3.4, defined by 
O(t) = (exp(t/2) - exp( -t/2))/t. 
Proof. (x, y, z) is given as expsXh 0 exp tXh (u, 'D, ill) for some (u, 'D, ill) E 

I 2 

~ and suitable times s, t, where exp tXh . means the flow of the hamiltonian 
J 

vector field Xh (j = 1,2). Let exptXh (u, 'D, ill) = (u, v, w). 
J 2 

The flow of expsXh is integrated as (expsXh )(u, v, w) = (x, y, z), where 
I I 
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YI = VI ' Y2 = V2 exp( -s/2), Y3 = V3 + s, Y4 = V4 exp(s/2), 
ZI=W I , z2=w2exp(-s/2), Z3=W3+S, z4=w4exp(s/2). 

From this explicit formula, the condition Y = Z in (1) implies V = w. Con-
cerning Hamilton's equations fr(x, y, z) = Xh (x, y, z), i.e., 

2 

where 

· x2 A x I =2 exp , 
· Y2 B X3 = 2 exp , 
· Y2 B YI = 2 exp , 
· _ x2 Y3--2 expA , 

· z2 (Z3) ZI = 2 exp -2 ' 

.2'3 = 0, and 

x = - X 2Y2 expB 
2 4 ' 

x4 = expA + Xf2 expB, 
. X 2Y2 Y2 = -4- expA, 
. X 2Y4 

Y4 = -4 expA + expB, 

.2'2 = 0, 

.2' 4 = exp ( - i) , 
A = (-X3 - YI - Y2J4) /2 

it turns out that 

and 

X2X4 Y2Y4 Z2 Z4 
XI - -2-' YI - -2-' zi - -2-' 

~~p(~), ~~p(~), ~~p(i), 
are the first integrals of our differential system. Under the initial condition 
(u, v , w) E ~, if Y = z, i.e., v = W , then we have v = wand so u = o. 
Thus, we have XI = x2 = 0 identically. Now our Hamilton's equations become 
simple and we have Y2 = v2' Y3 = 0, and B = o. We solve 

v2 v2 _ 
u3 = 2 t , VI = 2t + VI' v4 = t. 

Since A = -jv2t - !vI ' we have the equation 

x4 = ; x4 + exp ( - ~I - ~V2t) , 

and we have the solution 

u4 = exp (;t - ~I) (1 -exp(-v2t))/v2 . 

Since s = Y3' t = Y4 exp(-Y3/2), v2 = y2exp(Y3/2), and VI = YI - Y2Y4/2, 
we have 

X = (0,0, Y3 + Y2J4, y4exp (_~I) O(y2y4)). 

Thus, we have completed the proof of (1). The proof of (2) is the same as in 
(1), so we omit it. 0 
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If the submanifold 2' which is obtained by flowing out the submanifold 
~ along (T'if).l is a graph of some groupoid structure, then the points in 
Proposition 4.3 are the image of the source and target map respectively. In the 
next theorem, we shall show that they are actually the source and target maps 
of a symplectic groupoid structure and that 2' is an open submanifold of the 
graph of mUltiplication of that groupoid. 

Theorem 4.4. (1) Define maps a and P as 

a(x) = (0, 0, X3 + X2;4 , x4 exp ( - ~I ) (}(X2X4)) 

and 

P(X) = (0,0, x3 - X~4, x4 exp (~I) (}(X2X4)) , 

where (} is the function in Proposition 4.3. Then a and P are projections of 
R4 onto R2 ~ (0, 0) X R2 and satisfy 

{ai' a2 } = -a2 , 

{a2 ,PI }=0, 
{al,PI}=o, 
{a2 , P2 } = 0, 

{ai' P2 } = 0, 
{PI' P2} = P2 ' 

where the Poisson bracket is induced from the canonical symplectic structure 
no = -dxI 1\ dX3 - dX2 1\ dx4. 

(2) There is a symplectic groupoid structure in (R4, no) such that a and 
P are the source and target map respectively, and the graph of multiplication 
contains 2' . 

(3) The two groupoid structures defined from (ao' Po) and (a, P) are com-
patible in the following sense: 

(x . y) * (u . v) = (x * u) . (y * v) 

where" . " and" * " denote the groupoid multiplications of those groupo ids defined 
by (ao' Po) and (a, P) respectively. 
Proof. (1) Since (1) comes from a direct computation, we omit its proof. 

(2) Suppose first that there exists a groupoid multiplication * with the source 
and target map a and p. Let Z = x * y. Then, we have a(z) = a(x) and 
P(z) = P(y) under the compatibility condition P(x) = a(y) . These imply 

( Z2Z4) ( X2X4) z3 + -2- - X3 + -2- = 0, 

z4(}(z2z4) exp ( - ~I ) - X4(}(X2X4) exp ( - ~I ) = 0, 

(Z3 - Z22Z4) - (Y3 - Y2;4) = 0, 

Z4(}(Z2Z4)exp(~I) -Y4(}(Y2Y4)exp(~) =0, 

(X3 - X2;4) - (Y3 + Y2;4) = 0, 

x4(}(x2x4)exp (~I) - Y4(}(Y2Y4)exp (-Yl) = 0. 
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From the first and third equations above, we have 

z3 = x3 - Y2;4 (= Y3 + X2;4) . 

The second, fourth, and sixth equations yield 

z4(exp(zl - Xl - Yl) - 1) = O. 
Thus, Zl should be Xl +Yl . Zl = Xl +Yl and the second equation above imply 
that 

ziJ(z2z4) = X40(X2X4) exp (~) (= Y4 0(Y2Y4) exp (_ ~l)) . 
We have 

Z2 Z4 = X2X4 + Y2Y4 
from the first, third and fifth equation above. If Z4 # 0, from z2 z4 = X2X4 + 
Y2Y4' the second and fourth equation we have 

x 4 Y4 z2 =x2- +Y2-
Z4 Z4 
O(z2 Z4) (Zl Xl) O(Z2 Z4) (Zl Yl) 

= X20(X2X4) exp -2 + 2 + Y2 O(Y2Y4) exp 2 - 2 ' 
namely, we have 

z2 = x 2 exp (_Yl) + Y2 exp (Xl) . 
O(Z2 Z4) O(X2X4) 2 O(Y2Y4) 2 

This equation makes sense even if Z4 = O. We can verify that the set vi( 
of common zeros of the functions below defines a groupoid structure with the 
source and target maps a and P respectively. 

1; = Zl - (Xl + Yl ), 

f- z2 _( x 2 exp(-Yl)+ Y2 exp(Xl)) 
2 - O(Z2 Z4) O(X2X4) 2 O(Y2Y4) 2 ' 

f ( Y2Y4) 3 = Z 3 - X3 - -2- , 

14 = ziJ(Z2 Z4) - X40(X2X4) exp (~l) , 

Is = (X3 - X~X4) - (Y3 + Y2;4) , 

h = x40(X2X4) exp (~l ) - Y40(Y2Y4) exp ( - ~ ) . 

Since dfj (j = 1, ... ,6) are linearly independent, vi( which is the graph 
of groupoid multiplication *, is a 6-dimensional manifold; it is a lagrangian 
submanifold because 

and the other Poisson brackets of fj (j = 1, ... , 6) are all zero. Thus, we have 
another symplectic groupoid structure (R4 , no) over the Poisson manifold R2 
with {X3' x4} = -X4 . 
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To show that .Y c L , it is enough to see Xh and Xh are tangent to L , 
I 2 

i.e., {hi'~} = 0 on L for j = 1,2, k = 1, ... ,6 because ~ c L. To 
see {hj' f k } = 0 on L, we use the following algebraic lemma. 

Lemma 4.5. For any functions P, Q on R12, we have 
(1) {P + Qfj, f k } = {P, f k } on L, and 
(2) {Pexp(Qfj) , f k } = {P, f k } on L. 
We continue the proof of Theorem 4.4. Since hI == 0 mod U; , ... ,1,), we 

have {hI' fk} = 0 on L. We also see h2z4 == 0 mod U; , ... ,1,,), and have 
{h2z4' ~} = 0 on L, i.e., 

h2{z4' fk} + {h2' f k}z4 = 0 on L. 
This implies that {h2' f k} = 0 on L n {z4 =I- O} and so {h2' fk} = 0 on L. 
(3) We first recall that 

(x· Y)2(X' Y)4 = (x * yh(x * Y)4 = X2X4 + Y2Y4' 
Assume that (x, Y), (u, v) are composable pairs with respect to"· ", (x, u), 

(y, v) are composable pairs with respect to" * ", (x· y, U· v) is a composable 
pair with respect to" *" and (x * u, y * v) is a composable pair with respect to 
" .". Then the compatibility conditions are 

X2X4 Y2Y4 
XI - -2- =YI + -2-' 

x2 exp (i) = Y2 exp ( - ~) , 
U2U4 V2V4 

UI - -2- = VI + -2- , 

U2 exp (i) = V 2 exp ( - i) , 
X 2X4 U2U4 

X3 - -2- = U3 + -2- , 

X4 exp (;1) O(X2X4) = U4 exp ( - ~I ) O(U2U4) , 

Y2Y4 V2V4 Y3 - -2- = V3 + -2- , 

Y4 exp (~) O(Y2Y4) = V4 exp (- ~I) O(V2V4) ' 

( ) (X'Y)2(X'Y)4 ( ) (U'V)2(U'V)4 
X'Y3- 2 =u·v 3+ 2 ' 

(x· Y)4 exp eX;)1 ) O((x· Y)2(X' Y)4) 

= (u. V)4 exp ( - (u ~V)I ) O((u· V)2(U' V)4)' 

( ) (X*U)2(X*U)4 ( ) (y*vh(Y*V)4 
x*u I - 2 =y*v l + 2 ' 

and 
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(x*U)2eXPCX~U)3) = (Y*V)2 exp (-(Y;V)3) . 

Concerning the first and third components, we have directly that 

and 

{(x· y) * (u· v)h - {(x * u)· (y * v)h 

= {(x. Y)1 + (U· V)I} - {(X * U)1 - (y * V)2iY * V)4 } 

_ _ Y2Y4 _ V2V4 _ { _ Y2Y4 +V2V4} 
- Xj 2 + u j 2 Xj + u1 2 

=0 

{(x· y) * (u· V)}3 - {(x * u)· (y * v)h 
= {(x· y) * (u· v)}3 - (x * u)3 - (y * v)3 

(u·v) (u·v) 
= (x· yh - 22 4 - (x * u)3 - (y * v)3 

u2u4 + V2v4 ( U2U4) ( V2V4) = X3 + Y3 - 2 - x3 - -2- - Y3 - -2-
= o. 

Using the composability conditions and the property 

(s + t)e(s + t) = s(}(s) exp( -t/2) + t(}(t) exp(s/2), 

we can rewrite both sides of the second components as follows: 
{(x· y) * (u· v)h = (}(X2X4 + Y2Y4 + U2U4 + V2V4) 

.[ (x·yh exp (_(U.V)I)+ (U·V)2 exp((X.Y)I)] 
(}(X2X4 + Y2Y4) 2 (}(U2U4 + V2V4) 2 

_ [ {_(U.V)1 _ U2U4+V2V4 } {(U.V)2(U.V)4 ( . )} 
- exp 2 2 (x. Y)4 + X Y 2 

{ (x. Y ) xx +YY} . (X2X4 + Y2Y 4) + exp 2 j + 2 4 2 2 4 

{ (X.Y)2(X.Y)4} ] 
. (U·V)2+ (U.V)4 (U2U4 +V2V4) 

-;- (X2X4 + Y2Y4 + U2u4 + V2V4) 
_ {_ (u· v)j _ U2U4 + V2V4 } X2X4 + Y2Y4 
- exp 2 2 (x· Y)4 

{ (x· Y)j X2X4 + Y2Y4} U2U4 + V2V4 
+exp 2 + 2 (U.V)4 

_ {Y3_(U.V)I_ U2U4+ V2V4} - x2 exp 2 2 2 

{ v3 (x· Y)j X2x4 + Y2Y4} + u2 exp T + 2 + 2 . 
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Also, we have 

{( x * U) 0 (y * V) h = (x * U) 2 exp Cy ~ v) 3 ) 

= (J(X2X4 + U2U4) { (J(~2X4) exp ( - ~I ) + (J(:22U4 ) exp (~I ) } 
o exp Cy ~V)3) 

[ ( UI U2U4 ) 2 = exp -2 - -2- (U2U4X 2 + x2 x4 ) 

( XI X2X4) 2 ] + exp 2 + -2- (u2 u4 + U2X 2X 4 ) 

o exp Cy ~ V)3 ) / (X2X 4 + U2U4) 

= [X2exp(-~1 - U2;4)+U2exp(~1 + X2;4)]expCY*2V)3) 0 

Since we have 

[Y3 _ (u 0 V)I _ U2U4 + V2V4 ] _ [_~ _ U2U4 + (y * V)3] 
2 2 2 2 2 2 

= Y3 _ (U _ V2V4 ) /2- U2U4 _ V2v 4 + ~ + U2U4 _ (Y _ V2V4 ) /2 
2 12 2 222 32 

=0 

and 

[V3 (x 0 Y)I X 2X4 + Y2Y 4] [XI X 2X4 (y * V)3] 
"2+ 2 + 2 - 2+-2-+ 2 

= v3 + (x _ Y2Y 4) /2+ X2x4 + Y2Y 4 _ XI _ X 2x4 _ (v + Y2Y 4) /2 
2 12 2 22 32 

= 0, 

we finally have 
{(X 0 y) * (u 0 v)h = {(x * u) 0 (y * v)h 0 

Using the same argument on the fourth component, or from the relations 

{(x 0 ) * (u 0 v)} = X 2X4 + Y2Y 4 + U2U4 + V2V4 
Y 4 {(XoY)*(UoV)}2 

and 

we also have 
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