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LOCAL SINGULARITIES SUCH THAT
ALL DEFORMATIONS ARE TANGENTIALLY FLAT

BERND HERZOG

ABSTRACT. We give a criterion for a local ring (B, n;) containing a field to
have only tangentially flat deformations. Various examples of such local rings
are constructed.

Let (B,, n,) be a (Noetherian) local ring. We say that it has only tangentially
flat deformations, if every flat local homomorphism of local rings

fi(4,m)— (B, n)

such that B, and the (special) fiber B/mB of f have isomorphic completions
B /mﬁ = Eo , is tangentially flat, i.e., induces a flat homomorphism

gr(f): gr(4) — gr(B)

of the associated graded rings with respect to the maximal ideals. Examples of
local rings (B, n,) with this property are the regular local rings and the rings
which have completion

(1) BO=L[[X1,...,XN]]/(XI,...,XN)d,
where L is a field, N is greater than 1, and d is an arbitrary positive integer
(see [He,, Folgerung (1.3); He,, Corollary 2]).

In 1981 Christer Lech (Stockholm) stated the problem of whether the local
rings B, satisfying (1) are the only zero-dimensional local rings with only tan-
gentially flat deformations. The answer is no, as the following example shows:

B,=L[X,Y,Z|/(x’, Y, Z2°, X’Y,Y*Z, Z*X)

(see Example (2.7) below). So the next question would be whether it is possible
to give a complete list of such singularities, but it turns out there are too many
of them.

The purpose of this paper is to give a criterion for local rings (B, n,) to
have only tangentially flat deformations in terms of the normal module N, 5, of
B, (with respect to a formal local embedding into some regular scheme). As
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556 BERND HERZOG

an application we give various examples of local singularities (B, n,) of all
dimensions having only tangentially flat deformations.

Note that each such singularity (B, n,) gives a class of flat local extensions
A — B of local rings (those with fiber B ), for which the problem of Lech-
Hironaka [L, p. 72; Hi, Problem 10.2] has trivially a positive answer, i.e., the
local Hilbert functions Hg and Hg of A and B respectively satisfy

Hi(n) < Hy(n) forneN and d := dim B, .

Throughout the paper we use the standard assumptions and notation of com-
mutative algebra as in [Ma, Bo] (unless stated otherwise). Local rings will always
be Noetherian.

1. SOME CRITERIA FOR TANGENTIAL FLATNESS

(1.1) Definition. Let G = @,.,G(n) be a (commutative) graded algebra of
finite type over the Artin local ring G(0) of elements of degree zero. Then the
Hilbert series H; of G is the formal power series H, = 3 ., H (n)T" with
integer coefhicients

lengthG(O) G(n) forn>0,
0 otherwise.

Hg(n):= {
The ith sum transform of the Hilbert series of G is defined to be

H;:=Y Hy(m)T":=(1-T)"'H,.
neZ

Given any two formal power series H = Y. H(n)T" and H' = S, H'(n)T"
with integer coefficients, the inequality H < H' is to be understood in the sense
of total order, i.e., H(n) < H'(n) for all n.

Let (4, m) be a local ring. Then the Hilbert series of 4 and its sum trans-
forms are defined to be

H

A= Mg

H and Hf, = H;(A)

respectively. Here gr(4) denotes the associated graded ring with respect to the
powers of the maximal ideal m of 4.

The essential part of the proof of the following theorem can be found in
[He,].

(1.2) Theorem. (i) Let f: (A, m, K) — (B, n, L) be a local homomorphism
of local rings with special fiber B, := B/mB. Then
Hy < H,Hy, .
(ii) Equality holds in (i) if and only if one of the following equivalent conditions
is satisfied.

1o gt oy
(a) Hsr(B) = Hsr(A) ng(3)®yml(‘
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(b) The homomorphism f is flat and one has the identities m'Bnn =
m'n’™ for j>i.
(c) The homomorphism f is flat and the canonical surjections

gr(B)/ gr*'(4) gr(B) — gr(B/m'B)
are bijective for all i. Here grzi(A) denotes the ith power of the irrele-
vant maximal ideal gr*(A) = @, m*/m**" of gr(4).

(d) There is a graded L-module section s of the canonical homomorphism
gr(B) — gr(B,) such that the induced homomorphism of graded gr(A)®;
L-modules

gr(4) ® gr(B,) — gr(B)
is injective (in which case it is bijective for any such section s).

(e) The homomorphism gr(f): gr(A) — gr(B) induced by f is flat, i.e., [
is tangentially flat.

Conditions (b) and (c) are satisfied, provided one of them is satisfied for i = 1.
Proof. Assertion (i) is just Theorem 1 of [He,]. From Theorem 2 of [He,] we
know that equality in (i) is equivalent to any of the conditions (b), (d), and (e).
Condition (c) is simply a reformulation of (b). To see this, observe that

gr(B/m'B) = @’ +m'B)/('*" +m'B)

j20
= @nj/(anrl +m'Bnn’)
Jj20
and ,
B)/grz'(4 @n’/(n’+l +m'n ).

j>0
So the canonical surjections of (c) are bijective if and only if
m'BNn’ —m'nj '+miBﬂnj+l.

An easy induction shows that this is equivalent to the identities of (b) (use the
lemmas of Artin-Rees and Nakayama). We have proved (b) & (¢) < (d) & (e).
Condition (a) is a consequence of (d) and (c). For, condition (d) implies

HgorB(n) = length, @ gr'(4) ®k gri(BO)

i+j n
=) H, sr(A sr(B)(f)
i+j=n
ie., Hg(a) Hfr( 4 gr(B) and therefore
Hslr(B Hsr(A)ng(B)

This is equivalent to (a), since by condition (c)
gr(B,) = gr(B/mB) = gr(B)/ gr" (4) gr(B) = gr(B) ®,, , K .
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Conversely, from [He,, Satz (1.1)] we know that (a) implies (e).

Now all we have to prove is the remark at the end of the theorem that condi-
tions (b) and (c) are satisfied if one of them is satisfied for i = 1. This is done
in [He;]. But there is a much more elementary proof due to the late Professor
Lech; we give a reformulation of this here. All we have to show is the following
lemma.

(1.3) Lemma (Lech). Let f: (4, m) — (B, n) be a flat local homomorphism
such that mBNn’ =mn’™" for all j. Then

(2) m'Bnn =m'n’” fOr'j>l

Proof. The case i =1 is trivial, so assume i > 1. By the induction hypothesis,
m'Bnn’ =m'Bnm' ™ 'Bnn’ =m'Bnm w7,

Fix some minimal set of generators x , ..., x, of the ideal m'™!. Then any

element y of the left-hand side of (2) can be written as

y= Zakxk = Zbkxk

with g, € mB and b, € n/~*!' . In particular, Y.(a, — b)x, = 0. Since

f: A — B is flat and the x,’s form a minimal generating set of m'™", this
implies
a,—b €(x;,...% ..., xy)B: X,
=[x, ... X ..., xp)A: x5, ]BCmB.

Here a hat “~ ” on x, means that this element is to be omitted. We see that

b, isin mB, hence in mB N/ ~*! . Therefore

_ J=i =l i j=i
y—ZbkxkEmn ‘m  =mn .

We have proved that the left-hand side of (2) is contained in the right-hand
side. The converse inclusion is trivial. Q.E.D.

(1.4) Remarks. (i) Let the local homomorphism of local rings
fi (4, m)— (B,n)

be tangentially flat. Then so is f®, 4/l for every ideal / Cm.

(ii) Let f: (4, m) — (B, n) be a local homomorphism of local rings and let
I, 21,2 1I;2 - be a descending chain of ideals of A such that given any
power mk of the maximal ideal of A, there is some I contained in m* . Then
the following conditions are equivalent.

(a) f is tangentially flat.
(b) f®,4/1 is tangentially flat for every j.
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(iii) Let f: (4, m) — (B, n) be a local homomorphism of Artin local rings.
Then the following conditions are equivalent.
(a) f is tangentially flat.
(b) Hp < HyHy and f is flat

0 0 770
() Hp>HyHy .
Here as usual B, is the special fiber B/mB of f.

Proof. For assertion (i) see [He,, Remark 1]. To prove assertion (ii) assume
condition (b) is satisfied. Then

B/l sk Z /1 (W)Hp (v)

u+v=k

for every k and every j. For fixed £k and j large enough I f is contained in

m *! hence

H,‘li/l_(u) = H,;(u) foru=0,1,...,k
J

and

HB/IJB(k) = Hy(k).
Therefore H; = H;Hgo, ie., f: A — B is tangentially flat. We have proved
that condition (b) of (ii) implies condition (a). The converse implication follows
from (i).

To prove (iii), note that condition (a) implies (b) and (c). Conversely, assume
that (b) or (c) is true. All we have to show is that then equality holds in (b) and
(c) respectively. For this it is sufficient to take the sum over all coefficients of
the series on both sides of (b) and (c) respectively to obtain an identity, i.e., we
have only to show

(3) Y Hyk =Y Y HiwH,
k=0

k=0 u+v=k

Note that since 4 and B are Artin local rings, both sides are finite. The left-
hand side of (3) is equal to lengthy(B) and the right-hand side equals

i HS(u) i Hgo(v) = length ,(4) - length,(B/mB).

Therefore (3) follows from the fact that B is a flat module over A4 in case (b)
and is trivial in case (c). Q.E.D.

(1.5) Theorem. A local homomorphism f: (A, m,K)— (B, n, L) is tangen-
tially flat if and only if the following conditions are satisfied.

(i) f is flat.

(ii) ordg(ab) = ord 4(a)+ordg(b) for every a € A and for every b € B such
that ordy(b) = Ordao(bo)- Here B, := B/mB is the special fiber of f, b, is
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the residue class of b in By, and ord is the order with respect to the maximal
ideal in the corresponding local ring.

(iii) Condition (ii) is preserved if f is replaced by f ® , A/ for every proper
ideal I of A.

Proof. Suppose f is tangentially flat. Then f is flat by Theorem (1.2). Since
tangential flatness is preserved when passing from f to f®, A/I (see Re-
mark (1.4)(1)), it is sufficient to prove that condition (ii) is satisfied. In prov-
ing this, we may assume a and b are both nonzero. Then the initial form
in(b) of b in gr(B) represents a nonzero element of the K vector space
gr(B)/gr* (4)gr(B) = gr(B,), hence a member of a family of homogeneous
and linearly independent generators of this vector space. Lifting these gener-
ators to homogeneous elements of gr(B), one obtains a free generating set of
gr(B) over gr(A4), and lifting these to B, one sees that there is a family (b,),,
of elements b; € B such that

1. b is a member of (b,),; -

2. BCY 4b, +n* for every k.

3. Yierab; € nk, a; € A, implies a; € mF=40 for every [ € I, where

d(i):=ordg(b,).

Let ord,(a) = r, ordg(b) = s, and ordg(ab) = t. Then (1) and (3) imply
aem'™, ie, r+s >t. Since the converse inequality is trivial, this is the
claim of (ii).

Now suppose conditions (i)-(iii) are satisfied. Since tangential flatness of f
is equivalent to tangential flatness of f® , 4 /mk for every k, we may assume
A is an Artin local ring. The further proof uses the proposition of [He,]. From
this proposition we see that there are families (bj,.) er (U=0,1,2,...) of

J
elements b, ;€ B such that
4. ordB(bji) = ordBO(bﬂ mod mB) = j.
5. The homomorphism of A4-modules
o0
[[B4-8, (a)~3 a0,
Jj=0 i€l
is well defined and bijective (since f is flat).
6. f is tangentially flat if and only if ) a jibj,. € n*B implies a i € m¥
forall i e I; and all j.
7. For any given j the bji >s represent K-linearly independent elements
of v/ B,/n'*'B,.
Assume that f is not tangentially flat. Then by property 6 there is an element
(4) b=Ya,b,eB

jiYji
such that ord(a;;) + ordB(bji) < ord;(b) for at least one pair (/, i). Define

—J

u :=min(ord (a;;) + ordg(b;,))
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and omit in the sum (4) all terms but those satisfying

(5) ord,(a;,) +ordg(b;) = u.

Then the sum (4) becomes finite, since for any given j there are only finitely
many nonzero coefficients a;; . In particular, b isin B. Let

N:=#{(j,i)|a; #0}
be the number of nonzero members in the sum (4) and let r := minord ,(a i) -

Replacing f by f®, 4 /m”’l , the orders of the elements b ;; do not increase
by property 4, so equality (5) remains true. Therefore we may assume

(6) r=ord,(a;) for every nonzero a.

From equations (5) and (6) we see that a;; # 0 only if j=u-r.

In case there are two pairs (j, i) and (j', ') such that a ¢ a;4, the
homomorphism f can be replaced by f ®, A/ajiA with the effect that one
of these coefficients becomes zero, i.e., N decreases. This can be done only a
finite number of times. So we may assume that any two nonzero coefficients
a; are proportional, i.e., a;=e;a with a € 4 fixed and e; a unit for some
pairs (j, i) satisfying j = u — r and zero otherwise. Then

! !
b=ab, b = Zeu_,,ibu_,,,..
i

From property 7 we see that b’ has order
ord,(b") = ordBo(b' modmB) =u—r.
By construction, ord,(a) = r. Therefore
ordg(ab’) = ordy(b) > u=r+ (u—r) =ord,(a) + ordy(b').
This contradicts our assumptions (ii) and (iii). Hence f is tangentially flat.
Q.E.D.

(1.6) Proposition. Let f: (4, m,K) — (B,n, L) be a flat local homomor-
phism of complete local rings. Then there is a commutative diagram of local
homomorphisms

A;B
g\ /h
R

such that g is tangentially flat and h is surjective.

Proof. From the theory of Cohen rings (see [GD, EGA IV, §19]) it is easily
seen that there is a commutative diagram of local homomorphisms

A —f—v B

b [o

CAlIX]] —— GllX, Y]]



562 BERND HERZOG

with X and Y finite sets of indeterminates, C, and C, Cohen rings, p, and
pg surjections, and ¢ a homomorphism inducing the identity on X . So 4 and
B can be identified with factor rings of C,[[X]] and Cg[[X, Y]] respectively.
This gives a commutative diagram

A E— B

H &

ClXN/T, —— GllX, Y])/(g(,) = R

with g and 4 induced by g and p, respectively and I, the kernel of p,.
The homomorphism # is obviously surjective. All we have left to prove is the
tangential flatness of g. Note that g is flat (since g is flat). So it is sufficient
to show that the special fiber of g is a regular local ring (see [He,, Folgerung
(1.3)]). But the fiber of g coincides with the fiber of ¢, which is obviously
regular. Q.E.D.

(1.7) Terminology. A standard base of an ideal I in a local ring (R, 9M) is
defined to be a sequence r = (r , 1,) of elements of I such that the
corresponding sequence

IR

in(r) := (in(r,), ..., in(r,))

of initial forms in gr(R) generate the initial ideal

k+1 k+1

gr(l, R) = @ 1nom* + " jom

k>0

For any two n-tuples r, s € R" we write

n
(r,s)=>_rs
i=1

and more generally

(A,s):=r',s), ..., (r", s)

for any n x n-matrix 4 over R with rows r! , ..., r". Further let
ord(r) := (ordg(r,), ..., ordg(r,))

for r=(r,,...,1,) € R".If r € R, we write (r):=(r, ..., r) for the n-tuple
with all coordinates equal to r. It will be clear from the context which n we
have in mind. In case the coordinates of r and s are integers the inequality
r=(r,...,r,)<s=(s,...,s,) meansthat r, <s; for every i.

(1.8) Theorem. Let the local homomorphism f: (A, M, k) — (R, M, L) be
tangentially flat and let the ideal I C m be such that B := R/I is flat over A.
Then the following are equivalent.
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(i) B is tangentially flat over A.

(i) There is a standard base r, of the ideal I,:= IR, of R,:= R/mR that
can be lifted to an n-tuple r of elements from I such that ord(r) =
ord(ry) (in which case any such lift r of any standard base r, is auto-
matically a standard base of I).

(iii) Every element x, € I, can be lifted to an element x € I such that

ordg(x) = ordRo(xO) .
Proof. (i) = (iii) Consider the commutative diagram with exact rows
0 — gr(/,R) — gr(R) — gr(B) —— 0

l ! l

0 — er(fy, Ry)) —— gr(R)) —— gr(B;)) —— 0

where B := B/mB is the special fiber of 4 — B and the vertical homo-
morphisms are the canonical ones. Note that the latter are surjective. This
is obvious for those on the right and in the middle. For the left-hand side
homomorphism it follows from the fact that

gr(Ry)/ gr(l, R)gr(Ry) = gr(R)/ gr(1, R) + (gr"(4))
= gr(B)/(gr" (4)) = gr(By).
Here the first isomorphy comes from the fact that R is tangentially flat over A4
(see Theorem (1.2)(c)) and the third is a consequence of the tangential flatness
of B over A.
The surjectivity of the left-hand side vertical homomorphism may be inter-

preted as follows: for every positive integer k one has the inclusion

(I+mR) N € (I +mR) nam**' + I1nom* + mR.
The Artin-Rees lemma implies

(I +mR) NI c Inm* + mR,

Le., every element from I, of order k can be lifted to an element of I with
the same order.

(iii) = (ii) This is trivial, except for the assertion added in parentheses,
which will be proved later.

(ii) = (i) Itis sufficient to show that the canonical surjection gr(B)/(gr"(4))
— gr(B,) is bijective. The following composition of canonical maps is an in-
verse:

gr(By) = gr(Ry)/ gr(ly, Ry)
= gr(R,)/ in(r) gr(R,)
= gr(R)/ in(r) gr(R) + (gr' (A4))
— gr(R)/ gr(I, R) + (gr' (A4))
5 gr(B)/(gr'(4)).



564 BERND HERZOG

Note that the isomorphism in the third row exists, since R is tangentially flat
over A. We have proved tangential flatness of B over 4.

Since the inverse mapping given above is bijective, the following identity
holds in gr(R):

in(r) gr(R) + (gr" (4)) = gr(I, R) + (gr" (4)).
Therefore,
gr(I, R) = in(r) gr(R) + gr(I, R) N (gr" (4)).
Since gr(R)/gr(/, R) = gr(B) is flat over gr(A4), the second term on the right
can be written gr'(4)-gr(I, R), so that
gr(I, R) = in(r)gr(R),
i.e., r is a standard base of /. Q.E.D.

2. TANGENTIAL FLATNESS AND THE NORMAL MODULE

In this section we give the announced characterization of local singularities
with only tangentially flat deformations.

(2.1) Definition. Let R be a ring (commutative with unity) and / an ideal of
R . Then the module

N, :=Homg(I, R/I) (=Homg,(I/I*, R/I))

will be called the normal module of I. In case R is equipped with some
descending filtration
. d d+1
Fei - 2Fg2Fg 2+
by R-submodules (i.e., ideals), then the same is true for N,, where the dth
submodule of the filtration is

k k+d
Fy ={feN,| fUNFR) CFy

The associated graded module will be denoted

d | d+l
gr(N,) = @FN,/FN,+ .
deZ

In case (R, M) is a local ring, we will always assume that F, is the canonical
filtration defined by the powers of the maximal ideal, i.e.,

d m? ford > 0,
Fp = )
R otherwise.

+ I/I for every k}.

Now assume R = @Z‘lo R(d) isagraded ringand I = @;":0 I(d) is a homo-
geneous ideal with R(d) and I(d) the submodules over R(0) of homogeneous
elements of degree d. Then, if R is Noetherian,

N, = N,a)

dez
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is a graded R-module with
N,(d):={f €N, | f(I(k)) C R(k +d)/I(k +d) for every k}

the submodule of homogeneous elements of degree d. For any graded R-
module N =,., N(d) and any integer n let N(<n):=P,_, N(d).

The proposition below gives conditions for tangential flatness of the small
prolongations of a given tangentially flat deformation. It represents the crucial
step in the proof of our criterion.

(2.2) Proposition. Let f: (A, m, K) — (R, M, L) be a tangentially flat local
homomorphism of local rings, t € A an element in the socle of A (i.e., such that
mt = (0)), and I anideal of R such that B := R/I is flat over A. Suppose B :=
B/tB is tangentially flat over A := A/tA and consider the following conditions.
(i) st(lo,Ro)(< —ord(t))=0. Here R,:= R/mR and I,:=IR,.
(ii) For every ideal I' of R such that I +tR = I' + tR and such that
B':=R/I' is flat over A, the ring B' is tangentially flat over A.

(i) gr(N,) (< —ord, (1)) =0.
Then the following implications (i) = (ii) = (iii) hold.
Proof. (i) = (ii) We have to show that B’ = R/I' is tangentially flat over 4.
For this it is sufficient to prove that I’ satisfies condition (ii) of Theorem (1.8).
Define R := R/tR and T:= IR =I'R, and let r, € R be a standard base
of I,. Since B is tangentially flat over 4, r, can be lifted to a standard base
7€ R" of T satisfying ord(F) = ord(ry). In particular the coordinates of 7
generate 1. Since B’ is flat over A, there is a lift # € R” of F such that the
coordinates of r' generate I'. Write

r=r+ts,, reR", s, eRy,
such that
ord(r) = ord(F) = ord(r).

Note that ts, is a well-defined element of R", since ¢ annihilates mR.
Let e := ord,(¢) and assume the lift 7" and its decomposition ' = r + ts,
are such that

(7) ord(s,) > ord(r,) — (e).

Then ord(r') = ord(r,), i.e., I' satisfies condition (ii) of Theorem (1.8) and B’
is tangentially flat over 4.
So assume that (7) is wrong and choose the minimal integer m such that

ord(sy) > ord(ry) — (m).

Then m > e. It will be sufficient to prove that in this situation the decomposi-
tion ¥ =r+ ts, can be replaced by another one with smaller m . We shall use
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the following notation:

ord(r,) =: (d(1), ..., d(n)),
m, .= MR,,,
Sy = s,mod(Mi " @ ... @ mi™ ") € gr(R,)".
As we shall prove below the n-tuple S, defines an element
(8) (H,, in(r,)) + residue class of (H,, S;)
of the normal module
Ngf(lo’Ro) = Homgr(RO)(gr(I0 , Ry), gr(Ry)/ gr(ly, Ry)).

Note that, since 7, is a standard base of I, the elements of gr(/,, R;) can be
written (H,, in(r,)) with H, € gr(R,)".

The element (8), if it exists, is homogeneous, since degS, — degin(r,) =
(-m, ..., —m). Its degree is —m , hence less than —e = —ord ,(¢). From our
hypothesis (i) we see that the element (8) must be zero, i.e., the coordinates of
S, must be in gr(/,, R,). Since r, is a standard base of I, there is a matrix
A with elements taken from R, such that the n-tuple s(') = $5y—(4, r,) satisfies

ord(sy) (> ord(s,) + (1)) > ord(ry) — (m — 1).
The inequality in parenthesis need not be true for all coordinates. It may be
wrong for those coordinates, for which the corresponding inequality of ord(s,)
> ord(r,) — (m) is proper. Nevertheless the inequality outside the parenthesis
holds for all coordinates. From the decomposition ' = r + ts, one obtains
¥ '=r+t{d,ry) +1tsy, hence

"

r=(E—-tA4, r') =r+ts(').

The matrix E — tA4 is invertible, (E — t4)(E +tA) = E, so r’ is another lift
of 7, whose coordinates generate I' . Replacing the decomposition r=r+ tsy
by r’ = r+1s,, the integer m decreases at least by one. So the proof of the
implication (i) = (ii) is reduced to the assertion that (8) gives a well-defined
element of Ny I Ry) "

Let H, € gr(R,)" besuch that (Hy, in(ry)) = 0. We have to show (Hj, Sy) €
gr(l,R,) . For this we may assume the relation (H,, in(ry)) = 0 is homoge-
neous, i.e.,

(9) deg(H,) + deg(in(ry)) = (d)

for some integer 4 . Since R is tangentially flat over 4, the relation (H,, in(r,))
=0 in gr(R,) = gr(R)/(gr' (4)) canbe considered as a relation modulo (gr"(4))
of in(F). Now gr(R)/in(F)gr(R) = gr(B) is flat over gr(4), so this relation
can be lifted to a relation of in(7) in gr(R). There is an n-tuple H € gr(R)"
of homogeneous elements satisfying

(H,in(r)) =0 mod gr(tR, R)
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and
H, = (Hmodgr' (4)gr(R)").
Choose h € R" such that in(h) = H. Then (h, r) € M**! +tR and
(10) ord(h) + ord(ry) > (d),

the latter being a consequence of (9) and the fact that ord(r) = ord(r,). Since

7 is a standard base of 7, there is an n-tuple 4’ € R" such that
(1) (h,ry=(h",r) modIR,
ord(h)+ord(r0) d+1).

Note that ord(r) = ord(r,). Let x, € R, be such that (h — b, r)= tx,. Then
ord(tx,) = ordp(h — k', r) > d and by Theorem (1.5), since R is tangentially
flat over 4,

(12) ordRo(xO)Zd—e>d—m.
From (11) we see,
(h—h',ry=0 modtR.

Since B' = R/r'R is flat over A, this relation modulo R lifts to a relation of
r' in R. There exists some Vo € Rg such that

(h—h'+ty0, r') =0.
Indicating residue classes modulo mR by subscripts “0”, we obtain
=(h—h', r'y+1(yy, 1)
=(h- ) (h—H, tsy) + ¥y » 1)
= 1(xy + (h — hy, 5o) + (Vg 7)) s
hence 0 = x, + (hy — hy, so) + (¥, 1) and
(hy» o) — (h('), So) + Xy €ErgRy = 1.
We shall see that this implies the relation (H,, ;) € gr(/,, R,). To prove this,
let us estimate the orders of the terms (A, s,), (hg » S) » and X, . Note that
ord(h,) + ord(sy) > ord(h,) + ord(r,) — (m)
> (d-m) (by(10)),
ord(hy) + ord(sy) > ord(hy) + ord(r,) — (m)
>(d+1-m) (by(ll)).
Therefore

ordg (hy, o) > d —m, ordg (hy,s))>d—m, ordg xo>d—m
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(for the latter see (12)), hence
(hy, So) + Mg_m“ € gr(ly, R,),

which is just the relation (H,, S;) € gr(,, R,) which was to be proved, for,

Hy = (hymod o] ‘" g ... I~y (see (10))

and ;
Sy = (somod g V™" g @ oy T
(ii) = (iii) Let e :=ord,(f) be as above and assume that
Br(N,) (< =€) #0.
Take a nonzero element g € N; = Homg, (1y, Ry/I;) with initial form of degree

less than —e in gr(N,o) . Given a standard base r, € Rg of I, there exists an
n-tuple s, € Ry such that

g(<h0a ro)) = <h0’ SO> l‘l’lOdI0
for every hy € R; . By the choice of g,
(13) ordy ;; (Sy;mod ) < ordy (r,) — e

for at least one i. Here s, and r,, denote the ith coordinates of the vectors
s, and r, respectively.

By assumption, B = R/I is tangentially flat over 4. So by Theorem (1.8)
there is alift r of r, to a standard base of I such that ord(r) = ord(r;) . Define
ri=r+ ts, and let [ ":= r'R be the ideal of R generated by the coordinates
of . Then B':= R/I' is flat over A. It is sufficient to show that B’ is not
tangentially flat. Assume the contrary and consider the coordinate r: =r,+15,
of ' with i asin (13). The following identity holds in B’ = R/I':

t-(sy; mod ) = —(r,mod I.
Here ¢ is considered as an element of B’. The term on the left is then a well-
defined element of B’ since ¢ annihilates m. By Theorem (1.5) this identity
implies
e +ordg (S mod I,) = ord (r, mod I') > ordg(r,) = ordRo(rOi).

But this contradicts (13). Q.E.D.

(2.3) Definition. Let (B, n, L) be a local ring. Its completion B= R/I isa
factor of a complete regular local ring (R, 9, L) modulo an ideal I C me .
The module

Np:= N, = Homg(I, R/I)
equipped with the filtration coming from the canonical filtration of R will be
called the normal module of B . Similarly,

Ny(p) = Ny gy = Homy, g, (8r(I, R), gr(R)/ gr(1, R))
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will be called the normal module of the tangent cone. Note that by the minimality
condition I C m? , R and I are determined up to (nonunique) isomorphism,
and hence so are the modules N, Ngr( B) and gr(Ny).

The lemma below shows that, without the assumption I C 9)12, Ngr( B) and
gr(Ng) are unique up to direct factors isomorphic to gr(B)[1]. Here as usual,
N[n] denotes, for any graded module N = @ N(d), the graded module ob-
tained from N by shifting degrees, i.e., N[n](d) = N(d +n).

(2.4) Lemma. (i) Let J and J' be ideals of a ring R such that J =J' + xR
for some x € R. Then J': x C J ifand only if

(14) JIIP = + I e xR+ J*TY
and multiplication by x induces an isomorphism
(15) R/J — xR+ J*J*.

(ii) Let S be a polynomial ring or a power series ring in one indeterminate
T over a Noetherian ring R, and let I C R and J C S be ideals such that
J =1IS+ FS for some F € S and such that the coefficients of F generate the
unit ideal in R. Then there is an isomorphism

(16) NJJ(N,®R/,S/J)€9S/J.
In case R is a graded ring and F and I are homogeneous, this is an isomor-
phism of graded R-modules
N, 5 (N, ®p/r8/J) @ (S/J)[deg F].
In case (R, M) is a local ring, S = R[[T]], and F =T, the isomorphism (16)
induces an isomorphism of graded gr(R)-modules
gr(N;) = gr(N,) @ gr(R/)[1].
Proof. (i) Suppose conditions (14) and (15) are satisfied. Then
R/J S xR+ JH I =117 + T2 5 =110 +J2,
hence ax € J' implies ae J.
Conversely, assume that J': x C J. Then
(J+IH)NxR+I) =T nxR) +J = x)x+J* = J*.
This gives us the direct sum decomposition (14). Since (15) is obviously sur-
jective, it is sufficient to prove it is injective. Let a € R represent an element
of R/J, whose image is zero. Then ax € J> = J'? + xJ . There is an element
a' € R suchthat a’x € /> C J' and a’ = amod J. So our assumption implies
a'eJ,hence aeJ.

(ii) Note that the assumption on F implies that the canonical homomor-
phism R — S/FS is flat and F is S/IS-regular (see [Ma, Corollary of The-
orem 22.6]). In particular, IS: F = IS C J, hence by the first part of the
lemma,

T =S+ T2 T e (S/)).
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Note that
IS+ J} I = 1S/ISn(I*, IF, F?)

= IS/(I*, IF) + (I)n (F*) = IS/(I*, IF)

=@y S/J=I/I" @), S/ .
So the above direct sum decomposition can be written
(17) T/ T = [(/1) @, S/T1 (S]T).
Taking duals, one obtains

N, = Homg,,(I/I" ®,, S/J, S/J) & (S/])
= [N, ®g,; S/ 718 (S/),

which is the first claim of (ii). We have used here that S/J is flat over R/I
(see [Ma, Exercise (7.7)]).

In case R is graded and I and F are homogeneous, multiplication by F
shifts degrees by deg F . Taking this into account in the above calculations, one
obtains the second claim of (ii).

Finally assume that (R, 9) is a local ring, S = R[[T]], and F =T . Then
from the proof of (17) we see that the map

1/I’eS)J —JJJ*, (amodI’, bmodJ)— a+bTmodJ’,

is bijective. Note that the canonical map R/I — S/J 1is an isomorphism. In
that what follows R/I and S/J will be identified. The bijection induces an
isomorphism

N, = Homg(J, S/J) — Homy(I, R/I)® (R/I) = N, @ (R/I),
fe=(fl;, (T)).
By definition, F 13! consists of all f € N, such that

k+d

fam, T com, T g s =2 L1l

Since
Jn, T =(I+TR+TR+--)n* + " 'T+m* G +...)
—Inm + oI T AT
this condition is equivalent to
fanmyco™? /1 and f(T)em™™ +1/1.

Therefore, the submodule F, ,ﬁ of N, corresponds to the submodule
J

Fy ® m**! 4+ 1/1)
of N, & (R/I). This implies the last claim of (ii). Q.E.D.
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(2.5) Theorem. Let (B, ny) be a local ring containing a field. Consider the
following conditions.
(1) Ngr(Bo)(< -1)=0.

(i) (By, ny) has only tangentially flat deformations.

(ii1) gr(NBo)(< -1)=0.
Then the implications (i) = (ii) = (iii) are true.
Proof. (i) = (ii) Let f: (4, m) — (B, n) be a flat local homomorphism such
that B /mﬁ o 30 . We have to show that f is tangentially flat. For this we may
assume that 4, B, and B, are complete local rings and by Remark (1.4)(ii) that
A is an Artin local ring. The further proof uses induction on / := length(A4).

Incase / =1, thering A is a field and f is obviously tangentially flat. Let
[ > 1 and take some nonzero socle element ¢t € 4. Then, by the induction
hypothesis,

fi=f®,(4/tA): A—B

is tangentially flat. Since f is flat and all rings are complete, there is, by
Proposition (1.6), a commutative diagram of local homomorphisms

A;»
g\ /" h
R

with g tangentially flat and 4 surjective. Let I := kerh, so that B = R/I.
Using the notation of Proposition (2.2), we see from our hypothesis (i), that

Ngr(IO,RU)(< —Ol'dA(t)) S Ngr(lO,Ro)(< -1)=0.

Hence, by the first implication of Proposition (2.2), the homomorphism f: 4 —
B is tangentially flat.

(ii) = (iii) Asabove we may assume that B, is complete. Suppose condition
(iii) is not satisfied. Define

A:=K[1], =0, t¢K
B:=B[t] = B,®; A.
Here K is some field contained in B;. By construction, the canonical homo-

morphism f: 4 — B is flat and f ®, (4/tA4) is tangentially flat. As above
there is a commutative diagram of local homomorphisms

A;»
g\ /' h
R

with g tangentially flat and / surjective. So Proposition (2.2) applies, prov-
ing that there must be some flat but not tangentially flat local homomorphism
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A — B’ with special fiber isomorphic to B,. This is the desired contradic-
tion. Q.E.D.

(2.6) Remarks. (i) In case B, is homogeneous, i.e., the completion Eo is a fac-
tor of a power series ring over a field modulo an ideal generated by homogeneous
polynomials, then

(18) gr(NBo) = Ngr(B )
as graded modules. Conditions (i) and (iii) of the theorem are equivalent, and
we have a necessary and sufficient condition in this case for a local ring to have
only tangentially flat deformations.

(ii) It would be desirable to have the equivalence of the conditions of the
theorem for more general situations, say for quasi-homogeneous singularities.
The canonical filtration of B, (by powers of the maximal ideal) should then
be replaced by some filtration more adapted to the concrete singularity, e.g. by
some quasi-homogeneous filtration. Indeed, Theorem (2.5) and all the other
assertions above have analogues with rather general filtrations instead of the
canonical one. The treatment of the general case is much more technical and
will be published elsewhere.

(iii) Condition (i) of the theorem can be found in a paper of J. Herzog (Es-
sen) on what he calls strict local rings (see [He, Theorem 1]). The elementary
Corollary (2.12) below just says that Artin local algebras over a field with only
tangentially flat deformations are strict. Theorem 1 of [He] is a direct conse-
quence of this fact and our Theorem (2.5).

Proof of (18). We may assume B, = R,/I, with R, a power series ring over

some field and /;, an ideal generated by homogeneous polynomials Sis s 1,

and contained in the square of the maximal ideal. Then f := (f,..., f,) is
a standard base of I, and its coordinates can be considered as a generating set
of gr(l,, R,). The homogeneous elements of degree d of N er(B,) 3T€ given by

n-tuples g € R0 of homogeneous elements of R, satisfying
(19) (r,/)=0=(r, g €l;, degf+(d)=degg.

Two such n-tuples g, g’ € R give the same element of N, er(B,) if and only if
!’ n
g =g mod [ R,
An analogous descnptlon of the elements of N, is obtained if one omits
the second condition of (19) and the homogeneity condmon The elements of

F ;B are given by n-tuples g satisfying
0

degf+(d)<ordg.

From this it is easily seen that the elements of gr(V, BO)(d ) are given by n-tuples
of homogeneous elements satisfying (19). Q.E.D. '
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(2.7) Example. Let B, := R,/I, and
Ry:=L[X,Y,Zll, I,:=(F,F,F,F,F,F),
F:=X', F:=Y, F:=2,
F,:=XY, F:=YZ, F:=2ZX.

Here L denotes as usual some field. Then B, has only tangentially flat defor-
mations.

Proof. We have to show Ny( Bo)(< —1) = 0. The homogeneous elements of

Ngr( By) of degree d are given by 6-tuples G of homogeneous polynomials
ys---» Gg of degree e = 3 +d such that

(20) (R, F)=0 implies (R, G)€l,.

Here F is the 6-tuple with coordinates F,, ..., F;. So we have to show that

any 6-tuple G with homogeneous coordinates of degree e=3+d <3-1=2
satisfying (20) is the zero 6-tuple. The proof of this is concentrated in the
following table.

x3 v z3 xv vz z%x

Y -X
z? XY
X Y b
0 0
symmetry: 0 O 0 0

The polynomials of the first row of the table are the generators F; of I,. The
space between the two horizontal lines contains the syzygies of these generators
F; needed for the proof, and the space below indicates how to see that every
G, must be zero.

Note that, since the F;’s are power products, we may assume that the G;’s
are monomials (of equal degree < 1). From the first syzygy given in the table
we see that YG, — XG, € [,. Since YG, — XG, is a polynomial of degree at
most two and I, is generated by power products of higher degree, this implies
YG,-XG,=0.Incase G, # 0 we may assume G, = X and G, =Y. Thisis
what we express by writing the indeterminates X and Y at the first row below
the second line. From the second syzygy we see that Z 2Yy-xy. Gy € 1. Since
I0 is generated by power products this implies either Z 2 ‘Y, XYGg €[, or
Z*. Y - XY. G, = 0. Both is obviously impossible, which we have indicated
by writing “Ll ? So G, must be zero, a fact that is expressed by the first figure
“0” in the row above the last row. The first syzygy now implies XG, € I,
hence G, = 0, which is the meaning of the second figure “0” in this row. By
symmetry we conclude that the remaining coordinates must be zero, too, hence
the figures “0” in the last row. Q.E.D.
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(2.8) Example. Let B, := R,/I, and
R,:=L[[X,Y,Z]], I,:=(F,, F,, F),
F:=X'+YZ, F:=Y'+XZ, F,:=XY.
Then B, has only tangentially flat deformations.

Proof. Using the conventions of the previous example, we have the following
table. ) 5
X +YZ Y +XZ XY
Xz -x* xy-27°
0

0 0

Note that any G € RS defining a homogeneous element of Ny By) of degree
less than —1 has coordinates of degree zero. The figure “0” in the row above
the last row arises, since Z 2 does not appear as a power product of some F;.
The remaining zeros come from the fact that

Xz, x*, F=X'+YZ, F,=Y'+XZ, F=XY
are linearly independent. Q.E.D.

(2.9) Example. Let B,:= R;/I, and
R,:=L[[X,Y,Z, W], I,:=(F,F,F,F,),
F:=XW-YZ, F:=XZ-Y,
F,=XZ'-Y'W, F=YwW' -2

Then B, has only tangentially flat deformations.
Note that B, is the completed local ring at the vertex of the affine cone over

the Macaulay curve Vl(’zi (the projection along the second coordinate axis of
the Veronese variety P' Vige— P4).
Proof. The claim follows from the table below.

Xw-YZ x*z-Y* xZ*-v'w yw*-2*

Y? -z X
Yw -Z -X
z? W Y
-XZ w -Y
0 Y w b
0 0 0

Q.E.D.

(2.10) Example. Let the local ring (B,, n,) be a complete intersection, i.e.,
B, = R,/I, with
Ry:=L[[X,,..., Xy]l, Iy:=(f1,..., f)s
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and f,..., f, aregular sequence in R,. Suppose B, is not a regular local
ring. Then B, has tangentially nonflat deformations.

Proof. We may assume f, has order 4, > 2 in R;. There are isomorphisms

(Ro/Iy) S I/I;,  (r,modly), — Y r,f, modl;
i

and
N S (Ro/)), &= (8(f)s--e s 8(S).

The r-tuple (1,0, ...,0) of (R, /IO)' corresponds to the element

g:1,— Ry/1,, Zrifi»—»rl mod I,

i

of N, . The order of g in NIO is a most —d, , since
0

1=g(f,) € gI,N MJ) ¢ M,.

Therefore
0# gr(N, ) (< —d,) Cer(N,) (< -1). QE.D.

(2.11) Example. Let (B, n;) be a local ring containing some field. Sup-
pose there is some B -regular sequence Xx,,...,Xx, € n, such that Fo =
B,/(x,, ..., x,) has only tangentially flat deformations. Then the initial forms
of the x; in gr(B;) form a gr(B;)-regular sequence and B, has only tangen-
tially flat deformations.

Proof. Let f: (A4, m)— (B, n) be a flat local homomorphism satisfying B/mB
~ ﬁo . We want to show that f is tangentially flat. For this we may assume that
A4, B, B, are complete local rings. Take elements y, € B with residue classes
in B/mB = B, corresponding to the x;’s. Then the sequence y,, -, Yy, is
B-regular (see [Ma, Corollary to Theorem 22.5]). Since B is complete, the
mapping f induces a local homomorphism

(21) AllY,,...,Y]]- B

sending the indeterminate Y; to y,. Since the regular sequence Y,, ..., 7, is
mapped to a regular sequence in B, the homomorphism (21) is flat (see [Ma,
Exercise (22.3)]). By construction, the special fiber of (21) is isomorphic to Fo ,
i.e., (21) is tangentially flat. Composition with the canonical homomorphism
A — A[[Y,, ..., Y]], which is obviously tangentially flat, gives the homomor-
phism f. Hence f is tangentially flat.

To prove the first part of the claim, let X be some field contained in B, and
consider the special case when f is the canonical injection K — B,. As we
have seen the associated homomorphism

K[[Y,,..., Y]] - B, Y, - x,,

1
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is tangentially flat, i.e.,
K[Y,,...,Y]1—gr(B,), Y, —in(x,),

is flat. Therefore the sequence of initial forms in(x,), ..., in(x,) is gr(B,)-
regular. Q.E.D.

(2.12) Corollary. Let (B, n,) be an Artin local ring containing some field and
having only tangentially flat deformations. Then gr(B) is a Cohen-Macaulay
ring for every local ring B containing a B-sequence x, ..., x, such that

B/(x,,...,x,) = B,.

r

The example that follows is due to D. Eisenbud and J. Herzog (see [He,
Proposition 1]) and gives a very useful criterion for a local ring to have only
tangentially flat deformations. It implies that in the case of embedding dimen-
sion at least three all extremal Gorenstein algebras (see [Sche]) and many of
the compressed Artin algebras (see [ I, (3.8) and (4.1A)]) have only tangentially
flat deformations. (Originally the example was formulated for homogeneous
ideals I, only, and the referee wondered whether the homogeneity hypothesis
is needed. I want to thank him for this.)

(2.13) Example. Let B, = R,/I, be such that R, = L[[X,, ..., X,]] and
I, has height at least two. Assume that the relation module of gr(/;, R,)) is
generated by linear syzygies. Then B, has only tangentially flat deformations.

Proof. See [He, Proposition 1].

3. SINGULARITIES DEFINED BY POWER PRODUCTS

(3.1) Proposition. Let L beafield X ={X,, ..., Xy} a finite set of indeter-
minates, and

By = LIIXTY/(s,» - 5,)
with power products s, , ..., s, of equal degree d such that every s, is contained
in some subset S(i) C {s,, ..., s,} satisfying the following conditions.

(i) The elements of S(i) have greatest common divisor GCD(S(i)) of de-
gree at most one.
(ii) Any two elements s,t € S(i) can be connected by a sequence s =

Si0)> Sity> -+ > Sigy =1 of elements from S(i) such that
Sii-/Sitiy = Xugy/ Koy
is the quotient of two indeterminates for j=1, ..., k.

In this situation B, has only tangentially flat deformations.

(3.2) Definition. Let S ={s,, ..., s,} beaset of power products of the inde-
terminates X, ..., X, such that any two elements s, € S can be connected
by a sequence s = S, ;1) -5 Sk = ! of elements from S such that
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si(j_l)/si(j) = Xu(j)/Xv(j) is a quotient of two indeterminates for j =1,..., k.
Then we say that S is 1-connected. Note that the elements of every 1-connected
set of power products have equal degrees, so that it makes sense to speak of the
degree of a 1-connected set. If S is any set of power products, the maximal
1-connected subsets of .S will be called 1-components. With this terminology,
Proposition (3.1) can be rephrased as follows.

(3.3) Let B, := L[[X,,..., Xyll/(s;,...,s,) be such that s,...,s, are
power products of equal degree d and such that each 1-component of S :=
{$1>..-»5,} has GCD of degree at most one. Then B, has only tangentially
flat deformations.

(3.4) Remark. The set of generators {X3, Y3, Z3, XZY, YZZ, ZZX} of the
ideal I, of Example (2.7) consists of the three 1-components

(x*, x*vy, (¥, v’zy, (Z2°,z*x)

each having GCD of degree two. We shall see below that the conditions of
Proposition (3.1) are far from being necessary even for power product ideals.

Proof of Proposition (3.1). Let G, ..., G, € L[[X]] be homogeneous polyno-
mials of degree e < d — 1 such that G := (G,, ..., G,) defines an element
of

N = Ngr(lo’Ro), Iy:=(sy, ..., 8,)Ry, Ry:=L[[X]].
We have to show G defines the zero element of N, i.e.,
G, eJy:=(s,...,5,)L[X]

for every i. Since the s;’s are power products, we may assume that the G,’s
are monomials.
Consider the 1-component S(i) of S := {s;,...,s,} containing s,, and

take any sequence Si0)> -+ » Siky € S(#) as in condition (ii) of (3.1). From
Xv(j)si(j_]) - Xu(j)s,.(j) =0 we see that
KXo Gitj-1) = Xu(jyGijy € Jo-

Since this polynomial has degree less than the degree d of the generators of
J, , it must be zero:

X‘U(J)G'(J 1) X )GI(J) 0.

Iterating this identity, we obtain 4G, = BG,,, with
i(0) i(k)

k
-

k k k
B:=]] X,/ GCD (H Koy HXum)
j=1 Jj=1 Jj=1
Trivially we have the analogous identity AS;) = BS; 4 -
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Now consider the case s, =5, 1= X ;’“) X K,(N ). By assumption there is at
most one indeterminate, say X Jy dividing GCD(S(i)) . In case there is no such
indeterminate let X ;= 1. Then, given some indeterminate X B the sequence

0
8; = Si0)> Siq1ys -+ » Sk AN be chosen such that Xj t Si(k) 1n case j # J, and

such that X; 1 Sik) in case j = j,. From As;0) = Bsi(k) and X;’(j) |s,.(0) we
deduce Xj‘.’(” | BX Jo Since AG,, = BG,,, and A4, B are relatively prime,
this implies A
a
X Gy X, = GX, .

This last relation is true for arbitrary j, so that s, | G,X iy Since the de-
gree of G, X Jo is less than d = degs;, the ith coordinate G; of G must be
zero. Q.E.D.

(3.5) Remark. Let B, := L[[X,,..., Xy]]/I, be such that I, is generated
by power products s,, ..., s, of degrees > d and that there is a 1-connected
subset S of {s,,...,s,} of degree d with GCD of degree at most one. Then

the above argument shows that, given any homogeneous element

fe€ Ngr(BO) = Hom(J,, L[X]/J,)
of degree less than —1, then f(s)=0 for s€S.
(3.6) Proposition. Let B, := L[[X,, ..., X\]1l/1, be such that I, is an ideal
of Ry := L[[X,, ..., Xy]] generated by power products s, ..., s, of degree
two. Then the following are equivalent.

(i) B, has only tangentially flat deformations.
(i) Every l-component of S := {s,,...,s,} has GCD of degree at most
one, i.e., consists of at least two elements.

Proof. By (3.1) it suffices to show (i) implies (ii). Assume there is a 1-component

of S consisting of one single element, say s, . Let g:=(1,0,...,0) € Rg be
the first coordinate vector and s := (s,, ..., s,). It will be sufficient to show
that g defines an element of Ny, . Let he R be such that (h,s)=0.

We have to prove (h, g) € Jy:= (s, ..., s,)L[X, ..., Xy]. For this we may
assume that /1 is one of the generators of the module of syzygies of s. Since
the coordinates of s are monomials, we can take as generators the pairwise
relations of the s;’s. The case that the first coordinate of 4 vanishes is trivial,
so we may assume A comes from a relation of s, with some other s,. By as-
sumption, s, is relatively prime to all other elements of S, so 4 is a multiple
of (5,,0,...,0,-s,,0,...,0), where all but the first and the ith coordinate
are zero. But then, (h, g) € (s;) € J,. Q.E.D.

The following two examples are directly derived from Proposition (3.1).
(3.7) Example. The local ring
d
By:=L[[X,, ..., Xyll/(X}s ooy Xyy)
satisfying 2 < M < N has only tangentially flat deformations.



SINGULARITIES WITH TANGENTIALLY FLAT DEFORMATIONS 579

(3.8) Remark. Let K be some field and (B, n,) some local K-algebra with
only tangentially flat deformations. From (2.11) we know that every local K-
algebra (Bj, ny) such that

By/(x,, ..., x,) =B,

r

for some regular sequence x, ..., x, is of the same kind. So, starting with B,
one can produce a whole series of singularities B(') with only tangentially flat de-
formations. Applied to Example (3.7) the algebras B(') obtained in this way are
just the so-called extremal Cohen-Macaulay algebras (more precisely those alge-
bras for which gr(B(')) is extremal Cohen-Macaulay, see [Sche]). Among them
are, for example, the singularities defined by the maximal minors of generic ma-
trices and the Cohen-Macaulay singularities of maximal embedding dimension.

(3.9) Example. The local ring

By:= LIX,, ..., Xyll/X,(X,, ..., X,))"

satisfying 2 < M < N has only tangentially flat deformations.
(3.10) Proposition. Let X and Y be two indeterminates and let
By = LIIX, Y1I/1,

be such that the ideal 1, is generated by power products. Then the following are
equivalent.

(i) B, has only tangentially flat deformations.

(i) I, is one of the ideals (X, Y)d, X(X, Y)d'l, Y(X, Y)d_l d =

1,2,...).
Proof. By (3.7) and (3.9) it is sufficient to show that (i) implies (ii). Let
Sgs--+»>S, € Ry := L[[X, Y]] be power products forming a minimal gener-

ating set of I,. Write
s, =X, i=o0,..,n,

and assume that the s,’s are arranged such that a(0) > a(1) > --- > a(n).
Then b(0) < b(1) < --- < b(n), since otherwise some s, could be omitted. The
relation module of s,, ..., s, is generated by the syzygies

d(i)

(22) Y, -xUVs =0, i=1,..,n.

Here d(i) :=b(i)—b(i—1) and e(i) := a(i — 1) — a(i) . First consider the case
that d(i) = e(i) = 1 for every i. Then s, = X*'Y** for i=0,...,n and
suitable a, b. The set S := {s;,...,s,} is l-connected with GCD equal to
D:=X*""Y® . Define

$:=(Sgs 55, 8&:=(&>----8,), & :=5;/D.
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Then (r,s) =0 implies (r, g) =0 € gr({;, R,), i.e., g defines an element of
Ny I, Ry) " Since by assumption N, I, Ro)(< -1)=0,
—degD = deg g, — degs; > -1,

i.e., degD < 1. Hence either D=1, D=X,or D=1Y. So [ is one of the
ideals of (ii).

Next consider the remaining case d(r) > 2 for some r. It suffices to show
that there is a tangentially nonflat deformation of B, . Define

5 fori=1,...,r—1,
{ (1 +Z/Yd('))si fori=r,...,n
with Z one further indeterminate and let

A= L[[Z]], B:=A[X,Y)/(t, ..., t,).
d(r)

i

Note that s,, ..., s, are multiples of Y°"’. To prove that B is flat over 4 it
is sufficient to show that the relations (22), which can be considered as relations
modulo (Z) of the ¢,’s, come from relations of the ¢;’s in A[[X, Y]].

Case 1. Assume [ < r. Then

Y49

i—-1 i i—1 i

Case 2. Assume [ =r. Then

(Yd(r) " Z)tr—l _ Xe(r)tr _ <1 + YZ ) (Yd(r)s’_1 - Xe(r)sr) =0.

Case 3. Assume [ > r. Then

—x, = (1 + 2

Yd(r)

d(i)
Y,

1

) (Y?s,_, - xVs) =0.
We have proved that B is flat over 4. For any b € A[[X, Y]] let b denote
the residue class of b in B. Then

ordy(Z -5,/ Y4")) = ordy(-3,) > degs, .

Note that the residue class of s,/ YY" in the special fiber of B over 4 has

order
degs,/ Y4 = ord, (s,/ Y*").

By Theorem (1.5), tangential flatness of B over A4 would imply
ord,(Z) > degs, — ord(s,/ Y") =d(r) 2 2,
which is absurd. Q.E.D.

(3.11) Example. The local ring
d
By:=L[[X,, ..., Xy)l/(Xy, ..., Xp) + X (Xy, oo Xy)
with N >3, d > 2 has only tangentially flat deformations.

d-2
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Proof. Let s?, cees sg and sll, cees s,ln be the power products of X,, ..., X,
of degree d and d — 2 respectively. Then the ideal I, := (X,,..., X N)d +
X, (X, ..., X N)’i'2 is generated by the family

t:=(tj~), tj.:=X1's;, i=0,1.

Let g = (g;) be a family of power products defining an element of Ny I,.Ry)
such that . .
deggj'. —degt;. =e<—1.

We have to show that the element of N, I, Ry) defined by g is zero. Note that
the set of tj. ’s consists of the two 1-components {t(l), - tg} and {t: ey t,ln}
of degree d and d — 1 respectively. From Remark (3.5) we see that g} €
gr(l,, R,) for every j, hence we may assume gjl =0 for every j.

For arbitrary i/ the monomial X, t? is divisible by some tjl. , L.e.,

X\t - X°t; =0
for some power product X“ of degree two depending upon i. Therefore
0 0 1
X8 =X,g —X'g; epr(ly, Ry).

The degree of Xlg? is less than d, so Xlg? € X,(X,, ..., XN)d'z, hence
g € Xy, ..., X)"7? for every i.

Next, let t? and t?, be such that t?/t?, is a quotient of two indeterminates,
say

Xt - X,10=0, u,v#l.
Then ngio - Xug? € gr(l,, R;y). Since ngio and Xugg have degrees less

than d, their difference is even in X(X,, ..., X]V)d_2 , l.e., ng? - Xug? =0
mod (X,). Hence modulo X,

0, 0_ v . 0,0
8 & =X X, =5;:5;.

The vector go = (g? e g,? ) is proportional modulo X, to the vector sO =

(s?, ceey sg). Since g0 has coordinates of degree less than d, this implies
g? = 0 mod (X,) for every i.
On the other hand we have proved gi0 €(X,, ..., X N)d_z. Therefore, g,.o €

X,(X,, ..., Xy)*"? and, observing that degg’ <d -1, g°=0. QE.D.

(3.12) Theorem. Let L be a field and I, an ideal of the power series ring
Ry :=L[[X,Y, Z]] generated by power products s, , ..., s, of degree two and
three. Suppose that S := {s,, ..., s,} is a minimal generating set for I, and
that dim B, =0.
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Then B, := R/, has only tangentially flat deformations if and only if S is,
up to permutation of the indeterminates, one of the sets enumerated below.

elements of S eo(By) Hy dim, T
1. X%, XY,Xz,Y vZ, 4 1+3T 15
ZZ
2. X%, Xy,xz,v* z? 5 1+3T+T? 8  c#2
10, c¢=2
3. x%, xz,v* vz 7} 7 1+3T+372 13, c#2
15, c¢=2
4. X%, v* z? xvz 7 14374372 12, c#2
18, c¢=2
5. X%, Z% Xy xvz, 8 1+43T+4T2 23, c#2
Y}, v’z 27, c¢=2
6. Xxz,Y: x* x%v, 8 1+43T+4T2 21, c#2
yz?, 7z} 23, c¢=2
7. X, XxY% Xyz,xz? 9 1+3T+5T 38, c#2
Y} vz, vz? 7} 40, c=2
8. xz,x* x*v, xy? 9 1+3T+5T° 36
Y3, vz, vz? 7°
9.  x* xv* xz: Y} 10 14+3T+ST>+T> 26, c#2
v’z,vz*, 7} 33, c¢=2
10. x2,xy* xyz,y? 10 1+3T+5T*+T° 27, c#2.3
y’z,vz?*, 7} 28, c¢=3
30, c=2
1. x°, x%r, x*z, xvy?,
xXyz,xz* vl vz, 10 1+3T+6T? 57
vz?, 73
12. x*, xy* xyz, vy’ 11 143T+5T*+2T° 23, c¢#2,3
vyz?, 73 24, c¢=3
25, ¢=2
13, x*, xvz,vy v’ z, 11 143T+5T*+2T° 22, c#2
vz*, 7} 26, c=2
4. x* xz®,v? r’z, 11 143T+5T*+2T% 23, c#2
yz*, z} 28, c=2
1. X, x%v,x%z,xy?,
xz%, Y3 vz, vz, 11 1 +3T+6T*+T> 42, c#2

73 48, =2
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elements of S ey(By) Hgo dim; T;O
16. x*, x*v,x*z,xvz,
xz%, v}, v*z,vz?, 11 1+3T+6T*+71° 44, c+#2,3
z3 46, c=2,3
17. x*, x*v, x*z,xz?%, 12 1+3T+6T%+27° 38, c#2
Y} vz, vz? 7° 41, c=2
18. X3, x%*z,xy? xvz, 12 1+3T+6T%+27° 37, c#2
xz? v} v*z, 7} 39, c=2
19. x3, x%z,xy* xvz, 12 1+3T+6T*+27° 37, c#2,3
xzt v} vz?, 7} 38, ¢=2,3
20. Xx°,x%z,xy? xvz, 13 1+43T+6T*+273 36
Y} vz?, 7}
2. X3, x*z,xyz,xz?%, 13 1+3T+6T*+2T3+T* 33, c#3
Y3, vz, vz?, 73 37, ¢=3
22. X, x%z,xvz, xz*, 14 143T+6T°+3T°+T* 28, c#2,3
Y’ v’z, 7} 29, c=2
31, ¢=3
23 x},x%z,xz%, Y%, 14 1+3T+6T*+3T°+T* 31, c#3
Yz, vz*, 73 33, c¢=3
2. x°,x%z,xy? v, 14 1+3T+6T+47° 39
xz*, 7z}

In the table ey(B,)) denotes the multiplicity of By, T;O is Schlessinger’s module,
and c is the characteristic of L.

The proof of the theorem is tedious and consists in checking a rather large
number of cases using the previous propositions and the method of Example
(2.7). We omit it.

4. FURTHER EXAMPLES

In this section we use the results obtained so far to construct singularities
with only tangentially flat deformations, which are not necessarily defined by
power products. The following example illustrates how to decide whether an
inhomogeneous singularity has only tangentially flat deformations. One uses the
fact that, by Theorem (2.5), the existence of tangentially nonflat deformations
implies the existence of such deformations for the associated singularity defined
by homogeneous equations (or by power products, see below).

(4.1) Example. Let the ideal I, of R, := L[[X, Y, Z]] be generated by the
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polynomials

f=X+2Z°, f,=XYZ, f,:=Z'+X.
Then B, := R,/I, has only tangentially flat deformations.
Proof. Let f,:= X2 s S =XYZ, £ = Z? be the initial forms of the fi
We first show that the ideal I(', generated by f,, f,0, f3, defines a singularity
with only tangentially flat deformations. This is easy, since there is no problem

to write down the syzygies of the f};’s, and follows from the table below (using
the terminology of Example (2.7)).

x? xyz Z7*

"YZ -X

Fro Z -XY

e 72 _x?
0 0 0

Note that the syzygies of the table constitute a complete set of generators for
the relation module of f, := (fy, f59, f3) - Further, all these syzygies come
from syzygies of f:=(f, f,, f;):

(rlo,f)=YZ =—XZZf2+YZZf3,

2
(ry» /)= = XY = -X°Yf, + XZ°,,
(ro> N=2"-X=-X’f,+2°,.

So the (well-known) Lemma (4.3) below implies that the initial ideal of I is
generated by f,, f50, f30 1€+

gr(ly, Ry) = gr(ly, Ry)-
Therefore,
NS"(lo’Ro)(< -1) = Nsr(la,Ro)(< -1)=0,
and the claim follows from Theorem (2.5). Q.E.D.

To state the lemma in the context general enough for later use, we have to
introduce some terminology.

(4.2) Definition. Let L be a field and X,, ..., X finitely many indetermi-
nates. An order function on the power products in X, ..., X,y is a map

ord: {X" |veN"} >N

associating to each power product X’ = =X, vy, XK,(N ) a nonnegative integer

ord(X") and satisfying the following condmons
(i) ord(X") <ord(X¥) if X° divides X" .
(ii) Given any d, there are only finitely many power products X Y such
that ord(X") =d.
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Note that the sequence
{min{deg(X") | ord(X") > d}} 9 | 5 ..

goes to infinity.
The standard example for an order function is
deg(X") = |v|:=v(1) + -+ v(N)
associating to each power product its total degree. Another example is the
lexicographic order function
number of power products
Oord(Xx") := { ) pv .p .
preceding X~ lexicographically
(order first by total degree and then, within each degree, lexicographically).
Further examples are the weights associated with graded Hodge algebras (see
[DEP, proof of Proposition 1.1]).
The filtration of Ry := L[[X,, ..., Xy]] associated with the order function is
defined by
FIR,:= (X" | ord(X") > d)R,
for d € N. Let I, be an ideal of R, and fBO the filtration induced by
FR, = {FdRo} on B, :=Ry/I, (ie., FdB0 is the canonical image of FdR0
in B,). Further let
a:NxN-—=N

define a commutative semigroup structure on the nonnegative integers with 0 €
N the identity element such that o is strictly monotonous with respect to both
variables and such that

(23) FR,-F*R,C F*“ "R,
for d, d’ € N. We shall say in this case that o is compatible with ord.
The function a can be the usual addition,
ad,d)=d+d,

in case ord is the weight coming from some Hodge algebra structure on B, or
in case ord = deg. In case ord = Ord is the lexicographic order, a can be
chosen to be

24)  a(d,d) = min{Ord(X**") | Ord(X") > d, Ord(X" ) > d'}.
Given any such «, the graded module
gty (By) == PF'By/F'*'B,
d>0

associated with the filtration FR,, admits an (N, a)-graded ring structure such
that

(rmod F**'B,) - (¥ mod F* *'B,)

= (r-¥ mod F*“¢ )“BO) .
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For example, if B, is (the completion at the irrelevant ideal of) a graded Hodge
algebra on the partially ordered set H := {X|, ..., X} governed by the mono-
mial ideal X (see [DEP]), ord is the associated weight function [DEP, proof of
Proposition 1.1], and a(d, d') :==d +d', then gr,  (B) = L[H]/ZL[H] is the
associated discrete Hodge algebra.

The initial ideal of I, with respect to the given ord and « is the kernel of
the canonical homomorphism gr,  (R,) — grp ,(B),

8T o(ly> Ry) :=ker(gry ,(Ry) — gre ,(By))

> @1,nFRy/I,nF*"'R,.
d>0
If ord is the lexicographic order function and « is defined as in (24), then
grr oIy, Ry) 1s the ideal generated in the polynomial ring grp ,(R,) =
L[X,, ..., Xy] by the lexicographically first monomials of the elements of /.
For every power series f € R, let

ord (f):=sup{d e N| f € FdRo}.
Then from (23) we see
(25) ord.(f- f) > a(ord, f, ord, f).
The initial form of f € R, in grp (R,) is defined to be

ing(f) == (fmod F*"'Ry) € gry (R,

in case d := ord f is finite and is defined to be zero otherwise. A standard
base of I, with respect to the given ord and « is an n-tuple f=(f,..., f,)
of elements from /; such that the initial forms in.(f;) of the coordinates of
f generate grp (I, Ry). This means that

n
IoﬂFdR0= {Zrif,. |r, € Ry, a(ord.r;, ord. f) Zd}
i=0

for every d. (“2” is trivial and “ C ” is true modulo F d“RO , so the identity

follows from the Artin-Rees lemma and the fact that F kRO is contained for
large k in arbitrarily high powers of the maximal ideal.) In particular the f
generate [.

In what follows the ring grp  (Rg), which is isomorphic to L[X,, ..., X]
as an L-vector space, will be considered to be contained in

Ry =L[[X,,..., Xyll.
Note that then the multiplication in gr,  (R) satisfies

XU if ord(X'TY) = (ord(X"), ord(X")),

X' x" = {
0 otherwise.
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An element f =Y c, X' € R,, ¢, € L, is called homogeneous of order d if
¢, # 0 implies ord(X ) = d . Note that homogeneous elements of R, are auto-
matically in grp’a(RO). Let f,,..., f, € R, be homogeneous elements. Then
a homogeneous syzygy of f:=(f,,..., f,) isan n-tuple r = (r,, ..., r,) € RS
of homogeneous elements of R, such that (r, f), =0 and a(ord. r;, ord. f;)
is independent upon i whenever it is defined. Here the subscript “gr” means
that in the sum .
r, Ng =11,
i=1
the products r,f; should be carried out in the ring grr o(Ry). The number
afordg r;, ord, f;) will be called the syzygy order of r, which must not be
confused with ordr, the n-tuple of the ordr,’s.

(4.3) Lemma. Let R, := L[[X,,..., Xy]] be a power series ring over the
field L, I, an ideal of R,, 5 = (5,,...,5,) € Rg a system of generators
Jor 1, (i.e., the coordinates of s generate 1)), ord an order function, and a: N x
N - N a commutative semigroup structure on N compatible with ord. Further
let ¥ =(rl,....r)) egrp (R)", j=1,...,k, be homogeneous syzygies
of ing(s) := (1nF(s1) 1nF( s ) generatmg the relation module of ing(s).
Consider gy L (Ry) = L[X ...» Xy] to be a ring contained in R as an L-
linear subspace. Then the following are equivalent.
(i) s is a standard base of I, .
(ii) There are n-tuples b’ = (hJ, ..., h)) € Ry such thatin Ry, (', s) =
(hj , 8) for every j and such that a(ord, h{ , ordy s;) is greater than the
syzygy order of r for every i (and every j).
If these conditions are satisfied, the syzygies r—nt, , -k of s form
a generating system of the relation module of s .

Proof. The implication (i) = (ii) follows directly from the fact that I,nF dRo
coincides with

I(d) : {Zr s;|r, € Ry, alordgr,, ordFsi)zd}
for every d . For, by definition of r’,
ordF(rj , §) > syzygy order of ri, say d(j) ,
hence (', s) € I,n F*V*'R, = 1(d(j) + 1).

Let us prove that (ii) implies (i). We have to show that I, N F dRO C I(d)
for every d. Since I, = I(0), it suffices to prove

(26) IkynFR,CI(k+1) fork<d.
Let x e I(k)n FdRO. Then there is some & = (h,, ..., h,) € Ry such that
(27) x=(h,s) and aford h;, ord.s;) >k
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for every i. We may assume that equality holds in (27) for at least one i.
For every given r € R, let r(j), j=0,1,2,..., denote the homogeneous
elements of R, satisfying

r=>Y_r(j) and ord;r(j)=.
j=0

Then, comparing coefficients in the identity x = (k, s), we obtain for the
homogeneous elements of order k,

0= Z(his,')(k) s
i=1

i.e., there is some nonzero n-tuple H = (H,, ..., H,) € Rg such that H, is
either zero or the initial form of 4; and such that H is a homogeneous syzygy
of ing(s) with syzygy order k. In particular, H can be expressed in terms of

the generators r'. There are elements a; € Ry and h' = (hy, ..., h,) € R}

such that )
_ J !
h=Y ar +h
=
and
(28) a(a(ordg a; ord, rl), ord.s,) >k,

a(ordy h,'., ord.s,) > k+1
for every i. The element x = (h, s) can now be written

!

k
x=Z(ajhj,s)+(h , 8).
j=1

To prove x € I(k+1), it will be sufficient to show that each term on the right is
in I(k +1). The second inequality of (28) implies (%', s) € I(k + 1). Further
a(ordy ajh{ , ordgs;)
> a(afordg a; ordg h{), ord.s;)
= aford; a;, a(ord, h{ , ord.s,))
> afordza;, d(j))+ 1 by hypothesis (ii))
=« (ordFaj, mina(ordFr{, ordFsi)> +1
1
= mina(ord, a;, a(ord r,’ , ord.s;)) + 1
>k+1 (by(28)).

Therefore (a.hj ,8) € I(k + 1) as required. This proves (26), and hence that
(ii) implies (i).



SINGULARITIES WITH TANGENTIALLY FLAT DEFORMATIONS 589

We have yet to prove that rt ! e r*— ¥ generate the relation module
Z(s) of s. Let h=(h,, ..., h,) € Ry be a syzygy of s such that
a(ordg h;, ordgs;) > g

for every i. Then, using the same arguments as above, we see that there are

elements a; € Ry and k' = (h;, ..., h,) € Ry such that
k
_ TN
(29) h—zlaj(r’—h)+h
1=
and

a(ordy hl'. , ordgs;)>q+1.
Iterating identity (29), we see that every syzygy 4 of s can be written

k o
h=Y_a(r—#) modZ(s)n(FRy)"
j=1

with suitable coefficients a ; € R, and g arbitrarily large. In particular, ¢

can be chosen such that F qRO is contained in arbitrarily high powers of the
maximal ideal 90, of R, i.e., by the Artin-Rees lemma,

k . .
Z(s) =Y Ry(r =) +my- Z(s).
j=1

Hence the syzygies r — h’ generate Z(s). Q.E.D.

(4.4) Definition. Let S be a locally Noetherian scheme, E a locally free sheaf
on S of finite rank r, and

V :=V(E) = SpecS(E)

the associated vector bundle on S. A family of affine cones over S is a closed
subscheme

X :=SpecS(E)/I =V
defined by a sheaf I of homogeneous ideals of the symmetric algebra S(E) of
E over &, such that the composition X — V' — S is a flat morphism.

(4.5) Proposition. Let X — V — S be a family of affine cones over a locally
Noetherian scheme S, and let s, € S be a point such that the normal sheaf of
the fiber X 5 Over S in Vso has no nonzero homogeneous sections of degree less

than minus one,
/Vf"so/"so(< -1)=0.

Then the same is true for all points s from a neighborhood U of So»

/VXS/V,(< -1)=0 forseU.
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Proof. The assertion is local. So we may assume

S =SpecA, V =Specd[T]= Ag, X = SpecA[T]/1,.

Here A is a Noetherian ring, T = {T}, ..., T} is a finite set of indetermi-
nates, and I, is a homogeneous ideal of the graded ring

R, :=AT|=PR,), R (d):= @ AT .- Ty
d=0 Ea,:d
such that B, := R, /I, is flat over 4. For every s € Spec4 let
By =B, ®,k(s), Ry =R ®,k(s),
where k(s) is the residue class field of s, and let k(s) denote the kernel of the

canonical homomorphism Rk(s) — Bk(s). Then the normal sheaf of X in V|
is the @), -module associated with

N, =Homy (I, Byy)-
Consider a complex L: --- — LP~' — 7 — [P*' — ... of finitely generated
flat modules over 4 and the additive functors
T': 4-Mod —» A-Mod, @M —H'(L®, M),

associated with L. Then it is well known (and easy to see, cf. [Ha, Theorem
12.8]) that the functions

Spec4 — N, D~ hi(p, L):=dimy, Ti(k(p))

are upper semicontinuous with respect to the Zariski topology on Spec A4 .
The assertion of the proposition will be proved if we can show that there is
some complex L as above such that

N, (< -1)= T (k(s))
k(s)
for every s € SpecA4. Let
(30) -~-—»R;‘—»R2—>IA—»0
be a graded free resolution of I, over R,. Apply the functor Hom R, (O, B,)
to get a complex of free B,-modules
(31) 0B B -
and take the subcomplex over A generated by the homogeneous elements of
degree less than minus one:
L:0— (B?)(< 1) = (B))(<=1)> .
We shall show this is the complex we are looking for. Apply the functor ® ,k(s)
to the complex (30). The resulting complex

(32) ...—-»R;;‘(S)—)R;O(S)—}IA ®A k(S)—»O
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is a graded free resolution of I, ® , k(s) over Rk(s) , since its ith homology is
H, = Torf([ 4> k(s)) = 0. Note that], is A-flat, since R, and B, have this
property. From the definition of I and the fact that B, is A-flat, we see
that [, = I, ®, k(s), so (32) may be considered as a graded free resolution
of Ik(s) over Rk(s). Apply Hom Re )(D, Bk(s)) to obtain an exact sequence

(33) 0= Ny = Bl = Bils) -

All the homomorphisms above between free modules over R,, B, Rk( 5
B, can be represented by matrices with elements from R, . Application of the
functor ® ;k(s) does not change the matrix and application of the contravariant
Hom-functors replaces the matrices by its transposes. Taking this into account,
it is easily seen that the second map of (33) is given by the same matrix like the
first map of (31). So application of ® ,k(s) to (31) gives the exact sequence (33).
Taking elements of degree less than minus one, we obtain the exact sequence

0= N, (<=1)= L@, kis)— L' ®,k(s).

This proves

ARG H(L® , k(s)) = T°(k(s)). QE.D.

The following assertion can be considered, in some sense, as a special case of
(4.5), but seems to be more important for applications. We give an independent
proof.

(4.6) Proposition. Let R, := L[[X,, ..., Xy]] and let I, be a homogeneous
ideal of R (with respect to the usual grading by total degree). Further let ord be
an order function on the power products in X,, ..., X, and a a commutative
group structure on Z compatible with the natural order on Z and such that

(34) a(ord(X"), ord(X")) = ord(X"*").
Consider grp. (R,) as an L-linear subspace of R .

If By := Ry/1, has only tangentially flat deformations with I, the ideal
generated by the initial forms ing(f) € grr o(Ry) of the elements f € I, the
same is true for By := R/I,.

The following implication is true:

Nng’Q(IO,RO)(< —l) =0= NS"(IO’R0>

when gy o(Ry) is considered to be N-graded with the graded structure coming
from the usual graded structure of L[X,, ..., X\] defined by total degree.

(<-1)=0,

The proof follows from the lemma below, which uses the notion of graded
structure in a slightly generalized sense. We say a module N over an N-graded
ring R = @ R(d) has a generalized graded structure over R if

@ N@)c N [] Ma)

deZ del



592 BERND HERZOG

for suitable R(0)-submodules N(d) of N satisfying R(d') - N(d) C N(d +d’)
and called submodules of homogeneous elements of degree d. The notion of
graded homomorphism (of degree zero) is defined in the usual way.

(4.7) Lemma. Let R be a Noetherian ring equipped with a descending filtration
FR: - DF'ROF™'RD>... (deN)

by ideals F ‘R and o a commutative group structure on Z, which is compatible
with the natural order on 7., has identity element 0 € N, and is such that

FR-F'RC F* ¥R Then
gr 4(R) = @ FdR/Fd+1R
deN
admits canonically the structure of an (Z, o)-graded ring such that
ety (I, R :=@InF'R+F"'R/F""'R
deN
is a homogeneous ideal. So gt N; and Ny g, are well defined (Z, a)-graded
modules (the latter in the generalized sense).
There is a graded injective homomorphism of degree zero,
(35) grN, — N LR

Moreover, if R =@, xR(k) is an N-graded ring, I =@, nI(k) a homoge-
neous ideal, and the filtration FR of R is compatible with the graded structure,

F'R=@F'Rk), F'R(k):=F'RnRK),
keN
then the N-graded structure on R induces Z-graded structures on grp  (R),
g o(I, R), grN;, and N, LR (for the latter in the generalized sense) such

that (35) is also graded of degree zero with respect to these additional graded
structures. In particular, if grp ,(R) is Noetherian, N, LR is considered to

be Z-graded with respect to the graded structure coming from R, and if

Nng.O(I,R>(< -1)=0

and the filtration induced by FR on R/I is separated, then N, (< —1)=0

Proof. We shall write “i + j” instead of «(i, j). To construct the homomor-
phism (35), let G € gr N, be some homogeneous element of degree d and take
any

g € N, =Homg(I, R/I)

with initial form in(g) := (g mod F,‘jl“) = G. Then

gINF'RYCF MR+ 1/I
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for every j. Hence g induces homomorphisms

gG): INF'RIINF™'R— FYR4 I/FY 'Ry 1
defining a homogeneous element of degree d of Ngrp'a(,‘ R If g €N, is
another element with initial form G, then g — g’ € F, ]31“ , hence g(j) = g'(J)

for every j. This proves there is a well-defined graded homomorphism of
degree zero,

8N, = Ny 1.m)> G=in(g)r—+®g(j).
' jez
Suppose g(j) =0 for every j. Then
gINF'R CF™'RyII,

hence G = (g mod F, ﬁ'“) = 0. The homomorphism is injective.

Assume R is N-graded, I is homogeneous, and the filtration is compatible
with the graded structure. Then the induced Z-graded structures on gr F.oR),
grr (I, R), grN;, Nsrf_a( 1R are given, respectively, by

ery (R)(k) = @ F'R(k)/F**'R(k),
deN
gty (I, R)(k) = @ I(k)n FR(k) + F**' R(k)/F**' R(k),
deN

(gr N,)(k) = {(gd mod F;;Ll)dez

8,(1(J)) SR +k)/I(j +k) }
for every j ’

: ng,a(R)(j+k)
Ny, 1) K)=8€N, 4 o g(erg (I, R)(J)) € &, (LRG+E

for every j
Therefore, if G := (g, mod Fy"'),c5 is in (gr N,)(k),

R(+k) F*™'R+1

. d .
&U()NF R(j)) < G+ 5 N 7

_FYR(j+ k) +1(j + k)
B I(j+k) ’
so that the image of G in Nng (I.R) is homogeneous of degree k. In other

words, the homomorphism (35) respects the graded structures coming from that
of R.
Finally assume oy (1 g(< —1) =10 and let g € N; be homogeneous of

degree k < —1 and of FNI-order d. Then

in(g) = (g mode,l”) cgrn,
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gives a homogeneous element of degree k of N, (U.R) SO in(g) must be
zero, i.e., g has infinite F), -order If the ﬁltratlon 1nduced by FR on R/I is
separated, this implies g = 0 Q.E.D.

(4.8) Example. Let B, be the local ring at the vertex of the affine cone over
the Grassmann variety G 4 of d-planes in n-space (with respect to the usual
embedding by Grassmann coordinates). Then the ring B, has only tangen-
tially flat deformations in case (d, n) # (2, 4) and is a complete intersection
otherwise.

Proof. The graded ring gr(B,) is just the homogeneous coordinate ring of
G, ,» hence admits an ordinal Hodge algebra structure on the poset H = { 7}
consisting of the symbols

Xy 1=l nig], 10 < <iy<n)

and equipped with the partial order
1< T[] ifi, <i fork=1,...,d
(see [DEP, Theorem 11.1]). The associated discrete Hodge algebra is
By, := L[H]/EL[H]

with L the residue class field of B, and Z the ideal of monomials generated
by the products X X[ i with [i.] and [j.] incomparable. In case n = 4,
d = 2 there is only one such product, X[1 4 X[2,3]' So By, is a complete
intersection and hence B, is.

Returning to the general case, we want to show B, has only tangentially flat
deformations. For this we shall apply Proposition (4.6) with “ord” the weight
function on the monimials in the variables from H defined by the partial order
of H (see [DEP, proof of Proposition 1.1]). We see that it is sufficient to show

Ny (<=1)=0

when N By is considered to have the graded structure coming from the graded
structure of the polynomial ring L[H] defined by total degree. Let S be the
set of generators X, X[ 13 of X. By Proposition (3.6) it suffices to show that
every l-component of S consists of at least two elements. In what follows we
shall say that a finite ascending sequence of integers x, < x, < --- < X, hasa
gap between x; and x,, if x,,, —x, > 1, and the number

k
g:= Z(xi—xi_l -1)=x, —x - (k-1)
i=2
will be called the gap number of the sequence.
Assume there is a 1-component of S containing only one element, say X[i.] .

X Then, since [i.] and [j.] are incomparable, we may assume that

U.l"
(36) (1) i, <j,< < Jp << Jy<iy(<n)
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for suitable subscripts @, b. In particular d > b—a+1 and n > b—a+3. There
cannot exist a variable different from X, il and X and incomparable with one
of these two variables, since otherwise the 1-component of X, X;,, would have
another element. In case the sequence (36) has one or more gaps, such a variable
exists, i.e, this cannot happen. From (36) we see that each of the sequences
0<j,<--<j,and j, <--- < j;, <n+1 has at least one gap, so that
there is more than one possible choice for the integers j, ¢ {J,, j,,1»---» Jp}
provided there are such integers j, . Hence there are not, ie, d=b-a+1,
a=1, b=d.

By (36), the sequence i} <--- <1, <--- < i, has gap number equal to two.
So there cannot be any i, strictly between i, and i, (there would be several
choices for i), ie., d =2

The gap number of 0 < i}, < i, <n+1lis (n+1)-3 =n-2. So
in case n > 5 there is a gap between 0 and i, or i, and n+ 1, which is
impossible. Therefore,n = 4 and d = 2. But this situation has already been
treated. Q.E.D.

(4.9) Example. Let QZPW’% be the Schubert variety of d-planes W in n-
space V' intersecting a given flag 0G ¥, G --- G ¥, = V such that

dim(WnV, d+ka)>k fork=1,...,d.

Then the local ring B, at the vertex of the affine cone over Q” o with
respect to the embeddmg by Grassmann coordmates has only tangenually flat
deformations in the case QZ, g, 2 Gy 4 1’0 and is a complete intersection

otherwise.
Proof. We may assume that at least one a, is positive, the case a, <0 for all
k being treated in the previous example. The graded ring gr(B,) is obtained

from the coordinate ring of G, , as a factor ring modulo the ideal generated
by the indeterminates X i) such that
Lres

<a; o +k=-1) fork=1,...,d

(skip the inequalities with nonpositive a,_, +1)- Therefore, gr(B) admits the
structure of an ordinal Hodge algebra on the poset

iy $ ay_t,, + (k= 1) for at least }

H:={X, €H L
: one k such that a,_, , is positive

with the partial order induced from the partial order of the poset H of the
previous example (see [DEP, Proposition 1.2 and §11]). Let S’ be the set of
generators for the associated ordinal ideal of monomials. As in the previous
example it will be sufficient to show the 1-components of S’ contain at least
two elements. Suppose there is a generator

/!
(37) X, X, €8,
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whose 1-component contains no further element. Then there is no variable in
H' different from X[i.] and X[ 3 and incomparable with one of these variables.
As in the previous example, we may assume

(38) (1) i, <j, < <Jp << Jpy<i,(<n)
for suitable subscripts a, b. If there is some i, or j, that can be increased
preserving these inequalities, we get a contradiction. So the following sequences
have no gap:

<<yl <<y <y < <ig<n+l,

A \%

Jy << Jp<Ug < <y Jp < <jg<n+l.
The gap numbers of i, < i,,, and j, < j,,, are 2 and 1, respectively. In
particular,

n=i+d+1=j+d, i<j,
and
i, <j, fork=1,...,a,
Je<i, fork=a+1,...,b.

So, if a # 1, one could increase i,. Hence a = 1. Similarly, if a +1 # b,
one could increase j,. Hence b =2.

If i >0, Xy, o ¢ H' hence ij—1=a, ,,,+(1-1),1ie, a;, =
ii—1>1. Therefore dim W N V;,_d+d_ad > d implies

wcv, .

Note that W' N Vn_d+k_ak =wn V(n—l)—d+k—(ak—1) . Therefore, the substitutions
iy =i, —1, ag—a,—1, n—n-1 define an isomorphism

n ~ 1
Q s ay = Qal—l

a,,. s @y—1

This shows that we may assume /, =1 and hence n=d +2.
/ .
If b#d, le.w-nfbﬂ-l-m»fdl ¢ H , hence j,,, —1=a, , ,,, +b. Note
that b=2, j, ., = 5. Therefore a,_, =2. This corresponds to the condition

Wov,,.

The other conditions, k& < dimW nV,_, thea, = dimW nV, +2-a, > give a
contradiction if one a, is greater than 2, and are otherwise empty for k =
l,...,d—-3. Therefore,
%) if some a, > 2,
Q' =
a,,..a; —

n—(d-2) .
Qad_l—(d—Z),ad—(d—Z) otherwise .

So we are reduced to the case n =4, d =2.
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- 4 03
Incase a,=a, > 1 weseeasabove Q, , =Q; _, ,

know to be impossible. So we may assume a, =0, i.e.,

17 which we already

4 .
Q=0Q, (={(WcV|dmwn¥,_, >1}

(dimV =4,dimW = 2). Then (0 <) q; < 2, since otherwise Q = J. In
case a;, =2, Q= P’ = Qg , which we excluded from the beginning. In the
remaining case a, = 1, Q = 9‘1‘,0’ the cone over {2 is easily seen to be a
complete intersection. Q.E.D.

(4.10) Example. Let 0<d, <---<d, <n beintegersandlet F"(d,,...,d)
denote the variety of flags ¥, G --- & ¥, in n-space V satisfying dim Vy =4d,
for k=1,...,e. Consider F"(dl, ..., d,) to be embedded in the usual way
by Grassmann coordinates:

e e d
F'd,,...,d) =[G, ,— HP(/\ * V) .

k=1 k=1
Then the local ring B, at the vertex of the affine cone over F " d,,...,d,)
in HZ=1 /\d" V' has only tangentially flat deformations in case (n,e,d,) #
(4,1, 2) and is a complete intersection otherwise.
Proof. The graded ring gr(B,) admits an ordinal Hodge algebra structure on the
poset H':=J;_;{4} of symbols X, such that [i]=[i\, ..., iz], 1S4, <
R idk <n, k=1,..., e, with the partial order defined by [i, ..., idk] <
Uys--- ,jdk,] ifd >d, and i, < j,,..., idk, < jdk, (see [DEP, §17]). Let

S’ be the set of products X[i_]oXU.] with [/] and [j.] incomparable. As above

it will be sufficient to show that the 1-components of S’ contain at least two
elements.

Let the product X, ,-X;, bein S, [i]= iy, ..., idk] and [j]=1[j,,...,
j dk'] are incomparable. We have to find an element of H' different from the
variables X[i.) and X[ i and incomparable with at least one of them. Assume

d, >d,. (hence k > k). In case this inequality is strict, such a new variable is

J . .
X[ii]’ [il=10,..., zdk,],

with [i] obtained from [i.] by omitting coordinates. So assume k = k’. But
then we are in a situation already considered. From Example (4.8) we know
there is a variable of the kind we are looking for, except in the case n = 4,
d, = 2. In this latter case we may assume,

[L1=101,4], [iI1=12,3].

If d #d, (ie., d,=3), the variable X, with []=[2,3,4] isin H' and
incomparable with X(i.;- So we are reduced to the case (n,d,) = (4, 2). The
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case e = 1 has already been treated in Example (4.8), since F 4(2) =G, ,.So
the only remaining case is that of the flat variety F 4(1 , 2). But then X[l] is in
H' and is incomparable with X, ;= X, ;. QE.D.

(4.11) Remark. In the same style as in the above examples one can treat deter-
minantal varieties, Pfaffian varieties, varieties of complexes, and many others.
We shall give here only one further example, the Veronese varieties.

(4.12) Example. Let V,  denote the Veronese variety, i.e., the image of the
m-tuple embedding P" — PV, N := (™+") — 1. Then the local ring B, at the

n
vertex of the affine cone over ¥, has only tangentially flat deformations in

case (m, n)# (2, 1) and is a complete intersection otherwise.

Proof. Let X := {X,} beasetof (",”) indeterminates X, = X,  ,, such
that |a| := Z, _oal(i) equals m and the coordinates of a = (a(0), ..., a(n)) are
nonnegative integers. Fix a second set of indeterminates, ¥ = {Y,, ..., Y,},
and consider the homomorphism of polynomial algebras over L,

Y = Ya(O) o Ya(n)

Sf:L[X]— L[Y], Xo=Xo0), . am ™ 0 noo
with L the residue class field of B,,. Then
gr(B,) = L[X]/ ker f

is the homogeneous coordinate ring of V,

As in the above examples the proof is based on the fact that gr(B,,) admits
a certain Hodge algebra structure over L, which we are going to describe now.
Equip the power products {Y" |v € N"“} with the lexicographic order,

Y'<Y" if ju| < |v| or [v| = |v| and the first
nonzero coordinate of v — v’ is positive.

Given two variables X, X, € X, write X, < X, if Y* = f(X,) precedes Y’ =
f(X,) lexicographically. Identify the power products of the variables X, € X
with the set N* and extend the linear order “<” on X to the corresponding
lexicographic order on N¥ . We shall say the two power products M, M "e N¥
are equivalent, symbolically M ~ M’ if they have the same image under f .
Note that

k i
v(l1) v(k) w(l) w(l . _
X, x §: Na, = S w(j)b
i=1 j=1

This is obviously an equivalence relation. A power product M € N¥ is defined
to be a standard monomial if it is the lexicographically first power product
within its equivalence class. Since every two standard monomials are mapped
to different power products in L[Y], the residue classes in L[X]/ker f of the
standard monomials are linearly independent over L. Let X be the set of
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nonstandard power products in N* . This is an ideal of monomials, for, given
an element M € X and a variable X, € X, there is some M " in the equivalence
class of M such that M’ < M. But then X,M’' ~ X, M and X,M' < X M,
hence X, M € X. The ideal of monomials X is generated by its power products
of degree two. To see this, let M € . Note that the degree of M is at least two.
We have to show that some element X, X, € £ divides M. Let M’ be some
power product in the equivalence class of M such that M’ < M . In case there
is some X, € X dividing both M' and M, the quotient M /X, isin X and it
is sufficient to prove the claim for M/X_ instead of M . So assume the greatest
common divisor of M’ and M is trivial. Choose variables X,, Xy € X such
that X, | M and X, | M ", and such that they are the lexicographically first
variables in X with these properties. Then X, < X, and, since the greatest
common divisor of M and M’ is trivial, X, < X, .

Let r € N be the minimal integer such that a'(r) # a(r). Then a'(r) > a(r).
Since |a'| = m = |a|, there is some s > r with a(s) > a'(s) > 0. Further, since
M ~ M’ and 4'(r) > a(r), there exists some variable X, dividing M/X,
such that b(r) > 0. Let a" :=a+e,—e and b :=b—e +e, with ¢, =
(0,...,1,...,0) the ith coordinate vector in (n + 1)-space (i =0,...,n).
Then X, and X, b are well-defined variables in X such that X o <X, LX<
X, and a+b =a"+b". In particular, X,.X,» < X,X,, hence X, X, € .
By construction, X X, | M. We have proved that the generators of X are the
power products of degree two in X.

Let X, X, € £ be some generator. Take the lexicographically first power
product X . X, in the equivalence class of X X, . Then

(39) X, X, =X, X, mod(kerf).

We may assume X, < X, and X, < X, . Note that X, < X, since XXy <
X,X,. Inview of a+b=a"+b" equality X, = X, would imply X, = X,,
which is impossible. Therefore,

Xy <X, <X,.

We have proved gr(B;) = L[X]/ker f has a Hodge algebra structure over L
on the poset X governed by the ideal of monomials £ with the straightening
relations given by (39) (see [DEP, Proposition 1.1]).

We want to show that B, = Ry/I, with R, := L[[X]] and I, := (ker /)R,
has only tangentially flat deformations. By Proposition (4.6) it is sufficient to
show

N

grr,a(RoJo)(< —1) =0.

Here FR, is the filtration associated with the weight function

k
Ofd(X:l“) . X;’:k)) = Zv(i) -3dim X,

i=1
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(see [DEP, proof of Proposition 1.1]) and « is the usual semigroup structure on
N, a(d,d'):=d+d . Note that, since ord is additive, condition (34) of (4.6)
is satisfied, so that the ring grr ,(Ry) can be identified with the polynomial
ring L[X]. The module Ngr; (R, 1) is to be considered to have the graded

structure coming from the total degree graded structure of gr F o(Ry) = L[X].
Since every M € X can be expressed in R,/I, as a linear combination of
standard monomials of strictly greater weight,

gty (Ry/ly) = LIX1/EL[X]

as graded algebras over L. Let S be the set of generators of £. By Proposition
(3.6) it is sufficient to show that every l-component of S has at least two
elements, with the exception of the case (m, n) = (2, 1), when we must show
that B, = R,/ is a complete intersection. All this follows directly from the
lemma below.

(4.13) Lemma. Let X,, X, € X be such that X, < X, . Then

(i) X, X, € S, if and only if there are integers r,s such that 0 <r<s<n
and b(r)>0, a(s)>0.

(ii) If X, X, isin S and is the only element of its 1-component, then (m, n) =
2,1),a=b=(1,1), and grr o (Ro/Iy) = LIX1/ZL[X] is a complete inter-
section.

Proof. (i) Suppose X X, € S. Let X X, (< X,X,) be the lexicographically
first power product in the equivalence class of X X, . We may assume X, <
X, . Then X, < X,. Equality X, = X, would imply X,, = X, since
a+b=ad +b', which is impossible. Therefore X » < X,,hence X, > X, .
Together,

Xy <X, <X, <X, .

Let r € N be the minimum integer such that a'(r) # a(r). Then a'(r) > a(r).
Since |d'| = m = |a|, there is some s > r with a(s) > a'(s) (> 0). Further,
from a+b=a' +b" and d'(r) > a(r) we deduce b(r) > b'(r) (>0).

Conversely, suppose there are integers r, s such that 0 < r < s < n and
b(r), a(s) > 0. Define a' :=a+e, —e, and b := b—e, +e,. Then X,
and X,, are well-defined elements of X satisfying X, < X, < X, < X, and
a+b=d+b'. In particular XX, ~ X X, and X X, < X X,, hence
X, X, €S.

(i1) Assume X X, isin S and is the only element in its 1-component in S
Then there does not exist any variable X, different from X, and X, such that
X, X, or X,X_isin §. We may assume X, < X,. Then, by the first part of
the lemma, there are integers, r, s such that 0 <r <s <n, b(r),a(s) > 0.
In case b(r) > 1, letting ¢ := b+ e, —e,, one arrives at a contradiction, since
X, <X, <X, and X, X, €S by (i). Therefore, b(ry=1. If a(s) > 1, let
c:=a+e —e . Then X, < X, < X, and X X, € §, again contradicting

. If a(0) < m — 1, there exists some ¢ # 0, s

n c
our assumption. So a(s) =1
with a(t) > 0. Define c:=a+e,—e,. Then X, < X, < X, and X X, € S.
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This shows a(0) = m — 1. If b(n) < m — 1, there is some ¢ # r, n with
b(t)>0.Let c:=b+e,—e,. Then X, <X, <X, and X X, € S. Therefore
b(n)=m—1. In case n > 1 at least one coordinate of a and of b is zero.
There is a shift in the coordinates of a or b giving again a variable, which is
assumed not to exist. We see that

n=1, a=m-1,1), b=(1,m-1).

If m> 4, letting ¢ := (m -2, 2), we get a contradiction, since X, < X, and
XX, €S5.S0 m<3.
If m=3,a=(2,1) and b= (1, 2). But then X,f is in the 1-component
of X X, and
X2=X12,2~X2,1X0,3<X2’

ie, X, €S.

If m=2, a=5b=(1,1). Further X = {XZ,O’XI,X’XO,Z} and S =
{X 12 1} - Therefore, ng,a(Bo) = L[H]/ZL[H] is a complete intersection, and
hence so is B, .

If m=1, a=(0,1) and b = (1, 0), contradicting the assumption that
X,<X,. QED.
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