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THE EXISTENCE OF GENERALIZED ISOTHERMAL
COORDINATES FOR HIGHER DIMENSIONAL
RIEMANNIAN MANIFOLDS

JIANGUO CAO

ABSTRACT. We shall show that, for any given point p on a Riemannian man-
ifold (M, go) , there is a pointwise conformal metric g = <I>g0 in which the
g-geodesic sphere centered at p with radius r has constant mean curvature
1/r for all sufficiently small r. Furthermore, the exponential map of g at p
is a measure preserving map in a small ball around p.

INTRODUCTION

This note is devoted to studying the mean curvature of the geodesic sphere.
In particular, we are interested in the existence of geodesic spheres with constant
mean curvature under a certain conformal deformation of metrics.

In what follows, we always assume that M" isan n-dimensional C* smooth
manifold and g0 is an arbitrary Riemannian metric on M , simply denoted by
(M", go) , and we also assume that @ is a strictly positive function.

The goal of this paper is to prove the following.

Main Theorem. For any given point p on a given C*™ (Ck"’ resp.) Riemann-

ian manifold (M , go) , there is a local C™ (Ck_3’“ resp.) pointwise conformal
metric g = <I>g° such that the geodesic sphere centered at p with radius ¥ in
the metric g has constant mean curvature exactly 1/F for all sufficiently small
F.

To illustrate the usefulness of the main theorem, we present some applica-
tions.

First, the exponential map of the metric g given in the main theorem has
some nice properties. Let {y,,...,y,} be g-geodesic normal coordinates at
p and let det(g; j(y)) be the determinant of the metric g with respect to {y,}.
Using the main theorem, one can prove the following corollary (cf. §1).

Corollary 0.1. Let (M, go) bea C™ Riemannian manifold and let p be a point
on M. Then there exists a conformal metric g = <I>g° such that det g, ) =1
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902 JIANGUO CAO

for all sufficiently small ||y||, i.e., the exponential map of g at p, Exp , isa
local volume preserving map in a small neighborhood of p .

Corollary 0.1 can be used to estimate the best constant in the critical Sobolev
inequality which is related to the Yamabe problem (see [LP]). In order to sim-
plify the proof of the Yamabe conjecture, using Graham’s technique, Lee and
Parker constructed a conformal metric g with

detg,(y) = 1+o(y"),

where N is an arbitrary larger number. Lee and Parker were interested in
knowing if det g, ; (¥) =1 could be achieved exactly by some conformal normal
coordinates in a small neighborhood of p. Now, this problem is solved by
Corollary 0.1.

For a 2-dimensional Riemannian surface (M 2, g), one can show that g
is flat if and only if the mean curvature of a geodesic circle of radius 7 is
exactly equal to 1/7 for all sufficiently small 7. Therefore, we can prove the
main theorem for n = 2 by using the classical isothermal coordinates of the
metric g0 . A simple proof of the existence of the isothermal coordinates can be
found in [DK]. For the higher dimensional Riemannian manifold (M", go) ,
the geodesic normal coordinates of the metric g given in the main theorem
give a natural generalization of the isothermal coordinates for n > 3.

Our proof of the main theorem introduces some new ideas. One of them
is to use the singular elliptic theory to solve the geometric problem mentioned
above. A similar singular elliptic problem was treated by C. Caffarelli, R. Hardt,
and L. Simon in their joint paper [CHS]. (This was pointed out to the author
by Professor Fanghua Lin.) However, our singular elliptic problem is more
complicated than theirs. New prior estimates and a different argument are
needed for the proof of the main theorem.

The plan of this paper is as follows: In §1, the singular elliptic equation
corresponding to our geometric problem will be derived. We will obtain some
prior estimates and solve the corresponding singular linear problem in §2. Using
these estimates and the Schauder fixed point theory, we will prove the main
theorem for some special metrics in §3. We shall also show that any C™ smooth
metric g0 is conformal to one of those special metrics. Thus, the proof of the
main theorem will be completed.

Conventions. All the manifolds are assumed to be C™ and g0 denotes a given
C* smooth metric unless specified otherwise. B,(p) will stand for the metric
ball of radius r centered at p and r(x) is the distance function of p with
respect to the metric go. Il £ will represented the norm in the metric gO.
Ck"’(Br) is the usual Holder space, i.e., the space of all functions whose first

k derivatives are continuous and the k derivatives satisfy a Holder condition
with exponent o defined on the ball B,. Let E” be the Euclidean space of

dimension n. Our Laplacian, A, has the sign such that Au = W' on E'.



GENERALIZED ISOTHERMAL COORDINATES 903

We will let {x;} be g-geodesic normal coordinates about p and det g?j(x)
be the determinant of g0 with respect to the coordinates {x;}. Similarly, if

g = ®g°, we define {»;} to be g-normal coordinates of p and detg,(y) to
be the determinant of g with respect to {y,}. These notations will be used
throughout this paper.

1. THE DISTANCE FUNCTION AND SINGULAR EQUATIONS

In this section, we will use two basic facts about distance functions to derive
a differential equation for our geometric problem.
First, let p, (M, go) ,and | | Qo beas in the Introduction. Suppose g =

<I>g° is a pointwise conformal metric of g0 and #(x)=d g(x , D) is a distance
function of a given point p with respect to the metric g. Now, one observes
that

") ) 1, ,.2
1= |4l = | dFlgy = a5

where

(1.1) ® = ||d730,
and

(1.2) g = lldg"

Second, the distance function is related to the mean curvature of geodesic
spheres as follows. Let H(x) be the mean curvature of a g-geodesics sphere,

~

centered at p with radius 7, at x. A direct computation yields that
1 .
(see [EH, p. 142]), where A, is the Laplacian of the metric g which has the
sign such that Au = +u” on E'.
Therefore, we conclude that
Theorem 1.4. Suppose (M, go) isa C™ (Ck‘“ resp.) Riemannian manifold.
Then the main theorem holds if and only if the equation

., n-—1

(*) Aarzy)e™ ~ 5 =0
has a solution such that
(1.5) b= “df”i,o is a positive C* (C**® resp.) function,

7 is the distance function of given point p with respect to the

(1.6) metric g = ||di||§og°.

Proof. Using (1.3), we know that the condition H,(x) = 1/ is equivalent to
the condition

(1.7) A F=(n—1)/F.
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Combining (1.1), (1.2), and (1.7), we get equation (x). Hence, Theorem 1.4
follows. O

One should be aware that an arbitrary function is not necessarily a distance
function. For example, the distance function has to be nonnegative. One should
also notice that the distance functions are not necessarily smooth. For instance,
in the Euclidean space E? , r(x) = \/xl2 + x§ is not C""* smooth at x = 0.
Therefore, we have to solve (x) under several restrictions and one needs to find
a criterion for distance functions.

Theorem 1.8. Suppose U is a neighborhood of p on a Riemannian manifold
(M, g), W isa C*° function defined on U, and we assume the following
conditions hold.

(1) u(p)=0,
(2) p isacritical point of u’ and the Hessian of u® at p is positive definite,
and

(3) lldull, =1 holds U~ {p}.

Then, there is an open set Be0 c U such that p € B60 and u(x)=d (X, p) for
all x € B80 .

Proof. Since p is a critical point of 4 and the Hessian of %’ is positive defi-
nite at p, it follows from a lemma of Morse (see [M, p. 6]) that there is a local
coordinate chart {z,, z,,..., z,} such that Z(p) =0, Z = (z,..., z,),
and u(Z) = zf + 4 zi if Ezf < sg. Setting

B,={z|Y 7 <&} = {ZluzZ) < e},

2
S, = {Z|sz = }= (Z|w(Z) = ¢},
We will prove the following assertions:
Claim 1. There is a constant number é > 0 such that

rzneag:dg(o, Z)<de foralle<eg,.

Claim 2. d(S,,y)=u(y)—¢ forall e < u(y).

Assuming Claims 1 and 2, we see that dg(O, y) =lim,_, dg(Sa , ) =u(y).
Hence, Theorem 1.8 follows immediately.

Claim 1 can be proved as follows: We let 8z, = (0/0z;,0/0z j) and

2 2 2
0" = Zn;%); {Z gz,zj(Z)CiCJ'lCl o +C" = 1}.

For any Z € S,, we take a curve r,:r (t) = (tz;, ..., tz,), t € [0, 1]. The
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length of r, is computed as follows:

= /01 [Z gzizj(tz)zizj] i
</ sedt = .
0

Therefore, d g(O, Z) < 6¢ forall Z € §,. This finishes the proof of Claim 1.
Using the gradient flow of (—u) on Be0 — {0}, one can prove Claim 2 (see [EH,
p. 142]). O

Using Theorem 1.8, we can construct a lot of distance functions as follows:

Corollary 1.9. Let p € (M, go) be as before and let r(x) = dgo(x, p) be the

distance function of the given point p with respect to the metric g°. For any
C® (C*® resp., k >3) smooth function w, setting

(1.10) F(x) = r(x)e”™,

we have

(1.11) Fx) =d,(x,p) when g =|dFlle’,

(1.12) d= ||df||§,o is a positive C* (C*™"® resp.) smooth function

Jor sufficiently small |x|.

Proof. Taking go-geodesic normal coordinates at p, one sees that r(x) =
[©x’1Y? and # = r?e®™ isa C™ (C*** resp.) smooth function. Further-

more,
a7 30 = (1 + 2Zx ax ||dw||§o) e’

is also a positive C™ (C k=l.a resp.) smooth function for sufficiently small |x|.
Clearly, 7 and g = ||dl~‘”§o g0 satisfy the conditions of Theorem 1.8. Corollary
1.9 follows immediately. O

Setting #(x) = re”™ | we want to get an equation of w(x) from (x). With
notations defined in the Introduction, it is easy to verify that

A %{A i+ =2 (d(10g®), ), }

<Dg°
= —l ZS I~+——2 d 10 (D d; + ’1—2 dw d;
q> go 2 ( ( g 1)’ )go ( )( ’ )gO b
Where

(1.13) (1+2Ex—+r ||dw||i,o) = @e
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and

AgoF = Ap(re”)
ow

ar

_h- 1 0 0
Agor = p +5 [log\/det(gij)] ,

(d(log®,), dF) o = (d(log®,), €*(dr + rdw))

=e" [r(AgoU) + ||d’w||z,o) +2 +Agor] ,

=e” [r(d(log@l), dw) + %(logdﬁ)] ,

(dF, dw) = e [%—wwndw” ]

Finally, we can write the equation of w as

. n—1
0= Bganzpee” ~ 5

r n—-211 0*w
= w {Ago(’l.U) + T} l:§<dq)l , d'w>go + 37

-
2 (Plaw))

- (252 + rlauly) 3—“’]

+—— (log\/det )}
8 (log \/det(g°
== {V(x, ow, 8'w) + (o8 et(g”))} :

+ 1
2r

r

where V is defined as
(1.14)
Vix,ow, 8°w)

Ago(w) i

N
o {(dd)l,dw) 7

1 0 2 2 ow 2\ w
+EE(V ”dlU”go) - <W +r||d1.U”go> ﬁ] .
Hence, Theorem 1.4 and Corollary 1.9 imply

Theorem A. Let (M, g°) be a ck® (C™ resp.) Riemannian manifold and
let V' be as above. If k > 5 and the equation

9 0
() Vix. ow, otw) = — 108V (8, (0)

r
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has a CK=2%. (C*-resp.) solution in a neighborhood of p, then the main
theorem holds.

Assuming that the main theorem holds, we would like to prove

Corollary 0.1. Let (M, go) bea C™ Riemannian manifold and let p be a point
on M . Then there exists a conformal metric g = (Dg0 such that det(g,.’ j(y)) =1
Jor all sufficiently small |y| = 7, i.e., the exponential map of the metric g at p
is a measure preserving map in a small neighborhood of p .

Proof. Let g be given by the main theorem and {y,} be g-geodesic normal
coordinates at p. One can verify

(1.15) ap=""1 %[log det(g,,(»)].

Using the fact that Agf =(n-1)H, = (n-1)/F and (1.15), one gets

(1.16) %[log \/det(g,; ()1 =0.

But det(g; 7) l,—o = 1 forany Riemannian metric g. By solving the ordinary dif-

ferential equation (0/97)(log ,/det(g, ;)) =0 along each radial direction 9/97
with the zero initial condition, we conclude that Corollary 0.1 is true. O

In order to solve (xx) we have to solve the corresponding linear equation in
the next section.

2. SOLUTIONS OF THE INHOMOGENEOUS LINEAR PROBLEM

In §1, we found the differential operator V' given by (1.14) which is nonlin-
ear. In this section, we will linearize the operator V' and solve the corresponding
inhomogeneous linear problem.

The usual linearization of ¥ is too complicated to discuss in detail in this
paper. Instead, we introduce the “scaling linearization” of V as follows:

Let {x;} be g°-geodesic normal coordinates at p; it is well-known that
g,.oj(O) = 6,.1. and 6g?j(0)/6xk = 0. For any given function v, we set wp(x) =
pzv(x/p), xX=py, r=pR,and R = [Z:y,.z]l/2 = |y|. A simple calculation
shows that

lim V(x, w,, dw,, oiw,)

. 2 2
=}J%V(py, p v, pou,0,v)

8%v
=Av+(n-2)—,
gV + ( )aR2
where Ap.v = Eazv/c‘)yf.
Naturally, we call the linear operator

52
(2.0 K =0Apm+(n-2)—
) 0=8p +( )6R2

the scaling linearization of V .
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The rest of this section is devoted to solving the inhomogeneous linear equa-
tion
(2.1) Zv=1r,
where .7 is given by (2.0).

We would like to make two comments about the inhomogeneous equation
Zv = f. First, the usual regularity theory cannot be applied to this equa-
tion directly. For example, in the 3-dimensional Euclidean space E3, v =
|y|‘/§—2(3y12 - 3y§) is a solution of Z{v = 0. Although f = 0 is a smooth
function, the solution v is at most C°. Secondly, for many C™ smooth func-
tions v, v is not necessarily well defined at y = 0. For instance, one can
simply pick a linear function, say, v =y, , then Zv does not make sense at

=0.

g These two examples remind us that we have to find the function subspaces on
which .Z is well defined. The rapidly decaying function spaces with weighted

Hoélder norms are good choices for our .% . Let B ) and C* "*(B p) be as in the
Introduction. We define the weighted H6lder norms and spaces as follows:

-N
(2.2) MVl a:n,, = Ozggp{R ([lekeg,-5 )}

where 0 <a <1, k<N, and

k ) A
[Vlckopgngy = 2o R’ sup_ {1970(n)])

j]=0 R/2<|y|<R
k k a
+ R sup{ G 20 0ty R2 < ¥, bl < R} ,
k,a
(2.3) Choain.p =00 ECT B, V]l qin., < +},
(2.4) Z,=(\ Cr.ain.p
k,N

Clearly, ..% maps‘ Ck,a;N,p to Ck—z,a;N—z,p anq mal‘)s. Zp to Zp. In what
follows, we are working on Ck’a; N.p and Z ) For simplicity, when p =1, we
set

(2.5) Cean=Criang ad [l oon =k an 1

In order to get the estimates of the singular equation (2.1), we need to define
a weighted L? norm:

1o 1/2
i —N n—1_2
(2.6) Wi = sup (r { / t v(rt, 0)d0dt} .
Mo 0<r<o 1/40 Js"~!

Now, we are going to prove
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Lemma 2.7. If a>0, b>0, and 1 >0 > 1/2, then, for any weak solution of

c 9 d
Fv= (aAE,.+b R2+R8R+R2>” f
there exists a constant K, which is independent of f and v such that
(28) eSS (17 [PPSR, S

where a, b, o, and ¢ are constant numbers, d(y) = d(y/|y|) € C*(E"\{0}),
and K, is determined by a,b,0,c,d,n, N, and k >[n/2]+1.
Proof. In order to use the classic Schauder interior estimates, we have to fix

the domains on which the coefficients of the equation are uniformly ck+3e
continuous. Therefore, we choose the following fixed domains:

Q,CcQ,cQ,cQCB,,
Q, ={z|]1/2<|z| < 1},
Q, = {z|(1+60)/160 <|z| < 3/(2+0)},
Q, = {z|(1 +20)/80) <|z| < 2/(1 +0)},
Q, ={z|l/40 < |z| < 1/0}.
On Q,, we scale our v and f again by setting
v,(z)=v(rz) and f(z)=f(rz)

for 1/40 <|z| < 1/o and r < . Now our equation Zv = f becomes

2
" Zizj 0 v, +czi 8’Ur d(Z) —rf( )

__+_

P
i=1 12l 02,0z, |20z, |Z|

(2.9),

We introduce the usual Holder norms and Sobolev norms on Q. for i =
0,1,2,3:

18 u(x) — 8" u(2)|
|x _ zla b

ll roogq Zsup{|6’u<z>|}+ sup
lil=12 x2ca,

1/2
lullye.2q (/ZIB’:A dz) :

ljl=1
For z € Q,, 1/40 < |z| < 1/0, the coefficients of (2.9), are
z;z; cz, d(z) ..
A (z)=ad,. +b—4L, ¢c,= =, == fori,j=1,2,...,n,
ij ij lZ|2 i |Z| |Z|2 J
which are C* and independent of r. It is easy to see that 4 := (A,.j) is
uniformly elliptic on Q,. In what follows, we fix r to be a constant number.
Our first step is to show that there is a constant K, which is independent of
v,, f.,and r such that

2
(2.10), ”Urllc"-"(no) < Kz{”Ur”LZ(QS) +r ||f;||c"—2-°(93)}°
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For this purpose, we use the classical estimates (cf. [A, GT]) for equation (2.9),
to get two constant numbers K, and K, such that

2
(21 l)r ”Ur”kaz(Qz) < K3{“vr”[,2(93) +r ”f;-”Wk'zvz(Qs)} ,

2
(2.12), 10,1l ctoiqyy < Kelllvllcog,) + P15l cer o )

On the other hand, the Kondrakov-Sobolev Theorem (cf. [A]) implies that there
is another constant Ky such that

(2.13), “vr”CD(Q,) < K5||v,||Wk_z(QZ) fork >[n/2]+1,

where K, K, , and K; are independent of the choice of v, f,and r.

Using (2.11),-(2.13),, we have proved (2.10), holds for all r, where K,
is independent of v,, f,, and r.

By definition (2.6), one can show that

1 Wi = sup {r v, .
(i) vig = s 7 Il

For the same reasons, we have

.. -N

(i) 1ol o:n o = 52 010 gk}
and we observe that

2-N

1i1 sup {r k-2.a < o N
(ii1) OSrI;U{ Il ex=2aigy} S k2, 0082
It follows form (2.10), that

(iv) N0l r oy S Kolr T 0,2y + 77 ooy -
Therefore, (i)-(iii) and the supremum of (iv) give the lemma. O

Now, we are ready to find the bounded linear inverse of .96 .
Theorem 2.14. Suppose

0° co  d
_?—aAE,.+b +Eﬁ+F
is a second order singular elliptic dzﬁ”erentzal operator with a > 0 and b > 0.
Then, forany 1 >0 > 1/2, ¢ >1/2, and k > [n/2]+1, there exists a bounded
linear right inverse S of £ such that
(i) LoS(Uf(»)=f(y) forall |y|<o.
(i) § maps Cp_y .nNCo ain24e 10 Cp oy and

1S © flllk.ain < KL Mo, 0y w-2se + 12 a5 n-2} 5

where K is a constant number which is independent of v and f.
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Proof. We will seek S, the right inverse of .4, by a Fourier expansion as in
[CHS] and use a cut-off function { toget S ={0oS,. If v=3§,f, by estimates

(2.8), we only care about the weighted L? norm of v. The rest of the proof is
devoted to constructing S, and finding constant numbers K,, and 1>17>0
such that

(2.15) iviL;«_t S K llfl ”0,a;N—2+s’ with ¢ > 1/2,

where K, isindependent of v and f . It will take several pages to demonstrate
S, and (2.15).

Suppose A and A* are the intrinsic Laplacian operators on E” and the
unit sphere S"~!. For y € E", let

21172 -1
=[] = =L esm
Clearly, two Laplacian operators are related by

8%v n-10v | -
W + “R B8R + PA v,
where v = v(R, ) on the right side and A*v stands for Ag1[v(R, 0)].

On the unit sphere S"~', the eigenvalues of the linear operator (—aA* — d)
may be written as 4, < 4, <4, < ---, and the corresponding eigenfunctions
as ¢,,9,, ¢4, ..., chosen to form an orthonormal basis for LZ(S"_'). Each
such eigenfunction is the harmonic polynomial of E” and

(2.16) Agv =

A €{akk+n—-2)+d}opc o

(see [BGE]).
The shapes of Euclidean spheres permit a further separation of variables for
the solutions of Zv = f, fe€ Cy_2.4.n - Obviously,

v(R, 0) = Eﬂ (R)c9,,(6)

m=0

is a formal solution of £v = f if and only if forall m=0, 1, 2,.

" aln—1)+c]B. (R) A
@1, @ropyR+ B S )= g Ry
holds, where f,, = [¢n-1 f(R, 0)9,,(6)d6 and d6 is the standard area element

on the unit sphere.
Let

_—a(n-2)+b-c+/(na-2a-b+c)*+4A,(a+b)
Ym = 2(a+b) ’
_—a(n-2)+b-c—/(na-2a—b+c)}+42,(a+b)
Tm = 2(a+b) '

(2.18),,
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There are solutions of (2.17),,

B (R f(s)o(s)TTm!

o, R Su8) 0 (s)T!
R /d )ds

(2.19),,

@+ b)(v,, — 1y

for m=0,1,2,..., where ¢, and d,, are constants to be chosen later. In
the case (ym0 =M, ) =0 for some m, we let

(2.19)m0 ﬂmo( —Rymo {/ f “Tmgtl (logs)ds

(a+b)
R - 1
_1ogR/dm o (8)s Tmy* ds}.
We take two integers J, and J, such that 0

Rey, <N <Rey, Ren; ,, < N-1<Ren,.

Now, the expression

Zﬂ )ow,,(6

makes sense and gives a weak solutlon L = f, if we take
¢,=0 form<J, ¢,=1 form>J +1,
d,=1 form<J,, d,=0 form>J,+1,

since we have the following L* estimates: if m > max{J,, J,}, m # m,, and
R < 1, then

2 o [R ()0 (s) ! o (R L) o) ]’
”m(R)‘[R /1 i e m L A e ey m t

2
l:/ £.(s N+2—l/2)—ym+N—l/2dsJ

2n,,, R 2 o 3-2N R —1-2n,+2N
R /Ofm(s) (s) ds/o (s) dsl}
2R

2N ) 3-2N 2 1
=@+ 0, —m)F /o Im(s)e s ds [tN—yml " IN—nmI]'

For all other m # m, n, # N # 7,,, we also have
IRV
[(a+b)(7,, — 1)1

! 2 3-2N
x /0 fA(s)0(s) Nds

27,

R

<
[(a+b)(y -n,)1 {

B2(R) <

o e
N =70 "IN,
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In the remaining cases, one can verify that

SO) N 1
|B,,(R)| < K, max{lle sm (RS when8>2,

where K is a constant which is independent of f. Using Parseval’s identity
and the orthogonality of the ¢,, ’s we readily verify that

2

C°} '

/ vX(R, 0)d0 = fﬂfnm, 6)
Sn—l m0

f0)

I IN—2+8

+00 1 £2
YV i )] N
SKS{E R | s;”N_3ds+R
m=0

In other words, our solution v satisfies

1/t ) 1/2
vl = sup r [/ / ke, 0)d0dt]
Noroo0gr<e 1/41 JS™!
1/2
1z 1 1 5
K2 / fIR2N / 5. 6)do
s 1/41 o V3 s"“f( )
2 1/2
fQ) ds}
CO
< K14” 1f] ”0,0;N—2+e , withe>1/2
Thus, we have constructed S, and (2.15) was verified.

I |N —2+¢€
In order to use the interior estimates, we introduce a cut-off function { such
that

IA

+

() { 1 forly|<o,
“lo0  forly|>1, withO<o<t<l.
Finally, we define

T=Sof={()v()={Syo/f.
Using Lemma 2.7 and (2.15), we get
1S o Sl a:n =0k a.n e S KMk ain e
S K K {201 MMkezz o v—2 F Kiall 1 Tl 0 v_2se )
This completes the proof of Theorem 2.14. 0O

Corollary 2.14. Let £ and 1 > o > 1/2 be as in Theorem 2.14, and let
Z = ﬂf’ ~ Ck o.n - Then there is a linear operator & on Z, such that:

(i) KFNWY)=f) forall ly|<a.
(it) If f'(v) = f(ty), 0<t <1 and |y| < o, then (L f*)(y )—t_z(yf)(ty)
(i) Forany k,a, N, and € > 1/2, there is a constant number K such that

1S 0 £l ain < KU o, 0 nozie + T ko, as w2}
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Proof. We use the same notation and methods as in the proof of Theorem
2.14 with some modifications. First, we want to define % and verify (ii). Let
Con =a'm =0 foral m=0,1,..., andleto, ,»,,n,,(,R,0,and y = R0
be as in the proof of Theorem 2.14. Setting

fu= [, 1R 0)0,(0)d8.
S

we also define

(a+b)(v,, —1,)

ot [R Syls) 0 ()"
R [, - n,,,)ds}°

1
Bm(f,R)=Re{Ry"'/ Suls) o ()7
0
(2.19),

If Vmy = My » W€ let

7mg
Bl R = s { [ 01577 o t0gs s

(2.19),,, .
—y_ 41
—logR/ £, ()5 ds}.
0 0

When f'(y) = f(ty), f€Z,, and § =ts, one can prove

. A MOLIORAE
Fnll R)—Re{Ry /0 @+ B, =) =

ot (R S(s) o ()
R /o @r o, )"

(2.20),, 1 g [R Sy(8) 0 ()
_tzRe{(tR) /0 @rB. = m)ds

ot [R L@ 0@
o™ | (a+b>(y,,,—n,,,>"s}
= t_zﬂm(f, tR).

Similarly, one can verify that (2.20),, holds when m = m,. Now, we define

(P ir.py = LR)S Bolf R, (6).
m=0

When 0 << 1 and R = |y| < g, we have {(ty) =1 ={(y), and (ii) follows
from (2.20),, m=0,1,....

The same argument as in proof of Theorem 2.14 shows that for any given
k,a,and N there is a constant number K so that (i) and (iii) still hold. D
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3. THE PROOF OF THE MAIN THEOREM
In this section, we will prove the main theorem under the following extra
assumption:
(A) {det(g?j(x)) -1}y e Z,  for some 7 > 0.

(It was pointed out by Professor Jerry Kazdan to the author that any other
Riemannian metric is locally conformal to one of those metrics mentioned in
assumption (A).)

According to Theorem A (see §1), we only have to solve the equation

0
Vix, 0w, 0'w) = _6,(log\/det(g,~,~))

r

(xx)

under assumption (A). The rest of this section is devoted to solving equation
(**) in the case that (A) holds.
In fact, we shall consider more general singular elliptic equations. Let {x;}

be go-geodesic normal coordinates about p, and

52
r(x)=d ox, p), Apn = —_—,
@ =dp(x.p),  Ap=3 55
2 co

, o 9 d
(1) %_aAE"-'-bW*_;E-Fr_Z witha>0,b6>0,

Vix,w,d w, Bj'w)
=Zw+Y Q;x,w, dw)d, 8, w+G(x, w, Jw),
with the conditions
Q,(x, ¢, =Y. %0y 4(x, Co ),

Glx, L, = Z%Gi,.(x, Lo,
where Q; ik and G,; are C® smooth functions with respectto x, {, . When
|x| < p,, we also require that G,.j(x, 0,0)=0.

Using the fact row/dr = Y x,0w/dx,;, one can verify that V' given in
(1.14) satisfies conditions (i) and (ii).

We will prove

(ii)

Theorem B. Suppose V is a second order quasilinear elliptic operator on a Rie-
mannian manifold (M , g°) with an isolated singularity p with conditions (i)
and (ii) as above. Then there is a © > 0 such that

(%% %) Vix,w,dw,djw) = f(x)

has a solution w € C; . , forany p<t, &€ >1/2, k > [n/2]+1, and

S €C 5.a:nNCh a0 No24e
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Corollary B. Let V and £ be as above, and let f € Z . Then (x**) has a
solution w € Z ) Sor sufficiently small p < 7.

Proof of the Theorem B. The idea of the proof will be to use the Schauder fixed
point theorem. To set the stage for the fixed point theorem, we need to fix the
domains of the functions involved so that we can deal with some fixed Banach
spaces. There is no loss of generality in assuming the injective radius of go
at p is greater than one. Thus, we scale our problem the same way Dennis
DeTurck did in [D]. If v is a function defined on the metric ball B, , we set

®(p,v)=V(py, pv, pB,v, 8;v) = f(py).

In this case, ®(p, v) is a function defined on B. Since f(0) = 0 and
G(0,0,0)=0=0,(0,0, 0), we see that ®(0, v) =Zv.

Let S be as in Theorem 2.14. Then S is a bounded linear right inverse of
;. Define

(3.1),

o3

(v) =90, v) -P(p, v)
= Zo-V(py, p'v, pd,v, 87v) + f(py)

2
2 ‘v 2 2
f(py)—ZQ,-j(py,pv,payzv)—a = Glpy, pv, p3}v),
¥y,

(3.2), F,(v) = S[T,(v)].

Now, if F ) admits a fixed point v in Cy a.n>and p> 0, then

V(py. p'v, pd,v, 8,v) — f(py) =0 for |y|<1/2.

Setting w(x) = pzv(x/p) gives a solution of (xxx) for |x| < p/2.

For this purpose, we want to verify that F P is a contracting map on some
convex bounded set 5'3K0 = {v|l[v]llg 4,5 < Ko} - For any pair of functions v,
¥ € H; , condition (ii) and the definition of ||| |||, ,., tell us that

0 » &y

NT,(3) = T, l—z.asn—z + 1T, @) = T, g, y-22s
S K3p” W - U| ”k,a;]v’

where K is a constant number which depends on k, a, N, and K. On the

~

other hand, by Theorem 2.14 we know that there is a constant K so that
(3.3) 1S © 71l o w < KNl o v-2ee + 1T lk—z o -2}

for any fE Ck—2,a;N n CO,a;N—Zj'e :
Now setting T,(0) — T,(v) = f in (3.3) yields that, if v, ¥ € L) then

1 E, (W) = Ey ()]l aow < KK 11D =]l o x-
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The fixed point of v of F , can be constructed as a limit of a sequence of
functions. Let
Uy , =0, u ,=F(0)=S-1(p),
U ,= Fp(ui_1 , P)-
Now we let K, = 8|||S f] llk .. > and choose p, \ = 1/4(I?K3+K0). One can
show that, if 7=p, y and p <7, then {ui,p} C .f’)Ko and

K
0
(35), ” [ui,p_ui—l,/)l”k,a;NS F

(3.4),

Hence, Uy p = lim is the desired fixed point of F ,- O

imoo %i p

Proof of Corollary B. We make a few changes in the proof of Theorem B and
use the same notation unless specified otherwise. Recall that

®(p, v)=V(py, pv, p3,v, 8,v) ~ f(py),
and let . be given as in Corollary 2.14. We also define
(36),  F,(v)=190,v)-®(p,v)]
= F1Lv - Vipy, p'v, po,v, 8y2) + f(py)],
#,=0, #,=F0)=5%"f(p),

(37), ai’p =Fp(u,’_1a ),
(3.8) to,p=Hm#,; .

Now, for any k, a, N, using the same argument as in the proof of Theorem
B, we have a constant p, , so that, when p <p, ,
K
~ - 0
(3‘9)i " Iui’p‘ui—]’lek’a;NS 2,’_1 ’
where K, = 8[| f]ll; ,.n- Hence, Uoy p €Ch ain-
If we fix T=3p,, /.40, #=dimM, and let

(3.10) Vo=l ., Wo(x) =T (;) :
then we shall show that w, is the desired C* smooth solution of (x x x).

In fact, by (3.9), one can show that w), is a strong solution of (xx ) for
0 <|x| < 7/2. Since V is elliptic on B, — {0} and the coefficient of V' is C*
at B, — {0}, the standard elliptic theory tells us that w;, is C* on B, ;2= {0}
when f is C*. Thus, we proved that w, € C*(B, , — {0}).

For the rest of the proof we show v, is C*™ at y=0 and v, € Z, . We will
prove this fact indirectly. The crucial step is to verify

Claim. If a1, , is given by (3.8), then

p
N 2.
(3.11) Uy, ,y)="rtu, ,(ty) for|y|<1/2, t<1.
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Assuming the claim, we see that v (ty) = tzaoo,“(ty) . Now, for any given
k,a,and N, choosing ¢ with 11 < p,  and using (3.9),-(3.11), we conclude
vy € Ck,a; ~ - Therefore, it follows that v, € Z, 2 and Corollary B holds.

In order to prove the claim, it suffices to verify

(3.11), # ,(ty) =10, ,(ty) forly|<1/2, t<1,

for each i.
When i =1, if we let v,(y) = v(ty) and h(y) = f(py), then

2 2
D(tp, v,),, = V(pty, £'p’v,, tpd,v,, 8)v,) — f(tpy)
= ®(p, 'v)

|[y >

(3.12) T, (), = T,(t'v)

|ty'

Let ¥ be as in Corollary 2.14. If we set h,(y) = h(ty) = f(tpy), it follows
from Corollary 2.14(ii) that

(3.13) F(h)l,, =*F(h)|, ifly|<1/2and <1
Therefore, setting v = t_ZY(h) in (3.12) and using (3.13), we find that
T (P ), = T, (" Fh),.],

3.14
(319, =T, [%hll, whenl|y|<1/2, t<1,

. 1, ,(ty) = (Fh), = (Fh),
o = CLFfp N, = iy, ).

When i > 2, suppose
(3.14) (T, (B, = (T,) A1,
holds for i — 1. Then one can verify that
(T, ) ()], = {(T,, )T, ) ™ B,
= (T, NT,2) " )},
= (T, NT,) " h},,
= (T, (.

i—1

(3.14),

Hence, one concludes that

#; ,(ty) ={FLUT,Z)" f(p N},
= HFUT,) " Flp N, (by) (3.13))
= A{FUT,, )" fp MY, (by (3.14),_)
= ((F )"0}, = a, ).

This completes the proof of the claim and corollary. O

(3.11),
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In order to prove the main theorem by using Corollary B, we need an “infinite
order version” of Lee and Parker’s theorem. The author owes this remark to
Professor J. Kazdan.

Theorem C. Suppose (M, go) is a Riemannian metric around p. Then there
2h 0

exists a pointwise conformal metric § = e g~ such that in g-normal coordinates
{%,,%,,..., %,} around p,

3/9
(A1), —B[det(gr(fc))—l] =0 foral |B|=0,1,2,.... O

% ! 420

The following simple proof was suggested by the referee.

Proof of Theorem C. The theorem above will immediately follow from the result
in [LP] and Borel’s theorem, which says: for any power series about 0 in E",
there exists a smooth C* real-valued function whose Taylor series expansion
at 0 is this given series (cf. [GG, p. 98]).

To see this, starting with a metric g,, we seek a metric § = e2hg0 such
that det(g; j) — 1 vanishes to infinite order at p in g-normal coordinates. This
is equivalent to the coordinates free condition exp;,(d V,) = dx to infinite
order, where d Vg is the volume element of & and dx is the Euclidean volume
element on the tangent space at p. In Lemma 5.3 of [LP] it is shown that,
for any m, there exists a metric g, = e2m 8, Which satisfies exp;m(d ng) =

[1 + O(||lx||")]1dx and, as long as h, and its first derivatives vanish at p,
the Taylor series of 4, is uniquely determined up through order m + 2 by
this condition. Thus the full Taylor series of # is uniquely determined by the
condition that exp;,(d Vg,) =[1+ O(||x||™)]dx for every m. Borel’s theorem
then guarantees that there exists a smooth function A with this Taylor series. O

Proof of the main theorem. Case 1. If g0 is C*™ smooth, using Theorem C
above we may assume that {det(g,.oj(x)) — 1} € Z, with respect to go-normal
coordinates {x;} at p. Now the main theorem follows form Theorem A and
Corollary B.

Case 2. When go isa cko metric, according to Theorem 5.1 in [LP], we
may assume that {det(g,.oj) — 1} € G .y - Therefore, one can prove the main
theorem in this case by using Theorems A and B. 0O
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