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RELATIVE FROBENIUS OF PLANE SINGULARITIES

D. DAIGLE

Abstract. In view of the well-known conjecture concerning the classification

of lines in the affine plane in characteristic p > 0, it is desirable to understand

how the characteristic pairs of an irreducible algebroid plane curve are affected

by the relative Frobenius. This paper determines the relation between the char-

acteristic sequences [x, y] and [x, f], where x and y are formal power

series in one variable with coefficients in a field of characteristic p > 0 .

Throughout this paper, k is an algebraically closed field of characteristic

p > 0, t is an indeterminate over k and k((t)) is the field of fractions of the

ring k[[t]] of formal power series in t. An affine plane curve with one place at

infinity may be thought of as an epimorphism e: k[X, Y] -> A, where A is a

one dimensional domain contained in all but one (say A g R ) valuation rings

of qt(A)/k. Note that if x = e(X) and y = e(Y) then e':k[X, Y] -, A1 =

k[x, yp] defined by e'(X) = x and e'(Y) = yp is also an affine plane curve

with one place at infinity. We say that e is obtained from e by performing

the "relative Frobenius" operation. This paper is part of an attempt to answer:

Question 1. How is the singularity at infinity affected by the relative Frobenius?

As a motivation for this question we recall the well-known conjecture which

asserts that every affine plane curve biregular to the affine line can be obtained

from a line of degree one by performing a finite sequence of operations, each

operation being either an automoprhism of the plane or the relative Frobenius,

the latter being allowed only if A = A1. (See [1, 2, 4, 5].)

Let the notation be as above. Then the completion of R may be identified

with k[[i]] and as a result x, y £ k((t)) have negative orders (unless x £ k or

y £ k, which is a trivial case). Define x^, yoo£ tk[[t\] by

' (1/x, y/x), if ordx < ordy,

(l/y,x/y), ifordx>ord>',

(1/x, y/x - a),    if ordx = ordy, and

a = constant term of y/x.
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Then a description of the singularity of e at infinity is given by the characteristic

sequence [xx , y^] of xx and yx , as defined in [3] or [6]. On the other hand

let (x ,y) = (x,yp) and consider (x'^, j/j . A more precise version of

question 1 is

Question 2. How are [^ , yx] and [x^ , y'^] related?

In [3 and 6], the characteristic sequence of a pair of series is defined only

in the case where the two series have positive orders. In the first section, we

extend the definition to a larger set of pairs of series and (1.4) gives a very

simple relation between [xx , yx] and [x, y]. In view of that, it is clear that

question 2 is equivalent to

Question 3. How are [x, y] and [x, yp] related?

The third section is devoted to the main result, Theorem 3.1, which answers

question 3 for x, y £ k((t))* of nonzero orders and such that k(x ,yp) is dense

in k((r)). Note that the case where k(x, yp) is not dense in k((t)) is an easy

corollary of (3.1), but does not appear here. The second section develops the

notions needed for stating and proving the theorem.

I would like to thank A. Sathaye for innumerable discussions about problems

related to this work.

Notations. The set of integers (resp. positive integers) is denoted Z (resp. N ).

A subset 77 of Z is said to be convex if j £ H whenever i < j < k and

i ,k £ H. If x = (... , x(_j, x¡, xi+x, ...) is a sequence of integers then

(... , x¡_x, x¡, xi+l, ...) is the sequence obtained from x by omitting the term

xt if and only if xi■ = 0. In general, we adopt the notation used in [3]. In

particular, if a e Z\{0} then

\a\ = \a\p - maxip^lv > 0 is an integer and p"\a}

and a0 = a/\a\. The ordinary absolute value will never be used, so no confusion

is possible.

If x £ k((t)f = k((0)\{0} then x = ^fa/ for some family (at)ieZ of
elements of k, the set Supprx = {i\ai ^ 0} is bounded below and its minimum

is denoted ordx. The valuation "ord" determines a topology on k((«*)) and we

denote by K the closure of a subset K of k((r)).

1. Characteristic sequences

In this section we define the characteristic sequence [x, y] for any x, y £

k((í))* of nonzero orders, and we state some basic properties of those sequences.

We would like to acknowledge the fact that most of the material in this section

is obtained from Moh's paper [3] simply by dropping his assumptions on x and

y and making some straightforward adaptations in his proofs. Consequently

most proofs are omitted. Note that only the definitions and some properties

given in Moh's paper are generalized here, not his results dealing specifically

with algebroid plane curves.
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Definitions 1.1.

1. If S C Z is bounded below and d £ N, let Sid) = min(S\dZ) (= oc

if S\dZ = 0).
2. Let S be a nonempty subset of Z, bounded below, and let c £ N. Then

an integer k and a finite sequence of integers (S; c) = (qx, ... , qk) are

defined inductively as follows, together with another sequence (d2, ... ,

dk+l)-
• qj = min S and «i2 = gcd(c, qx ) ;

• if for some i > 1, (qx, ... , qf and (d2, ■■• , di+x) are already

defined then let

/c = /, ifS(d¡ x) = oo.

3. Suppose x,ye k((«*))*, ordx = m ^ 0, ordy = n ^ 0 and |w| < |«|.

Choose x, e k[[i]] of order |/n| such that x["° = x. Then there is a

unique expression

y= E ^i + i9
¡>n/|m|

such that <3( e k, pe k((r)), and if p ^ 0 then |ord/?| < |w| and

at^0 =ï i\m\ < ordp.

Such expressions will be referred to as expressions satisfying the condi-

tions of (1.1.3). Note that p = 0 if and only if y € M(x,)), if and
only if k(x, y) c k((x,)).

4. Suppose x, y £ k((«*))*, ordx = m ^ 0, ordy = n ^ 0, and \m\ <

\n\, and let c £ N be such that c|gcd(m, n) and |c| = \m\. Then the

c-sequence [x , y:c] = (qx, ... , qh) of x, y with respect to c is defined

inductively as follows. Let

y= E aix\ + p
i>n/\m\

be an expression satisfying the conditions of (1.1.3) and write

(|w|SuppXi (y - p) ; c) = (qx, ... , qf).

• If p = 0 then set h = k and [x, y:c] = (qx, ... , qf ;

• if p ¿ 0 then set [x, y: c] = (qx, ... , qk, ... , qf where qk+x,
... , qh are given by

qk+x =ordp-(qx+--- + qk),

[yx,x:c] = (m, qk+2, ... , qf),

where c = gcd(c, qx, ... , qk+x) and yx = p/x",lml.
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Proposition 1.2. Suppose x, y £ k((t))*, ordx = m ^ 0, ordy = n f=- 0, and

\m\ < \n\, and let c £ N be such that c|gcd(w, n), and \c\ = \m\. Write

[x,y:c] = (qx,... , qf).

1. If d £ Z\{0} and \d\ = l, then [xd, y: c] = [x, y: c].

2. Ifd£Z\{0} and \d\ = 1, then [x, yd:c] = (dqx, q2, ... , qf .
3. (Inversion Theorem) If \m\ = |«|, then [y, x:c] = (m, q2, ... , qf).

4. If m^n, then [x, y/x: c] = (qx - m, q2, ... , qf .
5. If m # n and \m - n\< \n\, then [x/y, y:c] = [x, y:c].

6. If y = J2aix\ + P w an expression satisfying the conditions of (1.1.3)

and p ^ 0 then, in the definition of [x, y: c] given in (1.1), the integers

qk+2, ... , qh can also be defined by

[p,x:c) = (m,qk+2, ... ,qh).

Proof. The first five assertions follow from [3]. More precisely, (1) and (2) are

obtained by adapting the proof of Proposition 1; (3) follows from the proof of

Theorem 2; (4) and (5) are obtained by imitating the proof of Proposition 2.

We prove (6). Let e = gcd(m, n, q2, ... , qf) and note that \e\ = \m\. So

ord z = e, where z — xef . Let us write

[yx,x:c] = (m, qk+2, ... , qf).

Since zd = x for some d £ Z\{0} with \d\ = 1, and since c|gcd(ord>>1, ordz)

and \c\ = \ordyx\, we have by part (2)

[yx, z:c] = (e,qk+2, ...,qh).

Let r £ Z be such that zr = x^'"2' . Then by ±r applications of part (5) we

get

[p, z:c] = (e, qk+2, ... , qf).

Since x = zd, the desired result follows from this and part (2).

Definition 1.3. Suppose x, y £ k((t))*, ordx = m ± 0 and ordy = n # 0.

Then the characteristic sequence of x and y is [x, y] = (m, n, q2, ... , qf),

where q2, ... , qh are given by

[x,y:c] = (n,q2,... ,qh),    if \m\ < \n\,

[y,x:c] = (m,q2, ... ,qh),    if \n\ < \m\,

where c = gcd(m, n). Note that the inversion Theorem 1.2 guarantees that

this is well defined.

Remark. One can see that if x, y £ k((t))* have nonzero orders and [x, y] =

(m,n,q2, ... ,qf) then

[k((t)):k(x, y)] = gcd(m, n, q2, ... , qh).

The following is an easy consequence of (1.2). It relates questions 2 and 3,

in the introduction.
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Lemma 1.4. Let x ,y £ k((t))*, ordx = m ¿ 0, ordy = n # 0, y/x $. k and

[x, y] = (m, n, q2, ... , qf . Define xx, y^ e k((r))* as in the introduction

and let w_ = ordx_ and n_ = ord v   . Then
oo oo oo ^ oo

' imoc'noc>Q2>--->ah)> ifm^n,

ixoc>yoJ=\  i/n00,n00,q1-n00,qz,...,qh),       ifm = nandm\noo,

. (woo . »oo ' «3 ' ■ ■ ■ ' i*) » if m = nandm\n00.

Moreover, if m = n and m \ n^ then nx = q2.

2. Abstract sequences

This section defines abstract versions of the osequence [x, y: c] and the

characteristic sequence [x, y] of a pair of power series. Those abstract se-

quences are called Q-sequences and abstract characteristic sequences respec-

tively. A mapping <¡>Q is defined in such a way that 0Q(q ,3¡) is a Q-sequence

whenever q is a Q-sequence and 2 belongs to a certain set Part(#) deter-

mined by q . Corresponding notions are defined for abstract characteristic se-

quences.

Definitions 2.1.

1. A Q-sequence is a triple q = (c; m; (í,-)í€ff) such that

• 77 = {a, ... , h) is a nonempty, finite, convex subset of Z and

(#«)«€// *s a sequence indexed by 77;

• c £N,m, qa£ Z\{0} and «j(6N, a < i<h;

• c|gcd(m, qf) and |cj = \m\ ;
• if we define da+x = c and di+x = gcd(di, q¡), a < i < h, then

da+x>--->dh+x = l.
Then da+x, ... , dh+x are called the gcd's of q . When we wish

to emphasize that the indexing set is 77, we say that q is a Q-

sequence on 77.

For the rest of these definitions, let q = (c;m; (<7()¡e#) be a (2-sequence on

H = {a, ... ,h), with gcd's da+x, ... , dh+x .

2. L(q) = {h} u {/ £H\a<i<h and |¿,.| > \di+x\} .
3. If A? is a (possibly empty) collection of pairwise disjoint subsets of

77, let A?* be the collection of maximal convex subsets of H\\}AA7.

We say that 5? is q-allowable if the following conditions are satisfied:

• Either a £ \}5^ or \m\ < \qf ;
• every  S £ A?  is nonempty, convex and satisfies 51 n L(q) =

{max S} ;

• every S £ A?* satisfies (where j = maxS) S n L(q) ç {;'} and

i eS\{;}=Hî,l >!</,!•
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4. If S? is ^-allowable then let J(q, S?) C 77 be the set

{/' € (J^|35€^(/+ 1 =min5') or (a < i = h and \dh\ > l)\

U {i £ \J^*\ \qt\ > \di+x\ and (3s^(i + 1 = minS) or i = h)} .

5. Part(^) is the set of all pairs 2 = (AA7, fi) where S^ isa «^-allowable

collection of subsets of 77 and /: 77 —► Z satisfies

.    /(/) = 0 , if itJiq,S<>);

.   if i e Jiq,&) then /(/) > 0 and gcd(pdi+x, /(/)) = dM ; if
moreover i < h then /(/) < qj+x.

In order to be able to make inductive arguments, we have to define a notion

of restriction of a pair (q, 2), where q is a (2-sequence and 3¡ £ Part(<?).

Definitions 2.2. Let q = (c;m; (q¡)¡€H) be a (2-sequence on 77 = {a, ... , h) ,

with gcd's da+x,...,dh+x.

1. If \m\ > 1, the restriction of type 1 of q is the sequence

Q = idj+i ; Qa + • ' • + Qj ; m ' Qj+\ ' • • • ' Qh) »

where y = minL(^). Note that a < j < h .

2. If |#J > | am | then a restriciton of type 2 ofi q is a sequence of the

form '

<7 = idj+x ;qa + --- + qj+a;m,qj+x-a, qj+2 , ... , qf),

where j £ H and aeZ satisfy

• \qA\ > \m\ for a < i < j,

• a = 0,if \qj\ = \dJ+x\,

• a > 0 and gcd(pdj+x, a) = dj+x , if \q^\ > \dj+x\ ; if moreover

j < h then a < qj+x .

3. A restriction of q is a sequence q which is either the restriction of type

1 or a restriction of type 2 of q . Any restriction q = (dj+x ; ...) of q

is a (2-sequence on {j, ... , h} and satisfies L(q) = (L(q)\{j)) U {h) .

It may happen that a restriction of q be of types 1 and 2.

4. Res(fl) denotes the set of all pairs (q,3l) suchthat q is a restriction of

q, 2 = (AA?, f) £ Part(<?), and either q is of type 1 and j £ (JA?*, or

q is of type 2 and j £(JA/', where y e 77 is such that «? = (rf.+1 ; ... ).

5. Let 2 = (AA", f) £ Part(<?). The pair (q, 2) is minimal if \m\ = 1
and S? = {77} .

6. Let 2 = (AA7, fi) £ Part(«?) be such that (q, 2) is not minimal. We

define the restriction ofi (q, 2), denoted res(#, 2), to be the pair

(q,2) £ Res(q) where q and 2 are defined as follows. Let Sx =

{a, ... , j) be the member of A? I) A?* which contains a and let H =

{./,■■■,/»}.

To be precise, q = ( 1 ; q  + • • • + qh + a ; m) , if j = h .
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• If Sx £ S?, let q be the restriction of type 1 of q and let AA? =

S"\{SX}. Then q is a g-sequence on H,S^ is <?-allowable and

j(q, Á7) = J(q ,5"). Let 2 = <&, fi), where /: 77 -, Z isthe

restriction of f to H. Then 2 £ Part(q). Note that j £ (J^* ■

• If 5\ g S?*, note that ; G J(q,Sp) «■ |«?;| > |rf;+1| and let # be

the following restriction of type 2 of q :

q = id]+x ',% + '" + Qj + fiU) ; m , qj+x - fi(j), qj+2 ,...,qh).

If j = h, let & = {{h}} ; if ;' < h, let S> be the collection
of subsets of 77 which is obtained from 5? by replacing S2 by

S2 U {f\, where S2 is the member of AA? which contains j +

1 . Note that q is a (2-sequence on H ,5e is ^-allowable and

Jiq,S>) = J(q_, y)\{j}. Let 2 = (S?, fi), where f:H -, Z
is defined by f(j) = 0 and /(/) = fi(i),  j < i < h.   Then

2 £ Part(q). Note that j £{JÁ7.

Note that if q is a Q-sequence and 2 £ Part(^) then res(!)(#, 2) is min-

imal for some nonnegative integer i.

Lemma 2.3. If q is a Q-sequence then the map

{2 £ Part(q)\(q, 2) is not minimal} -, Res(<?),

defined by 2 >-, res(q, 2), is bijective.

The verification of 2.3 is straightforward, and omitted.

Definition 2.4. Let q = (c; m; (q¡)i€H) be a (2-sequence on H = [a, ... , h) ,

and let 2 = (5", fi) £ Part(«j). We inductively define a sequence ®Qiq, 2)

as follows.

• If (q, 2) is minimal,

®Q(q,2) = (c; m;pqa,... ,pqh).

• If (q, 2) is not minimal let (q, 2) = res(q, 2) and define

Q2,...,QT by <&Q(q,2) = (c; m; Qx, ... , QT). Let Sx =

{a, ... , j) be the member of AA7 U AA?* which contains a, and

define Q>Q(q, 2) to be the sequence

(c;m;pqa,..., pq^x, pq}. + Q2, g3, ... , QT),    if Sx £ S? and d¡ = pdj+x,

(c;m;pqa, ... ,pqj,Q2,...,QT), if Sx £ S? and d] ¿ pdj+x,

(pc;pm;qa,... ,qp fi(j) ,Q2, ... ,QT), if Sx G S'*.

Lemma 2.5. Let q = (c;m; (qA)i£H)  be a Q-sequence on 77 - {a, ... , h),

with gcd's da+x, ... , dh+x, and let 2 = (AA7, fi) g Part(q).

1. If (q ,2) is minimal then the gcd's ofi <&Q(q, 2) are da+x, ... , dh+x.
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2. If (q, 2) is not minimal then let (q, 2) = res(q, 2) and let D2, ... ,

DT+X be the successive gcd's of ^Q(q, 2) = (c; m; Qx, ... , QT). Let

also Sx = {a, ... , j} be the member of A?(JA?*  that contains a.

Then the gcd's of Q>Q(q, 2) are:

(da+x, ... , dj_x ,dj = D2,D3, ... , DT+X), if Sx£^ and dj = pdj+x,

(da+x ,...,dj, pdj+x =D2,D},..., DT+X), if SX£S? and dj ¿ pdj+x,

(pda+x,...,pdj+x,dj+x=D2,D3,...,DT+x), ifSx £S?*andJ£j(q,<9>),

ÍPda+x,... ,pdj, dJ+x = D2, Dj, ... , DT+X), if Sx £ 5?* and j 0 J(q, S").

The proof of (2.5) is a straightforward verification that we leave to the reader.

Corollary 2.6. If q is a Q-sequence and 2 £ Part(q) then ^Q(q, 2) is a Q-

sequence. To be precise, we regard Q>Q(q, 2) as a Q-sequence on a set whose

minimium is 1.

Lemma 2.7. If q is a Q-sequence, 2, 2' g Part(^) and

<t>Q(q,2) = QQ(q,2')

then 2=2'.

Proof. Write q = (c; m; (q,)ieH),  H = {a,... ,h), 2 = (5?, f), 2' =

(S"' ,f), Sx£5e\A&* suchthat a£Sx,S\ G^'u^7'* suchthat a £ S\,

and

®Q(q, 2) = (c ;m';ya, ya+x ,...)= <&Q(q, 2').

Clearly, Sx £ A? «• c  = c <& S[ £ A97' and if these conditions hold then

maxS, = minL(#) = max,S¡, i.e., 5, = S'x .

In particular (q, 2) is minimal if and only if (q, 2') is, and if they are

minimal then 2 = 2'. So we assume (q, 2) is not minimal.

If Sx £ <¥>* then by above S'x £ S"" as well. Define A = {i £ H\yt ¿ qf ;
then we see that

-1 + min A ,        if A j= 0,
max S, = .

1      { h, if A = 0,

and similarly for S[, hence Sx = S[.

Hence, in any case Sx = S'x = {a, ... , j} for some j £ 77. The reader

will verify that fi(j) = /(j), which allows us to write res(q, 2) = (q, 2)

and res(q, 2') = (q, 2'), where q is the same in the two cases. From the

definition of <PG it is easily seen that <&Q(q, 2) = Q>Q(q, 2'). So by induction

we may assume that 2=2'. Hence res(q, 2) = res(q, 2') and the result

follows from (2.3).

Definitions 2.8.

1. An abstract characteristic sequence is a sequence

C = (q0, qx, ... , qf),
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such that h > I, qQ, qx £ Z\{0} , q2,..., qh £ N, and if we define

di+x = gcd(<?0,... ,qA) for 1 < i < h, then d2> ■■■ > dh+x = I.
2. If C = (m, n, q2, ... , qh) is an abstract characteristic sequence and

d2 = gcd(ra, n), we let

(C)=i id2l^;n,q2,...,qh),       if \m\ < \n\,

\ (d2;n;m,q2, ... ,qf,       if \m\ > \n\,

which is a ß-sequence on {1, ... , h} . We also define

Part(C) = [i&, f) £ Part(9(C))|l G |JJ^ \m\ < \n\).

Given 2 £ Part(C), let

<b(C,2) = (m,pn,q2, ... ,q'hA),

where q'2,...,q'h, are given by <&Q(q(C), 2) = (c ; m ; q[, ... , q'h,).

Since the gcd's of <P(C, 2) are the same as those of 0Q(q (C) ,2), it

follows from (2.6) that 0(C, 2) is an abstract characteristic sequence.

Lemma 2.9. If C is an abstract characteristic sequence and 2, 2' £ Part(C)

are such that <D(C, 2) = <P(C, 2') then 2 = 2'.

Proof. This follows immediately from (2.7).

3. The theorem

The aim of this section is to prove the main result of this paper:

Theorem 3.1.

1. Let x, y £ k((t))* be series with nonzero orders and such that k(x, yp)

is dense in k((<*)). Then C = [x, y] is an abstract characteristic se-

quence and there is a unique 2 £ Part(C) such that [x, yp] = <P(C, 2).

2. Let C be an abstract characteristic sequence and 2 g Part(C). Then

there exist x, y £ k((t))* with nonzero orders such that [x, y] = C and

[x, yp] = <P(C, 2). Note that k(x, yp) must then be dense in k((t)).

The reader may verify that the theorem is an easy consequence of the fol-

lowing two propositions:

Proposition 3.2. Suppose x,y £ k((t))*, ordx = m ^ 0, ordy = n ^ 0

«3««^ \m\ < \n\, and let c £ N besuch that c\gcd(m,n) and \c\ = \m\. Let

[x, y:c] = (qx, ... , qf) and assume that gcd(c, qx, ... ,qf) = 1. Then q =

(c; m; qx, ... , qf) is a Q-sequence and the following hold.

1. Let [x, y":c] = (q'x, ... , q'h,) and suppose that gcd(c, q[, ... , q'h>) =

1. Then 0>Q(q,2) = (c; m;q\, ... , q'h,) for a unique 2 £ Part(<7).

Moreover,  I £\JA7, where 2 = (AA?, f).

2. Suppose \m\ < \n\, let [xp,y:pc] = (q'x, ... , q'h>) and suppose that

gcd(pc, q\, ... , q'h,) = I. Then <bQ(q,2) = (pc; pm; q[, ... , q'h<)

for a unique 2 G Part(^). Moreover,  1 £ \}f?*, where 2 = (&, fi).
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Proposition 3.3. Let q = (c; m; qx, ... , qf) be a Q-sequence and let 2 =

(S?, f) £ Part(tf). Define q\,...,qh, by <&Q(q, 2) = (c ; m ; q[, ... , q'h.).

Then there exist x, y £ k((r))* such that ordx = m, [x, y:c] = (qx, ... , qf

and
, ,       j[x,yp:c], if l£\JS",

[qi'---'gh')-\[xp,y:pc],       i/leUr.

For the proof of these propositions, the following three lemmas are needed.

The first two are easily verified.

Lemma 3.4. Let S c Z be nonempty and bounded below, c £ N, s = S(p\c\),

and suppose that min S < s. Let

S~ = {i£S\i<s)   and   S+ = {i £ S\i > s}.

Write (S; c) = (qx, ... , qj _x), ml■ = qx + ■ ■ ■ + qi for 1 < i < j0 and let

j = rniax{i\mi <s). Then

{s__pc)=i(qx,...,q}_x),        ifis = mj,

{ (?,,••• ,Qj), if s>mr

Moreover, if s < oo then (S+ ; dj+x) = (s, mj+x - s, qj+2, ... , q. _,), where

dj+x =gcd(c,qx, ... ,qA).

Lemma 3.5. Let S c Z be nonempty and bounded below, ceN, s = S(p\c\),

and suppose that min S < s < oo and p\s. Let

S~ = {i/p\i £S and i < s}   and   S+ = {i £ S\i > s}

and define qx, ... , qpd2, ... , dJ+x ,Q2, ... , Q¿_x by

(S~;c) = (qx,... , qj_x),

qj=s/p-(qx + --- + qj_x),

di+x =gcd(c,qx, ...,q¡),

(S+;pdj+x) = (s,Q2,...,Qi_x).

Then

= í (Pii»--"PQj-i>P<Ij + Q2>Q3> •••»ß,-i)>       ifdj/dj+x=p,

\ (pqx ,...,pqj,Q2,...,Qi_x), else.

Lemma 3.6. Suppose x,y £ k((t))*, ordx = m ^ 0, ordy = n ± 0 and

c G N ¿s such that c|gcd(w, n) and \c\ = \m\. Let [x ,y:c] = (qx, ... , qf),

di+x = gcd(c, qx, ... , qA) and mi = qx-\-h qi for 1 < i < h, and let

y=   E   aix'i + P
i>n/\m\
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be an expression satisfying the conditions of (1.1.3). Then the following hold.

1. Suppose p ¿ 0, define j by (^Supp^y - p);c) = (qx, ... , qj-x)

and Q2, ... ,QT by [p", x:pdJ+x] = (m, Q2, ... , QT). Then

p.  i- Í (pqi ' • ' • ' PqJ-i 'PQj + Qi'Qi'--- ' Qt) -       if dj/dj+x = p,

\ (pqx ,...,pqj,Q2,...,QT), else.

2. If \m\ < \n\, let

s0 = (Suppxiy - p))(p),

\m\s0,       if s0< oo,

ordp,       ifs0 = oo,
■{

p = ¿_s aix\ + p-

Assume that p ^ 0 and note that ord p = s < oo. Then

[xp ,y:pc] = (qx, ... , q., 5^m;. ,Q2,...,QT),

[p, x: dj+x] = (m, mJ+x -s,qj+2,..., qh),

where j = max{i\m¡ < s}  and where Q2, ... , QT are defined by

[p,xp:dj+x] = (pm,Q2, ..., QT).

Proof. For the first assertion, consider yp = J2aPx]' + PP ■ If |ord//| < \m\

then that expression for yp satisfies the conditions of (1.1.3) and it follows

immediately that

[x, /: c] = (pqx ,...,pqpQ2,...,QT),

which is the desired result since dj/dJ+x ^ p .

If \ordpp\ = \m\ then let pp = J2aix[ + œ be an expression satisfying

the conditions of (1.1.3). By the inversion theorem (1.2), [x, pp:pdj+x] =

(p ord p, Q2, ... , QT), so we can write for some i

(|m|SuppX|(/ - to) ; pdj+x) = (pordp,Q2, ... , Q¿_x),

and if co ̂  0 then

Qi = ordw-(pordp + Q2+-+ Qt_x),

y = gcd(pdj+x ,pordp,Q2,...,QA),

[co,x:y] = (m, Qi+X, ... , QT).

Then by (3.5), with S = I^ISupp^ (yp - co) and s = ord pp ,

(S-c) = ( {Mx " " Mj~x >pqJ + Q2>Q3>-> Qi-i).       if dj/dJ+x = p,

I ipqx, ••• ,pqJt Q2, ••• , Qi-i), else,
and the rest is easily verified.
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For the second assertion, define j0 by

(\m\Suppx¡(y- p);c) = (qx, ... ,qJo_x),

and note that j < j0.  If s0 = oo then j = j0, p = p, s = mi   and since

y = J2ajixP)'/P + p satisfies the conditions of (1.1.3),

[x" ,y:pc] = (qx, ... ,qJo,Q2,..., QT),

[p, x:dj+x] = [p,x,dJg+x] = (m,qJQ+x ,...,qh),

as desired. If s0 < oo then j < j0 and \s\ = \m\. Let S = ^Supp^ (y - p),

then S(p\c\) = s < oo and by (3.4) [xp, y:pc] begins with

(p\m\Suppxfy - p) ; pc) = ({i £ S\i < s} ; pc)

iqx,...,qHl),     ifs = mr

iqx,...,qA), if s <mj.

m
j 'The next term of [xp, y,pc] is ordp - rn,x = s - mjX = q}  if s =

or ord p - m  = s - m   if s > m}, and the gcd of pc and all those terms is

gcd(pc, qx, ... , qj, s - m A) = dj+x in any case. Hence

[xp ,y:pc] = (qx, ... , qj, s^hij ,Q2, ... ,QT),

as desired. By (3.4) again,

[x, p:dj+x] = (s, mj+x -s,qJ+2, ... , qh),

and the result follows from the Inversion Theorem 1.2.

Proof of (3.2). Uniqueness of 2 is clear by (2.7).  Given an integer v > 0

consider the statement:

(1J    The assertion (I) of the proposition holds whenever |ordx| < pv.

We define (2J in a similar fashion. We shall prove that (10) holds and that

(1„)=M2„)=>(1„+1) for v>0.
Let d2, ... , dh+x be the gcd's of q , let m¡ = qx-\-h qi for I < i < h,

and let

y=   H   atx\ + P
i>n/\m\

be an expression satisfying the conditions of (1.1.3). Define j0 by

(\m\SuppXi(y-p);c) = (qx,... , q^f).

So if p ^ 0 then q} = ordp - (qx + ■ ■ ■ + qi _,), \ordp\ = \d]Q+x\ and

[p,x:dJo+x] = (m,qJo+x,...,qh).

Proof of (If : Assume \m\ = 1, then p = 0 and

[x, /:c] = (pSuppx y;c) = (pqx,... , pqf).
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Let S? = {77}, let /: 77 -, Z be the zero function and 2 = (S", fi). Then

2 £ Part(g), I £ (JAP* and <t>Q(q, 2) = (c; m; pqx, ... ,pqf), as desired.
Note that (q, 2) is minimal.

Proof that (If =>■ (2f) : Assume that \m\ = pv and define s0, s, p and j as

in the second assertion of (3.6). Note that p ^ 0 and that ord/5 = 5 (other-

wise s0 = oo and p = 0, y = £X(xf )!/p > thus (?í >•••>#*') = [xP > ̂ :^c] =

(ImlSupp^y ; pc) = (?,,..., «?A), whence gcd(pc, q[,... , q'h>)= P, contradic-

tion). Hence by (3.6),

[xp , y:pc] = (qx, ... , qj, â, Q2, ... , QT),

[P. x: dj+x] = (m , qj+x - a, qj+2 , ... , qh),

where a = s - m. and Q2, ... , QT are defined by

[p,xp:dj+x] = (pm, Q2, ... , QT).

Note that gcd(«i;.+1, pm, Q2, ... , QT) = gcd(pc, q[,..., q'h,) = 1, and that

q = (dj+x ;s;m,qj+x-a, qj+2 ,...,qh)

is a restriction of type 2 of q.  So, by (If applied to (p, x), there exists

3 = i&, fi) G Part(q) such that j £ {JÁ7 and

dyQ(q, 2) = (dj+x ; s;pm, Q2,..., QT).

By (2.3), there exists 2 = (AA7, fi) £ Part(q) such that res(<?,2) = (q,3).

Let Sx = {1, ... , j} then Sx £ A?* and by definition of <t>ß we have

<De(<? ,2) = (pc;pm;qx,...,qj, fi\J) ,Q2, ... ,QT),

which is the desired result since f(j) = a.

Proof that (2f =>■ (1„+1). Assume \m\ = pv+x. Then p # 0, for otherwise

pv+x \gcd(c ,qx, ... ,qh) = I. Let j = j0, note that

q = (dj+x; ordp; m,qj+x, ... , qf

is the restriction of type 1 of q and define Q2, ... , QT by [pp, x:pd +1] =

(m,Q2,...,QT). By (3.6),

[x,y"-c]={ (p(ii--->pcij-i>pqJ + Q2>Q3>--->QT)>       ifdj/dj+x=p,

I ipqx, ■■■ ,pqj,Q2, ■■■ ,QT), else.

Since gcd(c ,pqx, ... , pqA) = pdj+x, it follows that

gcd(pdj+x ,Q2,...,QT) = gcd(c ,q'x,..., q'h,) = 1.

Hence by (2f applied to (p, x) there exists 2 = (A?, f) g Part(g) such that

j£\j&* and

<S>Q(q, 2) = (pdJ+x ;pordp;m,Q2,..., QT).
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%(q,2) =

By (2.3) there exists 2 = (S", fi) £ Part(î) such that res(q, 2) = (q, 2).

Let Sx = {1, ... , j} , then Sx £ AA7 and by definition of <Pß we have

' (c;m;pqx,... , pqj-x, pq¿ + Q2, Q3, ... , QT),

if dj/dj+x=p,

, ic;m;pqx,... ,pqj,Q2,...,QT),    else,

which is the desired result.

Proof of (3.3). If (q, 2) is minimal then

x = tm,        y = J2tqt+-+q'
«=i

satisfy the requirements. Suppose (q, 2) is not minimal and let (q, 2) =

res(q, 2), q = (dj+x ; ...) and Sx = {1,...,;'} .   We may assume that the

result holds for (q, 2).

Case Sx G A?. Then q = (dj+x ; qx-\-\-qj ; m, qj+x, ... , qh) is the restriction

of type 1 of q. Define Q2, ... , QT by

<&Q(q, 2) = (pdj+x ; p(qx + ■ • ■ + q.) ; m, Q2, ... , QT).

Since the result holds for (q, 2), there are p, x £ k((t)f with ordp = qx +

■■■ + qj, [p,x:dj+x] = (m, qj+x,... ,qh) and [/ , x:pdj+x] = (m,Q2,...,
QT). Now let x, be an w0th root of x and let

7-1
E(q,+ —+q,)/\m\   ,

Xj '        *'"'     + p.

1=1

Since |ord p\ < \m\ it is clear that [x, y: c] = (qx, ... , qh). By (3.6),

p.     _ / ÜQi » • • • . PQj-i ,PQj + Q2,Qi, ■■■ , QT).        lf dj/dj+x = p ,

\ (pqx, ... ,pq},Q2, ... ,QT), else.

By definition of Oß , [x, yp:c] = (q[, ... , q'h,).

Case Sx £ S?*. Then q = (dj+x ;qx+- ■■ + qj+f(j) ; m, qj+x -f(j), qj+2,... ,
qf) is a restriction of type 2 of q . Define Q2, ... , QT by

<PQ(q, 2) = (dJ+x ;qx + --- + qj + f(j) ;pm,Q2,..., QT).

Since the result holds for («^, 2), there exist p , x £ k((i))* such that ord p =

qx + ■■■ + Qj + fiii), [P,x: dj+x] = (m, qj+x - f(j), qj+2 ,...,qh) and

[p, xp:dj+x] = (pm, Q2, ... , QT). Let Xj be an w0th root of x and de-

fine
7-1

.(«i+-+«'i)/|my = Y,x(r-+q')lmA~P,       Íf/(7)=0,
1=1

y^x^-^'^+p,     iff(j)>0.
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We claim that [x, y: c] = (qx, ... , qh). In fact, this is clear if \ordp\ < \m\

(in which case f(j) = 0). If \ordp\ = \m\ then by the inversion theorem

[x, p: dj+x] = (qx+--- + qj + f(j), qj+x - f(j), qj+2 , ... , qf),

and the claim easily follows. Now by (3.6),

[x", y.pc] = (qx,... ,q}, fi(j) ,Q2,..., QT).

Hence by definition of <Pß we have [xp , y.pc] = (q'x, ... , q'h,), as desired.
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