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RELATIVE FROBENIUS OF PLANE SINGULARITIES

D. DAIGLE

ABSTRACT. In view of the well-known conjecture concerning the classification
of lines in the affine plane in characteristic p > 0, it is desirable to understand
how the characteristic pairs of an irreducible algebroid plane curve are affected
by the relative Frobenius. This paper determines the relation between the char-
acteristic sequences [x, y] and [x, y’], where x and y are formal power
series in one variable with coefficients in a field of characteristic p > 0.

Throughout this paper, k is an algebraically closed field of characteristic
p >0, t is an indeterminate over k and k((¢)) is the field of fractions of the
ring k[[¢]] of formal power series in ¢. An affine plane curve with one place at
infinity may be thought of as an epimorphism &:k[X, Y] — 4, where 4 is a
one dimensional domain contained in all but one (say 4 € R) valuation rings
of gt(A)/k. Note that if x = &(X) and y = &(Y) then &:k[X,Y] - 4" =
k[x, y’] defined by &'(X) = x and &'(Y) = y” is also an affine plane curve
with one place at infinity. We say that &' is obtained from & by performing
the “relative Frobenius” operation. This paper is part of an attempt to answer:

Question 1. How is the singularity at infinity affected by the relative Frobenius?

As a motivation for this question we recall the well-known conjecture which
asserts that every affine plane curve biregular to the affine line can be obtained
from a line of degree one by performing a finite sequence of operations, each
operation being either an automoprhism of the plane or the relative Frobenius,
the latter being allowed only if 4 = A4'. (See [1, 2, 4, 5].)

Let the notation be as above. Then the completion of R may be identified
with k[[¢]] and as a result x, y € k((¢)) have negative orders (unless x € k or
y € k, which is a trivial case). Define x__, y_ € tk[[{]] by

(1/x,y/x), ifordx <ordy,
1y, x/y), ifordx >ordy,
(1/x,y/x—-a), ifordx=ordy, and

a = constant term of y/x.

(X0 > Vo) =
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Then a description of the singularity of ¢ at infinity is given by the characteristic
sequence [x_, v ] of x_ and y_, as defined in [3] or [6]. On the other hand
let (x',y") = (x,)”) and consider (x._,v. ). A more precise version of
question 1 is

Question 2. How are [x_,y_] and [x__, y. ] related?

In [3 and 6], the characteristic sequence of a pair of series is defined only
in the case where the two series have positive orders. In the first section, we
extend the definition to a larger set of pairs of series and (1.4) gives a very
simple relation between [x_, y_] and [x, y]. In view of that, it is clear that
question 2 is equivalent to

Question 3. How are [x, y] and [x, y?] related?

The third section is devoted to the main result, Theorem 3.1, which answers
question 3 for x, y € k((#))" of nonzero orders and such that k(x, y*) is dense
in k((¢)). Note that the case where k(x, y”) is not dense in k((¢)) is an easy
corollary of (3.1), but does not appear here. The second section develops the
notions needed for stating and proving the theorem.

I would like to thank A. Sathaye for innumerable discussions about problems
related to this work.

Notations. The set of integers (resp. positive integers) is denoted Z (resp. N).
A subset H of Z is said to be convex if j € H whenever i < j < k and
i,ke H. If x=(..,x_,,X;,X_,,.-.) 1s a sequence of integers then
(oo X;_y» X5 X,y > - -) 1s the sequence obtained from x by omitting the term
x,; if and only if x; = 0. In general, we adopt the notation used in [3]. In

particular, if a € Z\{0} then
|a| = |a|, = max{p"|v > 0 is an integer and p’la}

and a, = a/la|. The ordinary absolute value will never be used, so no confusion
is possible. '

If x € k((#))" = k((#))\{0} then x = 3 a,t' for some family (a,),., of
elements of k, the set Supp,x = {i|a, # 0} is bounded below and its minimum
is denoted ord x . The valuation “ord” determines a topology on k((¢)) and we
denote by K the closure of a subset K of k((1)).

1. CHARACTERISTIC SEQUENCES

In this section we define the characteristic sequence [x, y] forany x,y €
k((¢))" of nonzero orders, and we state some basic properties of those sequences.
We would like to acknowledge the fact that most of the material in this section
is obtained from Moh’s paper [3] simply by dropping his assumptions on x and
y and making some straightforward adaptations in his proofs. Consequently
most proofs are omitted. Note that only the definitions and some properties
given in Moh’s paper are generalized here, not his results dealing specifically
with algebroid plane curves.
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Definitions 1.1.
1. If S C Z is bounded below and 4 € N, let S(d) = min(S\dZ) (=

if S\dZ=2).

2. Let S be a nonempty subset of Z, bounded below, and let ¢ € N. Then
an integer k and a finite sequence of integers (S; c) = (q,, ..., q;) are
defined inductively as follows, together with another sequence (d2 ey
dk+l) :

e ¢, =minS and d, =ged(c, ¢q,);
e if for some i > 1, (q;,...,4q;) and (d,, -+, d,,,) are already

defined then let

. =S d - +-.--4q.

div1 (@) - (q %) if S(d;,,) < oo,
di+2 = ng(di+l ’ qi+1)

ke, if $(d,,,) = oc.

3. Suppose x, y € k((£))", ordx=m #0, ordy =n#0 and |m| < |n|.
Choose x, € K[[7]] of order |m| such that x["" = x. Then there is a
unique expression

y= > a,.xf+p

izn/|m|
such that a; € k, p € k((¢)), and if p # 0 then |ord p| < |m| and
a; # 0= ilm| <ordp.

Such expressions will be referred to as expressions satisfying the condi-
tions of (1.1.3). Note that p = 0 if and only if y € k((x,)), if and
only if k(x, y) C k((x,)).

4. Suppose x,y € k((¢))", ordx =m # 0, ordy =n #0, and |m| <
|n|, and let ¢ € N be such that c|gcd(m, n) and |c| = [m|. Then the
c-sequence [x, y:cl=1(q,,...,q,) of x,y with respect to c is defined
inductively as follows. Let

y= Z a,.x{ +p
izn/|mi

be an expression satisfying the conditions of (1.1.3) and write

(Im|Supp, (v = p); €)= (q;, ..., q)-
o If p=0 thenset h=k and [x, y:c]=(q,,...,q,);
e if p # 0 then set [x,yicl=(4q,.-., a4, ..., q,) where q,_,,

.., g, are given by
Gy = 0rdp = (g, +++-+4,),

b, xel=m,q5,---»4,),

n/im| .

where ¢ =ged(c, q,, ..., dr,,) and y, = p/x,
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Proposition 1.2. Suppose x,y € k((1))*, ordx =m # 0, ordy =n #0, and
Im| < |n|, and let ¢ € N be such that c|ged(m, n), and |c| = |m|. Write
[x,y:cl=(q,...,4,).

If m#n and |m —n| < |n|, then [x/y, y:c] =[x, y:c].

If y =Y a,x| + p is an expression satisfying the conditions of (1.1.3)
and p # 0 then, in the definition of [x, y:c] givenin (1.1), the integers
Qisas -+ » 4y can also be defined by

[p, x:Cl= (M, Gy -5 dp)-

1. If d € Z\{0} and |d| =1, then [xd, y:cl=[x,y:c].

2. If d e Z\{0} and |d| =1, then [x,y%c] = (dq,, a4y, ---» q)-

3. (Inversion Theorem) If |m| = |n|, then [y, x:c]=(m, q,, ..., q,).
4. If m#n, then [x,y/x:cl=(q,—m,q,,...,4q,).

5.

6.

Proof. The first five assertions follow from [3]. More precisely, (1) and (2) are
obtained by adapting the proof of Proposition 1; (3) follows from the proof of
Theorem 2; (4) and (5) are obtained by imitating the proof of Proposition 2.

We prove (6). Let e =ged(m, n,q,, ..., q,) and note that |e| = |m|. So
ordz = e, where z = x|°. Let us write

by, x:el=(m, @ ys - > 4p)-
Since z¢ = x for some d € Z\{0} with |d| =1, and since ¢|ged(ordy, , ord z)
and [¢] = |ordy,|, we have by part (2)

b, zCl=(e,qys - qp)-

Let r € Z be such that z’ = x]/". Then by %r applications of part (5) we
get
[p, Z:-C_] = (e, qk+2, ey qh)'

Since x = z“, the desired result follows from this and part (2).

Definition 1.3. Suppose x,y € k((¢))", ordx = m # 0 and ordy = n # 0.

Then the characteristic sequence of x and y is [x,yl=(m,n,q,,...,4q,),
where g, , ..., g, are given by
[x,yicl=(n,4qy,...,4q,), if|m|<|n|,
,xcl=(m,q,,...,q,), if|n|<|m|,

where ¢ = gcd(m, n). Note that the inversion Theorem 1.2 guarantees that
this is well defined.

Remark. One can see that if x, y € k((¢))" have nonzero orders and [x, y] =
(m,n,q,,...,q,) then

(k(():k(x, y)l =ged(m, n, g, ..., q)-

The following is an easy consequence of (1.2). It relates questions 2 and 3,
in the introduction.
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Lemma 1.4. Let x,y € k((t))", ordx=m #0, ordy=n#0, y/x €k and
[x,y1=(m,n,q,,...,4q,). Define x_,y, €k((t)" asin the introduction
andlet m_ =ordx_ and n_ =ordy. . Then

(mco’noo’qZ""’qh)’ lfmaén,
[x ., v =8 (m_,n_,aq—n.,45,...,q,), if m=nandmin_,
(moo’nooaq31---,qh); l:fm=nandm‘fnoo.

Moreover, if m=n and m+tn_ then n_ =gq,.

2. ABSTRACT SEQUENCES

This section defines abstract versions of the c-sequence [x, y:c] and the
characteristic sequence [x, y] of a pair of power series. Those abstract se-
quences are called Q-sequences and abstract characteristic sequences respec-
tively. A mapping CI)Q is defined in such a way that d)Q(q , D) isa Q-sequence
whenever ¢ is a Q-sequence and & belongs to a certain set Part(g) deter-
mined by ¢. Corresponding notions are defined for abstract characteristic se-
quences.

Definitions 2.1.

1. A Q-sequence is a triple g = (c; m; (g;),cy) such that
e H={a,...,h} is a nonempty, finite, convex subset of Z and
(9;);cy 1s @ sequence indexed by H ;
ceN,m,q,€Z\{0} and ¢, e N, a<i<h;
clged(m, g,) and |c| = |m]|;
e if we define d, | = ¢ and d,,, = gcd(d;, q;), a <i < h, then
da+l > >dh+l =1.
Then d, TR d,,, are called the ged’s of g. When we wish
to emphasize that the indexing set is H, we say that ¢ is a Q-
sequence on H .

For the rest of these definitions, let ¢ = (c; m; (g,),cy) be a Q-sequence on
H={a,...,h},withgeds d, ,,...,d,, .

2. L(g)={h}u{i€eHla<i<h and |d;| > |d,_,|}.

3. If &7 is a (possibly empty) collection of pairwise disjoint subsets of
H,let %" be the collection of maximal convex subsets of H\|J.% .
We say that & is g-allowable if the following conditions are satisfied:

e Either a € & or |m| <|q,|;

e every S € 5 is nonempty, convex and satisfies SN L(g) =
{max S} ;

o cvery S € " satisfies (where j = maxS) SN L(g) C {j} and
i€ S\{j}=lg,| > 1d|.
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4. If & is g-allowable then let J(q, ) C H be the set
{i €| JF135es(i+ 1 =minS) or (a < i=hand |d, > 1)}
u{ie U gl > 1d,,,| and (3¢ (i + 1 =minS) or i =)} .

5. Part(q) is the set of all pairs & = (&, f) where % is a g-allowable
collection of subsets of H and f:H — Z satisfies
o f())=0,if igJ(q,);
o if i€ J(g,”) then f(i) >0 and ged(pd,,, f(i)) = d
moreover [ < h then f(i)<gq

iv15 1f
i+1

In order to be able to make inductive arguments, we have to define a notion
of restriction of a pair (¢, <), where ¢q is a Q-sequence and Z € Part(q).

Definitions 2.2. Let ¢ = (c; m; (q;),cy) bea Q-sequenceon H = {a, ..., h},
with ged’s d d

a+l1? "> “hyl
1. If |m| > 1, the restriction of type 1 of q is the sequence

g=(d; 34, + +4;5M, 45,055 Q)
where j =minL(q). Note that a < j <h.

2. If |gq,| > |m| then a restriciton of type 2 of q is a sequence of the

form '
§g=(d; 34, + - +q;,+osm, g —0,4;,,...,q),
where j € H and « € Z satisfy
e |g|>|m| fora<i<j,
e a=0,if Iqjl=|dj+1|a
e a >0 and gcd(pde,a) = dj
j < h then a<gq,

J+1-
3. A restriction of q is a sequence § which is either the restriction of type

415 if lg;| > |d; |5 if moreover

1 or a restriction of type 2 of g. Any restriction § = (d 1 ...)of g
is a Q-sequence on {j,..., h} and satisfies L(§) = (L(g)\{j}) U{h}.

It may happen that a restriction of ¢ be of types 1 and 2.

4. Res(g) denotes the set of all pairs (4, g ) such that 4 isa restric@n of
g, I = (S, f) € Part(§), and either § isof type 1 and j € &~ , or
g is of type 2 and j erZ, where j € H is such that § = (de; )

5. Let Z = (&7, f) € Part(q). The pair (¢, ) is minimal if |m| = 1
and % = {H}.

6. Let Z = (7, f) € Part(q) be such that (¢, Z) is not minimal. We
define the restriction of (q,%), , denoted res(q, ), to be the pair
q, 7 ) € Res(q) where § and & are defined as follows. Let S, =
{a, ..., j} be the member of . U.5%" which contains a and let H=

U, ..., h}.

lTobeprecise, G=(;q,+ - +q,+a;m),if j=h.
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o If S, €, let § be the restriction of type 1 of g and let =
.?\{S }. Then § is a Q-sequence on H, F is g-allowable and
J(q, 5’) J(q, 5’) Let & = (5” f), where f:H —Z is the

restriction of f to H. Then Te Part(§) . Note that j € Uy*
o If S, €57, note that j € J(q, F)elq;l>1d;,,| andlet § be
the followmg restriction of type 2 of ¢:

q~=(dj+];qa+ +q +f(]) m qj+1_f(j),qj+29-°'9qh)’

If j=h,let & ={{h}};if j <h,let & be the collection
of subsets of H which is obtained from & by replacing S, by
S, U {j}, where S, is the member of . which contains j +

1. Note that ¢ is a Q-sequence on H Z s g-allowable and
J(, 9”) = J(g, #)\{j}. Let g = (5” f), where f*H — Z
is defined by f(j) = 0 and /i(,i) f(i), j < i < h. Then
Z € Part(§) . Note that j € |J.%.

Note that if g is a Q-sequence and & € Part(g) then res’ (q ) is min-
imal for some nonnegative integer i.
Lemma 2.3. If g is a Q-sequence then the map
{Z € Part(q)|(q, D) is not minimal} — Res(q),
defined by & — res(q, D), is bijective.
The verification of 2.3 is straightforward, and omitted.

Definition 2.4. Let g = (c; m; (¢,),cy) be a Q-sequence on H = {a, ..., h},
and let & = (7, f) € Part(q). We inductively define a sequence D,(q, )
as follows.

o If (¢,2) is minimal,
Dy(q,Z)=(c;m;pq,, ..., p4,)
o If (¢,%2) is not minimal let (G, D) = res(q, Z) and define
Q... O by ®,(4,2) = (6;m;Q,,...,07). Let § =

{a, ..., j} be the member of ¥ U.%" which contains a, and
define ®,(gq,Z) to be the sequence

(c;m;pay,....p4q;_,04;+ @y, Q5,...,0Qp), ifS €S andd; =pd,,,

(c;m;pq,,....p4;,Qy, ..., Q) 1fS eyandd #pdw
(pespm;q,, ..., q;, f(U), @y oo, Qp), if §, € "

Lemma 2.5. Let g = (¢; m; (q;),cy) be a Q-sequence on H = {a, ..., h},

withged's d,,,...,d,,  ,andlet & = (7, f) € Part(q).

1. If (¢, @) is minimal then the gcd’s of D,(q, D) are d

a+l >

d

h+1"
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2. If(q D) is not minimal then let (§, 9) =res(q, <) andlet D,, ...
Dy, be the successive gcd’s of<D (q, 9) (€;m; Q... , Qp). Let
also S, = {a, ..., j} be the member of LU that contains a.
Then the ged’s of D,(q, ) are:

,d;_y,d;=D,, Dy, ..., Dr,y), S € and d;=pd

j=1’ j+1°
( a+1’-~-’d,’l’d' =D,,D,,...,Dr,,), if s, eyandd ;éde,
(p a+l,...,pd+1,d1+1=D Dy,...,Dp. ), if S, e " andjeJ(q &),
(pafaH,...,pdj,a']+1 D2,D3,... Dr+1) if S, e and jgJ(q, 7).

The proof of (2.5) is a straightforward verification that we leave to the reader.

Corollary 2.6. If q is a Q-sequence and & € Part(q) then @,(q, D) isa Q-
sequence. To be precise, we regard ®,(q, ) as a Q-sequence on a set whose
minimium is 1.
Lemma 2.7. If q isa Q-sequence, 2,2’ € Part(q) and

Dy(q, Z)=Dy(a, D)

then 2 =2'.
Proof. Write q = (¢; m; (4);cp) > ={a,...,h}, @ =(~*,0, @ =
(&', f), S, € FUS suchthat ae S1 ,S) € . %' U™ such that a € S,
and
Dp(q, D)= (s M7, Vgsy» o) =Dpla, D).

Clearly, S, € ¥ & ¢ = ¢ & S, € & and if these conditions hold then
max S, = min L(q) = max S, , i.e., S, =S].

In particular (¢, 2) is minimal if and only if (¢, 2") is, and if they are
minimal then @ = 2. So we assume (g, Z) is not minimal.

If S, € 5" then by above S, € 5" as well. Define 4 = {i € H|y, # 4} ;
then we see that

—1+minA4, ifA#3J,
maxs‘={h if 4=0
and similarly for S|, hence S, =S .
Hence, in any case S, = S| = {a, ..., j} for some j € H. The reader

will verify that f(j) = f'(j), which allows us to write res(g, &) = (4, @)
and res(q, Z') = (§, '), where § is the same in the two cases. From the
definition of Q, it is easily seen that @, (4, g )=®,(q, g "). So by induction
we may assume that & = &' . Hence res(q, Z) = res(q, 2') and the result
follows from (2.3).
Definitions 2.8.

1. An abstract characteristic sequence is a sequence

C=(q07 q],-")q},)’
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such that 2 > 1, ¢,, q, € Z\{0}, 4q,,..., g, € N, and if we define

d, =gd(qy,...,q;) for I<i<h,thend,>--->d,  =1.
2.If C=(m,n,q,,...,q,) is an abstract characteristic sequence and
d, =ged(m, n), we let
q(C)={(dz’m.ansqza'“aqh)a 1f|m|§|n|,
(dys;nym,qy, ..., 4,), if |m| > |n|,
which is a Q-sequence on {1, ..., h}. We also define

Part(C) = {(%, /) € Part(@(O)]1 € JF & m] < In]}..
Given Z € Part(C), let
(D(C,@) = (ma pn, qéy ey Q;/,'),

where gy, ..., g, aregivenby ®,(¢(C), D)= (s m'; q, ..., gy).
Since the gcd’s of ®(C, &) are the same as those of ?,(q(C), 2), it
follows from (2.6) that ®(C, &) is an abstract characteristic sequence.

Lemma 2.9. If C is an abstract characteristic sequence and 9 , 2' € Part(C)
are such that ®(C, D) =®(C, ') then D =2'.

Proof. This follows immediately from (2.7).

3. THE THEOREM
The aim of this section is to prove the main result of this paper:

Theorem 3.1.

1. Let x,y €k((t))" be series with nonzero orders and such that k(x , y°)
is dense in k((t)). Then C = [x,y) is an abstract characteristic se-
quence and there is a unique 2 € Part(C) such that [x, y’] = ®(C, D).

2. Let C be an abstract characteristic sequence and & € Part(C). Then
there exist x, y € k(())* with nonzero orders such that [x, y] = C and
[x,y'1=®(C, Z). Note that k(x, y’) must then be dense in k((t)).

The reader may verify that the theorem is an easy consequence of the fol-
lowing two propositions:

Proposition 3.2. Suppose x,y € k((¢))", ordx = m # 0, ordy = n # 0
and |m| < |n|, and let ¢ € N be such that clgcd(m, n) and |c| = |m|. Let

[x,y:cl=(qy,...,4q,) and assume that gcd(c, q,,...,q,) = 1. Then q =
(c;m;q,,...,q,) isa Q-sequence and the following hold.
l. Let [x,y":c] = (4y,...,qy) and suppose that ged(c, q,, ..., q)) =
L. Then ®y(q, D) = (c; m; 4y, ..., dy) for a unique I € Part(q).
Moreover, 1 € |J.#, where & = (&, f).
2. Suppose |m| < |n|, let [x”,y:pc] = (qy,...,4q,) and suppose that

ged(pe, gy, -, qy) = 1. Then ®p(q, D) = (pc;pm;q), ..., qp)
for a unique & € Part(q). Moreover, 1 € ", where & = (%, f).
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Proposition 3.3. Let ¢ = (c; m;q,,...,q,) be a Q-sequence and let & =
(. f) € Part(q). Define gy, ...,y by ®y(q,2)=(c;m'5q;,...,4).
Then there exist x,y € k((1))" such that ordx =m, [x,y:cl=(q, ..., q))
and

[x, y7:cl, ifleys,
[x7,y:pel, if leJ&.

For the proof of these propositions, the following three lemmas are needed.
The first two are easily verified.

(qi,...,q,}):{

Lemma 3.4. Let S C Z be nonempty and bounded below, ¢ € N, s = S(p|c|),
and suppose that minS < s. Let

S ={ieSli<s} and S ={ieS|i>s}.

Write (S;¢) = (q,,..., J'o—l)’ m,=q +---+gq; for 1 <i < j, and let
Jj =max{ilm, <s}. Then
— oo i 1), ifs=m.,
s"ipep=] ) Y J
(ql""’qj)’ lfS>mj.

Moreover, if s < oo then (S ; dj+1) = (s, M =S4, qjo_l), where
dj+] = ged(c, qps---> qj)'

Lemma 3.5. Let S C Z be nonempty and bounded below, c € N, s = S(p|c|),
and suppose that minS < s < oc and p|s. Let

S”={i/plieSand i<s} and S" = {ieS|i>s}

and define ql’""qj’dZ’""dj+1’Q2""’Qi—l by
(S s50)=(q,---54;_))s
qj=s/p_(q|+"‘+q}'_1),
d,, =gd(c,q,,...,4),

(S+;pdj+1)=(s, Q2>--o,Q,'_1)~
Then
(S’C)= (pql,--~,qu_19qu+Q2> Q3,-‘-,Q,‘_|)9 lfdj/dj_H:p’

(Pqys---sP4;5 Qys oo Qiy)s else.

Lemma 3.6. Suppose x,y € k((t))*, ordx = m # 0, ordy = n # 0 and
c € N is such that clged(m, n) and |c| = |m|. Let [x,y:c]l = (q,,...,4,),
d,, =gcd(c,q,,...,q) and m;=q, + - +gq; for 1<i<h, andlet

y=Y ax +p

izn/|m|
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be an expression satisfying the conditions of (1.1.3). Then the following hold.
1. Suppose p # 0, define j by (m|Supp, (y — p);c) = (41 ..., 4;_,)
and Q,, ..., Qr by [p°, x:pd;,1=(m,Q,, ..., Qr). Then
[x,yp:c]={ (Pay, - > P4y 04+ Q5 Q- Qp),  ifd/d, =D,
(pqy,...,p4;, @y, -5 Qr)s else.
2. If |m| < |n|, let
So = (Supp, (v - ))(0),
|mls, if sy < o0,
{ ordp, if 5, =00,
y=Ya,N"+p,
I<SO
=Y ax +p.
i2s,
Assume that p # 0 and note that ordp =s < oco. Then
X, y:pel= (g, ..., a5, 5= m;, @y, ..., Qp),
[, x:de] =(m, Mo =S djgs s dy)s
where j = max{ilm; < s} and where Q,, ..., Q, are defined by

N

g, x”:a’jH] =(pm,Q,,..., Q7).
Proof. For the first assertion, consider y* = Y a’x!" + p”. If |ord p*| < |m|

i
then that expression for y” satisfies the conditions of (1.1.3) and it follows
immediately that

[x,y":c]=(p4y, ..., p4;, Qys .. Qp),
which is the desired result since d ; /d i ED
If Jordp”| = |m| then let p* = Y a,x| + @ be an expression satisfying

the conditions of (1.1.3). By the inversion theorem (1.2), [x, p°: pdj 4l =
(pordp, Q,, ..., @), so we can write for some i

(Im|Supp, (p° —w); pd;, ) = (pordp, @y, ..., Q)
and if w # 0 then
Q,=ordw— (pordp+Q,+---+Q,_,),
y=ged(pd;, , pordp, Q,, ..., Q),
[, x:y]=(m, Q. \,..., Qp).
Then by (3.5), with S = |m|Supp, ( —w) and s =ord p”,
(S;C>={(pq.,-..,pq,_.,pq,+Q2,Q3,--.,Q,-_,), ifd/d, =p,

Pqy, ..., p4;,Qy, -, Qi) else,
and the rest is easily verified.
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For the second assertion, define j, by
(Im|Supp, (v —p); )= (4> ---» 4 _1)»
and note that j < j,. If sy =oc then j = j,, p=p, s= m; and since
y =Y a,(x")"? + p satisfies the conditions of (1.1.3),
[, y:pel = (a5 s ;5 Qoo Op)
15, x:d,, ) =1p, X, d;, (1= (M, a1\ s 4y,
as desired. If s, < oo then j < j, and |s| = |m|. Let S = |m|SuppxI y-r),
then S(p|c|) = s < oo and by (3.4) [x?, y:pc] begins with
(plm|Supp,, (y — p); pc) = ({i € S|i < s}; pe)
={(¢]1,---, i), ifs=m,
@54, if s <m,.
The next term of [x?, y; pc] is ordp — m,_,=s-m;_, =g if s = m;,
or ordp — m,=s-m; if s> m;, and the gcd of pc and all those terms is
ged(pe, gy, ..., 9, s—m;) = de in any case. Hence
[xp,y:pc]=(q1, s s s:\mj, Qys .- Qp),
as desired. By (3.4) again,
[(x,p0d;  1=(s,m; | =5, 4;55 - Q4)»
and the result follows from the Inversion Theorem 1.2.

Proof of (3.2). Uniqueness of & is clear by (2.7). Given an integer v > 0
consider the statement:

(1,) The assertion (1) of the proposition holds whenever |ord x| < p’.
We define (2,) in a similar fashion. We shall prove that (1;) holds and that

(1,)=2,)=1,,,) for v>0.
Let d,,...,d,,, bethegced’sof g,let m; =q, + - +g; for 1<i<h,
and let ‘
y= > ax +p

i2nf|m|
be an expression satisfying the conditions of (1.1.3). Define j, by
(Im|Supp, (v = p)5 €)= (qy, .- q; _1)-

So if p #0 then qj0=ordp—(ql+~--+q )s |ordp|=|dj0+|| and

jo“l
[p, x:dj0+1] = (m, qu_H U] qh)'
Proof of (1,): Assume |m|=1, then p =0 and

[x,":c] = (pSupp, ¥; ) = (P4, --- » PGy)-
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Let ¥ = {H}, let f:H — Z be the zero function and & = (%, f). Then
Z € Part(q), 1 € U and ®,(q, D) = (c;m;pq,, ..., pq,), as desired.
Note that (¢, &) is minimal.

Proof that (1,) = (2,): Assume that |m| = p” and define s,, s, 5 and j as
in the second assertion of (3.6). Note that j # 0 and that ord p = s (other-
wise s, = 0o and p =0, y = Y a,(x)"?, thus (g], ..., ay) =[x, y:pc] =
(|m|Suppxly; pc)=(q, ..., q,), whence ged(pc, q;, cers q,'l,) = p, contradic-
tion). Hence by (3.6),
[x°, y:pel= (4, » 4,6, Qs ..., Qp),
[p, x:dj.H] = (m, qj+] -, qj+2: cee qh)’
where a =5 — m; and Q,, ..., Q are defined by
o, xp:dj.,.]] = (pm, Qz, ey QT)
Note that ged(d,,,, pm, Q,, ..., Q) = ged(pc, 4y, ..., qy) =1, and that
q = (dj+] yS,m, qj+1 -—a, qj+2’ seey qh)
is a restriction of type 2 of g. So, by (1,) applied to (p, x), there exists
P = (%, f) € Part(§) such that j € J.* and
Dy(d, D) =(d,,;5:0m, Qy, ..., Qp).

By (2.3), there exists & = (&, f) € Part(g) such that res(q, @) = (4, D).
Let S, ={1,...,j} then S| € 5" and by definition of ®, we have

——

d)Q(q,g):(pcapm,ql’-aqjaf(.])9 Qz:n*’QT),

which is the desired result since f(j)=ca.
Proof that (2,) = (1,,,). Assume |m| = p"*'. Then p # 0, for otherwise

v+l
v+1

p " lged(c, ¢y, ..., q,) = 1. Let j = j,, note that
g=(d;;ordp;m,q; ,...,4q)
is the restriction of type 1 of ¢ and define Q,,..., Q; by [p°, x:pde] =
(m,Q,,...,Qr). By (3.6),
[x,ypw]:{(pq,,.-.,pq,_l,qu+Q2,Q3,...,QT), ifd;/d;,, =p,
(pql""’qu>Q2""aQT)a else.
Since ged(c, pq;, ..., pq;) = pd,,,, it follows that

gcd(pdj+], Q,, ..., Qp) =ged(c, qi, ey q,',:)= 1.

Hence by (2,) applied to (p, x) there exists & = (., f) € Part(§) such that
jeUs” and

~

Q,(q, ) =(pd;  ;pordp;m, Qy, ..., Qp).
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By (2.3) there exists & = (¥, f) € Part(q) such that res(g, Z) = (4, D).
Let S, ={1,...,j}, then §; € & and by definition of d>Q we have

(C;m;pq,,-..,qu_l,qu+Q2,Q3,...,QT),
¢Q(q99)= lfd/_H.l

(c;m;pqy,....,p4q;,Qy, ..., Qr), celse,
which is the desired result.

Proof of (3.3). If (¢, <) is minimal then

h
x=t",  y=Ylmrre
=1
2) |
b

satisfy the requirements. Suppose (g, is not minimal and let (4, 7 ) =

res(q, %), 4 = (d,,;5...) and S; = {l,..., j}. We may assume that the
result holds for (§, Z).
Case S, € . Then § = (de Syt ML Gy dy) is the restriction

of type 1 of g. Define Q,, ..., Q; by
¢Q(q’§)=(pdj+];p(ql+‘+qj);m, Q29-'-9QT)'

Since the result holds for (4, @) , there are p, x € k((1))" with ordp = ¢, +
"+qja [pa x;dj+1] = (ma qj+|’ e qh) and [Pp, x:pdj+1] = (m, Qza ey
Q7). Now let x; be an mgth root of x and let

j=1
y= inq.+~-+q,-)/|rnI +p.
i=1

Since |ord p| < |m]| it is clear that [x, y:c]=(q,, ..., q,). By (3.6),

[x yp:c]={(pql,-.-,pq,-_l,pq,-+Q2,Q3,...,QT), ifd/d,, =
gy, .04, Qy, ..., Q) else.
By definition of @, [x, y":c]=(g), ..., qy)-

Case S, € #". Then §=(d,, s q,+ +a;+f(j)sm, q;,, = f(J), Gjyps - »
g,) is a restriction of type 2 of ¢. Define Q,, ..., Q; by

<I>Q(ci,§)=(d,-+1;q1+-~-+qj+f(j);pm,Q2,-..,QT).

Since the result holds for (4, g ), there exist p, x € k((t))" such that ord p =
a + - +4q + fU), [p,xd; ] = (myq;, — f(). 45,54, and
(g, xp:de] = (pm, Q,, ..., Q). Let x, be an myth root of x and de-

fine
-1

x..

§q1+~~+q,)/|m| +p, iff()=0

~<
I

i=1

(q.+~~+q )/ |m|

X, T p, if f()>0

[\/]\,

-~
I
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We claim that [x, y:c] = (q,, ..., q,). In fact, this is clear if |ord j| < |m|
(in which case f(j) =0). If |ord | = |m| then by the inversion theorem

[x9 ﬁ:dj+]] = (ql +'+qj+.f(.])’ qj+1 _f(.])a q}'+29 e qh)s
and the claim easily follows. Now by (3.6),

—

[xp’ .VIPC]-_-((II, --.,qj, f(.])’ Qz’ e QT)

Hence by definition of ®, we have [x”, y:pcl= (g, ..., qy), as desired.
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