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HANKEL OPERATORS ON THE BERGMAN SPACE
OF BOUNDED SYMMETRIC DOMAINS

KEHE ZHU

ABSTRACT. Let Q be a bounded symmetric domain in C” with normalized
volume measure dV . Let P be the orthogonal projection from Lz(Q, dav)
onto the Bergman space Li(Q) of holomorphic functions in LZ(Q, dV). Let
P be the orthogonal projection from L? (Q, dV) onto the closed subspace
of antiholomorphic functions in LZ(Q , dV) . The “little” Hankel operator A 7

with symbol f is the operator from L‘ZI(Q) into LZ(Q, dV) defined by A 8 =
P(fg). We characterize the boundedness, compactness, and membership in
the Schatten classes of the Hankel operators A f in terms of a certain integral
transform of the symbol f . These characterizations are further studied in the
special cases of the open unit ball and the poly-disc in C" .

1. INTRODUCTION

Let Q be a bounded symmetric domain in C" with (normalized) volume
measure dV . For any 1 < p < 400, the Bergman space Lf,’ (Q) consists of
holomorphic functions in L”(Q, dV). It is easy to see that L)(Q) is a closed
subspace of L?(Q, dV). In particular, there exists an orthogonal projection

P:L}Q,dV) - L(Q).
Let K(z, w) be the Bergman kernel of Q, then

Pf(z) = /Q K(z, w)f(w)dV(w).

The above integral formula extends P to LI(Q, dV). Let P be the orthogonal
projection from LZ(Q, dV) onto LZ(Q) ={f:fe€ Lﬁ(Q)} , then

Pf(z) = /Q K@, w)f(w)dV (w)
= /QK(w,z)f(w)dV(w).

This formula also extends P to L'(Q, dV).
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Given ¢ € LZ(Q, dV), define two operators H; and h; with domain Lf,(Q)
as follows:

H,f =(I-P)¢f), h,f=P@f),
where I is the identity operator. H f is called the Hankel operator with symbol

¢ and h s is called the reduced (or little) Hankel operator with symbol ¢ . The
word “reduced” (or little) is justified by the inequality

P-P<I-P,

where P, is the orthogonal projection (rank 1) from L? (Q, dV) onto the con-
stants, that is

Pf(2) = [ fzdva).
The main problems that we are interested in here are the following:

Problem 1. When are # s and H, bounded operators from Lﬁ(Q) into
LYQ,dV)?
Problem 2. When are h¢ and H, compact?

Problem 3. When are 4 s and H A in the Schatten-Von Neumann ideals Sp ?

An immediate consequence of the inequality P — P,<I-P isthat H A is
bounded implies A 4 is bounded; H¢ is compact implies h¢ is compact; and
H, isin S, implies h¢ is in S,.

By now it is fairly well-known [2, 3] that the properties of H s and H3 are

governed by the Berezin transform. More specifically, for any f in L' Q,dv),
the Berezin transform of f is the function Bf defined on Q by

Bf(z) = /Q Fw)lk, W) dV(w),

where

K(w, z)

ka(w) = K(z, z)

is a unit vector in Lz(Q) foreach z € Q. Forany ¢ € LZ(Q, dvy, let

MO(¢)(z) = [B(9])(2) - [Bo(2)']*,  zeQ.
MO(¢) describes a type of mean oscillation of ¢ in Q [2, 3]. It was shown
in [3] that
(1) H¢, HE are bounded & MO(¢) € BC;
(2) Hy, Hg are compact & MO(¢) € C,.

Here BC is the space of bounded continuous functions on Q and C, is the
space of continuous functions on Q vanishing on the boundary.
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In view of the above results, we see that the Berezin transform carries a lot of
information on the Hankel operators H s+ The main purpose of this article is to
demonstrate that there exists a similar integral transform on Q which carries a
lot of information on the reduced Hankel operators. We give a unified treatment
on the size estimates of 4 " using the integral transform V' defined below. It
should be pointed out that [6] gives a fairly complete theory on reduced Hankel
operators. However, the theory in [6] does not cover our results here because
Hankel operators (forms) in [6] are defined on a different space (or at least
for the main results there), namely, the space of square integrable holomorphic
functions with respect to the measure K(z, z)'l av(z).

The integral transform V is defined as follows. Given f in LI(Q, dv),
V f is the function on Q defined by

Vf(z) =,19/Qf(w)kf(w)dV(w), zeQ,

where
Aol = / K(z,z) ' dv(z).
Q

Note that in the definition of the Berezin transform we used |kz(w)|2 , while in
the definition of V' we used kzz(w).

Theorem. Let Q be any bounded symmetric domain in C". If ¢ € L* (Q, dV)
and p > 1, then

(1) hq—s is bounded < V¢ € BC;

(2) h$ is compact < V¢ € Cy;

(3) hg isin S, & V¢e LP(dA), where dA(z) = K(z, z)dV (z).

Note that for ¢ € LZ(Q, dV), we always have h(-ﬁ; = hl,—¢, where P is the
Bergman projection. Thus in considering reduced Hankel operators, we can
content ourselves with antiholomorphic symbols.

When ¢ is holomorphic in Q, V¢ is “computable” in the most interesting
cases. If Q = B, and ¢ is holomorphic in B, , then we will show that V¢
behaves like the functions

n+1
2,n+10

(1-1z") W(Z) (lel=n+1),
where o = (o, ..., a,) is an ordered n-tuple of nonnegative integers, || =
a,+:-+a,, and
an+l¢ 6n+1¢

—6_ZT(Z) = m(z)

for |a| = n+ 1. Therefore, we obtain

Corollary 1 [6]. If ¢ is holomorphic in B, and p > 1, then
(1) hg is bounded & (1 — |z|2)"+1%?(z) € BC forall |o|=n+1;
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(2) h$ is compact & (1 — |z|2)"+1%¢3(z) eC, forall laj=n+1;
(3) hy isin S, & (1-|21")"' 9 2(2) € L’(dA) for all |a| =n+1.

There is another case when we can “compute” V¢ for ¢ holomorphic,
namely, when Q = D", the poly-disc in C". For simplicity of notation, we
will confine ourselves to the bidisc D?. In this case, we show that V¢ is deter-
mined by the following five functions:

T, p(z,) = (1 - |21|2)2gi2‘?(zl L0),  Thh(zy) =(1- |z2|2>2giz‘§(o, 7)),
Typ(z)) = (1 - |z1|2>28—ff?—zz(z. ,0),

T,b(zy) = (1 - '22'2)29513—;1;'(0’ z,),

Té(z,, z,) = (1- |z, (1 - |z2|2)2%(z,, z)).

It is possible to use lower order derivatives here (as well as in the case of B,)
if we only consider Sp for p > 1 [10, 12].

Corollary 2. If p > 1 and ¢ is holomorphic in D?, then we have

(1) hyisbounded & T;¢ € BC(D) (1<i<4), Tge BC(D%);

(2) hiscompact ¢ T, g€ Co(D)  (1<i<4), Toe C,o(D%);

(3) hzisinS, & T,¢geL’(D,d) (1<i<4), T e LP(D, dA).

2. BASIC PROPERTIES OF THE TRANSFORM V'

In this section we collect the basic properties of the integral transform V
defined by

V1) = hg [ )k w)dV (w).
Lemma 1. The operator Q defined by

2
01(2) =g [ Foras Sw)dV (w)

is a bounded projection from LYQ, dV) onto L;(Q).
Proof. See [9] or use Fubini’s theorem.
Proposition 2. If f € Lz(Q, dV), then

(1) PVf=Pf;
(2) VPf=V[;

(3) Vif=Vf.
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Proof. All the equalities follow from Fubini’s theorem and Lemma 1 as well
as the reproducing property of the Bergman projection P. We check (1) for
example.

PV f(z) = /K(z, w)V f(w)dV(w)

/szdV A/I;(Zlg w) dV (u)

w,u
=AQ/Qf(u)dV(u)/QmK(z,w)dV(w)

B K(u, w)?
= /Qf(u)dV(u)AQ/QmK(W,Z)dV(w)

(Lemma 1) = / FWRE, 2 dV (w)
Q

- /QK(z, ) f(u)dV(u) = Pf(z).

The other two equalities can be checked similarly.
Proposition 3. V is a bounded operator on LP(Q, dA) forall 1 <p < +oc.
Proof. Since each k, is a unit vector in Li(Q) , we have

V1(2)] < Ag /Q £ (w)] [k, (w)]? dV (w)

<aglifll, /Q e, (w)> dV (w)

= Agllfll oo
forall z in Q. Thus ||V f| < Agllfll,, and V is bounded on L*(d4).
If p>1, then

VIEP <3 [ 1Pk ) dvw)
since |k, (w)|*dV (w) is a probability measure for each z € Q. Therefore,
L wrerdiz <2 [ ke ave [ If(w)l”%dww)
=4 [1r@r avw) [ (ke i ave)
=i [ 11w Kw, w)dvw)
= i [ 1fw)P ditw)

Proposition 4. V. is an orthogonal projection on the Hilbert space LZ(Q, di).

Proof. Since V is a bounded operator on L?(dJ), it suffices to check that
V2=V and V' =V on L%(dA), where V" is the adjoint of ¥ on L(dA).
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v =V follows from Proposition 2. To prove V* =V on Lz(a’,l) , it suffices
to prove (V' f, g), =(f,Vg), forall f, g in Lz(d/l), where ( , ), is the
(complex) integral pairing with respect to the measure di. Once again, Fubini’s
theorem gives what we want:

v, e, /g 2 di(z A/K“”)f()dV()
__,1/f w)dV (w /sz 2@ dV(z2)

/f ) dA(w x/K(“’z 2)dv(z)

- /Qf(w)Vg(w)d/l(w) =(f,Vg),.

Remark 1. The boundedness of ¥ on Lf(dA) (1 <p < +oo) implies that

(Vf, g)j,:(f’ Vg),{
forall f e L?(d4), g€ L*(d2) with 1 +1=1, 1<p<oo.

Remark 2. Under the usual integral pairing ( , ) (with respect to dV), we
have

_ K(z,w)’ _
=i [ Fraar/w)dV(w) = 0f(2)
where Q is the operator in Lemma 1.

Proposition 5. For any ¢ € Lz(Q, dV), we have
(1) h = hs
(2) h— = hy—;

(3) Vé(2) = Aq(hzk,, k).
Proof. (1) and (3) follow directly from the definitions of h$ and V. (2)is a
consequence of (1) and Proposition 2:

ho = h

h; = hpg = hayg = hyg-

¢

Proposition 6. V : C(Q) — Co(Q), where C(Q Q) is the space of complex functions
on Q which extend to Q (the Euclidean closure of Q) continuously.

Proof. We will obtain this in §4 as a corollary. We give an alternative proof
here in the special case Q = B, . Let {¢,: z € Q} be the collection of auto-
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morphisms defined in [8], then a change of variable gives
V()= dg [ k) dvw)
=i [ fo 0.6, W)k () d (w)

k 2
X )';EZ;L dv(w)
—iq [ fod, )z dV(w)

If feC(Q) and z, € 0Q, then
lim fo¢,(w) = f(z,)
0
for each w since

lim ¢,(w) = z,

Z—'ZO

uniformly on compact sets. Therefore, by dominated convergence, we have
. K (w > ZO)
zlLITzlo Vf(Z) = le(zo)/Q on’—'w) dV('lU) .

The reproducing property of K now gives

K('U),ZO) T K(w,rzo)
o Kizg,w) VW= lim | w4’
. 1
= lim ———=0

r—1- K(rzy, rz,)

3. BOUNDEDNESS OF hq;

Proposition 7. If ¢ € L? (Q,dV), then h$ is bounded if and only if V¢ € BC.
In this case, we have

Il < 1Vl < Al
Proof. Since

Vé(z) = )*Q<h$kz k)

and k, is a unit vector for each z, we must have |V¢(z)| < AQ||h$|| for all
z, and hence ||V 4| < lQ||h$|| . On the other hand, we have by Proposition 5
Azl = llhz5ll . It is easy to see that |4, || < |ly|,, forall y € L™ . Thus we
also have ||h¢7|| <Vl -

Theorem 8 [10]. If ¢ is holomorphic and in L’ (Q, dV), then the following are
equivalent:

(1) hg is bounded;
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(2) V¢ € BC(Q);
( ) ¢€PL ( )5

4) | [o f(2)(z)dV (2)| < C [4|f(2)|dV(z) for some constant C >0 and
allfeH Q).

Moreover, the following quantities are equivalent: |k, V4l . inf{|lwll,

¢ = Py}, sup{| [o f(2)$(2)dV(z)| : Ifl, < 1, f € HT}, where |f]l, =
Jalf(2)1dV(z).
Proof. The equivalence of (1) and (2) was proved in Proposition 7 along with
the inequalities ||h$|l <Véll, < AQ||h$|| .

By Proposition 2, ¢ € LZ(Q, dV) is holomorphic implies that ¢ = PV ¢.
Therefore inf{|ly|.: ¢ = Py} < [V,

If ¢ = Py with y € L™, then ||h$|| = |}th7|| = ||h7ll < ll¥ll,, - This implies
that ||Az]| < inf{|lyl: ¢ = Py}.

It is well-known [2] that for each z € Q, the function k,(w) is holomorphic
in a neighbourhood of Q. In particular, k, € H * forall z € Q. Thus

b

V¢l = sup{|V(2)l: z € Q}

=leup{‘/ ¢(w)de(w)\ 1z € Q}

<A sup{‘/ o(w)f dV(w)‘ I, £ 1, feHoo}.

Finally, if f€ H* and ||f]|, <1, then

/ £(2)8@)dV(z) = /Q 0 ()@ dV(2)

- /Q F(2)VHDdV(2)

by Remark 2 in the last section. It follows that

(2)

SVl Il <1Vl »

completing the proof of Theorem 8.

Corollary 9. Let X = PL™(Q) be equipped with the norm |||, = Al then
L:z(Q)* = X with equivalent norms.
Proof. Suppose & € L;(Q)* , then the Hahn-Banach extension theorem implies

that £ can be extended to LI(Q, dV) without increasing the norm. Since
LY(Q, dV)" = L™(Q), there must exist a function y € L®(Q) such that
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€l = llvll,, and &(f) = fq f( dV(z) forall f e L! 2(Q). Let ¢ =Py €
X, then forall f € H (dense in La(Q)) , we have

- /Q erarie)
- /Q Pf(2)¥(2)dV(z)

- /Q F(2P(@)dV(z)
- /Q (23D dV(2).

Moreover,

ol <sup{| [ sV @)1 e B2 1Al < 1} =1
Conversely, if ¢ € X, then ¢ induces a bounded linear functional & s on
L;(Q) as follows:

- / f(2)8Z)dV(z),  feH™ (dense in L(Q)).
Q
Moreover, we have

Il =sup {| [ F@8ETaV(2)|:s € B, 111, < 1} <aglél.

Remark. Since the dual of any Banach space is still a Banach space, thus X is
complete in the norm || ||, . Another way of seeing this is to consider X as a
quotient space:

P:LT(Q)— X.
Il I, is equivalent to the quotient norm. The quotient space of any Banach
space is still a Banach space.

4. COMPACTNESS OF hg

Proposition 10. Suppose ¢ € LZ(Q, dV) with V¢ € BC, then hg is compact

ifand only if Vé € C, ifand only if V¢ € C(Q).

Proof. Since V¢(z) = Ag(hz, k,, k,) and k, — 0 weakly as z — 9Q, thus

h;; is compact implies that V¢ € C; which in turn implies that V¢ € C(Q).
On the other hand, if V¢ € C(Q), then V¢ can be approximated in L™(Q)

by finite linear combinations of z*z” (Stone-Weierstrass). Since each 4. s isa

finite rank operator and y ~ h is norm continuous, A= 5 can be approximated

in norm by finite linear comblnatlons of finite rank operators. Hence h = h

is compact.

Corollary 11. V : C(Q) — Cy(R).

Proof. Suppose ¢ € C(Q), then h¢7 is compact by the proof of Proposition 10.

Thus V € C,(Q) by the proposition.
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Theorem 12 [10]. If ¢ is holomorphic in Q with hg bounded, then the following
are equivalent:

(1) h$ is compact,;

(2) Vo e COLQ);

(3) V¢ eC(Q);

(4) o€ PCO(_Q);

(5) ¢ € PC(Q).
Proof. The equivalences of (1), (2), and (3) are in Proposition 10. ¢ = PV¢
gives the implication (2) = (4). (4) = (5) is trivial. If ¢ = Py with y €

C(R), then hg = h7 is compact by the Stone-Weierstrass argument used in the
proof of Proposition 10, completing the proof of Theorem 12.

Recall that X = PL>(Q) is the Banach space with norm ||f]|, = ||h7|| . Let
X, be the closed subspace of X consisting of f such that hf is compact. It

is easy to see that the polynomials are dense in X, [10], thus X, is separable
(X 1is not!).

Corollary 13. X; = L‘II(Q) with equivalent norms.

Proof. Suppose f € L},(Q), then f induces a bounded linear functional ¢ i
on X:

)= [ sT@av(z),  ges,

where & is the set of polynomials (dense in X;). By Corollary 9, [/ <
AglAlly -

Conversely, suppose that & € X(’; , we wish to find a function f € L;(Q)
such that £ =¢ Iz Consider the mapping

ViX, — Cy(Q).

By Proposition 7, V' is an imbeding, thus the image V' X, is a closed subspace
of Cy(L). Moreover,
EoV VX, —C

is a bounded linear functional on V X, with norm < ||V_l IlI€]l - Extend &o y!
to the space C,(2) by the Hahn-Banach theorem. The Riesz representation
theorem then produces a finite complex Borel measure x4 on Q such that

Eov\(f) = / £(2)duz)
Q

forall f in VX, . It follows that

&(g) = /Q Ve(z)du(z)
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forall g in X. If g € X, is a polynomial, then Fubini’s theorem gives

/ du(z)hg / K(z, w)* R 2 gw)dV(w)

K(z w)
/g w)dv(wyig [ T ducz).

K(w, z)* z 4
=q / K(z,z2) H(z),
then f e L}(Q) with

11, < Aq /dV( >/ B, oF Z)' dll(2)

} |Kw,z)|
=g [ dii) [ Sgrrlaviw)

= iq [ dlui() = Aglull < 2gheN IV

Let

Moreover, we have
o) = | ew)Tw)avw) =¢(e)

forall g in & (dense in X;). This completes the proof of Corollary 13.

Remark. The results in this section as well as the last section are mostly taken
from [10]. The approach here is improved.

5. SCHATTEN-VON NEUMANN CLASS HANKEL OPERATORS

Suppose A4 is a bounded operator from Lz(Q) into Li(Q), then 44 is
a positive operator on the Hilbert space Lz(Q). We say that 4 is in the
Schatten-Von Neumann p-ideal S, if tr((A" A)"/*] is finite. We will be mainly
concerned with the case 1 < p < oo In this case, each S is a Banach space.
We will write S__ for the set of all bounded operators. Note that some authors
write S for the set of all compact operators. [5] contains a fair amount of
information about the ideals Sp . We will need the interpolating property:

[Spo ’ Sp.]0 =5,
if 1 <p,<p <+ooand 1/p=(1-6)/p,+6/p, for 6 € (0, 1), where

[ , ]p is the functor of complex interpolation. The L”-spaces also have the
same interpolating properties:

[L"(du), L (dw)), = LP(dp)

if 1 <p,<p, <+oc and 1/p=(1-6)/p,+6/p, with 6 € (0, 1). Any book
on interpolation of Banach spaces should contain the above results.
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Lemma 14. For 1 < p < +o00, we have

peL’(d)=h,eS,.
Proof. The case p = +oc is clear. The case p = 2 is also easy. Recall that

h,f(2) = (o) /sz \f(w)dV(w).

Thus & s isan integral operator with kernel K(w, z)¢(w) satisfying

/ / K(w, 2)p(w)|’ dV(z)dV(w)
QJQ

= / $(w)> dV (w) / K(z. w)dV(z)
Q Q

=/Q|¢(w)|2K(w,w)dV(w)

= 16172042 -

Therefore, ¢ € Lz(d,l) implies h¢ € S,. By complex interpolation, we have

¢ € L”(d2) implies that h, € S, forall 2 < p < +oo. Thecase 1 <p <2
is a little more difficult. Again we will use complex interpolation. It suffices to
check the endpoint p = 1. The method below is contained in [6].

First observe that

= [ étwig, v w),
where K, (z) = K(z, w). In fact, if f € Lﬁ(Q) , then
hg f(2) = P(K,f)(z)
= /QK(u, 2)K,(u) f(u)dV (u)
_ /K(u, DK (w, u)f(w) dV ()
Q
=K(w, 2)f(w) = f(w)K,(2),
and
[ #wing f@aviw = [ sw)fw)R,()dvw
/K w, 2)d(w) f(w)dV(w)
—h¢f(z).
Therefore, we have
=/Q¢(w)hfwa’V(w)

with each hx being a rank 1 operator.
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Suppose ¢ € LI(Q, dA), we wish to show that h¢ € S, . It suffices to show
that the above integral converges in S, (because S, is complete). Since hz
is a rank 1 operator, we have

g lls, = g, I

Note that
hg [ =f(w)K,,
thus
llhg Il = sup{lS (W) 1Kl Ifl, =1 in LY(Q)}
= VKW, wysup{|f(w)|:|Ifll, = 1 in L2(Q)}
=K(w, w).
Therefore

/”¢ w)hg lls, dV(w /|¢ w)|K(w, w)dV(w)
=/Q|¢w|d,1w)<+oo

if g€ Ll(dl) . This completes the proof of Lemma 14.
Theorem 15. Suppose 1 < p < oo and V¢ € BC, then
hseS, e VoeL’(da).
Proof. The case p = +oo was settled in §3. Since h$ = h,,—¢, Lemma 14 gives
the implication V¢ € L?(dA) = hs€S,.
Suppose 45 € S, , then (h;‘ghg)"/2 €S, . By[1]or[11],

(g1 = [ (s "k, KK (2, 2) AV (2).

z? z
If p > 2, then the generalized Hoélder inequality in [1] gives
trf(h3h3)"*] 2 / (hshok,, kPPK(z, 2)dV(z)
- / gk, IPK (z, 2)dV(z).
Q
Since k, is a unit vector, the Cauchy-Schwarz inequality gives
gk, Il > {hgk, , &) = ag' 1V (2)].
Thus we get
aultihg1> [ Vo dicz)

for all p > 2. This gives the implication 43 € S, = V¢ € L”(dA) for all
p>2.
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The case 1 < p <2 is once again more difficult. We outline a method (used
in [7]) to prove the implication Az € S, = V[ € LP(dA) forall 1 <p < +co.
(At least for the case of the open unit ball or the poly-disc in C"—added in
proof.)

Fix a sequence of points {a,} in Q such that

(1) Q =U,2, E(a,), where E(a,) is the Bergman metric ball with center
a, and radius r (some fixed positive number);

(2) There exists a constant C > 0 such that every function f in Lﬁ(Q) can

be written as
flz)= Zl,,ka (2)
n=1

A1, < Cinf{, S = Zlnkan} :
n=1 n=1

For the construction of such a sequence {a,}, see [4].
Define an operator 4 on Li(Q) by letting

Ae, =k, , n=1,2,...,

with

where {e,} is a fixed orthonormal basis of Li(Q). If fe Li(Q) with [ =
Yooy fre, , then

Af

I
(]
s
Ko

and by (2) above,

l4fll<C inf{, Yo Af =4k, }
n=1 n=1

Z W2 =CIf.

ﬁ

Thus A is a bounded linear operator. Let 4 be the operator on Lﬁ(Q) defined
by Ae, =k, ,then 4 is also bounded.

Suppose hg €S, with p > 1, then we also have Th$A €S,. This implies
that

[e o}
Z|Ah—Ae | < 400,
n=1

or

> gk, &, ) < +oo,
n=1
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or

Y IVé(a,)’ < +oo.

n=1
It is not difficult to show that [11] V'¢(z) behaves like Vé(a,) for z € E(a,).
Also [11] K(z, z) behaves like K(a,, a,) = FZL_T for z in E(a,). It follows
that

/|V¢ )P dA(z Z/ Vé(2)IPK(z, z)dV(z)

<c,Z|E(a |/ V()P dV(z)

22 or 57 o [V H@IF V()

E(a,)

I/\

=, S IVé(a,P < +oo,

n=1

completing the proof of Theorem 15.
Corollary 16. Let {a,} be as in the proof of the above theorem, then for all
o€ LZ(Q, dV) we have

(1) hy is bounded & {V ¢(a,)} € I7°;

(2) h— is compact < {V¢(a,)} € ¢;;

(3) h— isin S, & {V¢(a, }el” p>1).
Corollary 17. If ¢ is holomorphic in Q with V¢ € BC, then for all p > 1, we
have h; € S, ifand only if ¢ € PL?(dA).
Proof. If ¢ = Py with w € LP(dA), then

ha = hﬁ;; = hV € Sp

by Lemma 14. Conversely, if hg € Sp , then V¢ € LP(dA) by Theorem 15. It
follows that ¢ = PV¢ isin PL?(dA).

6. THE OPEN UNIT BALL B,

In this section, we specialize to the special case Q = B, , the open unit ball
in C". We show that if f is holomorphic in B, , then V f behaves like the
followmg functions:

2 n+lan+1f
(1-1z") 87(2) (ol =n+1).
To see why this is true, we first observe that for f € Li(Q) ,

f(w)dV (w)

8, (1= (z, w)™"’

f(z) =
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n+1
11zt () =

On the other hand,

(2n + 1)! / (1 - z)H)™ '@ f(w) .
B, (

n! 1—(z, w)**?

|z| )" f(w)
1/ e VW),

Therefore, the only difference between ¥V f(z) and (1 — |z|*)"" 0™ f(2)/8 2"
(la) = n + 1) is the factor wW" in the integrand. It suggests that V f(z) should
behave like the derivatives (1 — |z|)"+la"+1f(z)/6za (la| = n+ 1). The fol-
lowing theorem shows that this is indeed the case. Let

n+1
Tf()= -1z L

Theorem 18. If f € Lz(Bn and p > 1, then

(1) VfeBCeT feBC forall |a]=n+1;
(2) VfeCye T, feC, forall la|]=n+1;
(3) VfelLl(d) & T, feL’(dA) foralllaj=n+1.

(2)  (lef=n+1).

Remark. Since V f e BC iff f€ PL*(Q) and Vf e C, iff fe€ PC\(Q), (1)
and (2) above follow from the results in [12]. Our idea of proving (3) above is
still the same as that in [12]. Although Theorem 18 is conceivably obvious in
view of the observation proceeding it, we still need some technical lemmas to
make the proof complete.

Recall that the fundamental theorem of calculus gives

f(z) - £(0) = 2 / S 2)di.

Let
A, f(z) = 6f(tz)dt 1<i<n.
0o 0z;
For any n-tuple a = (a,, ..., «,) of nonnegative integers, let
a a"
A, =447,

acting on holomorphic functions (the A;’s commute with each other).

Lemma 19. For all ¢ < 0 and p > 1, the operators A, are bounded on
L’(B,, K(z, z)"dV(z)).

This is basically a Gleason problem [8]. It can either be proved by the method
in [12], or be proved by using Cauchy integrals. Either way, it suffices to con-
sider the operators 4,, ..., 4,. The boundedness of A, follows from the

boundedness of 4,,..., 4,. We omit the details here.
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Corollary 20. There exists a constant C > 0 such that for all holomorphic f
with 81 £(0)/8z* =0 (for all |a| < n) we have

)= 3 °4,1(2).

la|=n+1

Moreover, ||K"Aaf||Lp(d1) < CIIK_lfIILp(,u) forall |a| = n+ 1, where
K 'f(2) =K(z, 2)"" f(z) = (1 = |z21)"" f(2).

We can now prove Theorem 18. Only (3) needs to be checked.
Suppose V f € L?(dA). The equality f = PV f gives

£(2) =/B _ VW) iy,

(1—(z, w))"*!

Differentiating under the integral sign leads to

et @) (1= 2" BV f(w)
(1= J2f g = S [ B i av ).

n

n

Let M_ be the operator defined by
2n+ 1) _o _a
M1z = B 1) = (nv 112 (),
s,

then the above equality becomes
T.f=VMYVf.

Clearly, M is bounded on Lf(dA). Also by Proposition 3, ¥ is bounded on
L?(dA). Thus Vf € L”(d2) implies that T,f = VM (Vf) € L?(dA) for all
la|=n+1.

Conversely, suppose T, f(z) € L(dA) for all |a| = n+ 1. We wish to show
that Vf € LP(dA) (p > 1). Since Vg € L?(d4) for all polynomials g. We
may assume that 8'* f(0)/6z% = 0 for all |a| < n. Thus

fl2)y="> 2/ (2),

lal=n+1

where f (z) = A, f(z). Inorder to prove V f € L?(dA), it suffices to show that
there exists a constant C > 0 such that

V1, &) < Cllgll e
for all g € LY(d4) with 1/p +1/q = 1. By the proof of Proposition 4,
(Vf> g);~ = (fs Vg)), = (Vf’ Vg)),'

Write Vg(z) = K(z, z)"'g(z) with & holomorphic. It suffices to produce a
constant C > 0 such that

1~ —1~
VS K8l < CIK ™ &llpogay -
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1

Since 0" £(0)/0z° = 0 (o] < n), K(z,2)™" = (1 = |z]*)""" is unitarily

invariant, we must have

(KT8, = (L KT'E),
where g(z) = g,(2) + &,(z) with

1 ~
“ ey 2 e 8
|a]=n+1
where ( , ) is the usual pairing with respect to dV and M f(z) = z°f(z).
Going back to the pairing ( , ),, we get
—1~ 1 —la
(f, K 8)1=m Z (M_f,K 'g),
|al=n+1
Since K _'§ is in the image of ¥ and V is a projection in the pairing ( , ),,
we have
1 1~
> (VML KT'E),

(n+ 1)! el
1

= Ty S T,/ KT'E),.

|a|=n+1

(f, K~'g), =

It follows that

“1~ 1 —1~
If, K g)ilﬁm Yo T Al an I Bl o -

|al=n+1
By Corollary 20, we have
—1~ 1~
KT8, <C S Tl g 1K &l o
|a|=n+1
completing the proof of Theorem 18.
Corollary 21. Suppose p > 1 and ¢ is holomorphic on B, , then
(1) h$ is bounded & T ¢ € BC for all |a| =n+1;
(2) ha is compact o T ¢ € C forall |o| =n+1;
(3) hz isin S, T ,p€ LP(dA) forall |o|=n+1,
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where

2 n+1 8"“45
T,8(2) = (1= 121" 5=E(2).

7. THE PoLY-DIsC D"

In this section we compute V f for holomorphic functions f on the poly-
disc D" in C". For simplicity of notation we restrict our computation to the
bidisc D? in C*>. D will denote the open unit disc in C.

Recall that for f holomorphic in D? we have

T.f(z,) lﬂﬁfaf( ,0), Tﬂ@—ﬂ—%ﬁﬁf(Jﬁ
1 22
(- 23f B 28f
T,f(z)) = (1—|z,P) G o 0 Tufle) = (1= 1z, rea® )
0
Tf(z,, 2,) = (1 - |z, |zﬁ2ﬁégaJa.

We will show that the above five functions describe the behaviour of V. As
a motivation, we first compare V' f with Tf. Writing f = Pf and differenti-
ating under integral sign, we easily get

w wzf(w1 , W,)

_ 2 1, 1232
Tf(2) = 36(1 - |z,)(1 Vﬂ)Aa_awﬂu_%wydWw%
By definition, we also have
1z = |z W, w,)
Vf(2) = dga(1 = |2, ) 1|ﬂ)/'1_2w0( S,

where A, = 3 = 9. Thus the only difference between Tf and V f in the

=22

integral representation is the factor ww, in the integrand. Therefore, T f
and V f are really closely related. On the other hand, 7T f does not contain all
the properties of V' f. For example, if f(z,, z,) only depends on one variable,

Say’ f(zl’ 22)=g(zl),then Tf:o’but
Vﬂ%Jﬁ=%14aﬁﬂrﬂm%/a%EQT'
1

If g is not in the Bloch space of D, then V f(z,, z,) is not even bounded,
although T'f = 0. This explains why we need the functions T,/ (1<i<4).

We point out that if we are only concerned with boundedness, compactness,
or membership in Sp with p > 1, then it is sufficient to consider the following
three lower order derivatives [10, 12]:

(1- |lﬁafupm (a-1z,H2L
821

(=120 = 17 ) g2 22).

dv(w,).

of (O Z,),
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In order to cover the endpoint p = 1, we need all the five functions: T,/ (1 <
i<4)and Tf.
Theorem 22. Suppose p > 1 and f is holomorphic in D?, we have

(1) Vfe€BC& T,feBC(D) (1<i<4), TfeBC(D);

(2) VfeCye T,f €CyD) (1 <i<4), TfeCyD);

(3) Vfell(dd) e T,fel’(D,dA) (1<i<4), TfeL’(D*,dA).

Combining Theorems 8, 12, 15 and 22, we get

Corollary 23. Suppose p > 1 and ¢ is holomorphic in D?, then we have
(1) ks is bounded « T, € BC(D) (1 < i <4), T¢ € BC(D?);
(2) hy is compact & T;¢ € Cy(D) (1 < i < 4), T¢ € Cy(D*);
(3) hy isin S, T,pe L (D,dA) (1<i<4), Toe LP(D?, dA).
The proof of Theorem 22 is similar to that of Theorem 18.
Once again the three implications “=" are easier to prove. Given f holo-

morphic in D? with Vf € BC. Write f = PV / and differentiate under
integral sign, then

2—2V
T(z) = 3601 - |z, 1= 12 - S0 gy (w),

1- 21"”1) (1-z,w,)

Let M be the operator defined by
2.2

M[(z) = 42,7, /(2)

then we have
Tf=VMVS.

M maps BC into BC, C, into C,, and L?(dA) into L”(d4), and so does
V, thus Vf € BC implies Tf € BC, Vf € C, implies Tf € C,, and
VfeLP(d) implies Tf € LP(dA).

To get the same conclusions about 7,f and T,f, notice that f = PV f
gives
(1-z, |2>2—2Vf<wl L wy)

Tfz) =6 [ i V(w).

Let

$1(w) =T [ Vftw,, w)dViw,),

D

then qV

T.f(z,) 1_|1|22 p(w))dV(w,) w)

(1-zw,

with

16,(2,) < /D V(2. 2 dV(z,) < av(z,)

D (1—122’ )
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and

16,(z,)IF Vf(z,, z,)P dV(z)
/:»(1 —|z,")? Vi) S/D p (1 -1z,)%(1 = |z,%)?
or
”¢1”L"(D,dﬂ.) < ” Vf”LP(DZ,dA) .

Thus the result on D = B, implies that T, f € LP(D,dA) if Vfe L”(]].'D2 ,dA).
Similarly, T,f € Cy(D) if V' f € Cy(D*), T,f € BC(D) if Vf € BC(D*). The
case T,f can be treated similarly.

To get the results for 7,/ and T,f, we write f = PV f and differentiate
under integral sign, then we get

W,V f(w,, w,)

. (1—z1w,)“ av(w).

T,f(z,) = 12(1 - |z,*)?

Let
n(w) = [ T,V S, w)dV(w,),

then )
_ _ 2,2 '//1 wl
T,f(z)) = 12(1 - |z,) /D—(l H e dv )

and y, satisfies the same estimate we did for ¢, , thus the result on D = B,
gives the implication that Vf € BC(D’) & T,f € BC(D), V[ € Cy(D*) &
T,f € Cy(D), and Vf € L”(D*, 1) & T,f € L”(D,dA). The same proof
works for T,f. We have completed the proof for the three implications “="
in Theorem 22.

We will prove the converse only for (3). The other two statements can be
proved similarly and details can be found in [10, 12].

Given f holomorphic in D? with f(0) =0, we can always write

f(zy, z)) = h(z)) + hy(z,) + 2, 2,(hy(2)) + hy(2,)) + zfzih(z1 y Zy)-

Moreover, the decomposition is unique if 4,(0) = 0. Since f(0) =0, we have
h(z,) = f(z,,0), hy(z,) = f(0, z,). Therefore,
h(w)dV(w
Vi (2, 2) = 901 = 12,70 - |27 [ V@)
p* (1 - z,w,)"(1 - z,w,)

— 91 — 2141 — 2. P2 fl(wl’o)dV(wl).
(1=l - 1z, [ oy

The assumption that T, f € L”(D, dA) together with the results for D = B, now
gives Vh, € L?(D*, dA). Similarly, T,f € L°(D, dA) & Vh, € L°(D*, dA).
It is easy to see that

(,‘;’—Zfz(z1 , 0) = hy(0) + z,hy(z,)
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or
3
2,20 (2, 0) = By(0)z, + 2,2,hy(2,).
0z,

It follows that

V(z zyhs(2)))(2), 2,) =V (22:;—5’—};-(21 , 0)) (2, 25) = h;(O)V(zz)(zl s Z5) -

Clearly, V(z,)(z,, z,) € L*(dA). Also we have

vV (zzg—zfz(z1 , 0)) (zy, z,)
B (w,, 0w, dV (w)

(1-z@)*1 - z,m,)*

=91 -1z, = 12, [

#-(w,, 0)

—(1 TTw % av(w,).
1

= 182,(1 - |2,/)*(1 - |z,1*)’ /nz

So T,f € L°(D, d2) together with the results on D = B, gives

4 (Zzﬂ(zl : 0)) (z,, z,) € LP(D*, dJ).
0z,
Therefore,
V(z,2,hy(2,)) € L (D’dA).
Similarly,

V(z,2,hy(z,)) € LP(D?, d2).
It remains to show that
V(ziz3h(z,, 2,)) € L* (D", d2).
In doing this we may as well assume that
flz,, z)) = zfzih(z1 s Z,).
Given g € LYd4) with 1/p+1/g =1, then
Vf, 8,={Vg);.

'%(z) with

Write Vg(z)=K(z, z)”
~ - 7 3 3 7 227
F(2) = B(0) + hy(2,) + hy(2,) + 2,2y (hy(2)) + hy(2,)) + 21 23h(2, , 2,) .
The unitary invariance of K ~! and dA now implies that

(. Ve), = (f(2),K(z, 2) ' 22 22h(z,, 2,)),
= (232, f(2), K(z, 2)"'h(2)),.

Because K~ '% isin the image of V' and V is a projection in the pairing ( , ),
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thus

(f, V), =(V(zizif(2)), K™\ (z, 2)h(2)),

I
N
—~

N]
~

~

|

>
S~
>~

It follows that I~
I(f, Vg);,l < zlf”Tf”LP(,u)”K h”Lq(dl) .
The desired result now follows from the following.

Lemma 24. Suppose g is holomorphic in D with g2(0)=0 and
8(2,2,) = hy(2,) + hy(2,) + 2,2,(hy(2,) + hy(2,)) + 2° 23h(2,2,) »

then 1 |
IK h”LP(‘u)SC“K g”LP(d,l)

with C independent of g.
Proof. Since h,(z,) = g(z,, 0), thus
-1 -1
|K h]”[,ﬂ(d,{) <K g||LP(d,1) .
Similarly, |K™'A,ll s g2 < 1K' &ll 1oz - Next write

g(zl ’ 22) - hl(Zl) - hz(zz)
2123

g(z,,z,) = = hy(z)) + hy(z,) + 2,2,h(z,2,) .

Using Lemma 15 in [10] (or a similar version of it), we can get

—1~ -1
IK &z < CllIK &l e (s -
Repeating the above process one more time, we get

-1 -1
1K™ 2l Lz < GollK™ 8l o any -
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