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EFFECTIVE LOWER BOUNDS FOR THE NORM OF
THE POINCARE 6-OPERATOR

MARK SHEINGORN

ABSTRACT. Motivated by McMullen’s proof of Kra’s conjecture that the norm
of the Poincaré theta operator 9 T is less than 1 for every ¢ and I' of finite
volume, this paper provides exphcxt lower bounds for this norm. These bounds
are sufficient to show that 18, rll — 1 for fixed I' as ¢ — oo. Here the

. . -2
difference from 1 is less than O(QqL:)_—,—) . For [(N) CT CTy(N), 8, rll —

1 for fixed ¢ as N — oo. Here the difference from 1 is O(N”'“). We

18, r(/p)ll

prove these results by estimating — %0 where the fp are cusp forms
pl4,

of weight p < g — 2. (Thus such functions may in general tend to optimize

eq .) In the case of the congruence subgroups they are taken to be products

of A and Eisenstein series. Effective formulae are presented for all implied
constants.

This paper has its origin in Curt McMullen’s spectacular proof of “Kra’s
conjecture”, which states that the norm of the Poincaré theta operator is always
less than 1 [M1]. We begin by describing that conjecture.

Let H be the upper half plane and I' € SL(2, R) be a Fuchsian group with
H/T having finite volume. That is [; %‘Z < oo where F is, say a Dirichlet

fundamental region for I' in H. du = dﬂ’y“‘!l is the Poincaré (hyperbolic) metric

on the Riemann surface H/I". More generally, define d K, = y”'zdxdy so that
du =dp,. Let g be an integer > 2. Denote A4, = {f|f is analyticon H,
f(2)=f(z+1), f(;” fol lflduq < oo} . This is a Banach space with (.‘Zl-like)
norm given by | f]| 4, = I fol |fldu, . Let A ,(T) be the set of analytic cusp
forms on I".

(From here on we assume I" contains a parabolic element.) This restriction is
not essential, but it is used in this paper. We allow it as our applications are to
congruence subgroups of I'(1). By conjugation in SL(2, R), we may assume
that oo is a parabolic fixed point with ((l ! ) =TI _ its stabilizerin I'. 4 q(I‘ )
is also a Banach space with norm [ |f|du, .)

[e <]
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The Poincaré theta operator Gq mapping Aq onto A q(l") is given by

8,(N= Y fldz)4"z

A€T/T

It is trivial that [|© | < 1 and Kra conjectured that the inequality is strict
for any ¢ and I'. Although Earle, Kra, Parson [P1, P2], Strebel [St], Wolpert
and Parson-Sheingorn [P-S] worked on this, in the end all that was accomplished
prior to McMullen was the verification of Kra’s conjecture for specific examples.

This paper gives effective (and explicit) lower bounds for fuchsian groups I'
of finite volume with a parabolic element and for [|8,|| for certain congruence
subgroups of the modular group I'(1). We begin with a discussion of the extent
to which McMullen’s paper is effective.

To begin with, McMullen’s proof is by contradiction. Next, the proof is
given in detail only for ¢ = 2, i.e. A,(T) is the space of quadratic differen-
tials. He states in a brief appendix that Kra’s conjecture is similarly provable
if ¢ > 2. This seems reasonable to this writer. For ¢ = 2, McMullen begins
with an element y € 4,(I") of norm one. He then obtains that it is sufficient
to show that ||92|92_, wll <1 for any choice of y. (This is not difficult and
was foreshadowed in [P-S, Lemma 1]. But McMullen’s strengthening is cru-
cial.) From this point forward, McMullen’s proof is effective, that is he shows
”92|9{'(w)“ <l-g, where an algorithm for finding ¢, really is presented. No

example is worked through and the algorithm depends on a choice of a set of
neighborhoods (a net) on H/I" that avoids the zeroes of y . This net gives rise
to a Cech graph whose expansion constant is also involved.

Another serious concern is this: using McMullen’s technique to compute (or
approximate) ||9q,r|| amounts to knowing which y (or y’s) € 4 q(l“) max-
imizes ¢, (or at least have large s,,,’s). McMullen’s paper gives no method
for locating such “good” y’s. Lastly, McMullen’s paper does not deal with
branched covers. Whether this omission is essential, at least in regard to ef-
fectiveness, I cannot say. If it were, that would raise concerns for the modular
group and many congruence subgroups.

This paper takes an altogether different approach: for congruence subgroups
of I'(1) we display functions f in A4 g whose Poincaré series are “good” y €
A q(F) , at least for large ¢ . For such ¢ it turns out that both the A4 , norm of [
and the A q(F ) norm of © q,F( f) have main term [, |f|du g which approaches

2ne)' 2

oo with ¢ and error term 0(37)_7—) which approaches 0 with g, of course.
Thus using these functions we can show [|©, || — 1 as ¢ — oo, an easy
consequence of Theorem 1. That this might be true was an idea of Parson
dating back ten years. (It is consistent with her data in [P2].) Last, finding
“good” functions in A4 g is more difficult than finding good ¥’s because the
kernel of © T is infinite dimensional. We now define our “good” functions in
A

q-
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For an integer k > 2 we define two Eisenstein series:

E()= Y |42

AeTT

and

G(z2)= S (A2

A€T/T,,

Of course, A'(z) = (cz + d)'2 where 4 = (), and this gives the more
usual definition. A(z) is the unique cusp form of weight 6 on I'(1). (Le.,
A(Az)(A'z)6 = A(z) is the functional equation. This is usually called weight 12
in number theory.) Of course

A(z) =e(2) H(l - e(mz))24 = Zt(n)e(nz).
n=1 n=1
Here e(z) = ™ and (1) = 1, 7(2) = —24,... is the Ramanujan t-

function.

Our “good” functions in A4 , are nontrivial cusp forms of weight p where
p < g —2. (While the choice of p will vary with the application, we will
henceforth assume that p is taken large enough so that such cusp forms exist.
Thus ¢ > p+2 > 8 in the case of I' = I'(1).) We will denote these f or
j;,. If T is a congruence subgroup we will specify j; =A-G, 4. A4, only
requires analyticity and so it is here that McMullen’s remark in the second
paragraph of the “Guide to the paper” to the effect that a “good” function
must “mimic... y” motivated our choice. Choosing a cusp form of weight ¢
would be ideal, of course, except that such a function cannot have finite A4 .
norm. (In Parson’s work [P2] she looks for “good” f € A4 q that are squares,
thus facilitating computation of the A4 ,-horm.)

We get our lower bounds for ||8q,1.|| by getting lower bounds for
18, ()l

~ . The choice of p as the smallest value for which there is a cusp
14

form on I' of weight p leads us to this consequence of Theorem 1: /et T be a
Fuchsian group containing a parabolic element (assumed to be ((]J :)) and with
-2
finite volume. Then |18, || > 1 - O(Zr).
The error term arises as follows: We will show that |8, (/) >
’ q

Jelfldu, —¢€ ¢, and ||fp||Aq < Jelfldu, +€ +¢e,. Hereall ¢, | 0 as g —

- : _ 2(e,+¢,)
oo, and [i|f,ldp, — oo rapidly as ¢ — oo. Thus |6, ]| > 1 Wm.

After completing an initial version of Theorem 1, I communicated it to
McMullen, among others. He quickly replied with a short write up [M2], elegant
but simple, of a geometric argument showing the following theorem.
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Theorem (McMullen). Let X = H/T be a Riemann surface (unbranched? —
M.S.) of width r. Then ||®, || > 1 —2(1 - R)*! where R = tanh(r/2).
Here the width of Riemann surface is the hyperbolic radius of the largest imbedded
“round” disc. Because the width at any cusp of H/T'(N) is essentially log N (the
area of the largest ball in the horocyclic neighborhood of the cusp), he gets

— g—1
||8 r(N)”Zl—z‘ dvit N } .
1 2+N+2J/1+N

(This would apply, mutatis mutandis, to any I with I(N) CT CT'((N); though
as indicated above branch points might raise problems.)

This last result enables McMullen to show that |8, || - 1 as N — oo for
fixed ¢ with I'(N) C I' C I')(N). The method of the present paper can also
produce such a result, as I found after reading McMullen’s result. Our error

-(%—11
term has order N7 in place of N of McMullen. However, we require
g > 35 for the error term to approach zero:

Theorem 2. Let I'(N) CT CT'((N). Then |8, || 21— O(N*-) .

This is proved using fp =A- Gp-—6 with p = [¢/2] and then estimating the
norms of Theorem 1.

This idea has a further amusing application. Lemma 2, the beginning of our
estimate of ||®, (f,)|l, obviously implies this norm is greater than 0. Since
a nonzero linear combination of p-forms is itself a p-form, we get that if
(for5 -+ 5 fyy) span A () then (8, (f,), ..., 8, r(f,)) are linearly inde-
pendent in A4 (I'). If dimA (T) = dimA ('), which can easily happen for
the full modular group and ¢ — 11 < p < g — 2 for example, then this set of
Poincaré series spans A4 (I').

We close the introduction with our definition of the maximum cusp width
denoted c_ . In results such as Lemma 3, the cusp width may be thought
of as the euclidean radius of the largest (by hyperbolic area) round disk in
the horocyclic neighborhood of the cusp after this neighborhood is mapped
into {Imz > 1}. For congruence subgroups, up to a universal computable
multiplicative constant, this is the number of I'(1) fundamental regions in the
“bouquet” at the cusp. The maximum is taken over all cusps of I". For example
for I'(N), ¢, =N.

The author would like to thank Jonathan Huntley for pointing out a crucial
oversight in the proof of Lemma 7 as the final manuscript was being written.
Thanks also to the referee for suggesting many, many improvements and clari-
fications.

Lemma 1. Let f be a cusp formon T' of weight p < q—2. Then f € A, and
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Proof.

[ [1ndn,= ¥ [ 15v*axay

A€TT,,

dxd q,. q-
=% [1foaye 0S5 = 5 [ 17 Al Pdxay
A F y A F

= /F (E |f||A’“’"”l) du, = /F 1 Eqp - dutg < oo.
A

(This last inequality depends on f being a cusp-form.)

Lemma 2. Let f be as in Lemma 1. Then ||6q(f)||Aq(r)=fF If1-1G,_,| - du, .

du = / . 4en
/F o= ZA:f

= [ 1116, ,ldn,.

In what follows, ¢, = max |f] y? . This is finite when f is a cusp form of weight
D.

Proof.

3 (fod)(4a”)

AET/T,,

d,uq

Lemma 3. Let F = F,UF;, where F, = FN{Im(z) <1}. Let ¢ >p+2. Then
forany 6 >0, fp,|f|'Eq_p'dﬂq$ f-ﬁ;;clﬁ_{aﬂs:sl.

Proof. Kubota [K, p. 13] gives the estimate E, - y* = O(y*""), where z = x +
iy € Fj lies in a horocyclic neighborhood of a a noninfinite cusp and the implied
constant is independent of s. This simple euclidean area argument given there
shows that this implied constant is < the maximum cusp width of I'. Thus
fhoro nbds lfblEq—Pd'uq = f l'f;’lyqu—qu—pduO < Coo ' Cf ’ f()] yq—p-de = Coo :
4 f/ g-p—2.

The portion of F; that lies away from all the horocyclic cusp nbds is a
compact set & depending only on I'. For some & > 0 let & be the set

of z € # with some I'-equivalent of z lying above (1 —1 /(ql"’)) and let
%, =F, —% .0On % we have

- 1-6
/? UplEq-pdhtg = /g o B,y Pdug < e Ky 51/
1 1 ‘

because E,y’ is bounded for y € F;, s > 2; and the (invariant) integral may
be taken over asetin {z|1 >y >1- 1/(q1—a)}.
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For z € &, we have Im(4z) <1 - 1/¢'~%, and

q—p-2
Eq_pyq-p = Z r(4z2))"f < (1 - ql%) . Zyz(Az)
A

AelT,
q -p-2
1 1 2 —q°
) (l‘"ﬁ) ' (“1—_5) 2y (Az) <Hy -e
4
and so
Bt = 7 E e
2 2

S

s
-4 -q
S ¢ Hp e /g;du(,:chr’a’pe .
2

So we finally get

s Krs ~¢* _ S/Cr,8,0
/F[j;|Eq_pduq$ q—p—2+ e +ceLp ; €0 < P
1

Corollary 1. fF, II1G,_,ldu, <e.

Lemma 4. | fph lflEq_.pd.uq - fph |f|d,uq| < Cf((lﬂ)z(q-\{?f)’(q_p)n/z + q_lz,_l) =g, .

Proof. We use an amplification of the technique suggested in Kubota [K, p. 13].
Let s > 2. We begin by estimating E -y’ —y° for z = x + iy € F, . For these
y the horocycle {Imz >y} is mapped by {4} € I'/T_ onto a disjoint set of

horocycles with radii r, < 7‘; and cusp in (—% R %) , say. Because of this, the
fact that y>1,and I' = (((l,})), we get A=(..) has |c|>1 and

#AlA=()eTT, ld=1}<2.

(This is like Shimizu’s Lemma [Sh].) Let us call & this set of elements of

/T . Clearly
E-y' =y =Y v+ v,
AR AER
Agid
Here y, =: Im(A4z). Next note that if 4 is in the first sum, 4 = () has
lc| > 1+ ¢, where ¢ depends only on T'. Let & be this set of 4 € I'/T__ .

For A € &/, we have 2r, < ZTL)’; . Let 0 < < 1, where we shall choose
a specific J near one later. Let T, ; be the points of the horocycle at A(oo)
that lie above (1 +9d)r,. The area of T, ; is ri(arcsin V1 — 62 — 6V'1 - 6%).

For & near one this is (1 —8)/ zx/frf, + higher powers of (1 —d). Now

32
22 2 -2
Y v, <4 ¥ < (—1_—5) > vy areaT, ;.

Aey Aey Aew
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We may assume WLOG that y, € ((1 +d)r,, 2r,), as this makes the sum
bigger. We have

- -2 -2 -2 -2
(14872 r2areaT, ;< Yy areaT, ;<277 Y rareaT, .
Acst Acst Acst
But

1-s

Sy areaTA¢,<Z/ 7% (s-l)(yl+s) -1

Aey Aey

recalling that 2r, < W Thus

s=2 s—2
2 Z ry areaT, ;
Y

2 §=2 2 §=2 yl—s
<|-— .
‘(1+6) g,y" areaT”‘(Hé) (s — 1)(1 +g)26=D

Finally,

2 3/2 2 5—2 yl—'S
g—;y”“( - ) '(1+6) U+ 1)
Nowlet § =1 -1, We have

Z yA < \/_e 2(5-1) oy

Ae

/ fIE, ,du, - /F /14,

- —p,dxdy
S/F ifly”lEq_py" Py ==
h

RS YL
h

A€ AeF
\/_ecf / Zy _pdxdy
BT R P LA A

This last integral is bounded by F_Ll , since y, < y for 4 € &, a fact
that follows from |c| = 1, and that |%#| < 2. In summary we have shown:

V2e 2
E _d —/ du|<c + .
/F;. /1 a-p%Hy F, /1 Hq f((1+6)2(q-p—l)(q_p)1/2 qg—-p-—1

Lemma 5. With f as in Lemma 1, assume further that f(z) = f(z+ 1) and

that f has Fourier expansion Y. ya.e(nz); a =1 1If

g >max(2+2n,p+2),

then fF ISy 2dxdy > (%2) -2 - cfcpe—zq/(q —2)] where c, = 2’pipe’.
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Proof.

1f(2)| = e |1 + aye(z) + ae2z) + - | 2 e |1 - ¢ Zn g 2rin=ly
where we have used the “trivial” (Hecke) estimate |q,| < cfn” . We have

lo o]
E P e=1a=2) / xPe 9Dy < Ppipete ™ (g - 2) = cpe°2"/(q -2)
2

using formula 3.351(2) in [G-R]. So for y € [1{,,—2, 9{,,—2 + 1] we get
S+ i) 2 e — e e e (g - 2)]

and
-2 1

==+
/ V' dxdy > ( / ¥ 2a!y) T —epc,e™ (g - 2))
F, 2

24

-2\ _
Z(ane) ceT[L—cpc,e /(g - 2))

This becomes nontrivial for g so large that the last factor on the RHS is positive.
Call this value Q, = Q,(I').

Lemma 6. | [, 1/1IG,_,Idu, - J |fldu,| <e,.

Proof.
YoovasIGY <Y+ Y vy
A#id A#id
A€T/T A€T/T,,

The Iemma now follows using the .7 , B decomposition just as did Lemma
4,

At this point we can prove

Theorem 1. Let I be a Fuchsian group containing a parabolic element and with
finite volume. Suppose WLOG that oo is a cusp with stabilizer generated by
z—z+ 1. Let p be the smallest weight with a nontrivial cusp form fp onT.
Assume—only for convenience—that a £ (1) =1. Then for

g >max(2+2n,p+2, 0,

-2
we have |8, || > 1 - O(%).
Proof. For ¢ >p+2 we have f €4, (Lemma 1) and

A /F Iy, + /F 5IE,_,du, < /F [ ldu, +¢, +e,
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(Lemmas 1, 3 and 4). Next,
10, = [[1511Gy-pldn, = [ 1411G,.,ldn,
h

— [ \5l1G pldng > [ 1l 2 - 2
£ F,

by Corollary 1 and Lemma 6. Therefore

o > 1Bl Iplhldk —e -6 e te)
CIN= LN T [ hldu, +e+e, = g 1fldu, +e +e,
Thus by Lemma §,
1, 1l > 10 Erredme™
o (@-2"" )

We now specialize to groups I' that are between I'y(N) and I'(N). What
is crucial for us about these groups is (a) ¢, <N (b) 4= (_) = N|c. These
two properties give us a version of Theorem 1 valid for fixed ¢ and N — .

The following lemma assumes that g is even. This is a purely technical
assumption. If g is odd, select f of weight g —[4], replace 2k by ¢, and
E, by Ey.

Lemma 7. Let I(N) CT CT'((N) and [T :T(N)]=M. Let f be a cusp form
of weight k = [4]. Then [.|fldu, —é&; < ||f||A2k < [l fldpy, + &5 where
ey=d,-N'"*.K .M and d, = [;|fldu,.

Proof. According to Lemma 1, which extends mutatis mutandisto T’ = (((', 1lv )

we must estimate [, |f|E,du,, . We begin by noting that WLOG ¢ = ¢, N with
¢,>0,d=dN+m with 0<m<N-1. Then

1 1-2k o m
E =1+ — _ =1+N cz+~+d
k Agi:d ICZ+d|2k ;clz)%dl;ool 1 N 1

A€TT

‘—2k

with the notation of Lemma 1. We need to extract a bit more from the lattice
estimate for Eisenstein series [A, p. 7] given in Apostol. This we do by noting
that ¢, # 0 removes an entire line of lattice points from the double sum and
thus (z, 0) is always the lattice point closest to (0, 0) in the (c,, d|) lattice.

Thus the triple sum is always less than M - K, - y'Zk . This gives

1-2k

(1) Y¥E <y* + N .k, .M.

If we write d = J lf |d—’;?2 , which is finite as f is a cusp form, we have

[ ANEduy < [ 1fiduy+dy- N b K,

The lower bound proof is similar.
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Corollary 2. With f and T as above

[ 1nduy =y < 101G,y < [ 1N1dmy+e,
F F F
where &, is as in Lemma 7.

Theorem 2. Let I(N) C T C Ty(N). Then [, || > 1 — O(N**"?); where the
implied constant is independent of T" but not q .

Proof. Choose f as in Lemma 7. Then

18NN Jrl/ldpy =25 o\ 2¢, _
1A= Jelflduy +es = fplflduy +eé;

We now specialize to f=A-G,_, with A(z) =e(z)[],_,(1 - e(mz))24. We
must estimate d, = [ |f|du, and [;|f|du,, for this choice of f.

Write F = F,UF, as in Lemma 3. (Care must be taken as now F depends
on N.)

—k
[ 101wy < [ 8B _gduy <, [ 18 du,
Fh Fh Fh

oo pl
=c1N/1 /0 |A|y4_kdxdy=c2N.

Restating,
(2) [ 11y <.
F, h

Consider the horocyclic nbd C of oo given by y > 3? This just touches
the lowest points—elliptic fixed points of order three—of I'(1). Since this
horocycle contains the bouquet at co, the I'-translates of C cover F . Further,
each point of F lies in at most two translates of C. The euclidean argument
referred to at the beginning of Lemma 3 now shows E, - y° = O()° =1y, where the
implied constant is at most 4/v/3 times bigger. (2 is for the double coverage and
2//3 is for the wider horocycles.) Le., for this I' we have E, -y < %Nys'l
on all of F; so that

dxd
[ \fano < [ 1B g <oV [ 1815552,
F, F, E oY

Let T

ajc be a I'(1) FR intersecting F,. Here a/c is the real cusp of T,
and

ajc

A=<‘c‘ é)el"(l):oo—vg.
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Then, with S being the I'(1) SFR,

/ a1 2xay _ [ a2y iy = [ A@IA Ty du,
Ta/c y S S

- /S A ez +d]"y ™ dpy = 1™ /S IA2)|

< NZS/ |A|y“dxdy = c4N28.
s

z+d/c

14 11
A dxd
m |y y

(Here we have used that facts that we may assume |c| < N and |d/c| < N/2.
This may split up F;.) As there are at most N * fundamental regions of I'(1)
intersected, we have

3 [ 1 f1duy < eN*
F
and combining (2) and (3) we get
/F \fld < c N

Thus ¢, of Lemma 7 satisfies

36-2k
(4) g, <, N

It remains to obtain a lower bound for [ |f|du,, . We use the trivial estimate
Je\f1dny, 2 [p |fldpy, > €N, which gives 8, ]l > 1 - O(N**"%), when
combined with (4).
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