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ON THE DISTANCE BETWEEN UNITARY ORBITS
OF WEIGHTED SHIFTS

LAURENT MARCOUX

ABSTRACT. In this paper, we consider invertible bilateral weighted shift opera-
tors acting on a complex separable Hilbert space /# . They have the property
that there exist a constant 7 > 0 and an orthonormal basis {e;};., for #
with respect to which a shift ¥ actsby We, =we,,,, i€Z and |w;| > 7.
The equivalence class % (W) = {U*WU: U € B(#), U unitary} of weighted
shifts with weight sequence (with respect to the basis {U 'ei} iez for #) iden-
tical to that of W forms the unitary orbit of W .

Given two shifts W and V, one can define a distance d(%Z (V), Z (W)) =
inf{|X -Y| : X € Z(V),Y € Z(W)} between the unitary orbits of W
and V. We establish numerical estimates for upper and lower bounds on this
distance which depend upon information drawn from finite dimensional restric-
tions of these operators.

1. INTRODUCTION

1.0. The notion of Hilbert space isomorphism coincides with that of unitary
equivalence. Therefore, two bounded operators A and B can be thought of
as representing the same operator if they are unitarily equivalent; that is, if
A= U"BU for some unitary operator U. The equivalence classes % (4) de-
termined by this relation are called unitary orbits, and have been studied by a
number of people.

A characterization of the norm closure % (4) of the unitary orbit of a general
operator A in terms of approximate unitary equivalence has been given by
Hadwin [Had], using Voiculescu’s Theorem [Vcu], (cf. also [Arv]). Complete
approximate unitary invariants for particular classes of operators also exist.
For example, the work of Gellar and Page [GP] classifies Z (N) for N normal,
while the celebrated Theorem of Brown, Douglas, and Fillmore [BDF] does
the same for essentially normal operators (i.e., operators whose image in the
Calkin algebra is normal). In [O’Dn], Donal O’Donovan describes the closure
of Z (W) for W a weighted shift, and moreover classifies those shifts V' which
liein Z(W).

As a natural extension of this work, one might ask the question: if two
operators A and B are not unitarily equivalent, then how different are they?
More precisely, how far apart are their unitary orbits?
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Results for the general case are due to Davidson [Davl], who reduces the
problem to that of approximating finite pieces of A by finite pieces of B. More
precise estimates for the class of normal operators have also been obtained by
Davidson [Dav2] using, in particular, the results of Bhatia, Davis, and McIntosh
[BDM]. The paper of Azoff and Davis [AD] provides estimates in the case where
A and B are selfadjoint.

It is the purpose of this paper to obtain good estimates for upper and lower
bounds on the distance between % (V) and # (W) in the case where W and
V are weighted shifts whose weights are bounded below in modulus by some
positive number and bounded above in modulus by 1. Our main result for up-
per bounds uses a technique of I. D. Berg’s ([Brg2], cf. also [Herl, Her2]) with
which we can glue together finite dimensional pieces of one shift to approximate
another shift. In fact, we obtain estimates of how well we can glue together
these finite dimensional restrictions as a function of their dimension. We can
use these to obtain estimates on how far W is from being a direct summand
of ¥V and vice versa [§2], and in turn this information leads to an estimate of
an upper bound on d(Z(V), Z(W)) (see also §5). §3 is devoted to obtaining
lower bounds for d(Z(V), Z (W)) which also depend on finite dimensional
restrictions. §4 provides three examples which illustrate various possible phe-
nomena which can occur in the approximation of the finite dimensional pieces,
while §5 considers the case of “nonessential” spectrum and mentions results for
unilateral shifts.

1.1. Notation. Unless specified otherwise, # is assumed to be a complex in-
finite dimensional separable Hilbert space with orthonormal basis {e;},., . All
operators on # are bounded. W (resp. V') is a weighted shift operator with
weights {w,},., (resp. {v;},c;) suchthat We, = we, , (resp. Ve, =uve,, ),
i € Z. Since we are only concerned with unitary orbits, we may assume all
weights are positive (cf. [Shd], for instance). The case of interest is when both
A and B have norm less than or equal to 1, since otherwise, the differences in
the norm lead to potentially trivial estimates. Henceforth, we assume this. The
group of unitary operators in % (#) is denoted by Z(#'), and the unitary
orbit of an operator 4 in B (#) is #(A) = {U"AU : U € % (#)}. The norm
closure of % (A) is denoted Z(A). The distance d(%(A4), % (B)) between the
unitary orbits of A and B is given by
d@(4), #(B) = inf_ |X-Y]|

yof 14 =Y = d(4,%(B)),

and is clearly the same as d(%(A4), #Z (B)). A and B are approximately uni-
tarily equivalent (an equivalence relation) if there exist U, in Z(#), n>1,
such that U; AU, — B = K, is compact and tends to zero in norm as n ap-

proaches infinity. This definition is equivalent to saying that Z(4) = Z (B) (cf.
[Vcu]). The notation = denotes unitary equivalence, =, denotes approximate
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unitary equivalence, and for ¢ > 0, 4=, B means that d(%(4), % (B)) < e.
When dealing with C” or R” as a metric space, it will be understood that
the underlying metric is the one induced by the supremum norm (/_-norm).

2. BERG’s TECHNIQUE. AN UPPER BOUND

2.1.1. The method of obtaining upper bounds for our estimate of
dZ(V), #(w))

depends heavily upon a very useful technique due to I. D. Berg [Brg2] and
modified slightly by Domingo Herrero [Herl]. The version we give below is a
minor modification of Davidson, [Dav4, Theorem 1].

2.1.2. Lemma (Berg’s Technique). Let T be an operator on a Hilbert space
Z , and let m be a positive integer. Suppose that { f }"’_0 is an orthonormal
Sfamily of vectors in # and that {a } _0] is a finite set of complex numbers such
that Te, =ase;,, and Tf = fJJrl for 0 < j<m~—1. Then there exists an
operator S on # and an orthonormal Jamily {g;, h j};.'f__o of Z satisfying the
following properties:

(1) go=¢€y, &, =1 ho= 1y and h, =—e,;

(2) ng=ajgj+1 and Sh =a; h;+1 for O<_] <m—l;

(3) Sx=Tx if x is orthogonal to {ej, f}j 0 ' and

(4) IS =T < (n/2m)(max, | ;)

Proof. Cf. [Dav4, Theorem 1]. 0O

2.1.3. Definition. We say that X is a weighted cycle with weights {x,, ..., x,}
(m > 1) and write X = cycle{x,, ..., x,,} if there exists an m-dimensional
complex Hilbert space #, with orthonormal basis {f,..., f,,} for which
Xfi=xf,,1<i<m-1and Xf =x,f.

2.1.4. If W is a weighted shift with weights {w,},., with respect to an or-
thonormal basis {e;},., of #, then from the above Lemma we obtain the
following:

Proposition. Assume m is a positive integer, k, and k, are integers, |k0—k1 | >
m, and let N = {ky < i< ky,+m} and M = {k, < i<k, +m} be disjoint
subsets of Z. Suppose furthermore that Wy y; =Wy, for 0<j<m-—1. Then
there exists a weighted shift V with weights {w,},_ K, Y {w;} ik, and a weighted
cycle X with weights {w ,w ,,,...,w, _} such that

(1) W = (V& X)| < (maxy o, |, i |)n/m; and
2) W—-(VeX)|( span{ek“,ekﬂ}'«"_ol) =0.
Proof. Cf. [Her2, Chapter 2]. O

2.1.5. The perturbation of W in the Proposition above can also be viewed as
the “glueing” together of the weight sequence {w,},_ K, 10 the weight sequence
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{w;};> K 10 obtain a new shift 7 with precisely that weight sequence. The cost

of the perturbation is on the order of 1/m . As a by-product of this process, we
also obtain the cycle X .
It is the observation that
m—1.1

W - (V 6 X) | (spane . ¢ . }75) =0

that will allow us to repeat Berg’s Technique on span{ek i €+ j}”' 1)l with-
out the perturbations interfering with each other. In other words the norm of
the two perturbations will be the maximum of the norms of the individual
perturbations, not the sum of their norms.

2.2.1. Consider two operators 4 and B in Z(#). For T in Z (%), let
T be the operator @, T acting on the Hilbert space # (o) — D2, Z .
We will define a quantity JZ(B) which measures how far A4 is from containing
B as a direct summand, i.e., how far #Z(A4) is from an operator of the form
J @B . Then one can obtain an estimate for d(%(4), % (B)) which depends
only upon 6;(3) and 5§(A) . (This will be made more explicit below.) For the
remainder of this section, we shall be concerned with generating an upper bound
for 5,",(W) which depends only upon finite dimensional information extracted
from W and V. Theorem 2.2.11 shows how to use Berg’s Technique to “glue
together” the finite dimensional approximations, thereby obtaining the desired
estimates.

We begin by defining J,(B). Although this definition is different from that
of [Davl], they are shown to be equivalent by the results of that paper.

2.2.2. Definition. Let 4 and B € Z(#). We define
J,(B) =inf{||[U"AU - J & B|| : U unitary, J € & (%)}
The “essential” version of this is
6°(B) = inf{||[U"AU — J & B : U unitary, J € & (Z)}.
2.2.3. In general, if an operator 4 embeds in B as a direct summand, and B
embeds in A as a direct summand, little can be said about the distance between
their unitary orbits (cf. [Davl, §5]). However, the quantities d5(B) and d5(A)

are precisely what is needed to produce the following “Schroeder-Bernstein”
type of result.

2.2.4. Proposition. Let A and B be elements of % (#). Then
d(#(A), % (B)) < 2(65(B) + 6,(A)).
Proof. Let & > 0. Then there exists J € % (#) such that
A JoBY 2JeB" e By,  A0B.
A®B. Thus d(%(4), %(B)) < 2(55(B) + 05(A)) +4e .

=(55(B)+e)

Similarly, B = =654 +e)

Since this is true for all e>0,
d(%(A), %(B)) < 2(65(B) +64(4)). O
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2.2.5. Thus in general for weighted shifts it suffices to estimate &;,(W) and
JfV(V). In [O’Dn], O’Donovan shows that complete approximate unitary in-
variants for invertible bilateral weighted shifts are given by what we shall call
the n-spectra 35, W = {(w,;,;, Wi 9, ..., W, ) I € 2y " n>10f W.In
particular, he shows that two weighted shifts ¥ and V' are approximately uni-
tarily equivalent if and only if 5 W =3 V foreach n> 1. In our case, we
shall also require the notion of an essential n-spectrum 3., W for W . We shall
say that a vector (x,..., x,) € R” isin Zfl W if for all ¢ > O there exist in-
finitely many k € Z for which [[(w; ..., w,,,)— (X, ..., Xx,)|| <&. Based
on the analogy with normal operators, one would expect ) V and ) W to
play a major role in determining the distance d(Z(V), Z(W)) between the
unitary orbits of W and V.

We shall see that this is in fact the case. But first we must recast the elements
(Wi s Wips-v s wyy,) of 35 W in a form which will be more useful to us.
We begin with a few definitions.

2.2.6. Definition. For ¢, r € Z, let E(,),) C # be the subspace E(, n =
span{e;} .,,, E_,, , = span{e;},, and E(t «) = span{e;},,. By E, we
mean E, , = span{e,} . We also define P, ,, —00<t<r<oo,tobe the
orthogonal projection onto E(,yr) .

In order to effect many simultaneous perturbations to an operator while be-
ing sure that these perturbations occur on orthogonal spaces and hence do not
interfere with each other (a norm controlling device), we shall also require the
following technical notion.

2.2.7. Definition. Given a Hilbert space # with orthonormal basis {e},.,
and a finite dimensional subspace M of #, we shall say that an operator
T € B(A) has finite {e}-range (f.e.r) with respect to M if there exists a

positive integer g such that TM C E(_ a

Analogously to [Davl], we shall produce a quantity 5,,(W(,‘r)) which mea-
sures our ability to estimate finite rank restrictions of W by V. We have

2.2.8. Definition. For t <r e Z, let

Sy Wy )= dnf  max{|(VU-UW)P, I, (V" U-UW™P, ).
U has fee,.r. wnh

respectto E,_, .

The quantity 6,,(W(,’r)) tells us that for all ¢ > O there exists a unitary

operator U and a positive integer g such that
RY E,, r+l)g-E(—q+l,q—l);
(2) UE, n S (_q+2yq_2');and
(3) there exists a finite dimensional operator C, ||C|| <, (W, )+8 such
that {rangeC, rangeC"} C E and V + C can be decomposed

(—4q,49)
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into the following operator matrix with respect to the decomposition
X = E_ _,n®N® UE, & UE
O UE,,,®N,0E

t,r)
(g+1,00)°

where
(1) N, = E(_q,o) o UE
(i) N, = E(],q) S UE(

(t=1,r+1)>

i—1,r+1) 5 a0d

(iii) UE(“) has orthonormal basis {Ue,, Ue, ..., Ue}:
rx *x x 0 x x 07
* x o+ 0 *x *x
x x x 0 x x x
V+C=(0 0 4 4, 0 0 0
*  x x A3 * k%
x o+ 0 x x x
[0 x x  0 % x x]
where
fw,_
0
A= |, 4;=[0--0w)]
L 0 |
and
-0 -
w, 0
w 0
4, = 1+1
L w 0.

r—1
With respect to the same decomposition of # , C has the form

0 000 0O
0

a
1R

* X X X *

0
0
£
0
0

O O ¥ ©O

0
00
0 x
00
0 0

[=NelNolNoNoNo Nl

OO O *x ©O

L0 0O O OO

The importance of having C be finite rank lies in the observation that at
this point, we have perturbed neither V| E 141 0 DOT V|E(_ Thus

in the same way that we are approximating W|E(

00,—g—1)"

and W*|E, , using

t,r)
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V|E(_ 4.q)» W€ can now consider approximating W|E(tr’r,) and W* |E(t,’r,)
using V | span{E( g+1,00)° E(_oo,_ q_l)} to produce a new finite rank perturba-
tion C' of V + C, the action of C’' taking place on a subspace orthogonal
to E_, , - But then we shall have that ||(V + C)+C' - V|| = |C + C'|| =
max{||C||, |IC'|l} . We can continue this process ad infinitum to obtain a new
operator V' whose distance from (a unitarily equivalent copy of) V is the
supremum of the norms of the individual perturbations. In other words, the
norms of these perturbations do not add up.

2.2.9. The “essential” version of d, (W, ,) asksthat UE,_, ,, be orthogonal
to an arbitrary given E_, & and can be defined as follows:
Definition. For ¢, re€ Z, let
e

5V(I/V(t,r))

= inf UV —UW)P V'U-UW")P, .

s nf max {]|( UW)F, 5, I(V'U-UW)P, I}
VE,_\ ontE—q o
Uhasf.e,.r.

with respect to E(,—| D)

2.2.10. At this point we can make a pair of observations.

First, we can replace the notion of orthogonality to E(_ 7.9) by orthogonality
to an arbitrary finite dimensional subspace M . This definition would more
closely resemble that of [Davl]. However, as any finite dimensional subspace
M is “almost” contained in E (=4.9) for g sufficiently large, the value we would

then obtain for 6;(W(,’,)) would be identical to our present one. The reason
for our seemingly more complicated definition is to avoid technical problems
later on.
Secondly, as in [Davl1], we also obtain the following piece of information:
(W, ) = 8, (W) = 8, (W),
We introduce a last bit of terminology before starting. Associated with

6,,(W(,’,)) is the operator

w 0.
- r—1
and hence we may associate to 6V(W(t,,)) the weight sequence Wi = (w,, ...,
w,_,). If r=1t42n (with n taken to be a fixed constant), then Wi, 1s2m) will

also be denoted w,. Moreover, W
upon” E(u) (resp. E(t,t+2n))‘

1. (resp. w) will be thought of as “acting
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The following theorem is the major technical result of this section. It shows
how to “glue” together approximations of finite pieces of W in order to obtain
integral copies of W in V.

2.2.11. Theorem. Let n > 2 and assume 6, (W,

(tamy) SO foral t e Z.
Then

S (W)<d+mn/2(n-1).

Proof. Since we are trying to estimate (Sf,(W) =0,(W ) we begin by as-
suming that we are given W™ = @2, W acting on # (00) = @2, # inthe
usual way. We shall denote the jth copy of W in 78 by WI[j], and it
will act upon the jth copy of # in &', X, = span{e/},c;, {€/};c; an
orthonormal basis, by

Wljle! = we! iezZ, j>1.

i+1°

Then w,[j] will refer to the weight sequence w, of W[j]. Moreover, E[f],)
will refer to the subspace span{e’ b<ic, of %, and P([,j’] ;) Will be the corre-
sponding orthogonal projection.

We shall find it sufficient to restrict our attention to those w,[j] for which
t € nZ + 1. The observation that

e (00)
5V(W(kn+1,(k+2)n+1)) = 5V(W(kn+1 ‘(k+2)n+1))

leads us to consider a set L which contains infinitely many copies of each
W...1» k € Z, each copy acting on a space orthogonal to that of any other
copy. We take

L={w[1],w][2],w_, (3], w, [4], w[5], w_,,,[6],
W 715 W_3,1[8], Wy, [91, W, [10], ... }

which we relabel as L = {z,, z,, z,, ...} asan ordered list.

That this choice for L possesses the property above is clear. We now pro-
ceed by induction to successively approximate each z. I j > 1, using mutually
orthogonal finite dimensional subspaces of V.

To that end, let 0 < ¢ < 1. Consider z, = w,[1]. Since &} (W, ,,,,) <9,
there exists a unitary U,: # — # and ¢(1) > 0 such that,

(1) max{|| (VU,-U W[l])P[l” |(v*u,-Uwl* )P[1”2n+l I} <8+

2n+1) “ ’
(1] .
(2) UEO 2n+2) CE +1,q(1)=-1)°
[1]
(3) U,E;| 2p41) CE ()42, q(1)—2) > and
(4) there exists a ﬁmte dlmensmnal operator C,, ||C,|| < J + ¢, such that
{range C,, rangeC } C E_q(l) (1) and V + C, can be decomposed

into an operator matrix of the form:
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Oq

A
+
ke
R
O * ¥ O % * %

* %X ¥ O ¥ ¥ x

***_A***
cobUWocoo
¥ ¥ X O % ¥ *

* ¥ ¥ O * ¥ *
* ¥ X O * ¥

with respect to the decomposition of # as in §2.2.8. Here,

Wy
0
4, = s, Dy =[0---0w,y,,]
L 0 ]
and
F o -
w, 0
w, 0

w,, 0]
In general, for j > 1, z; corresponds to LATIN) for some s(j) € nZ + 1.

Since 6;(14/(5(1.%5(].“2" ) < (5 there exists a unitary U;: % — & and q(j) >0

such that
. o pU]
(1) max{||(VU,=UWUDPL, ool 107U =UWHTREL (ol
<J+e;
(/] ;
2 U, E[S(]J stiyane)) S Eioguyrtati-1)
; )
() UiEy . sirem € Ecapra.a-2 5

[J] ;
(4) UE _1,s(jy+2n+1) 18 Orthogonal to E_, i}y 5.0y -

It is condltlon (4) which allows us to assert that we can perturb ¥ by a
finite rank operator C B Ic jll <d+¢ and {range , range C }CE

S E_y4(j-1),2a(-1))

(—=a(j),q0)
(thus making range C}. and range Cj orthogonal to

span,,;_,{rangeC;, range C;}), so that V" + C; can be decomposed, as in
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§2.2.8, into an operator matrix of the form

T x x 0 x x 07
x x o+ 0 *x x x
* o+ o+ 0 * *x x
V+C;=|0 0 4; B, 0 0 0
* k% Dj * ok %
*x x o+ 0 *x x x
0 x *x 0 * *x x]
Again
[ Ws(j)-1]
0
A= . , Dj=[00 Ows(j)”n]
L 0
and
r 0 1
Wy O
Wy(j)+1 0
B].= s(J)+2
L Wijpom— O
We also consider the partial isometry
. (00) [J]
Uy: = #, U, -strong-hmltZUP(s(j sG)42m)

m—o0

j=1

and let U be any extension of U, to a unitary in % (# () ). The construc-
tion of U was made possible by condition (4) above, since U E“] —1,s(j)+2n41)
orthogonal to E ) ensured that U, has 1nﬁmte cokernel

[(TZQ(j—l) ,29(j—1 0l

J J )

Now VU|E} e = VU, |E3m S 1+2m (as all U,’s have orthogonal
domains and ranges when restricted to E () +2n)) . Moreover, since each C i

acts upon a space orthogonal to that acted upon by any other C IR j#j, we
may consider the operator

m-—oo

m
C = strong-limit Z C
=1

and note that ||C|| =sup{||C;||: j > 1} <J +e.
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We then observe that

IV + U -UuwhpllL Ll
= (v +C)U, - UuwhpdL
=V + O, - Uw =Rl
=V +C)yUu—uw =P

= O, .] Z 1'
This implies that U has simultaneously embedded infinitely many copies of
each w,,,, k € Z into V. For given k € Z, it follows from our construction
of L that s~'(kn+ 1) is an infinite set, say s (kn+ 1) = {j,:t>1}. Fur-
thermore, the spaces F k) = UE[kn 1k +2)n +1) t > 1, are mutually orthogonal

with bases { f1 , f2(n +1} where f Uekn ., on which (V' + C) acts
by
v+ 0" —wk,,+,f“‘ " 1<r<am, kez, t>1.
Now the action of (¥ +C) restricted to {£*:”, ..., £} and {f**""

- f,fk“ ")} satisfies the hypotheses of Berg’s Theorem as described in §2. 1.4,
and hence we may apply his process of gradual change simultaneously on each
of those mutually orthogonal pieces to obtain a new shift operator ¥’ which
acts upon an orthonormal set {g(;,1),..1» &s1ms2s -+ » &stymen} With weights

{w (k+1)n+1> Wikenyne2s o (k+1)n+n} Where

(1 — ¢k, (0 (k+1,1)
(1) g(k+1)n+l n+l1 and gk+1 n+n fn ; and

(2) g((ltc)-e-l)n+r € span{ nir! ’ f;(kH t)} .
Of course, this technique also produces a second operator J which acts upon
#') o span{g"} iez.i>1» J @ direct sum of cycles and other shifts. However,
the precise structure of J does not come into play here.

We also know from Berg’s Technique that 5(1/ +C)(V') <mn/2(n-1). In fact,
closer examination of V' reveals that for fixed ¢, V' restricted to the span of
{ gf” }iez 1s @ weighted shift with weight sequence {w,},., as well as being a
direct summand of V', and as such V’|span{ g,m} icz = W . Since this is true
foreach t>1, V' = w'™,

Combining these results, we get

~ ! ~ (o)
V=i V+C=Z -y VoJ=W " el
Thus &, (W) < (6 + n/2(n — 1)) + €. Since &¢ > 0 was arbitrary, J, (W) <
d+mn/2(n-1). O
As to calculating an upper bound for (5,‘),(W(,, . +2n)) , we note that an elemen-

tary one is obtained from considering d((w,_, , w,, Wyyys oo W, 00) > Sanea V)
= sup, € v W1 rv2m) = Vi isansnll - Tt 1s strong enough to produce

Vi, i+2n+1
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the following results, of which Corollary 2.2.13 and Proposition 2.2.14 were
already known.

2.2.12. Corollary. Let n > 2 andlet V' be an invertible bilateral weighted shift
satisfying ¥ 5,0 V =" 3n2 V- Then

d# W), 2V <af(n-1).
Proof. We note that 5,",(1/(“”2”)) = 0 for all ¢t € Z as is made clear by the
above remarks. By our Theorem, 6,",(V) = JV(V(‘X’)) <mn/2(n—1). Thus

Ve eV er2 v er ey

~ (00) ~ /()
=7z/2(n—l)V @V—‘—‘V .

We conclude that d(%(V), Z(V®)) <=n/(n-1). O

2.2.13. Corollary. Let V be an invertible bilateral weighted shift satisfying
S, V=Y V forall n>1. Then V = V'™,

Proof. By the above corollary, d(%Z(V), # (V™)) < n/(n-1) forall n>2.
Thus d(Z(V), ?/(V(°°))) = 0. By Voiculescu’s Theorem [Vcu], given ¢ > 0
there exists U unitary and K compact, ||K| < ¢ such that V = UV U +
K. O

2.2.14. Proposition (O’Donovan). Let W and V be invertible bilateral
weighted shifis satisfying 3 W =3 V forall n>1. Then W= V.

Proof. We first consider the case where ) V # Zfl V for some n > 1. As-
sume the vector (x,,..., x,) occurs only m times as an element of E: V=
> 2 V\ Zi V. That is, there exist exactly m distinct integers ¢,,f,,...,1,
for which (v,i, Uy g e s v,‘+n_1) = (x;,...,x,), 1 £i < m and there also
exists 7 > 0 such that for k ¢ {¢,,¢6,,...,8,}, (U, Vpyrsevvs Vpyn) =
(Xy5 ..., x,)|l > t. Then by choosing N large enough, (N > max, . ¢, |2, +
n will do), (v_y,...,v,) contains all occurrences of (x,,...,x,). More-
over, this means that (v_,,...,v,) occurs only once in ), ,V and if
k # —N then [[(v,, Uy s --rsVpoy) = (V_p» ..., Uy)ll > 7. In fact, any
string of weights (v,,...,v,) where r < —N and s > N is also unique in
> s_rs V', since it contains (v_p,...,vy). Now (v_p,...,v,) matches
up with (w,, ..., w,,,y) for some ¢ € Z by assumption. If the choice of ¢
is not unique, let ' € Z such that (V_ps e sUy) = (W .oo, Wy ,y) and
{' #t. Choose M > (|{'|+|t|+2N). Then (w_,,, ..., w,,) is a string which
contains two distinct substrings arbitrarily close to (v_,, ..., vy). But from
above, any string of length 2M + 1 in 3_,, |V contains at most one copy
of (v_p,...,vy), a contradiction. Thus the choice of ¢ is unique. But it is
now not too difficult to see that this pairing forces the pairing of (v,, ..., v,),
r < —N, s > N with its unique counterpart in ) W . Clearly then, all

s—r+1




UNITARY ORBITS OF WEIGHTED SHIFTS 597

the weights of W and ¥V must match up (i.e., let s —» 0o, r = —o0) and so
" ; V=YV =YW =X, W forall n> 1, then 55(W, ) =0
and 6:,,(1/(,’“2")) =0 forall n > 1. By Theorem 2.2.11, we may conclude that
8, (W)=0=4,,(V).
Applying Proposition 2.2.4,
dZ(V), Z(W)) <28, (W) +6,,(V)) = 0.
But then V' = W by Voiculescu’s Theorem [Vcu]. O

That the converse of this Proposition is true follows from the work of the
next section on lower bounds for d;, (W) .' The above results combine to give

us our main Theorem for upper bounds. For X, Y C C", let dE(X ,Y) =
sup, ¢y inf,cy [1X = ¥l -

2.2.15. Theorem (Main result for upper bounds). Let W and V be invertible
bilateral weighted shifts and let

8, =max{d" (X, ., W, Y302V)s 45 (ZiaV s TinraW))
Then
dZ\V), #W)) < ’i,gg(45,, +2n/(n - 1)).

Proof. Fix n temporarily. Now dt (2om +2W,Z‘2’n V) £ 4, implies
8y (W, roam) < 0, and d5(%,,,, V', 55,., W) < 8, implies o}, (¥, <

t,t+2n) t,t+2n)) =
d, . By Theorem 2.2.11, S, (W) < 6,+mn/2(n—1) and Sy, (V) <6, +m/2(n—1).
From Proposition 2.2.4,

d#Z(V), %(W)) <220, +n/(n-1)).
Since this is true for all n > 2, the result follows. O

2.2.16. Corollary. Let W and V be invertible bilateral weighted shifts satis-
fing X, W =3 W and Y,V =Y.V forall n > 1. If d,, represents
Hausdorff distance in the [°°-norm on C", then

d@(V), Z (W) < 4inf (dy (CpraV s TaniaW) +7/2n = 1)).

Proof. Immediate. O

3. A LOWER BOUND

3.1.1. In general, it is clear that for ¢, r e Z,

5,(W)28,(W, ),

ISee the remark at the end of §3.1.7.
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since the same unitary that serves to embed W in V' will embed the restriction
of W to a finite dimensional subspace. Moreover, if W =, W , then it is
immediate that (o)
e oo
JV(W)=5V(W)=5V(W )s

and

(00)
5V(W(t,r)) = 5;(W(t,r)) = (SV(VV(t,r))'

(In fact, the latter equations hold true if we only require (w,_,, w,, ..., w,) €
Zf_ +2 W.) We note that for any unitary operator U,: # — #,
o,W)= inf |V-UWeU|<|V-UWU,|.

U unitary

JEB(¥)
(Consider J acting on a zero-dimensional space, i.e., J absent from the left-
hand side of this equation.) Since this relation holds true for d,,(V) as well, it
is clear that

A (V), (W) 2 max(8, (W), 6,(V)).
Thus any lower bound for 6,,(W(”)) is automatically a lower bound for
dZWV), ZW)).
The purpose of this section is to find a lower bound for 5V(W( [ ,)) based once

again on the distance d(3}_,_,,, W, >_,_,., V) between the unitarily invariant

subsets 3, _,.,W and ¥, .,V of R,

3.1.2. The unitary U in the norm estimate |U'VU - W| = |[VU - UW||
intertwines V' and W and sends the original basis {e;},., to a new basis
{f; = Ue;},cz- Each f; can be thought of as an averaging of the e,’s, and
consequently the action of V' on f, “averages” the weights of V', although it
does more.

One might therefore expect that if, for example, w, = 3/4 and v, = 1/2,
v, = 1, then one could use a unitary U which takes e, to, say, f, = \/7/12e,+
V/5/12e, so that ||[VUe,|| = |V fil| = 3/4 = |[UWe,| = |We,||. Thatis, U
averages the values 1/2 and 1 by the proper /,-combination to produce a weight
of 3/4. The next Lemma shows us that averaging weights v ; of V' which are
far away from a given w; in order to approximate w; produces a large value
for VU -UWT|.

3.1.3. Lemma. Let f =3, ,Ae;, |fl =1. Assume that there exist ¢ > 0
and 6 > 0 for which (Zlv _wlz(slllj]z)l/2 > ¢. Then ||V*Vf—wff|| >
A=+ e,

Proof. First note that V'V f=5 . 4 v’e.. Thus

JEZTjTITI

r—t+2

12

wvr-wisz|l )41 e el

|vj—w,|26




UNITARY ORBITS OF WEIGHTED SHIFTS 599
But |v i w;| > ¢ implies that

2 2 —1,-1 —1,-1
|v] —w} | 2 (v, +w) v, —w, | > (VI + W78

Thus
1/2

* 2 -1,—-1 -1, -1 2
W vi—w AzAv I+ e | S 144

|v,—w,|>6

|"Hde. O

-1, -1

>V W

3.1.4. Notation. Because we shall have frequent occasion to use it in the sequel,
we write 8= (1/2)(IV™"I7" + W)

3.1.5. Lemma. Let U be a unitary operator taking e; to f,=Ue,, t<i<r,
and assume

(1) there exists iy, t < iy <r such that f,.0 = ez My, J)e;; and
(2) thereexist € >0 and 6 > 0 such that (Elv,--wiolzﬁ | AGiy j)|2)1/2 >e.
Then
max{|(VU - UW)P, .||, |(V"U-UW")P, |} > Bde.
Proof. From the previous Lemma, we know that
V'V S, —w f, | > 2B3e.
Thus |(V*'VU-UW" W)e, || = 2Bde , or equivalently
WU VVvU - W*W)e,.oll > 2pBde.
It follows that
W(uvuoyuvu - We, + (U'v'u - W*)We,-oll > 2Bd¢
so that
max{||U" V" U(U" VU - W)e, |, WU v u - W*)wioeiOHH} > pde.

But € .1 € E( and w; < 1 so that
0 0

t,r)
max{||(U"VU - W)P, ,II, (U V'U-W")P, ,lI} > Bde,

which is equivalent to our claim. 0O

3.1.6. Thus what goes wrong is not our inability to approximate the weight w,
but rather to simultaneously approximate both the weight and the shifting from
ffo to f,.0 +1- These observations lead to the major result of this section.
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Theorem. Let W and V be invertible bilateral weighted shifts and let n > 0.
Assume d((w,, ..., w,), >, V)=06>0. Then

8, (W pun) 2 Co(W)min{1/n, 8/Vn},

where (1)1
||
C;(W) — B” __(,,_2)“ —.
1+ BIW =
Proof. First we recall that d((w,, ..., w,), >, V) is taken in the [*-norm of

R" . We now suppose that we are given 7 > 0 and a unitary U such that
max{||(VU - UW)P, I(V'U-UW™)P g n+l)”}

(1 ,n+1)”
=e<(1+ T)éV(VV(l,nH))‘
Let f, = Ue,;, i € Z. In particular, we shall be concerned with
fi=z,1(i,j)ej+(i_l), 1<i<n+1.
JEZ

We associate with each index j the sequence (vj, Vjps o5 V) +(n—l)) of
n-consecutive weights from V. Clearly, since d((w,,...,w,), )., V) =94,
for each j € Z we can find a number m(j), 0 < m(j) < n— 1 for which
|v iemG) ™ Wism()) | > ¢ . This leads us to consider the quantity

||((’Uj o ’UH_m 1/w| "U)m(j))).(l P j))jEZ - ('1(1 + m(j), J))jez“

Now

I(vj" Vi tmijy-1/ Wy "wm(j))'l(l’j)_'l(l+m(j)’j)I2

m(j)—1
[Z I”;+z V=1 Wigr wm(j)“(vj+(i—l)/wi))‘(i’j)—’l(i+l’j)l
2
+|(’U,+m 1/'wm(j)l(m(j),j)—l(l+m(j),j)|:|

) m(J)
< m(j)|w "I [Z | (0, o /WA, J) = Ai+1, ) | ZJ

i=1

(by the Cauchy-Schwarz inequality)

n—1
< (- WP [le,-ﬂ,-_,)/w,-)aa, J)=AMi+ 1, f>|2] :

i=1
At this point we observe that ||V Ue,— UWe,| < ¢, thatis, |V f,-w,f, || <¢
for 1<i<n.Thusfor 1 <i<n,

1/2
|:Z|Uj+(,‘_1)'1(iaj)—wi'1(i+laj)lzJ <e

JEZ
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or equivalently,

Zl Vipiony/ WA, J) — A+ 1, J| <w; < W
JELZ

1,2 2
[I7e”.

Continuing from above,

“((UJ ’UH_m 1/w| "wm(j )}‘(1’j))j(:-z_(}-(1+m(j)’j))jez”2

=3 @) Vit /W1 W DAL J) = AL+ m(), )]
JEZ
<Y (- [El e WAL ) = A+ 1, J)Il
JEZ
< (n- 1w [EZ | (W, ey /WDAG, J) = A+ 1, )| 2}
i=1 jJEZ
n—1
<(n-DIwT PP e
i=1
< (=D TPP e

so that
(0 iyt /W1 Wi VAL D) jeg = AL+ M), 1)) e
—(n=2 -1
< (=D 2w e,

Furthermore,
. —(n—1),,—
(Vg1 /W1 W DAL, D) jegll 2 1V
Combining these two mequahues and applying the triangle inequality,
A+ mG),s ) jegll 2 V"7 = = 2™ e

Now 0<m(j)<mn-1.For 1<i<n,let F(i)={j: m(j)=1i-1}. This
allows us to rewrite (A(1 + m(Jj 7)s 7)) ez as (A0, F(i i), - Since

1

—(n—=1),,—1 —(n-2 -1
G, FONL N2 1V " — = 0w "2 e,

there must exist i, 1< i, < n for which

1/2
[ 3 AdGy, j>|2} > (1VV " IT — = 2w e,

JEF(iy)

We now apply Lemma 3.1.5 to fi0 to conclude that

e = max{|(U'VU - W)P

(1,n+1)|| s ”(U* V*U - W*)P(l,n.,.])”}

> B8/ Vm) V" = (= ) i e,
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or equivalently,

e > BV " A - (1 + Bavalw TP W L
Then if 6 > 1/y/n,
e> BIV " (vn/8) + Briw TP Nw T I > cpw) /n.
If 6 <1/yn,

e> BV "1 v + gevaw TR )
> C(W)3/V/n.

Finally, since ¢ < (1 + r)(SV(W(l ,n+l))’ by letting 7 — 0 we find that

8y (W ni1) 2 Cp(W)min{1/n, 6/v/n},
as required. O

3.1.7. Recall that d¥(X, Y) = sup, ¢y inf ey [Ix = yll,, X, Y € C". The
analogue of Theorem 2.2.15 for lower bounds then takes on the form:

Theorem. Let W and V be invertible bilateral weighted shifts and let 6, =
max{d®(>, W, ¥, V), d5(Z,V, S, W) =d, (S, W, 5, V). Then
d#(V), #(W)) 2 sup{min{C},(W), Cy,,(V)}-min{1/n, ,/v/n}}.
n>2
Proof. Immediate from the previous theorem and the comments of §3.1.1. O

The need to consider min{C,(W), C,,(V)} arises from the fact that, in gen-
eral, for m # n it is possible to have dE(En W, V)> dE(Zn V,>¥. W)
and dE(Em W, V)< dE(Zm V., >, W). The value J, of Theorem 3.1.6
is then a measure of J, (W), while J,, is a measure of d,,(V). We must there-
fore apply Theorem 3.1.6 to estimate the correct embedding.

Remark. The converse of Proposition 2.2.14 (O’Donovan’s Theorem) now fol-
lows immediately from Theorem 3.1.7. For if there exists n > 0 for which
Yo W #>,V,then 6, >0 and so d(#Z(V), Z(W)) > 0, from which we
conclude that W is not approximately unitarily equivalent to V.

3.1.8. The lower bound produced by Theorem 3.1.7 is unfortunately not always
the greatest lower bound (cf. Example 1, Example 2). The difficulty stems from
trying to determine how much one can “average” the weights of V' to minimize
the estimate of ||[(VU - U W)P(t’,)|| without running into too much difficulty
with the adjoint estimate of ||(V*U — UW™)P, |l (cf. Lemma 3.1.5). If the
n-spectrum of V is a tractable set, then one can achieve a stronger result which
subsumes Theorem 3.1.6, namely,

3.1.9. Theorem. Let W and V be invertible bilateral weighted shifts and let
n>0. Assume d((w,, w,,...,w,), »,V)>6,>0. Foreach j€Z, let
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B,(j)={i:1<i<n, |”1+z 1y
{1, 2, ..., n} which satisfies

(1) B,(j)nA, #D foreach j€Z;and

(2) if A, is another subset of {1, 2, ..., n} which satisfies condition (1),

then |A;| >4,
We may conclude that
8y (W) 2 6,(W,; 1) 2 Cp(W)min{1/n, s, /\/14, |}

Proof. As in Theorem 3.1.6, let 7 > 0 and choose a unitary U such that
max{||(V'U - UW)P, (VU - UWP, .l =< (1+71)8,(W).

As before, let Ue; = f;=3,.,4(i, j)e;,;_;), 1 <i<n+1. For each jEZ
select the smallest element of B,(j)N 4, and denote that element m,(j).
in the proof of Theorem 3.1.6, we can obtaln the inequality

A+, ()5 1) g 2 IV = = 1w ™2 e
J

Since |{m,(j): j € Z}| < |4, |, there must exist iy € {m,(j): j € Z} such
that

—w;| > 46,}. Also, let A, be a subset of

1,n+1) ”’

—(n—1 —(n-=2 -
VoD — (= w2 e

1AGy, m- i)l 2 |
[4,]

By Lemma 3.1.5,
W — = )2 e
|4,]

Let &, =d,1/n/| 4, |. Then the proof of Theorem 3.1.6 shows that

BS,.

oy (W, a, n+1)2C$(W)min{1/n //\/_}

= Cp(W)min{l/n, 6 AVAV: N | s
3.1.10. For any 0 < 7 < 1 we can choose k = k(1) € Z such that
d((wy, Wy, s .- s Wt (n— 1) s a V) >rd W, V).

We then see that we can replace J, in Theorem 3.1.9 by 1d® WL, 2. Y)
to obtain a lower bound for J, (W) . By then letting 7 tend to 1 and by taking
the supremum over n, we obtain the estimate

8, (W) > sgp{C,'ﬁ(W)min{l/n, & w, TN, -

Moreover, if we replace |4,| by n, the maximum value |4, | can achieve
in any case, then we reobtain Theorem 3.1.6. In this sense, Theorem 3.1.9
subsumes Theorem 3.1.6.
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The seemingly awkward formulation of Theorem 3.1.9 does not prevent it
from being of practical use as we shall see in the examples of the next sec-
tion, where it yields “optimal” lower bounds—“optimal” up to a factor of
min{C}(W), Cy,(V)}.

4. EXAMPLES

4.1.1. As mentioned in §3.1.8, the lower bound of Theorem 3.1.6 is not always
optimal. Our first example illustrates a case where our general upper bound
is on the correct order of magnitude, but for which we must turn to Theorem
3.1.9 for a good lower bound.

4.1.2. Example 1. Let 6 >0, m > 2 (m even for the sake of convenience),
and consider the shifts W and V' whose weight sequences are as below:

w,=(1-06), i€e2m-1Z; v,=(1-0), i€2mi;
w, =1, i¢(2m—-1Z; v, =1, i ¢ 2mZ.
As usual, We, = wie,,,, Ve, = v,e,, for our orthonormal basis {e;},., and

we extend W and V by linearity and continuity. Then W and V have
periodic weight sequences with respective periods:

W:(1-6)11-.- 1 (with2m — 2 consecutive 1’s),

and
V:(l-0)11---1 (with2m — 1 consecutive 1’s).

It is then immediate that )., W =Y W and ),V =3V forall n > 1.
We first examine the question of obtaining upper bounds.

4.1.3. To apply Theorem 2.2.15, we note that for n > 2,

6, = max{d" (X, W, X5, V), d°(,,V, S0 W)}

B { 0, n<m;

“1ls, n>m.
Thus

d# V), % (W)) < min {Zr<nin (0+27/(n—1)), inf (46 +27/(n - 1))}
<n<m n>m
< min{2n/(m —2), 46}.
Direct observation shows that || — V|| =J, and so in fact we obtain
d#(V), % (W)) < min{2n/(m - 2), 6}.

4.1.4. This example admits an interesting analysis. If, on the one hand, the
minimum is J , then what we are saying is that 1/m is relatively large compared
to J,i.e., m is small and so we do not have a long enough string of consecutive
1’s to apply Berg’s technique effectively. In other words, it “costs less” to simply
change the weights. On the other hand, if the minimum is 2z/(m — 2), then
we have a situation where (1 —0) is relatively far from 1. This time the length
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of the string of consecutive 1’s is long enough to apply Berg’s Technique as in
Theorem 2.2.11 effectively without necessarily changing the weights at all.

4.1.5. As for calculating a lower bound for the distance d(?/ 2 ), ?/ ),

consider the estimate d(W ,,_,, =(1-4d,1, y 2om V). Now
Y, V contains only blocks identical to
Vom,am-1) (1_5 1 s 1)
Vam-1,am-2 = (1, 5’1’-“’1)
Vi gm =, 1,...,1,1-0)
while W0, 2m-1) = (1-4,1,...,1,1-4). Here then is an example of when

the 2m-spectrum of W is tractable enough to apply Theorem 3.1.9.
Borrowing the notation from that Theorem, if we let 4, = {1, 2m}, then
it is clear that

(1) B,,(j)NnA,, #2 for j€Z; and
(2) there is no set A'2m of cardinality 1 which satisfies condition (1).
Applying Theorem 3.1.9 to our case,

dX(V), #(W)) > 6,(W) > C)"(W)min{1/2m, §/V2},

where
—-@2m-1)-1
C2m W) = ﬂ“V “
O R
_ (1-6)(1-20) _(1-9)
1+ (1-0)(1-06)"'1=-8)"" (2-9)°
Thus,
a@ ). 2 W) 2 5= ‘; min{1/2m, 3/V2}.
4.1.6. Combining this with the upper bound,
3
((‘2 ‘?) min{1/2m, 3/V3} < dZ(V), % (W)) < min{2x/(m — 2), 6}

Modulo the (seemingly unavoidable) factor of (1 — 5)3 /(2 — J) arising from
C,z,’" (W), the upper and lower bounds are on the same order of magnitude.
Note that Theorem 3.1.6 would have given us

A V), #(W)) > (1-6)7/(2-6) -min{l/2m, §/V2m},

a much less accurate estimate.

4.2.1. We now wish to examine an example where the value of 6V(W(M +2n))
depends upon our ability to “average” the weights of V.
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4.2.2. Example 2. We consider the following (n + m)-tuples b, , b,, ..., b,
(m > n > 0), each meant to represent an element both of Z( W and of
E(n+m) V. The last m weights of bj, 1<j<n,areall 1/2.

b= (1-6) 1 1o 1

n+m)

SEIERNE
bn = 1 1 1 (1- 5) % % %
Also consider the (n + m)-tuple
bO = 1 1 1 R 1 % % e %,

which will be an element of 3., W, butnotof 3, V. Again, the last

m weights of b, are % As in the previous example, d > 0 and m is even.
In fact, we shall construct our shifts W (resp.V) from the blocks b,

b,,...,b, (resp. b;, by, ..., b ) in such a way that
(1) b; € Z(n+m)W (resp. E<n+m> V) for 0<j<n (resp. 1 <j<n),
and

(2) E(n+m) W= E€n+m) w (resp. E(n+m) V= Z(en+m) V) :

We construct V', for example, in the following way.

There are n' distinct strings of length ¢ (i.e., of ordered t-tuples) of the
blocks b;, 1 < j < n, each, of course, corresponding to a string of length
t(n + m) of weights for V. Let L, be a listing of the n' strings of length ¢:
L ={lj, 0, ..., I} . By concatenating the strings /!, 1 <r < n', we obtain a
new string S, =/ --- I\, of weights for V' of length n'-¢-(n+m). We then let

V' be the weighted shift whose weight sequence is obtained by concatenating
the S, ’s as follows:

eSg 8, 0808, 8 S, 8 S, S
We leave it to the reader to verify that this works. A similar construction which
this time includes the block b, produces W .

The point of this example is to show that if our sequence of m consecu-
tive weights of 1/2 is long enough, say m > 26'1\/ﬁ + 4, then although the
Hausdorff distance d, (3, W, >, V) =4, (for (1,1,...,1) € X W and
d((l1,1,...,1), Zi V) =), by averaging the weights of V' in an appropriate
manner, we can obtain an estimate for d(Z (V'), Z(W)) which is on the order

of 6/yn.

4.2.3. We first consider 5:,,(.!/;,’, +m_2)). (We are assuming, for the sake of
convenience, that both m and n are even.) Let xe€ Y0 V =3, V. Since
V is constructed from sequences of the bj ’s (1 € j < n), and since any
such sequence must also appear infinitely often as a weight sequence for W,
dy(x) =0. Thatis, &y, (¥, ,,,_p) =0 forall ¢ € Z. From Theorem 2.2.11,

Sy (V) <7/2((m —2)/2— 1) = =/(m - 4) < (z/2) (6/V/n).
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As for y e 3, W = Y. W, either y € Y. V as above, in which case
d,,(y) =0, or y must contain a string of n consecutive 1’s. In the latter case,
y looks like:

-1 1 1 11 .. 1
Yy=13 2 ; 11 1 5 3 2

when the first r weights (for some 0 < r < m —n) are }, the next n weights

are 1, and the last m — (r +n) are 3.

We wish to show that Jﬁ(y) is on the order of d/\/n. To that purpose,

cpoo§e q(j) (1 < ,j < n) € Z such that ¢; = Vigliy+1, aliysm) * 1<i<mn,
yielding

e e T L DR N B S SR
S I T U ST )R AP TS O S
¢, = % % % 1 1 o1 (1-9) % % %

Again, in each case the first r weights are % Our construction of V' allows
us to assume that the underlying spaces for the ¢ g ’s, 1 < j < n are mutually
orthogonal. That is, we assume

la()—a(/)|>2m, 1<j#j <n

Now consider the vectors

fi= Zl/f s L<s<(m+1),

Jj=1

Then ||f] =1, 1 <s<m+1,and (f, fu) =0, s # s since |q(j) -
q( j')| > 2m, j # j'. We wish to examine the action of ¥ on the space
F =span, .., ,{/;} relative to this basis. We obtain the following:

Vi=1/2f,,, 1<s<r,
Vi=12f,, (+n+l)<s<m.
Similarly
f;+l 1/2f 1<s<r,
V=12, (r+n+1)<s<m.
Asfor r+1<s<r+n,weseethatif s=r+p, 1 <p<n,then

st =V ( Z (1/\/_) r+p)) +V( (l/‘/—) q(p)+( r+p))
j=1,j#p

= Z (l/ﬁ) eq(j)+(r+p+l) +(1- 6) (l/\/ﬁ) eq(p)+(r+p+l)'

J=1,j#p
Thus

V£ = £l = 11(8/Vn) €y rapinyll = 3/ V.
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Also,
IV for = £ =1(0/Vn) e srimll = 3/ Vn.
If we let Q = max,_; Sn{l q(j)|+2m}, then we can make the further obser-

vation that V' F C span{e} 0> a “finite- e;-space”. Now y = (w,, w,,, ...,
Wy m—1) ) forsome ¢ € Z, and if we let U beaumtary which takes e, — f;_
t <i<t+ m, then we have shown that

IVU = UW)P s ol < 8/V0,

t+1°

and
“(V v-uw )P(t+1,t+m)“ S 5/\/5

Since 3,V = X, V', we conclude that &; (W, ., < é/vn for all
t € Z . Appealing once more to Theorem 2.2.11, we conclude that

Sy (W) <8/vn+m/2((m=2)/2~1) < (2+71)3/2V/n.
Then by Proposition 2.2.4,
d#(V),%W)) <2(nd/2vVn+ (2+m)é/2vn)
< (24 2n)é/Vn.
An easy, but nonetheless significant observation, is that
W= EZ—IW = Ei—lV =2V
so that
3y (W iine3n) = 0= 05V 1inosy)
for all £ € Z. From Theorem 2.2.11,
o, (W) <m/2((n—-2)/2-1)=n/(n—4), &p(V)<n/(n-4).
Again, from Proposition 2.2.4,
dZV), #(W))<2(n/(n—4)+n/(n—4)) =4rn/(n — 4).
In conclusion then,
d#(V),# W)) <min{(2+2n)d/Vn, 4n/(n - 4)}.

4.2.4. To calculate a lower bound for this example, we simply appeal to Theorem
3.1.6. In our case, d(}_; W, Y. V) =4. Thus

d#(V), % W))>C,(W)min{l/n,é/vn}
where
gV
L+ BIW == 2w
(1/2(1/2"" !

W) =

T+ @Ha+2Y)
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That is,

A V), (W) > )min{l/n,é/\/ﬁ}.

(2M)(1 42" 2
Again, we see that modulo the factor of C ,’j(W) , the lower bound and upper
bounds are on the same order.

5. THE NONESSENTIAL #-SPECTRUM

5.1.1. Proposition 2.2.4 provides us with an estimate for d(%(4), Z (B)) which
depends solely upon d5(B) and d5(A). It is possible, of course, to have two
weighted shifts W and V for which d(#%(V), % (W)) is small, and yet d,,(W)
is large. An easy example is found by considering W = V where Ve, =
1/2e,,,, i#0 and Ve, = e, . Clearly 8, (V) =1/2 whereas d(Z(V), #(V))

In [Davl, §5] Davidson produces an example of operators A and B for
which J,(B) and dy(4) are small, and yet d(#(A4), Z(B)) is large. His
example can easily be converted to an example of invertible weighted shifts
satisfying this property.

5.1.2. To be precise, we are considering the adjoint of the example given in the
aforementioned paper. Similar to the case there, we let J = [93] € M,(C) and
n > 1 be a positive integer. Let F, = Z;]l(k/(n -1))J and G, =0, 6 F,
in M, ,(C) and M,,_ (C) respectively. Let 4, = J & F, ® J™ and
B = J® g G, J©) 1t is shown there that for all n > 1,

(1) 8 (4,) =0;

(2) 6, (B,)<1/(n-1);and

(3) d(#(4,), #(B,)>1/V5.
Choose n > 101 sothat 0 < 1/(n—1) < 1/100. Now 4, can be thought of as
a noninvertible weighted shift, every second weight of which is zero. Similarly,
B, is a weighted shift with zero weights at every second position, except on the
space where J & G, acts, where two consecutive weights are zero. Consider the

weighted shifts W, and V, derived from A4, and B, by perturbing the zero
weights to 1/(n—1). Then W, and V, have the weight sequence—for W, :
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and for V) :
1 1
w-n ' w-n
v ) Uy Uy Us Vg
1 1 1 1 2 1
(n-1) (m-1) (n-1) (n-1) (-1 (n-1

U2n—3 v2n—2 ,U2n—l v2n U2n+l
n-2 1 1

1

(n—-1) (n-1) ! (n-1)

If we subtract from W, a shift X whose weight sequence {x},, is

x;=1/(n-1), i odd;
x; =0, i even;

then we find that W, — X = 4
d\v,,#(B,)) <1/(n-1). Thus

dzw,), %V,

>d#(A,), % (B,)-d%W,),%4,)-d#V,), %B,))
>1/V5-2/(n-1).

Clearly || X|| = 1/(n — 1). Similarly,

n-

On the other hand,

n gl/(n—l)An
¥ n-1y B,®J  forsome J € Z(¥)
F -y V@

and so dy, (V,) < 3/(n—1). Similarly, J, (W,) <2/(n-1).

5.1.3. This demonstrates that an operator-theoretic analogue of the Schroeder-
Bernstein Theorem for embeddings of operators into each other fails even
for weighted shifts. The question of determining optimal estimates for

. e e .
dZ(V), #(W)) in the case Y, W # >, W and )} V # > V is there-
fore seen to be quite subtle.

5.1.4. We conclude by mentioning that results for unilateral shifts have also
been obtained. In the case where the weights {w;}, and {v,}, are all
bounded below, one must also take care to approximately match the kernels of
W and V, and hence any intertwining unitary must send the basis vector e,
(acted upon by w,) approximately to f, (acted upon by v,).

We state these results without proof. The interested reader is referenced to
[Mar]. But first we define some notation.
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5.1.5. Notation. Given a unilateral weighted shift W which we may assume
possesses nonnegative weights {w,} ., , we let Wi =W, ..., w,).

Wealso let >0, W ={W; ;1) 12 1}7" and T/ W consists of the set
of accumulation points of ) W .

Finally, we set W = inf {w,---w,,_,}, in analogy to V="~ for
invertible bilateral weighted shifts V.

Armed with these definitions and notations, we obtain the following results:

5.1.6. Proposition. Let W and V be unilateral weighted shifts and set f =
(VL +WL)/2. Foreach n>2,let 6, =d (X, V, ¥, W) and let

BV )
221+ BT W)Y

inf i

D, (W) =

Then
d@(V), #(W))

> max {sup(amax(D] ()., Dfy (V) (min{1/(n = 1), Wy =¥, 1D

sup (V2. (min{ D} (). D}y (¥} (min {1/, 8,/v7) }.

5.1.7. Theorem. Let V and W be unilateral weighted shifts such that for all
n>1, Y V=y'Vand 3, W=3:W. Let

6, = max{d"(,,V, S, W), d° (T, W, T, V)}-
Then
d@(V), #(W)) < inf{17/2(n - 8) + 3max{5,, [w, , =V, »I}}-
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