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WEIGHTED INEQUALITIES FOR MAXIMAL FUNCTIONS
ASSOCIATED WITH GENERAL MEASURES

KENNETH F. ANDERSEN

ABSTRACT. For certain positive Borel measures 4 on R and for T, any of three
naturally associated maximal function operators of Hardy-Littlewood type, the
weight pairs (u, v) for which T# is of weak type (p, p), | <p < o0, and of
strong type (p, p), I < p < oo, are characterized. Only minimal assumptions
are placed on u; in particular, 4 need not satisfy a doubling condition nor
need it be continuous.

1. INTRODUCTION

Let u be a positive Borel measure on R which is finite on bounded sets. Note
that u is regular [10, p. 208]). The maximal function operator M, is defined
for locally integrable f and x € R by

1
M, 60 = sup s [ 1f1du,

the supremum being taken over all intervals / containing x. The one-sided
maximal function operators M : , M ; are defined similarly except that the
supremum is taken over intervals of the form [x, x + 4) and (x — A, x],
h > 0, respectively. Quotients of the form 0/0 are taken to be zero.

If T is any one of these operators and 1 < p < oo, then the weak type
inequality

(1.1) / udu < Cl'p/lf|"'udu Vf e L (vdy)
{x:Tf(x)>A}

and the strong type inequality

(1.2) [irstudusc [1/vau vrer wdp

for 1 < p < oo are known to hold for u =v =1 (see [9, 2]). The purpose of
this paper is to characterize those pairs (¢, v) of nonnegative weight functions
for which (1.1) and (1.2) hold.
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Inequalities of this type are intimately connected with the differentiation of
integrals and are also of interest because of their application in obtaining bound-
edness properties of other operators commonly studied in analysis. Although
(1.1) and (1.2) have been widely studied, the weight pairs have been character-
ized only for measures satisfying considerably stronger hypotheses than those
assumed here.

If u{x}=0 forall xeR and T =M, iy B. Muckenhoupt [5] characterized
the two weight function pairs (u#, v) for which (1.1) holds and the single weight
functions u for which (u, u) satisfies (1.2).

E. Sawyer [6] characterized the two weight function pairs (u, v) satisfying
(1.2) for M, provided u satisfies a doubling condition.

For M: and M; , Sawyer [8] characterized (1.2) in the case u is Lesbesgue
measure, while F. J. Martin-Reyes, P. Ortega Salvador, and A. de la Torre [4]
treated (1.1) and (1.2) for u absolutely continuous with respect to Lebesgue
measure with (strictly) positive derivative.

Theorem 1 characterizes the weak type inequality (1.1).

Theorem 1. Let u be a positive Borel measure which is finite on bounded sets,
1 <p<oo,and u,v nonnegative weight functions on R. Then

(a) T = M: satisfies (1.1) if and only if (u, v) € A4, (), that is, there is a
constant K such that

e -ty M
(1.3) (/( b]udu) (/[b )v du) < Kula, c)
a, ,C

forall —co<a<b<c<oo.
(b) T = Mﬂ' satisfies (1.1) if and only if (u,v) € A;(u), that is, there is a
constant K such that

e ~e-n , \
(1.4) </[b )ud,u) (/( b]v d,u) < Ku(a,c)
€ a,

forall —co<a<b<c< .
(¢) T = Mﬂ satisfies (1.1) if and only if (u,v) € A,(u), that is, there is a
constant K such that

1/p —1/(p—1) 1/p'
(1.5) (/( b)udu) (/( b)v d,u) < Ku(a, b)
a, a,

forall —o<a<b< .

In each of (1.3), (1.4), (1.5), products of the form 0-oco are taken to be zero,
while for p = 1 expressions of the form ([ ,'u_'/ (P=1) du)”p I are interpreted as
p-ess.sup ., 1/v(x).

Examples of weights satisfying Ap( i, A;( u, A;(u) are easily constructed.
Note in particular that (u, u) € A;(/z) if u is nondecreasing, while (u, u) €
A7 (u) if u is nonincreasing. Further, 4, (u) = A;(,u) N4, (1.

Theorem 2 characterizes the strong type inequalities (1.2).
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Theorem 2. Let u be a positive Borel measure which is finite on bounded sets,
1 <p<oo,and u,v nonnegative weight functions on R. Then

(a) T = M, satisfies (1.2) if and only if (u,v) € S, (1), that is, there is a
constant K such that for every —oo < a < b < oo with f(_oo’a] udu>0

(1.6) / |M;x[a b)v—l/(p—l)]pudusK vV g < oo
[a,b) ’ [a,b)
(b) T = M satisfies (1.2) if and only if (u,v) € S_(u), that is, there is a
n p
constant K such that for every —oo < a < b < oo with udu>0
[b,00)

(1.7) / |M,:X(a,b]v_l/(p_l)|p“dﬂ <K v—l/(P—l)du < 0.
(a,b) (a,b]
(¢) T = M, satisfies (1.2) if and only if (u,v) € S (1), that is, there is a
] p
constant K such that for every —oo < a<b < oo

(1.8) / |M,,X(a b)v—l/(p—l)|pud# <K v-l/(p—l)dﬂ < 0.
(a,b) ’ (a,b)
For the single weight function case, ¥ = v, and p > 1, the inequalities (1.1)
and (1.2) are equivalent as the following theorem shows.

Theorem 3. Let u be a positive Borel measure which is finite on bounded sets,
1 < p < oo, and u a nonnegative weight function on R. Then

(a) (u,u) € A, (1) if and only if (u, u) €S, (u).

(b) (u,u) € A, (u) ifandonly if (u, u) €S, (u).

(c) (u,u) € A,(u) ifand only if (u, u) € S,(1).

The proof of Theorem 1 depends on the following lemma, of independent

interest, which generalizes a weak type inequality for operators of Hardy type
considered in [1, 7].

Lemma. Let u be a positive Borel measure on R which is finite on bounded sets
andlet 1 <p < oo.
(a) Suppose u[0, x1>0 forall x >0 and

1
Pl = 216,51 o

There is a constant A such that for all f € L?(vdu)

fdu, x>0.

udp < AA™°F lfPvdu

(1.9) /
{x20:|P, f(x)|>4} [0, 00)

if and only if there is a constant K such that

1/p _1—1) 1/p'
(1.10) (/ udu) (/ il du) < Ku[0, b)
[a,b) [0,a]

forall 0 < a< b <oo. Moreover, the smallest constants A in (1.9) and K in
(1.10) satisfy CA < K? < A for a constant C depending only on p.
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(b) Suppose u(0, x]1>0 forall x >0 and
1

P = — du, > 0.
S (X) 700 ] (ny]f U x

There is a constant A such that for all f € LP(vdu)

(1.11) / udusAA“’/ IfPvdu
{x>0:|P,f(x)|>4} (0,00)

if and only if there is a constant K such that

" ey, N
(1.12) (/[ b)ud,u) (/(0 ]v d,u) < Ku(0, b)
a, ,a

fJorall 0 <a<b<oo. Moreover, the smallest constants A in (1.11) and K in
(1.12) satisfy CA < K? < A for a constant C depending only on p.

The Lemma is proved in §2 and the proofs of the theorems follow in §§3-
5. The letter C will be used to denote constants, possibly depending on p,
which may not be the same from line to line. For convenience of notation,
when p>1,set 0 = v~ V@D The length of an interval J is denoted |J|.
An interval J with endpoints a < b which is open at a will be denoted by
(a, b};thus (a, b} =(a,bd) if J=(a,b) and (a, b} =(a, b] if J ={a, b].

2. PROOF OF THE LEMMA

We shall give the proof only for (a) since the proof for (b) is entirely similar.

Suppose first that (1.9) holdsand fix 0 <a<b<oo. If I = f[O,a] odu= oo,
Hélder’s inequality shows there is g > 0 supported on [0, a] with [ g’vdu <
oo but [gdu=oc0. Thus P g(x) =00 for x >a,so (1.9) forces [, . udu
=0 and (1.10) holds by conventlon If 0<I<oo,let f= X[o 4% - Then for
a<x<b, P f(x)> (ul0, b))~ f[o’a]ad,u (ul0, b))~ '7,so forall B < 1
(1.9) shows

/ wdu < A(u[o, )’ BN [ fvdu=A(u[0, b))’ B"1'
[a,b) [0,a]

and (1.10) follows since B < 1 is arbitrary. Thus (1.9) implies (1.10).
Suppose now that (1.10) holds. The Lorentz space L”*%(udu) , 1 <p < o0,
1 < ¢ < 0, consists of those f for which the quasi-norm |[|f]|, , < oo, where

(o g1 (0 ar) ™, g<oo,
11,4 =

1/p _
SUP;~0 (f{xzo;|f(x)|>/1} udp)’”, g=o0,
and f* denotes the nonincreasing, equimeasurable rearrangement of f onto
(0, oc). Thus,

X[a w)(') 1 </ )l/p
2 = Sup ———~ ud
wo, T | 7 e 0,5 U
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50 (1.10) becomes
X[a , 00 ) ( ‘ )

1/p'
od <K.
ﬂ[oa ] p,0o </[0,a] ﬂ) -

As in [7, Proof of Theorem 4], a duality argument shows that (1.9) is equivalent
to

(22) | ¢eduscalel .
(0,00) '

(2.1)

where 2(0)
G(x) = /[x’w) (1) du

for g>0, geL”l’l(udu).
Now
Zix o0)()
[, c) gl
ﬂ[o’] p.oo p

so (2.1) shows that G(x) < co whenever flo, x] odu > 0. Since (2.2) is trivial
if f[o,x]ad” =0 for all x, we may assume that x, = inf{x >0: f[o,x] odu >
0} < oo. Then G(x;) < oo unless f[o,xolad” = 0 and G(x) is finite and
nonincreasing on (x,, o) with lim G(x) =0. Hence (2.3) and (2.1) show

(2.3) G(x)< C

X—00
/ G’ adu=G(x,) / odu< CK’ gl
[0, x,] [0, %] |

and it suffices to prove
(2.4) / " odu < CK” || g||5: -
(g ,00) ’
For each integer j, set a; = inf{x > x,: G(x) < 2/ }. Then G(x) < 2/ for
X € (aj, oo) and

/[a,,a,_.l [0, t]u(t)d”(t) >27 if a;>x.

Let J={j: a;<a;_, } and set X=X, .a " Then

/ Gplaa’u=2/ Gplad,ugzszl/ odu
(xg,00) (a,.,a(,._l]

jeJ jeJ (0,a,_,]

([, ngitgsoso) ([ o)

'

X[a,--.,oo)(')lp (/ ad#)
u[0, -] }p’oo 0.a,_,]

< CZ”ng“ﬁ"j

JjeJ

< CKp Z ”ng“l,j’,]
jeJ
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by (2.1). Thus
/ G"odu<CK’|lgl) |
(Xg,00) ’

by [3, Lemma 2.5] since Y, jes Xj(x) < 2. This proves (2.4) and completes the
proof of the Lemma.

3. PROOF OF THEOREM 1
Suppose (1.1) holds for M;, and let —co < a<b<c<oo and I =

(Fp.0v ™"V dw)"" . 1f 1 =0, (1.3) holds by convention. If I = oo,
there is g > 0 supported on [b,c) with [g’vdu < oo but [gdu = 0.
Then M;g(x) = oo for all x < b so (1.1) forces f(a’b]ua'/,t =0 and (1.3)
holds in this case also. Suppose 0 < I <oc. If p>1,let f = OXp.c) SO
that M f(x) > I(u(a, )™ for x € (a, b]. Thus (1.1) yields f, ,udp <
cr'r (u(a, ¢))? whichis (1.3). If p=1,let ¢ >0 and select E C [b, ¢) with
u(E) > 0 such that v(t) < e+ for t € E. Then M;XE(x) > u(E)(u(a, c))_l
for x € (a, b] so (1.1) yields f(a,b]udu < C(e+Nu(a,c). Since ¢ > 0 was
arbitrary, this yields (1.3). This proves the necessity of (1.3) for (1.1) with
T=M;.

To prove (1.1) for T = M;, it suffices to consider f € L’(vdu) , £ >0
and of bounded support. Fix an integer N and for 4 > 0 set Q = QA’ N =
{x>N:M;f(x)>2}. Since M: f(x) is left lower semicontinuous and Q
is bounded, the component intervals I of Q are of the form (a, b) or (a, b]
for —co<a<b<oo.

Let I = (a, b] be a component interval of Q. Then there is bj \ b with
bj ¢ Q soforall c>b, f[bj‘c)fdu < A,u[bj, ¢) and hence also

(3.1) fdu<iub, c).
(b,c)

On the other hand, for x € (a, b] there is ¢ > x such that
(3.2) fdu>Aulx, c).

[x.0)
We may assume ¢ > b, for otherwise if

c0=sup{c>x: fd,u>lu[x,c)}§b,

[x,¢)

we have ¢, € Q so there is ¢, > ¢y with [l ., fdu > Aulc,, ¢,) and hence
f[x, ¢) fdu > A[x, c;), which contradicts the definition of ¢, . Subtracting (3.1)
from (3.2) then yields

(3.3) fdu>Aiulx, b} >0 VxE€ (a, b}
}

[x.,b
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for the case (a, b} = (a, b]; a similar argument shows (3.3) for (a, b} =
(a, b).

Suppose now that (1.3) holds and p > 1. Observe first that the Dominated

Convergence Theorem shows that (1.3) also holds if the intervals [b, ¢) and
(a, c) are replaced by [b, c] and (a, c] respectively. Thus

1/p 1/p'
(3.4) (/ udu) </ adu) < Ku(a, c}
(a,b] [b,c}

forall —-co<a<b<c<oc.
Now (3.3) shows

1
ICF= € (- ,b:——/ du>23.
{x (—o0, b} PR [x,b}XIf H }

A linear change of variable in the Lemma then shows

/udyg/udugCKfl_p/ xfvdu,
I F (00, b}

1 1/p 1/’
K. =sup ———— / ud ) </ od > s
! pu(d,b}< d,cl “ [c,b} #

the supremum being taken over d < ¢ < b if (a, b} = (a, b] and over d <
c<b if (a, b} =(a,b). In any case, from (3.4), K, < K and hence

where

/udusCKp/l_p/fpvdu.
i I

Summing over all component intervals / and letting N — —oo then yields
(1.1). This completes the proof of (1.1) for p > 1.

Suppose now that p = 1 and (1.3) holds. Observe first that (1.3) is equivalent
to M;u(x) < Kv(x) for p-almost all x.

For x € (a, b}, (3.3) shows that

<u-ess. sup v_l> fvdu > Aulx, b} >0,
[x,b} [x,b}

SO U-€ss. sup[xyb}v_l > 0. Then (1.3) implies f[x,b} udu < oo and Mﬂ_u(x) <
oo for p-almost all x € (a, b}. The weight

w(x) = p-ess. in’fb} (M, X4 pyt) V)

YE[x

is nondecreasing on (a, b} and w(x) < Kv(x) for p-almost all x € (a, b}.
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For a < a, < b, Fubini’s Theorem and (3.3) show

/[a,,b} fwdu=/[al’b}f(x) w(a1)+/[al‘x] dw(t)} du(x)

=ua) [ fdus [ dw) [ fix)du)
la, .b) la, b} 11,6}
> w(a,)A du +/ dw(t)A du(x)
[a,,b} [a,,b} [t,b}

= wdu.
la,, b}

Letting a, \, a yields
/ fwdu>2 wdpu.
(a,b} (a,b}
It will suffice to prove

(3.5) / wduz/ wdy
(a,b} (a,b}

for then

[ wdus[ wausi[ fwdu<D [ poan,
(a, b} (a,b} A Ja by A Jia, b}

so that upon summing over all component intervals (a, b} and letting N —
—00, (1.1) is obtained.
To prove (3.5), we first show that for fixed B < 1,

if x € (a, b} with w(x) > 0, either u{x} > 0 with Bu(x) < w(x)

(3.6) or 3y € (x, b} with B udu <w(x)ulx, y] < / wdu.

(x.y) [x.y]
To see this, select E C [x, b} with u(E) > 0 such that y € E implies
(M,,_X(a,b}u)(y) < w(x)/B. Then

(u(c, 1)~ /( Ko dn < (M 1y 0)0)

for ¢ < y, so upon letting ¢ / x, it follows that either u[x,y] = 0 or
Bf[x’y] udp < w(x)u[x, y] and this implies (3.6).

Now fix z € (a, b} with w(z) > 0. Then (3.6) shows that S={y €[z, b}:
f[z’y]wdu > Bf[z’y]udu} contains z. If y, =sup S, then

(3.7 / wduzB/ udu.
[z,¥y) [z,¥)

We shall show that y, = b. If y, < b, the definition of y, together with
(3.6) shows that we must have u{y,} >0 with Bu(y;) < w(y,). But then (3.7)
yields f[z’ vl W du> B[, vel udyu and the Dominated Convergence Theorem
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then shows y,+¢ € § for small ¢ > 0. This contradicts the definition of y, .
Hence y, = b. Moreover, we now have

(3.8) / wdu>B udu,
(z,b} [z,b}

for if (a, b} = (a, b) this is just (3.7) and if (a, b} = (a, b] then u{b} >0,
so0 (3.6) and (3.7) yield (3.8).

If w(z) =0 for some z € (a, b}, let z; = sup{z : w(z) = 0}. Then
f(a’zo)'wd,u = f(a,zo)udu =0, and if u(zy)u{z,} > 0, then w(z,) > 0 also
since (M;x(a’b}u)(y) > u(zg)u{zy}/u(a, b} > 0 for all y € [z,, b}. This
shows that (3.8) holds for all z € (a, b}. Since B < 1 was arbitrary, this
proves (3.5) and completes the proof of (1.1) for p=1.

The proof of part (a) is complete. The proof of part (b) is similar and is
therefore omitted. For part (c), the proof that (1.1) for M, implies (1.5) is
similar to the proof which showed (1.1) for M;“ implies (1.3). If (1.5) holds,
then both (1.3) and (1.4) hold, so (1.1) for M, follows from parts (a) and (b)

. + p—
since M”fsMﬂf+Mﬂf.

4. PROOF OF THEOREM 2

Suppose T = M, satisfies (1.2) and —co < a < b < oo with Jicoo,qudu >
0. If f[a,b)aa’,u = oo, there is g > 0 supported on [a, b) with [gvdu <
co but [gdu = oo. Then M, g(x) = oo forall x < a so (1.2) forces
f(_oo, a]“d/‘ = 0, a contradiction. Thus f[a’ b) odu < oo and upon selecting
f=0X,. 4 in(1.2) we obtain (1.6), i.e., (u,v)€ Sy (u).

Suppose now that (u, v) € S;(u) and ¢ > 0. If f(_oo,x]“d/‘ > 0 for all
x,let I, = (—oo, 00); otherwise, let x, = sup{ x : f(_w,xludu =0} and set
I, = [x,+ ¢, 00) or [x,,00) according as f(—oo,xo] udyu is zero or positive.
Then for —co < a < b < oo, with a € I, (1.6) shows that

(4.1) / cdu <o
[a,b)

and simple convergence arguments show that (1.6) still holds with the same
constant K if [a, b) is replaced throughout by any interval J of finite length
with left endpoint in 7, .

To prove (1.2) for M, it suffices to consider f € L”(vdu) with f >0,
f bounded and with bounded support. For such f and fixed N, the sets
Q ={x>N: M;f(x) > 2k} are uniformly bounded for kK € Z. The
component intervals / k= (aj‘ k> bj’ o} of Q satisfy

(4.2) / fdus2ulx, b} >0 vxel,,.
[x.b, ,} ’ ’
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Let E, =Q\Q , E; , =1, ,\Q,,,and F; , =I.nE; , . Then Holder’s
inequality applied to (4.2) shows that f[ }adu >0 for xel; . This
combined with (4.1) gives

0</ odu<oco Vx€F;,
[x,6; 4} ’

and hence (4.2) shows

M fPudu<? / MPudy =2 /2""ud
/(N oo)ﬁl,l wl Z E,nl, ,; F, g

fx f U f _ O’dﬂ p
321’2/ u(x) | bt [x.b; ;} dx).
ks Fik f[x,bj‘k}ad/‘ ulx, b; .}
Let the measure v be defined by

Jr s 1odu 4
%} ijk(x)u(x)du(x)
» Yy, R

on Z xZ x R, and let T denote the linear operator given by
Jix, b, ) 89 du
Jix, b, 00 du -

T is clearly bounded from L(cdu) to L™(dv). We shall show that T is
bounded from L'(gdy) to weak-L'(dv). Then T is bounded from L?(odu)
to LP(dv), so (4.3) shows

[, sruans? [1mo7r v
SC/lfa-lV’ad,u:C/fpvd,u.

Thus, first letting ¢ — 0, then N — —oo, (1.2) is obtained.
It remains to prove the weak type inequality

(4.3)

du(j,k,x)=[

Tg(j,k,x)=

(4.4) dv<CA! / gadu Vi>0.

/{(j,k,X):ITgIM}
Let 4, , = F, ,n{x :|Tg(j,k,x)| > A}. Since the F; , are pairwise
disjoint, so are the 4, , . Set d; , =inf4, , and

S {[d obids ifd €4,
ik d; o b ), ifd, ¢4,

The intervals J & and J, , are either disjoint or one contains the other.
To see this, suppose J &N J, m 7 @ . Then, since J & cl x> We must have
I, NI . #J,s0 one "of these contains the other, say I, C I x - But then

/>
since ijan’ =, it follows that J,,m C J’




WEIGHTED INEQUALITIES FOR MAXIMAL FUNCTIONS 917

Let £ = {J;3}; - Select J, € # with |J]| > fsup{|J| : J € 7}
and set J, = | J{J € £ : ‘71 cJ}. If J,...,J, have been formed, set
F =7 \(Uj-, J;), and select, if possible, T €7, with |J . | > ssup{|J]:
Je g },andset J,  =U{J€Sf: JNn+l C J}. This procedure produces a
(possibly finite) sequence {J,} of pairwise disjoint intervals with . ={J, J, .
Since |J,| < co and has left endpoint in I, , the assertion following (4.1) shows
that

(4.5) / |M;xja|"ud,u$K/ cdu
J, n J,

Now, if xeAj’k,

/ godu>Ai odu,
[x,b; «} lx.b; }

so the Monotone Convergence Theorem shows

/ godu> 21 adu
J

ok Ik

and hence also
(4.6) / godu _>_l/ odu
JII J’l

since J, may be expressed as a limit of an increasing sequence of such J k-
Thus,

f[x b }ad/t p
dv=%" / —l w(x) du(x)
/{(j,k,x):|rg|>z} 4 l Hx, b; i}

f[x’b' k}XJnad'u ’
= X /A k [——#[’)‘c, B, ) J u(x) du(x)

m{k): T, ()
<X [ 1M} G, )P udn
n n

since the 4 j .k are disjoint; by (4.5) and (4.6) this does not exceed

KZ/ aa’ug%Z/ gadug%/gadu.
n ‘,n n Jn

This proves (4.4), and completes the proof of part (a).

The proof of part (b) and the necessity of (1.8) in part (c) are similar to the
corresponding proofs in part (a) and are therefore omitted. If (u,v) € Su,
simple convergence arguments show that

/|Mu(xja)|pudusK/adu<oo
J J
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for all intervals J of finite length. Hence (u, v) € S;(/t) ﬂSp_ (u), so (1.2) for
M, follows from parts (a) and (b) since M, f < M, f+M, f.

5. PROOF OF THEOREM 3
If (u,v) e S;(u), then part (a) of Theorems 1 and 2 show that (u, v) €
AT (W)
Now suppose u =v, g =
gence argument then shows that

1/p 1/p'
(5.1) (/ ua’u) </ ady) < Kula, c]
[a,b] [b,c]

forall —-co<a<b<c< .
To prove that (u,u) € S, (), fix a with f__ ,udu > 0. Then (5.1)
shows

(5.2) / cdu<oo VYe>a.
[a,c]

w™ %"V and (u, u) € 47 (u). A simple conver-

Hence it suffices to show there is a constant K| such that

(5.3) / IM;LX[a’b]a!”udusKl/ odu
[a, b] [a,b)

for all b > a, for then the Monotone Convergence Theorem gives the same
inequality for intervals of the form [a, b) in place of [a, b]. Moreover, it
suffices to prove (5.3) for b with f[b'oo) adu > 0. To see this, suppose (5.3)
holds for all such b and suppose ¢ > a with f[c,oo) odu=0. Let by =inf{ x :
f[x’oo) odu=0}.1If by<a, 0 =0 u-almost everywhere on [a, co) so there
is nothing to prove, so assume a < b, < c¢. If f[bo,oo) odu > 0, then (5.3) holds
for b = b, by hypothesis and since ¢ = 0 u-almost everywhere on (b, ),
(5.3) for b = b, and for b = ¢ coincide. If f[bo,oo) odu =0, then (5.3) holds
for all b < b, by hypothesis and the Monotone Convergence Theorem yields

|M; x alpudusK/ odu,
/[a,bo) u7la,by) ' Jia.by)

which is equivalent to (5.3) with b = ¢ since ¢ = 0 u-almost everywhere on
[by, o) in this case. Thus in any case (5.3) holds for b =c.
Suppose then that f[b,oo) odu > 0. Then (5.1) shows

(5.4) / udu < oo.
[a,b]
We will show that
(5.5) (M A 0)(X) < CK” [(M, 2y~ ) ()" Vx € [a, b],

where dv = Xia ) du and K 1is given by (5.1). Since (5.4) shows v is finite,
M is bounded on L'(dv) into weak-L'(dv) and from L™(dv) to L™(dv)

v
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and hence also from L? '(dv) into L? I(dv) with norm depending only on p
(19, 2]). Thus (5.5) yields

1 —-l !
/[a b}lM:x[a’blalpudusCKpp /|Myx[a’b]u P dv
SCK”'/ ul_pldu.
la,b]

Since #' ™ =, (5.3) is obtained.
It remains to show (5.5). Since (5.2) shows Xia. 5% € Ll(du), we have
(M;r Xa, b]a)(x) < oo p-almost everywhere. Let x € [a, b] with
A= (M:x[a, 510)(x) > 0.

Then there is ¢, x <c¢ < b, with
(5.6) / odu > 3ulx, c]>0.
[x,c]

Let S={y€lx,cl:ulx,y] > julx,cl} and ¢, =infS. Then
(5.7) ulx, cg] > sulx, c] > 0.

If ¢, > x, then ulx, ¢) < julx, c] and we have

/ odu= odu— odu
(5.8) le, €l [x,¢l [x,¢cp)

> A(3ulx, ] - ulx, ¢g)) > $Aulx, c].
Since u[x, c)] > 0 and f[x’ Co]adu < oo, we have 0 < oo pu-almost every-

where on [x, ¢)] and hence u > 0 u-almost everywhere on [x, c)]. Thus
f[x’%] udu >0, s0 (5.1) applied to (5.8), or to (5.6) in case ¢, = x, yields

J. ,odu ' [x, c] v'ip
M o)(x) < 42" T o 4kP <—/i—’——)
(M, Xia,50) (%) < ulx,cl ~ Jix,qyudu

< () )P ”
- f[ xocg] du
by (5.7), so (5.5) follows. This completes the proof of part (a).
The proofs of parts (b) and (c) are similar so are omitted.
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