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WEIGHTED INEQUALITIES FOR MAXIMAL FUNCTIONS

ASSOCIATED WITH GENERAL MEASURES

KENNETH F. ANDERSEN

Abstract. For certain positive Borel measures ß on Rand for T any of three

naturally associated maximal function operators of Hardy-Littlewood type, the

weight pairs (u, v) for which T is of weak type (p, p), 1 < p < oo , and of

strong type (p, p), 1 < p < oo , are characterized. Only minimal assumptions

are placed on ß ; in particular, ß need not satisfy a doubling condition nor

need it be continuous.

1. Introduction

Let p be a positive Borel measure on R which is finite on bounded sets. Note

that /u is regular [10, p. 208]. The maximal function operator M is defined

for locally integrable / and x e R by

Mßf(x) = sup—^J\f\dß,

the supremum being taken over all intervals 7 containing x. The one-sided

maximal function operators M*, M~ are defined similarly except that the

supremum is taken over intervals of the form [x, x + h) and (x - h, x],

h > 0, respectively. Quotients of the form 0/0 are taken to be zero.

If T is any one of these operators and 1 < p < oc, then the weak type

inequality

(1.1) / udp.<crp [\ffvdfi   VfeLp(vdp.)
J{x:Tf(x)>X} J

and the strong type inequality

(1.2) j\Tf\pudfi<C j\f\Pvdfi   \/feLp(vdfi)

for 1 < p < oo are known to hold for u - v = I (see [9, 2]). The purpose of

this paper is to characterize those pairs (u, v) of nonnegative weight functions

for which (1.1) and (1.2) hold.
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Inequalities of this type are intimately connected with the differentiation of

integrals and are also of interest because of their application in obtaining bound-

edness properties of other operators commonly studied in analysis. Although

(1.1) and (1.2) have been widely studied, the weight pairs have been character-

ized only for measures satisfying considerably stronger hypotheses than those

assumed here.

If p{x} = 0 for all x e R and T = M , B. Muckenhoupt [5] characterized

the two weight function pairs (u, v) for which (1.1) holds and the single weight

functions u for which (u,u) satisfies (1.2).

E. Sawyer [6] characterized the two weight function pairs (u, v) satisfying

(1.2) for M   provided p satisfies a doubling condition.

For M+ and M~ , Sawyer [8] characterized (1.2) in the case p is Lesbesgue

measure, while F. J. Martin-Reyes, P. Ortega Salvador, and A. de la Torre [4]

treated (1.1) and (1.2) for p. absolutely continuous with respect to Lebesgue

measure with (strictly) positive derivative.

Theorem 1 characterizes the weak type inequality (1.1).

Theorem 1. Let p be a positive Borel measure which is finite on bounded sets,

1 <p < oo, and u, v nonnegative weight functions on R. Then

(a) T = M+ satisfies (1.1) if and only if (u,v)e A*(p), that is, there is a

constant K such that

(1.3) ([     udfi)     ([     v~x/ip'X)dp)      <Kp(a,c)
\J(a,b] J        \J[b,c) I

for all -oo <<2<6<c<oo.

(b) T = M~ satisfies (1.1) if and only if (u, v) e A~(p), that is, there is a

constant K such that

(1.4) (f     udp]     ([     v~x,{p~X) dp.)      <Kp(a,c)
\J[b,c) J       \J(a,b] J

for all -oo < a < b < c <oo.

(c) T = M satisfies (1.1) if and only if (u, v) e Ap(p), that is, there is a

constant K such that

(1.5) (f     udp]     (f     v~x/{p~x]dp)      <Kp(a,b)
\J{a,b) J       \J{a,b) J

for all -oo < a < b < oo.

In each of (1.3), (1.4), (1.5), products of the form O-oo are taken to be zero,

while for p = 1 expressions of the form (¡¡v~x/{p~X] dp)x'p axe interpreted as

/¿-ess. supx6/ l/v(x).

Examples of weights satisfying A (p), A^(p), A~(p) are easily constructed.

Note in particular that (u, u) e A^(p) if u is nondecreasing, while (u, u) e

A~(p) if u is nonincreasing. Further, Ap(p) = A+p(p)n A~(p).

Theorem 2 characterizes the strong type inequalities (1.2).
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Theorem 2. Let p be a positive Borel measure which is finite on bounded sets,

1 < p < oo, and u, v nonnegative weight functions on R. Then

(a) T = M~l satisfies (1.2) if and only if (u,v) e Sp(p), that is, there is a

constant K such that for every -oo < a < b < oo with f,^ aX udp > 0

(1-6) /      \M;X[ab)v-XI{p-l)\Pudp<K¡     v~X/{p-X) dp < oc.
J[a,b) ' J[a,b)

(b) T = M~ satisfies (1.2) if and only if (u, v) e Sp(p), that is, there is a

constant K such that for every -oo < a < b < oo with L    ,udp> 0

(1-7) /      \M;X{ab]v-X/{p-X)\pudp<KÍ     v-X,{p-X)dp<oo.
J(a,b] J(a,b]

(c) T = M satisfies (1.2) if and only if (u,v) e Sp(p), that is, there is a

constant K such that for every -oo < a < b < oo

(1-8) /      \^ßX(ab)v-ll[P^\Pudp<Ki     v~X/{p-X) dp <oo.
J(a,b)       *   v  '  ' J(a,b)

For the single weight function case, u = v , and p > 1, the inequalities (1.1)

and (1.2) are equivalent as the following theorem shows.

Theorem 3. Let p be a positive Borel measure which is finite on bounded sets,

1 < p < oo, and u a nonnegative weight function on R. Then

(a) (u,u) e Ap(p) if and only if (u,u)e Sp(p).

(b) (u,u)eAp(p) if and only if (u, u) e Sp (p).

(c) (u,u)e Ap(p) if and only if (u,u)e Sp(p).

The proof of Theorem 1 depends on the following lemma, of independent

interest, which generalizes a weak type inequality for operators of Hardy type

considered in [1, 7].

Lemma. Let p be a positive Borel measure on R which is finite on bounded sets

and let 1 < p < oo.

(a) Suppose p[0, x] > 0 for all x > 0 and

VW-ïBbJL/*''     x>-°-
There is a constant A such that for all f e Lp(vdp)

(1.9) / udp < Ar" f      \f\pvdp
J{x>Q:\Pßf(x)\>X) 7(0,00)

if and only if there is a constant K such that

(1.10) (f     udp)     (f     v~x,{p~x)dp]      <Kp[0,b)
\J[a,b) J        \J[0,a] )

for all 0 < a < b < oo. Moreover, the smallest constants A in (1.9) and K in

(1.10) satisfy CA < Kp < A for a constant C depending only on p .
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(b) Suppose p(0, x] > 0 for ail x > 0 and

77zere is a constant A such that for all f e Lp(vdp)

(1.11) / udp<Ak~p f       \f\Pvdp
7{x>0:|^/(x)|>A} 7(0, oo)

if and only if there is a constant K such that

(1.12) (i     udp]     (f     v'x/{p~X)dp]      <Kp(0,b)
\J[a,b) J       \J{0,a] J

for all 0 < a < b < oo. Moreover, the smallest constants A in ( 1.11 ) and K in

(1.12) satisfy CA < Kp < A for a constant C depending only on p .

The Lemma is proved in §2 and the proofs of the theorems follow in §§3—

5. The letter C will be used to denote constants, possibly depending on p,

which may not be the same from line to line. For convenience of notation,

when p > 1, set a = v~x'^~x'. The length of an interval J is denoted \J\.

An interval J with endpoints a < b which is open at a will be denoted by

(a, b} ; thus (a, b} = (a, b) if J - (a, b) and (a, b} - (a, b] if J - (a, b].

2. Proof of the Lemma

We shall give the proof only for (a) since the proof for (b) is entirely similar.

Suppose first that (1.9) holds and fix 0 < a < b < oo. If 7 = /[0   . a dp — oo,

Holder's inequality shows there is g > 0 supported on [0, a] with / gpv dp <

00 but Jgdp = oo. Thus Pfig(x) = oo for x > a, so (1.9) forces /[a>oo)"^i«

= 0 and (1.10) holds by convention. If 0 < 7 < oo, let f = X,0 aXo. Then for

a<x<b, Pj(x)> {p[0,b)yX j[0a]odp = (p[0,b)yXI,sofoxall B< 1

(1.9) shows

/      udp<A(p[0,b))p(BI)~p [     fpvdp = A(p[0,b))pB~pIx~p
J[a,b) J[0,a]

and (1.10) follows since B < 1 is arbitrary. Thus (1.9) implies (1.10).

Suppose now that (1.10) holds. The Lorentz space Lp'q(udp) , 1 < p < oo,

1 < a < oo, consists of those / for which the quasi-norm ||/||p    < oo , where

= {{^í/lp-xr(t)Ut)xlq,       í<oo,

l Sm>oHï{x>0:\Ax)\>X}udti)l/P>      <7 = 00>

and /* denotes the nonincreasing, equimeasurable rearrangement of / onto

(0, oo). Thus,

%[a ,oo)(")

ß[0, ■]
P .oo

SUP    m    u\ { udß
b>aß[Q,b)\J{aM
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so (1.10) becomes

(2.1)

911

A[a, oo)\"'

H[0, ■]
P ,00

(f     o dp)      <K.
\J[0,a] J

As in [7, Proof of Theorem 4], a duality argument shows that (1.9) is equivalent

to

(2.2) f

where

j       Gpodp<CA\\g\\pp, x,

G(x) = f
J[x ,oo

g(t)

p[0,t]
u(t)dp(t)

for g>0, geLp''x(udp).

Now

(2.3) G(x) < C
c[x,oo) (•)

ß[0,-]
he   /

P ,oo

so (2.1) shows that G(x) < oo whenever L x]adp > 0. Since (2.2) is trivial

if L x]adp-0 for all x, we may assume that xQ = inf{ x > 0 : L x] a dp >

0} < oo. Then C7(x0) < oo unless L x, a dp - 0 and G(x) is finite and

nonincreasing on (x0, oo) with lim^^ G(x) = 0. Hence (2.3) and (2.1) show

/      Gp'adp = G(x0/ [      a dp < CKp'\\g\\pp, x
J\0,xj J\0,x„l>[0,x0]

and it suffices to prove

(2.4) /        Gplodp<CKp'\\g\\pp, ,.
J(x0,oo)

For each integer ; , set a = inf{x > x0 : G(x) <2J}. Then G(x) < 2J for

x e (a¿, oo) and

Let / = {; : a} < aj_x } and set Xj = Z[<2._i >a._2] • Then

/    Gp,odp = yz[
J(*o>°°) jeJJ(ai'aj-

;£-A7[o,oo)
<4P

;e/

,(0^u(r)^(0

<cJ2\\xj8\pp'A
jeJ

Xlaj-i,°o)(')

rl[0,-]
P , oo

(7 odp]
V7[0,a;_,] /

/ ad
•Ao,^,]

ye/
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by (2.1). Thus

/        Gp'odp<CKp'\\g\\pp, ,
7(x0,oo)

by [3, Lemma 2.5] since 52jeJ Xj(x) < 2 . This proves (2.4) and completes the

proof of the Lemma.

3. Proof of Theorem 1

Suppose (1.1) holds for M^, and let -co <a<è<c<oo and 7 =

(j[b c)v~x/{p~x) dp)x/p'. If 7 = 0, (1.3) holds by convention. If 7 = oo,

there is g > 0 supported on [b, c) with / gpv dp < oo but / g dp = oo.

Then M*g(x) = oo for all x < b so (1.1) forces f bxudp = 0 and (1.3)

holds in this case also.  Suppose 0 < 7 < oo.  If p > I, let / = ax,b c) so

that M*f(x) > I(p(a, c))~ for x e (a, b]. Thus (1.1) yields f b]udp <

CIx~p(p(a,c))p which is (1.3). If p = 1, let e > 0 and select E c[b,c) with

p(E) > 0 suchthat v(t) < e + I foxteE. Then M+ßxE(x) > p(E)(p(a, c))~x

for x e (a, b] so (1.1) yields J,a bxudp < C(e + I)p(a, c). Since e > 0 was

arbitrary, this yields (1.3).   This proves the necessity of (1.3) for (1.1) with

t = m;.
To prove (1.1) for T - M+, it suffices to consider / e Lp(vdp) , f > 0

and of bounded support. Fix an integer A and for X > 0 set Í2 = Qx N =

{x > A : M^f(x) > A}. Since M^f(x) is left lower semicontinuous and Q

is bounded, the component intervals 7 of Q are of the form (a, b) or (a, b]

for -oo < a < b < oo .

Let I = (a, b] be a component interval of Q. Then there is è \ b with

bj ^ Q so for all ob, J,b c)f dp < Àp[bj, c) and hence also

(3.1) [     fdp<Xp(b,c).
J(b,c)

On the other hand, for x e (a, b] there is c > x such that

(3.2) /     fdp>kp[x,c).
J[x,c)

We may assume c > b , for otherwise if

{c>x:ic0 = sup < c > x : /      f dp > Xp[x, c) > < b,
l[x,c) J

we have c0efl so there is cx > c0 with L c,/'dp > Xp[c0, cx) and hence

fix c ) fdp > X[x, cx), which contradicts the definition of c0 . Subtracting (3.1)

from (3.2) then yields

(3.3) /      fdp>Àp[x,b}>0   Vxe(a,b}
J[x,b}
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for the case (a, b} = (a,b]\ a similar argument shows (3.3) for (a, b} =

(a,b).
Suppose now that (1.3) holds and p > 1. Observe first that the Dominated

Convergence Theorem shows that (1.3) also holds if the intervals [b, c) and

(a, c) axe replaced by [b, c] and (a, c] respectively. Thus

(3.4) (/      udp]     ( o dp)      <Kp(a,c}
\J(a,b] )       \J[b,c} J

for all -oo < a < b < c < oo .

Now (3.3) shows

A linear change of variable in the Lemma then shows

[udp< [ udp< CKxrp [ xrfPv dp,
Jl JF J{-oo,b}

where

^ = supM3L*)(£,cl"¿")1"(ltlt"/")"''•

the supremum being taken over d < c < b if (a, b} = (a, b] and over d <

c < b if (a, b} = (a, b). In any case, from (3.4), Kx < K and hence

íudp<CKprp Í fvdp.

Summing over all component intervals 7 and letting A -+ -oo then yields

(1.1). This completes the proof of (1.1) for p > 1.

Suppose now that p - 1 and (1.3) holds. Observe first that ( 1.3) is equivalent

to M~u(x) < Kv(x) for /¿-almost all x.

For x e (a, b} , (3.3) shows that

//-ess. sup v) fvdp> Xp[x, b} > 0,
[x,b]        / J[x,b}

so p-ess. sup[;t. b,v~ >0. Then (1.3) implies ¡[x b,udp<oo and M~u(x)<

oo for p-almost all x e (a, b} . The weight

w(x) = p-ess. Jnf^ (AÇ^(aô}M)(y)

is nondecreasing on (a, b} and w(x) < Kv(x) for /¿-almost all x e (a, b}.
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For a <ax < b, Fubini's Theorem and (3.3) show

/       fwdp= /       f(x) w(ax)+ /       dw(t) dp(x)
J[a,,b} J[a{,b) L J[a,,x\ J

= w(ax)f      fdp+f       dw(t) f     f(x)dp(x)
J[aitb} J[a¡,b} J[t,b)

>w(ax)X /        dp+ dw(t)X /      dp(x)
J[ax,b} J[a¡,b} J[t,b}

— X /       w dp.

Letting ax \ a yields

/      fw dp > XI       w dp.
J(a,b} J(a,b}

It will suffice to prove

(3.5) /      wdp> udp
J(a,b) J(a,b)

for then

/       udp < wdp< -r fwdp< -r- /      fvdp,
J(a,b} J(a,b} X J(a,b} X J(a,b}

so that upon summing over all component intervals (a, b} and letting A —>

-oo, (1.1) is obtained.

To prove (3.5), we first show that for fixed B < 1,

if x e (a, b} with w(x) > 0, either p{x} > 0 with Bu(x) < w(x)

or 3y e (x, b} with B udp < w(x)p[x, y] < wdp.
J[x,y] J[x,y]

To see this, select E c [x, b}  with p(E) > 0  such that y e E  implies

{MßX(a,b}u)(y) < w(x)IB. Then

(p(c, y])~x I     X(a<b}udp < (M~x{a,b}u)(y)
J(.c,y]

for c < y, so upon letting c / x, it follows that either p[x, y] - 0 or

B I    .udp < w(x)p[x, y] and this implies (3.6).

Now fix z e (a, b} with w(z)>0. Then (3.6) shows that S = {y e [z, b} :

j.    ,w dp> B ¡r    .udp} contains z . If y0 = sup S, then

(3.7) /       wdp>B udp.
JU,ya) J[z,y0)

We shall show that y0 = b. If y0 < b, the definition of y0 together with

(3.6) shows that we must have p{y0} > 0 with Bu(y0) < w(y0). But then (3.7)

yields  L    ,wdp > B f.     xudp and the Dominated Convergence Theorem
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then shows y0 + e e S for small e > 0. This contradicts the definition of y0 .

Hence y0 = b . Moreover, we now have

(3.8) /      wdp>B udp,
J[z,b} J[z,b}

for if (a, b} - (a, b) this is just (3.7) and if (a, b} = (a, b] then p{b} > 0,
so (3.6) and (3.7) yield (3.8).

If w(z) — 0 for some z e (a,b}, let z0 = sup{ z : w(z) = 0}. Then

/(a Z)wdp = ¡(a z)udp = 0, and if u(z0)p{z0} > 0, then it;(z0) > 0 also

since {M~x[a<b}u)(y) > u(zQ)p{z0}/p(a, b} > 0 for all y e [z0, b}. This

shows that (3.8) holds for all z e (a,b}. Since B < 1 was arbitrary, this

proves (3.5) and completes the proof of (1.1) for p = 1.

The proof of part (a) is complete. The proof of part (b) is similar and is

therefore omitted. For part (c), the proof that (1.1) for M implies (1.5) is

similar to the proof which showed (1.1) for M^ implies (1.3). If (1.5) holds,

then both (1.3) and (1.4) hold, so (1.1) for M follows from parts (a) and (b)

since MJ < M+f + M~f.

4. Proof of Theorem 2

Suppose T = M^ satisfies (1.2) and -oo < a < b < oo with f,^ a]udp>

0. If L b) a dp - oo, there is g > 0 supported on [a, b) with / gpv dp <

oo but I g dp - oc. Then M^g(x) = oo for all x < a so (1.2) forces

/(-oo aiMú^ = 0' a contradiction. Thus i b)odp < oo and upon selecting

f = a%[a,b) in (1.2) we obtain (1.6), i.e., (u,v)eSp(p).

Suppose now that (u, v) e Sp(p) and e > 0. If Jj^ .udp > 0 for all

x, let 7£ = (-oo, oo) ; otherwise, let x0 = sup{ x : f,^ . udp = 0} and set

h ~ [-^o + e' °°) or [•*•()' °°) according as /(.^^ xudp is zero or positive.

Then for -oo < a < b < oo, with a e Ie, (1.6) shows that

(4.1) /      a dp <oo
J[a,b)

and simple convergence arguments show that (1.6) still holds with the same

constant K if [a, b) is replaced throughout by any interval / of finite length

with left endpoint in 7£.

To prove (1.2) for M* it suffices to consider / € Lp(vdp) with / > 0,

/ bounded and with bounded support. For such / and fixed A, the sets

Qk = {x > A: M+ßf(x) > 2k} are uniformly bounded for k e Z. The

component intervals 7 k - (a- k, ¿>  k} of dlk satisfy

(4.2) f fdp > 2kp[x, A. k} > 0   Vx e I, k.
hx,b;k}
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Let Ek = Cik\Çik+l ,Ejtk = Ij,k\nk+X, and FjJc = IenEjk . Then Holder's

inequality applied to (4.2) shows that   f,   .    , a dp > 0 for x e 7, t. This
lx 'Dj ,kJ J »

combined with (4.1) gives

0 < / a dp < oo   Vx e F¡ .
hx,bhk)

and hence (4.2) shows

[ \M+J\pudp<2PYÍ      2kpudp = 2PTÍ    2kpudp
J(N.oo)M_ ,.   JE.nl. ,.  . JF, ,

(4.3)

k -Eknh'(AT,oo)n/e

k,j       J.k

Let the measure v be defined by

k,jJFi.k

hx,bj,k}fdn
-\P  r Ü[*.*;.*>(Ti//i

IP

L /4*'0;,*} .
dp(x).

dv(j, k,x) =
ß[x,bj k}

XF   (x)u(x)dp(x)
j ,k

on Z x Z x R, and let T denote the linear operator given by

Tg(j,k,x) =
a dp

T is clearly bounded from L°°(crdp) to L°°(dv). We shall show that T is

bounded from Lx(adp) to weak-Lx(dv). Then T is bounded from Lp(odp)

to Lp(dv), so (4.3) shows

/" \M+f\pudp<2p f \T(fo-X)\p dv
J(N,oo)nle J

<C j\fo-X\podp = C jfvdp.

Thus, first letting £ —► 0, then A -» -co, (1.2) is obtained.

It remains to prove the weak type inequality

(4.4)
/,

dv < CX~ I go dp VA>0.
l{(j,k,x):\Tg\>k}

Let Aj k = Fj k n {x : \Tg(j, k, x)\ > X}.   Since the F, k are pairwise

disjoint, so are the A- k . Set if  k — infA- k and

j    =i[dJ,k>bj,k}>    ifdjtkeAjk,

''*     lty.*'*M>'     iidJ,^Aj,k-

The intervals / k and J¡ m are either disjoint or one contains the other.

To see this, suppose / k n Jt m ̂  0. Then, since J- k c Lk , we must have

7  k n I[ m ¿ 0, so one of these contains the other, say I¡ m c I,. k . But then

since Fj knl, m - 0, it follows that J¡ m c J}■ k .
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Let f = {Jik}jk. Select Jx e f with \JA > ^sup{|/| : J e /}

and set Jx = |J{ J e f : Jx ç J}. If Jx, ... , Jn have been formed, set

fn = f\{[fj=i Jj) » and select, if possible, Jn+X e fn with |7„+1| > \ sup{ |7| :

J e fn}, and set Jn+X = \J{ J e /n : Jn+X ç J }. This procedure produces a

(possibly finite) sequence {Jn} of pairwise disjoint intervals with f = (jn Jn .

Since \Jn\ < oo and has left endpoint in 7£, the assertion following (4.1) shows

that

/   l-^C^y ofudp < K /  a dp.
JJ. " ■//„

V.*'

(4.5)

Now, if x e A;

; gadp > X a dp,
J[x,b]ik} hx,bjk)

so the Monotone Convergence Theorem shows

/     gadp>X       a dp
Jjj,k JJj,k

and hence also

(4.6) /  gadp> X     a dp
n n

since Jn may be expressed as a limit of an increasing sequence of such 7 k .

Thus,

j,k"A>,k

í d» = EÍ
J{U,k,x):\Tg\>X] ~{JA

■?.Tf.S

Llx,bjtk}
a dp

[ ß[x>bj,k}

kx,*,^^1

ß[x,bj k}

u(x)dp(x)

u(x)dp(x)

"   {U,k:):JjtkÇJn}""i,k

<E/ w;(xJno)\pudp
n    J Jn

since the Aj k axe disjoint; by (4.5) and (4.6) this does not exceed

K1Z      ad^-jHj   g°dp<j J godp.

This proves (4.4), and completes the proof of part (a).

The proof of part (b) and the necessity of (1.8) in part (c) are similar to the

corresponding proofs in part (a) and are therefore omitted. If (u, v) e S ,

simple convergence arguments show that

¡\Mß(Xja)\pudß<KJadn < 00
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for all intervals J of finite length. Hence (u, v) e Sp(p) n S (p), so (1.2) for

M   follows from parts (a) and (b) since M f < M*f + M~ f.

5. Proof of Theorem 3

If (u, v) e Sp(p), then part (a) of Theorems 1 and 2 show that (u, v) e

A+p(p) .

Now suppose u = v , a = u xl(p X), and (u, u) e Ap(p). A simple conver-

gence argument then shows that

(5.1) (/     udp)     ([     a dp]       <Kp[a,c]
\J[a,b\ J        \J[b,c] J

for all -oc <£Z<è<c<oc.

To prove that (u, u) e Sp(p), fix a with J,^ aXudp > 0. Then (5.1)

shows

(5.2) /      a dp < oo   Vc > a.
J[a,c]

Hence it suffices to show there is a constant Kx such that

a dp(5-3) /      \M+x[aMo\Pudp<Kxf
J[a,b] J[a,b]

for all b > a, for then the Monotone Convergence Theorem gives the same

inequality for intervals of the form [a, b) in place of [a, b]. Moreover, it

suffices to prove (5.3) for b with J[b , a dp > 0. To see this, suppose (5.3)

holds for all such b and suppose c > a with /. , a dp = 0. Let b0 = inf{ x :

I\x oo)a dfi = 0 } • If b0 < a , a = 0 /¿-almost everywhere on [a, oo) so there

is nothing to prove, so assume a < b0 < c. If L .a dp> 0, then (5.3) holds

for b — b0 by hypothesis and since a = 0  /¿-almost everywhere on (b0, oo),

(5.3) for b = b0 and for b - c coincide. If L ,adp = 0, then (5.3) holds

for all b < b0 by hypothesis and the Monotone Convergence Theorem yields

/       \Kx[a,bu)(J\Pudß<Kx ddp,
J[a,b0) °' J[a,b0)

which is equivalent to (5.3) with b = c since a = 0  /¿-almost everywhere on

[b0, oo ) in this case. Thus in any case (5.3) holds for b = c.

Suppose then that L    . a dp > 0. Then (5.1) shows

(5.4) /      udp < oo.
J[a,b\

We will show that

(5-5) «X[a,^)M < CKp'[(Mvx[aMu'{)(x)}p'lp   Vxe[a,b),

where dv = x,a b]udp and K is given by (5.1). Since (5.4) shows v is finite,

M   is bounded on Lx(dv) into weak-Lx(du) and from L^idv) to L°°(dv)
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and hence also from Lp (du) into Lp (du) with norm depending only on p

([9, 2]). Thus (5.5) yields

f     \KZ\a,bf\Pud» < CKppl f \Mvx{aMu-X\P' dv
J[a,b] J

<CKPP' f     ux~p dp.
J[a,b]

Since u~p — a , (5.3) is obtained.

It remains to show (5.5).   Since (5.2) shows X\a bia e Lx(dp), we have

(M^Xta b]0)(x) < oo  /¿-almost everywhere. Let x e [a, b] with

A = (<*la>e]a)(x)>0.

Then there is c, x < c <b, with

(5.6) /      a dp > \Xp[x, c] > 0.
J[x,c]

Let S = {y e [x, c] : p[x, y] > jp[x, c]} and c0 = infS. Then

(5.7) ß[x,co]>ip[x,c]>0.

If c0 > x, then p[x, c0) < \p[x, c] and we have

/      a dp = /      a dp - a dp
(5.8) J[c0,c) J[x,c) J[x,c0)

> X{\p[x, c] - p[x, c0)) > \Xp[x, c].

Since p[x, c0] > 0 and J.x c, a dp < oo, we have o < oo /¿-almost every-

where on [x, c0] and hence u > 0 /¿-almost everywhere on [x, c0]. Thus

L. c jZ¿c¿7¿ > 0, so (5.1) applied to (5.8), orto (5.6) in case c0 - x, yields

< 2P+XKP' Í  ^X ' C°^
Áx.c^dp,

by (5.7), so (5.5) follows. This completes the proof of part (a).

The proofs of parts (b) and (c) are similar so are omitted.
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