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THE SCHWARTZ SPACE
OF A GENERAL SEMISIMPLE LIE GROUP. II:
WAVE PACKETS ASSOCIATED TO SCHWARTZ FUNCTIONS

REBECCA A. HERB

ABSTRACT. Let G be a connected semisimple Lie group. If G has finite cen-
ter, Harish-Chandra used Eisenstein integrals to construct Schwartz class wave
packets of matrix coefficients and showed that every K-finite function in the
Schwartz space is a finite sum of such wave packets. This paper is the second
in a series which generalizes these results of Harish-Chandra to include the case
that G has infinite center. In this paper, the Plancherel theorem is used to
decompose K-compact Schwartz class functions (those with K-types in a com-
pact set) as finite sums of wave packets. A new feature of the infinite center
case is that the individual wave packets occurring in the decomposition of a
Schwartz class function need not be Schwartz class. These wave packets are
studied to obtain necessary conditions for a wave packet of Eisenstein integrals
to occur in the decomposition of a Schwartz class function. Applied to the case
that f itself is a single wave packet, the results of this paper yield a complete
characterization of Schwartz class wave packets.

1. INTRODUCTION

Suppose G is a connected semisimple Lie group. Then the tempered spec-
trum of G consists of families of representations induced unitarily from cuspi-
dal parabolic subgroups. Each family is parametrized by the unitary characters
of a Cartan subgroup. The Plancherel theorem expands Schwartz class functions
on G in terms of the distribution characters of these tempered representations.
Very roughly, for f in the Schwartz space % (G) we can write

(1.1a) f(x)=>fy(x),  HeCar(G),

where Car(G) denotes a complete set of representatives for conjugacy classes
of Cartan subgroups of G and

(1.1b) folx) = /ﬁG(H:x)(R(x)f)m(H:x)dx-

Here ©(H: x) denotes the distribution character of the representation n(H: x)
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2 R. A. HERB

corresponding to x € H, R(x)f is the right translate of f by x € G, and
m(H : x)dy is the Plancherel measure. (See [5] for details on the Plancherel
theorem.)

Suppose G has finite center and f is K-finite, where K is a maximal com-
pact subgroup of G. Fix H € Car(G). Then foreach y € H, O(H : x)(R(x)f)
is a finite sum of K-finite matrix coefficients of the representation n(H : x).
Thus we can think of f,; as a wave packet of matrix coefficients associated to
f. In[1, 2, 3] Harish-Chandra used Eisenstein integrals to construct Schwartz
class wave packets of matrix coefficients. He then showed that for every K-
finite f € €(G), fy is a finite sum of wave packets of the type constructed.
In particular, this shows that f,, € €(G).

Now suppose that G has infinite center Z;. Let K be a maximal relatively
compact subgroup. (That is, K/Z; is compact.) There are no K-finite func-
tions in #(G). However the set #(G); of K-compact functions, those with
K-types lying in a compact subset of K, is dense in #(G). (See Theorem
2.12 of this paper.) Now for any 7 € G, the K-types of 7 lie in a discrete
subset of K since they have a fixed Z ;-character. Thus for any y € H and
fe€Z(G)g, O(H : x)(R(x)f) is a finite sum of K-finite matrix coefficients of
the representation 7n(H : x). Thus again we can think of f, as a wave packet
of matrix coefficients.

The purpose of this paper is to study these wave packets associated to
Schwartz class functions. A new feature of the infinite center case is that for
f€Z(G), fy is not necessarily Schwartz class. This is because of interference
between different series of representations when a principal series representa-
tion decomposes as a sum of limits of discrete series. When G has infinite
center, these limits of discrete series are actual limits along continuous fami-
lies of relative discrete series representations, and so occur in a nontrivial way
in the Plancherel formula in the terms corresponding to different Cartan sub-
groups. This means that, for f € #(G), there are matching conditions between
the terms f,, H € Car(G), which are necessary in order that the sum be a
Schwartz function when the individual terms are not. These matching condi-
tions are derived from a character identity (Theorem 9.6) that generates that of
W. Schmid [12] to include derivatives of all orders along the continuous param-
eters. Thus at each point where two continuous series meet there are infinitely
many derivatives of the two associated families of matrix coefficients that must
match if the sum of the wave packets is to be a Schwartz function.

It has been known for some time that matching conditions would be neces-
sary for Schwartz functions in the infinite center case. This was first pointed
out to me in 1984 by D. Mili¢i¢. He and H. Kraljevi¢ discovered this phe-
nomenon when they were studying the Fourier transform for the C*-algebra of
the universal covering group of SL(2, R) [10].

In [9], the author, together with J. A. Wolf, defined Eisenstein integrals and
used them to form Schwartz class wave packets. These, as in the finite center
case, are formed from a single continuous family of representations, although in
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the infinite center case there are extra continuous parameters coming from con-
tinuous families of relative discrete series representations. Thus the Schwartz
functions constructed lie in %, (G) = {f € €(G) : f = fy}, and these wave
packets must satisfy conditions to make them match with the functions f,,; =0
for other Cartan subgroups H' . In fact, one of the conditions assumed was too
strong. In [4], the results of [9] are improved by analyzing the behavior of c-
functions more carefully as a function of all continuous parameters. Less re-
strictive conditions than those used in [9] are shown to be sufficient for a single
series wave packet to be a Scliwartz function.

In this paper it is shown that the conditions assumed in [4] are necessary for
a wave packet of Eisenstein integrals to be a Schwartz class function. Thus the
results of this paper, combined with those of [4, 9], give a complete characteri-
zation of the K-compact functions in %,,(G). Conditions are also given which
are necessary for a wave packet of Eisenstein integrals to be a wave packet as-
sociated to a Schwartz class function, that is a wave packet which may not be
Schwartz, but which can be patched together with wave packets from other series
of representations to form a Schwartz class function. These necessary condi-
tions are obtained by studying the properties of the wave packets associated to
functions in %,(G) and %(G), respectively.

To explain the main results of this paper more precisely, we need some nota-
tion. Let G be a connected reductive Lie group and let K be a maximal rela-
tively compact subgroup of G. It is proved in [9] that K = K| x V', where K,
is compact and V' is a vector group. Now V= {eh :h € iv*} is a vector group
and K is the union of continuous families {r® " he iv"}, where 7 € K.
Now let P = M AN be a cuspidal parabolic subgroup of G and H=Tx A4 a
Cartan subgroup with 7 C K a maximal relatively compact Cartan subgroup
of M. The characters " of K give characters of T by restriction. Thus
the characters of T lie in continuous families of the form {y ® e he v},
x € T. (These are not all distinct characters of 7'.) Each character in the
family corresponds to a relative discrete series or limit of relative discrete series
representation 7(M : h). Let 2 be a convex open subset of iv” so that the
Harish-Chandra parameters of the corresponding representations lie in a fixed
Weyl chamber and points on the boundary of & correspond to limits of dis-
crete series. Then a continuous family of representations corresponding to H
will be of the form {n(H :h:v) = IndfMN(n(M hevel):heZ,ve /f}.
It is proved in [6] that for fixed 7 € K , the multiplicity of t®e" in n(H:h:v)
is independentof he &, v € A. R

Fix a continuous family {n(H : h : v): h € &, v € A} as above and
7,7, € K such that the ‘ri®eh occur in 7(H : h:v), i =1,2. For any
f € €(G), define

(1.2a) flh:vix)=68](h) s, OH : h:v)(R(x)[) %y 7 5(h),

where J](h) and 6,(h) are the normalized characters of 7, ®e" and (12®eh)*
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respectively, and ©(H : h : v) is the distribution character of n(H : h : v).
Then set

(1.2b) fH:x)=| _fhiv:x)m(h:v)dhdv,

DxA
where m(h : v)dhdv is Plancherel measure. Then f(H : x) is called a wave
packet corresponding to f. Theorem 3.5 of this paper says that if f € Z(G)
is K-compact, then f is a finite sum of wave packets of this type.

The wave packets of Eisenstein integrals in [4, 9] were defined as follows.
First we defined Eisenstein integrals E (4 : v) which are smooth families of K-
finite matrix coefficients of the representations n(H : 4 : v). Then we defined
wave packets of the form

(1.3) f(x)= Eh:v:x)a(h:vym(h:v)dhdv,
DxA

where o is a jointly smooth function of 4 and v which is rapidly decay-
ing at infinity in both variables. We proved that f is a Schwartz class func-
tion if o is also rapidly decaying as # approaches the boundary of & and
Eh:v:x)alh:v)m(h :v) is jointly smooth. This second condition is a
restriction only at points where m, which is separately smooth in 4 and v,
fails to be jointly smooth.

Theorem 8.3 of this paper says that every wave packet f(H : x) correspond-
ingto f € €(G) asin (1.2b) is a finite sum of wave packets f of Eisenstein
integrals as defined in (1.3). Moreover, if f € %,(G), then the functions «
are rapidly decaying as 4 approaches the boundary of & . Theorem 10.22
gives matching conditions between f (h : v : x) and corresponding factors
from other series of representations which must be satisfied for any f € #(G).
Theorem 10.24 says that if f € %,(G), then f(h:v:x)m(h:v) is jointly
smooth. Points where m(h : v) is not jointly smooth correspond to principal
series representations which decompose into sums of limits of discrete series
which occur as actual limits along continuous families of relative discrete se-
ries. The fact that f(h : v : x) matches with zero at these points implies that
f(h:v:x)m(h:v) is jointly smooth.

In order to complete the characterization of the K-compact functions in
the Schwartz space for the infinite center case it is necessary to prove that the
matching conditions coming from character formulas are sufficient to guarantee
that a finite sum of non-Schwartz wave packets is Schwartz. This will be shown
in another paper.

In this paper G is always assumed to be a connected reductive Lie group.
A larger class of reductive groups was defined by Wolf in [15]. This larger
class includes the Levi components M of all cuspidal parabolic subgroups P =
MAN of G. However, in [4, 9] and in this paper results are not proved by
induction on the dimension of G, and so it is not necessary to work inside a
class of groups closed under passing from G to M. It was shown in [9] that




SCHWARTZ SPACE OF A GENERAL SEMISIMPLE LIE GROUP 5

every group in the larger class is obtained as follows. Let G° be the identity
component of G. Then G has a closed normal subgroup of finite index of the
form G = G° x E | direct product, where E is a finitely generated free abelian
group. In [9] we indicated how results on wave packets of matrix coefficients
for G° could be extended first to G’ and then to G. It would be a routine
exercise to use the same techniques to extend the results of this paper to this
class of groups.

The organization of the paper is as follows.

In §2, the definition of #(G) is reviewed and the set (G), of K-compact
Schwartz functions is defined. The main result is Theorem 2.12 which says that
Z(G)y is dense in Z(G).

In §3, the parametrization of continuous families of tempered representations
is reviewed and the wave packets corresponding to f € #(G) are defined. The
main result is Theorem 3.5 which says that each f € €(G), is a finite sum of
these wave packets.

In §4, the families ¥ (A : v) of spherical functions of matrix coefficients of
the relative discrete series representations n(M : h) are defined corresponding
to f € €(G). The main result is Theorem 4.6 which says that the Fourier
transform functions f(k : v) defined in (1.2a) can be expressed in terms of
Eisenstein integrals of these spherical functions.

In §5, vector spaces .#(h) of spherical functions of matrix coefficients of
the n(M : h) are studied. The main result is Theorem 5.32 which shows how
to construct bases for .#(h) and its dual %’(h)", which vary smoothly as A
varies. This is a very technical section and the results are proved using the
universal cover M’ of M° , the identity component of M .

The main result of §6 is Theorem 6.1, which gives a growth estimate for the
spherical functions ‘I’f(h : v) associated to f € #(G). In Theorem 7.2 this
estimate is sharpened for the case f € %;,(G).

The results of §§5-7 are combined in §8 (Theorem 8.3) to show that every
wave packet associated to f € &(G) is a finite sum of wave packets f of
Eisenstein integrals. Further, if f € %},(G), the functions a are shown to
decay at the boundary of & .

In §9 (Theorem 9.6), the character identity of Schmid is generalized to include
derivatives along the continuous families of parameters.

Finally in §10, the Plancherel function m(h : v) is studied. In Theorem
10.22, the character formula of §9 is used to prove matching conditions for the
functions f(h : v) associated to f € Z(G). These matching conditions are
used in Theorem 10.24 to show that if f € %},(G), then f(h:vym(h:v) is
jointly smooth.

This paper is a continuation of a study of harmonic analysis for semisimple
Lie groups with infinite center which has been joint work with J. A. Wolf (see
[5-9]). I am grateful to him for many suggestions and helpful comments during
the writing of this paper. In particular, he provided the proofs for Lemmas
6.6-6.8.
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2. THE SCHWARTZ SPACE AND K-COMPACT FUNCTIONS

Suppose G is a connected reductive Lie group. Fix a Cartan involution 6
of G asin[15] and let K denote the fixed point set of 6. It is the full inverse
image of a maximal compact subgroup of the linear group G/Z; . The following
was proved in [9].

Proposition 2.1. K has a unique maximal compact subgroup K, and has a
closed normal vector subgroup V such that

(a) K=K, xV,

(b) Z=Z NV isco-compact in both V and Z.

Let g = £+ p be the £1 eigenspace decomposition under . Choose a
maximal abelian subspace aO Cp and a positive restricted root system &' =

D (g, ay). Asusual, p = 1Y o m(a)a, where m(a) = dimg, . The Iwa-
sawa decomposition

(2.2) G=NAK, x =n(x)-expH(x)-x(x)

specifies the zonal spherical function on G for 0 € ‘18 ,

_ —p(H(kx))
(x) = /K/Ze a'(kZ)

(2.3)

Growth in G is determined by a function 6: G — R* which is defined as
follows. Choose an Ad (K)-invariant positive definite inner product on V. If
x € G we decompose

(2.4) x =v(x)-k,(x)-expé(x) € VK, -exp(p)

and then we set

(2.5) o,(x)=llv)ll, ax)=[Ex), &(x)=0,(x)+0a(x).
The main properties of ¢ are

(2.6a) o(k,xk,) =a(x) forallxeG, k ,k, €K
and
(2.6b) o(xy)<ag(x)+o(y) forallx,yegG.

The corresponding properties of ¢ are

(2.7a) Gkxk 'Y =¢(x) forallxeG, keK;
(2.7b) G(k,xk,) =6(x) forallxeG, k,k, €K ;
(2.7¢) g(xy)<3(ag(x)+a(y)) forallx,yegG.

Let W be a Banach space and f € C*(G: W). If D, D, € %(g) and
r € R we define

(2.8a) o I/l p, = sup(1 + +6(x) ) ADy: x5 DY)y -
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The Schwartz space is
BG:W)={feCG: W):D]||f||r,D2 < oo

(2.8b)
forall D,, D, € Z(g) and all r € R}.

It is a complete locally convex topological vector space with the topology defined
by the seminorms (2.8a). And of course the most important case is

(2.8¢) Z(G)=Z(G:C).

Forany (€ Z,let C¥(G/Z,{)={f € C®(G): f(xz) = {(z)f(x) for all
z€Z, x € G}. Then we also have the relative Schwartz spaces

(2.9)
B(G/Z, ) ={f€C™(G/Z,{) :sup(l +a(x))Ex) " |f(D: x; D,)| <
forall D,, D, € %(g), r €eR}.

For f € #(G), ¢ e Z, define
(2.10) fc(x)=/zf(xz)¢'(z)dz

Then it was proved in [6, 7.2] that f, € €(G/Z,{) forall f€Z(G), (€ Z.

When K is noncompact, there are no K-finite functions in #(G). We
replace the notion of K finiteness by K- -compactness, which is equivalent when
K is compact so that K is discrete. For 7€ K, let

(2.11a) d(t) =degt trt”

denote the normalized character of the contragradient t* of 7. We say f €
#(G) is K-compact if there is a compact subset Q of K so that

(2.11b) S(t ) xg f=0=fx,5(t) unlessteQ.

Write €(G), for the set of all K-compact functions in #(G) and let &,(G) =
{fe®(G): f=/fy} when f, is defined as in (1.1b).

Theorem 2.12. & (G), is a dense subspace of €(G). Further, for any H €
Car(G), %,(G)g = 64(G)NE(G) is a dense subspace of %, (G).

The remainder of this section is devoted to the proof of Theorem 2.12. First
we state a series of lemmas. The arguments are an elementary generalization of
those of [8, §12], so the proofs are omitted.

Let G, = {x € G:x = kexp({) for some k € K, and ¢ € p}. Then using
K = K, xV we can write every x € G uniquely as x = vx, , where v € V' and
x, € G. Further, by (2.5), 6(x) = g,(x) + a(x,). For f € C*(G), xe€G,
v eV, define

(2.13a) flo:ix)= f(vx).
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For D, D € %(g), be#(v), r,s>0, define

(2.13b)

WD, D' b, 7, 5)(f) = sup B (x)(1 +0(0)'(1+ 0, (0) | (v b D¢ x; D),
veV

(2.13c¢)

Z(G) ={feC™(G):u(D,D,b,r,s)(f)<ocforallD, D', b,r,s}.
Lemma 2.14. Z(G) = €(G) and the families of seminorms {pI1, p,} and
{u(D, D', b, r,s)} are equivalent.

Proof. See [8, Lemma 12.13].

Let % (iv*) denote the ordinary Euclidean Schwartz space for iv*. Simi-
larly, define & (V') to be the Schwartz space for the vector group ¥ using the
seminorms
(2.15a)

11, = sup(1 + o,))|w(;b), weCT(V), be#(v), s>0.

Then as usual, Z(iv") and & (V) are isomorphic via the Fourier transforms:
(2.150)  ¢(v) =/‘eh(v)(o(h)dh, 0 e Eiv), veV;
(2.15¢) y?(h):/ e ") dv, we®B(V), heiv".

Vv

For an appropriate normalization of dh, we have ¥ = i .

Lemma 2.16. There is a family {B,}, t > 1, of functions in Cc°°(in*) with the
following property. For any ¢ € €(iv*), t > 1, write ¢, = B,- ¢ € C°(iv").
Then given v € Z(v), s > 0, there is a continuous seminorm y on €(V) so
that 119 ~ (9) ., < 7(9)/t for all p € E(iv’), t> 1.

Proof. See [8, Lemma 12.14].

Now for f € #(G) and a fixed x € G, define y(v) = f(vx), v € V. Then
w € Z(V) since [lyll, ; < u(l,1,b,0,s)(f)E(x), sothat ¢ = § € Z(iv").
Define {8,} and ¢, =B,-¢, t> 1, as in Lemma 2.16, and set
(2.17a) f(v:x)=9,v), vev,

(2.17b) fi(x)=fi(1:x).
Lemma 2.18. Let u be a continuous seminorm on % (G). Then there exists a
continuous seminorm y' so that u(f — f,) < W' (f)/t forall f€F(G), t> 1.

Proof. See [8, Lemma 12.15].

Lemma 2.19. Let f € €(G). Then f € €,(G) ifand only if f. € €,(G/Z, ()
forall L€ Z.
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Proof. Recall from [5, §6] that fy(x) = [5(f,)y(x)d{. Thus (fy), = (f)y
for all {, H. But now f € %,(G) if and only if f,, = 0 for all H #H
if and only if (fy), = (f)y = 0 for all H' # H, all {, if and only if
fc € %,(G/Z, () forall {. QE.D.

Proof of Theorem 2.12. We know [6, 6.20] that K| -finite functions are dense in
% (G). We also have the compact group V/Z acting on #(G) by the adjoint
action. As in [6, 6.20], ad(V/Z)-finite functions in & (G) are dense. Thus
to show #(G), is dense in #(G), it is enough to show that any K -finite,
ad(V/Z)-finite f € €(G) can be approximated by functions in &(G), . But
if f isa K- and ad(V/Z)-finite, so are all the f,, ¢ > 1. Further, for all
h € iv", using the notation of (2.17),

(€« £)(x) = /V ™M) f(v: x)dv = g,(h) = B,(R)p(h) = O

unless 4 € supp B,. Thus f, € (G), forall ¢ > 1. But using Lemma 2.18,
f,— f in &(G) as t — co. Thus €(G) is dense in Z(G).

To prove that %,,(G)N%(G), is dense in &, (G), it suffices as in [8] to prove
that f €% (G) whenever f € €,(G). For heiv™,let {(h) = eh|Z , and for
teZ, let ( ={h €iv”:{(h)={}. This is a discrete subset of iv* since
V/Z is compact Now for f € €,(G), f, € €,(G/Z,{) forall { € Z by
Lemma 2.19. Hence e” *V f=é" %12 oy € By(G/Z, {(h)) for all h € iv”.

But f(x) = [, B,(h )" *Vf)(x)dh $O
E B (h)e" x, £)(x)
he(iv®

is a finite (since B, has compact support) linear combination of functions in
&,(G/Z,{), hence lies in €,(G/Z,{). Thus f € %,(G) using Lemma
2.19. Q.E.D.

3. WAVE PACKETS CORRESPONDING TO SCHWARTZ FUNCTIONS

For f € #(G), the Plancherel theorem expands f in terms of the distribu-
tion characters, ©(H : x), of tempered representations of G parametrized by
Cartan subgroups H of G and characters y € H. As in (1.1) we can write

(3.1a) fx)y= > fulx
HeCar(G)
where
(3.1b) Fuo0) = [ O : D)(RGSmUH : 1) dx.
Fix H € Car(G). We may assume H is 6-stable and write H = T x A4,

where T=HNK, A=exp(a), a=hNp. We first will make more precise the
contribution of H to the Plancherel formula.
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Let P = MAN be a parabolic subgroup associated to H. We recall the
parametrization of the H-series of tempered representations from [9].

Let @, = ®(m, t) denote the roots of m with respect to t, @L a choice
of positive roots. Let p,, denote the half-sum over @} and let @, , =
®, Nd(¢,,, t). Then set
(3.2a) A, ={A€it :1—p,, is integral,

4 1s @, -nonsingular and <I>L‘ x-dominant} ;

(3.2b) ng: the relative discrete series representation of M 0
corresponding to A € A, ;

(3.2¢) XA ={ye ZM(MO)A : )(IZM0 is a multiple of el_p“leo};

(32d) wmH:x:A:v)= Indgw(Mo)MoAN(x ® ni) e’ ®1),
A€A,, x€X(), veF =a";

(3.2¢) O(H:x:A:v): thecharacterof n(H: x :A:v).

Recall K = K, x V' from Proposition 2.1. Write K,?! =M°nK. Proposition
2.1 can also be applied to Kz(u)4 to write K§ = K?,M x V,,, where K?’M =
K. n M° is maximal compact in Kfl. Note V,, ¢ V' in general. We can now
write A, as the union of continuous families defined as follows.

For h € iv" ={he€it’ :h(t) =0}, set h, (h) =h| . Let ®,,  ={acd]:
(a, hy(h)) =0 forall h€iv’} and
(3.2f) Ay, o ={4 € it 1 24(v,,) =0, A; — p,, is integral, and

Ay 18 (DL‘ x-dominant and @L‘ ,-nonsingular} .
For A, € Ay, 4, let % (4,) denote the set of connected components of {4 €
io" i (B, Ay + hy(h) #0 forall g e ®y \®; }. Then A, is the disjoint
union of continuous families

(3.2g) {Agthy(h):heZ}, wheredy €A, jand Z € Z(4,).

Let X, = {h € iv" : hy,(h) = 0} . Thus the families {1, + h,,(h): h € iv"}
are really parametrized by cosets in iv"/X , - Define an equivalence relation
on X(4,) by 1~ x if x'—x@e for some 2 € X,. (Note for h € X,
e |Z _ew“’)|z =150 x®e" € X(%,) whenever x € X(3,), h € X, .)
Let [X (A9)/ X1 denote a set of representatives for the equivalence classes of
X(4y) w1th respect to ~. Then we can parametrize relative discrete series
representations of M t=2z7 u(M 0)M % as follows.
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Lemma 33. Let A € Ay, x € X(A). Then there are A, € Ayor X €
[X(A)/X,], and h € iv™ such that A = Ay+ h,,(h) and x = x, ®e". Fur
ther, for Ay, A € Ay o0 Xo € [X(20)/ X\, Xo € [X(Ay)/ X1, and h, ' € iv",
dothy(h) = Ay +hy () and xy@e" = xi@e" ifandonlyif Ay =1y, xo= 1),
and h=h' (modS), where S = {h € iv":¢"|,. = 1}.
Proof. Write t = t, @ v, , where t, = tn¢ . For A€ A, 4 = ’”t, €
A, o, and, as in [9, §3], there is &, € io" such that )”loM = hy,(hy). Then
A=Ay+hy(hy). Now x® eM e X(4,) and so there are yx, € [X(4,)/X,]
and 7, € X; withy ® e = X ® e, e, x = X ® "M | Now if we take
h=hy+h, wehave x =y, ®e" and i =2, +h,,(h) since h,,(h)=0.
Now assume 4, 4o € Ay, o and h, h' € iv” with Ay +hy, (k) = Ay +hy (H).
Then

/!

Ro= Ao+ hy ()], = 2o+ hy ()], =44
and

hag(B) = Ao+ hyy (W), = 2o+ by (K)l, = hy(H).

UA
Thus h =4 (mod X|). Now if yx,, )d) € [X(4,)/X,] with xo®eh = xé@ehl
we have xé = % ® e , where h — h' € X, so that y, = x('). Thus x, ®
e = x0®eh so e IZM(MO) =1. But S ={h: €hle(M0) = 1}n4X,, so
h=h (modS). Q.E.D.

We can now rewrite (3.1b) more precisely as

(34 fyx)=cy Y > degy,

AOEAM‘OXOE[X(,{O)/XI]
x/ /9(H:x0®eh:/10-+-hM(h):u:R(x)f)
iv*/SJF

X m(H:x0®eh Dhg+ hy(h) vYdhdv,
where ¢, is a constant depending on normalizations of Haar measures,
m(H : x0®eh : Ag+hy,(h) : v) is the Plancherel function defined in [5, 6.17], dv
is Lebesgue measure on .% = a*, and d/ is the quotient of Lebesgue measure
on iv*/S. (Note S is a discrete subgroup of iv* since K/T is compact.)

In order to write f, as a sum of wave packets which can be compared with
those defined in [9], we need to expand f in terms of K-types. In order for all
sums to be finite, we need to assume that f is K-compact.

Recall Z =Z,NV C Z,(M°). For x € Z,,(M°)", let K(x) = {t€ K :
t(kz) = {(z)t(k) forall k € K, z € Z, where { is the Z-character of x}.
Then all K-types of the representation #(H : x, ® e Ay + hy,(h) : v) lie in
I?(x0®eh) = {1, = 10®eh 1Ty € I?(xo)}. Since Z C T we have ehlz =1
for all h € S. Thus x0®eh € I?(XO) forall x, € I?(xo), h € S, and we can
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define an equivalence relation on K(x,) by x ~ ¥’ if ¥ = x®e", hes.
Let [K(x,)/S] denote a complete set of representatives for the corresponding
equivalence classes.

Theorem 3.5. Suppose f € € (G); . Then

Ju(x) =cy Z Z Z deg xo
A€y o DEF (29) XyELX (49)/ X1
x Yy Yo fH:AD it i1,0X),
1,€K(xo) 1,€[K (15)/5]

where

(3.6a) f(H:Ay:x5:7T,:7T,:h:v:Xx)
=0(t) ) #xyz OH : 2y ® €" A+ hy () 1w s ROO)S) g 17 (1, )
and

(3.6b)
SJH:2): D 1 xy:7, 01750 X)
= f(H:,lO SXgiT T, hiv :x)m(x0®eh 2Ag+hy(h):v)dhdy.
DxF
Further, only finitely many of the functions f(H : Ay : D : x,: 1, : 1,) are
nonzero.

We will referto f(H :4,: < : x,: 1, : 7,) as a wave packet corresponding to
f, so that for f a K-compact Schwartz function, Theorem 3.5 expresses f},,
and hence [, as a finite sum of wave packets. The remainder of this section is
devoted to the proof of Theorem 3.5.

Lemma 3.7. There is a central subgroup T, of T sothat T =T, -T,, T, =
TNK,.

Proof. Decompose g = g, @ g, , where g, is the sum of all simple ideals of g
which are compact or not of hermitian type, and g, is the sum of the center of
g and the noncompact ideals of hermitian type. Then G = G,G,, where G,
has finite center and all Cartan subgroups of G, are abelian (see [5, §1]). Write
r=T1,-T,,where T,=TnG,, T,=Tn G, . Then T, is compact, hence is
contained in 7, . T, is abelian, hence central in T. Q.E.D.

Lemma 3.8. [X(4))/X,] is a finite set.

Proof. X(A,) is in bijective correspondence with f(/lo) ={neT: N0 1s a
multiple of €™} by y & y®e" ™ =y on T = Z,,(M°)T°. Define an
equivalence relation ~ on T(AO) by n~n if ' =ne e", h € X,. Then the
bijection preserves ~ so that [X(4,)/X,] is in bijective correspondence with
[T(lo) / ~], the set of equivalence classes in T(lo). Thus it suffices to show
that [T'(4,)/~] is finite.
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Recall from Lemma 3.7 that T = T-T, , where T, = TNK, and T, is central
in T. Thus ¢(n) = r)[T‘ defines a mapping from T(AO) into TI(AO) ={n €

T mlrn
since ehlrl =1 forall A€ iv". Thus ¢ factors through [f”(lo)/fv]. Suppose
o(n) = 9(n'). Let { and {' denote the T,-characters of 7 and 7. Then ¢'{™"
is a character of 7,/T, N T, hence the restriction of e" for some h € iv”.
Thus { = {'®e”" andso n = ' ®e". But nl0 = 1|50 50 €"|0 = 1 and
heX,ie, n~n. Thus ¢ :[T(4)/~] — T,(4,) is injective. But T, is
compact so that 7,/T, N T° is finite. Thus Tl (4,) and hence [T(AO)/ ~] are
finite. Q.E.D.

Lemma 3.9. Suppose f € €(G)y . Then there is a compact subset w of it" so
that ©O(H : y : A :v)(R(x)f) =0 forall x € G, y € X(4), v € &, unless
LewnA,,.

o is a multiple of €A°_leT]nTo}. If n~7n wehave ¢(n) = o(n)

Proof. Let b be a Cartan subalgebra of ¢ containing t. For 7€ K, set |7 =
|||, where u is the highest weight of 7 and || - || is the norm on ib" coming
from the Killing form. Now if f € #(G), thereisa ¢ > 0 so that 6(1*)*Kf =
0 unless 7€ Q. ={re K|t <c}. For 1€ A,,, the corresponding relative
discrete series representation ng of M° has minimal Kgl-type A—p(%), where
p(%) is a shift depending only on the chamber & of A. Thus all K}?I-types o
of ng satisfy
ol 2 c(d) =14 - p(#E)ll.

Now if 7 is a K-type of Indfﬁ wx® ng ®e’ ®1), 1| K, contains some
K;)l-type o of ng. Let u, be a weight of 7 such that u | is the highest
weight of o. Then |[[7| = |lull 2 llu,ll = llu,lll = lloll = c(4). Thus if
c(A) > ¢, we have © ¢ Q_ for all K-types 7 of the induced representation.
Thus ©(H : x: A:v)(R(x)f) =0 unless 1 € A, Nw,, where w, = {A € it :
14l < ¢+ maxg ||p(#)l}. Q.E.D.

Let f € €(G)y and pick ¢ such that all K-types of f arein Q = {r € K:
7]l < c}. Define w, as in the proof of Lemma 3.9 so that

OH: x:A:V)(R(x)f)=0
unless 2 € Ay Nw, . Let Fy={A;€ Ay :Ag+hy,(h) € o, forsome h € iv”}.

Lemma 3.10. F; is finite and there is m >0 so that w N A,, C {A,+ h,,(h) :
Ay € Fy and ||h,(h)|| < m}.

Proof. Although t, and v, are not orthogonal with respect to the Killing form,
t=1t ®v,, isa direct sum so there is ¢, > 0 so that (||/10||2 + ||hM(h)||2)'/2 <
clldg + hy(R)|| for all Ay € Ay, B € iv". Thus, if A, + h,(h) € o,
(A + Ny, (RID'? < ¢/, where ¢’ = ¢ + max, ||p()||. Thus, if m = ¢,
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we have |4yl < m and ||k, (h)| < m. But A, , is discrete so that F; C
{2 € Ayr o2 IAgll < m} is finite.  Q.E.D.
Lemma 3.11. {h € iv"/S: ||h, (h)| < m} is compact in iv"/S.
Proof. 1t suffices to prove that X /S is compact, where X, = {h € iv" :
hy(h) = 0} = {h € iv" : ehlﬂ =1}. But h — eh|T defines a homeomor-
phism between X,/S and (T/T, - ™. But T/ T,-T % is discrete so that
(T/T, - T°" is compact. Q.E.D.
Proof of Theorem 3.5. Let f € #(G); with K-types in the compact set Q..
Pick m and F, as in Lemma 3.10 so that

O(H : xy®€" : A+ hy (h):v:R(x)f) =0

unless 4, € F, and h € iv"/S with ||k, (k)| < m. By Lemma 3.11 there are
m' > 0 and a fundamental domain 7, for iv"/S so that ||h|| < m’ for all
h € 7,, . Thus we can rewrite (3.4) as

(3.12) fH(x)=cH Z Z degXofH(X():lo:x),

A0EFy 20 €[X(49)/ X ]

where

fH(xO:/IO:x)=/ /yG(H:x()@eh:lo+hM(h):u:R(x)f)

x m(H: o ®e" : 2 +hy (h):v)dhdv.
Fix 4, € F; and x, € [X(4,)/X,] and write
O(h:v)=O(H : xy@e" : dg+ hyy(h) : v)
and m(h:v)=m(H : x0®eh :Ag+hy(h):v). Foreach h € 7,, we can write
(3.13) O(h:v)(R(X)f) = D 6(t] W) *gz O v R(X) ) *g176(15 )
7, ,1261?()(0)

But 0(1] ;) %, O(h: v R(x)f) *g,;; 6(ty ,) =0 unless 7, ,, 7, , €Q,, e,
unless 7,,7, € {1t € I?(xo): 7| < ¢+ m'}. Since I?(xo) is discrete, this is
a finite set, so the double sum in (3.13) has only finitely many nonzero terms.

Thus we have
(3.14)

fH(XO:/IO:x)=/U_/S/yl > ot ) *Oh:v:R(x)f)*d(zy )

7,,7,€K(xy)

xm(h:v)dhdv

xm(h:v)dhdv.
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Finally, we can write iv" = Uge% Z to obtain the formula in Theorem 3.5.
Note % (4,) and [X(4))/X,] are ﬁmte sets,and f(H:4,:Z :xy:71,:7,)=0
unless A, € F, and 1,, 1, € {t € K(x): It <c+ m'}. Q.E.D.

4. EISENSTEIN INTEGRALS ASSOCIATED TO SCHWARTZ FUNCTIONS

Throughout this and the next four sections we will fix a 6-stable Cartan
subgroup H of G, parameters 4; € A, , and x, € X (49), and a chamber
Z € €(4,) so that

(Oh:v)=OH: y,@e" 14y +hy(h):v):heD, veF}

is a family of characters of H-series representations as in (3.2). Fix 7,71, €
K (X,) - Then for any f € #(G) we can define

(4.1a) Flh:v:x)=8(x] ) g 7 O v)(RX)S) *g 7 6(2; )

as in (3.6a). In this notation,

(4.1b) SH:A: D yyit:1,) = flh:v:x)mh:v)dhdv
DxF

is a wave packet associated to f. In Theorem 3.5 we showed that if f is
K-compact it is a finite sum of wave packets. However, the definition (4.1)
of wave packets associated to f can be made for any f € #(G). The main
result of this section is Theorem 4.6, which shows how to write f(h:v) as an
Eisenstein integral. This will allow us to relate the wave packets corresponding
to f € #(G) to the wave packets of Eisenstein integrals constructed in [9].

Let tjl. denote the restriction of t ; to K ,j=1,2,andlet W = ET: ®Et;
be the finite-dimensional subspace of L2(K1 x K,|) on which K, acts on the
left and right by representations 't} and 't equivalent to multiples of 7, and
r; respectively. Then for each 4 € n’&, K =K, xV actson W on the left and

right as in [9, 6.4c] by representations ('t, ,,'7, ,), where ‘1, , = 7 Tgeth,

i=1,2. Here " is the character by which 7, acts on V. Thus if we define
(4.22)  f(hix)=8(c] ) 0 f(X) %42 8(1y ), [EE(G),

(4.2b) F(h:x)(k, tky) = fh:k 'xky'), Kk, k ek,

F(h:x)e W isa t-spherical function, i.e.,

(4.2¢) F(h:kxk) = "1, (k)F(h:x) T, (k). Kk, k€K,

For meMT, v € ¥, define

(4.3a) Gph:v:m)=| F(h: man)e” "2 gadn,
AN
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where pp(H) is % the trace of ad(H) on n, H € a. As in [6, 5.3], we have
Gulh:v) e E€(M'/Z,{(h) : W), where ((h) = e"™"|, = ""|,, and it
follows from (4.2c) that
(4.3b) Gy(h:v:kmk)= "1, (k)G (h:v:m)t, ,(ky),

ki, kyeK, =KknM".
Finally forall hec(2), veF, me M' we define
(4.4) ¥ (h:vim)=[M/M"OM :h: R(m)G(h:v))

= [M/MT]/M*/Z oM’ :h :9)Gp(h:viym)d(yZ),

where, for h € &, ©(M' : h) denotes the character of the relative discrete
series representation (M UF h) of M f corresponding to x, ® ez y(M O)A
and A, + h,,(h) € it". For hec(2)\Z, O(MT : h) denotes the character
of the limit of discrete series coming from & . Then ¥ f(h :v) is a spherical

function of matrix coefficients for z(M' : k) with KL-types "7, ki, and

/TZ,thL‘
Extend W (h:v) to G by

(4.52) W (h:v:kman)= "1, ,(k)¥ (h:v:m) forkman e KM AN,

and define the Eisenstein integral as
(4.5b)

E(P: ¥, (h:v)ihivix)= [ ¥ (hivixk)t, (ke " 4kz).
K/Z ’

Theorem 4.6. E(P:‘Pf(hzu):hzl/:x)(l D)= f(h:v:x) forall fe®(G),
hec(Z), vea',and xe€G.

Lemma 4.7.
O(h : v)(R(x)F(h))
=0O(h:v)(L(x

vy [

K/Z

-1

)F (h))
/ OM' :h:m)F(h: kaank_l)
Mtz JAN
x e~ 0% g4 dn dm dk .

Proof. The standard result [6, 5.10] is
O(h: v)(L(x™")F(h))

= / / O(M : h: m)F(h : xkmank™ e " 2" g0 dndm dk

k/z Imjz Jan

where O(M : h) = Indj‘,;f(f?(MJr 1 h)). But ©(M : h) is supported on M' and
is given there by (M : h : m) = ZyeM/Mf G(M)f th: ymy—l), me M.
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Since we can assume y € M N K, the result now follows by changing variables
in the integral: m — y 'my, k - ky, n—y 'ny. Q.E.D.

Proof of Theorem 4.6. Write xk = kymya,n, € KM'AN . Now

F(h: xkmank™ e =208 g 4y
AN

= ITl,h(ko) ANF(h:momaoa(ma)_lno(ma)n)

x e P08 g gy T, h(k_l)

/Tl,h(ko)e(iv—/)p)(logao) » F(h:moman) —(iv—p,)(loga) dadn' T, h(k—l)

by changing variables n — [(ma)_lnoma]_ln and a — q; 'a. But this last
expression equals e(”’_”f')(bg“‘))'rl’h(kO)Gf(h v mom)'tz,h(k'l). Thus

(M/M" ? QM h:m)F(h: xkmank™ e~ ™21 44 dn dm
Mtz Jan

= o\v=py)logay) /71 pk)¥ (o mo)'Tz,h(k_])
_ o p)Hxk) gy (v xk) Tz,h(k_l) as xk = kymgayn,, .
Thus, using Lemma 4.7,

O(h:v)(R(x)F(h)) = E(P: ‘I’f(h v)ih:iv:ix).
But f(h:v:x)=0h:v)(Rx)F(h))(1:1). QE.D.

Note that we have proved a spherical function version of Theorem 4.6.
Namely, if we define

(4.8a) F(h:v:x)=0O(h:v)(R(x)Fh)),

we have
F(h:u:x)=E(P:‘Pf(h:u):h:z/:x).

5. SPHERICAL FUNCTIONS OF MATRIX COEFFICIENTS
Let 2, € Ay . X5 € X(4;), and Z € D(4,) asin §4 so that {n(MT th) =
x(h) ®n20 hy(h) - h € &} is afamily of relative discrete series representations of
M" asin §3. Fix 1,, 7, € K(x,) and define W = E;®E,C L*(K, x K,) as
in §4. For each & € n::, K acts on the right and left of W by representations
('t 4»' Typ) For j=1,2, hecl(Z), define

(5.1a) X, ,={o€ I?L : 0 occurs in both 7, ®eh|K‘L and in n(Mf : h)lKL}'
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By [9, 4.9], there is Zj - K:{/ so that Zj’h ={g,=0 ®e" o€ Zj} for all
hecl(Z). For h € cl(Z) define

(5.1b) (M r. g;: h): the g; p-isotypic subspace of the representation
space of 7r(MT th);
(5.1¢c)
7' (M r. 0,:0,: h): the linear span in C®(M T) of the matrix coefficients
X (n(M ) (xw,, w,), w, e F M o, h);

(5.1d) W(MT:tl:‘cz:h)=® Z W(Mf:al:azzh).

(0,,0,)€L, XL,

(5.1e)
Y(Mt : W :h): the vector space of all F : M' = W such that

(i) F(k,mky) =" 1, ,(k,)F(m)'t, ,(k,)
forall m e M', kl,kzer ;
(i) m — (F(m), w") is an element of 7" (M" : 7, : 7, : )
forallw" e W".
Elements of #(M': W : h) are K;{{-spherical functions of matrix coefficients
of n(M': h). For each f € #(G), the functions m — ¥, (h:v:m) defined
in (4.4) satisfy ¥ (h:v) e S (M : W :h) forall he (D), veF .
We define holomorphic families of KL-spherical functions as follows.
(5.2)
F(M": W) : the set of all F € C™(vg. x M': W) satisfying
(i) F(hyePM' : W h) forall hec(@);
(ii) A+~ F(h:m) is a holomorphic W-valued function on n::
forallme M t ;
(iii) Let . be a complex neighborhood of & in u:: of the form
D=9 +iw, where v C iv" is a neighborhood of 0 with
compact closure. Then for all D,, D, € % (m) there are
C, r >0 so that
IF(h: Dy x5 DI < C(L+ A (1+d (k)™ e 5 (x)
forall h € D, x € M'. Here d(h) denotes the distance
from A, to the boundary of Z if h=hp + ih; € D + iw.

In this section we will show how to find consistent bases for the vector spaces
5”(MT : W : h) given in terms of the holomorphic families of KL-spherical
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functions in #(M': W). Given f € €(G), this will allow us to find families
F, e M W) and o;: cl(Z)xF — C so that

(5.3a) W(h:v)=) a;(h:v)F(h).

Using Theorem 4.6 this will allow us to write

(5.3b) fhvix)mh:v)ydhdy =Y ®,(x)(1:1),
IxF i
where
(5.3¢c) D,(x) = / E(P:F;:h:v:x)ah:v)m(h:v)dhdv
DxF

is a wave packet of Eisenstein integrals of the type studied in [9].
We will also construct bases for the dual spaces ¥ (M tow h)*. These
dual bases, together with information on the properties of ¥ ;asa function on

P xF x M' which will be established in §86 and 7, will allow us in §8 to study
the properties of the coefficients «; as functions of 4 and v . The main result
on consistent bases is Theorem 5.32. For technical reasons, it is stated for M,
the universal cover of M° , rather than M r

In [9, §4] we defined for each (0|, g,) € £, x £, a subspace

FM' 0,:0,) € C7 (b x Mh
consisting of holomorphic families of relative discrete series matrix coefficients.
In particular, each ¢ € ¥ (M r. o, : 0,) satisfies
(5.4a) h — @(h : m) is holomorphic on ué forallme M';
(5.4b) p(h) e W(Mf 10,:0,:h) forall hecl(Z).
Corresponding to each ¢ € & (M UE g, : 0,) we defined in [9, §5] a holomorphic
family F(p) € & (M': W). Define K,‘VLl =K! -VnK, andlet W" be the

kernel in W of restriction of functions to KAVL1 x K;/{’l. Let W' be the
orthocomplement of W" . Then F(p) is characterized uniquely by

(5.5a) F(p:h:m)eW' forallhevy, meM';
(5.5b)

Flp:h:m)k k) ={(t,:h: vl_l)C(r2 th: vz_l)(p(h : kl_‘ll‘[mk;l/‘{),
where k, = vk, , € (V- KL) N K,‘VJ,l and {(7;: h) denotes the V'-character
of 7, , =ri®eh.

The families F(p), ¢ € F (MJr : g, : g,), were the basic holomorphic

families of KL-spherical functions used to define Schwartz wave packets of
Eisenstein integrals in [9]. However, the only properties of the families used
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in the proofs were properties (i)-(iii) of the definition (5.2) of (M t. w).
In order to obtain consistent bases for the families (M tew . h), we need
to expand the construction slightly, keeping within the family #(M t W), by
going to the universal covering group of M 0.

Recall the family {n(M)‘ th):he P} used to define LMW h) is of
the form n(M" : h) = x(h)@n(M° : h,,(h)), where x(h) = " ® ¥, € Z,,(M")"
and {n(MO thy(h) = n20+hu(h) :h € Z} is a family of relative discrete series

representations of M°. Write Dy =1{hy(h):h € Z}. Define
(5.6a) Z? = {ao € I?Mo : a,? = 6" ® " occurs in both Tf"thfL
and in n(M°: Ry ()0 }

It is independent of 4 € cl(Z), and for all & € cl(¥Y,,), we define

(5.6b) 7M1 i1, h) = b > 7(M°:0.: 0, h),

(a? s UZO)EZ?XZ(;

where W(M0 : a? : 020 : h) denotes the space of matrix coefficients of 1t(M0 th)

corresponding as in (5.1c) to the K, o-type (a?, o ag, n) -
Further, since 7t(MT : h)lKL = x(h)® (M h)leL’ it is clear that X, =
{x(0)®0°:06" €2}, j=1,2. Define

(5.6¢) .7(M0:r1:12)=® Z 9(M0:a?:af),

(), 00)ex0xX)

where & (M0 : a? : a;_)) denotes the space of holomorphic families of ma-
trix coefficients for the n(M 0. h), h € Z,,, corresponding to the Kl?l-types
(a?’h , ag‘h) as in [9, 4.7]. Then each element of W(M)f 17,17, h) is a finite
sum of terms of the form ¢h(zm0) = y/h(z)(p,?(mo) , Z€ ZM(MO) , mbe M°,
where y, is a matrix coefficient of x(4) and (02 € W(M0 1T Ty hy(h)).
Further, each element of ¥ (M': 7, : 7,) is a finite sum of terms of the form
p(h: zmo) =y(h: z)(oo(hM(h) : mo), where y(0) is a matrix coefficient of
x00), wh:z)= e"(z)a//(O :z), and (oo € 9’(M0 ITIT,).

Let p: M — M % denote the universal covering group. Then K, =
K., K,p]1xV,,, where [K,., K,.] is compact and V), is a vector group.
In the notation of [9, 4.7], v, = v, ®u,, and Z,, C iv,, isjust {h € P, :
h(u,,) = 0}, where &, C iv), is the connected component of {A € iv}, :
(B, Ay +h) #0 for g e®), \®) .} that contains Z,, .

For h € Z,, ,let a(M "+ h) denote the relative discrete series representation
corresponding to A, + 4. Then forall h € &,

aM :h)=n(M°:h)op.




SCHWARTZ SPACE OF A GENERAL SEMISIMPLE LIE GROUP 21

Further, for each (d;, 0;) € £) x X, there are (d,, 0;) € K, so that o] , =

aio’h oplg , forall he (0,)e- Let = = {a] : 60 € £'}. For each (g;, 0;) €

I, x X, h € @,,, define Z(M' : g, : 6, : h) to be the space of matrix

coefficients of n(M’ : h) corresponding to (o ,, g, ,), and set

(5.7a) W(M':‘cl :rz:h)=® Z W(M':a; :a;:h).
(0),0,)€L, xE;

We also define

(5.7b) 9’(M':tl :12)=®Z?(M/:a;:a;),

where F(M' : g, : 0,) is the space of holomorphic families of matrix co-
efficients for n(M' : h), h € 9,y , defined as in [9, 4.6] corresponding to
(01 4+ 0y ). Then if h € 9,,, for each ¢, € 7' (M°: 7 : 1, : h) there is
9, €7 (M :1,:1,:h) with ¢, = ¢, op. Further, each 9" € F(M°:1,:1,)
is obtained from a family ¢’ € F(M' : 7, : 1,) so that ¢'(h) = ¢°(h) o
whenever h € 9, .

For each 4 € cl(D), Z,,(M°) acts on W by .(/Tl,h’,TZ,h)le(MO)' Let W,
be the (x(h), x(h))-isotypic subspace for this action, and let

(5.8a) Wy={weW,: 'rlyh(z)w = w'rz,h(z) forall z € ZM(MO)}.
W, is independent of 4, and is a Kgl-invariant subspace of W for
(/Tl,h’ lfz,h)|1<2,

since Z,,(M°) centralizes K3, . For h € cl(9,,), define

(5.8b)
y(MO : W, : h) : the vector space of all Fo:Mm° - W, such that
(i) F(kymky) = "1, ,(k)F'(m)'t, ,(k,) forall m e M°,
0
k .k, €K,
(i) m — (Fo(m) , w") is an element of W(MO 1T, 1T, h)
10
for all w" € W .

For all 4 € cl(¥,,/), define

5”(M' : W, h) . the vector space of all F' M > W, such that

/

(i) F'(kymicy) = " (kiky) 'ty o(p0k)F'(m) 'ty o(p(ky)
forallme M, ki, k,eK,:;

(ii) m — (F'(m), w") is an element of 7" (M : T,:7,:h)
for all w™ € W .
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Lemma 5.9. Forall he (&), F - F O=-F |0 &ives a vector space isomor-
phism between #(M': W : h) and F(M°: W, : h,,(h)).

Proof. Every KL-type of n(M": h) is of the form x(h)®a,? () » Where a,? h)
) : : ; M M
isa K, -type of n(M":h,(h)). Thus every F € (M": W : h) takes values
in W,. But, forall z € Z,(M") and me M°,

0 0

't W(2)F(m°) = F(zm°) = F(m°z) = F(m°)'1, ,(2).

Thus F° = F|,0 takes values in W, . Further, W(MJr :T, 11, h) is the
set of all finite linear combinations of the products of matrix coefficients of
x(h) and elements of W(MO : T, 1Tyt by (h)). Thus it is clear that F|,.0 €
F(M°: W, by (h)). Also, if F|,0 =0, then F(zm°) =", ,(2)F(m°) =0
forall z € ZM(MO), m® e MO, so that F = 0. Thus F — F|, . is one-to-
one. But given F* € #(M° : W, : h,(h)), we can define F : MY — W by
F(zm®) = tl’h(z)F(mO). For z,k) € K|,

F(zlk?zmozzkg) = F(zlzzzklomokg) = ‘cl’h(zlzzz)Fo(k?mOkg)
0y0, 0 0
= ,Tl,h(zl)lrl,h(Z)lrl,h(ZZ)lrl,h(kl JE (m )’72,h(k2)
0 0 0
=", ,(z,k))F(zm") "1, ,(2,k;)
since ZM(MO) centralizes Kl(l)l and F 0(mo) € W,. Thus F satisfies (i) of
(5.1e). To check (ii) we identify W™ with W via the hermitian inner product
for which ('z; ,,", ,) is unitary. Then for all w € W,

0 0, 0 -1

0, 0
(F(zm’), w) = (7, (2)F (m), w) =(F (m"), 1, ,(2)" w).
Let {w,,..., w,} be an orthonormal basis for W so that w,, ..., w, € W
and w, ,...,w, € WOJ'. Then

(FOm’). 7, 427 'w) = 3" (1, (27w, w)(F(m"), w))
i=1
=Y (1, (2w, w)(F

3

*m®), w)

n

since Fo(mo) €W,. Butforall 1<i<1t, z— ('tl'h(z)wi, w) 1s a matrix
coefficient of x(h) since W, C Wx, and m® — (F(mo), w;) is an element
of W(MO : T, 11, hy(h)). Thus zm® (F(zmo), w) is an element of
W(M)r :7,:7,:h). Thus F ELS-”(MJr 1T, 1T, h) with F, o =F°, Q.E.D.

Lemma 5.10. Forall h € (Z,,), F O L F%p gives an isomorphism between
the vector spaces ¥ (M° : Wy : h) and (M’ : W, h).
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Proof. This is clear since
W(M':r1 :12:h)={¢;=(ohop:(pheW(M0:tI:12:h)}
when h € 2, and 't, ,(p(K')) = eh(k')/‘ti’o(p(k')) for h e (v,,)c. QED.

Combining Lemmas 5.9 and 5.10 we have for each 4 € cl(Z) an isomor-
phism F — F' = Fl,00p from FM W k) onto F(M: W, : h). This
allows us to work in M’ rather than M .

Next we want to characterize the images of the families F(p), ¢ €
F(M: 7,:1,), and extend them from 4 € cl(Z,,) toall & € (v, ). Suppose
0peFM : T, 1 7,) is of the form ¢(h : zm®) = y(h : z)(po(hM(h) :m),
where w(h:z) = eh(z)t//(O : z) is a family of matrix coefficients of y(k), and
e F (M1, :1,). Pick o' € F(M':1,:1,) sothat ¢'(h) = ¢p°(h)op for
all he Z,,.

Lemma 5.11. Forall m' € M' and h e vy, F(p:h:p(m')) e WynW', and
for ki k, €Ky, |,

F(p:h:pm")(k, k) =C(t,:0: 0 )(1y:0: 0, w0z 'z, ")
x P (Kl (hy (k) kT m' kT,
Here k; = viz,.p(k;) ev. ZM(MO) -Kj?l OKL,I , Where k; €K, .
Proof. The first statement is obvious from (5.5a). Now use (5.5b) to write
F(p:h:p(m))(k, :ky)
={(r, hivy ey thivy D 2y p(ky) ™ p(m))p(ky) ™ 2,
=¢(t, hiv )y kv Yz 2 e  (hy, (h) : p (kT m kYY)
= eh(vl_'vz_lzl_lzz_')C(t1 :0: vl_l)C(t2 :0: vz_l)

xw(0: 2, 2y Vo' thy () k7 kST,

1 ! r=1_-—1

Now k, = v,zp(kl) € K,, so e"(k) = 1. Thus e"(v'z]") = e"(p(k])) =
"M (k'y. Q.E.D.

1

For each ¢' ¢ F(M': 7, :7,) and matrix coefficient y(0) of x(0) we now
define F(p': y(0)): (v, )c x M — W,nW' by

(5.12)
F(p

/!

cw(0):h:m)(k, : k,)
= ¢, 007 (r, 000y (0 2 2y e  (kiky)g! (h s ki mkyh,

where k, = v,z,p(k)) e V- Z, (M) -p(K,; ) N Ky, .
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Lemma 5.13. F(¢' : y(0)) € C*((o,)e x M'). Forall m e M', h —
F(¢': w(0): h:m) is holomorphic as a function of h € (v,,).. For each h €
(D,y), F(o':w(0):h)e S (M :W,:h). For he (@), F(p:h),pop=
F(¢':w(0):h,(h), where ¢ isrelated to ¢’ and y(0) as in (5.11).

Proof. The joint smoothness and holomorphicity are obvious since ¢ is jointly
smooth and & — ¢'(h : m) is holomorphic for all m € M'. Write
F(¢':w(0) = F' andlet b,,b, € K,,. Then forall m € M' and k,, k, €

4

KM,]’

e" (b, b))ty o(p(b))F (h:m) T, ((p(b))(K, : ky)
=e"(b,b,)C(, 1 0 u)L(1,: 0: ) F' (h:m)(g) 'k, kpgy '),

where p(b;) = u,g; € V'K,‘VL1 . Now if we write k; = v,.zl.p(k;) as in (5.12),

we have g, 'k, = (u,v,)z,p(b; 'k;) and kyg;' = (u,v,)z,p(ksb; "), so using
(5.12),

e"(b,b,)'7, o(b)F (h:m) 1, o(p(b))K, : k)
= eh(blbz)C(‘tl :0:u)f(t,:0:u,)¢(r,:0: 'vl_lul_l)C(‘t2 :0: vz_luz-l)
x w(0:z7 2, e (b ki Koy Yo' (h s k) b mbyky )
= F'(h: bmb,)(k, : k).
Thus F satisfies property (i) of (5.8b). Now for any w” € W, write w" =
w; + w,, where w{,w; € W with w{|,» = 0 and w;|,, = 0. Then
(F'(h : m),w") = (F'(h : m), w}). Further, {w" € W* : w*|,. = 0}
is spanned by point evaluations e(k, : k,), where k ,k, € K]lVl,l‘ But
(F'(h : m), e(k, : k,)) = F'(h : m)(k, : k,) is a multiple (independent of
m) of ¢'(h : k{"'mk,™") and m — ¢'(h : k;"'mk;”") is an element of
7' (M' it :1,:h). Thus F'(h) € #(M': W, h). The last assertion follows
from Lemma 5.11. Q.E.D.
For h € cl(D,,), write Z'(h) = 7" (M’ : 1, :1,:h). Then each 7'(h)" is
spanned by the point evaluations e, (¢) = p(m), m € M', 9 € 7'(h). Now we

can associate to each F € #(M': W, : h) an element 'F € Hom(? (h)", W)
so that

(5.14a) Fle,)=F(m), allmeM .
Write
(5.14b) 'P(h)y={F:FeSPM :W,:h)} CHom(Z (h)", W,).

For each h € cl(2,,), K, actson W, by (1} ,, 1, ,), Where

’

(5.15a) 7 (k) =e"(k)'t, o(p(k)).
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Write W,(h) for W, with this action of K. Note EndKM,(WO(h)) is inde-
pendent of 4 so we write simply End K, (W,). K, alsoactson 7°(h) on the

left and right by
(5.15b)

(k- 9, - k)(m) = 9,k 'mk;"),  k, k€K, , meM, 9, e 7 (h),
and on 7°(h)" by

(5.15¢) (k0" k) (p,) = v (k] 9, k).
Note that
(5.15d) ki e,k =e,, foralk, keK,, meM.

Lemma 5.16. '#(h) = HomKM,(%(h)*, Wy(h)) = {T € Hom(?Z (h)", W,) :
T(k{-v"-k;) =1, ,(k)Tv"ty (k) forall k, k,€K,., v" € V(h)}.
Proof. Because the e, span 7°(h)", we have, using (5.15d),
Hom, (7 (h)", Wy(h))
= {T € Hom(Z'(h)", W) : T (€, m,)

=1, ,(k)T(e,)7; 4(k;) forall k;, k, € K, me M'}.
Now Hom(? (h)*, W,) is the image under F —' F of all F: M’ — W, sat-
isfying condition (ii) of (5.8c). But now 'F ¢ HomKM,(W(h)* , Wy(h)) if and
only if F(k;mk,) =1, ,(k)F(m)7) ,(k),ie, Fe (M :W,: h). QED.

Lemma 5.17. dim HomKM, (7°(h)", W,(h)) is independent of h € c|(D,,).

Proof. By (5.15a), the action of K, on Wy(h) is €"(1} o, 7, ;). Further,
7°(h)" is equivalent as an abstract K,,-module to

.
> mlo Ymioy ) o] g€, 0, ),
(6,,0,)€EL XX

where m(a,., ,) denotes the multiplicity of O h in n(M' : h)| K, But, by
[9, 4.9], these multiplicities are independent of 4 € cl(Z,,). Thus, there is
a finite-dimensional vector space ¥, on which K, acts on the left and right
by (py ¢> Py o) sO that 7°(h)" is equivalent to V(h), i.e., ¥, with the action

e"(p, o+ Py o). Thus, for all h € cl(D,,),
dimHomy (7 (h)", Wy(h)) = dim Hom (Z5(h), Wq(h))
= dimHom, ,(7(0), W,(0)). QE.D.

(=)

Fix a matrix coefficient w(0) of x(0) and write F(¢') = F(¢' : w(0)),
(0'657(M':‘L'l iT,).
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Lemma 5.18. Let h € cl(Z,,). Then every F € F M W, : h) is a finite
linear combination of elements of the form SF (¢’ : h), where S € Endxu, UAF
o eFM 1 :1,).
Proof. Suppose ¢, ,, ..., @, , isa basis of 2°(h). By [9, 4.4] there are holo-
morphic families ¢}, ..., ¢, € F (M : 1, :1,) sothat ¢; , = p;(h), 1 <i<
n. Define ®: 7°(h)" —» Wy by ®@") = (F(p,: h)(v"), ..., F(p, : h)(v")).
Then @ € Hom, | (7 (h)", Wy(h)") since each

'F(p;:h)e HomKM,(W(h)*, Wy (h)).
Suppose v” € Ker®. Then 'F(p;: h)(v") =0, 1 <i < n, so, in particular,
'"F(p,:h)(v")(1:1)=0, 1 <i<n.Butforall me M, using (5.12),

"F(p;:h)(e,)(1: 1) =F(g;:h:m)(1:1) = g;(h:m)=e,(9; ),
so that 'F(g; : h)(v")(1 : 1) = v*(g; ,) for all v* € Z°(h)". Thus if v" €
Ker®, v™(p; ,) =0, 1 <i<n,sothat v" =0. Thus @ is injective.
Decompose W' = W, ® W,, where W, = ®(Z'(h)") and W, = W,". W,
and W, are K, -invariant subspaces, and if we define o W, — 7°(h)" by
dfl[WZ =0 and ® ' o® = identity on Z'(h)", we have

o e Hom,  (Wy(h)", 7 (h)").

Now for all F € #(M': W, : h), writt '"F = To®, where T =' Fo ® ' ¢

Hom, ,(Wo(h)", Wy(h)). Let S, € Homy (W (h), Wy(h)) = Endy (W) be
M M M

the restriction of 7 to the ith component of %(h)" ,sothat T(w,, ..., w,) =

S, S/(w,;). Then for all v* € Z'(h)",

!’ ! ! *

F ) =To®w ) =T(F(p,: h)(v"), ...

=Y S,F(p; : h)(v").
i=1

! / *

» F(o, :h)(v))

Thus F =37 S,F(p,:h). QED.

Lemma 5.19. Let h' € cl(Z,,). Then there are a neighborhood J of h'in
l(P,,) and elements ¢\, ..., 9. € F(M' :1,:1,), S,,..., S, € EndKM/(WO)
so that {S,F (¢! h)Y'_, is a basis for S(M':W,:h) forall heJ.

i=1

Proof. By Lemma 5.18 elements of the form {SF(p':h")}, S¢€ End, (W),
M

o' e F(M' :t 1)), span F(M : Wy :h'). Thus we can pick ¢/, S, so

that {S,F (g, : h')}}_, is a basis for #(M': W, : h). But h — S,F(p, : h) is

holomorphic, so by the argument used in [9, 4.10], there is a neighborhood J

of 4’ in cl(Z,,) so that {SiF((p; : h)} are independent for 4 € J. Now by

Lemma 5.17 they are a basis for #(M": W, : h). Q.E.D.
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Lemma 5.19 says we can find consistent bases locally in cl(Z,,). If this was
all we needed to do, we could have proved Lemmas 5.16-5.19 for
F(M' : W i h) instead of F(M' : W, : h) and had consistent bases of
the form {SF(¢ : h)}, S € EndKMt(W), p € Y(Mf : 1, : 1,). However,
when cl(Z) is noncompact, this will not suffice to give a finite open cover with
consistent bases. To do this we must use the canonical identifications between
spaces of matrix coefficients which exist for holomorphic (or antiholomorphic)
relative discrete series representations.

Asin [9, 4.11], we can decompose m = b, &m,®m", v, = v, &0 Sbv”, and
D,y = ivgx 2’ x 2" insuch a way that cl(2') C i(v')" is compact, and 2" =
1,2, Ci(v")" is the product of open half-lines , C iv} , where v, = v”Nm,
and the m, are the simple ideals of m”. The m, are necessarily noncompact
and of hermitian type, and the &, correspond to families of holomorphic or
antiholomorphic relative discrete series of m,.

Let I be any subset of {1, ..., k}. Corresponding to I we define a family
F(M': 1, :1,) asin [9, 4.6], except that for i € [ wetake F (M':7,:1,) to
be the linear span of the one-parameter families of matrix coefficients based on
holomorphic sections [8, 6.15] rather than the linear span of the holomorphic
families of matrix coefficients based on the highest weight module structure (8,
6.9]. Thus F, = . . Note Lemmas 5.18 and 5.19 are still valid for & in
place of & .

For each 1 < i < k, write cl(Z,) = 27 UZ/", where & and 2" are
intervals, relatively open in cl(Z,), so that cl(Z;) is compact and 2" is an
open half-line with cl(@i") CY,. Foreach I C{l,..., k} define a relatively
open set in cl(Z,,) by

!

(5.20) o, =iy x (@) x [[2 x[[2/-

igl i€l
Clearly {#;} is an open cover of cl(Z,, ). Further, by [8, 6.16], for each
pE Z’i(M' : T, :T,), there are {q)j} in Z(M' : 7, :7,) and rational functions
{r;} on (b,)e with no poles in Z,, so that ¢(h) = >_;1j(h)e;(h). Thus given
p € F(M : 1, :1,), there are 9; € F(M': 1, :1,) and rational functions
{r;} on (vb,p)¢ With no poles in cl(#,) so that

(5.21) o(h) =) ri(e;(h),  he (v
J

Now fix any b, € iv,, b, € ", i € I. We define a compact subset Q, of
cl(,) by

(5.22a) Q, = {b} x l(@") x [] l(2) x []{b,}-

igl i€l
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Define o;: cl(&;) — Q; by

(5.22b) a (ho,h',Zh[,Zhi)=(bo;h';zhi,z:bi),

igl i€l igl el
where hy € ivy, h' € cl( '), h,ecl(Z[), i ¢ I,and h,ecl(@]), i€l.

Lemma 5.23. Fix h € cl(@,) and write b = a,(h). There is an isomorphism
T,:7 (M it :t,:h) > 7 (M :1,:1,:b) sothat
(i) T,(¢'(h)=¢'(b) fhor al o' e F(M 11, :1,);
(i) T,(k, - 0 ky) = e" (k] kK, - Ty(9}) - ky) forall k., k, € K,
0, €7 (M it :1,:h).

Proof. Since the spaces 7 (h) = 7" (M’ : 7,:7,:h) and & = Z(M' 1T IT,)
are products over the simple factors of M, it suffices to define T, on each
simple factor. So we may as well assume that M’ is simple or a vector group.
Also, o, is the identity map unless &, = iu(’; or I, =%,, i € I. Suppose
first that M’ = V, is a vector group. For all 4 € ins , 7Z'(h) = Ce" . Define
T,: 7' (h) = 7°(b) by Th(ceh) = ce® . Now &= C(pg , where ¢6(h) =¢e" for
all h € iv]. Thus T,(cpy(h)) = cpp(b). Further, k, -e" -k, = " (k]'k; )"
for all h € ivy, k,, k, € K,/ , so that

h h

T, (k, - ce” k) = " (ki 'k )T, (ce™y = " (k7 ke ke, - T (ce™) - &, .

Thus (i) and (ii) are satisfied for T, . Now suppose M "= M, for some i€1.
We use the notation of [7, §3]. There are K,.-finite holomorphic families
{/i.n}s {g; 4} and corresponding one-parameter families of matrix coefficients
0, €F, 9, (h:m)=(L(m)f ,,g ), sothat {g; ;(h)} is a basis for
7 (h) for all h € &,. Define T,: Z'(h) — Z'(b) by Th(¢;,,~(h)) = (p;‘j(b),
all i,j. Now {f; ,},{g; ,} correspond to K,,-finite holomorphic vector-
valued functions {F;}, {G;} on M'/K,, asin [7, 3.10]. Let U, U’ be the
K, -invariant spaces of functions spanned by the {F}, {G J.} respectively, and
let {f7},{g;} denote the corresponding dual bases of U", (U')*. Now an
arbitrary ¢’ € F; is of the form ¢'(h: x) = (L(m)f,, g,), where f,, g, are
K, -finite families of holomorphic sections based on f € U, g € U ". Now
using (7, 3.11), forall k, €K,., he Z,,

Lk O fy =" (k)Y Lk DS £ 4

i

and

k)Z kg, 88 -
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Thus for all h € Z,,
(ky - ¢'(h) - ky)(m) = ¢'(h - k' mk; ') = (L(m)L(k; ) f, , L(k,)g,)
="k 'k )Y (LU )L £ (Lk)g, 809 (h:m).

i,j
Thus
Tk, - 9'(h) k) = €" (k' ) S(Liky D f L £ LK)g, 8))e; j(b:m)
i’j
="k k- 0 (B) -k,
Taking k, = k, = 1, this proves that T,(¢'(h)) = ¢'(b). But for each ¢, €
7'(h), there is ¢' € & with ¢'(h) = ¢, . Then T,(p,) = ¢'(b) so we have
also established (ii). Q.E.D.
We will use the isomorphism T, : 7" (M :t,:1,:h) > 7 (M :1,:7,:b),
b = a,(h), to define an isomorphism T,: S (M’ : W, : h) > S (M : W, : b).
Write 7°(h) = 7/ (M’ : 1, : 7, : h) forall h € (v,)¢. We can identify
F(M': W, : h) with

(7 (h) ® Wy(h))"»
={Z(pi®wi67 )@ W Z kg - _l ) @ w,

= Z¢i ® T’I,h(kl)wi‘[;.,h(k2) forall k,, k, € KM/} .

Define 7,: 7' (h) @ Wy = 7' (b)@ W, by T,(X ¢, 0w,) =Y. T,(p,) ®w,: Itis
an isomorphism onto since 7),: 7"(h) — 7'(b) is an isomorphism onto.

Lemma 5.24. T;(7 (h) ® W,(h))**' = (7 (b) ® W,(b))*w

Proof. Let Y9, ® w, € (7" (h) ® Wy(h))*»' . Then for all k, k, € K, , using
Lemma 5. 23(ii)

Zk ky ®w—§:e""kk ZT,, ko ky e w,
= " (k k)T, (Zkl“ N ®w,.>
b h
=e "(kky) (E(p,@rlh w, T, h(k))
=T, (Z 0,01, ,(k )wir;,b(kz))

= ZT ®rl b )wir;,b(kz).

Thus T;(S o, ®w,) € (7' (b) ® Wy(b))"* . QE.D.
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Lemma 5.25. Suppose F(¢' : h) is defined as in equation (5.12) when
o' e KM 1 :1,) andlet S € Endy ,(W;). Then T,(SF(¢' : h)) =

SF(¢':b), where b=a,(h).

Proof. Recall F(¢':h:m)e W,nW' forall h, m. Pickabasis for (Wynw')*
consisting of point evaluations e, = e(k;, b,) k., b, € K . Let {w,} denote

the corresponding dual basis of W, N W'. Then F(¢p' : h) corresponds to
€(F(p':h))®w, in 7' (h)® W,. Now by formula (5.12),

e.(F(9p': h)) = ce'(kb)k. -9 (h)-b,

;» wherec, €C, k,,bleK
Thus,

= Z cieh(k;b;)k; o' (h)- b; ® Sw;,,
$O

ThSF(p h)) Zce Thk (o(h)-b,/-)®Swi
—Zce (k;b))k; - ¢'(b) - b, ® Sw, = SF(¢p" : b)

using (i) and (ii) of Lemma 5.23. Q.E.D.

Lemma 5.26. There is a finite open cover 2, of O, satisfying the following.
For each J € 7, thereare ¢\, ..., 9. € F(M :1,:1,) and S, ..., S, €
End, (WO) so that {S,.F(qo; : h)Y,_, is a basis for (M : W, : h) for all
hel

Proof. Using Lemma 5.19 we can find a finite open cover Z of Q, so that
on each J € Z we have consistent bases of the form {S,F(p;:b)}, b € J.
Now take % = {a,'(J)N&, : J € Z} S, is an open cover of &, and for
each h € J, by Lemma 5.24 and Lemma 5.25, {(T})”'(S,F (¢, b))}f=] =
{S,F(p;: h)};_, is a basis for S (M : W, : h) whenever {S.F(o, .b)}f=l is a
basis for #(M': W, : b), where b = a,(h). Q.E.D.

We now turn to the problem of finding good consistent bases for the spaces
FM W, : h)", h € &. Foreah i € I, let y, € F .=
F 'i(M' :7,:1,). Thus y, is a one-parameter family of matrix coefficients
based on holomorphic sections for the group M,. Pick m' € M'(I) = M, x
I, ¢ M, and let 1 € V}, = exp(v,) be the identity element. For 4 € cl(&}),

we define d(h) =d6(m' : [],c, v, h) € Z'(h)" by

(1 cm': Hxl) H w;(h;: xi)Hd(xiZ),
i€l i€l
peZ(h).

(5.272) (3(h). p) = /H n

€l i€l
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That is, d(h) is evaluation of ¢ at a pointin V) x M '(I), together with the
L, inner product with y,(h;) for each of the vanables in M;, i €I. Here
h; denotes the component of 4 in iv;, i€l,and Z,=V¥;N Z . 1s a central
subgroup of M;. Define '

(5.27Db) { ( HW) meM(I), y,eF ,, ieI}.

iel
For each fixed s € cl(&,), {d(h € %"} separates points in 27(h), and so
spans 7”(h)".
Lemma 5.28. Let h € cl(@;) and write b = a,(h). Then there is an isomorphism
L,: 7 (h)" = Z(b)" so that
(i) L,(86(h))=48(b) forall 6 € F";
(i) L,(kf-v"-k}) =" (k k) -L,(v")-k forall v* e 7' (h)*, k,, k, €
KM/ .
Proof. As in Lemma 5.23, it suffices to prove the lemma when M’ = Vy is
a vector group or M’ = M,, i € I. Suppose first that M’ = V,. Then
7'(h) = Ce” , and the only 6 € %" is given by é(h)(ceh) =c. Now 7'(h)" =
Cd(h) for all h € ivy, so we can define L, by L,(d(h)) = 6(b). Further,
ki -8(h) -k} = e"(k,k,)d(h) forall k,, k, € K, , h € iv}. Thus
Ly(k} -8(h)- k) = €"(k,ky)3(b) = " (k kK, - L, (8(h)) - k)
so that L, satisfies (ii).

If M' = M,, i €1, define the basis {p, (h)} of Z'(h), h € Z,, as in
Lemma 5.23. Then {4,,(h) = d(p,, : h)} gives a basis for 7 (h)* for all
h € (2") C 2,. Thus we can define an isomorphism L,: 7'(h)" — 77(b)"
by Lh(épq(h)) = épq(b). Now an arbitrary family 6 € &, is of the form
oh)=6(y :h), we Z But as in Lemma 5.23, w(h) = Zc ® q(h) is a
linear combination of the famlhes @pg>80 0(wh)=3 T 6, (h) forall he
(2"),and L,(6(y : h)) =5y :b). Further given kl,k GKM,,there are
constants ¢, (k, : k,) so that k, - y(h) -k, =e k_lk E (k2 k), (h),
so that

ki 0w :h)-ky =et(k'ky )Y e, (kT ky)8,, (h).
pq

Thus

Lkl -6(w:h)-k))=e" "k k)k; - L,(6(h)-k;. QE.D.

Recall (M’ : Wy:h)=(Z(h)o Wo(h))KM’ . Thus each element ), v ®
w? € 7'(h)" ® W, gives an element R, (3, v ® w;) of F(M : W,:h)" by
restriction to (7 (h) ® W,(h))**" . Let (%(h)* ® W, (h)* = (¥, v‘ W, €
7 h) @ Wy 1 Yk vk ow =Y v @1,k Yw? 75 (ks 'Y for all
ki, k,eK,}.
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Lemma 5.29. R,: (7 (h)" ® Wy (h))"» — (7 (h) ® W,(h))*»')" is an isomor-
phism.

Proof. Write U(h) = 7 (h) ® Wy(h), U(h)* = (7' (h) ® Wy(h))" = 7 (h)" ®
W,(h)". Then U(h), U(h)" are finite dimensional Hilbert spaces on which
K, acts by unitary double representations (p,(h), p,(h)), (p](h), py(h))
given by
pihik)@ow)p,h:ky) =k ¢ k&1 ,(k)wt, (k)
and
pi(h:k)W" @w )py(h: k) =ki v -ky @ 1] ,(k)w 'ty ,(ky);

(7 (h) ® Wy(h))* = UR)* and (7" (h)" ® W) = (Uh)*)*» are the
spaces of K,.-fixed vectors for these representations. We must show R,:
(UR)") = (Uh)®#')* is an isomorphism. Define the conjugate linear iso-
morphism T: U(h) — U(h)" by Tu= (-, u), ue U(h). Since (p,(h), p,(h))
is unitary,

T(p,(h:k)upy(h: k)= pi(h:k)Tupy(h:k,) foralk,  k,€K,.
Thus T(U(h)*») = (Uh)*)*¥' . In particular,
dim(UR)" " = dim )™ = dimUn)*)*,
s0 it is enough to show that R, is injective. Let u” € (U (h)"*»" with R,(u") =

0. Write " =Tu, u € U(h)KM' . Then 0 = Rh(u*)(u) =(u,u),so u=0,
and ¥ =Tu=0. Q.E.D.

By the lemma we can define an injection
R (7 (h) @ Wy(h)) ™) — (7 (h)" @ Wy(h)" )™ C 7' (h)" @ Wy

so that R, o R;‘ is the identity on ((Z'(h) ® Wo(h))KM’)* =S (M :W,:h)".
Define L,: S (M':W,: h)" = S (M : W,:b)" by

(5.30) L,=R,o(L,®1)oR,",
where L, ® 1: 7' (h)" @ Wy — 7°(b)" @ W .

Lemma 5.31. L, isan isomorphism of & (M': W, : h)" onto S (M': W, :b)".
Further, for any 6 € %" and w" € W, L,(R,(6(h) ®w")) = R,(6(b) @ w").

Proof. We use the notation of Lemma 5.29. Now since
* * x b—h * * %
Ty k)W Ty k) = e (kiky)T, W(k)w Ty 4(ky),

we have using Lemma 5.28(ii) that L, @ 1: U(h)" = Z'(h)" @ W, — U(b)" =
7°(b)"®W, intertwines the representations (p,(h), p,(h)) and (p,(b), p,(b)).
Thus, by restriction, L, ® 1 gives an isomorphism of (U (h)*)KM' onto
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(U(b)")*»" and an isomorphism of KerR, onto KerR,. Now if § € 7",
w' e W,

L,(R,(6(h)®@w™)) =R, o (L, ®1)oR; oR,(6(h)®w").
But R;' oR,(d(h)®w") =6(h) ®w" + u; , where u} € KerR,, so0

(L,®1)oR; oR,(6(h)®w") = d(b) @ w" + (L, ® 1)(u})
by Lemma 5.28(i). Now

Ly(R,(6(h) ®w™)) = R,(6(b) @ w")
since (L, ® 1)(u;) € KerR,. Q.E.D.
Theorem 5.32. There is a finite open cover %, of O, satisfying the following.
Foreach J € % thereare ¢, € F/(M':1,:1,), S, € Endy (W;), 6, € F",
and w;qe W,, 1<p<s, 1<g<t,, sothat forall heJ
) {S,F(p,:h)Y;_, isabasis for (M : Wy :h);

i=1

(i) {Ry(X,6,,(h)®w,,)},_, isa basis for F(M :W,:h)".

Proof. Fix h' € Q, . By Lemma 5.19 there are a neighborhood J' of h' in o,
and g, e F(M':1,:1,), S, € EndKM,(WO) , s0 that {F,(h) = S,F(p, : h)};_,
is a basis for F(h) = L (M’ : W, : h) forall h € J'. Pick §,, € &,
w,, € Wy sothat {u;(h') = R, (¥, 5pq(h ®w,,)},, is a basis for (k)" =
(M W, :h) . For hel,let M(h) be the § X § matrix with entries
m,,(h) = (u;(h) F,(h)) € C. It is proved in (8.4) that h — detM(h) is a
smooth function of h € ;. Now {u }p , will be a basis for #(h)" for all
h e J' such that det M(h) # 0. Since det M(h') # 0, there is a neighborhood
J CJ of h' sothat detM(h) # 0 forall # € J. (In fact, we can assume
that det M (h) is bounded away from zero in J.) Now for he J, {Fp(h)}‘f,=1
is a basis for (k) and {u;;(h)};=1 is a basis for (h)". Now since Q, is
compact, we can find a finite open cover ff of Q, so that for each Je }'7 we
have consistent bases for both #(h) and #(h)*, he J. Let £ = {a; ' (J):
J e Z}. As in Lemma 5.26, for 4 € a,_l(b), bel,if {F,(b)} is a basis
for #(b), then {(T,i)_l(Fp(b)) = F,(h)} is a basis for S(h). Further, by
Lemma 5.31, if {u}(b)} is a basis for #(b)", then {(L;,)_'(u;(b)) = u,(h)}
is a basis for #(h)". Thus consistent bases in J give consistent bases in
a;'(J). QED.

Now for each ¢' € F/(M': 7, :1,), by (5.21) there are ¢, € F (M : 7, : 1,)
and rational functions r, with no poles in cl(&; ) sothat ¢'(h) = Y g rq(h)(o;(h)

for all h € cl(@). Thus by (5.12), F(¢' : h) = X, r,(h)F(p, : h) for all
h € cl(@,). Thus we can express the families used to form consistent bases
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for (M’ : w, : h) in Theorem 5.32 in terms of families SF(p' 1 h), S €
Endy , (W), ¢' € F(M' :1,:1,). Finally, in order to relate these families to

the families F € (M f. W), we need the following.

Proposition 5.33. Let ¢' € F(M' :1,:1,), S € Endy ,(W;). Then there is
FePM' : W) so that F(h)|ypoop= SF(¢p: hy(h)) forall h € cl(D).

Proof. Write I(h): #(M' : W : h) — (M’ : W, : h,,(h)) for the iso-
morphism given in Lemmas 5.9 and 5.10 so that I(h)F = F|,0op for all
FeSM' :W:h). Forall hevl, zm’e Z,(M°)-M° = M', we can
define F(h: zm°) =' 1, ,(2)SF (¢’ : hy(h) : m'), where p(m') = m’. By
Lemma 5.13, F(¢') € C®((0,)¢ ¥ M') and is holomorphic as a function of
he(v,)e. For he(v,)e, F(¢':h) factors through M'/Kerp = M° to
give a smooth map from (v M):: x M° - W, which is holomorphic in 4. Thus
FeC®0bexM . W) and is holomorphic on ve. Further, for 4 € cl(92),
SF(9' : hy(h)) € S(M' = W, : hy(h), so I(h)"'SF(¢' : h,,(h)) = F(h) €
(MY W h). It remains to check that F satisfies the growth estimate (iii)
of (5.2).

Let x = k,ak, € M', where k,, k, € K},, a € cl(4},). Then for D,, D, €
% (m), there are C > 0 and finitely many D,, D; € 7 (m) so that

|F(h: Dy x; DI < Cle"(k k)| 3 IF (D s D).

Now Ieh(klkz)l < e forall h e .. Now for a € cl(4],) we can write
|F(h:D,; a; D)\ =|ISF(¢": hy,(h): D,; a'; D))
< ISl F (@ < hyy(h) : D2 a5 D),

where p(a') = a. Now by [9, 5.12, 9.8] applied to F(¢'), there are C,r >0
so that

|F(¢": hy (k) : Dy a's D))l < C(1+ |y (B)) (1 +d (hyy(h))

=17 /
) :M'(a )’

where d' denotes the distance from the boundary of 2, . But E,, (@) =
E,/(x) and there are constants c; so that |k, (h)| < ¢ |h| and d'(hM(h)) >
c,d(h) forall he Z. QE.D.

6. GROWTH ESTIMATES FOR ‘I’f(h ), fEF(Q)

In this section we will study the spherical functions of matrix coefficients,
¥ (h : v), corresponding to f € €(G) as in (4.4). The main result of this
section is the following.
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Theorem 6.1. Let f € €(G). Then (h,v,m) — ¥ (h :v : m) is jointly

smoothon cl(D)xF xM ', For every polynomial coefficient differential operator
D on iv* xF thereare q >0 and a continuous seminorm u on €(G) so that

~ ——1
sup ¥ (h:v; Dim)| < (1+6(m) E} (m)u(f)
(h,v)END)xF
Sor all m eM', feF(G).
For any finite-dimensional real vector space E , let D{(E) denote the constant
coefficient differential operators on E and let P(E) denote the polynomial

coefficient differential operators on E .
Let 4, , denote the highest weightof 7, ,, i=1, 2.

Lemma 6.2. Let D € D(iv"). Then there exist n >0 and w € Z(¢) so that for
al m>0, fe?(G), xeq,

e /n+1 .
F(h;D:x>=Z( ) )(—1)”*"(1+||u1,h+pK||2>m‘” n=)
p=0

x F(h; D:@™"™'™P); X)

n
n+1 2\ m(p—n—1
=3 (" )
p=0

x F(h;D:x; ™"y,
Proof. Only the first formula will be proved. Since
F(h:kx)= "t ,(k)F(h:x)
forall k e K,forall ze Z'(¢), F(h:z;x)=x(h:z)F(h:x),where y(h:z)
is a smooth function of 4. Now if D has total degree n,
FhiD:(z—yh:2))"": x)=0.

Now pick w =1+ ||pK||2 + Q, , where Q, is the Casimir element in Z'(¢).
Then x(h:w)=1+|p, ,+ pxl*. For any m >0 take z = @™ to obtain

W n+1 2 (n+1-p)
m m(n - .
Z( )(—1>”<1+||u1,,,+p,<|| )"’ F(h; D: ™" x) = 0.
p=0 b
Now solve for F(h; D : x) which occurs in the term corresponding to p =

n+1. Q.E.D.

Lemma 6.3. Pick t, sothat [,(1 +a,,(z))_’0 dz < oco. Then forany t > 0 there
is a constant C so that

/ (1+0,(2))(1+0,(x2))""dz < C(1 +0,(x)) forallx€G.
zZ

Proof. Let w, be a compact subset of V' so that w, maps onto V/Z under
the canonical projection. Fix x € G and write x = vy, where v € V and
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y € K expp. Then og,(xz) = g,(vz). Pick z; € Z so that vz, € w,.
Changing variables, z — zz,,

/(1 +0,(2)(1 +0,(xz)) T dz
VA
_ /(1 +0,(z2,)) (1 + 0, (vz2,2)) " " dz
VA

<(1+ a,,(zl))[(l + a,,(vzl))t”“ /Z(l +a,(z) "dz

since
(1+0,(z2)) < (1+0,(2) (1 + 0,(2))
and
(1+0,(vz,2)" 7" < (1+0,(vz,) ™1 +0,(2) " ",
Now

(14 0,(2)) (1 + 0, (vz)))"™
<(1+40,(v2) (1 +0,(07) (1 +0,(vz)) ™o
<Cl+0,(07") = C(1+0,(x))
since vz, € w,. Q.E.D.

For r > 0 and a finite subset S of % (g) ® Z(g) write

us(N="3 LIl y. fEZ(G).

(b,b")eS

Lemma 6.4. Let D € D(iv"). Let b,, b, € %(g). Then there exist t >0 and a
finite subset S of % (g) ® % (g) so that forall s >0, fe€F(G), xe G,

sup IF (5 Dby x; by)l < S0+ 000) ™ (14 0 () 0 5(0),

where t, is as in Lemma 6.3.
Proof. For k, , k, € K|, by (4.2),
F(h:x)(k, :ky) = f(h:k; ' xk; ")
= [ [ 8 s ) S0 0k ) dy, d0,2)
k/z Jk

=/ 8(r} 41k, )8(ty i hoy)gh i y]  xy,)d(1,Z)d(1,2),
k/z Jx)z

where g(h : x) = [, f(xz){(h : z)dz. Here {(h) = {(0) ®e" is the Z-
character of both T, n and Ty Thus for D, b, and b, as in the lemma,
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there are finitely many D, D}, b, b so that

[ B

IF(h; D:b, x;b,)|l= sup [F(h;D:b:x;b,)(k k)

|- k€K,

pzj / D6z, K )8(5y 4 Kyyy)

WX Wy
-
a,(v)a,(v,)g(h; D; 1 bi: vy xyy5 b)) dy, dy,,
where the a,, a; are smooth functions on K/Z and w, = K, x w,,, where

w, is a compact subset of ¥ which maps onto V/Z under the canonical
projection. Now

* -1
maxsup sup lai(yl)a;(yz)Di(é(rl’h tky v)d(Ty 4t kyy,))l = C < oo.
L h oy p€e
k, , k€K,

Thus,
IF(h; D:b,; x; byl < C(Volwy) Z sup |g(h; D} : b}y xp,; b))

Yy €wg

But for all x,
|g(h; D! 1B x; b)) < / |L(h; D} : 2)||f(b}: xz; b)) dz.
VA

Now there are ¢ and C depending on D so that |{(h; D} : z)| < C(1+0,(2))
forall i. Then forall s >0,

|g(h; D : b x; b))
< CLE) I M 141y, 57 /Z(l +0,(2)(1+6(xz) " " dz.

—t—ty—s

But (1 + d(xz))

< C'(1+0(x)™°(1 + 0,(xz))"" " since G(xz) >
o(xz)=0(x) and 6(xz) >0

y(xz) for all z. Now by Lemma 6.3,

t

lg(h; D} " b x5 )| < CE@) IS llgs 4,5 (1 +0(0)) (1 + 05 (x)"

But now, forall y,, y, € @y, E(yl' xy,) = E(x) and a(yl_lxyz) =o(x). Fur-
ther, since w, is compact there is a constant ¢ so that SUP, , cw, O (yl_lxyz)
< ¢+ 0,(x). Thus there is a constant C, so that

IF(h; Dby x; b))l
< CEX)(1+0() " (140, () 1yl lsrary - QED.

Fix a 6-stable Cartan subgroup H = T x A of G and a parabolic subgroup
P = MAN corresponding to H. For f € #(G), define G, asin (4.3a).
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Theorem 6.5. Let f € €(G). Then (h,v,m) — Gp(h 2 v :m) is jointly
smooth on iv* x F x M'. Let D € P(iv" x F) and let r > 0. Then there
are t > 0 and a continuous seminorm u on Z(G) so that for all m € M',

fe#(G),

sup  [|G,(h:v; D:m)|| < (1+0(m)”"(1+0,(m)Ey (m)u(f).
(h,v)Eiv*XF
Proof. Write G(h : ma) = e’ (a) [, F(h : man)dn so that Geth:v:m)=

I3 e (@)G;(h : ma)da. We know from [6, 5.3] that @ — G,(h : ma) is a
Schwartz function on A4 for all 4, m. There are ¢ > 0 and finitely many
D) e D(iv*), D; € D(¥) so that

IG,(h:v; D:m)| < (1+h)*(1 +|u|)"z ”D;’/Ae""”(a)c;f(h; D;:ma)da

By abelian Fourier analysis on A there are s, > 0 and u; € *(a) depending
"
on g, D;, so that for all &, m,

D! / e_i"(a)Gf(h ;D : ma)da
A

sup(1 + |v|)?
VESF

< sup(1+0(a))"|G/(h; D; : u;c ma)

a€A

< sup(l + o(a Zle””a W |/||Fh D;:u}; man)||dn,

a€A
where s = max{s,} and u}, u] € F(a). Now e”(a; u}) = p,(u})e”(a), so
we have

sup ||Gf(h:u;D:m)||
(h,v)Eiv* xF

< sup (1+[k)"(1+ 0(@))" 31, (1) /N |F(h; D)2 ] man)||dn.
heiv® i

Pick m large enough that sup,,.-(1+|k)*(1+ &y 1 +pk||2)"'” < oo and pick
w € Z'(¢) asin (6.2). Then for each i thereis n, > 0 so that

(1 + A (ks D; -

-s

man)||

n;+1 2,m(p—n,~1
('p )0+ b+ o

x ||F(h; D; : u;'; man; wm("'H_p))ll

M:

< (1+h)°

(=)

p=

n;
< CSIIF(h; D): ! man; ™" 77)|.
p=0




SCHWARTZ SPACE OF A GENERAL SEMISIMPLE LIE GROUP 39

But using Lemma 6.4 there are ¢ > 0 and a finite subset S of #Z(g)® % (g) so
that forall i, j,r>0,0<p<n,,
sup ||F(h; D;: u]: man; ™" 77|
h€iv*
< E(man)(1 + o(man))” (1 + aV(man))'/tWOH’ s().
Thus there are s, >0, S C %(g) ® % (g) such that forall r, >0

sup  ||Gy(h:v; D:m)|
(h,v)Eiv* xF

< Clyygyer, s suR(1+ d(a))’e”(a)

x / E(man)(1 + a(man)) " (1 + o, (man)) dn.
N

Now using [9, 2.12] g, (man) < C +ag,(ma) +ag,(n) < C, + C,0,(m) for all
a, n since g,(ma)=o,(m) and sup, .y 0, (n) <oo by [9, 2.13]. Further, by
[6, 5.2], there is d > 0 so that for any r >0,

e’ (a) /N E(man)(1 + oc(man))” " dn < CE,,(m)(1 + a(m))” (1 +a(a))”

forall r, >r+s+2d. Thusfor r, >r+s+2d,

sup  [|Gp(h:v;D:m)|
(h,v)Eiv*xF

< Clhyyy vr s(NEy(m)(1+0(m)™ (14+0,(m)'. QED.

Lemma 6.6 (J. A. Wolf). Suppose h € G belongs to a 0-stable Cartan subgroup
of G. Then a(h) < a(yhy") forall yeG.

Proof. Let X = G/K . Then [13, Lemma 3.6] shows that 4 stabilizes a geodesic
of X which passes through the point x, = 1-K € G/K. The displacement
function é: X — R given by J(x) = distance(x, Ax) achieves its minimum
on the union of the A-invariant geodesics of X . (See the construction of
the flat strip between invariant geodesics in [14, Theorem 1].) But a(h) =
d(x,) and a(yhy']) = distance(x,, yhy_lxo) = distance(y"lxo, hy'lxo) =
é(»y"'x,). QED.

Lemma 6.7 (J. A. Wolf). There is a constant C' > 0 so that
o, (expé,expé,---exp¢,) <nC' foralln>1,&),...,¢ €p.

Proof. Suppose first that G is simply connected. Then it is sufficient to prove
the result when G is a vector group or is simple. If G is a vector group,
thenp = {0} so the result is trivial. If G is simple, then o, = 0 unless G
is noncompact of hermitian type. For such G, the assertion is proved with
n =1 in [8, 10.6 and 10.7]. The general case is proved by induction on .
Assume it is true for some n > 1. Then if &, ...,¢,,¢,,, € p we can

decompose exp&,---expé, = vkexpn € V - K, -expp and |lv|| < nC’ by
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the induction hypothesis. Now exp¢&,---exp&, exp&,,, = vkv'k'expn’, where
expnexpé,,, = v'k'expn’ € V- K, -expp. By thecase n =1, |v'|| < C.
Thus, o, (exp&,---expé,, ) = llvv'] < v +[[v| < (n+ 1)C'.

Now for general (connected) G, let p: G — G denote the universal covering
group, K' = p™'(K). Thenasin [9, 2.1}, K' = [K', K] x U x V', where
[K', K'] is compact, U’ and V' are vector groups, p maps V' isomorphically
onto V, and K, = p([K’, K'] x U’) is compact. Since U’ x V' is a direct
product, there is a constant C so that for all «' € U’ and v’ € V', ||v] <
Cllu'v'||. Thus for all x" € G', 6, (p(x")) < Cay, i (x"). Thus the result for

G follows from the result for G'. Q.E.D.
Lemma 6.8 (J. A. Wolf). There is a constant C >0 such that forall x,y € G,
o, (x) < a,,(yxy'l) +C.

Proof. By [6, 4.2b], aV(kxk_l) = 0,(x) for all k € K. Thus we may as well
assume that y =expn, n € p. Write x = vkexpl, veV, ke K, {€p.
Then

yxy_1 =vk exp(Ad(vk)_ln) exp&exp(—n) = vv'kk' expy’,
where we decompose
exp(Ad(’uk)_ln) explexp(—n) =v'k expn € VK, exp(p).
Thus o, (yxy~') = [vv'|| > |lv]| - [[v'||, where [[v]| = o}, (x) and [jv'| =
o, (exp(Ad(vk)~'n) exp& exp(—7)) < 2C’ by Lemma 6.7. Q.E.D.
Combining Lemmas 6.6-6.8 we obtain the following.

Proposition 6.9 (J. A. Wolf). There is a constant C > 0 so that if h € G belongs
to a O-stable Cartan subgroup of G, then &(h) < &(xhx)”l +C forall xeG.

Now for fixed 4y € Ay o, Xy € X(4y), and F € F(4)), we define
oM : h), h € c(2), as in (4.4), to be the characters of the correspond-
ing family of relative discrete series representations of M t.

Lemma 6.10. Let D € D(iv"). Then thereare C,s >0 so that forall y e M',

sup [O(M':h; D:y) < ClA, W) (1+6(p).
hed(@P)

Here A,, denotes the Weyl denominator of the characters ©(M ton).
Proof. For y € MI', write y = ymxm'1 , where y € ZM(MO), me MO, and

x € H,,, an @-stable Cartan subgroup of M°. Then, using the notation of
(9.1),

1

OM' :h:y)= (1@ )(MAy (x) 3 cw: @ 1 x)e Rt "y,
wGWHM
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Here c(w: % :x) =0 unless [e“®% ™) (x)| < 1. Thus there are C,s>0
depending on D so that for all w € WHM ,

ID((xy ® €") (7)™ S M) < (1 + a(yx))’ .

The constants c(w : & : x) are independent of 4 and there are only finitely
many possible values as y ranges over M . Thus there is C > 0 so that
O(M" : h; D :y)| < ClA (X)|(1+6(rx))°. But A, (x)| = |A, ()], and by
Proposition 6.9 there is a constant C so that (1 + 6(yx))’ < C(1 +6(y))’.
Q.E.D.

Proof of Theorem 6.1. Recall that for all f € Z(G),

¥ (hv:m)=[M/M'] /MT/Z O(M™: h:y)G(h:v:ym)d(yZ).

Now given D € P(iv* x &) there are finitely many D, e P(iv* x F), D:' €
D(iv") so that

DOM' :h:y)G(h:v:ym)=> OM':h;D;:y)G,(h:v;D,:ym).

Pick a fundamental domain @ for M'/Z on which g, is bounded. Then
¥ (h:v;D:m)| < [M/M*]Z/ ©(M" : h; D G (h:v;D;:ym)|dy
i w

if we can justify differentiating under the integral. By Lemma 6.10 there are
C,s>0sothatforall yew, h, i,

©(M" 2 h; D y)| < ClA, )7 (1+60))° < ClA, 0 (1 +0())

since g, is bounded on w. Now using Theorem 6.5, for all 7 > 0 there are ¢
and x4, so that forall y € w, meMT, i,h,v,f,

G (h:v; D ym)| < (1+a(ym)” (1 +0,(ym) B, (ym)p,(f).

Now (1 +a(ym))™ < (1 + o)1 + a(m)), and (1 + a,(ym))" <

C(1 + a,,(m))' since o), is bounded on w. Further, using [8, 10.12] there
are C,d >0 so that £, (ym) < CEM(y)EM(m)'l(l + a(m))d . Thus for all
r >0 there is u, so that

O(M" : h; D} : )Gk v D, ym)|
< 1, (NEy A, D)™ (1 + )~ (1 +a(m)) (1 + 0, (m))'E,, (m)
But by [6, 2.15] there is r > 0 large enough that

[ (1400 2, 018y 0) ! dZ) < 0.
Mtz

-1
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Thus we see that ¥ p is smooth and that we can differentiate inside the integral
to obtain the inequality

I¥ (kw5 D:m)| < Cu, (f)(1 + 0(m) (1 + 0, (m))'E,, ()™
for r sufficiently large. Q.E.D.

7. GROWTH ESTIMATES FOR ¥ (h:v), f € €,(G)

In §6 we obtained an estimate for ¥, which is valid for any f € Z(G). In
this section we will prove a stronger estimate when f € €,(G) = {f € Z€(G):
f = fy}. Here f, isdefined as in (3.1b). Thus ,(G) is the space of Schwartz
class functions with Plancherel formula expansions involving only the series of
tempered representations corresponding to the Cartan subgroup H .

For h € & C iv*, define

(7.1) d(h) : The Euclidean distance from 4 to the boundary of & .

Theorem 7.2. For every s > 0 and every polynomial coefficient differential oper-
ator D on iv* xF , thereare t > 0 and a continuous seminorm u on f € €(G)
so that

sup (1+d(h)” YI¥ (v D:m)| < (1+3(m)'Ey(m) " u(f)
(h,V)EDXF

forall fe%,(G), me M

Recall for any f € & (G) we have defined G (h:v)e FM'Z, L(h): W)

for all (h,v) € iv" x F. Let *@(M'/Z, {(h) : W) denote the space of
cusp forms in %(MJ' /Z,{(h) : W). It is defined as follows. For any F €
#M?*/Z, ¢(h): W) and parabolic subgroup "Q =*M"4*N of M', define

(7.3a) F'Q(x) =/ F(xn)dn, xeM'.
*N

Then
(7.3b)
oMz, () wy=(FegWM'/z,¢hn):w): F?=0forall x e M,

for all proper parabolic subgroups “Q of M f}.

Lemma 7.4. Assume that f € %,(G). Then G (h:v)e€ “eM'Z : L(h): W)

forall (h,v)eiv' xF .

Proof. Let *Q =*M"A*N be a proper parabolic subgroup of M'. Then *Q =

on MT, where Q = MQAQNQ is a parabolic subgroup of G with *M =

MQan, 4,= *A-A, and N, = *N.N. To show G;(h:v) is a cusp form

on M' we must show that G}Q(h vim) = f.NGf(h :v:mn)dn =0 for all

(h,v,m)eiv  xF x M.
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Using [6, 5.21, (h, ) = G 2(h: v : m) is jointly smooth on iv" x & x M.
Thus it is enough to show it is zero on the dense set of 4 for which F (A : x)
factors through a group of Harish-Chandra class. But there, using [3, 27.1],
F(h) is a sum of wave packets coming from the H-series of representations,
and using [3, 20.2], FQ(h :ma) =0 forall (m,a)e M' x 4 since dimAQ >
dim A . Thus

G‘Q(h:V:m)=/ /e(i"+p")(l°ga)/ F(h:mann"Ydndadn”
*NJ4 N
= / eV NEC - ayda =0 forall v, m)eF x M'.
A

Q.E.D.
Now fix parameters 4, € A, , and x, € X(4;) as in (3.2). Foreach Z €
% (4,) define &(Z) = signHae%(a, Ay + hy(h)), where h € Z. For any

hecl(D) let O(M th.o ) denote the character of the corresponding relative
discrete series representation or limit of relative discrete series representation
from & . Now for any & € iv* we define

(7.5a) e =1 Y @M h:2),
FeD(h)
where D(h) ={Z € €(4;) :h € cl(D)}. For f e &(G) set
(7.5b)
q’f(h vim)= H (a, Ay + hM(h))[M/MJ']é(J‘JJr th: R(m)Gf(h V)

a€d;,

-1

=[DM)])" | [ (s Ag+ hyy(h))

aed;,
where W (h: Z : v : m) is defined as in (4.4) from G(M" th:9). Write
(iv*) = {h €iv": Mocor (@, Ag+hy (b)) # 0}, (iv™)* = (iv")\(iv")’". Similarly,
we define (iv},)’, (iv},)°, (iv},) , and (iv},.)°.
Lemma 7.6. Suppose f € ©,(G). Then q’/ € C®(>iv* xF xM' : W). Further:
(i) Yolh:v)e S (M :W:h) forall he(iv"), vesF;
(ii) ¥, (h:v)=0 forall he(iv")', vesF.

Z Y (h:D:v:m),
FeD(h)

Proof. As in Theorem 6.5, G, € C™®(iv* x & x M': W). Further, since each
Gy(h:v)e °@M'/Z, ((h): W) by Lemma 7.4, we see as in [8, 10.9] that

&M+ h: Rom)G,(h: v)) = / &M h: )G (h:v:ym)d(yZ),

M7z

where T is a relatively compact Cartan subgroup of M tand M7 = {xtx'1 :

xeM, te T'}. Asin [8, 10.10], é(M* : h :y) is jointly smooth for
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(y,h)eM Txiv* . It satisfies the same estimates as the S04 BY'R y) in Lemma
6.10. Now using the estimates of the proof of Theorem 6.1, we conclude that
G(M’f th:R(m)G(h:v)) is jointly smooth for (h,v,m) € iv* x F x M.
Now clearly ‘:I"f is jointly smooth and satisfies (ii). It also satisfies (i) since for
h e (iv") it is a constant multiple of ¥ (h:v). QED.

Theorem 7.7. Suppose ¥ € C®(iv* x F x M' : W) satisfies
() Yh:v)e LM W :h) forall he (iv"), veF;
(i) W(h:v)=0 forall he(iv'), vesF.
Then for any D € D(iv* x F), Y(h:v;D)=0 forall he (iv*)’, veF.

We will prove the theorem by reducing it to a result on M’, the universal
covering group of M O | We use the notation of §5. Thus corresponding to each
2 € #(A,) we have chambers 2,, C iv}, and Z,, C iv},, and the spaces
P M W, : h) and FM' W, : h) are defined as in (5.8) for & € cl(Z,,)
or cl(Z,,) respectively.

Lemma 7.8. Let E C iu;, be any subspace of in;,: . Suppose
YeCOExM:W,)
satisfies
(i) Y(h) € S(M': W,: h) forall he En(ivy,);
(ii) W(h) =0 forall h e En(ivy.)’ .
Then given any D € D(E), ¥(h,; D) =0 for all hy € E N (iv},)’ .

Proof. Fix h, € E N (iv);)’ and a € ®,, so that (A, + hy, ) = 0. Asin
[9, 4.6] we decompose m = m, @ - - ®m,, where m,, is abelian and the m; are
simple ideals, and v, = v, ®---®v,, where v, =v,, Nm;, 0 < i< . Since
Ay €A M.00 the family {A,;+h:hei u}‘w,} is generically regular. Thus « is not
orthogonal to in;w , so that « is a root of a simple ideal m j for which o i # {0}.
Thus m ; must be a noncompact factor of hermitian type, and dimo I 1.

Let p;: iy = iby@- - ib, — in; denote the projection map. Since a is a
root of m,, (A, +h, a) = (Ag+p;(h), c) forall he ivy, . Suppose p;(h) =0
forall h€ E. Then (A +h, a) =(4,,a) = (A, +hy,a)=0 forall h€ E, so
by assumption ¥(k) =0 for all # € E. Thus D¥(h) =0 for all D € D(E),
h € E. Thus we may as well assume that p It E - in; is not identically zero,
hence is surjective.

Now we can decompose E = E' @ E", where E” is EnKerp; and E’
is the orthogonal complement of E”. Further, we can define a linear map
Q: in; — E' CE so that pjop is the identity on in; and gop; is the identity
on E'. Every D € D(E) is a finite sum of products D'D", where D' € D(E’)
and D" € D(E"). Thus it is enough to prove the result when D = D'D" . Fix

D" e D(E"), h" € E",and x € M" =], ,; M;. Then for k; € iv}, x, € M,,
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define ¥, (k; : x;) = (D"¥)(p(h;) + k" : x;x). Then ¥, € C™(iv} x M) and
satisfies the hypotheses of the lemma for the simple group M iz By [8, 11.11],
D¥h;:x;)=0 forall x; e M;, D, € D(io’j‘f) if (A4y j+h;,a)=0. Now
forany D' € D(E') there is D; € D(iv}) so that for all #' € E’ and x; € M,,
(D'D"Y)(h' +h" : x;x) = (D,¥))(p;(h') : x,) . Further, if (A;+4" +h",a) =0,
then (4, ;+p;(h'), a) =0, so that

(D'D"Y)(h' +h" : x;x) = (D,¥)(p,(h): x;)=0. QED.

Lemma 7.9. Suppose ¥ € C*(iv,, x M° W) satisfies
(i) W(h) € S (M°: W, h) forall he (iv},);
(i) W(h) =0 forall he (iv,) .
Then given any D € D(iv},), ¥(hy; D) =0 for all h, € (iv},)’.

Proof. Let E = ivy, C ivy,. Define ¥:Ex M — W, by ¥'(h:m') =
Y(h:p(m')). Then ¥ € C*(E x M’ : W,) satisfies the hypotheses for Lemma
7.8 by Lemma 5.10. Q.E.D.

Proof of Theorem 1.7. Decompose iv”™ = Kerh,, & ¢(iv),), where ¢: iv},
— iv" is an injection such that h, o ¢ is the identity on iv),. Every D €
D(iv" x &) can be written as a finite sum of products D,D,D, , where D, €
D(p(iv},)), D, € D(Kerh,,), and D, € D(¥). Thus it is enough to assume
D=DD,D,. Fix D, e D(Kerh,), D, € D(¥), h, € Kerh, ,and v € &,
and for h, € iv},, m’ € M°, define ¥(h, : m°) = (D,D,¥)(p(h,) + h, :
v : m°%. Then ¥° € C™(ivy, x M° W,). Further, for all h, € iv),,
(hy, v) = ¥(o(h)) + h, : V)]0 is a smooth LM W, : h)-valued func-
tion on Kerh, x % . Thus ‘}’O(hl) e M. W, : h)) for all h € iv},.
Further, for A, € iv}, and a € ®},,
(hg+ by, a) = (hy+ by (9(h,) + hy), @) forall h, € Kerh,, .

Thus, ¢(h,)+ h, € (iv")" if and only if h, € (iv},)’. Thus, if A, € (iv},)’,

then ¥(p(h,) +h, :v) =0 forall v € ¥, h, € Kerh,, by hypothesis (ii).
Thus,

‘Po(h] : mo) =D,D ¥(p(h))+hy:v: mo) =0 forall m®eM°.
Then by Lemma 7.9, D¥°(h,) = 0 for all D € D(iv},). But given D, €
D(p(iv},)) there is D| € D(iv;,) so that
(D,D,D,¥)(p(h,) + hy:v:m’) = D\¥(h :m’) =0

N

for ¢(h,) + h, € (iv*)’. Thus we have proved that given D € D(iv" x ),

(D¥)(h : v : m°) = 0 for all (h,v,m") € (iv")’ x F x M°. But now
for arbitrary m € MT, m = sz, where z € ZM(MO), m® € M°. Then
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Yh:vim =t ,(2)¥h:v: m’) and so there are D, € D(iv*), D) €
D(iv* x &), so that
D¥(h:v:m)=) [D,'t, ,(2)ID¥(h:v:m

Now D¥(h:v :m) =0 since each D)¥(h: v : m®) =0 if h e (iv")°. QED.

Corollary 7.10. Suppose f € %,(G). Then for any D € D(iv* x F),
‘E(h:u;D:m):Oforall (h,v,m)e (iv*) xF x M'.

0

).

Let E be a convex open region in R x R” so thatin x € R, y € R” with
(x,y) € cl(E), then (tx,y) € cl(E) forall 0 <t < 1. Let W be a finite-
dimensional vector space. Write D =0 /0x.

Lemma 7.11. Let f € C™(cl(E) : W) such that Df(0,y) =0 forall y € R"
such that (0,y) € c(E), D € DR xR"). Fix D, € P(RxR"). Then for
every k >0, thereis g, € C*(cl(E) : W) such that D f(x,y) = xkgk(x, ¥),
(x,¥) € E, and |g(x, y)| < supy,, DD f(tx, y).
Proof. Since D,f inherits the properties required of f, it is enough to prove
the conclusion when D, = 1. Fix k > 0. For (x,y) € cl(E), define
h(x,y) € fol(D’;f)(tx, y)dt. Clearly h; € C*(cl(E) : W) and |h,(x, y)| <
sup,<; ID5f(tx, )|. Further, h(0,y) = 0 and if x # 0, A (x,y) =
x'lD';'lf(x, y). Thus xh, =D’;'1f forall x.
Let 1 <j <k and assume that we have defined 4, € C™(cl(E) : W) so that
hj(0,y)=0, x'h; = DY f forall x,and |k (x, ¥)| < supy o DX f(tx, y).
1,j 00
Then we define 4, ,(x,y) = [y t'h;(tx, y)dt. Then h; , € CP(IE): W)
and .
B, 0, »)| < sup [P A (ex, y)| < sup |Dff(ex, ).
0<t<1 0<<1

Also hj+l(0,y)=0 and if x #0,

DT f(xt, y) 41 kU
_ J > _ (J+1) nk=(+1)
hj+l(x’y)"/(; = (xt)j dt=x Dx f(x,y).
Thus xj“th = D';"(j“) forall x . Thus by induction wehave #,, 1< j <k.

Now set g, =h,. QE.D.

Lemma 7.12. Let s > 0 and D, € P(iv" x ). Then there is a finite subset
S C P(iv* x F) so that

sup  (1+d(h)™VIF(h:v;D)II<2° Y.  sup ||F(h:v; D)
(h,V)ED XF D,es(h,u)egxf?

forevery F € C*(cl(D)xF : W) satisfying (DF)(h:v) =0 forall h € (iv*)’,
veF, DeD(iv xF).
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Proof. For each a € ®,,, let Z = {h € iv" : (Ay+ hy,(h), @) = 0}. Then
bdryZ = (2)\ 2 = U,(ZNcl(@)). Let @ = {a € D}, : Z Ncl(D) is
a boundary component of maximal dimension}. For each a € &', let d,(h)
denote the distance from 4 to # andlet Z = {h € & :d (h) = d(h)}.
Then Z =, 9, .

Now

sup  (1+d(h)")Y||F(h:v; D)
(h,v)EDXF

<Y sup (1+d())Y|F(h:v;D)|.

e’ (h,V)ED xF

Fix a € ® and decompose &, = Z, U2, , where 2, ={h€ D, :d_(h) <
1} and 9 = {h€ 2,:d,(h) > 1}. Thenfor h € Z., (1+d, (b)) <
2°d_(h)™ and for h€ 2, (1+d,(h)™")° < 2°. We can choose coordinates
h = (h,, h;, v) € iv" x F so that d (h) = |h | and # is the hyperplane
h,=0.Let E=(2.)° x5, where (Z.)° denotes the interior of 2. . Then
E satisfies the conditions for Lemma 7.11. Let D, € D(iv* x &) correspond
to 8/8h, . Then by Lemma 7.11, for all (h,v)=(h,,h, ,v)€E

d,(WIF(h:v; D) < sup IF(th, K, v; DD)|

< sup |F(h:v;D.D)]|.

(h,v)e
Thus
sup  (1+d ()" )VIF(h:v;D)|
(h,V)ED xF
<2 sup |F(h:v;D)|+2° sup ||[F(h:v;D.D)|
(h,v)ED)'xF (h,V)ED.xF

<2 | sup ||[F(h:v;D)||+ sup ||F(h:v;D.D)|||. QE.D.
(h,V)EDXF (h,V)EDXF

Lemma 7.13. Let f € %,(G). Then for any D € D(iv" x ¥ ),
DY (hy:v:m)=0 forall (v, m)eF x M, hy € (D) N (iv") .

Proof. Recall (7.5b) for he &, ¥, (h:v:m)= P(h)_lq’f(h :v :m), where
P(h) = &(2) [1oeor, (@) Ag + Ay (h)) . Let D € D(iv* x ). Then there are
D; € P(iv" x %) and k; >0 so that

¥ (h:v;D:m)= ZP Ah:viD;im).

We use the notation of the proof of Lemma 7.12. Let h, € cl(Z)N (iv")* and
pick a € @' so that (i, +h,,(h), o) =0. Then we can find {h,};2, in D, so
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that lim,_ &, = h,. Since, by Theorem 6.1, ‘I’f € C®(c(D) x F x MT), it

follows that
¥ (hy:v;D:m) =nli{§oq’f(hn :v; D:m).

Now there are constants C > 0, s > 0 so that [P(h)|”' < Cd_(h)™ for all
heZ, . Thusforal heZ ,

—sk;

IP()) ™ (k2 v; D, m)l| < Cd (b ¥ (h:v; D, m)|
< C sup ||q’f(tha : h; v, Dik"D,. :m)|,

0<<1
where we use the coordinates 4 = (k,, k). Now if (h,, h,) — hy= (0, , ,),
sup [|¥ (th, B, :v; DD, m)|| — [0 b, o:v; DD, m)|| =0.
0<t<1 ’
Q.E.D.
Proof of Theorem 7.2. Let s >0, D € P(iv” x ¥). Then for any f € %,(G)
and me M, (h,v)— ‘Yf(h : v : m) satisfies the hypotheses for Lemma 7.12

by Theorem 6.1 and Lemma 7.13. Thus there is a finite subset S C P(iv" x F)
so that

sup (1+d(h)_1)s||‘l’f(h:V;D:m)llsE sup ||‘I’f(h:v;D':m)||
(h,V)EDXF D,es(h,v)egxi’

forall fe®,(G), me M' . Now use Theorem 6.1 foreach D' € S. Q.E.D.

8. EXPANSION OF ‘I’f(h : V) IN TERMS OF HOLOMORPHIC FAMILIES

In [9, §7] we defined a Schwartz space & (2 x.F) as follows. Let P(iv* x.F)
denote the set of all polynomial coefficient differential operators on iv* x & .
For h € &, let d(h) denote the distance from 4 to the boundary of & . Then
(8.1a)

TP xF)={aeCT(ND)xF):|all, ,= sup (I +d(h)_l)t|Da(h 1v)|
’ DxSF

<ooforallt>0, DeP(iv’ x F)}.

We topologize #(Z x ¥ via the seminorms || ||, ,. It is the space of smooth
functions on cl(Z) x & which, together with all their derivatives, are rapidly
decreasing at infinity and have zeros of infinite order along the walls of & . We
also define

(8.1b) Z(2 x 9')0 ={a€ Coo(Cl(.@) X F): ||a||D 0= Sup |Da(h : v)|
’ DxF

< oo for all D € P(iv” x F)}.

Thus functions in & (Z x.¥),, have rapid decay at infinity but are not required
to vanish along the walls of & .
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In this section we will use the consistent bases for (M’ : W, : h) and
FM' W, : h)" given in Theorem 5.32 and the estimates for ¥, given in
Theorems 6.1 and 7.2 to prove the following theorem. Define (M t W) the
space of holomorphic families of K;{l-spherical functions as in (5.2).

Theorem 8.2. There is a finite subset {Fp} of (M r W) satisfying the follow-
ing. For any f € €(G) there are {o,} in €(Z xF), so that ¥ (h:v) =
2, 0,(h i v)F,(h) forall (h,v) € cl(@) x F . Moreover, if f € €,(G), we
can choose the a, EB(D xF).

Theorem 8.2 has the following important consequence. For each family F €
LM W) we can define a family E(P: F: h:v:x) of Eisenstein integrals
as in (4.5) using F(h) instead of ¥ (A : v). Now combining Theorem 8.2 with
formula (4.8) we obtain

Theorem 8.3. Let f € €(G). Then there are finitely many F; in ¥ M)
and o, € €(2 x F), so that

F(h:v:x) Za h:v)E(P:F,:h:v:x)

forall (h,v, x)ec(Z)xF xG. Moreover, if [ € €,(G) we can choose the
o, in (D xF).

The remainder of this section is devoted to the proof of Theorem 8.2. We
use the notation of §5. Fix a subset / C {1, ..., k} and define &; as in (5.20).

Now fix an open set J' C @, on which we have consistent bases {Fp(h')};=1

for L(M': W, : i) and {uy(h)},_, for (M : W : k)", ' €] asin

Theorem 5.32. Let J = {h € c(Z): h,,(h) € J'}. Then for any f € F(G),
Wih:v) =¥ (h:v)ypop e X (M : Wy:hy(h)),

so there are o,: J x & — C so that

(8.4a) Woh:v)=) a,(h:v)F (hy(h), (h,v)elxF.
p

For each h' € J', let M(k') denote the s x s matrix with entries m,, (k')

(ur(h'), F,(h")). For k' € J', detM(h') # 0 so M(h') has an inverse N(h')

with entries n, q(h') . Now we can recover the coefficients a, in (8.4a) as

(8.4b) o, (h:v) =Y n, (hy () (hy (), Wo(h ).
q

We first study the properties of the functions &' — n, (h'), h' € J'.

Lemma8.5. For 1<p,q<s, h— npq(h) is a smooth function on J' . For each
D € D(iv,), there are constants C,m >0 so that |n, (h; D) < C(1+ |h)™
forall heJ'.




50 R. A. HERB

Proof. Since each F,(h) is of the form SF(p : h), S € Endy (W), ¢ €
M
F, (M 7,:7,),and u ( ) is a finite linear combination of terms
R, (MW", JeF ,weW,,

each entry m, (h) of M(h) is a finite linear combination of terms of the form
(6(h) @ w™, SF(p : h)). Now as in the proof of Lemma 5.25, SF(p : h) is a
finite linear combination of terms of the form eh(kb)(k -¢(h)-b) ® w, where
k,beK,,, weW,. Thus m, q(h) is a finite linear combination of terms of
the form

" (kb)Y S(h) oW, k-o(h)-b®w)
=" (kb)(o(h), k- p(h) - b){w", w).

Decompose M = ¥, x M'(I),x [Tie; M;, ivy, = ivg @ iv; & Y, iv; asin
Lemma 5.27, where v, = v,,Nm (I). Then we can assume ¢ € .7, is a product,

) (ho +h + Z h; xox' Hx,.) = eh°(x0)qo'(h' : x') H o;(h;: x;),
i€l i€l i€l

where ¢’ is a holomorphic family of matrix coefficients on M’(I) and each
9, €% ;. Pick m e M(I), y,€ %, ;, i€l,so that

=5<m':Hy/i:h).
i€l

Then for k = kk' [Tk, b=b,b'T1b, € Ky s h=hy+h' + T h, € iv},,
(), k-g(h)-by=e"(ky by Yo' (h  kK'"'m'b' ™)
xH/ (b kT b ) d(x,Z,).

i€l M/Z
Thus,
e" (kb)((h), k- p(h T £k
iel
where f(h') = e" (k'b')g'(h' : K'"'m'b'™") is a holomorphic function of 4’ €

(iv )C,andfor zeI,

fh) = "(bk) /M otk K x b Yo T x) d(x,Z).

As in the proof of Lemma 5.23, ¢,(h, : k; 'xib,." ') is a finite linear combina-
tion of terms of the form e (k;'67")g!(h; : x,), where ¢/ € F, ;- Thus, fi(h,)
is a finite linear combination of terms ((p;(hi), w;(h,)) LM/Z)" Now using [8,
6.11, 6.16] this is a rational function of A, with no poles in &, . Thus we have

proved that each m, q(h) is a finite linear combination of terms of the form
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flhg+h' + Fierhy) = £/ (W) gy Ry(hy) , where " is holomorphic on (iv,)c.,
and each R, is a rational function of 4, with no poles in Z;. In particular,
each m, q(h) is a smooth function of 4 € cl(&;) and so each n, q(h) is smooth
as long as det M (h) # 0, hence for h € J'. Further, for any D € D(iv},),
there is k > 0 so that Dn, (k) is a finite linear combination of terms of the
form f'(k')[1, R,(h,)(det M(h))™", where f' and the R, are as above. Note as
in Theorem 5.32 we can assume that J' was chosen so that |det M (k)| >¢& >0
on J'. Further, J' =ivyx J(I Hlel.@i" , where cl(J(I)) C iv} is compact.
Thus |f'(h")| is bounded on cl(J'). Finally, each R, ;(h;) is of polynomial
growth on 2" and its poles are outside cl(Z/") C Z,. Thus Dn, (h) satisfies
the required estlmate Q.E.D.

As before, assume J' C &, and J = {h € c(@): h, (h) e J'}.

Lemma8.6. Let ¢ € C*(JxF xM') sothat p(h:v) € 7' (M :1,:1,: hy(h))
forall (h,v)eJxF and ¢ satisfies one of the following growth estimates:
For every ¥ >0 and D € P(iv* x &), there are C,t>0 so that

() Uy yesns [0 205 D )| < C(1+ 6, (p(m")'E,, (p(m')™" for
all m e M';
(ii) supy ,yesxs (1 +d(n)™ ) Iph:v; D:m)
< C(1+6,,(p(m)E, (p(m")"" forall m e M'.
Let 6 € %" and set a(h:v)=(6(hy,(h)), p(h:v)). Let D € P(iv" x¥F) and
r>0. Then if ¢ satisfies (i), sup, ,)c x5 la(h:v; D)| < oo andif ¢ satisfies
(i), sup, ,\esxg(1+d(h) ™) ]alh:v; D)| < co.

Proof. Suppose 6(h) =d(m' :[[y,), m e M'(I), y,€ % ;, i€l. Then

ah:v)= /HM./Z oh:v:1:m: Hxi)H w;(h;: x,) Hd(le,)

where 4, is the component of 4, () in in’: . Write the Cartan decomposition
M; =K, cl(A;L)Kl. and K, = Z,g [K;, K;] in the notation of [8, 11.13]. Then as
in [8, 11.13],

a(h:v):/(p(h:u:I:m':Hk,a,kl )Ht//, (h; : k,a,k}) D(a;)

x [[ da, dk, dk;,

where we integrate over a; € cl(Af), k,.,k; € [K;,K,], i € I. Thus,
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|a(h : v; D)| is bounded by a finite sum of terms of the form

/‘(o (h:u;D': 1 :m':H k.ak) )Hy/, (h;; D, : k,ak))| D(a,)

x ]‘[ da, dk dk,,

where D' € P(iv" x ) and D, € D(iv}), i€l.

Assume iv; = Rk, , is parametrized so that &, = {th,y : t > 0}. Then
we can assume the decomposition &, = Qf u 9,‘" in (5.20) was chosen so
that if b, is chosen as in [8, 11.13] 9 C {th, ,:t > b;}. Now for h € J,
hy(h)yeJ C&,,s0 h,e D. Nowasin[7,5.2], forall h,e D",

i, : kak)l < C(1+ [AD™(1+ o (a)e” ™ "D (i(a,)).

But assuming that ¢ satisfies (ii), there is ¢ so that

su 1+d) Yo (h:v:D :1:m :Tlkak
(h,u)egxy( ( ) ) (0( H t 1)

< C(1+6,,(p(m sz )2 ! (p(m')Hai) .

But since m' is fixed and k;,k; € K, ,, this is bounded by
C'TL0 )ET ‘( a,). Thus

[T+

sup (l1+d(h |ah:u;D)|
(h,v)EIXF

<cC ]‘[ / (1 +0(a,)""'Z5, (@)D(a)e” %" (e(a) da,

< o0
by [8, 11.3]. If ¢ satisfies (i), we do the same estimate, omitting the terms
(1+dm™"Y. Q.ED.
Lemma 8.7. Suppose o,: J xF — C, 1<p<s,aredefined as in (8.4a). Then
forany r>0 and D € P(iv" x ¥),
(1) SUD(jy y)esxs |ap(h v D) < oo if fE€F(G);
(ii) sup, ,esxg(1+d(A) ™) ]a,(h:v; D) < oo if f€Fy(G).

Proof. Using (8.4b), there are D; € D(iu;,) D! € P(iv" x &) so that
J(h:v;D)= anq D), (h:v;D}),

where S, (h:v)= (u (hy(h)), ‘I-’f(h :v)). Now by (8.5) there are C, m >0
so that

|1,y (R); DI < C(1 4 |(hy (R))™ < C(1+ |A])"
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forall p,q, i, he J. The polynomial term can be combined with the D}, so
it suffices to show that

sup |B,(h:v;D)|<oco forallDeP(iv" x¥), 1<q<s,
(h,v)EJXF

if fe#&(G), or that

sup  (1+d(h)™")|B,(h:v; D) < oo
(h,v)EJXF

if fe%,(G).
But u;(hM(h)) is a finite linear combination of terms &(h,,(h)) @ w", J €
F,w eW, Fix 6 €, w' e Wy and let

Bh:v)=(6(hy(h)@w", ¥ (h:v)).

Then

B(h:v) = (6(hy,(h), ¥y(w" : h:v)),
where

‘I"f(w* thiv)e 7 (M it i1y hy (b))

is defined by ¥,(w" : h:v:m) = (W, ¥ph:v:m), (h,v,m) e
IxF x M. Now ¥ (w")e C*(J xF x M) and forall D € P(iv" xF),

¥ sh:v; Dim)| < Wl ¥y(h:v; D2 m)|

= [[w llpI1¥ (ks v; D p(m"))|

<l (1 + 6(p(m))'Z57 (p(m)(f)
forall (h,v)eJxF ,m €M, by Theorem 6.1 if f € Z(G). Thus ¥ (w")
satisfies estimate (i) of Lemma 8.6. Similarly, if f € %,(G), we see using
Theorem 7.2 that ‘P’f(w*) satisfies estimate (ii) of Lemma 8.6. Thus using
Lemma 8.6, g satisfies (i) if f € #(G) and (ii) if f € %,(G). Q.E.D.

Foreach I C{1,..., k},let % be the open cover of &, given by Theorem
5.32. Let £ =J,.% . It is a finite open cover of cl(Z,,).

Lemma 8.8. There is a smooth partition of unity {(J)},. - of <l(Z,,) subor-
dinate to £ so that for each J € # and D € D(iv},),

sup [B(J:h; D) <.
hed(@,,)
Proof. Foreach 1 <i<k,let B/, B’ € C*(cl(Z))) satisfy
(i) supp B; €} and supp f; C F;
(i) B(h)+B"(h) =1 forall h €cl(@);
(iii) 0< B(h,), B(h,) <1 forall h, e cl(T).
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Note if 2, € D(iv}), |B;(h;; D;)| is bounded on cl(Z,) since it is supported
in the compact set cl(Z;), and |B](h,; D,)| is bounded on cl(Z,) since it is
bounded on cl(Z;) and is constant on N(Z)\ 2.

Now we obtain a smooth partition of unity for cl(Z,,) subordinate to {&,}
by defining g,(h) =[], ¢r /3 M Lies B , where h; denotes the component
of hin iv], 1<i<k. Further for any D € D(an) |B,(h; D)| is bounded
on cl(Z,,).

Fix IC{l,...,k}. Each J € % isoftheform J =ivgx J(I) H,elg"
where J(/) is an open subset of cl(Z ]'[,e,@c Now {J(I):J € £} is
an open cover of cl(@ ) %1 ¢ 1 UZ;) . ‘). Let {B(J(I))} be a smooth partition
of unity of cl(Z 1'[ 9c subordinate to {J ( :J € £} such that each
B(J(I)) extends smoothly to cl(2') x [1; i¢ ;cl(Z). We obtain a partition of
unity of &, = zno x(Z)x[1;¢ 19, ° x I'[,E ;2" subordinate to # as follows.
If J = iuo x J(I HIEIQ” define B(J : h) = B(J(I) : k') if ' is the
component of # in cl(Z ]'[ ,Z/ . For each D € D(iv},) , |B(J : h; D)|
is bounded on &, since ﬁ( ) extends smoothly to cl(&;) and depends only on
the component of h in the compact set cl(Z ]'[ 19 ¢

Combining the above we obtain a smooth partltlon of umty of cl(Z,,) sub-
ordinate to £ = J % bysetting B(J : h) = ,(h)B(J : h) if J € % . Since the
derivatives of both f, and B(J) are bounded, so are those of B(J). Q.E.D.

Proof of Theorem 8.2. Let {B(J")}, s'es be the partition of unity of cl(Z,,)
given by Lemma 8.8. Thus for any f € £(G) and (h, v) € cl(D)xF , we can
write
v)= Y B hy ()¥sh:v).
J'es
For each J' € 7, let {F,(J' : h")},_, be a basis for F(M' : W, : k'),
k' € J', as in Theorem 5.32. Then for J = {h € cl(Z): h,,(h) € J'}, we have

asin (8.4a) a,(J): J x.F — C so that

Za " h (J hy(h)), (h,v)eJ xF.

Combining the above we write for all (A, v) € cl(Z) x ¥,
=33 (J th:v)F,(J : hy(h)),
Jop
where

a;(J,:h:V) _ { B by (h))a,(J :hiv) if by (h)eJ',

if hy (h) ¢ J .

Now for any D € P(iv" x.F), a,(J':h:v;D)=0if h ¢ J and there are
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D; € D(iv},), D} € P(iv” x F) so that
o (J' :h vy D) < Y B hyy(h); D), (J s hiv; D))
i

if h e J. Buteach |B(J : hy(h); D;)l is bounded. Then using Lemma 8.7,

a;(J/) isin (2 x ), if fe&(G) andisin §(Z xF) if fe€,(G).
Fix J'€ % C 7 and 1 < p <s. Then there are ¢' € F(M' : 1, : 1)

and S € Endy ,(W;) so that Fp' (J')=SF(¢'). By (5.12) and (5.21), there are

finitely many ¢, € F(M' : 1, : 1)) and rational functions r, with no poles
in cl(#;) so that F J h =3,7, ch), H e ﬁ Further, by
Proposition 5.33 there are F, =F (J ) € 5”(MT : W) so that F( Wypop =
SF(p, : hy(h)) forall h € cl(P). Thus,

a(J hv)F (T 2 hy ))=Zapq(.l':h:u)(qu(J':h)IMoop),

where o, (J':h:v)=r (hy(h)a,(J :h:v). Since r, is a rational function

).
with no poles in the support of ap( ", q(J h: 1/) isin €(Z xF), if
f€?(G) andisin F(Z xF) if f € &,(G). Finally, since F — F|,o00p is
a bijection between .Z(M': W : h) and L (M : W, 2 hy(h)) for hecl(D),

we have
ZZZ%JhV L h)

forall (h,v)ec(@)xF. Q.ED.

9. A CHARACTER IDENTITY

In this section we will prove a generalization of Schmid’s character identity
identifying the sum of two limits of discrete series with a reducible representa-
tion induced from a maximal parabolic subgroup. As a consequence of this basic
identity, we will derive character formulas which should give all the matching
conditions among the series of tempered representations which are necessary to
describe the dual of the Schwartz space.

Assume that G is a connected reductive group with rank G = rankK . Let B
be a maximal relatively compact Cartan subgroup of G and let ® = ®(g.., b),
p the half-sum of positive roots in ®, A = {1 € ib”: 1~ pis integral}. Let &
be a chamber of ib* with respect to ®. Then every 4 € ANcl(¥) corresponds
to a relative discrete series or limit of relative discrete series representation 7,
of G with character ©(4) given roughly as follows (see [5, §2] for details).

Let H be a f-stable Cartan subgroup of G and let ¢ be a Cayley transform
with ¢(b.) = h. There is a subgroup W), of the Weyl group of @ so that

e““*=?) gives a well-defined character of H for w € W,,, A € A. Now for
every w € Wy, and chamber % there is a locally constant function c(w : &)
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on H', the set of regular elements in H , so that forall A € ANcl(%¥), x e H',
(9.1) O(1:x)=Ax)" S cw: B x)e ™ (x).

wewy,
Here A is the Weyl denominator.
Now for any A € A and any chamber %, A not necessarily in &, we can
define the coherently continued relative discrete series character

/

(9.2) 0(4:%:x)=Ax)" Y cw:®:x)e ™ (x), xeH.
wewy,

Now let § be a singular imaginary root in ® which is simple for the ordering
of @ determining & . Thus & and sﬂ‘g are separated only by the wall #, =
{Ae€iv”: (4, B) =0}. (Here sp denotes the reflection in }7;9 JLet H=TxA
be the Cartan subgroup of G obtained by the Cayley transform ¢ with respect
to f and let P = MAN be a corresponding (maximal) cuspidal parabolic
subgroup. Then t= {H € b: f(H) = 0} and a = exp(R°H}). Since dima =
1, T C B even though it need not be connected. Thus given 1 € A we obtain
data for a coherently continued induced character as follows. Let

(9.3a) A=A,

and let % be the chamber of it" with respect to ® v = P(me, t) such that
1), €% forall te U sﬁ(‘r}’). Define O(M° : A, 1 %) to be the coherently

continued relative discrete series character on M° for 4, and & defined as
in (9.2). Note that we can choose an ordering ®* for ® so that (a, 8) >0
for all « € ®". Set ®;, = {ca : a € ®", (a, f) = 0}. Then p|, = p,,,
where p is the half-sum over @ and p,, is the half-sum over ®; . Thus
A—pl,=4,-p, . Nowsince TC B, A, € A, ={A€ it :1-p,, isintegral}
if 4 € A. Further, ZM(MO) C T C B so we can define y € ZM(MO)A by

(9.3b) =", a0y

Now by the above, x| 2= et TP | z, SO X RO(M 0. A, : %) defines a character
of M' =27, (M°)M°. For any v € a., let

93c)  O(P:x:A:%:v)=Indss (x@OM° : 1 :E)oe” ®1).
Finally, define v(A) € a; by

(9.3d) v(d)=-i‘4l, , AeACt.

Now Schmid’s identity (when [G, G] has finite center) is
(9.4) OA:B)+O(A:5,8)=O(P:x:4,:%:v(4), allieA[l2].

We will generalize this identity to include derivatives along continuous families
of relative discrete series parameters. In order to have nontrivial derivatives
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we assume that Z; N iv® # iv". Then there will be elements 4 € jv* with
h(H;) #0. Fix any A, € iv” with

(9.5a) hy(Hj) = 1.

Then for any smooth function ¢ of & € iv" we can define the directional
derivative

d
(9.5b) Dipthy= =| o(h+&h).
Pick v, € a” so that
(9.5¢) (v, ‘Hp) = 1.
Then for any smooth function ¥ of v € a* we define
(9.5d) Py = Ly +&v).
v dé =0

Now let 4, € A and let A(h) = A;+ h, h € iv", be the corresponding
continuous family of relative discrete series parameters for G. Define A,(h) =

A(h)|, and x(h) =el(h)"’]ZM(Mo) as in (9.3). Note O(A(h) : &) + O(A(h) :sﬂ%)
is a smooth function of 4 € iv* and O(P : x(h): A(h) : & : v) is a smooth
function of (h, v) € iv" x ag..
Theorem 9.6. For any integer k >0,
(DY) (B(A(R) : B) + O(A(h) : 5,%)) = (D} £ iDL Y OP : y(h) : 4, (h) : &, 0)

for all h e iv* with (A(h), B)=0.
Proof. Write

F,(h) = ©(A(h) : ) + O(A(h) : 5,8)
and

Gh:v)=08(P:xh):A(h): % v).
Note that G(h : v) = G(h : —v) for all v € aé. Asin [8, 3.2], F, and G
extend to holomorphic functions on b and bg x a¢ respectively. For 4 € v,

define v(h) = —iC/l(h)|ac = —i(A(h), H;) -v,, where v, is defined as in (9.5c).

Set F,(h) = G(h:v(h)). F, is also a holomorphic function on v;. Schmid’s
identity (9.4) says that F,(h) = F,(h) for all h € iv™ such that A(h) is a
discrete series parameter for a quotient G of G with [G, G] having finite
center. Such points are dense in iv” so F,(h) = F,(h) for all h € v;. Thus
forany k >0, (DP)“F,(h) = (D})*F,(h) for all & € v}.. But for & € v}. with
(A(h), B) =0, Fy(h+¢hy) = G(h+&h,, —i&v,), since (A(h +Chy), H;) =¢.
Thus (D})“F,(h) = (D} - iD®)*G(h : 0) for all h with (A(k), B) = 0. Thus
(DEY“F,(h) = (D! - iDP)*G(h : 0) if (A(h), B) = 0. Now since G(h : v) is
even as a function of v, (D! +iD?)*G(h:0) = (Df - iD?)*G(h:0). QED.
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10. MATCHING CONDITIONS AND THE PLANCHEREL FUNCTION

We return to the notation of §§4-8. Fix a, ..., € F (D xF), F|, ...,
F, € P (M W), and write

(10.1a) Oh:v:x) Za (h:V)E(P:F :h:v:x),

(10.1b) ®(x) = /@ L Oh:vxym(h:v)dhdy.

The main results of [4, 9] say that ® € &,(G: W) if
(h,v)—»®h:v:x)mh:v)

is jointly smooth on cl(Z) x & .

In Theorem 10.22 we will prove a matching condition for the F(h : v),
f € €(G). As a consequence, we prove in Theorem 10.24 that for f € €, (G),
(h,v)+— I?(h :v:x)m(h:v) is jointly smooth. Thus using Theorem 8.3, the
wave packets

(10.1¢) F(H:x)=/ F(h:v:x)mh:v)dhdv
DxF

associated to f € %},(G) are Schwartz.

We first review the explicit formulas for the Plancherel functions m(h : v).
Let @ denote a set of positive roots for ® = ®(gc, hc), and let @y = {a €
®" : o takes real values on h}. For o € @y, let H. € a be dual to o’ =
2a/(a, a) under the killing form. Let X_, Y, be elements of the root spaces of
8, 8_, respectively, sothat 6(X ) =Y, and [X,, Y ]=H, . Write Z =X -
Y andset y, =expnZ, . Then y € Z (M ). For v € ¥, write v, = u(H')
Let O = {B € ® :p|, =ca for ¢ #0} and define p, = 2Zﬁe¢+ B(H )
Let @} Uae¢; d>a Finally for h € iv*, we write A(h) = A, + h,,(h) a

x(h) = x0®eh . Then for h€iv*, v €S, we define

(=1)Ptrace[x(h:y,) + x(h: ")

(10.2a) ¢, (h) = 2degx?h) e 2 aedy,
(10.2b)
* . i h +
mi(h:v) =[] Ak +iv, m.coshs;ll L e €%
ﬂE(D: a a
(10.2¢) mp(h:v)= [] mi(h:v),
a€D,

(10.2d) mh:v)= J[ ) +iv,a) -my(h:v).

a€d"\ @y
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Lemma 10.3. Let o € (D;. If v, has finite order, then m_ is jointly smooth on
iv" xF . If y, has infinite order, m is jointly smooth except possibly at points
(hy, vy), where vy(H,) =0 and ¢ (h)) =1.

Proof. Suppose y, has finite order. Since (k) is a unitary character and
x(h : y,) depends continuously on 4, x(h :y,) and hence ¢ (h) must be
independent of 4 € iv”.

Now in either case, m; is jointly smooth except possibly at points (h, v,)
with vy(H,) =0 and ¢ (h,) = 1, when the denominator is zero. But if y, has
finite order, then ¢ (h) =1, so

myh:v)= T[] @&k +iv,B)-
BEP\{a}

v, sinh v,
cosh v, — 1

is smooth. Q.E.D.

Fix a € (D; with y_ of infinite order. Then « is a root of a simple factor g,
of g with G, simply connected, noncompact, and of hermitian type. From [5,
§1] we know that ®,(g,), the set of all real roots coming from g, , is of type
A} x C, for some r >0, s >0, and if o isin the C, factor it is long. Let
b be a fundamental Cartan subalgebra of g and let SOS(H) denote the set of
strongly orthogonal singular imaginary roots of (g, b) used to define the Cayley
transform ¢ with ¢(b.) = h. Then ¢"'a € SOS(H) and Z = c'l(iH;) €b.
Set h,=—ih(Z,) €R.

Fix (hy,v,) € iv" x & so that ¢ (h)) = 1 and yy(H,) = 0. Then
x(hy+h)(y,) = e”’h"xo(ya) and trace y(h, : 7,) = trace x(h, : v ') = deg x(h,) -
(=1)%~, so that

(10.4a) €,(hy+h)=cosnh,
and

x ) _ , sinhnv_
(10.4b) m (hy+h:vy+v)= ﬂl;[w(/l(ho +h)+iv, B)- T TR

Thus we have the following.

Lemma 10.5. (h,v)— m;(h0 +hivy+ u)(uj +hi) is jointly smooth at (0, 0).

n+2

For n > 0, let (x, y, z) denote coordinates in R""°, where x,y € R,

zeR".

Lemma 10.6. Suppose f € C®(R*™") satisfies Df(0,0,z) =0 forall z€R"
and all constant coefficient differential operators D. Then

Sy, 2 +y) 7 e CORM).

Proof. For each z € R", expand f in a Taylor series in x and y about
(0, 0, z). Since all derivatives are zero, for each k, we just have f(x,y, z) =
R,(x,y, z), the kth remainder term. Fix a compact subset Q of R”. Then
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for every k, there is a constant C, so that |f(x, y, z)| < C . (x? +y*)F for
(x2 + yz) <1, z € Q. Further, for any D, Df satisfies the same condition
as f, so there are constants C, p sothat IDf(x,y, z)| < C,(’D()c2 +y2)k for
)cz-f-y2 <1,zeQ.Let g(x,y,2)=f(x,y, z)(x2+y2)'1. From the above
estimates it is easy to see inductively that g has continuous derivatives of all
orders also satisfying Dg(0, 0, z) =0 forall D, z. Q.E.D.

Lemma 10.7. Suppose [ € C®(R*™"). Then f(x,y, z)(x*+y*) ! € C®R*™)
ifand only if (£ + i(%)kf(o, 0,z)=0 forall k>0, zeR".

Proof. (& + 1‘6‘9—},)"|x=y=0(x2 +y%) = 0 fqr all k, so one directign is easy. To
prove the converse, we use Mather’s division theorem [11] to write

[y, 2) = +y0 0, v, 2) + x50, 2) + L0, 2),

where f, € C*(R*™"), f,, f, € C*(R'™"). Assume (& +i2)"f(0,0,2)=0
for all z, k. Thus for all k,

o .0\F
(5}*’5)

—k (:&:i:—y)k_l £0,2)+ (ii%)kj;(o, 2)=0.

[+ V)i, 9, 2) + x40, 2) + [, 2)]
x=y=0

Combining the equalities for (& + ia%)k and (£ - i%)k we find that

(240, 2) = () £,0,2) = 0. Thus g(x,y, 2) = x4, 2) + (v, 2)
satisfies Dg(0, 0, z) =0 for all z and all constant coefficient differential op-
erators D, so the result follows from Lemma 10.6. Q.E.D.

Let aZ0€R", b#0eR” and define p € C*R" xR"™) by p(x,y) =
(x,a)’ + (y, b)’. Take any (x,,x,) € R x R" with (x,,a) = vy, b) =
1. Let Dz, D;’ denote the directional derivatives in the directions of x_, y,
respectively, and set #(a, b) = {(x,y) e R" xR" : (x,a) = (y, b) = 0} =
{(x,y) e R”" xR™ : p(x,y) = 0}. We can now rephrase Lemma 10.7 as
follows.

Lemma 108. Let g € C*(R" x R"). Then gp~' is smooth at (x,,y,) €
#(a, b) ifand only if (D} + in)kg(xO, Yy) =0 forall k>0.

Lemma10.9. Let a , ..., a, € R" be linearly independent and b,....,b € R”
be nonzero. Let p,(x,y) = (x, a,.)2+(y, b,.)z. Suppose g € C™(R" xR™) such
that gp;' € C°(R"xR™) for 1 <i<r. Then gII;_ p]' € C*(R" xR").

Proof. The lemma is trivial if r = 1. Assume inductively that it is true for
r—1, where r > 2. Thus g]'[’_'pi_l € C°R"xR™). Let #'(a,b) =

i=1 r>~r

{(x,y) € #(a,, b): [T, p,(x, ) # 0}. Since a,,...,a, are linearly in-

r>=r

dependent, #'(a,, b,) is dense in #(a,, b,). But for (x,y) € #'(a,,b,),
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(DY £ iDi")kg(x, y) =0 for all kK >0 and H?;ll pi'l is smooth at (x, y).
Thus,

r—1

(Di’ + iD;”)k lg(x, y) Hpi(x, y)_ll =0 forall k >0.

i=1
Now since /#'(a,, b,) is dense in #(a,, b,),
r—1
(D D))" [g(x, » e y>"} =0 forallk >0, (x,y)€#(a,,b,).

i=1

Thus, g- 1=/ p,'p; ' = g [T, p;" is smooth by Lemma 10.8. Q.E.D.
Lemma 10.10. Let D be a first-order constant coefficient differential operator on
R", and suppose g, h € C*([R"), x, € R", such that Dk(gh)(xo) =0 for all
k > 0. Then either Dkg(xo) =0 forall k>0, or th(xo) =0 forall k>0.

Proof. Suppose there is m > 0 so that D'”g(xo) # 0. We will prove that
th(xo) =0 for all kK > 0. Pick the smallest m with D'"g(xo) #0. Then
m

0=D"(g-h)(x) = (’7)ng<x0>D'""h<xo> = D"g(x)h(x,),
=0

so h(x,) = 0. Assume inductively that D’ h(x,) =0 forall 0<j<r. Then

m+r+1

0= 0" g hix) = ("

)Dmg(xO)Dth(xO)

since ng(xo) =0 for 0<j<m—1and D" h(x)) =0 for m+1<
j<m+r+1. Thus D"*'h(x,)=0. QE.D.

We will apply Lemmas 10.8, 10.9, and 10.10 to the situation of R” x R" =
0" xF and p_(h,v) = h(~iZ, ) +v(H'): = K2 +v> . Fix (h,, v,) € it"xF s0
that h,(—iZ ) =1=v,(H,), and denote the associated directional derivatives
by D;, D, respectively.

Lemma 10.11. Let g € C(iv" x F). Then g-my € C*(iv" x F) if and
only if for any o and (hy, vy) with m; not jointly smooth at (h,, v,) we have
(DS +iD%) g(hy:vy) =0 forall k >0.

Proof. Assume first that g satisfies the derivative condition. Fix (A, v,) €
iv" x ¥ and let ®, = {a € ®y: m’ is not smooth at (h,, 1)} C {a € Py :7,
has infinite order, ¢ (h)) = 1, and v,(H.) = 0} . Note that ¢~'®, C SOS(H)
so roots in @, are linearly independent. For o € ®\ @, m;‘ is smooth
at (hy,v,). For a € ®, m’(h,+h : vy +v)(h: +v)) is smooth at (0, 0)
by Lemma 10.5. Thus g - m}, is smooth at (hy, v,) if g-p~' is smooth at
(0,0), where g(h:v)=glhy+h:vy+v) and p(h:v) = ]'[aeq,opa(h (v,
p (h:v)= llj + hf’ . But the derivative hypothesis implies by Lemma 10.8 that
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g- pa_l is smooth at (0, 0) for all « € ®,. Now Lemma 10.9 implies that
g op_' is smooth at (0, 0).

For the converse, assume g -my € C=(iv" x F). Fix a and (h,, v,)
with m’ not jointly smooth at (h, v,). Write D = Dﬁ + (D!, and define

@, = {B € Dy : my is not smooth at (hy, v)}. Then

H(h+u)ng[ HmﬂHmhﬂ/

BeDy\{a} BEDH\D, BeD,
is smooth by hypothesis, so

/(h +l/)

1 =11 m;(hé%—z/;)} =0

BED;\D, Bed,

forall k >0 by Lemma 10.8. But g, mj, f € ®\®,, and my(hy+v}), f €
®,, are all smooth. Thus by Lemma 10 10 one of these functlons must have
D*=0 at (ho, v,) for all k > 0. Now this is not true of m}, § € ®j\ P,

or mﬂ(h +v ) B € ®,. Thus DF g(hy,vy) =0 forall k>0. QE.D.

Theorem 10.12. F(h: v : x)my(h : v) is jointly smooth on c(2) x F if and
only if for every a € CD; and every (hy,v,) € 2 x F with m. not jointly
smooth at (hy, v,) we have (D, + in,’)kI:"\(hO iV, x) =0 forall x € G,
k>0.

Proof. By Lemma 10.11 it suffices to show that (D) + in/')kF(h0 1Yyt x)=0
for all (h,, v, € (019 \Z) x & . But by (10.1),

Fh:v:x) Za (h:v)E(P:F,:h:v:x),

where the E(P : F,: h: v : x) are jointly smooth for (h,v) € iv” x ¥ and
the o, € #(Z x F). But for every a € €(Z x ¥), D € D(iv" x ¥), and
hy € (Z)\Z, Dalhy:v) =0 forall v € F . Thus for all D € D(iv" x F)
and hy €cl(Z)\Z, Dﬁ(hozu:x)=0 forall ve ¥, xe G. QE.D.

Fix a root o € @} with y_ of infinite order. Recall ¢"'a € SOS(H). Let
H' =T x A be the Cartan subgroup of G with SOS(H') = SOS(H) \ ¢ 'a
used to define the Cayley transform ¢ with ¢'(b.) = b. Thus, ¢ = cc,
where ¢, is the Cayley transform corresponding to o and ca(l)')C =bh.. We
have t C ¢ Cb and o' = {H € a: a(H) = 0}. Write o’ = ¢, 'a € ®(g, §).
Note Z et sothat y_€exp(t) and —iZ =c.'(H). Let P'= M A'N' be
a parabolic subgroup corresponding to H' .

Lemma 10.13. Let h, € iv" such that € (hy) = 1. Then thereis A’ € (it')" such
that:
(i) A" = p, is integral,
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(i1

) ¥l =4 |
(i) tryo(y,)/ degxo=e€" " (3,);

(iv) e (h) =cosm(i' + hy,(h), —iZ ) forall h€iv",

(v) (,1 +hy(hy), @) =0.

Proof. We need to define compatible orderings for several root systems. Fix a
set I’ of positive restricted roots for (g, a’) and a set CDL of positive roots
for ®(m.,t.). Now define ®" = ®"(g.,ho) by @ = {f € ®: B|, €
', Bl, =0 and (B,a) > 0, 0r B, =0 and B € ®,}. Let ®;, =
¢.'{Bed :pl, =0} Let ®f = c'](I)+. Define pg, p,,, P,y 1o be the
half-sums of roots in @, ®,,, and @, , respectively. With these orderings,
Pl = Pags Pgle =Py s Popli =Py s and (=1)P =€’ (y ).

Write g = g, ® g, , where g, is the simple ideal of g with o as a root and
g, is its orthocomplement. If s is any subalgebra of g, we write 5, =sNg,,
i=1,2. Then we have t, C ¢, C b, and t, = t,. In fact, since g, is of
hermitian type we have 7|, C B, = B?. In particular, T, is abelian. Let ,10’1 =

0y~ . .
}“o|t,’ Pru.1 = let] ,and x, | € ZM,(Mn) so that XO'ZM](M?) is a multiple
of Xo.1- Then Xo.1 ® ¢’ 7P s a character of T,, hence the restriction
of a character of B, = exp(b,). Thus, there is 4, € zbl so that e’ %6 is
well defined on B, and e’o oy =X, @€ 1Pt Here Pg, = IpG|b|.
We can assume '10, is chosen so that AG.'*. = Ay ,. Define ' € (it )" by
A’|t:2 = A, and ’llh’, = 4| - By construction A’ satisfies (ii). Now e* %' is
well defined on exp(ty) since exp(ty) = exp(ty) and 2" = pyly = Ay — Pyl -
Also ¢* ~” is well defined on exp(t|) since A'— Pyle =45 =P | - Finally,
exp(t,) Nexp(ty) € Z, (M°) N T° and

eAO_pMI

Thus A" satisfies (i).
Now 7, € Z,, (M) Nnexp(t)) and x, (7,

— — o6, P
T = Xolerone = € T igonpe -

@ P (y ) =e* Pu(y ), so

) =
A" satisfies (iii). In particular, tracey(h : 7y, )/deg X = . +hM’(h)"”M’(ya) for
all h € iv". Thus ¢ (h) = cosn(i + h,.(h), —iZ,) for all h € iv". Now

if e (hy) =1, (X +hy(hy), —iZ,) I</1 +sz (ho); (@)") = 2m, for some
my € Z. If my# 0, we can replace 4 by 4 — mya . Properties (i)-(iv) are
preserved, and (v) is now satisfied. Q.E.D.

Lemma 10.14. Z, (M°) = Z,,(M")Z,,

contained in the center of Z,,(M 9.

Proof. We always have Z,.(M"°)Z,, ,n(M°) C Z,,(M°), and
0

)Zpyopgo (MO =[T/TNT].

(MO). Further, Z,, (MO) is

liO ﬁM’O

10

[Z,,(M*)/Z,,(M
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Thus for the first part it suffices to show that 7 C T' . Write g = 9,99, asinthe
proof of Lemma 10.13. Since 7, = T, it is enough to show that 7, C T}. But
here 7, ={b€ B, :e*(b)=1 forall a € SOS(H)} C T,/ ={be B, :e%(b) =1
for all o € SOS(H')} since SOS(H') C SOS(H).
0 0 0 .
Now decompose Z,;,0(M") = Zy ypo(M{)Zy py0(My) . Since M, =

M;_ we have ZMzn MZ/O(M;) ) =2 MO the center of Mg . This is central in
Z,(M°). But Z,, \,(M}) C Z,, (M}) which is abelian since g, is of her-
mitian type, and hence is central in Z, (M 0) . Q.E.D.

Let *P = PN M" and write its Langlands decomposition *P = *M"*A*N,
where "M = M M"°. Write *P' = *M" A*N where *M' = Z., (M°)M°.
For x,€ Z,,(M O)A , let x(') = 2! z,, (") and let x(’; be the character by which
Xo acts on the central subgroup Z. M(MO). Write X(I)(h) = x() ®e", Xo(h) =
)(5 ®e , h € iv” . We can define a family of unitary representations of M 0 by
(10.152) m(M": P x5(h): A(h) : V")

10 * 0 'l/‘

=Indy. o0 4y (o (R) @OM’ A(h) @™ ®1),
heiv', vie'a.
We denote the corresponding characters by
(10.15b) OM :"P: x3(h): A(h) : V).
Lemma 10.16. For v € a", let v' =v|, and v" =v|._. Then
a(H: x(h):iA(h):v)
0 = * * iv'
- IndgM,(M,o)M,oA,N,(x(')(h) @a(M°:"P:xi(h):Ah) v )@ ®1).

Proof. Use Lemma 10.14 and induction by stages. Q.E.D.

For any chambers & of it" with respect to ®(mc, t.) and &' of (it)"
with respect to ®(mg, t.) we write
(10.17a) O(H : x(h):Ah): % :v)

=IndSq, (x(h) @O(M°: A(h): B)2e"” ® 1)
and
(10.170) O(H' : y'(h):A'(h): & : V')
= Ind(y 1 o (X () @ O(M° 1 X () : €)@ ®1),
where O(M° : A(h) : ) and ©(M" : A'(h) : €’) are coherently continued
relative discrete series characters defined as in (9.2).
Now let ' be a chamber of (it')" sothat &’ and 5_,%" are separated only

by the root hyperplane #,. Let & be a chamber of it" so that 7|, € & for
all te®'Us, &' .
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Proposition 10.18. Fix hy € iv" such that ¢ (hy) = 1 and define i’ € (it)" as
in Lemma 10.13, xo = Xol; ,py0)- Write X (h) = X' + hyu(h), h € iv”. For
any vy € o with vy(H,) =0 we set Vo =Vl . Then forall k>0,

(D} +iD2Y OH": x'(hy) : X (hy) : & 1 1)

+OH" : 1 (hy) : X (hy) : 5,F" 2 vy)]
= (DS +£iDY'O(H : x(hy): Mhy) : € : vy).
Proof. For all (h, v) we have
OH :x(h): X(h): & V) +OH ' (h): X (h):s,& V)
= IndgM, aroroqn () @ O(M"° A (h) : €'

!

+OM"° X (h):s, &) we” 1)
and
OH : x(h):A(h): ¥ :v)
= Indg (M'O)M’OA’N’(XI(h) ® @(MIO P (h) A B V) e ¢ ®1)

M
by Lemma 10.16. Further, for all { € R, (y, +éu1)* = ¢v, . Thus it suffices to
prove that
(D) 1OM” A (hy) : &) +OM"° X (hy) : 5, €)]
= (DS £iDNOM"° " P x"(hy) : Alhy) : € - 0)
forall k > 0. Thisis Theorem 9.6, since if 8 = o, then —-iZ, = H; and H, =
¢,Hy so that Dy = D}, DY = D’ in the notation of Theorem 9.6. Q.E.D.

Fix hy € D with ¢ (h)) =1 and let ®, = {f € D(m’, t'): (B, X' (h,)) =0},
where A" is defined as in Lemma 10.13.

Lemma 10.19. Assume h, € & . Then either ®, = {£a'} or ®, is a root
system of type A, .

Proof. Let B e ®,. If (B, o'y =0, then ¢, B €®(m,t) and (c B, A(hy) =0.
But 4, € & implies that A(hy) is regular. Thus (8, o'y #0 forany B € D, .
Now A4, and A4, are the only root systems which contain a root with no roots
orthogonal to it. Q.E.D.

Lemma 10.20. Let (hy,v,) € Z x F, a € @, such that m’(h : v) is not
jointly smooth at (hy, vy). Then @y = {+a'}.

Proof. By Lemma 10.19 either ®, = {£a} or ®, is of type A4,. Suppose
@, is of type 4,. Then c‘lcbo = +{a, 7, ?°}, where y, y° are conjugate
complex roots of (g, h) with y +7° =a. One of y, y?, say “y°, must be a
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compact root of (m', t'). Now (7,v) = (»",v) = i(a,v) forall v €% and
(»°, A(h))y = —=(y, A(h)) for all h. Thus
(7, Ah)) = Sy =97, A(h)) = $(y =97, X' (h))
=3+, A ) = §Ca, A (k)
for all h since (“y7, A'(h)) = (“y°, A'(hy)) =0 for all . Thus
(Alhy +h) +i(vy+v), Y)A(hy + ) + i(vy +v), ?7)
= —1((h, ‘@)’ + (v, a)) = C(h(-iZ,)" + v(H])") = C(hy + 1)),

where C # 0, and so m),(h : 1) is jointly smooth at (h, v;) by Lemma 10.5.
This contradicts our hypothesis. Q.E.D.

2

Suppose @, = {ia'}. Then l’(ho) is semiregular. In particular, it is
not orthogonal to any compact root. Thus both @(M" : (k) : &)
and ©(M" : A'(hy) : s,&') are nonzero limits of discrete series. Hence
O(H : x(hy) : A(hy) : v,) is reducible. We can assume %' is chosen so that
&' if¢>0,

21 ' ,
(10.21a) /1(h0+éh1)e{3al(_g 2 <0

for & sufficiently small.

Thus,

(10.21b)  (D§)*

O(H' : x'(ho) : A'(ho) 7 1/(;)
k
=lim (;—é> O(H' : x'(hy+Eh)) : X (hy+Eh)) : 1)
and
(10.21¢) (DY O(H' : 1'(hg) : ' (hy) : 5,,B" 2 1)

. (d\F
=lim (d_é> OCH' : x'(hy+Eh)) : A (hy + ER,) < vp)
are actual limits of derivatives along a continuous family of tempered characters.
Theorem 10.22. Let (h,, v)) € Y xF and a € ¢>; such that m; is not jointly
smooth at (hy, v,). Let f € €(G). Then forall k>0, x€G,

(D} + iD2YO(H : x(hy) : Alhy) : vy : R(X)F (hy))

k
_ <1¢i?3+1gg) <dié> OH' - ' (hy +Eh,) : A (hy + ER,)
1 vy R(x)F (hy +&h))) .

Proof. Forany f € €(G) and h € iv", F(h) € €(G/Z, {(h): W) is defined
as in (4.2b). Now if ©(h) is the character of any tempered representation with

Z-character {(h) we have ©(h: R(x)F(h)) = [, ©(h:y)F(h:yx)dy, where
o is a fundamental domain in G for G/Z. We can assume g, is bounded




SCHWARTZ SPACE OF A GENERAL SEMISIMPLE LIE GROUP 67

on w since V/Z is compact. Assume for a moment that we can exchange the
orders of integration and differentiation. Then

(Dg % iD%)“O(H : x(hy) : Alhy) : vy : R(x)F (hy))
k .
= / > <Ij> (Dy £ iDy)Y O(H : x(hg) : Ahg) : & 12 y)
p
x (D) F(hy : yx)dy

and
k
[1cilno1+1gg] (;—9 O(H' : x'(hy+&h,) : A (hy+Eh)) 1 vy : R(x)F (hy + Eh,))
k
= [ () onrtew o hy): 2 k) s 3)

+O(H : x'(ho) :l'(ho) : sa,%' : 1/6 )]
x (D,';')k_’F(h0 :yx)dy

by (10.21), so the result follows from Proposition 10.18. To move the deriva-
tives inside the integral we note that by Lemma 6.4, given any D € D(iv") there
exist >0 and S C %(g) ®%(g) sothatforall s >0, fe%(G), xeq,

sup 1 (; D yx)ll < Epx)(1+0 () (1405 50)) ey, ()

Now for x € G fixed, given s > 0, there is C; > 0 so that

sup |F(h; D:yx)| < CE@)(1+0a(y)” foralye€w.
h€iv®

Further, if ©(h: v) is either of the induced representations
O(H : x(h):A(h):v) or OH :x'(h):Ah):v)

we have, as in Lemma 6.10, using the formula for induced characters given in
[6, 3.1], that given any D € D(iv" x &), there are C, ¢t > 0 so that

sup|®(h:v;D:y)| < C|A(y)|_l(l +6(y)) forally eG.
h,v
Now for y € w, thereis C > 0 so that (1+6(y))' < (1+a( N Fmally, asin

[6, 2.15], we can pick s > 0 large enough that [ Z(y)|A(y)|” (1 o(y) *dy <
. Q.E.D.

Remark 10.23. For f € #(G) we have Fourier coefficients
Fh:v:x)=6(H: x(h):A(h) v :R(x)F(h))

and

FH :h:v' :x)=6H ' (h): A(h): v : R(x)F(h)),
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heiv',veF,v eF =(d)". Theorem 10.22 gives a matching condition
between certain derivatives of these Fourier coefficients at the points (h, v,),
where the H- and the H'-series of representations meet. This is the type of
matching condition that must hold in order that the sum of wave packets

/ Elh:v:x)mh: u)dha’v+/ B(H :h:v' :x)m(H:h:v')dhdv'
DxF D'xF'

is a Schwartz class function on G when the individual wave packets are not
Schwartz.

Theorem 10.24. Let f € %,(G). Then
(h,v)—O(H: x(h):Ah):v:(R(x)F)(h))m(h:v)
is jointly smooth on cl(Z) x F .

Proof. Let a € @; and (hy, v,) € Z xF such that m, is not jointly smooth
at (hy, v,). By Theorem 10.12 it suffices to prove that

(D; iD:,’)kI?(h0 tv,:x)=0 forallk >0.
Now since f € &,(G),

O(H' : x'(hy+&h)) : A (hy+&h)) v R(x)F(h)m(H' : hy+&h, :v') =0
for almost all £ € R, v € F'. But m(H' : hy+ &h, : V') is possibly zero or
undefined only if (A'(hy + &h,) + iv', B) = 0 for some B € ®(gc, be). But
A'(hy+ &h)) + iv' is regular for almost all (¢, ') € Rx .# . Thus, since it is
smooth,

O(H' : ' (hy+&h,): X (hy+&Eh)) v R(x)F(hy +&h)) = 0
for all (£, v') € RxF . Thus using Theorem 10.22,
(D% +iD°)*O(H : y(hy) : Ahy) : v : R(x)F(hy)) = 0
forall kK >0. Q.E.D.
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