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THE SCHWARTZ SPACE
OF A GENERAL SEMISIMPLE LIE GROUP. II:

WAVE PACKETS ASSOCIATED TO SCHWARTZ FUNCTIONS

REBECCA A. HERB

Abstract. Let G be a connected semisimple Lie group. If G has finite cen-

ter, Harish-Chandra used Eisenstein integrals to construct Schwartz class wave

packets of matrix coefficients and showed that every ÄMinite function in the

Schwartz space is a finite sum of such wave packets. This paper is the second

in a series which generalizes these results of Harish-Chandra to include the case

that G has infinite center. In this paper, the Plancherel theorem is used to

decompose ÄT-compact Schwartz class functions (those with AT-types in a com-

pact set) as finite sums of wave packets. A new feature of the infinite center

case is that the individual wave packets occurring in the decomposition of a

Schwartz class function need not be Schwartz class. These wave packets are

studied to obtain necessary conditions for a wave packet of Eisenstein integrals

to occur in the decomposition of a Schwartz class function. Applied to the case

that / itself is a single wave packet, the results of this paper yield a complete

characterization of Schwartz class wave packets.

1. Introduction

Suppose G is a connected semisimple Lie group. Then the tempered spec-

trum of G consists of families of representations induced unitarily from cuspi-

dal parabolic subgroups. Each family is parametrized by the unitary characters

of a Cartan subgroup. The Plancherel theorem expands Schwartz class functions

on G in terms of the distribution characters of these tempered representations.

Very roughly, for / in the Schwartz space W(G) we can write

(1.1a) /(*) = £/*(*),        HeCax(G),

where Car(G) denotes a complete set of representatives for conjugacy classes

of Cartan subgroups of G and

(1.1b) /„(*) = ie(H:x)(R(x)f)m(H:x)dx.
JH

Here @(H: x) denotes the distribution character of the representation n(H: x)
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2 R. A. HERB

corresponding to x 6 H > R(x)f is the right translate of / by x e G, and

m(H : x)dx is the Plancherel measure. (See [5] for details on the Plancherel

theorem.)

Suppose G has finite center and / is Affinité, where K is a maximal com-

pact subgroup of G. Fix H e Cax(G). Then for each x e H, Q(H : x)(R(x)f)

is a finite sum of AT-finite matrix coefficients of the representation n(H : x) ■

Thus we can think of fH as a wave packet of matrix coefficients associated to

/. In [1, 2, 3] Harish-Chandra used Eisenstein integrals to construct Schwartz

class wave packets of matrix coefficients. He then showed that for every Af-

finité f e W(G), fH is a finite sum of wave packets of the type constructed.

In particular, this shows that fH e W(G).

Now suppose that G has infinite center ZG . Let A" be a maximal relatively

compact subgroup. (That is, A"/ZG is compact.) There are no AT-finite func-

tions in W(G). However the set %?(G)K of ANcompact functions, those with

A"-types lying in a compact subset of K, is dense in W(G). (See Theorem

2.12 of this paper.) Now for any n e G, the A'-types of it lie in a discrete

subset of ÍC since they have a fixed ZG-character. Thus for any x £ H and

/ e ^(G)K , Q(H : x)(R(x)f) is a finite sum of A'-finite matrix coefficients of

the representation n(H : x) ■ Thus again we can think of fH as a wave packet

of matrix coefficients.

The purpose of this paper is to study these wave packets associated to

Schwartz class functions. A new feature of the infinite center case is that for

f eW(G), fH is not necessarily Schwartz class. This is because of interference

between different series of representations when a principal series representa-

tion decomposes as a sum of limits of discrete series. When G has infinite

center, these limits of discrete series are actual limits along continuous fami-

lies of relative discrete series representations, and so occur in a nontrivial way

in the Plancherel formula in the terms corresponding to different Cartan sub-

groups. This means that, for / e ^(G), there are matching conditions between

the terms fH,He Cax(G), which are necessary in order that the sum be a

Schwartz function when the individual terms are not. These matching condi-

tions are derived from a character identity (Theorem 9.6) that generates that of

W. Schmid [12] to include derivatives of all orders along the continuous param-

eters. Thus at each point where two continuous series meet there are infinitely

many derivatives of the two associated families of matrix coefficients that must

match if the sum of the wave packets is to be a Schwartz function.

It has been known for some time that matching conditions would be neces-

sary for Schwartz functions in the infinite center case. This was first pointed

out to me in 1984 by D. Milicic. He and H. Kraljevic discovered this phe-

nomenon when they were studying the Fourier transform for the C*-algebra of

the universal covering group of SL(2, R) [10].

In [9], the author, together with J. A. Wolf, defined Eisenstein integrals and

used them to form Schwartz class wave packets. These, as in the finite center

case, are formed from a single continuous family of representations, although in
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the infinite center case there are extra continuous parameters coming from con-

tinuous families of relative discrete series representations. Thus the Schwartz

functions constructed lie in ^H(G) = {f e &(G) : f - fH}, and these wave

packets must satisfy conditions to make them match with the functions fH> = 0

for other Cartan subgroups H'. In fact, one of the conditions assumed was too

strong. In [4], the results of [9] are improved by analyzing the behavior of c-

functions more carefully as a function of all continuous parameters. Less re-

strictive conditions than those used in [9] are shown to be sufficient for a single

series wave packet to be a Schwartz function.

In this paper it is shown that the conditions assumed in [4] are necessary for

a wave packet of Eisenstein integrals to be a Schwartz class function. Thus the

results of this paper, combined with those of [4, 9], give a complete characteri-

zation of the A^-compact functions in WH(G). Conditions are also given which

are necessary for a wave packet of Eisenstein integrals to be a wave packet as-

sociated to a Schwartz class function, that is a wave packet which may not be

Schwartz, but which can be patched together with wave packets from other series

of representations to form a Schwartz class function. These necessary condi-

tions are obtained by studying the properties of the wave packets associated to

functions in WH(G) and W(G), respectively.

To explain the main results of this paper more precisely, we need some nota-

tion. Let G be a connected reductive Lie group and let K be a maximal rela-

tively compact subgroup of G. It is proved in [9] that K = KxxV, where K{

is compact and F is a vector group. Now V - {eh :h e iv*} is a vector group

and K is the union of continuous families {x ®e : h e ix>*} , where x e K.

Now let P = MAN be a cuspidal parabolic subgroup of G and H = T x A a

Cartan subgroup with T ç K a maximal relatively compact Cartan subgroup

of M. The characters e of K give characters of T by restriction. Thus

the characters of T lie in continuous families of the form {x <S> e : h e ix>*} ,

X e T. (These are not all distinct characters of T.) Each character in the

family corresponds to a relative discrete series or limit of relative discrete series

representation n(M : h). Let 2 be a convex open subset of it" so that the

Harish-Chandra parameters of the corresponding representations lie in a fixed

Weyl chamber and points on the boundary of 2 correspond to limits of dis-

crete series. Then a continuous family of representations corresponding to H

will be of the form {n(H : h : v) = IndGM AN(n(M : h)®v® 1) : h e 2, v e A}.

It is proved in [6] that for fixed x e K, the multiplicity of x®e in n(H :h:v)

is independent of h e 2, v e A .

Fix a continuous family {n(H : h : v): h e 2, v e A} as above and

t, , x2 e K such that the t; ® e occur in n(H : h : v), ( = 1,2. For any

/ e &(G), define

(1.2a) f(h : v : x) = 6\(h) *K/Z Q(H:h: v)(R(x)f) *K/Z S2(h),

where S*(h) and S2(h) are the normalized characters of xx®e   and (x2®e )*
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respectively, and @(H : h : u) is the distribution character of n(H : h : v).

Then set

(1.2b) f(H :x)= f   J(h : v : x)m(h : v) dh dv ,

where m(h : v)dhdv is Plancherel measure. Then f(H : x) is called a wave

packet corresponding to /. Theorem 3.5 of this paper says that if / e ^(G)

is A"-compact, then / is a finite sum of wave packets of this type.

The wave packets of Eisenstein integrals in [4, 9] were defined as follows.

First we defined Eisenstein integrals E(h:v) which are smooth families of Af-

finité matrix coefficients of the representations n(H : h : v). Then we defined

wave packets of the form

(1.3) f(x) = [   ^E(h : v : x)a(h : v)m(h : v) dh dv ,

where a is a jointly smooth function of h and v which is rapidly decay-

ing at infinity in both variables. We proved that fa is a Schwartz class func-

tion if a is also rapidly decaying as h approaches the boundary of 2S and

E(h : v : x)a(h : v)m(h : v) is jointly smooth. This second condition is a

restriction only at points where m , which is separately smooth in h and v ,

fails to be jointly smooth.

Theorem 8.3 of this paper says that every wave packet f(H : x) correspond-

ing to f eW(G) as in (1.2b) is a finite sum of wave packets fa of Eisenstein

integrals as defined in (1.3). Moreover, if / £ WH(G), then the functions a

axe rapidly decaying as h approaches the boundary of 2. Theorem 10.22

gives matching conditions between f(h : v : x) and corresponding factors

from other series of representations which must be satisfied for any f eW(G).

Theorem 10.24 says that if / G fêH(G), then f(h : v : x)m(h : v) is jointly

smooth. Points where m(h : v) is not jointly smooth correspond to principal

series representations which decompose into sums of limits of discrete series

which occur as actual limits along continuous families of relative discrete se-

ries. The fact that f(h : v : x) matches with zero at these points implies that

f(h : v : x)m(h : v) is jointly smooth.

In order to complete the characterization of the A"-compact functions in

the Schwartz space for the infinite center case it is necessary to prove that the

matching conditions coming from character formulas are sufficient to guarantee

that a finite sum of non-Schwartz wave packets is Schwartz. This will be shown

in another paper.

In this paper G is always assumed to be a connected reductive Lie group.

A larger class of reductive groups was defined by Wolf in [15]. This larger

class includes the Levi components M of all cuspidal parabolic subgroups P —

MAN of G. However, in [4, 9] and in this paper results are not proved by

induction on the dimension of G, and so it is not necessary to work inside a

class of groups closed under passing from G to M. It was shown in [9] that
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every group in the larger class is obtained as follows. Let G be the identity

component of G. Then G has a closed normal subgroup of finite index of the

form G' = G x E, direct product, where £ is a finitely generated free abelian

group. In [9] we indicated how results on wave packets of matrix coefficients

for G° could be extended first to G' and then to G. It would be a routine

exercise to use the same techniques to extend the results of this paper to this

class of groups.

The organization of the paper is as follows.

In §2, the definition of W(G) is reviewed and the set ^(G)K of A'-compact

Schwartz functions is defined. The main result is Theorem 2.12 which says that

&(G)K is dense in W(G).

In §3, the parametrization of continuous families of tempered representations

is reviewed and the wave packets corresponding to f eW(G) axe defined. The

main result is Theorem 3.5 which says that each / e <ê'(G)K is a finite sum of

these wave packets.

In §4, the families *¥ Ah : v) of spherical functions of matrix coefficients of

the relative discrete series representations n(M : h) are defined corresponding

to / G 'S'(G). The main result is Theorem 4.6 which says that the Fourier

transform functions f(h : u) defined in (1.2a) can be expressed in terms of

Eisenstein integrals of these spherical functions.

In §5, vector spaces S^(h) of spherical functions of matrix coefficients of

the n(M : h) are studied. The main result is Theorem 5.32 which shows how

to construct bases for S^(h) and its dual ^(h)*, which vary smoothly as h

varies. This is a very technical section and the results are proved using the

universal cover M' of M , the identity component of M.

The main result of §6 is Theorem 6.1, which gives a growth estimate for the

spherical functions *¥f(h : u) associated to f eW(G). In Theorem 7.2 this

estimate is sharpened for the case f e&H(G).

The results of §§5-7 are combined in §8 (Theorem 8.3) to show that every

wave packet associated to f e W(G) is a finite sum of wave packets fa of

Eisenstein integrals. Further, if / g ^h(G) , the functions a are shown to

decay at the boundary of 2 .

In §9 (Theorem 9.6), the character identity of Schmid is generalized to include

derivatives along the continuous families of parameters.

Finally in §10, the Plancherel function m(h : v) is studied. In Theorem

10.22, the character formula of §9 is used to prove matching conditions for the

functions f(h : v) associated to f g ^(G). These matching conditions are

used in Theorem 10.24 to show that if f e ^H(G), then f(h : u)m(h : v) is

jointly smooth.

This paper is a continuation of a study of harmonic analysis for semisimple

Lie groups with infinite center which has been joint work with J. A. Wolf (see

[5-9]). I am grateful to him for many suggestions and helpful comments during

the writing of this paper. In particular, he provided the proofs for Lemmas

6.6-6.8.
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2. The Schwartz space and AT-compact functions

Suppose G is a connected reductive Lie group. Fix a Cartan involution 6

of G as in [15] and let K denote the fixed point set of 6 . It is the full inverse

image of a maximal compact subgroup of the linear group G/ZG . The following

was proved in [9].

Proposition 2.1. K has a unique maximal compact subgroup Kx  and has a

closed normal vector subgroup V such that

(a) K = KxxV,
(b) Z - ZG n V is co-compact in both V and ZG.

Let g = ê + p be the ±1 eigenspace decomposition under 6. Choose a

maximal abelian subspace a0 c p and a positive restricted root system <P+ =

^(flj ao) ■ As usual, p = \Yja€<s>+m(a)a, where m(a) = dimgQ. The Iwa-

sawa decomposition

(2.2) G — N0AQK,        x - n(x) -expH(x) • k(x)

specifies the zonal spherical function on G for 0 G a*0 ,

(2.3) S(jc)=/    e-p(H(kx))d(kZ).
JK/Z

Growth in G is determined by a function à : G —> R+ which is defined as

follows. Choose an AdG(A")-invariant positive definite inner product on V . If

x e G we decompose

(2.4) x = v(x) • kx (x) ■ expc;(x) e VKX ■ exp(p)

and then we set

(2.5) av(x) = \\v(x)\\,    o(x) = \\£(x)\\,    d(x) = av(x) + a(x).

The main properties of a are

(2.6a) a(kxxk2) = a(x)   for all x e G,  kx,k2eK

and

(2.6b) cr(xy) <a(x) + a(y)   for all x, y e G.

The corresponding properties of à are

(2.7a) ö(kxk~x) = o(x)   for all x e G, k e A;

(2.7b) ö(kxxk2) = ö(x)   for all x e G,  kx, k2 e A, ;

(2.7c) ö(xy)<3(ö(x) + ö(y))   for all x, v G G.

Let W be a Banach space and f e C°°(G : W). If D{, D2 e Sr'fo) and

r G R we define

(2.8a) D\\f\\rD =sup(l+d(x))rZ(x)-X\\f(Dx<x;D2)\\]V.
1 '   2       x€G
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The Schwartz space is

(2 8b)   *(<? :W) = {f£ C°°(G : W) : », Wfl,D2 < ™

for all Dx,D2e &(g) and all r e R}.

It is a complete locally convex topological vector space with the topology defined

by the seminorms (2.8a). And of course the most important case is

(2.8c) W(G) = %(G : C).

For any £ g Z , let C°°(G/Z, Q = {f e C°°(G) : f(xz) = t(z)f(x) for all
z eZ , x G G} . Then we also have the relative Schwartz spaces

(2.9)

&(G/Z,Q = {feC°°(G/Z, 0 : sup(l + o(x))rE(x)~X|/(Z),; x;D2)\ < oo

for all Dx,D2e %(q) , reR}.

For / g g'(G), C e Z, define

(2.10) fr(x)=J f(xz)t(z)dz.

Then it was proved in [6, 7.2] that /c G W(G/Z, Q for all / G &{G), teZ.

When A^ is noncompact, there are no A"-finite functions in W(G).   We

replace the notion of A^-finiteness by A-compactness, which is equivalent when

K is compact so that K is discrete. For x e K, let

(2.11a) S(x) = degr* trr*

denote the normalized character of the contragradient x* of x. We say / G

&(G) is K-compact if there is a compact subset Q of K so that

(2.11b) ô(x*)*Kf = Q = f*KS(x)    unless t G n.

Write W(G)K for the set of all A"-compact functions in W(G) and let (%H(G) =

{/ eW(G) : f = fH) when fH is defined as in (1.1b).

Theorem 2.12.  ^(G)K  is a dense subspace of W(G).   Further, for any H e

Cax(G), &H(G)K = WH(G)nW(G)K is a dense subspace of %(G).

The remainder of this section is devoted to the proof of Theorem 2.12. First

we state a series of lemmas. The arguments are an elementary generalization of

those of [8, §12], so the proofs are omitted.

Let Gx = {x e G : x = kexp(Ç) for some k e Kx and £ G p}. Then using

K = A, x V we can write every x e G uniquely asx = vxx, where v e V and

jc, G G. Further, by (2.5), d(x) = av(x) + o(xx). For f e C°°(G), x e G,

v g V, define

(2.13a) f(v:x) = f(vx).
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For D, D' g 2C(fl), b G ̂ (o), r, s > 0, define

(2.13b)

p(D,D',b,r, s)(f) = sup H_1(x)(l + a(x))r(l + ^(«»VO ; ô : Dc x;D')\,
xeGt
vev

(2.13c)

W(G)' = {feC°°(G):p(D,D',b,r, s)(f) < oo for ail D, D', b, r, s}.

Lemma 2.14. W(G)' = W(G) and the families of seminorms {D || • ||r D } and

{p(D, D', b, r, s)} are equivalent.

Proof. See [8, Lemma 12.13].

Let W(it>*) denote the ordinary Euclidean Schwartz space for it*. Simi-

larly, define ^(V) to be the Schwartz space for the vector group V using the

seminorms

(2.15a)

\ty\\b s = *xw(\+ov(v))s\yt(v\b)\,       y/eC°°(V), be&(x>), s>0.
v€V

Then as usual, ^(ixf) and fê(V) are isomorphic via the Fourier transforms:

(2.15b) <p(v)= f  e\v)(p(h)dh,       <p e &{i\>*), v e V;
Jio'

(2.15c) y/(h)= [ e~\v)y/(v)dv,       y/ e W(V), h e iv*.
Jv

For an appropriate normalization of dh , we have ifi = y .

Lemma 2.16. There is a family {ßt} , t > I, of functions in Cc°c(/d*) with the

following property. For any <p e W(iv*), t > 1, write <pt = ßt • <p e Cc°°(('o*).

Then given v e %f(v), s > 0, there is a continuous seminorm y on W(V) so

that \W-(<ptT\\btS<y((p)lt for all tpeW(it>*), t> 1.

Proof. See [8, Lemma 12.14].

Now for / G %?(G) and a fixed x e G, define y/(v) = f(vx), v e V. Then

y e fé(V) since ||^||è s < p(l, 1, b, 0, s)(f)E(x), so that <p = y e W(iv*).

Define {ßt} and cpt — ßt-(p, t > 1, as in Lemma 2.16, and set

(2.17a) ft(v:x) = (i>t(v),        v e V ;

(2.17b) ft(x)=ft(l:x).

Lemma 2.18. Let p be a continuous seminorm on W(G). Then there exists a

continuous seminorm p  so that p(f - f) < p'(f)/t for all f G ̂ (G), t > 1.

Proof. See [8, Lemma 12.15].

Lemma 2.19. Let f e W(G). Then f e WH(G) if and only if /c e WH(G/Z, Q

for all Ç e Z .
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Proof Recall from [5, §6] that fH(x) = !2(fr)H(x) dÇ. Thus (fH)r = (fyH

for all Ç, H. But now / e &H(G) if and only if fH, = 0 for all H' ¿ H

if and only if (fH,)¡. = (fr)H, = 0 for all H' ¿ H, all f, if and only if

fce%H(G/Z,0 for all Ç.   Q.E.D.

Proof of Theorem 2.12. We know [6, 6.20] that AT,-finite functions are dense in

W(G). We also have the compact group V/Z acting on %>(G) by the adjoint

action. As in [6, 6.20], ad(F/Z)-finite functions in ^(G) are dense. Thus

to show W(G)K is dense in W(G), it is enough to show that any Kx-finite,

ad(F/Z)-finite / G ̂ (G) can be approximated by functions in W(G)K. But

if f is a Kx- and ad (V/Z) -finite, so are all the /(, t > 1. Further, for all

h e iv*, using the notation of (2.17),

(eh *v ft)(x) = / e~h(v)ft(v :x)dv = <pt(h) = ßt(h)<p(h) = 0
Jv

unless h e supp/?r. Thus ft e (ê?(G)K for all t > 1. But using Lemma 2.18,

ft - / in <&{G) as t -» oo . Thus ^(G)^ is dense in ^(G).

To prove that WH(G)nW(G)K is dense in fêH(G), it suffices as in [8] to prove

that ft e %(G) whenever / G %(G). For h e ix>*, let Ç(h) = eh\z, and for

C G Z , let (/o*)f -{he (0* : Ç(h) = C} • This is a discrete subset of id* since

V/Z is compact. Now for / e %(G), /f G %H(G/Z, f) for all f G Z by

Lemma 2.19. Hence eh *v f = eh *v/z fm e %(G/Z, f (A)) for all A G /o*.

But/f(x) = /íVj8((A)(eAV/)(x)í/A,so

(/,)(W=   E   ßMeh*vf)(x)

Ä6(i»*)c

is a finite (since )S( has compact support) linear combination of functions in

WH(G/Z, C), hence lies in WH(G/Z, (). Thus ft e &H(G) using Lemma
2.19.    Q.E.D.

3. Wave packets corresponding to Schwartz functions

For f eW(G) ,the Plancherel theorem expands / in terms of the distribu-

tion characters, Q(H : x), of tempered representations of G parametrized by

Cartan subgroups H of G and characters ^e/7. As in (1.1) we can write

(3.1a) /(*)=    £    fH(x),
tfeCar(G)

where

(3.1b) fH(x)= fe(H:x)(R(x)f)m(H:x)dx.
JH

Fix H e Car(G). We may assume H is 0-stable and write H — T x A,

where T = H n K, A = exp(a), a = f) n p . We first will make more precise the

contribution of H to the Plancherel formula.
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Let P = MAN be a parabolic subgroup associated to H. We recall the

parametrization of the //-series of tempered representations from [9].

Let Om = í>(m, t) denote the roots of m with respect to t, <&+M a choice

of positive roots.   Let pM denote the half-sum over i>^ and let Q>+M K =

d>+Mn<i>(tM,t). Then set

(3.2a)   AM = {X G it* :X- pMis integral,

X is O^-nonsingular and $M ^-dominant} ;

(3.2b) nx : the relative discrete series representation of M

corresponding to A G AM ;

(3.2c) X(X) = {Xe ZM(M°f : X\z^ is a multiple of el~"M\zJ ;

(3.2d)       n(H :x:X:v) = Ind^^o^o^* <g> n°x ® ev ® 1),

XeAM, xeX(X), ve9- = a;

(3.2e) ®(H : x '■ X: u) : the character of n(H : x '■ X : v).

Recall K = K{ x V from Proposition 2.1. Write K°M = M°nK. Proposition

2.1 can also be applied to KM to write KM = Kx M x VM, where Kx M =

Kx n M° is maximal compact in K°M . Note VM ct V in general. We can now

write AM as the union of continuous families defined as follows.

For h G id* = {h G it* : h(tx) = 0} , set hM(h) = h\t. Let ®+M x = {a e ®+M :

(a, hM(h)) = 0 for all h e iv*} and

(3.2f)   AM>0 = {XQ e it* : X0(vM) = 0,XQ-pMis integral, and

X0 is Om ^-dominant and Om j -nonsingular}.

For XQ e AM 0, let ^(A0) denote the set of connected components of {h e

it* :(ß,X0 + hM(h)) # 0 for all ß e O^ \ <D^ ,}. Then AM is the disjoint

union of continuous families

(3.2g) {X0 + hM(h):he2},    where X0 e AM0 and 2 e W(X0).

Let Xx - {h G (0* : AM(/z) = 0}. Thus the families {X0 + hM(h) : h e iv*}

are really parametrized by cosets in iv* /Xx. Define an equivalence relation

on X(XQ) by x ~ X if X = X ® ̂  f°r some h e Xx. (Note for A G X, ,

eh\z    = A(A)|Z    =1  so / ® eA e A"(A0) whenever / g X(A0), A e Xx .)
M M

Let [X(X0)/XX] denote a set of representatives for the equivalence classes of

X(XQ) with respect to ~. Then we can parametrize relative discrete series

representations of M  = ZM(M )M   as follows.
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Lemma 3.3. Let X e AM, x £ X(X). Then there are X0 e AM 0, /0 g

[X(XQ)/XX], and h e it such that X = X0 + hM(h) and x = Xq ® e ■ Fur-

ther, for X0,X'0e AM0, x0 e [X(X0)/XX], x'o e [X(X'0)/XX], and h,h' e w ,

X0 + hM(h)=X'0 + hM(h') and x0®eh = XQ®eh ijand only if X0 = X'0, Xq = Xq,

and h = h' (modS), where S = {h e h* : e \T = 1}.

Proof. Write t = t, © <oM, where t, = t n ix. For X e AM, X0 = X\t e

AM 0, and, as in [9, §3], there is A0 G w* such that X\     = hM(h0). Then
' M

X = X0 + hM(h0). Now x ® e~h° e *(¿0) and so there are x0 e [x{^q)Ix\\

and Aj G Xx with* ® e~h° = Xo ® ehi , i.e., X = Xq® eho+hl . Now if we take

A = A0 + hx we have X = Xo®e   an(i ^ = ^o + nM(h) since hM(hx ) = 0.

Now assume X0, X'0 e AM 0 and h, h' e io* with X0 + hM(h) — X'0 + hM(h').

Then

K = ¿0 + VÄ)lt, = ¿ó + MA')lt, = 4
and

V*) = ¿o + hM(k)\9„ = 4 + AM(A')|Dv = AW(A').

Thus A s A' (mod*!). Now if Xq, x'q e [X(X0)/XX] with Xo®eh = X'0® /

we have X'0 = Xq ® e ~ , where A - h' e Xx so that Xq - Xq- Thus Xq ®

/ = *0 ® / so e*"*'^, = 1 • But S = {h : e*^, = 1} n Xx, so

A = A'(mod5).   Q.E.D.

We can now rewrite (3.1b) more precisely as

(3.4)       fH(x) = cH   E E      de&*o

x /       [ S(H:x0®eh:X0 + hM(h):u:R(x)f)
Jiv'/sJ^

h '
x m(H : Xq ®e  : X0 + hM(h) : v)dhdv ,

where cH is a constant depending on normalizations of Haar measures,

m(H : Xo®e '■ ̂o+hM(h) :v) is the Plancherel function defined in [5, 6.17], dv

is Lebesgue measure on & = a*, and dh is the quotient of Lebesgue measure

on it*/S. (Note S is a discrete subgroup of /o* since K/T is compact.)

In order to write fH as a sum of wave packets which can be compared with

those defined in [9], we need to expand / in terms of A'-types. In order for all

sums to be finite, we need to assume that / is AT-compact.

Recall Z = ZGnV ç ZM(M°). For x e ZM(M°r, let K(x) = {x e K :
x(kz) - Ç(z)x(k) for all k e K, z e Z , where ( is the Z-character of x} ■

Then all A-types of the representation n(H : x0®e : X0 + hM(h) : v) lie in

K(xQ ® eh) = {xh = t0 ® eh : x0 e K(Xo)}. Since ZCTwe have eh\z = 1

for all h e S. Thus Xo®eh e K(Xo) for all Xo e K(x0), h e S, and we can
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define an equivalence relation on K(Xo) by x ~ X if X — X ® e > h e S.

Let [A'C/nV'S] denote a complete set of representatives for the corresponding

equivalence classes.

Theorem 3.5. Suppose f e (&(G)K . Then

///(*) = %   E      E E      de8*o
x0€AMJ)Sfe^(x0)x0eix(x0)/xl]

x    E        E     f(H:XQ:2?:Xo:xx:x2:x),

h^X0)r2elK{Xo)/S]

where

(3.6a)   f(H :X0:x0:tx:x2:h:u :x)

= *(**,*) *k/z e(H ■X0®eh :X0 + hM(h) : v : R(x)f) *K/Z S(x2h)

and

(3.6b)

f(H :X0:2 :x0:rx:r2:x)

= /       f(H :X0:x0:rx:x2:h:u: x)m(x0 ® eh : X0 + hM(h) : v) dh dv.
Jsix9~

Further, only finitely many of the functions f(H : X0 : 2 : Xq '• tx '■ f2) are

nonzero.

We will refer to f(H : X0 : 2 : Xq : xx :x2) as a wave packet corresponding to

/, so that for / a AT-compact Schwartz function, Theorem 3.5 expresses fH ,

and hence /, as a finite sum of wave packets. The remainder of this section is

devoted to the proof of Theorem 3.5.

Lemma 3.7. There is a central subgroup Tb of T so that T = Tx ■ Tb,  Tx -

TnKx.

Proof. Decompose g = ga © 9¿,, where ga is the sum of all simple ideals of g

which are compact or not of hermitian type, and gft is the sum of the center of

g and the noncompact ideals of hermitian type. Then G = GaGb, where Ga

has finite center and all Cartan subgroups of Gb are abelian (see [5, §1]). Write

T = Ta • Tb , where Ta = T n Ga , Tb = T nGb . Then Ta is compact, hence is

contained in Tx .  Tb is abelian, hence central in T.   Q.E.D.

Lemma 3.8.  [X(XQ)/XX] is a finite set.

Proof. X(X0) is in bijective correspondence with T(X0) -{nef: f/|ro is a

multiple of eX°~p"} by x ~ X®^°~p" = n on T = ZM(M°)T°. Define an

equivalence relation ~ on T(X0) by n ~ n if n = n ®e , h e Xx . Then the

bijection preserves ~ so that [X(X0)/XX] is in bijective correspondence with

[T(Xq)I ~], the set of equivalence classes in f(X0). Thus it suffices to show

that [f(A0)/~] is finite.
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Recall from Lemma 3.7 that T = Tx-Tb, where Tx = TnKx and Tb is central

in T. Thus <p(n) = n\T  defines a mapping from f(XQ) into fx(X0) - {r¡x e

fx : f]x\TnTo is a multiple of e °~PM\TnTo} • If r\ ~ r\  we have <p(n) = <p(n')

since e \T = 1 for all A G iV . Thus (p factors through [f(X0)/~]. Suppose

<P(v) = Vi*!) ■ Let C and £ denote the rÄ-characters of n and n'. Then Ç'Ç-1

is a character of Tb/Tbn Tx, hence the restriction of e for some A G zd* .

Thus C = i' ® * and so n - n' ® eh . But f/|ro = r/'|ro so eA|ro = 1 and

A G Xx, i.e., t] ~ tj. Thus ç? : [r(A0)/ ~] -» Ty(X0) is injective. But 7", is

compact so that Tx/TxnT is finite. Thus TX(X0) and hence [T(X0)/~] axe

finite.   Q.E.D.

Lemma 3.9. Suppose f e fê(G)K . Then there is a compact subset co of it* so

that S(H :X:X: v)(R(x)f) = 0 for all x e G, * G X(X), v e F, unless
X G co n AM.

Proof. Let b be a Cartan subalgebra of t containing t. For x e K, set ||t|| =

\\p\\, where p is the highest weight of x and || ■ || is the norm on ib* coming

from the Killing form. Now if / G <ê'(G)K there is a c > 0 so that S(x*)*Kf =

0 unless x e SHC - {x e K : \\x\\ < c} . For X e AM , the corresponding relative

discrete series representation 7t° of M° has minimal A^-type X-p(W), where

p(W) is a shift depending only on the chamber W of X. Thus all AT^-types a

of n°x satisfy

\\<r\\>c(X) = \\X-p(9)\\.

Now if t is a A-type of Ind^t^* ® ffj ® e'" ® 1),  t^o   contains some
M

KM-type a of nl. Let pa be a weight of x such that /ijt is the highest

weight of a. Then ||t|| = \\p\\ > \\pa\\ > \\pa\t\\ = \\a\\ > c(X). Thus if
c(X) > c, we have t <£ Qc for all A"-types x of the induced representation.

Thus @(H : X : X : v)(R(x)f) = 0 unless X G AM n a>c, where euc = {X e it* :

\\X\\<c + maxw\\p(W)\\}.   Q.E.D.

Let / g W(G)K and pick c such that all A"-types of / are in Çlc = {x e K :

\\x\\ < c}. Define œc as in the proof of Lemma 3.9 so that

S(H:X:X:v)(R(x)f) = 0

unless X e AMnwf. Let F0 - {X0 e AM 0 : X0+hM(h) e ojc for some A G /o*}.

Lemma 3.10. FQ is finite and there is m > 0 so that coc n AM c {X0 + hM(h) :

XQeF0 and \\hM(h)\\ < m).

Proof. Although t, and vM axe not orthogonal with respect to the Killing form,

t = t, © <oM is a direct sum so there is cx > 0 so that (||A0||2 + \\hM(h)\\2)x/2 <

cMo + MA)H for a11 Ao e am,0' n e /D*- Thus> if ¿o + hMW e Wc>

(Poll2 + II VÄ)H2)1/2 ̂  c\c'> where c' = c + ma% IM^II • Thus' if m = cic>
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we have ||A0|| < m and ||AM(A)|| < m. But AM 0 is discrete so that FQ ç

{X0 e AM 0 : ||A0|| < m} is finite.   Q.E.D.

Lemma 3.11.  {A G it>*/S : ||AM(A)|| < m} is compact in w*/S.

Proof. It suffices to prove that Xx/S is compact, where Xx = {A G w* :
h h

hM(h) = 0} = {A G (0 : e \To = 1}. But A -+ e \T defines a homeomor-

phism between Xx/S and (T/Tx ■ T°)~. But T/Tx ■ T° is discrete so that

(T/Tx ■ T°f is compact.   Q.E.D.

Proof of Theorem 3.5. Let / G (S'(G)K with A"-types in the compact set Qc.

Pick m and F0 as in Lemma 3.10 so that

e(H:Xo®eh:X0 + hM(h):v.R(x)f) = 0

unless XQ e F0 and h e it*/S with ||AM(A)|| < m. By Lemma 3.11 there are

m > 0 and a fundamental domain Wm, for it>*/S so that ||A|| < m for all

A G 2^,/. Thus we can rewrite (3.4) as

(3.12) fH(x) = cH¿2       E      deeX0fH(X0--¿o:x)>

where

/*(*<, : V *) = /    [ Q(H:x0®eh:X0 + hM(h) : v : R(x)f)
Jy, j?

m

xm(H:x0®e  : X0 + hM(h) :v)dhdv .

Fix Xq g F0 and *0 G [X(X0)/XX] and write

0(A : v) = e(H :Xo®eh:XQ + hM(h) : v)

and m(h : v) — m(H : Xo®e   '■ ̂ü + hM(h) : v). For each A G 2^ we can write

(3.13) e(h:v)(R(x)f)=      Yl     ¿«,h)*K/zQ(h--V-R(x)f)*K,zS(h,h)-
T,,T26Í(Z0)

But 5(T^A)*jr/ze(A:i/:ü(jc)/)*jr/z(J(T2>A) = 0 unless t,a, t2>a g Qc , i.e.,

unless xx, x2 e {x e K(Xo): \\x\\ < c + m'}. Since K(Xo) is discrete, this is

a finite set, so the double sum in (3.13) has only finitely many nonzero terms.

Thus we have

(3.14)

E     â(x*xh)*Q(h:v:R(x)f)*ô(x2h)

■T,,T2ek~{x0

x m(h : v)dhdv

=    E        E      /       f(H:X0:Xo:xx:x2:h:v:x)

reK(Xo) t2€[K(Xo)/S]

x m(h : v)dhdv.

fH(x0 ■ ¿o : x) =  I.    Í
Jix>* SJ9it>"/SJF
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Finally, we can write iv* = \}3^<gn \^ t0 obtain the formula in Theorem 3.5.

Note &(X0) and [X(X0)/XX] axe finite sets, and f(H : X0 :2 : Xo : xx : x2) = 0

unless XQ g F0 and xx,x2e{x e K(Xq) : \\x\\ <c + m'} .   Q.E.D.

4. Eisenstein integrals associated to Schwartz functions

Throughout this and the next four sections we will fix a 0-stable Cartan

subgroup H of G, parameters X0 e AM 0 and Xo e X(X0), and a chamber

2 e &(X0) so that

{6(A : v) = &(H :Xo®eh:X0 + hM(h) :v):he2, ve?}

is a family of characters of //-series representations as in (3.2). Fix t¡ , t2 g

K(Xq). Then for any / G ̂ (G) we can define

(4.1a) f(h:v:x) = ô(x*xh) *K/Z G(A : v)(R(x)f) *K/Z ô(x2h)

as in (3.6a). In this notation,

(4.1b) f(H:X0:2:Xo:xx:x2)= [      f(h : v : x)m(h : v)dhdv

is a wave packet associated to /. In Theorem 3.5 we showed that if / is

A'-compact it is a finite sum of wave packets. However, the definition (4.1)

of wave packets associated to f can be made for any / G &(G). The main

result of this section is Theorem 4.6, which shows how to write f(h : v) as an

Eisenstein integral. This will allow us to relate the wave packets corresponding

to f e'S'(G) to the wave packets of Eisenstein integrals constructed in [9].

Let xXj denote the restriction of x. to Kx, j = 1, 2, and let W = Ez, ® ET\

be the finite-dimensional subspace of L (Kx x Kx ) on which Kx acts on the

left and right by representations 'xx and 'x2 equivalent to multiples of xx and

x\ respectively. Then for each A G o^ , K = K{ x V acts on W on the left and

right as in [9, 6.4c] by representations (xx h ,' x2 h), where 'xi h = 'x\ ® e i+ ,

/=1,2. Here e ' is the character by which xi acts on V . Thus if we define

(4.2a) f(h:x) = S(x*xh)*Kf(x)*K/zS(x2Jl),       feW(G),

(4.2b) F(h:x)(kx:k2) = f(h:kx~xxk~x),       kx,k2eKx,

F(h : x) G W is a r-spherical function, i.e.,

(4.2c) F(h:kxxk2)='xxh(kx)F(h:x)'x2h(k2),        kx,k2eK.

For wem', v G y , define

(4.3a) G Ah : v : m) = [   F(h: man)e~(,u~p'){Xo%a) da dn,
Jan
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where pp(H) is j the trace of ad(H) on n, H e a. As in [6, 5.3], we have

Gf(h : v) e &(M*/Z,Ç(h) : W), where £(A) = eh'+h\z = eh^h\z, and it

follows from (4.2c) that

(4.3b)   Gy(A : v : kxmk2) —  xx h(kx)GAh : v : m)'x2 h(k2),

kx, k2 e Kl = K n M].

Finally for all A G cl(2), i/g/, me M   we define

(4.4) ^(A : v : m) = [M/M]]Q(M^ : A : R(m)Gf(h : v))

= [M/M^][      @(M] : A : y)GAh :v:ym) d(yZ),
Jm^/z

where, for h e 2, 8(Aft : A) denotes the character of the relative discrete

series representation n(M : A) of M' corresponding to Xq ® e £ ZM(A/ )~

and X0 + hM(h) e it*. For A G c\(2) \ 2, 0(Mt : A) denotes the character

of the limit of discrete series coming from 2 . Then ^ Ah : v) is a spherical

function of matrix coefficients for n(M^ : A) with K*M-types 'xx h\K\   and
' M

I

Extend ¥f(h : v) to G by

(4.5a)     *F,(A : v : kman) =  t, h(k)*¥Ah : v : m)   for kman e KM]AN,

and define the Eisenstein integral as

(4.5b)

E(P:x¥Ah:v):h:v:x)= [    ^ Ah : v : xk)'x2 h(k~x)e{iv~p")H^xk) d(kZ).
J JK/Z

Theorem 4.6. E(P : Vf(h : v) : A : v : x)(l : 1) = /(A : v : x) for all f e W(G),

A G cl(2), vea, and x e G.

Lemma 4.7.

8(A : v)(R(x)F(h))

= Q(h:v)(L(x~X)F(h))

= [M/M]] f     f       [   Q(M] :h:m)F(h:xkmank~x)
Jk/z Jm^/z Jan

xe-{w-p'){Xoga)dadndmdk.

Proof. The standard result [6, 5.10] is

S(h:v)(L(x'l)F(h))

= [     [     [   0(M : A : m)F(h : xkmank~x)e~{w~p>){Xoèa)dadndmdk,
Jk/z Jm/z Jan

where B(M : A) = Ind^i(d(M^ : A)). But 6(Af : A) is supported on M] and

is given there by Q(M : h : m) = ^Zy^M,M\ 0(Mt : h : ymy~x), m e M^.
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Jan

Since we can assume y e M n K, the result now follows by changing variables

in the integral: m—>y~xmy, k -> ky, n^y~xny.   Q.E.D.

Proof of Theorem 4.6. Write xk = k0m0a0n0 e KM^AN. Now

F(h : xkmank-x)eHiv-p')(Xo%a)dadn

=  t, h(k0) /    F(h : m0ma0a(ma)~ n0(ma)n)
Jan

xe-{iu-p^0&a)dadn'x2Jl(k-x)

= 'h h(K)e(lv-"')(Xo%aa) [   F(h:m0man)e-{il,-p'){Xo%a)dadn'x2 h(k~x)
Jan

by changing variables n —► [(ma)~ n0ma]~ n and a -> a^ a.  But this last

expression equals ^'""^'^"''''t, h(kQ)GAh : v : m0m)'x2 h(k~x). Thus

[M/M*] f       [   Q(M] : h : m)F(h : xkmank~x)e~(iv~p?)(Xo%a)dadndm
Jm^/z Jan

= e

/z.

(iv-p„)(logaQ)^      (lf w (h . H . m ^      ,t-l
'Tl,A(*o)^/(A:i/:,Mo)'T2,«(fc     )

= £
(iv-pVHixk))^   ,..,..      .,/ ,,-1

^(A : i/ : x/c) t2 h(k   )   as xk = kQm0a0n0.

Thus, using Lemma 4.7,

6(A : v)(R(x)F(h)) = E(P : Vf(h : v) : A : v : x).

But f(h:v:x) = 6(A : i/)(/î(x)/;'(A))(l : 1).   Q.E.D.

Note that we have proved a spherical function version of Theorem 4.6.

Namely, if we define

(4.8a) F(h:v:x) = 6(A : v)(R(x)F(h)),

we have

F(h:v:x) = E(P : Vf(h :v):h:v:x).

5. Spherical functions of matrix coefficients

Let XQ e AMQ , Xq € X(XQ) , and 2 e 2(XQ) as in §4 so that {n(M* : A) =

X(h)®n°x +h {h) : h e 2} is a family of relative discrete series representations of

Mf as in §3. Fix t, , x2 e K(x0) and define W = ET> ® Eti ç L2(KX x A",) as

in §4. For each h ev*c, K acts on the right and left of W by representations

(xx h ,' x2 h). For j = 1, 2, A G cl(2), define

(5.1a)    I   h = {a e KM : a occurs in both t . ® e \K\ and in n(M  : h)\K\ }.
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By [9, 4.9], there is Z;. ç K]M so that X,. h = {ah = a ® eh : a e lj} for all

A G cl(2) .Fox he cl(2) define

(5.1b)  ß^(M : er. : A) : the a  A-isotypic subspace of the representation

space of n(M : A) ;

(5.1c)

"V(M : ax : a2 : A) : the linear span in C°°(M ) of the matrix coefficients

x i-> (n(M : h)(x)w2, wx), w, e %T(M : er : h) ;

(5.1d) T(M^ : t, : x2 : h) = 0       E       T(M] : ax: a2:h).
(<;, ,ct2)6Z,x2:2

(5.1e)

5*(Mj : W : A) : the vector space of all F : M1 ^ W such that

(i) F(kxmk2) =' rxh(kx)F(m)'x2h(k2)

for all me Aff, kx, k2e K*M ;

(ii) m -► (F(w), tu*) is an element of y(M :xx:x2:h)

for all w* e W*.

Elements of S^(M' :W:h) are A^-spherical functions of matrix coefficients

of %(M : A). For each / G W(G), the functions m —► *¥ Ah : v : m) defined

in (4.4) satisfy *F,(A : i/) G S*(M] :W:h) for all A g c\(3f) ,ve&.

We define holomorphic families of A'L-spherical functions as follows.
/

torphic families of A^

(5.2)
3>(MX : W) : the set of all F e C°>* x Mx : W) satisfying

(i)    F(h) e <9>(M] :W:h) for all h e cl(2) ;

(ii)  A (-+ F(h : m) is a holomorphic IF-valued function on o*c

for all m G M ;

(iii) Let 2C be a complex neighborhood of 2 in t>* of the form

2C = 2 + ico, where œ ç /o* is a neighborhood of 0 with

compact closure. Then for all Dx, D2e %f(m) there are

C, r > 0 so that

||f(A :/>,;*; ö2)|| < C(l + |A|)r(l + d(hyx)re]h'[aAx)EM(x)

for all A G ü^., x G M . Here ö?(A) denotes the distance

from hR to the boundary of 2 if h = hR + ih¡ e 2¡ + ico.

In this section we will show how to find consistent bases for the vector spaces

^(M^ : W : h) given in terms of the holomorphic families of K'M-spherical
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functions in S^(M^ : W). Given / G %?(G), this will allow us to find families

F¡ e &(MX : W) and a, : cl(2) x/^C so that

(5.3a) Vf(h:v) = )£al(h:v)Fi(h).
i

Using Theorem 4.6 this will allow us to write

(5.3b) /      f(h:v:x)m(h:v)dhdv = Y<ï>i(x)(l : 1),
Jsx9~ j

where

(5.3c) O.(jc) = /      E(P:Fi:h:v: x)at(h : v)m(h : v) dh dv

is a wave packet of Eisenstein integrals of the type studied in [9].

We will also construct bases for the dual spaces S?(M : W : A)*. These

dual bases, together with information on the properties of *Fy as a function on

2 x y x M which will be established in §§6 and 7, will allow us in §8 to study

the properties of the coefficients a¡ as functions of A and v . The main result

on consistent bases is Theorem 5.32. For technical reasons, it is stated for M1,

the universal cover of M , rather than M .

In [9, §4] we defined for each (ax, of) e Z, x I2 a subspace

&(M* : ax : a2) ç C°°(ü* x M])

consisting of holomorphic families of relative discrete series matrix coefficients.

In particular, each <p e y (AT : ax :o2) satisfies

* t
(5.4a) A -* <p(h : m) is holomorphic on oc for all m e M ;

(5.4b) <p(h) e T(M^ :ax:a2:h)   for all A e cl(2).

Corresponding to each <p e &~(M^ : ax : a2) we defined in [9, §5] a holomorphic

family F(tp) e S^(M] : W). Define KVM_, = K]M • V n Kx and let W" be the

kernel in W of restriction of functions to KVM , x KVM x. Let W' be the

orthocomplement of W" . Then F(<p) is characterized uniquely by

(5.5a) F(<p :h:m)eW'   for all A G v*c,  m e Aft;

(5.5b)

F(q>:h: m)(kx : k2) = C(t1 : A : v~l)Ç(x2 : A : v~x)<p(h : kxxMmk2xM),

where ki = v¡ki M e (V ■ K^M) n KVM , and C(x¡ : h) denotes the F-character

of xi h = xi®e .

The families F((p), (p e &~(M : er, : of), were the basic holomorphic

families of AT^-spherical functions used to define Schwartz wave packets of

Eisenstein integrals in [9].  However, the only properties of the families used
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in the proofs were properties (i)-(iii) of the definition (5.2) of £"(M' : W).

In order to obtain consistent bases for the families y (Ar : W : A), we need

to expand the construction slightly, keeping within the family y (A/* : W), by

going to the universal covering group of M° .

Recall the family {n(M] : h) : h e 2} used to define 5?(MX :W:h) is of

the form n(M] : A) = X(h)®n(M° : hM(h)), where *(A) = eh®x0 e ZM(M°)~

and {n(M : hM(h)) = nx +h (Ä) : A G 2¡} is a family of relative discrete series

representations of M° . Write 2M = {hM(h) : A G 2} . Define

(5.6a) Lj = {a  e KMo : ah = a ®e  occurs in both t. h\Ko

and in n(M : hM(h))\Ko } .

It is independent of A G el(2), and for all A G cl(2M), we define

(5.6b) T(M° : xx : x2 : A) = © T(M* : o° : a\ : A),

(ct. ,ct, )ez. xx2

where ^"(A/ : C7t : er2 : A) denotes the space of matrix coefficients of 7r(Af : A)

corresponding as in (5.1c) to the A^-type (ax h, a2 h).

Further, since n(M* : h)\K\ - x(h) ® 7t(M° : A)Lo , it is clear that Z. =
M M -J

{X(0) ® tx0 : (7° G Zj} , ; = 1, 2 . Define

(5.6c) y (M° : r, : t2) = ©       £       y (A/0 : a,0 : (T2°),

where y (A/ : ct¡ : a2 ) denotes the space of holomorphic families of ma-

trix coefficients for the n(M : h), he 2M , corresponding to the A^-types

(rj,° h, a2 h) as in [9, 4.7]. Then each element of "V(M^ : xx :x2: h) is a finite

sum of terms of the form tph(zm°) = i//h(z)<p°h(m°), z e ZM(M°), m° e M° ,

where iph is a matrix coefficient of /(A) and tp°h e y(M° : t, : x2 : hM(h)).

Further, each element of y(Ar : t, : x2) is a finite sum of terms of the form

(p(h : zm ) = y/(h : z)tp (hM(h) : m ), where ^(0) is a matrix coefficient of

*(0), y/(h : z) = eh(z)y/(0 : z), and <p° e y (A/0 : t, : x2).

Let p: M' —► M denote the universal covering group. Then KM> =

[KM,, KM,] x VM,, where [KM,, KM>] is compact and VM, is a vector group.

In the notation of [9, 4.7], <oM, = t>M © uM and 2M ç ix>*M is just {A G 9¡M> :

h(uM) = 0}, where 2M, ç iv*M, is the connected component of {A G fo*M> :

(ß, XQ + A) ¿ 0 for ß G <tfM \ &M K} that contains 2M .

For A G 2M*, let n(M : A) denote the relative discrete series representation

corresponding to X0 + A . Then for all A e 2M ,

n(M' : h) = 7t(M° : h) op.
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Further, for each (er, , cr2) g X, x Z2 , there are (er,', a'f) e KM¡ so that a\ h =

ff° a °^v for a11 h e ^M^c ■ Let ^ = ^ : ff° e ^ • For each (ffi ' CT2) €

Í, xSj, A G i^;, define y(M* : a'x : a2 : h) to be the space of matrix

coefficients of n(M' : A) corresponding to (a[ h, a'2 h), and set

(5.7a) T(M' : t, : t2 : A) = 0       E       T(M' '■ a'i -¿i-h).

We also define

(5.7b) y (M1 : t, : x2) = 0£y(A/' : tr¡ : ̂ ),

where y (A/' : er,' : a2) is the space of holomorphic families of matrix co-

efficients for it(M' : A), A G 2M<, defined as in [9, 4.6] corresponding to

(a\ h, a2 h). Then if A G 2M, for each (p\ e T~(M° : xx : x2 : h) there is

<p'h e y(M' : t, : x2 : A) with tp'h - tph o p . Further, each q>° e SF(M° : t, : t2)

is obtained from a family tp' e y (A/' : t, : x2) so that <p'(h) = tp (h) o p

whenever A G 2M .

For each hecl(2S), ZM(M°) acts on W by ('t1jA/t2A)|z (Mo.. Let Wx

be the (x(h), ^(A))-isotypic subspace for this action, and let

(5.8a) W0 = {we Wx:'xxh(z)w = w'x2h(z) for all z e ZM(M°)}.

W„ is independent of A , and is a A"?,-invariant subspace of W for

(Ti,/i>  t2,a)Ia:'0
M

since ZM(M ) centralizes KM . For A G cl(5^), define

(5.8b)

y (A/"  : PTq : A) : the vector space of all F   : M  —► W^ such that

,o.,      , .      í       ,, . „o
(i)  F (kxmk2) = i, h(kx)F (m)'x2 h(k2) for all me M ,

k     k   <= K'0  •
1 '    2 A/ '

(ii) m -* (F (m), w*) is an element of ^(A/  : t, : t2 : A)

for all w* e W*.

For all A G cl(2M, ), define

y(Af : WQ: h) : the vector space of all F' : A/' —> PF0 such that

(i)  F'(kxmk2) = e^,/c2)'T,;0(p(fc,))F'(m)'T2>0(p(fc2))

for all m e M', kx, k2e KM, ;

(ii) m -* (F (m), w*) is an element of W(M' : t, : t2 : A)

for all w* e W*.



22 R. A. HERB

Lemma 5.9. For all h e cl(2), F -> F = F\Mo gives a vector space isomor-

phism between y(A/f : W : A) and y (A/0 : WQ : hM(h)).

Proof. Every A^-type of n(M^ : A) is of the form #(A)®ct° (A), where a\ [h)

is a A^-type of n(M° : hM(h)). Thus every F e y(Aff : W : A) takes values

in Wx . But, for all z G ZM(M°) and m e M° ,

'Ti,/I(z)ir(m°) = f(ZB1°) = ^(w°z) = F(m°)'x2Jl{z).

Thus F° = F|Mo takes values in WQ. Further, W(M^ : t, : t2 : A) is the

set of all finite linear combinations of the products of matrix coefficients of

X(h) and elements of CV(MQ : t, : x2 : hM(h)). Thus it is clear that F\Mo e

y(A/° : W0 : hM(h)). Also, if F\Mo = 0, then F(zm°) =' xxh(z)F(m°) = 0

for all z g ZM(M°), m0 G M°, so that F = 0. Thus F -» F^o is one-to-

one. But given F0 G y(A/° : W0 : AM(A)), we can define F : Mx -» W by

F(zm°)='TliA(z)F(m°). For z^e^,

F(zxkxzm z2k2) = F(zxzz2kxm k2)='xx h(zxzz2)F (kxm k2)

T1,a(Zi)  T1,a(Z)  T1,ä(Z2)  Tl,A(fcl)^  (m  )  T2,a(^2)

= 't, h(zxk°x)F(zm°)'r2h(z2k°2)

since ZM(M ) centralizes KM and F°(m°) G WQ. Thus F satisfies (i) of

(5.le). To check (ii) we identify W* with W via the hermitian inner product

for which ('t, h,'x2 h) is unitary. Then for all w eW,

(F(zm°), w) = (xlh(z)F°(m°),w) = (F°(m°),' xxh(z)~xw).

Let {wx, ..., wn} be an orthonormal basis for W so that wx, ... ,wt e WQ

and wl+x, ... , wn e W0  . Then

(F (m),'xxh(z)    w)=Y(xxh(z)  xw,wi)(F (m ),w¡)

i=i
t

= E<'Ti,/>(zK' w)(F°(m°), w¡)

since F (m ) G W^. But for all 1 < / < t, z —> ('t, h(z)wi, w) is a matrix

coefficient of #(A) since W0 ç W^, and w -> (F(m ), w;.) is an element

of ^(A/0 : t, : t2 : hM(h)). Thus zm° i-> (F(zm°), w) is an element of

T~(Mj :x.:x2:h). Thus F G y(A/f : t. : t2 : A) with F|Mo = F°.   Q.E.D.

Lemma 5.10. For all A G cl(2M), F  -+ F  op g/vey a« isomorphism between

the vector spaces y (A/0 : W0 : A) a/u/ y (A/' : W0 : h).
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Proof. This is clear since

T(M' :xx:x2:h) = {(p'h = <phop;<phe T(M° : r, : x2 : A)}

when he2M, and 'xih(p(k')) = eh(k')'xl0(p(k')) for A G (*M)*C .   Q.E.D.

Combining Lemmas 5.9 and 5.10 we have for each h e cl(2) an isomor-

phism F -> F' = F|Mo op from y(A/f : W : A) onto y(A/' : WQ : A). This

allows us to work in A/' rather than M.

Next we want to characterize the images of the families F(<p), <p e

y(Aft : t, : x2), and extend them from A G cl^^) to all A G (o^Oc • Suppose

<p g y (A/f : t, : t2) is of the form <p(h : zm°) - y/(h : z)tp°(hM(h) : m°),

where y/(h : z) = e (z)i//(0 : z) is a family of matrix coefficients of X(h), and

<p° e y (A/0 : t, : t2) . Pick tp' e y (A/' : t, : x2) so that <p'(h) = <p°(h)op for

all he2M.

Lemma 5.11. For all m e M' and h e o£, F(tp : A : p(m')) e WQ n W', and

for kx, k2 eKvMX,

F(<p:h: p(m'))(kx : k2) = Ç(xx : 0 : v~x)Ç(x2 : 0 : v2 x)y/(0 : z~x z~x)

xeh-{h)(k'xk'2)<p'(hM(h):k'x-xmk2x).

Here kt = vtzfi(k¡) e V • ZM(M°) • K°M n KVM ,, where k¡ e KM,.

Proof. The first statement is obvious from (5.5a). Now use (5.5b) to write

F((p: A :p(m'))(kx :k2)

= C(t, : A : Vi_1)C(t2 : A : v~x)<p(h : z~xp(k[)~xp(m')p(k'2)~xz~x)

= C(t, : A : u,_1)C(t2 : h : v~X)y/(h : z~Xz~X)tp°(hM(h) : p(k[~Xm'k2~X))

= eh(v~xv2xz~xz2x)C(xx : 0 : v~x)Ç(x2 : 0 : v~l)

x ^(0: z\~Xz2x)(p'(hM(h) : k'~xm'k'2~x).

Now kt = v^fy g A-,, so eh(ki) = 1.  Thus eh(v~xz~x) = eh(p(k[)) =

ehM(h](k'l).   Q.E.D.

For each tp e y(A/' : t, : t2) and matrix coefficient ^(0) of ^(0) we now

define F(<p' : ^(0)): (x>M,)*c xM' ^W0nW' by

(5.12)^
F((p : y/(0) : A : m)(kx : k2)

= C(t, : 0 : vx  )C(t2 : 0 : v2  )í¡/(0 : z~ z~ )e (k[k'2)(p'(h : k'~ mk'2~ ),

where fc,. = vtztp(k¡) e V ■ ZM(M°) ■ p(KM,) n^,.
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Lemma 5.13. F(tp' : y/(0)) G C°°((t)M>)ç x M1). For ail m G A/', A -»

F(g>' : if/(0) : h : m) is holomorphic as a function of h e (t>M>)c ■ For each h e

cl(2M,), F(<p' : if/(0) : h)e^(M' :WQ:h). For he c\(2), F(tp : A)|Mo op =

F((p' : y/(0) : hm(h)), where <p is related to q>' and y/(Q¡) as in (5.11).

Proof. The joint smoothness and holomorphicity are obvious since (p1 is jointly

smooth and A —► q>'(h : m) is holomorphic for all m e M1. Write

F((p' : y/(G)) - F' and let bx,b2e KM,. Then for all m e A/' and kx,k2e

KM,l '

eh(bxb2)['xxo(p(bx))F'(h:m)'x20(p(b2))](kx:k2)

= eh(bxb2)C(xx : 0 : ux)Ç(x2 : 0 : w2)F'(A : m)(g~xkx : k2g~x),

where p(b() = uigi e V -KVM ,. Now if we write ki = vizjp(k'i) as in (5.12),

we have gx~ kx - (uxvx)zxp(bx k'x) and k2g2 = (u2v2)z2p(k'2b2 ), so using

(5.12),

eh(bxb2)(xXS)(p(bx))F'(h : m)'x20(p(b2))](kx : k2)

= eh(bxb2)Ç(xx : 0 : ux)Ç(x2 : 0 : u2)Ç(xx : 0 : v~xu~xx)t(x2 : 0 : v~xu2x)

x ^(0 : z~x  z2 )e (bx~ kxk2b2 )(p (A : kx   bxmb2k2   )

= F'(h:bxmb2)(kx :k2).

Thus F satisfies property (i) of (5.8b). Now for any w* e W^ , write w* =

w* + w*2 , where w*, w2 e W* with w*x\wn = 0 and w*\w, = 0. Then

(F'(A : m), w*) = (F'(A : m),w*). Further, {w* e W* : w*\w<i = 0}

is spanned by point evaluations e(kx : kf), where kx, k2 e KVM , . But

(F'(A : m), e(kx : k2)) = F'(h : m)(kx : k2) is a multiple (independent of

m) of <p'(h : k[~xmk'2~i) and m —y tp'(h : k'x'xmk'2~x) is an element of

y(M' : T, : t2 : A). Thus F'(A) g y(Af' : WQ : A). The last assertion follows

from Lemma 5.11.   Q.E.D.

For A g cl(2M,), write ^(h) = T(M' : t, : t2 : A). Then each T(h)* is

spanned by the point evaluations em(tp) = tp(m), m e M', tp e^(h). Now we

can associate to each F e S?(M' : W0: h) an element 'F g Hom(^(A)*, WQ)

so that

(5.14a) 'F(eJ = F(m),    all m e A/'.

Write

(5.14b) 'y(A) = {'F : F G y(A/': W0 : A)} ç Hom(^(A)*, W0).

For each A G cl(2M>), KM> acts on WQ by (t', h , x2 h), where

(5.15a) x'ih(k) = eh(k)'xi0(p(k)).



SCHWARTZ SPACE OF A GENERAL SEMISIMPLE LIE GROUP 25

Write WQ(h) for WQ with this action of KM,. Note End^ ,(W0(h)) is inde-

pendent of A so we write simply End^ t(WQ). KM, also acts on ^(h) on the
M

left and right by

(5.15b)

(kx-(ph-k2)(m) = (ph(k~xmk2x),       kx,k2eKM,, m e M', (phe'V(h),

and on T(h)* by

(5.15c) (k\ ■ v* ■ k*2)((ph) = v*(kxx • <ph • k~x).

Note that

(5.15d) k*x ■ em ■ k*2 = ek mk    for all kx,k2e KM,, m e M'.

Lemma 5.16. 'y(A) = Hom^ ,(T(h)*, WQ(h)) = {T e Hom(^(A)*, WQ) :

T(k*x ■ v* ■ k*2) = r'xh(kx)Tv*x'2Mh(k2) for all kx,k2e KM,, v* e V(h)*}.

Proof. Because the em span (V(A)*, we have, using (5.15d),

HomKi(T(h)*,W0(h))
hi

= {TeHom(T(h)*,W0):T(ek¡mk2)

= h,k(ki)T(em)r2,h(k2) for a11 kx,k2eKM,, me A/'}.

Now Hom(^(A)*, W0) is the image under F ^' F of all F: A/' -► W0 sat-

isfying condition (ii) of (5.8c). But now 'F g Hom^ , (T(h)*, WQ(h)) if and

only if F(kxmk2) = x'xh(kx)F(m)x'2h(k2),i.e., F eS?(M' : W0: A). Q.E.D.

Lemma 5.17. dimHom^ ( (T~(h)*, W0(h)) is independent of h e cl(2M<).
M

Proof. By (5.15a), the action of KM, on WQ(h) is eh(x\ 0,x'2 0). Further,

T'(h)* is equivalent as an abstract KM<-module to

E       fn(<7uh)m(a2ih)(aîtQ9eh,a2th),

(<T,, <T2)€l', Xlj

where m(a¡ h)  denotes the multiplicity of er h  in n(M' : h)\K i .   But, by
' M

[9, 4.9], these multiplicities are independent of A G cl(2Mr). Thus, there is

a finite-dimensional vector space V0 on which KM> acts on the left and right

by [P\ o > Pi o) so tnat ^"(h)* is equivalent to V0(h), i.e., V0 with the action

e>l(Pi,o> Pi,q)- Thus' for a11 h e cl(%f) >

dimHom^ ,(^(A)\ WQ(h)) = dimHom^ ,(^(A), WQ(h))
M M

= dim Hom^   (2^(0), ^(0)).   Q.E.D.
A/

Fix a matrix coefficient  ^(0) of ^(0) and write F(tp') = F(tp' : y/(Q)),

tp' e y(Af' : t, : t2) .



26 R. A. HERB

Lemma 5.18. Let h e cl(2M,). Then every F e y (A/' : W0 : h) is a finite

linear combination of elements of the form SF(tp' : A), where S e End^ ; ( W0),

(p' e3r(M' :xx :x2).

Proof. Suppose tp'x h, •■• , <p'n h is a basis of y(h). By [9, 4.4] there are holo-

morphic families <p[, ... , <p'n e y (M1 : t, : t2) so that <p\ h - (p\(h), 1 < i <

n. Define O: T(h)* -+ WQn by <&(«') = (F(<p'x : h)(v*),.'..,'F(<p'n : h)(v*)).

Then <D G Hom^ ,(T(h)*, WQ(h)n) since each
M

'F(^.:A)GHomJ,((^(Ar,^0(A)).
M

Suppose v* G KerO. Then 'F(pj : h)(v*) = 0, 1 < i < n, so, in particular,

'F(gf'¡:h)(v*)(l : 1) = 0, 1 <i<n. But for all m e A/', using (5.12),

'F(<p\ : h)(em)(l : 1) = F(tp'i : h : m)(l : I) = <?\(h : m) = em(<p'ih),

so that 'F((p\ : h)(v*)(l : 1) = v*(<p'ih) for all v* e T(h)*. Thus if v* e

Ker O, v*(q>'j h) = 0, I < i < n , so that v* = 0. Thus G> is injective.

Decompose W% = WX@W2, where Wx = ®(T(h)*) and W2 = Wx . Wx

and W2 are A^M<-invariant subspaces, and if we define <P_1: W^ —> ̂(h)* by

<ï>_1|^ = 0 and <ï>-1 o$= identity on T'(h)*, we have

<D_1GHom^ ,(^0(A)\^(A)*).
M

Now for all F G y(A/' : W0 : A), write 'F = F o cp, where F =' F o O"1 g

Hom^ ,(WQ(h)n, W0(h)). Let S,. G Hom^ ,(^0(A), ^0(A)) - End^ t(WQ) be
M MM

the restriction of T to the iih component of WQ(h)" , so that T(wx, ... , wn) =

E"=i 5«K) • Then for a11 v* e ^W* '

'f («*) = ro<D(/) = T(F(<p\ : h)(v*),... ,'F(<p'n : h)(v*))

= E5,.'F(^; :h)(v*).
i=i

Thus F = ZliSlF(ç>'x:h).   Q.E.D.

Lemma 5.19. Let h' e cl(2M,). Then there are a neighborhood J of h' in

el(2Mi) and elements tp\, ... , tp's e y (A/' : t, : t2) , Sx, ... , Ss e End^. ( (WQ)
M

so that {S,F(^ : A)}'=, is a basis for S?(M' :WQ:h) for all h e J.

Proof. By Lemma 5.18 elements of the form {SF(<p' : A')}, 5 G End.   (Wn),
m'

tp' e y (A/' : T, : x2), span y (A/' : WQ : A'). Thus we can pick (p\, Si so

that {StF((p\ : A')}*=, is a basis for y(A/' : W0 : h). But A -» 5;F(çj| : A) is
holomorphic, so by the argument used in [9, 4.10], there is a neighborhood J

of A' in cl(^M') so that {5(.F(çj) : A)} are independent for h e J. Now by

Lemma 5.17 they are a basis for y (A/' : W0 : A).   Q.E.D.



SCHWARTZ SPACE OF A GENERAL SEMISIMPLE LIE GROUP 27

Lemma 5.19 says we can find consistent bases locally in cl(2M>). If this was

all we needed to do, we could have proved Lemmas 5.16-5.19 for

y (Ar : W : h) instead of y(Af' : WQ : A) and had consistent bases of

the form {SF(tp : A)}, Se End. (W), cp e 9r(M] : x. : x2). However,

when cl(2) is noncompact, this will not suffice to give a finite open cover with

consistent bases. To do this we must use the canonical identifications between

spaces of matrix coefficients which exist for holomorphic (or antiholomorphic)

relative discrete series representations.

As in [9, 4.11], we can decompose m = o0©rrtQ©m", x>M, = o0©d'©o", and

2M, = io*0x2' x2" in such a way that cl(2') ç /(o')* is compact, and 2" =

rii=i ^i ^ z'(°")* is tne product of open half-lines 2i ç id* , where o; = o"nm/

and the m( are the simple ideals of m" . The m. are necessarily noncompact

and of hermitian type, and the 2i correspond to families of holomorphic or

antiholomorphic relative discrete series of mi.

Let / be any subset of {1, ... , k} . Corresponding to / we define a family

y,(A/' : t, : t2) as in [9, 4.6], except that for i G / we take &¡ ¡(M1 : t, : t2) to

be the linear span of the one-parameter families of matrix coefficients based on

holomorphic sections [8, 6.15] rather than the linear span of the holomorphic

families of matrix coefficients based on the highest weight module structure [8,

6.9]. Thus 9r<z= y'. Note Lemmas 5.18 and 5.19 are still valid for ^ in

place of y.

For each I < i < k, write cl(^.) = 2- U 2", where 2. and 2" axe

intervals, relatively open in cl(2¡), so that cl(2f) is compact and 2" is an

open half-line with cl(2") C 2¡. For each I ç {I, ... , k} define a relatively

open set in cl(2M, ) by

(5.20) efj = /o* x cl(2') x[]â;cx J\2".

i ? / 16/

Clearly {cff}  is an open cover of c^Ü^-).   Further, by [8, 6.16], for each

tp G y, ¡(M1 : t, : t2) , there are {çr} in ^(M1 : t, : t2) and rational functions

{r } on (o.)I with no poles in 2i, so that q>(h) = Yáj r.(h)q>¡(h). Thus given
J *   *■* ' J    J J

q> e &~j(M' : t, : t2) , there are <p. G y(A/' : t, : x2) and rational functions

{r.} on (t>M')*c with no poles in cl(e^) so that

(5.21) <p(h) = YjrJ{h)<p](h),        he(<oM,)*c.
j

Now fix any b0 e ix>l, b¡ G 2" , i e I. We define a compact subset Q{ of

cl(£^) by

(5.22a) Q, = {b0} x cl(^') x [] cl(^c) x [¡{AJ .

i i i leí
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Define a¡: cl(c^) -» Cl, by

(5.22b) a¡ L, h', E h,, E h) = f A0 ; a' ; E Äi - E b) .

where A0 g /o* , A' g d(2'), hi e z\{ß\), i i I, and A,. G cl(^B), iel.

Lemma 5,23. Fix h e c\(cf¡) and write b — a¡(h).  There is an isomorphism

Th : T(M' : xx : x2 : A) -> T(M' :xx:x2:b) so that

(i)   Th((p'(h)) = <p'(b) for all <p' G y^A/' : r, : x2) ;

(ii)   Th(kx ■ tp'h • k2) = eh~\kx~xk2x)(kx ■ Th(<p'h) • k2) for all kx,k2e KM,,

<p'h G T(M' : t, : x2 : A).

Proof. Since the spaces T(h) = T(M' : t, : t2 : A) and ^ = y/A/' : t, : x2)

axe products over the simple factors of A/', it suffices to define Th on each

simple factor. So we may as well assume that A/' is simple or a vector group.

Also, q7 is the identity map unless 3M< — i't>*, or 2M, = 2¡■, iel. Suppose

first that M' = VQ is a vector group. For all A G it*0, 'V(h) = Ce . Define

Th: T(h) -* T(b) by Th(ceh) = ceb . Now y, = Ctp'0, where <p'0(h) = eh for

all A G ('o*,. Thus Th(c<p'0(h)) = c^(è) • Further, kx ■ eh ■ k2 = eh(kx~xk~x)eh

for all A G íüq , kx,k2e KM,, so that

Th(kx ■ ceh ■ k2) = eh(kx~xk~x)Th(ceh) = eh~\k~xk2x)kx • Th(ceh)-k2.

Thus (i) and (ii) are satisfied for Th . Now suppose Af' = Mi for some iel.

We use the notation of [7, §3]. There are KMi-finite holomorphic families

{.// hf > {£) a} and corresponding one-parameter families of matrix coefficients

f\tJ G ^, (»^(A : m) = {L(m)fih, gjh), so that {?■ y(A)} is a basis for

T(h) for all h e2r Define Th:T(h) ^ T(b) by 7¿^;(A)) = <p[j(b),
all z,y. Now {/] A}, {g. A} correspond to KM,-finite holomorphic vector-

valued functions {F;}, {G;} on M'/KM, as in [7, 3.10]. Let U, U' be the

KM,-invariant spaces of functions spanned by the {F(}, {G } respectively, and

let {/)*}, {g*} denote the corresponding dual bases of U*, (U1)*. Now an

arbitrary tp' e &~¡ is of the form <p'(h : x) = (L(m)fh , gh), where fh , gh are

KM< -finite families of holomorphic sections based on f e U, g e U'. Now

using [7, 3.11], for all k¡ e KM,, he 2i,

L(k2-X)fh=eh(k2-X)¿2(L(k2-X)f,f*)f¡h,
i

and

L(kx)gh=eh(kx)J2(L(kx)g,g*)gjh.
j
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Thus for all he 2.,i
'/I        1-1        I  -K it ,       X r /I  -1>

(kx ■ tp (h) ■ k2)(m) = <p (h : kx   mk2  ) = (L(m)L(k2  )fh,L(kx)gh)

= eh(kx-xk2x)Y,(L(k2x)f, f*)(L(kx)g,g*)<p'itj(h : m).
i,j

Thus

Th(kx ■ <p'(h) ■ k2) = eh(k;xk2x)Yt(L(k2-x)f, ffmkjg^pújb : m)
i,j

= e     (kx   k2  )kx • (p'(b) • k2.

Taking kx = k2 = 1, this proves that Th(<p'(h)) - tp'(b). But for each (p'h e

^(A), there is tp' e y, with tp'(h) = <p'h. Then Th(tp'h) = cp'(b) so we have

also established (ii).   Q.E.D.

We will use the isomorphism Th : T~(M' : t, : x2 : A) -► ̂(Af' :xx:x2:b),

b = a,(h), to define an isomorphism T'h : S?(M' :W0:h)^ S?(M' :WQ:b).

Write T(h) = <V(MI : t, : t2 : A) for all A G (t>M>)*c. We can identify

y(A/' : WQ : A) with

(T(h) ® WJh)fM'

= IE f>i ®w«e ^w ® ̂o: i>r' • ̂ / •k2    ,®Wi

= E P,■ ® ̂ ^iKi*^) f0r a11 *1 ' fc2 € *> |  •

Define T'h : T(h) ®WQ^ T(b) ® W0 by F¿(£ P¡. ® w() = £ ^(P,) ® w, : It is
an isomorphism onto since Th: T~(h) -> ^(A) is an isomorphism onto.

Lemma 5.24.   T'h(T(h) ® ÍF0(A))V = (^(¿>) ® WQ(b))K"' .

Proof. Let X) <P¡ ® «>, € (^(A) ® ^(A))*"' . Then for all kx,k2e KM, , using

Lemma 5.23(ii),

Efci"' * Th^i) ■ k2~[ ® wt = J2eb~h(kxk2) E Th(k~x ■ <pi • kfx) ® u;(.
; i i

= eb~h(kxk2)T'h I E K[ ■ <Pi • kiX ® wi )

= eb-\kxk2)T'hlj2<Pi®h,h(ki)w¡x'2,h(k2))

= :rÁÍE^®Ti,fe^iKT2,A^2)J

=  ¿ZTh('Pi)®h.b^kl)Wih,b(k2)-
i

Thus T'h(¿Z<P¡ ® w¡) G (2^(A) ® 1^0(A))V .   Q.E.D.
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Lemma 5.25. Suppose F(tp' : h) is defined as in equation (5.12) when

(p' G y^A/' : t, : t2)  and let S e End,, t(WQ).   Then  T'h(SF(tp' : h)) =
M

SF((p' : b), where b = a¡(h).

Proof. Recall F(<p' : h : m) e WQnW' for ail h, m. Pick a basis for (W0nW')*

consisting of point evaluations e¡ = e(k¡, b¿), k¡, b¡ e KVM ,. Let {wt} denote

the corresponding dual basis of WQ n W'. Then F(tp' : A) corresponds to

£,e,(F(/ : A)) ® wt in T(h) ® W0 . Now by formula (5.12),

e¡(F((p' ■ A)) = cieh(k'ib'i)k'i ■ <p'(h) • b\,    where c, G C, k\, b\ e KM,.

Thus,

SF(ip' : A) = E c/ifyW ■ f(h) ■ b\ ® SW¡,
i

so

T'h(SF(tp' : A)) = E c/{k'tb\)Tk{k't ■ <p'(h) ■ b[) ® Swt
i

= Ecieb(k',b'l)k'i - <p'(b) ■ b\ ® Swt - SF(<p' : b)
i

using (i) and (ii) of Lemma 5.23.   Q.E.D.

Lemma 5.26. There is a finite open cover f¡ of cf¡ satisfying the following.

For each J e f¡ there are <p'x, ... , <p's e ^¡(M1 : t, : t2) and Sx, ..., Ss e

End^ t(WQ) so that {Sf^] : h)}si=x is a basis for y (A/' : 1VQ : h) for all

heJ.

Proof. Using Lemma 5.19 we can find a finite open cover ^ of Q7 so that

on each / g f¡ we have consistent bases of the form {SiF(tp'i : b)}, b e J.

Now take f{ - {a~x(J) n cfl : J e ff}. ft is an open cover of fft and for

each A G /, by Lemma 5.24 and Lemma 5.25, {(T'h)~x(SiF(^'i : A))}-=, =

{S;F(ç/. : A)}'=1 is a basis for y(A/' : W0 : A) whenever {Sf^ : b)}si=x is a

basis for y(A/' :WQ:b), where b = a¡(h).   Q.E.D.

We now turn to the problem of finding good consistent bases for the spaces

y(A/' : W0 : h)*, h e cfj. For each iel, let yt e 9¡¡ =

&~j ¡(M1 : t, : t2) . Thus y/i is a one-parameter family of matrix coefficients

based on holomorphic sections for the group M¡. Pick m e M'(I) = M'Q x

rj,-<± i Mi, and let 1 G V0 = exp(o0) be the identity element. For A G cl(e^),

we define 0(h) = ô(m : Y\i€l V¡ ■ h) G T(h)* by

(5.27a)    (ô(h),<p)=f f(l:m: ftx) ]\ ¥i(ht : xi)\{d(xiZ),
Jil,e,M'/Z'      V 16/     /   i6/ ¿6/

(peT(h).
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That is, 5(h) is evaluation of tp at a point in V0 x M'(I), together with the

L2 inner product with ^(A;) for each of the variables in A/;, iel. Here

A; denotes the component of A in id* , iel, and Z( = V¡ (~l Z^ is a central

subgroup of A/.. Define

(5.27b) 9¡* = lo(m':l[yst\-.meM'(I),  ^G^,, ( G /

For each fixed A G cl(ef7), {ô(h) : ó g y/} separates points in y (h), and so

spans T(h)*.

Lemma 5.28. Let A G cl(ef;) and write b = a¡(h). Then there is an isomorphism

Lh:T(h)* -^T(b)* so that

(i) Lh(ö(h)) = S(b) for all ôe¥*;

(ii) Lh(k*-v* -k2) = eh~b (kxk2)k* ■ Lh(v*) • k2 for all v* e V(h)*, kx,k2e

KM>-

Proof. As in Lemma 5.23, it suffices to prove the lemma when A/' = V0 is

a vector group or M' = M¡, iel. Suppose first that Af ' = V0. Then

T(h) = Ceh , and the only S e ^¡* is given by S(h)(ceh) = c. Now T(h)* =

Cô(h) for all A g iv*0, so we can define Lh by Lh(ô(h)) = ô(b).  Further,

k* ■ ô(h) • k*2 - e (kxk2)8(h) for all kx,k2e KM<, A G h*Q . Thus

Lh(k*x ■ 3(h) ■ k*2) = e\kxk2)ô(b) = eh~b(kxk2)k* ■ Lh(ô(h)) ■ k*2,

so that Lh satisfies (ii).

If M' = Mt, iel, define the basis {(ppq(h)} of T(h), A e 2n as in

Lemma 5.23. Then {Spq(h) = S(tppq : A)} gives a basis for "V(h)* for all

A G (2") ç 3r Thus we can define an isomorphism Lh: ^(h)* -> ^(b)*

by Lh(ô (h)) = ô(b). Now an arbitrary family ô e y/* is of the form

S(h) = S(y/ : h), i// e &¡ ¡. But as in Lemma 5.23, y/(h) = J2c <p (h) is a

linear combination of the families <p , so ô(y/ : A) = J2pqc~S(A) for all A G

cl(2"), and Lh(ô(y/ : h)) = ô(y/ : b). Further, given kx,k2e KM,, there are

constants cpq(kx : k2) so that kx ■ ip-(h) ■ k2 = e (kx~ k2  )J2cpq(kx : k2)tppq(h),

so that _

k*x-ô(w : h)-k*2 = eHK'k-'^c^-.k^ô^h).
PU

Thus

Lh(k* ■ 6(y/ : A) • k¡) = eh~b(kxk2)k* ■ Lh(ô(h)) ■ k*2.   Q.E.D.

Recall y (M' : WQ : A) = (T(h) ® W0(A))*"' . Thus each element £,«* ®

to* G ̂ "(A)* ® W* gives an element ÄA(£,o* ® to*) of y(A/' : ^0 : A)* by

restriction to (T(h) ® ^(A))*"' . Let (^(A)* ® ^'(A))*"' = {£; o* ® to* G

^(A)* ® ̂  : E,^r • < • *£ ® < - £/< ® <,A^rV;t^(fc2"') for all
kx, k2 e KMi}.
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Lemma 5.29. Rh : (T(h)* ® W*(h))K"' -* ((T(h) ® W¿h))K"')* is an isomor-

phism.

Proof. Write U(h) = T(h) ® WQ(h), U(h)* = (T(h) ® WQ(h))* = 2^(A)* ®
^(A)*. Then [/(A), U(h)* axe finite dimensional Hubert spaces on which

KM> acts by unitary double representations (px(h), p2(h)),(p\(h), p*2(h))

given by

px(h : kx)(<p ® to)/?2(A :k2) = kx-(p-k2® r\,h(kx)wx'2h(k2)

and

/>*(A : A,)(ü* ® to*)/?2(A : k2) = k*x ■ v* ■ k*2 ® t*^(/c,)u;*T2^(/:2) ;

(T(h) ® ^(A))*"' = [/(A)*"' and (2^(A)* ® ^0*)*M' - (U(h)*fM' are the
spaces of KM,-fixed vectors for these representations.   We must show Rh:

(U(h)*) M' —► (£/(A) "')* is an isomorphism. Define the conjugate linear iso-

morphism T: U(h) -» {7(A)* by Tu = (-, u), w G <7(A). Since (px(h), p2(h))

is unitary,

T(px(h : kx)up2(h : k2)) - p*x(h : kx)Tup*2(h : k2)   for all kx,k2e KM,.

Thus T(U(hf"') = (U(h)*f"' . In particular,

dim(U(h)*fM' = dixnU(hf"' = dim(<7(A)v)*,

so it is enough to show that Rh isinjective. Let u e (U(h)*)Ku' with Rh(u*) -

0. Write u* = Tu, ue U(hf"' . Then 0 = Rh(u*)(u) = (u, u), so u = 0,
and u* = Tu = 0.   Q.E.D.

By the lemma we can define an injection

Rh1' ((^CA) ® W0(h)f»')* - (2^(A)* ® W0(h)*f»' ç T(h)* ® <

so that Rh°R~hX is the identity on ((^(A) ® WQ(h)f"' )* = y (A/' : W0 : h)*.

Define L'h : y (A/' : ^0 : A)* -» y (A/' : W0 : A)* by

(5.30) L'h=Rbo(Lh®l)oR;1,

where FA ® 1: 2^(A)* ® W* — T(b)* ® IF0*.

Lemma 5.31. L^ iia« isomorphism of S?(M' : WQ : A)* onto y(Af' : W0 : b)*.

Further, for any ôe¥* and w* e W*, L'h(Rh(ô(h) ® to*)) = Rb(ô(b) ® to*).

Froo/. We use the notation of Lemma 5.29. Now since

T*x¡h(kx)w*x*2Jl(k2) = eb~\kxk2)x*xb(kx)w*x*2b(k2),

we have using Lemma 5.28(ii) that Lh ® 1 : t/(A)' = T(h)* ® PF0* -* (7(A)* =

W(b)*®W* intertwines the representations (px(h), p2(h)) and (px(b), p2(b)).

Thus, by restriction,   LA ® 1   gives an isomorphism of  (U(h)*) M'   onto
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(U(b)*)Ku'  and an isomorphism of KexRh onto KexRb . Now if ô G &¡*,

to* G W*,

L'h(Rh(ô(h) ® to*)) = Rb o (Lh ® 1) o R~x o Rh(ô(h) ® to*).

But /Ç1 o Rh(ô(h) ® to*) = ¿(A) ® w* + u*h , where u*h e KexRh, so

(Lh ® 1) o R~x o Rh(â(h) ® to*) = ¿(A) ® to* + (IA ® l)(uh)

by Lemma 5.28(i). Now

L'h(Rh(S(h)®w'))=Rb(ô(b)®w*)

since (LA ® l)(u*h) e KexRb .   Q.E.D.

Theorem 5.32. There is a finite open cover f} of cfj satisfying the following.

For each J e f¡ there are <p'p e ^¡(M' : t, : t2) , Sp e End^ , (WQ), 6pq e &*,

and to* eW*, 1 < p < s, 1 < q < tp, so that for all h e J

(i) {SpF(<p'p : h)}'M is a basis for y (A/' : W0 : A) ;

(ii) {Rh(lZqSpq(h)®w*pq)}sp=x isabasisfor<9>(M':W0:h)*.

Proof. Fix A' G Q7. By Lemma 5.19 there are a neighborhood f of A' in tfl

and <p'p e ^(M1 : t, : x2), Sp e Endv (WQ), so that {Fp(h) = SpF(<p'p : h)}sp=x

is a basis for y (A) = y(A/' : W0: A) for all h e f. Pick ôpq e &¡*,

w*pqeW* so that {u*p(h') = RhA2ZqSpq(h')®w*pq)}sp=x is a basis for y (A')* =

y (A/' : PFq : A')*. For A G /, let M(h) be the s x s matrix with entries

mpq(h) = (w*(A), F^(A)) G C. It is proved in (8.4) that A h-> detAf(A) is a

smooth function of h ecf¡. Now {w*(A)}^=, will be a basis for 5^(h)* for all

A G J' such that det A/(A) =¡¿ 0. Since det Ai(A') ̂  0, there is a neighborhood

J ç j' of h' so that detAf(A) ^ 0 for all h e J. (In fact, we can assume

that det Af(A) is bounded away from zero in J .) Now for h e J , {F (A)}*

is a basis for y(A) and {u*p(h)}p=x is a basis for y(A)*. Now since Q, is

compact, we can find a finite open cover ^ of Q; so that for each 7e^ we

have consistent bases for both y(A) and y (A)*, A g J . Let Jj = {aJx(J) :

J e fj}. As in Lemma 5.26, for A G aj (A), b e J, if {Fp(A)} is a basis

for y(A), then {(F^)_1(Fp(A)) = Fp(A)} is a basis for y(A). Further, by

Lemma 5.31, if {u*(b)} is a basis for y(A)*, then {(L'h)~x(u*(b)) = u*(h)}

is a basis for y(A)*. Thus consistent bases in / give consistent bases in

a~xX(J).   Q.E.D.

Now for each q>' e &,(M' : xx : x2), by (5.21) there are (p'q e 9~(M' : xx : x2)

and rational functions r with no poles in cl(ef7) so that <p'(h) = J2qr (h)<p'(h)

for all A G cl(^). Thus by (5.12), F(<p' : A) = \Zqrq(h)F(<p'q : A) for all
A G cl(cfj).  Thus we can express the families used to form consistent bases
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for y(A/' : w0 : h) in Theorem 5.32 in terms of families SF(<p' : A), Se

End^. ,(Wq) , $?' G y (Ai' : t, : x2). Finally, in order to relate these families to

the families F g y (A/* : PF), we need the following.

Proposition 5.33. Let tp' e y (A/7 : t, : x2), Se End,, ,(W0).  FAe« there is
M

F g y(A/f : PF) so íAaí F(A)|Mo op = SF(ç>' : AM(A)) for all A G cl(2).

Proof. Write /(A): y(A/f : W : A) -► y (A/' : ^0 : AM(A)) for the iso-

morphism given in Lemmas 5.9 and 5.10 so that 1(h)F = F\Mo op for all

F g y (A/t : W : h). For all Ago*., zm° e ZM(M°) ■ M ° = A/+, we can

define F(A : zm ) =' t, h(z)SF(tp' : hM(h) : m), where p(m') = m . By

Lemma 5.13, F(ç>') G C°°((oA//)*: x A/') and is holomorphic as a function of

A G (oM')c- For A G (t>M)*c, F(tp' : h) factors through A/'/Kerp = Af° to

give a smooth map from (oM)*: x M —> WQ which is holomorphic in A . Thus

F G C^fuJ, x AF : W) and is holomorphic on o^. Further, for A G cl(2),

SF(cp' : hM(h)) e y(A/' : W0 : hM(h)), so I(hyxSF((p' : hM(h)) = F(h) e

y(Af :W : h). It remains to check that F satisfies the growth estimate (iii)

of (5.2).

Let x = kxak2 e M , where kx,k2e K'M, a e cl(A^) ■ Then for Dx, D2e

%(m), there are C > 0 and finitely many Dn D'¡ e^(m) so that

\\F(h:DXíx-,D2)\\<C\e\kxk2)\YJ\\F(h:Di\a-,D'¡)\\.
i

Now \eh(kxk2)\ < elh'la>,{x) for all he3c. Now for a e cl(A+M) we can write

||F(A : Di( a ; D't)\\ = \\SF(ç : hM(h) : DiC a ; D;')||

iWSWJF&'-.huW-.Dila'iD'jW,

where p(a) - a. Now by [9, 5.12, 9.8] applied to F(tp'), there are C, r > 0

so that

\\F(<p' : hM(h) : /),.< a ; D\)\\ <C(l + \hM(h)\)r(l + d'(hM(h))-X)rEMAa),

where d' denotes the distance from the boundary of 3>M,. But "EM,(a) =

EM(x) and there are constants ci so that |AM(A)| < c,|A| and d'(hM(h)) >

c2d(h) for all A G 3.   Q.E.D.

6. Growth estimates for ^Ah : v), f e ^(G)

In this section we will study the spherical functions of matrix coefficients,

*Fy(A : v), corresponding to / G ^(G) as in (4.4). The main result of this

section is the following.
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Theorem 6.1. Let f G &{G).   Then (h,v,m) -* *¥f(h : v : m) is jointly

smooth on cl(3)x^xM^. For every polynomial coefficient differential operator

D on it* xy there are q >0 anda continuousseminorm p on ^(G) so that

sup       HI' (A : v ; D : m)\\ < (1 + à(m))95^x(m)p(f)
(A,i/)eci(^)x^

forallmeM\ feW(G).

For any finite-dimensional real vector space E, let D(E) denote the constant

coefficient differential operators on F and let P(E) denote the polynomial

coefficient differential operators on E.

Let pt h denote the highest weight of xl■ h , i = 1,2 .

Lemma 6.2. Let D e D(ix>*). Then there exist n > 0 and ca e 2~(t) so that for

all m>0, feW(G), xeG,

F(h-D:x) = J2(n + l)(-l)P+n(l + \\ßx,h + PK\

fit     t\       m(n+l—p).     x
x F(A; D : co \ x)

=±(n+piy-ir»(i+\\p2Ji+pKfy

x F(h; D: x; co ).

Proof. Only the first formula will be proved. Since

F(A : kx) =  T, h(k)F(h : x)

for all k e K, for all z G Z(ï), F(h : z\ x) = x(h : z)F(h : x), where x(h : z)

is a smooth function of A . Now if D has total degree n ,

F(h;D:(z-x(h:z))n+x-x) = 0.

Now pick œ = I + \\pK\\2 + QK , where ilK is the Casimir element in J2"(i).

Then x(h : oj) - I + \\px h + pK\\2. For any m > 0 take z = of1 to obtain

"ft(ny)(-l)p(l + \\px^ + pK\\2)mPF(h-,D:co'n{n+X-p)lx) = 0.

Now solve for F(h;D : x) which occurs in the term corresponding to p =

n + 1.   Q.E.D.

Lemma 6.3. Pick t0 so that fz(l+av(z))~to dz < oo. Then for any t>0 there

is a constant C so that

L(l+(TF(z))i(l+(TF(xz)) ' hdz<C(l + av(x))1  for all x eG.
'z

Proof. Let cov be a compact subset of V so that œv maps onto V/Z under

the canonical projection.  Fix x e G and write x = vy, where v e V and
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y G A^expp.   Then av(xz) = av(vz).   Pick z, g Z so that vzx e cov

Changing variables, z ^> zzx,

f (l+ov(z))'(l+ov(xz))-l-l°dz
Jz

= I (I + av(zzx))'(l + rj^vz.z))-'-'0 dz

< (1 + av(zx))\\ + ov(vzx))t+t« I (1 + ov(z))-'o dz

since

and

Now

(\ + av(zzx))t <(I+av(zf))t(\ + av(z))t

t+'n
(l+av(vzxz))     l°<(l + ov(vzx)ri°(l+ov(z))

(l+ov(zx))l(l+ov(vzx))w°

< (1 + ff^t/z,))^ + ^(tT1))^ + ov(vzx))t+t°

<C(l + ov(v-x))t = C(l + av(x))

since oz, G œv .   Q.E.D.

For r > 0 and a finite subset S of ^(g) © ̂ (g) write

^,s(/) =    E   »ll/llr.»-.       /e*(G).
(A,6')€S

Lemma 6.4. Lei /) G Z>(ñ>*) . Fei bx, b2 e ^(g). Then there exist t > 0 and a

finite subset S of &(g) © ̂ (g) so that for all s>0, fe W(G), xeG,

sup\\F(h;D:bx-x;b2)\\<-E(x)(l+a(x)rs(l + av(x))'pt+t+sS(f),
A6ÍD* °       '

where t0 is as in Lemma 6.3.

Proof. For kx,k2eKx, by (4.2),

F(A : x)(kx : k2) = f(h : kx  xk2  )

= / ¿(t, a :y,)í5(T2 h :y2)f(yx lkx xxk2 xy2)dyxd(y2Z)
Jk/z Jk

= /      /     à(x*x h:k~xyx)8(x2 h:k2y2)g(h:y~xxy2)d(yxZ)d(y2Z),
Jk/z Jk/z

where g(h : x) = ¡zf(xz)((h : z)dz.   Here f(A) = C(0) ® eh is the Z-

character of both t, a and t2 a . Thus for D, A,, and A2 as in the lemma,
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there are finitely many D'¡, D'[, b\, b" so that

\\F(h;D:bxx;b2)\\=    sup   |F(A; D : bx< x; b2)(kx : k2)\
kx,k2eKx

< sup E /      \D'i(ô(T*i,n '■ Kly\)ôix2,h '• V2))
k¡ ,k2    (    J cDKxcaK

a,(y1)a|(y2)^(A ; D" : b\< y~x\y2 ; b"i)\dyx dy2,

where the ai, a\ are smooth functions on A"/Z and coK = Kx x cov , where

to v is a compact subset of V which maps onto V/Z under the canonical

projection. Now

maxsup    sup    \ai(yx)a\(y2)Di(è(x\ h : k~xyx)Ô(x2 h : k2y2))\ = C < oo.
!     a   y{.y^^K

Thus,

||f(A;Z):A1;x;A2)||<C(Volû)Jf)2E   S»P   \g{h; D" : b\\ y;xxy2; b")\.

But for all x ,

\g(h ; D" :b\\x; b")\ < j |C(A ; D" : z)\ \f(b\\ xz ; b")\ dz.

Now there are t and C depending on D so that |£(A; D" : z)\ < C(l + av(z))'

for all ('. Then for all s >0,

|s(A;/>;':A,';x;A;")|

<CxZ(x)b,\\f\\s+t+, „>■ I (l+av(z))t(l+d(xz))-t-t"-5dz.
1 °' ' Jz

But (1 + à(xz))~'~'°~s < C'(l + o(x))~'(l + av(xz)Yt~t" since d(xz) >

a(xz) = a(x) and cr(xz) > av(xz) for all z. Now by Lemma 6.3,

\g(h; D'l : bft x; b")\ < CZ(x)b,\\f\\s+t+loJ,,,(l + a(x))"(l + av(x))t.

But now, for all y,, y2 G a>K , E(y^'xy2) = E(x) and a(y~xxy2) - a(x). Fur-

ther, since wK is compact there is a constant c so that sup eo) av(yx xy2)

< c + ov(x). Thus there is a constant C0 so that

\\F(h;D:bx-x;b2)\\

<C0E(x)(l+a(x))-\l + ov(x))'J2b>\\f\\s+,+t0,br   QED-
i

Fix a 0-stable Cartan subgroup H —T x A of G and a parabolic subgroup

P = MAN corresponding to H. For / e ^(G), define G, as in (4.3a).
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Theorem 6.5. Let f e W(G). Then (h,v, m) -» G Ah : v : m) is jointly

smooth on iv* x y x M . Let D e P(it>* x y ) and let r > 0. Then there

are t > 0 and a continuous seminorm p on %?(G) so that for all m e Ar ,

feW(G),

sup      \\GAh : v ; D : m)\\ < (1 + a(m))~r(l + av(m))tEM(m)p(f).
(h,u)eiv'x9-

Proof. Write G Ah : ma) - ePp(a) fNF(h : man)dn so that Gy(A : v : m) —

JAe~w(a)GAh : ma) da. We know from [6, 5.3] that a i-> G Ah : ma) is a

Schwartz function on A for all h, m. There are q > 0 and finitely many

Z>; G D(ir>*), D] e D(F) so that

\\Gf(h:v;D:m)\\<(\ + \h\)q(l + \v\)qY, D" Je~"\a)Gf(h; D'i:ma)da

By abelian Fourier analysis on A there are s¡ > 0 and ui e y (a) depending

on q, D", so that for all h, m,

sup(l+|^|
1/6^

/)" / e w(a)Gf(h ; Z)| : ma) da

< sup(l +ff(fl)) '||G,(A; £; : u ' ma)||
a€A

< sup(l -r-cr^^El^'i0; M'/)l / \\F(n> D'i '• u"i< man)\\dn,
a€A ; Jv

where s = max{s;} and m'., u" e y (a). Now ^"(a; w^) = p (Uj)ep'(a), so

we have

sup      ||G/-(A : v; D : m)\\
{h,v)€iv'xF

sixp(l + \h\)q(l+o(a))sY,\Pp^])\e^(a) Í WF^-D'i-.u'r.man^dn.
a€A ;   , Jn

hein'

Pick m large enough that supA6(.0.(l+ |A|)9(1-i-||¿í2 h + Pk\\2)~m <°° and pick

œ G y(t) as in (6.2). Then for each / there is ni > 0 so that

(l + |A|)V(A;Z);:W;;ma«)||

^(HIAlfEfl'^ + lh^rfr^'1

x ||F(A; D\ : u'c man ; to

<CY,\\F{h;D'i:u"j-man;(om{n-+X-p))

p=0

m(n,.+l-p)\
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But using Lemma 6.4 there are t > 0 and a finite subset S of ^(g) © ̂ (g) so

that for all i, j, r> 0, 0 <p < nl-,

sup ||F(A ; D¡ : w. t man ; w v '        )||
Ae/o*

< E(man)(l + a(man))~r(l + av(man))'pt+to+rS(f).

Thus there are s,t>0, S Q %S(g) ©^(g) such that for all r, > 0

sup      ||Gy(A:i/;Z):/w)||
(h ,v)€i\>'xF

<Cpl+t+r s(f)sup(l+<r(a))sep>(a)
+ 0    " a€A

x / H(m<z/i)(l + er(man))_ri(l + av(man))'dn.
Jn

Now using [9, 2.12] av(man) < C + av(ma) + ov(n) <CX + C2av(m) for all

a, n since av(ma) - av(m) and snpn&Nav(n) < oo by [9, 2.13]. Further, by

[6, 5.2], there is d > 0 so that for any r > 0,

e"'(a) [ E(man)(l + a(man))~r{ dn < CEM(m)(l + a(m))~r(l + o(a))~s
Jn

for all rx > r + s + 2d. Thus for r, > r + s + 2d,

sup      \\GAh : v ; D : m)\\
(h,u)eit>*x9r

< Cpt+t^s(f)EM(m)(l + o(m))-r(l + av(m)Í.   Q.E.D.

Lemma 6.6 (J. A. Wolf). Suppose h e G belongs to a 6-stable Carian subgroup

of G. Then a(h) < o(yhy~x) for all y eG.

Proof. Let X = G/K. Then [13, Lemma 3.6] shows that A stabilizes a geodesic

of X which passes through the point x0 = 1 • K e G/K. The displacement

function S: X —> R given by S(x) - distance(x, hx) achieves its minimum

on the union of the A-invariant geodesies of X. (See the construction of

the flat strip between invariant geodesies in [14, Theorem 1].) But er(A) -

S(x0) and er(yAy_1) = distance(x0, yAy_1x0) = distance(y_1x0, Ay_1x0) =

S(y-Xx0).   Q.E.D.

Lemma 6.7 (J. A. Wolf). There is a constant C' > 0 so that

erK(expc;0expc;, ■ • ■ expc;„) < nC'   for all n > 1, c¡0, ... , t\n e p.

Proof. Suppose first that G is simply connected. Then it is sufficient to prove

the result when G is a vector group or is simple. If G is a vector group,

thenp = {0} so the result is trivial. If G is simple, then av - 0 unless G

is noncompact of hermitian type. For such G, the assertion is proved with

n = 1 in [8, 10.6 and 10.7]. The general case is proved by induction on n.

Assume it is true for some n > 1. Then if ¿;0, ... , ¿¡n, Çn+X e p we can

decompose exp¿;0 ■ • • expcjn = vkexpt] e V • Kx • expp and ||o|| < nC' by
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the induction hypothesis. Now expc;0 • ■ ■ expc;^ exp¿;íl+1 = vkv'k' expn', where

expnexpt;n+x -v'k'expt]' e F-A^-expp. By the case n = 1, \\v'\\ < C'.

Thus, <rK(expc;0• • • expífl+1) = ||W|| < ||v|| + \\v'\\ <(n+l)C'.

Now for general (connected) G, let p : G1 —> G denote the universal covering

group, A"' = p~'(A:). Then as in [9, 2.1], A"' = [K', K'] x U' x V', where

[K', A"'] is compact, U' and V' are vector groups, p maps V' isomorphically

onto V, and Kx = p([K', K1] x U1) is compact. Since U' x V1 is a direct

product, there is a constant C so that for all u e U' and v e V', \\v'\\ <

C||wV||. Thus for all x e G', av(p(x')) < Caxjl^v,(x). Thus the result for

G follows from the result for G'.   Q.E.D.

Lemma 6.8 (J. A. Wolf). There is a constant C > 0 such that for all x, y G G,

ov(x) <av(yxy~x) + C.

Proof. By [6, 4.2b], ov(kxk~ ) = av(x) for all k e K. Thus we may as well

assume that y = exp n , n e p . Write x - vk expc;, v e V , k e Kx, ¿;Gp.

Then

yxy~  — vkexp(Ad(vk)    n)expc;exp(-n) — vv'kk expn ,

where we decompose

exp(Ad(oA;)_ n) expc; exp(-n) = v'k' exp r\ e VKX exp(p).

Thus ov(yxy~x) - ||oo'|| > ||o|| - ||o'||, where ||u|| = erF(x) and ||o'|| =

crF(exp(Ad(t;Ä:)-1r/)expc;exp(-r/)) < 2C' by Lemma 6.7.   Q.E.D.

Combining Lemmas 6.6-6.8 we obtain the following.

Proposition 6.9 (J. A. Wolf). There is a constant C > 0 so that if A G G belongs

to a 6-stable Cartan subgroup of G, then d(h) < d(xhx)~x + C for all x e G.

Now for fixed X0 e AM 0, Xo e X(X0), and 2 e ^(XQ), we define

0(A/t : A), A G cl(^), as in (4.4), to be the characters of the correspond-

ing family of relative discrete series representations of M .

Lemma 6.10. Let D e D(ix>*). Then there are C, s > 0 so that for all y e M\

sup   |e(A/f :h;D:y)\< C|AM(y)f'(1 + ö(y))s.
heci(S)

Here AM denotes the Weyl denominator of the characters 0(A/t : A).

Proof. For y G M , write y = ymxm~ , where y e ZM(M ), m e M , and

x G HM, an 0-stable Cartan subgroup of M0.  Then, using the notation of

(9.1),

0(A/t:A:y) = (/o®eA)(7)A-1(x)   E   c(w : & : x)ec{w{X°+h»m (x).

wew„M
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Here c(to : f : x) = 0 unless \ec{w{X°+h"m(x)\ < 1. Thus there are C, s > 0

depending on D so that for all w e W„  ,
M

\D((Xo ® eA)(7)ec(UJ(Ao+A«W))(x))| <C(l + d(yx))s.

The constants c(w :W : x) are independent of A and there are only finitely

many possible values as y ranges over A/*. Thus there is C > 0 so that

|0(A/t:A;/):y)|<C|A-1(x)|(l+à(yx)r. But \AM(x)\ = \AM(y)\, and by

Proposition 6.9 there is a constant C so that (1 + o(yx))s < C(l + o(y))s.

Q.E.D.

Proof of Theorem 6.1. Recall that for all / G &(G),

VAh :v:m) = [A//Aff] /      ©(AT* : A : y)Gr(A : v : ym) d(yZ).
Jm^/z

Now given D e P(ix>* x 9~) there are finitely many £>¿ e P(ix>* x y), D'¡ e

D(i<o*) so that

D(G(M] : A : y)Gf(h : v : ym)) = Ee(^f : A5 D'i • y)Gf(h : v ; Dt : ym).
i

Pick a fundamental domain co for A^/Z on which erF is bounded. Then

\\Vf(h :v;D: m)\\ < [A//A/f]E / |Ö(^ : h; ü\ :y)\\Gf(h : v; Dr. ym)\\dy
(-     J (O

if we can justify differentiating under the integral. By Lemma 6.10 there are

C, j > 0 so that for all y G co, A, i,

|e(JI/f : A ; D\ : y)\ < C|AM(y)f'(1 + d(y))s < C\AM(y)\-\l + a(y))s

since a y is bounded on tt;. Now using Theorem 6.5, for all r > 0 there are t

and pr so that for all y G œ, me Mf, i, h, v, f,

\\Gf(h -.v-D,: ym)\\ <(l+ a(ym))~r(l + av(ym))tEM(ym)pr(f).

Now (1 + a(ym)Yr < (1 + <r(y))_r(l + a(m))r, and (1 + ay(ym))' <

C(l + Oy(m))' since av is bounded on w. Further, using [8, 10.12] there

are C, d > 0 so that SM(ym) < CSM(y)SM(m)_1(l + a(m))d . Thus for all

r > 0 there is /¿r so that

|0(A/t:A;D;:y)|||G/(A:i/;JD;.:ym)||

< /ir(/)SM(y)|AM(y)f1(l + cr(y)rr(l + o(m))r+d(l + av(m))'EM(myx.

But by [6, 2.15] there is r > 0 large enough that

/,
(1 + er(y)r-r5M(y)|Ajl/(y)rI d(yZ) < oo.

Afl/Z
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Thus we see that *F, is smooth and that we can differentiate inside the integral

to obtain the inequality

\\Vf(h :v;D: m)\\ < Cpr(f)(l + a(m))r+d(l + a^m^E^mf1

for r sufficiently large.   Q.E.D.

7. Growth estimates for *Fy(A : v), f e ^H(G)

In §6 we obtained an estimate for *¥, which is valid for any / g ^(G). In

this section we will prove a stronger estimate when / e %>H(G) = {/ G &(G) :

f = fH} . Here fH is defined as in (3.1b). Thus WH(G) is the space of Schwartz

class functions with Plancherel formula expansions involving only the series of

tempered representations corresponding to the Cartan subgroup H.

For A G 2 c ixi*, define

(7.1) d(h) : The Euclidean distance from A to the boundary of 3.

Theorem 7.2. For every s > 0 and every polynomial coefficient differential oper-

ator D on iD*xy, there are t > 0 and a continuous seminorm p on f e &(G)

so that

sup     (1 + d(h)-x)s\\VAh :v;D: m)\\ < (1 + <J(m))'EM(m)-xp(f)

for all feWH(G), m e AT*.

Recall for any / G W(G) we have defined Gf(h : v) e W(M*/Z, ¿"(A) : W)

for all (A, v) e h* x y. Let °W(M]/Z, Ç(A) : W) denote the space of

cusp forms in W(M /Z, Ç(h) : W). It is defined as follows. For any F g

W(M]/Z , C(A) : W) and parabolic subgroup *Q = *M*A*N of M], define

(7.3a) f'q(x)= f  F(xn)dn,       x e m\
J'N

Then

(7.3b)

°^(MX/Z , ¿J(A) : W) = {F G W(M^/Z , Ç(A) : W) : FQ = 0 for all x e m\

for all proper parabolic subgroups *Q of M } .

Lemma 7.4. Assume that f e %(G). Then Gf(h : v) e °W(M^¡Z : C(h) : W)

for all (h,v)e it* x y.

Proof. Let *Q = * M* A* N be a proper parabolic subgroup of M . Then *Q =

Q n AF , where Q — MqAqNq is a parabolic subgroup of G with * M =

MQ n A/*, Aq = * A • A , and NQ — *N-N. To show G^(A : v) is a cusp form

on A/* we must show that GÄA : v : m) = f.N G Ah : v : mn) dn -0 for all

(A, v, m) e it)* x y x AT .
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Using [6, 5.2], (A, v) h-> Gyö(A : v : m) is jointly smooth on ñ>* x y x AT .

Thus it is enough to show it is zero on the dense set of A for which F(h : x)

factors through a group of Harish-Chandra class. But there, using [3, 27.1],

F(A) is a sum of wave packets coming from the //-series of representations,

and using [3, 20.2], Fe(A : ma) = 0 for all (m, a) e AT* x A since dimAQ >

dim A. Thus

GQ(h:v:m)= [    [ e(iv+p>)(Xo%a) f F(h: mann*) dn da dn*
J'nJa Jn

=  Í e(iv+p>)(Xo%a)FQ(h : ma) da = 0   for all (v, m) e y x A/f.

Q.E.D.
Now fix parameters X0 e AM 0 and Xo e X(XQ) as in (3.2). For each 3 e

^(Xq) define e(2) = signV[ae^+(a, X0 +hM(h)), where h e 3.   For any

A G cl(3) let 0(A/t : h:3) denote the character of the corresponding relative

discrete series representation or limit of relative discrete series representation

from 3 . Now for any A G zt>* we define

(7.5a) 0(A/t : A) = [D(h)]~x   E   e(3)S(Mf : h : 3),
9¡<íD(h)

where D(h) = {3 e W(X0) : A e cl(3)}. For / e %(G) set

(7.5b)

^(A : v : m) =      [ (a, X0 + AM(A))[A//A/f]0(A/+ : A : R(m)Gf(h : v))

ae*;

= [D(h)fx l[(a,X0 + hM(h))
ae*M

E   *¥f(h :3:v:m),
3ieD(h)

where ¥ Ah : 3 : v : m) is defined as in (4.4) from 0(A/t : h : 3). Write

(it,*)' = {he 10* : nae*+M(<*> WW> * °} . ('«»*)' = 0'O\0'O' • Similarly,
we define (ix>*M)', (ix>*M)s, (w*M,)', and (i'd^.)* .

Lemma 7.6. Suppose f e WH(G). Then Vf e C°°(/o* x&xM] :W). Further:

(i) ¥f(h : v) e y(A/f : W : A) for all h e (iv*)', v e&;

(ii) ^(A : v) = 0 /or a// A G (íV; , ^ G y.

Frao/. As in Theorem 6.5, G, e C°°(/d* x9~ xM^ :W). Further, since each

Gf(h : v) e °f (A/f/Z, Ç(A) : W) by Lemma 7.4, we see as in [8, 10.9] that

0(A/f : A : R(m)G Ah :v))= f      0(A/+ : A : y)Gr(A : v : ym) d(yZ),
1 Jmt/z j

where F is a relatively compact Cartan subgroup of M and M = {xtx :

x e M],  t e T'}.   As in [8, 10.10], 0(A/+ : A : y) is jointly smooth for
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(y, A) G MTxix>*. It satisfies the same estimates as the 0(Af* : A : y) in Lemma

6.10. Now using the estimates of the proof of Theorem 6.1, we conclude that

0(A/f : A : R(m)Gf(h : v)) is jointly smooth for (A, v , m) e z'o* x y x A/f.

Now clearly ^ is jointly smooth and satisfies (ii). It also satisfies (i) since for

A G (it)*)' it is a constant multiple of *Fy(A : v).   Q.E.D.

Theorem 7.7. Suppose ¥ e C°°(z'o* x y x A/t : W) satisfies

(i) V(h : v) e S*(M] :W:h) for all A g (it>*)', v e y ;
(ii) ¥(A : v) = 0 for all A g (it>*)s, v e y.

Then for any D e D(it>* x y), ¥(h:v;D) = 0 for all A G (it>*)s, ve9~.

We will prove the theorem by reducing it to a result on A/', the universal

covering group of M .We use the notation of §5. Thus corresponding to each

3 e ^(X0) we have chambers 3M ç it>*M and 3M, ç it>*M,, and the spaces

y(AF° :W0:h) and y(A/' : WQ : A) are defined as in (5.8) for A G cl(3M)

or cl(^M/) respectively.

Lemma 7.8. Let E ç it>*M, be any subspace of it>*M>. Suppose

¥ G C°°(E x M' : W0)

satisfies

(i) ¥(A) G y (M' :W0:h) for all he En (it>*M,)' ;
(ii) ¥(A) = 0 for all he En (it>*M,)s.

Then given any D e D(E), V(h0 ; D) = 0 /or a// A0 G F n (z'o*^)*.

Proof. Fix A0 G F n (zo^«)* and a G O^ so that (X0 + h0, a) = 0. As in

[9, 4.6] we decompose m = m0 © • • ©m/, where m0 is abelian and the m( are

simple ideals, and oM- = o0 © • • • © t>t, where o; = t>M, n ml,, 0 < i < í. Since

A0 G AM 0 , the family {X0 + A : A G zo*^} is generically regular. Thus a is not

orthogonal to iv*Mi, so that a is a root of a simple ideal m for which o ^ {0} .

Thus m   must be a noncompact factor of hermitian type, and dim o . = 1.

Let Pj : iv*M> — (Oq © • • ■ © it* —» /o* denote the projection map. Since a is a

root of m,, (X0 + A, a) - (X0 +Pj(h), a) for all A G it>*M,. Suppose p (A) = 0

for all h e E . Then (A0 + A, a) = (XQ, a) = (A0 + A0, a) = 0 for all A G E, so

by assumption ¥(A) = 0 for all A G E. Thus Z)V(A) = 0 for all D e D(E),
h e E. Thus we may as well assume that p : E -> zo* is not identically zero,

hence is surjective.

Now we can decompose E — E' © E" , where F" is E n Ker p. and F'

is the orthogonal complement of E". Further, we can define a linear map

(p: it)* —► E' ç E so that p; o<p is the identity on z'o* and ^on. is the identity

on E'. Every D e D(E) is a finite sum of products D'd" , where D' e D(E')

and /)" G D(E"). Thus it is enough to prove the result when D — D'd" . Fix

D" e D(E"), A" G E", and x e M" = f\w A/.. Then for hj e z'o*, x} e A/,.,
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define xVj(hj : xj) = (Z>"^)(^(A;) + A" : x¿x). Then ¥; G C°°(it>* x Mj) and

satisfies the hypotheses of the lemma for the simple group M'.. By [8, 11.11],

DjyVj(hj : Xj) = 0 for all Xj e Mj, Dj e D(it>*) if (XQJ + hj,a) = 0. Now

for any ti e D(E') there is Z>;. G D(it>*) so that for all A' G É and Xj G Mj,

(D'D',x¥)(h' + h" : XjX) = (Dj¥))(pj(h') : Xj). Further, if (X0 + h' + h",a) = 0,

then (XQ j +Pj(h'), a) = 0, so that

(D'D"V)(ti + A" : XjX) = (D/¥j)(pj(h') : xj) = 0.   Q.E.D.

Lemma 7.9. Suppose *¥ e C°°(iX)*M x M° : W) satisfies

(i) ¥(A) G y(A/° :W0:h) for all A G (it>*J ;
(ii) V(h) = 0forall he(h*M)s.

Then given any D e D(it>*M), ¥(A0 ; D) = 0 for all A0 G (it>*M)s.

Proof. Let F = it>*M ç it>*M,. Define ¥': F x A/' -► W0 by ^'(A : m') =

*F(A : p(m')). Then *¥' e C°°(E x M' : WQ) satisfies the hypotheses for Lemma

7.8 by Lemma 5.10.   Q.E.D.

Proof of Theorem 1.1. Decompose z'o* — KerAM © (p(ix>*M), where <p: it>*M

-» z'o* is an injection such that hM o tp is the identity on z'oj^. Every D e

D(it>* x y) can be written as a finite sum of products DxD2Dv , where Dx e

D(<p(it)*M)), D2 e D(KexhM), and Dv e D(&~). Thus it is enough to assume

D = DxD2Dv . Fix D2 G D(Ker hM), Dv e D(&~), h2 e KexhM , and v e &,

and for hx e it>*M, m° e M°, define »^(A, : m°) = (D2DuV)((p(hx) + h2 :

v : m°). Then »F0 G C°°(it>*M x M° : W0). Further, for all A, G it>*M,

(A2, v) >-> ̂ (^(Aj) + A2 : v)\Mo is a smooth y(Af° : W0 : A)-valued func-

tion on KexhM x y. Thus ¥>(hx) e S"(M° : WQ : A,) for all A, G it>*M.

Further, for hx e it>*M and a e O^ ,

(X0 + hx,a) = (X0 + hM(<p(hx) + h2), a)   for all A2 G Ker hM.

Thus, <p(hx) + h2 e (iti*)s if and only if A, G (zo^)*. Thus, if hx e (it>*M)s,

then ^(^(A,) + A2 : v) = 0 for all v e y, A2 G KerA^ by hypothesis (ii).

Thus,

¥°(A, : m°) = D2D^((p(hx) + h2:v:m°) = 0   for all m° e M°.

Then by Lemma 7.9, /^(A,) = 0 for all D e D(it>*M). But given Dx e

D(<p(it)*M)) there is D[ e D(it>*M) so that

(DxD2DvV)((p(hx) + h2:v:m°) = Z)¡^°(A, : rn) = 0

for tp(hx) + h2 e (z'o*)*. Thus we have proved that given D e D(it>* x y),

(DV)(h : v : m°) = 0 for all (h,v,m°) e (z'o*)5 x y x M°. But now

for arbitrary m e M ,  m = zm  , where z G ZM(M ), m   e M .  Then



46 R. A. HERB

»F(A : v : m) = 'xxh(zyV(h : v : m0) and so there are Di e D(it>*), D\ e

D(it>* x y), so that

DV(h :v:m) = ElA \ th(z)]D'j¥(h : v : m°).
i

Now /rF(A : v : m) = 0 since each D'*¥(h : v : m°) = 0 if A g (z'o*)*.   Q.E.D.

Corollary 7.10. Suppose f e %H(G). Then for any D e D(it>* x y),

^(A :v;D:m) = Oforall(h,v,m)e (z'o*)* x y x A/f.

Let F be a convex open region in RxR" so that in x e R, y G R" with

(x, y) G cl(F), then (tx, y) e cl(F) for ail 0 < / < 1. Let W be a finite-

dimensional vector space. Write Dx = d/dx.

Lemma 7.11. Let f e C°°(cl(F) : W) such that Df(0,y) = 0 for ail y G R"
such that (0, y) G cl(F), D e D(R x R").  Fix D0 e P(R x R").   Then for

every k>0, there is gk e C°°(cl(F) : W) such that D0f(x, y) = xkgk(x, y),

(x,y)eE, and \gk(x,y)\ < sup0<r<¡ \DkD0f(tx, y)\.

Proof. Since DQf inherits the properties required of /, it is enough to prove

the conclusion when D0 = 1. Fix k > 0. For (x, y) e cl(E), define

hx(x,y) e ¡¡(Dkf)(tx,y)dt. Clearly hx e C°°(d(E) : W) and |A,(x,y)| <

suPo<í<i \Dxf(tx>y)\- Further, A,(0,y) = 0 and if x # 0, hx(x, y) =

x~xDk~x f(x, y). Thus xhx = Dk~xf for all x .

Let 1 < j < k and assume that we have defined A  G C°°(cl(F) : W) so that

A ,(0, y) = 0, xjhj = Dk~jf for all x, and \hjx, y)\ < sup^, \Dkf(tx ,y)\.

Then we define hj+x(x, y) = ¡x tjhjtx, y)dt. Then hj+x e C°°(d(E) : W)

and

\h¡+x(x,y)\< sup \tj hjtx, y)\ < sup \Dkf(tx, y)\.
J 0<K1 J 0<i<l

Also hj+x(0, y) = 0 and if x ¿ 0,

*;+, (x, y) = / Víj[^l it = X-^D^> >nx, „.
J U V" ^ /

Thus xJ+1A +1 = Dx~^+X) for all x . Thus by induction we have A , 1 < j < k .

Now set gk = hk.   Q.E.D.

Lemma 7.12. Lei j > 0 a«</ Z)0 g F(z'o* x y). Then there is a finite subset

S cP(it>* xy) so that

sup     (l+í/(A)-1)í||F(A:I/;/)0)||<2*E      SUP      \\F(h:u; D')\\

for every F e C°°(cl(3)x& : W) satisfying (DF)(h :v) = 0 for all h e (it>*)s,

veF, DeD(it)* xy).
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Proof. For each a e ®+M, let ßfa = {h e z'o* : (X0 + hM(h), a) = 0}. Then

bdxy3 = cl(3) \ 3 = \Ja(JT n cl(3)). Let <D' = {a e <&+M : ¿F n c\(&) is

a boundary component of maximal dimension}. For each a e O', let da(h)

denote the distance from A to ¿F and let 3a = {h e 3 : da(h) = d(h)}.

Then 3 = M 3 .

Now

sup     (l+^Ar'^IIFiA:^;/))!!
(h,v)e2lxSr

<E      sup     (l+rfiAr1)'»^:!/;/))!!.

Fix a G $' and decompose ^a = ^ U ̂ ', where 3'a = {he3a: da(h) <

1} and 3'j = {A G ̂ Q: rfa(A) > 1}. Then for A G ̂ ' (1 + úfJA)-1)* <

2sda(h)~s and for A g 3j, (I + da(h)~xj < 2s. We can choose coordinates

A = (ha, h'a,v) g z'o* x y so that da(h) = |AJ and %?a is the hyperplane

A = 0. Let F = (S^)0 x y, where (^')° denotes the interior of 3'. Then

F satisfies the conditions for Lemma 7.11. Let Z)a g Z)(z'o* x y) correspond

to d/dha . Then by Lemma 7.11, for all (A, v) = (ha, h'a, v) e E,

da(h)-s\\F(h:v;D)\\<   sup \\F(tha: h'a: v; DsaD)\\
0<K1

<    sup   \\F(h:v;DsaD)\\.
(A,i/)6£

Thus

sup     (l + da(h)-Xj\\F(h:v;D)\\
(í.i/je^xy

^i
<T      sup      \\F(h:v;D)\\ + r      sup      ||F(A : v; D'aD)\\

(h,v)&9¡"x9- (h.v^SlxSf

<2S sup      \\F(h:v;D)\\+      sup      ||F(A : v; DsaD)\\
(h,v)e3lx9' (h,v)<è.9Sx&

Q.E.D.

Lemma 7.13. Let f G %(G). Then for any D e D(it>* x y),

DVj-^ :v:m) = 0  for all (v, m) G y x A/+, A0 G cl(^) n (z'o*)*.

Proof. Recall (7.5b) for A e 3, ^(A : v : m) = P(h)~xVf(h : v : m), where

F(A) = e(3) Y\ae<t>+ (a,X0 + hM(h)). Let D e D(it>* x y). Then there are

Dt e P(it>* x y) and k¿ > 0 so that

Vf(h : v;D: m) = E P(h)~k,Vf(h :v;Di:m).
i

We use the notation of the proof of Lemma 7.12. Let A0 G zl(3) n (z'o*)* and

pick a G O' so that (A0 + AM(A), a) = 0. Then we can find {hn}°^= x in D1  so
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that lim^^ hn = h0. Since, by Theorem 6.1, Vf e Cco(d(3) x y x M]), it

follows that

¥,(An :v;D:m)= lim V Ah  :v;D:m).
J     u n-*oo     J     "

Now there are constants C > 0, s > 0 so that |F(A)|_1 < Cda(h)~s for all

A G 3 . Thus for all A G ̂  ,

||F(A)-"'4'/(A : v ; Z). : m)|| < Cda(h)~sk^ f(h :v;Dt: m)\\

<C sup \fíff(tha:h'a:v,Dsk'Di:m)\\,
0<Í<1        J

where we use the coordinates h = (ha, h'j). Now if (ha, h'a) —> hQ = (0, h'a 0),

sup \\Vf(tha : h'a : z,; />*>,. : m)\\ - 1)^(0 : h'a 0 :v;Dsk'Di : m)\\ = 0.
0<i<l

Q.E.D.

Proof of Theorem 7.2. Let 5 > 0, D e P(it>* x y). Then for any / G %(G)

and m e M , (A, i/) —► "V Ah : v : m) satisfies the hypotheses for Lemma 7.12

by Theorem 6.1 and Lemma 7.13. Thus there is a finite subset S ç F(z'o* x y)

so that

■IxiiiiT.    ,1 ^ ,,,    ,    T^ hit«    /l y-.'
m)sup     (l+d(h) xj\\xVAh:v\D:m)\\< E      sup     \\VAh : v; />' :

{h,v)e3'x&' y jj-?s(h,v)€3xS>-

for all / G ̂ (G), m G A/f. Now use Theorem 6.1 for each D1 e S.   Q.E.D.

8. Expansion of WAh : v) in terms of holomorphic families

In [9, §7] we defined a Schwartz space ?(5xF) as follows. Let F(z'o* xy)

denote the set of all polynomial coefficient differential operators on z'o* x y.

For A G 3 , let ú?(A) denote the distance from A to the boundary of 3 . Then

(8.1a)

<g(3 x y) = {a e C°°(cl(3) x y) : ||a||D   = sup (1 + d(h)  Xj\Da(h : v)\
SxP

< oo for all t > 0, De F(z'o* x y)}.

We topologize W(3 x y) via the seminorms || ||D t. It is the space of smooth

functions on cl(3) x y which, together with all their derivatives, are rapidly

decreasing at infinity and have zeros of infinite order along the walls of 3 . We

also define

(8.1b) W(& x y)  ={ae C°°(cl(3f) x y) : \\a\\D 0 = sup |£>a(A : v)\
Sx?

< oo for all D e F(zo* x^)}.

Thus functions in ^(3 xy)0 have rapid decay at infinity but are not required

to vanish along the walls of 2 .
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In this section we will use the consistent bases for y (M1 : W0 : h) and

y(A/' : WQ : A)* given in Theorem 5.32 and the estimates for ¥. given in

Theorems 6.1 and 7.2 to prove the following theorem. Define y (Ar : W) the

space of holomorphic families of AJ^-spherical functions as in (5.2).

Theorem 8.2. There is a finite subset {Fp} of\9*(M^ :W) satisfying the follow-

ing. For any f e ff(G) there are {ap} in ff(3 x y)0 so that *¥f(h : v) =

\Zpap(h : v)Fp(h) for all (A, v) e cl(3) x y. Moreover, if f e ffH(G), we

can choose the a   e ff(3 x y ).

Theorem 8.2 has the following important consequence. For each family F e

y (M : W) we can define a family E(P : F : h : v : x) of Eisenstein integrals

as in (4.5) using F(A) instead of *¥ Ah : v). Now combining Theorem 8.2 with

formula (4.8) we obtain

Theorem 8.3. Let f e W(G). Then there are finitely many Fi in y(A/f : W)

and ctj G ff (3 x y)0 so that

F(h:v:x) = J2aÁh '■ V)E(P -Fi-h:v:x)
i

for all (h, v, x) e cl(3) x yxG. Moreover, if f e ffH(G) we can choose the

a¡ in ff(3 x y).

The remainder of this section is devoted to the proof of Theorem 8.2. We

use the notation of §5. Fix a subset / ç {1, ... , k} and define cf¡ as in (5.20).

Now fix an open set f ç cf; on which we have consistent bases {F (A')}* = 1

for y(A/' : WQ : A') and {u*q(hj}sq=x for y(A/' : W0 : A')*, tí G /', as in

Theorem 5.32. Let J = {h e cl(3) : hM(h) e f} . Then for any / g ff (G),

¥f(h : v) = Vf(h : v)\M« oPe^(M' : WQ : hM(h)),

so there are a : J x &~ —» C so that

(8.4a) V'f(h:v) = J2ap(h:^Fp(hMW)>        (h,v)eJx^.
p

For each h' e f , let M (tí) denote the sxs matrix with entries m (tí) =

(u*p(tí), Fq(h')). For tí e f, detM(tí) ¿ 0 so M (tí) has an inverse A(A')

with entries n   (tí). Now we can recover the coefficients a   in (8.4a) as

(8.4b) ap(h :v) = J2 npq(hM(h))(u*q(hM(h)), ^(A : v)).

We first study the properties of the functions tí —> npq(h'), h! e f .

Lemma 8.5. For 1 <p,q<s, A -> npq(h) is a smooth function on f. For each

D g D(iti*M,), there are constants C,m>0 so that \npq(h ;D)\<C(l + \h\)m

for all he f .
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Proof. Since each F (A) is of the form SF(<p : A), Se End^ :(WQ), tp e
M

y^A/' : Tj : t2) , and u*(h) is a finite linear combination of terms

Rh(ô(h)®w*),       ôe^j ,weWJ,

each entry mpq(h) of M(h) is a finite linear combination of terms of the form

(6(h) ® to*, SF(tp : A)). Now as in the proof of Lemma 5.25, SF((p : A) is a

finite linear combination of terms of the form e (kb)(k • (p(h) • A) ® to , where

k, b e KM,, w e W0 . Thus mpq(h) is a finite linear combination of terms of

the form

e (kb)(S(h) ® to*, k ■ <p(h) • A ® to)

= eh(kb)(Ô(h),k-cp(h)-b)(w* ,w).

Decompose M = VQ x M'(I) x Y[ieI^i, it>*M' - it>*0 © it>* © £i6/ z'o* as in

Lemma 5.27, where o, = t>M, nm'(I). Then we can assume <p eS^ is a product,

<P [ K + h> + E hi: xox'Hxi I = eh°(xo)<p'(h> : x) n q>i(hi : x¡),
V (6/ ¡ei    J ¡6/

where <p' is a holomorphic family of matrix coefficients on M'(I) and each

(pi e9jj. Pick m eM'(I), yt. €&j ,., /'ei, so that

ô(h) = ô(m':Yl¥l:h\

Then for k = k0k'T\ki, b = A0A'fj A,- € KM,, A = A0 + tí + £A,. G it>*M

(¿(A), A • q>(h) • A) = eh°(kjxb0 x)<p'(h' : k'~xm'b'~x)

M' '

0    ^0

[ /       P«(A« : fc, '*A V/(A/ : *<) d(xiZi).

Thus,

x

TelJM,'zi

e\kb)(ô(h), k ■ <p(h) ■ b) = /(A') n^(A().
(6/

where /'(A') = e  (k'b')tp'(h' : k'~ mb'~x) is a holomorphic function of tí e

(it>j)*c, and for z G /,

/(A,) = /'(W /      P A : kjxxibjX)^lJi~Tx~)d(xiZi).
Jm,/z;

As in the proof of Lemma 5.23, <pi(h¡ : kjxx¡bjx) is a finite linear combina-

tion of terms of the form e '(k~xb~x)tp'j(hi : x;), where <p'¡ e^¡ ■. Thus, f¡(h¡)

is a finite linear combination of terms (^-(A,.), W¡(h¡))L ,M ,Z). Now using [8,

6.11, 6.16] this is a rational function of hi with no poles in 3i. Thus we have

proved that each mpq(h) is a finite linear combination of terms of the form
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f(hQ + tí + £¡G/ h¡) = /(tí) YlieI R^hj), where /' is holomorphic on (z'o,)*,,
and each F; is a rational function of A; with no poles in 3¡. In particular,

each mpq(h) is a smooth function of A G cl(^) and so each « (A) is smooth

as long as detA/(A) ^ 0, hence for h e f. Further, for any D e D(it>*M.),

there is k > 0 so that Dn   (A) is a finite linear combination of terms of the

form f' (h')Ylj Ri(ht)(detM(h))~ , where f and the Rl are as above. Note as

in Theorem 5.32 we can assume that /' was chosen so that | detM(h)\ > e > 0

on f . Further, f = z'o*, x J(I) x Yiie[2" , where cl(/(/)) ç z'o* is compact.

Thus \f(h')\ is bounded on cl(/'). Finally, each /?;(A¿) is of polynomial

growth on 3" and its poles are outside cl(2") ç 2¡. Thus Dn (h) satisfies

the required estimate.   Q.E.D.

As before, assume f ç cfl and J = {A g cl(ü?) : AM(A) e J'}.

Lemma 8.6. Let tp G C°°(7xyxA/') so that <p(h : v) e T(M' : t, : t2 : hM(h))

for all (h,v) e J x y and <p satisfies one of the following growth estimates:

For every r>0 and D e P(it>* x y), there are C, t > 0 so that

W ™P(h,»)eJ*rMh :v>D: m'^ ^ C(l + dM(p(m')))'EM(p(m'))-x for

all m G M' ;

(ii) sup{h„)€Jx3r(l + d(h)~xj\<p(h :v;D: m')\

<C(l+ dM(p(m'))JEM(p(m'))-x for all m' e M'.

Let ôe^j and set a(h:v) = (ô(hM(h)), <p(h : v)). Let D e P(it>* x y ) and

r>0. Then if tp satisfies (i), sup(A v)ç.J)<3r \a(h :v;D)\<oo and if (p satisfies

(ii), sup(A>„)€i/xy-(l +rf(A)"1)''|a(A:i/;Z))| <oo.

Proof. Suppose 3(h) = ö(m : Yl W¡) > m' e M'(I), y/¡ e ^ ¡•, i e I. Then

a(h:v)=l <p(h : v : 1 : m : J]x;) J] if/.(h, : x¡) \[d(xiZi),

where A; is the component of hM(h) in z'o*. Write the Cartan decomposition

A/, = A",. cl(^)A-; and K¡ = Z°K[K¡, K¡] in the notation of [8, 11.13]. Then as

in [8, 11.13],

a(h:v) = J<p(h:v:l:m': U(kiaM)j \\vi{hi:kiaik'i)D(ai)

x Y[ dai dki dki,
i

where we integrate over at e cl(^4;+),   k¡,k¡  e [Kt,K¡\,   i e I.    Thus,
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\a(h : v ; D)\ is bounded by a finite sum of terms of the form

D(at)j (p (h : v ; D' : 1 : m' : ü( W/)) II ^A "> Di: kiaM)

x J J dai dki dk[,

where D' e P(it>* xy) and Di eD(it>*), i el.

Assume z'o* = Rh¡ 0 is parametrized so that 2i = {th¡0 : t > 0}. Then

we can assume the decomposition 3{ - 2- U 2" in (5.20) was chosen so

that if b¡ is chosen as in [8, 11.13] 2" ç {thi0 : t > b,}. Now for A G J,

hM(h) G / ç (fr, so A. G 2" . Now as in [7, 5.2], for all hi e 2" ,

I^A : kiaik'i)\ ̂ C,(l + |A,|)"'(1 +a(al)fe-{^+b^-°)(K(ai)).

But assuming that tp satisfies (ii), there is t so that

sup     (l+d(h)'xj g>(h:v]D,:l:m':]lkiaik'M]l(l + \hl\)di

<c(i+àM(p(m'nMA')))'2M b^')]!^] •

But   since    w'    is   fixed   and    kj, k[    e    KM ,,   this   is   bounded   by

cn,(i+^K))'H-;K.).Thus

sup     (l+uf(A)_1)r|Q(A:zy;/))|
(A,¡v)e/xir

< C'H f     (l + a(al)f+'E-Mx(a,)D(al)e-^-+b'h-a)(K(ai))dai
>cl(A+

< 00

by [8, 11.3].  If <p satisfies (i), we do the same estimate, omitting the terms
(l+d(h)~x)r.   Q.E.D.

Lemma 8.7. Suppose ap : / x y —> C, 1 < p < s, are defined as in (8.4a). Then

for any r>0 and D e P(it>* x y),

(i) sup(Ai/)67x^ \ap(h : v; D)\ < oo if f e ff(G) ;

(ii) sup(Ai/)6_/x^(l+i/(A)-1)r|a/,(A:z.;/))|<oo if f effH(G).

Proof. Using (8.4b), there are D\ e D(it>*M.), D'[ e P(it>* x y) so that

ap(h :u,D) = Enpq(hM(h) ; D\)ßq(h : v ; D'¡),
i, d

where ßq(h : v) = (uq(hM(h)), V'f(h : v)). Now by (8.5) there are C, m > 0

so that

l»M(VA) i fl/)l ̂  C0 + l(^(A))l)m < C(l + |A|f
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for all p, q, i, A G J. The polynomial term can be combined with the D" , so

it suffices to show that

sup     \ß(h:v;D)\<oc   for all D e F(zo* x y ),   l<q<s,
(h,v)<iJx&

if / G ff (G), or that

sup    (l+d(h)~xj\ßq (h:v;D)\<oo
(h,v)ZJx?

if feff„(G).
But u*(hM(h)) is a finite linear combination of terms S(hM(h)) ® to*, ô e

y/ , to* g W*. Fix ô e y/ , w* e W* and let

ß(h:v) = (6(hM(h))®w* yf(h:v)).

Then

ß(h:v) = (S(hM(h)),^f(w* :h:v)),

where

V>'f(w* : A : (/) e ^(A/' :xx:x2: hM(h))

is defined by W'Aw* : h : v : m) = (to*, *Fy(A : v : m')),  (h,v, m) e

J x y x A/'. Now V'f(w*) g C°°(/ x y x M') and for all D e P(it>* x y),

\¥f(w* :h:v;D: m')\ < \\w*\\0\\V'f(h :v;D:mj\\

=   to lopllVVAh:v;D:p(m')

<\\w*\\op(l + ö(p(m'))9E-Mx(p(m'))p(f)

for all (A, v) e J x y, m e M', by Theorem 6.1 if / G ff (G). Thus V'f(w*)

satisfies estimate (i) of Lemma 8.6. Similarly, if / G ffH(G), we see using

Theorem 7.2 that ^(to*) satisfies estimate (ii) of Lemma 8.6. Thus using

Lemma 8.6, ß satisfies (i) if / G ff (G) and (ii) if / G ffH(G).   Q.E.D.

For each / ç {1, ... , k} , let ^ be the open cover of cf¡ given by Theorem

5.32. Let y = Ujjfj ■ It is a finite open cover of cl^^).

Lemma 8.8. There is a smooth partition of unity {ß(J)}J€y of cl(2M,) subor-

dinate to f so that for each Je/ and D e D(it¡*M,),

sup    \ß(J:h;D)\ <oo.
Aeci(ây)

Proof. For each 1 < i < k, let ß\, ß" e C°°(cl(3i)) satisfy

(i) supp/?,c ç 3' and supp/?" ç 3" ;

(ii) #(A,.) + ^"(A,.) - 1 for all A, G cl(^.) ;

(iii) 0 < ßc.(ht), ß*(ht) < 1 for all A,. G cl(^).
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Note if 3{ G D(it)i ), \ßi (hi ; D¡)\ is bounded on cl(3¡) since it is supported

in the compact set cl(3.), and \ß"(ht ; Dj\ is bounded on cl(^;) since it is

bounded on cl(3-) and is constant on cl(^;) \3- .

Now we obtain a smooth partition of unity for cl(3M,) subordinate to {(f¡}

by defining ßr(h) = Yl¡■ ¿ ¡ $A) Y[i&¡ ß"(ht), where A( denotes the component

of A in it>*, 1 < i < k . Further, for any D e D(it)*M>), \ßj(h ; D)\ is bounded

on cl(3M,).

Fix / ç {1, ... , k}. Each J e f¡ is of the form J = zo* x /(/) x \[ieI3" ,

where J(l) is an open subset of cl(^') x F],g ¡3- . Now {/(/) : J G fj\ is

an open cover of el(3') x fj,■ ¿ ¡ cl(3¡). Let {ß(J(I))} be a smooth partition

of unity of cl(2') x T[¿ a ¡3- subordinate to {/(/) : J G fj\ such that each

ß(J(I)) extends smoothly to cl(3') x F], ¿ / cl(i5?c). We obtain a partition of

unity of cfj = it>*0 x cl(3') x ff,. ¿ ¡3- x \[ieI3" subordinate to f¡ as follows.

If J = zo* x /(/) x Titeln > define ß(J '■ h) = hJ{I) ■ h') if tí is the

component of A in cl(3') xV[i€¡3. . For each D e D(it>*M,), \ß(J :h;D)\

is bounded on cf¡ since ß(J) extends smoothly to cl(i^) and depends only on

the component of A in the compact set cl(3') x F], ¿ ¡3¡ .

Combining the above we obtain a smooth partition of unity of cl(3M<) sub-

ordinate to y = \\f¡ by setting ß(J : A) = ßj(h)ß(J : A) if J G ft. Since the

derivatives of both ß} and ß(J) are bounded, so are those of ß(J).   Q.E.D.

Proof of Theorem 8.2. Let {ß(j')}j,e ~ be the partition of unity of cl(3M,)

given by Lemma 8.8. Thus for any / G ff (G) and (h, v) e cl(3) x y, we can

write

^f(h:v)= E ß(f:hM(h))V'f(h:v).
J'eS

For each f e f, let {Fp(f : A')}*=1 be a basis for y(A/' : WQ : A'),

tí e J', as in Theorem 5.32. Then for J = {he cl(3) : hM(h) e J'} , we have

as in (8.4a) ap(f) : J x y -» C so that

%(h : v) = ¿a,(/ : A : v)Fp(f : hM(h)),        (A, v) G / x y.

p=i

Combining the above we write for all (A , v) e el(3) x y,

"fy* : ") = EE^-7': A : v)K(J': **(*))>
j' p

hM(h))ap(f : h : v)    if hM(h) e f ,

if hM(h) if.

x y), a (J1 : h : v ; D) = 0 if h i J and there are



SCHWARTZ SPACE OF A GENERAL SEMISIMPLE LIE GROUP 55

D\ g D(i**M,), D'l e F(zo* x y) so that

\a'p(f : A : 1/ ; Z))| < E \ß(J' ■ hM(h) ; D'.)\ \ap(f :h:v; D[')\
i

if h e J. But each \ß(f : hM(h); D\)\ is bounded. Then using Lemma 8.7,

a'p(f) is in ff(3 x y)0 if / g ff (G) and is in ff(3 x y ) if / g ffH(G).

Fix f e f¡ ç y and 1 < p < s. Then there are <p' G ̂ ¡(M1 : xx : x2)

and S e End^ ((^0) so that F'(j') = SF(tp'). By (5.12) and (5.21), there are
M

finitely many q>' e y (Ai' : t, : x2) and rational functions rq with no poles

in cl(c?j) so that Fp(f : tí) = Eqrq(h')SF(<p'q : A'), tí e cf}. Further, by

Proposition 5.33 there are Fq = Fpq(f) e y(A/f : W) so that Fq(h)\Mo op =

SF(tp'q : hM(h)) for all A G cl(^). Thus,

a'p(f : A : v)F'p(f : hM(h)) = E %¿3' ■ h ■ ̂FP¿J' ■ A)U° °P) >
9

where a (f : h : v) = rq(hM(h))a'p(j' : A : v). Since rq is a rational function

with no poles in the support of a (f), a (f : A : v) is in ff(3 x y)0 if

/ G ff (G) and is in ff(3 x &) if f e ffH(G). Finally, since F -> F\Mo op is

a bijection between y(A/f : H^ : A) and y(A/' : WQ : hM(h)) for A G c\(2),

we have

^f(h:u) = J2EEaJJ' ■^■^p^' -h)
J'     P      9

for all (A , v) e cl(2) x y .   Q.E.D.

9. A character identity

In this section we will prove a generalization of Schmid's character identity

identifying the sum of two limits of discrete series with a reducible representa-

tion induced from a maximal parabolic subgroup. As a consequence of this basic

identity, we will derive character formulas which should give all the matching

conditions among the series of tempered representations which are necessary to

describe the dual of the Schwartz space.

Assume that G is a connected reductive group with rank G = rank A^. Let B

be a maximal relatively compact Cartan subgroup of G and let <I> = 0(gc, oc),

p the half-sum of positive roots in O, A = {X e ib* : X - p is integral}. Let ff

be a chamber of ib* with respect to O. Then every X e Ancl(^) corresponds

to a relative discrete series or limit of relative discrete series representation nx

of G with character 0(A) given roughly as follows (see [5, §2] for details).

Let H be a 6 -stable Cartan subgroup of G and let c be a Cay ley transform

with c(bc) = l)c. There is a subgroup WH of the Weyl group of <P so that

e "p) gives a well-defined character of H for to G WH, X e A. Now for

every to G WH and chamber ff there is a locally constant function c(w : ff)
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on //', the set of regular elements in H, so that for all X e Ancl(^), x G //',

(9.1) 0(A:x) = A(x)  '  E c(w:ff:x)e
c(wl)

X)

Here A is the Weyl denominator.

Now for any X e A and any chamber ff, X not necessarily in ff, we can

define the coherently continued relative discrete series character

(9.2) B(X:ff:x) = A(x)~x E c(w :ff : x)ec(wX)(x),       x e H'.

w£WH

Now let ß be a singular imaginary root in O which is simple for the ordering

of í> determining ff. Thus ff and s off axe separated only by the wall J^ =

{X e ib* : (X, ß) = 0} . (Here s„ denotes the reflection in ^ .) Let H - T xA

be the Cartan subgroup of G obtained by the Cayley transform c with respect

to ß and let P — MAN be a corresponding (maximal) cuspidal parabolic

subgroup. Then t = {// G b : ß(H) = 0} and o = exp(RcHl). Since dim o =

1, F ç B even though it need not be connected. Thus given A G A we obtain

data for a coherently continued induced character as follows. Let

(9.3a) K = x\i

and let ffK be the chamber of z't* with respect to Q>M = Q>(mc, tc) such that

t|, g ffK for all refu sß(ff). Define 0(A/° : Xt : fft) to be the coherently

continued relative discrete series character on M for Xi and ffi defined as

in (9.2). Note that we can choose an ordering <P+ for cp so that (a, ß) > 0

for all ae$+. Set <D^ = {ca : a e <D+, (a, ß) = 0}. Then p|t = pM,

where p is the half-sum over <P+ and pM is the half-sum over O^. Thus

X- p\t = Xt- pM . Now since T ç B , Xte AM = {X e it* : X - pM is integral}

if X G A. Further, ZM(M°) ç T ç B so we can define X e ZM(M°)~ by

(9-3b) X = ex-"\ZM(Moy

Now by the above, X\zo =ex~PM\z so ^®0(A/° : Xt : ff¡) defines a character

of A/f = ZM(M°)M° . For any v ea*c, let

(9.3c) e(P:X:Xl:ffi:v) = Ind^(x ® 0(A/° : Xt : ff,) ® ew ® 1).

Finally, define v(X) e a^ by

(9.3d) v(X) = -icX\a ,       AgAco*,.

Now Schmid's identity (when [G, G] has finite center) is

(9.4)       0(X:ff) + e(X:sßff) = e(P:x:Xi:ffi:v(X)),    all A € A [12].

We will generalize this identity to include derivatives along continuous families

of relative discrete series parameters.  In order to have nontrivial derivatives
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we assume that %?ß n zo* ^ zo*.  Then there will be elements A g zo* with

h(H*ß) j¿ 0. Fix any hx e zo* with

(9.5a) hx(H*ß) = l.

Then for any smooth function tp of A G zo* we can define the directional

derivative

(9.5b) Dß<p(h) = ± q>(h + £hx
i=o

Pick vxea   so that

(9.5c) (vx,cH*8) = l.

Then for any smooth function y of v e a* we define

(9.5d) Dßv¥(v)=^ V(v+&x]
i=o

Now let X0 e A and let X(h) - X0 + A, A e zo*, be the corresponding

continuous family of relative discrete series parameters for G. Define X{(h) =

X(h)\t and X(h) = em~p\z (A#0) as in (9.3). Note 9(A(A) : ̂ ) + 0(A(A) : s^)

is a smooth function of A G zo* and 0(F : X(h) : XXh) : ff{ : v) is a smooth

function of (A, v) e zo* x a^ .

Theorem 9.6. For any integer k > 0,

(Dßhf(d(X(h) : ff) + e(X(h) : sßff)) = (Dß ± z'r/)fc0(F : /(A) : At(A) :fft:0)

for all A G zo* with (X(h), ß) = 0.

Froo/. Write
Fj(A) = 0(A(A) : ff) + 0(X(h) : sßff)

and

G(h:v) = G(P:X(h):Xl(h):ffl:v).

Note that G(A : v) = G(h : -v) for all v e o* . As in [8, 3.2], F, and G

extend to holomorphic functions on o^ and o^ x a^ respectively. For Ago*,,

define v(h) — -icX(h)\a = -i(X(h), H*ß) • vx, where vx is defined as in (9.5c).

Set F2(A) = G(A : i^(A)). F2 is also a holomorphic function on o^. Schmid's

identity (9.4) says that Fj(A) = F2(A) for all A G zo* such that X(h) is a

discrete series parameter for a quotient G of G with [G, G] having finite

center. Such points are dense in zo* so Fx(h) = F2(h) for all Ago*,. Thus

for any k > 0, (D¡)kFx(h) = (D¡)kF2(h) for all Ago*. But for Ago* with

(X(h),ß) = 0, F2(h + Zhx) = G(h + Zhx,-i£,vx), since (X(h +ÍA,), //*.} = f .

Thus (Dßh)kF2(h) = (D¡ - iDß)kG(h : 0) for all A with (X(h), ß) = 0. Thus

(Dß)kFx(h) = (D¡ - iD¡)kG(h : 0) if (X(h), ß) = 0. Now since G(A : i/) is

even as a function of v , (Z)f + iDß)kG(h : 0) = (£>f - iDß)kG(h : 0).   Q.E.D.
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10. Matching conditions and the Plancherel function

We return to the notation of §§4-8. Fix ax, ... ,ake ff(2 x y ), Fx, ... ,

Fk e y(A/f : W), and write

k

(10.1a) <D(A : v : x) = Ea/(A : v)E(p '■ Fi■'■ h '• v '•x),

(10.1b) *(*)=/      ®(h:v:x)m(h:v)dhdv.
¡Sx?

The main results of [4, 9] say that O e ffH(G : W) if

(A , v) t-+ cp(A : v : x)m(h : v)

is jointly smooth on cl(2) x ^ .

In Theorem 10.22 we will prove a matching condition for the F(A : v),

f G ff(G). As a consequence, we prove in Theorem 10.24 that for / e ffH(G),

(A, v) i-> F(A : v : x)m(h : v) is jointly smooth. Thus using Theorem 8.3, the

wave packets

(10.1c) F(H:x)= [      F(h:v:x)m(h:v)dhdv

associated to f effH(G) are Schwartz.

We first review the explicit formulas for the Plancherel functions m(h : v).

Let 0+ denote a set of positive roots for O = cp(0c, b,Q), and let <&+R = {a e

0+ : a takes real values on t)}. For a e Q>R, let H* e a be dual to qv =

2a/(a, a) under the killing form. Let Xa , Ya be elements of the root spaces of

g , g respectively, so that 6(X ) = Y and [X ,Y] = H*. Write Z = X -

Ya and set ya = exp nZa . Then ya e ZM(M°). For v e y, write va = v(H*).

Let cp+ = {/? G 0+ : 0|B = m for c ¿ 0} and define pa = \ E^ ß(H*).

Let O^ = Ua6<D+ ®a ■ Finally f°r h e zo*, we write X(h) = X0 + hM(h) and

X(h) = Xq ® e  ■ Then for A G zo*, z/ g y, we define

co.2a) «.w-'-"*"^;^'-».   «»;,

(10.2b)

w> : ") =  TT (M) + »" . £> •      uSmh7riy° ,., ,        a G Ot
qV -11 v '   costil -e (A)

06*+ a qV    '
R '

;i0.2c) /n*(A:i/) = ] [ m*a(h:v)

ae%

;i0.2d) m(h:v)= (X(h) + iv , a) ■ m*R(h : v).
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Lemma 10.3. Let aiOj. If ya has finite order, then m*a is jointly smooth on

z'o*xy. If ya has infinite order, m*a is jointly smooth except possibly at points

(h0,v0), where z/Q(//*) = 0 and sa(h0) = 1.

Proof. Suppose ya has finite order. Since /(A) is a unitary character and

X(h : ya) depends continuously on A, x(h : yj) and hence eQ(A) must be

independent of A G zo*.

Now in either case, m* is jointly smooth except possibly at points (A0, v0)

with Vq(H*) = 0 and ea(A0) = 1, when the denominator is zero. But if ya has

finite order, then eQ(A) = 1, so

m*(h:v)=     TT    (X(h) + iv,ß). \sinh7"\
aX       '        íí    x v ' Hl   cosbnv - 1

is smooth.   Q.E.D.

Fix aeOj with ya of infinite order. Then a is a root of a simple factor gt

of g with G, simply connected, noncompact, and of hermitian type. From [5,

§1] we know that 0Ä(g,), the set of all real roots coming from g, , is of type

A[ x Cs for some r > 0, s > 0, and if a is in the Cs factor it is long. Let

b be a fundamental Cartan subalgebra of g and let SOS(H) denote the set of

strongly orthogonal singular imaginary roots of (g, b) used to define the Cayley

transform c with c(bc) = f)c . Then c~xa e SOS(//) and Za = c~x(iH*) e b .

Set ha = -ih(Za) gR.

Fix (h0,v0) e zo* x y so that ea(h0) = 1 and v0(H*) = 0. Then

X(h0 + h)(ya) = en,h"x0(ya) and trace*(A0 : yj = txacex(h0 : y~x) = deg/(A0) •

(-íySsothat

(10.4a) ea(A0 + A) = cos7rAa

and

(10.4b)    <(A0 + A:,0 + ,)= n^o^) + ^^)-coshtnh-!cos,A  '

Thus we have the following.

Lemma 10.5.   (A , v) -> m*a (A0 + A : v0 + v)(v2 + h2) is jointly smooth at (0,0).

For n > 0, let (x, y, z)  denote coordinates in R"+ , where x,y G R,

zGR\

Lemma 10.6. Suppose f e C°°(R2+") satisfies Df(0, 0, z) = 0 for all z e Rn

and all constant coefficient differential operators D. Then

n \i   2 2. —1        --,oo,_2+n.
f(x,y, z)(x +y )    e C   (R    ).

Proof. For each z G R", expand / in a Taylor series in x and y about

(0, 0, z). Since all derivatives are zero, for each k , we just have f(x, y, z) =

Rk(x, y, z), the Ath remainder term. Fix a compact subset Í2 of R" . Then
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for every k, there is a constant Ck so that |/(x, y, z)\ < Ck(x2 + y2)k for

(x + y2) < 1, z g Q. Further, for any D, Df satisfies the same condition

as /, so there are constants Ck D so that |D/(x, y, z)| < Ck D(x2 +y2)k for

x2 +y2 < 1, z G £2. Let g(x, y, z) = f(x, y, z)(x2 +y2)~x. From the above

estimates it is easy to see inductively that g has continuous derivatives of all

orders also satisfying Dg(0, 0, z) = 0 for all D, z.   Q.E.D.

Lemma 10.7. Suppose f e C°°(R2+n). Then f(x,y, z)(x2+y2)'x e C°°(R2+n)

if and only if (fx± í¿)*/(0, 0, z) = 0 for all A > 0, z G R".

Proof. (^ ± i-§j)k\x=y=0(x2 + y2) = 0 for all k , so one direction is easy. To

prove the converse, we use Mather's division theorem [11] to write

f(x,y, z) = (x2 + y2)/,(x,y, z) + xf2(y, z) + /3(y, z),

where /, G CX(R2+"), f2,f3e C0C(Rx+n). Assume (£±ify)kf(0, 0, z) = 0

for all z ,k . Thus for all k,

dx    ldy [(x2+y2)fx(x,y, z)+xf2(y, z) + f3(y, z)]

x=y=0

k-l / n   \ k

= k{±%)      /2(0,^)+(±i^)   /3(0,z) = 0.

Combining the equalities for  (jfc + if-)k   and   (^ - i£j)k   we find that

(fy)k~lf2Í°> z) = (fyfU0* z) = 0. Thus s(x,y, z) = x/2(y, z) + /3(y, z)
satisfies D^(0, 0, z) = 0 for all z and all constant coefficient differential op-

erators D, so the result follows from Lemma 10.6.   Q.E.D.

Let a ¿ 0 G R", A ¿ 0 G Rm and define p e C°°(R" x Rm) by p(x, y) =

(x, a)2 + (y, b)2. Take any (xa, xb) G R" x Rm with (xa , a) = (yb, b) =

1. Let Dax, Dy denote the directional derivatives in the directions of xa , yb

respectively, and set %?(a, b) = {(x, y) e Rn x Rm : (x, a) = (y, A) = 0} =

{(x, y) G R" x Rm : p(x, y) = 0}. We can now rephrase Lemma 10.7 as

follows.

Lemma 10.8. Let g e C°°(Rn xRm).   Then gp~    is smooth at (x0,y0) G

a, b) if and only if (Dax ± iDb)kg(xQ, y0) = 0 for all k > 0.y
m

Lemma 10.9. Let ax, ... , ar eR" be linearly independent and bx, ... , breRn

be nonzero. Let p¿(x, y) - (x, a¡) + (y, b¡)2. Suppose g e Cco(R" x Rm) such

that gp~x G C°°(R" x Rm) for l<i<r. Then g\7i=xP~l e C°°(Rn x Rm).

Proof. The lemma is trivial if r = 1. Assume inductively that it is true for

r-1, where r > 2. Thus gUZlpT1 G C00(R" xRm). Let J%"(ar,br) =

{(x, y) e %'(ar, br) : \X~jx P¡(x, y) ^ 0} . Since ax, ... ,ar axe linearly in-

dependent, ^'(ar, br) is dense in ^(ar, br). But for (x, y) G %?'(ar, br),
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(Daxr ± iDb')kg(x, y) = 0 for all A > 0 and TÍíJiPí ' is smooth at (x, y)

Thus,

(Daf ± iDb;)k
r-l

g(x, y)Ylpjx, y)~
i=i

= 0   for all A >0.

Now since %?'(ar, br) is dense in %?(ar, br

(Da; ± iD b.sk
r-l

,-1g(x, y)Y[Pi(x, y)~
;=i

= 0   for all A >0,  (x,y) e%f(ar, br).

Thus, g • lYiJ Pi lPr ' = S • nLi Pi ' is smooth by Lemma 10.8.   Q.E.D.

Lemma 10.10. Lei D be a first-order constant coefficient differential operator on

Rn , and suppose g,he C°°(Rn), x0 g R" , such that Dk(gh)(x0) = 0 for all

A > 0. Then either Dkg(x0) = 0 for all A > 0, or Z)*A(x0) = 0 forall k>0.

Froo/. Suppose there is m > 0 so that Z)mg(x0) ^ 0. We will prove that

Dkh(x0) = 0 for all A > 0. Pick the smallest m with Z>m£(x0) ¿ 0. Then

0 = Dm(g ■ A)(x0) = E   m)DJg(x0)Dm-Jh(x0) = Dmg(x0)h(x0),

so A(x0) - 0. Assume inductively that DJh(x0) = 0 for all 0 < ;' < r. Then

0 = Dm+r+X(g. A)(x0) = (W +mr + ^Dmg(x0)Dr+Xh(x0)

since Djg(x0) = 0 for 0 < ;' < m - 1 and öm+r+1_;A(x0) = 0 for m + 1 <

;< m + r+1. Thus Dr+1A(x0) = 0.   Q.E.D.

We will apply Lemmas 10.8, 10.9, and 10.10 to the situation of R"xRm =

zo*xy and pa(h,v) = h(-iZa)2+v(H*a)2 = h2a+v2a . Fix (A,, vj) e ix>*x& so

that hx(-iZa) = 1 = ux(H*), and denote the associated directional derivatives

by Dah , Dav respectively.

Lemma 10.11. Let g e C°°(zo* x y ). Then g ■ m*R e C°°(zo* x y) if and

only if for any a and (h0, v0) with m*a not jointly smooth at (A0, v0) we have

(Dah ± iDl)kg(h0 : vj) = 0 for all k > 0.

Proof. Assume first that g satisfies the derivative condition. Fix (A0, v0) e

zo* x y and let <P0 = {a G O^ : m* is not smooth at (A0, v0)} ç {a e O^ : ya

has infinite order, eQ(A0) = 1, and z/Q(//*) = 0}. Note that c_1O0 ç SOS(//)

so roots in cpQ are linearly independent. For a e O \ G>0, m*a is smooth

at (A0, v0). For q g <I>0 , m*(A0 + A : z/Q + z^)(AQ + va) is smooth at (0, 0)

by Lemma 10.5. Thus g • m*R is smooth at (A0, vQ) if g ■ p~x is smooth at

(0,0), where g(h : v) = g(hQ + h : v0 + v) and p(h : v) = llQ€<i,0PQ(^ : v).
■y -y

pa(h : v) = va + ha . But the derivative hypothesis implies by Lemma 10.8 that
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g • pa    is smooth at (0, 0) for all a e 4>0 .  Now Lemma 10.9 implies that

g-p~   is smooth at (0,0).

G C°For the converse, assume g ■ mR e C (zo x y). Fix a and (A0, vj)

with m* not jointly smooth at (h0,vj). Write D - Da± iDva , and define

<P0 = {/? G <S>R : m*ß is not smooth at (A0, v0)} . Then

Il    (h) + v])-S-m*R
/?e*0\{a}

is smooth by hypothesis, so

8"    Il    m*ß • II m^h] + "/?)/(*« + "«)

Z)K *• n m}- n w/j(/!/5+iy/3)
/?e*£\*o /?6*o

= 0

for all A > 0 by Lemma 10.8. But g, m*ß , ß e O^\O0 , and m*ß(h2ß + v\), ß e

O0, are all smooth. Thus by Lemma 10.10, one of these functions must have

Dk = 0 at (A0, vj) for all A > 0. Now this is not true of m*    ß e <PR \ <&,0 '

or m*ß(h2ß + v2ß), ß e O0 . Thus Dkg(h0 ,vj) = 0 for all A > 0.   Q.E.D.

Theorem 10.12. F(A : v : x)m*R(h : v) is jointly smooth on cl(2) x y if and

only if for every a e <t>^ and every (A0, v0) e 3 x y wz'íA m* «oí jointly

smooth at (A0, f0) we Aave (DA ± iD")kF(h0 : v0 : x) = 0 for all x e G,

A>0.

Froo/ By Lemma 10.11 it suffices to show that (Dah ± iDav)kF(hQ :vQ:x) = 0

forall (A0,z/0) G (clays') xy. But by (10.1),

F(A : z/ : x) = E «,-(* : ̂ ^(^ : Z7, : A : z/ : x),

where the F(F : F¡ : h : v : x) axe jointly smooth for (A, v) e zo* x y and

the a,. G ^(^ x y). But for every a G 8^ x y ), De D(it>* x y), and

A0 G cl(^) \ 3, Da(h0 : v) = 0 for all z/ g y. Thus for all D e D(it>* x y)

and A0 g cl(2) \ 2, DF(h0 :v:x) = 0 for all v e y, x G G.   Q.E.D.

Fix a root aeOj with ya of infinite order. Recall c~xa e SOS(//). Let

H' = T' x A' be the Cartan subgroup of G with SOS(//') = SOS(//) \ c"'a

used to define the Cayley transform c with c'(bc) - b,'c. Thus, c = cac ,

where ca is the Cayley transform corresponding to a and ca(b¡)c - f)c. We

have t ç t' ç b and o' = {if G o : a(H) = 0}. Write a = c~xa G <D(g, h/).

Note Z Gt' so that y e exp(t') and -z'Z =c_1 (//*). Let P' = M'a'n' be

a parabolic subgroup corresponding to //'.

Lemma 10.13. Let A0 G z'o* such that ea(hQ) - 1. Then there is X' e (it')* such

that:

(i) X' - pM, is integral;
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(ii) X\ = X0;

(iii) trx0(7Q)/deg^0 = e    pM'(ya);

(iv) eQ(A) = cos7r(A' + AM-(A), -iZJ for all A G z'o* ;

(v)  (X' + hMAh0),a')=0.

Proof. We need to define compatible orderings for several root systems. Fix a

set l! of positive restricted roots for (g, a) and a set O^ of positive roots

for cD(mc, tc). Now define <D+ = 0+(gc, rjc) by <D+ = {ß e <D : ß\a, e

I', ß\a, = 0 and (ß,a) > 0, or ß\a = 0 and ß G d>^}. Let O^, =

cQ-'{^ G 0+ : ß\a, = 0}. Let 0+ = c~V. Define /7G, pM, pM, to be the

half-sums of roots in i>^, <&+M , and O^/, respectively. With these orderings,

PgV = Pm' pg\ï = Pm'> pM'\i = PM>and (-Va = e""'(yj•
Write g = g¡ © g2, where gt is the simple ideal of g with a as a root and

g2 is its orthocomplement. If s is any subalgebra of g, we write s. = s n g;,

z = 1,2. Then we have tx ç t!x ç b, and t2 = t2. In fact, since g, is of

hermitian type we have Tx ç Bx = Bx . In particular, F, is abelian. Let XQ , =

¿oli, > ̂ ,i = ^lt, . and *o.i € ^(^V so that *0lzM|(<) is a multiple

of #0 j. Then Xç) x® e oa~Pma is a character of Tx, hence the restriction

of a character of F1 = exp(b,). Thus, there is XG e zb* so that e a\~p°\ is

well defined on Bx and e G\~P°\\T = /0 j ® e °^~p»-1 . Here /?G = pG\b .

We can assume XG   is chosen so that XG |t   = A0 ,.   Define A' G (it')* by

A'l.i =An|,   and A'L = Ar I,/ . By construction X' satisfies (ii). Now e ~Pm' islij 0U2 It, G,it,        ' v   /

well defined on exp(t2) since exp(t2) = exp(t2) and X' - pM>\^ = X0 - pM\t, .

Also e ~Pm' is well defined on exp(t'1) since X'- pM>\tl - XG - pG |t- . Finally,

exp(t',) n exp(t2) ç ZM(M°) n F° and

ft     P M I I i"   —Pc    I

e l(r;)°n(r2')0 = ^ol(r,')0n(r2')0 = e   '      ' l(r;)0n(r2')° •

Thus X' satisfies (i).

Now ya e ZM¡(M°X) nexp(t'x) and Xoj(ya) = e^r^^j = /-/Vtyj, so

A' satisfies (iii). In particular, trace/(A : yQ)/deg#0 = eA + M'( )_/,M'(ya) for

all A G z'o*.   Thus ea(h) = cosn(X' + hM,(h), -iZa) for all A G zo*.   Now

if  ea(ho)  =   1 '    (*' + V^o) ' _/Za)  =  (A' + V(Ao) ' i0')'')  =  2W0   f0r SOme

m0 e Z . If m0 ^ 0, we can replace X' by A' - m0a . Properties (i)-(iv) are

preserved, and (v) is now satisfied.   Q.E.D.

Lemma 10.14. ZM(M°) = ZMAM'°)ZMnM,o(M°). Further, ZMnM,0(M°) is

contained in the center of ZM(M°).

Proof. We always have ZM,(M'°)ZMnM,0(M0) ç ZM(M°), and

[ZM(M°)/ZMAM'°)ZMnM,0(M0)] = [T/T n F'].
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Thus for the first part it suffices to show that T ç F'. Write g = g¡ ©g2 as in the

proof of Lemma 10.13. Since F2 = F2 it is enough to show that F, ç T[. But

here F, = {A e Bx : ea(b) = 1 for all a e SOS(H)} ç t[ = {beBx: ea(b) = 1

for all a G SOS(H')} since SOS(//') C SOS(H).

Now decompose ZMnM,0(M°) = ZM¡nM,0(Mx)Z^nM,0(M¡).   Since M2 =

M2 we have ZMnM,o(M2) = ZMo, the center of M2 . This is central in

ZM(M ). But ZMnMm(Mx ) ç ZM (M\) which is abelian since gj is of her-

mitian type, and hence is central in ZM(M°).   Q.E.D.

Let * P = P n M' and write its Langlands decomposition * P — * M* A* N,

where *M = A/n A/'0. Write *Ff = *M]*A*N where *M] = Z.M(M°)M°.

For Xq e ZM(M )~, let X'0 = Xo\z   ,M,0) and let xl oe the character by which

X0 acts on the central subgroup Z.M(M°). Write x'o(h) = x'o ® e>> » *o(A) =

X*®e  , A G z'o*. We can define a family of unitary representations of A/'   by

(10.15a)  n(M'°: *P : x*0(h) : X(h) : v*)

= lndz.M(Af0)M°'A'N(Xo(h)®e(M :X(h))®ew ®1),

,     . *      *    * *
A G zo , v  e  a .

We denote the corresponding characters by

(10.15b) e(M'°:*P:X*(h):X(h):v*).

Lemma 10.16. For v e a*, let v' = v\ , and v* = v\. . Then
'a 'a

n(H : x(h):X(h) : v)

= lndzM,(M'0)M'0A'N'(Xo(tí ® n(M'° : *P : X*(h) : X(h) :v*)®ew ® 1).

Proof. Use Lemma 10.14 and induction by stages.   Q.E.D.

For any chambers ff of z't* with respect to 0(mc, tc) and ff' of (z't')*

with respect to $>(mc, t^) we write

(10.17a) ©(// : X(h) : X(h) : ff : v)

= IndGMiAN(X(h) ® 0(A/° : X(h) : ff) ® eiv ® 1)

and

(10.17b)   0(//' : X(h) : X'(h) : ff' : v)

= Ind°M.)U,Nl(x'(h) ® 6(M'° : X'(h) : ff') ® ew' ® 1),

where 0(A/° : X(h) : ff) and 0(A/'° : X'(h) : ff') are coherently continued

relative discrete series characters defined as in (9.2).

Now let ff' be a chamber of (z't')* so that ff' and sa,ff' are separated only

by the root hyperplane ^ . Let ff be a chamber of z't* so that x\Keff for

all xeff'us ,ff'.
a
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Proposition 10.18. Fix A0 G z'o* such that sa(hQ) - 1 and define X' e (it')* as

in Lemma 10.13, X'Q = Xq\z /(A/<ck . Write X'(h) - X' + hM\h), A G z'o*. For

any vQ e a* with vQ(H*) = 0 we set v'Q = vQ\a<. Then for all A > 0,

(D¡ ± iDau)k[&(H' : X'(h0) : X'(hQ) : ff' : v'0)

+ e(H':X'(h0):X'(h0):sa,ff':v'0)]

= (Dah ± iDavfe(H : x(h0) : X(h0) :ff:v0).

Proof. For all (A, v) we have

©(//' : x'(h) : X'(h) : ff' : v) + ©(//' : x'(h) : X'(h) : sa,ff' : v)

^4 l{M»)M»A'N'(x'{h) ® [0(A/'° : X'(h) : ff')

+ 0(A/'° : X'(h) : sa,ff')] ® eiv ® 1)

and

e(H:X(h):X(h):ff:v)

= IndGZMi{M,0)M,oA,N,(X'(h) ® 0(A/'° : *F : X*(h) : X(h) : ff : v*) ® eiv' ® 1)

by Lemma 10.16. Further, for all £ G R, (v0 + Çvx)* = Çvx. Thus it suffices to

prove that

(D¡)k[e(M'° : X'(hj : ff') + 0(A/'° : X'(h0) : sa,ff')]

= (D¡ ± iDau)kS(M'° : *P : X*(hQ) : X(hQ) :ff:0)

for all A > 0. This is Theorem 9.6, since if ß = a , then -iZ = //*, and H* -

caH*ß so that D¡ = D¡, Dav= Dß in the notation of Theorem 9.6.   Q.E.D.

Fix A0 G 2 with ea(h0) = 1 and let <D0 = {ß e 0(m', t') : (ß, X'(h0)) = 0},

where X' is defined as in Lemma 10.13.

Lemma 10.19. Assume h0 e 2. Then either <1>0 = {±q'} or cpQ is a root

system of type A2.

Proof. Let ß e % . If (ß, a) = 0, then cj e <D(m, t) and (cj, X(h0)) = 0.

But A0 G 2 implies that X(h0) is regular. Thus (ß, a) ^ 0 for any ß e O0.

Now Ax and A2 axe the only root systems which contain a root with no roots

orthogonal to it.   Q.E.D.

Lemma 10.20. Let (h0, v0) e 2 x y, a e <&R, such that m*a(h : v) is not

jointly smooth at (A0, v0). Then O0 = {±a}.

Proof. By Lemma 10.19 either O0 = {±q'} or <£>0 is of type A2. Suppose

O0 is of type A2. Then c~ O0 = ±{a, y, ya}, where y, ya axe conjugate

complex roots of (g, f)) with y + y" = a . One of cy, cya , say cya , must be a
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compact root of (m', t'). Now (y, v) = (ya , v) = \ (a, v) for ail v e y and

(ya, X(h)) = -(y, A(A)) for all A . Thus

(y, X(h)) = 1(7 - y" ,X(h)) = \(cy -c y" ,X'(h))

= x2(y + cy°,X\h)) = \(a,X\h))

for all A since (cy°, X'(h)) = (cya, X'(h0)) = 0 for all A . Thus

(X(h0 + h) + i(v0 + v), y)(X(h0 + h) + i(vQ + v), ya)

= -i((A , ca)2 + (v , a)2) = C(A(-z'ZJ2 + v(H*aj) = C(A2 + v2J ,

where C ^ 0, and so m*n(h : //) is jointly smooth at (hQ, v0) by Lemma 10.5.

This contradicts our hypothesis.   Q.E.D.

Suppose O0 = {±a}. Then X'(h0) is semiregular. In particular, it is

not orthogonal to any compact root. Thus both 0(A/'° : X'(h0) : ff')

and 0(A/' : X'(h0) : s^ff') are nonzero limits of discrete series. Hence

©(// : X(hj¡ : X(hQ) : v0) is reducible. We can assume ff' is chosen so that

r ff'       if ¿; > 0,
(10.21a)        X(hfí + íh,)e\     ml      *       '    forc; sufficiently small.

[sa,ff ifc:<o

Thus,

(10.21b)     (Dah)kS(H' : x\hj) : X'(h0) : ff' : v'j)

= lim (J^j  ©(//' : X'(h0 + Hhx) : X'(h0 + Çhx) : v'0)

and

(10.21c)     (D¡jd(H' : X'(h0) : X'(h0) : sa,ff' : v'j)

= lim (J^j   9(H' : X'(h0 +Çhx): X'(h0 +Çhx): v'j)

are actual limits of derivatives along a continuous family of tempered characters.

Theorem 10.22. Let (A0, vQ) e 2 x/ and aeOj such that m*a is not jointly

smooth at (A0, vQ). Let f e ff(G). Then for all k > 0, x e G,

(D¡ ± iDav)kQ(H : X(h0) : X(hQ) : vQ : R(x)F(hQ))

= fe + 1íí01) (-¡lllk&(H'--x'(h0 + thx):X'(h0 + Çhx)

:v'0:R(x)F(h0 + Zhx)).

Proof. For any / G ff(G) and A G z'o*, F(A) G ff(G/Z, C(A) : W) is defined
as in (4.2b). Now if 0(A) is the character of any tempered representation with

Z-character £(A) we have 0(A : R(x)F(h)) = Ja@(h : y)F(h : yx)dy , where

to is a fundamental domain in G for G/Z. We can assume av is bounded
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on co since V/Z is compact. Assume for a moment that we can exchange the

orders of integration and differentiation. Then

(D¡ ± iDav)kQ(H : x(hj) : X(hj : v0 : R(x)F(hj)

= £ E (;) (D°h ± iDy®(H ■ X(h0) : A(A0) : ff
;=0

x(Dahf-jF(h0:yx)dy

and

lim + lim
Í10      ÍTO

^j  e(H':x'(h0 + Zhx):X'(h0 + t;hx):v0:R(x)F(hQ + Çhx))

= £ E (*) WÏÏm"' ■ X\K) : X'(h0) :ff':v'0:y)

+ e(H':x'(h0):X'(h0):sa,ff':v'0:y)]

x(D¡)k-jF(h0:yx)dy

by (10.21), so the result follows from Proposition 10.18. To move the deriva-

tives inside the integral we note that by Lemma 6.4, given any D e D(it>*) there

exist t > 0 and S ç ^(g) © ̂ (g) so that for all s > 0, fe ff (G), x e G,

sup ||F(A ; D : yx)\\ < E(yx)(l + a(yx))~s(l + av(yx)jpt+t +s s(f).

Now for x G G fixed, given s >0, there is Cs > 0 so that

sup ||F(A;D:yx)||<CH(y)(l + (T(y))"*   for all y G co.
Aev

Further, if 0(A : v) is either of the induced representations

e(H : X(h) : X(h) : v)   or   0(//' : X'(h) : X'(h) : v)

we have, as in Lemma 6.10, using the formula for induced characters given in

[6, 3.1], that given any D e D(it>* x Sr), there are C, t > 0 so that

sup |0(A :v;D:y)\< C|A(y)f'(1 + a(y)j   for all y G G.
h,v

Now for y G œ, there is C>0 so that (l + cr(y))' < C(l+er(y))'. Finally, as in

[6, 2.15], we can pick s>0 large enough that /cuS(y)|A(y)r1(l+cr(y))'_*i/y <

oo.   Q.E.D.

Remark 10.23. For / G ff(G) we have Fourier coefficients

F(h:v:x) = 0(// : X(h) : X(h) : v : R(x)F(h))

and

F(H' : A : v : x) = 0(//' : X'(h) : X'(h) : v : R(x)F(h)),
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A G z'o*, v e9~, v' e y' = (o')*. Theorem 10.22 gives a matching condition

between certain derivatives of these Fourier coefficients at the points (A0, vj),

where the H- and the //'-series of representations meet. This is the type of

matching condition that must hold in order that the sum of wave packets

/      F(h:v:x)m(h:v)dhdv + f        F(H' : A : v : x)m(H : A : v')dhdv
¡Sx? Js'x9"

is a Schwartz class function on G when the individual wave packets are not

Schwartz.

Theorem 10.24. Let f G ffH(G). Then

(h,v)~ Q(H : x(h) : X(h) : v : (R(x)F)(h))m(h : v)

is jointly smooth on cl(3) x y.

Proof. Let a e$>R and (A0, v0) e 3 x y such that m*a is not jointly smooth

at (A0, vj). By Theorem 10.12 it suffices to prove that

(D¡ ± iDaJkF(h0 :v0:x) = 0   for all A > 0.

Now since f effH(G),

©(//' : X'(hQ + Çhx) : X'(h0 +Çhl):vt: R(x)F(h))m(H' : A0 + ¿A, : v) = 0

for almost all £ G R, v e y'. But m(H' : A0 + Çhx : v) is possibly zero or

undefined only if (X'(h0 + ¿JA,) + iv , ß) = 0 for some )S G O^, f)c). But

X'(hQ + ¿;Aj) + zV' is regular for almost all (c;, i/) G R x y'. Thus, since it is

smooth,

©(//' : x'(K + ̂ 1 ) : A'(Ao + ̂ , ) :^' : ̂ (^)^(^o + i*i)) = 0

for all (c;, z^') G R x y'. Thus using Theorem 10.22,

(Dah ± zFJ;)fc0(// : /(A0) : A(A0) : i/Q : R(x)F(h0)) = 0

for all A > 0.   Q.E.D.
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