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STABILITY OF TRAVELLING WAVE SOLUTIONS
OF DIFFUSIVE PREDATOR-PREY SYSTEMS

R. GARDNER AND C. K. R. T. JONES

ABSTRACT. The stability of travelling wave solutions of singularly perturbed,
diffusive predator-prey systems is proved by showing that the linearized oper-
ator about such a solution has no unstable spectrum and that the translation
eigenvalue at A = 0 is simple. The proof illustrates the application of some
recently developed geometric and topological methods for counting eigenvalues.

1. INTRODUCTION

This paper is concerned with the stability of travelling wave solutions of sin-
gularly perturbed systems of reaction-diffusion equations which model predator-
prey interactions in mathematical ecology. The waves in question admit a single
transition layer outside of which they are slowly varying. In brief, we show that
such solutions are stable. This is accomplished by showing that the spectrum of
the linearized operator L about the wave intersects a half-plane Red > 8, for
some B < 0, only at A = 0 and, furthermore, that the translation eigenvalue
at A =0 is simple. It is well known that linearized stability implies nonlinear
stability for this class of equations (see Henry [H]).

In a companion paper by Alexander, Gardner, and Jones (see [AGJ]) some
new tools for analyzing the spectrum of L were introduced in a general setting.
The theory in [AGJ] introduces a certain complex vector bundle & over a real
2-sphere which contains information about the number of eigenvalues of L in-
side a given simple, closed curve K C C not intersecting the spectrum itself. In
particular, the main theorem in [AGJ] equates the number of eigenvalues of L
inside K (counting multiplicity) with a certain topological invariant, ¢,(&) of
& called the first Chern number of & . The construction of & and the charac-
terization of its first Chern number use only elementary aspects of the theory of
vector bundles and their characteristic classes and should be readily accessible
to analysts and applied mathematicians. The main point is that solutions of the
linearized equations which are candidates for eigenfunctions, namely those that
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decay to zero at —oo, span vector spaces which are parametrized by the wave
itself and by the eigenvalue parameter A. Another way of saying this is that
they form a vector bundle over this parameter space. It turns out that the twist-
ing of these vector spaces when A is restricted to K determines the number of
eigenvalues of L inside K. The bundle & is constructed in a natural way so
that its first Chern number measures the twisting of these vector spaces. The
full theory is developed in [AGJ]; however, in order to make this paper more
self-contained, a brief account of the relevant aspects of the theory in [AGJ]
has been provided in §§IIIE and IIIF, together with an outline of the manner in
which these tools are employed here.

The theory in [AGJ] is a natural generalization of earlier work of Jones [J]
on the stability of the pulse solution of the FitzHugh-Nagumo system. An
important observation in the latter part is that the linearized equations (say on
Cz") induce a flow on the space of complex lines in C?" . This flow is obtained
by forming the complex span of a given nontrivial solution of the linearized
equations. The space of complex lines in C?" is called complex projective space
and is denoted by CP*™ ' The linearized equations then induce a flow on this
compact manifold; in a given set of local coordinates on cp?! , this gives rise
to an associated system of equations which are called the projectivized system.
A solution of these equations therefore determines a family of complex lines
parametrized by A and by the wave, that is, a complex line bundle over that
parameter space. This is the main tool used in obtaining information about
& , since certain distinguished solutions of the projectivized system give rise to
one-dimensional subbundles & of & . In general, if the (complex) dimension
of € is k, then there is frequently a way to decompose & into a direct sum
& = @;;l &, of one-dimensional subbundles & of & . Such a decomposition
is called a Whitney sum. The existence of such a decomposition contains global
information about the fibers of & . This information is obtained through a
characterization of the global behavior of the distinguished solutions of the
projectivized system. In particular, the solutions in question are connecting
orbits between certain pairs of critical points.

One aspect of this approach is that it reveals how the underlying wave, for
which good estimates are readily available, encodes information into the lin-
earized problem. In this setting, the production of eigenvalues can be under-
stood as an essentially nonlinear phenomenon. In the problem in [J], the eigen-
values are determined by the global behavior of one particular solution of the
projectivized equations. Its global behavior can be characterized by observing,
when a parameter ¢ in the equations is small, that the solution remains near
an attractor for the reduced projectivized flow (i.e., when ¢ = 0). There is an
analogous solution in the problem studied here and a similar treatment can be
provided (see the “elephant trunk lemma” in §IV); indeed, this seems to be a
general feature of fast-slow systems. The main difference between the equations
in [J] and those under discussion here is that in the present case, eigenvalues can




STABILITY OF TRAVELLING WAVE SOLUTIONS 467

also be produced through the behavior of a second solution of the projectivized
linearized system. The global behavior of this second solution is fundamen-
tally different from that of the first solution mentioned above in that it forms
a saddle-saddle connection on the projective space. The elephant trunk lemma
is therefore not available and different methods for characterizing its behavior
need to be devised. The main feature of the equations which make this possible
is again the presence of the small parameter ¢. Hence both solutions are stud-
ied by referring to certain reduced systems when & = 0 ; for the first, or the fast
unstable bundle, these are the stretched equations in the transition layer, while
for the second, or slow unstable bundle, these are reduced equations in the slow
manifolds. The analysis of the global behavior of these two solutions is con-
tained in §§IV and V. These sections are technically involved and could easily
be skimmed by readers seeking to first obtain an impressionistic overview.

In the terminology of [AGJ], the unstable bundle & formed from the lin-
earized equations is 2-dimensional and the fast-slow structure induces a natural
splitting of & into the Whitney sum & & &, of two complex line bundles,
wherein & is “governed” by the fast reduced system and &, is “governed”
by the slow reduced system. The first Chern number, c,(&), which measures
the number of eigenvalues A in the region Red > B, can be expressed as
c,(&) + ¢,(&). The proof is completed by showing that ¢, (&) = 1 while
c(&)=0.

One of our principal objectives here is to illustrate how the machinery in
[AGJ] has a direct bearing on singular perturbation problem. In particular, an-
alytical statements concerning the behavior of solutions of the linearized equa-
tions are reformulated as geometric statements concerning the behavior of cer-
tain associated vector bundles. This is more than a convenient formalism in that
the limiting behavior of the geometric entity, the vector bundle, has a clean and
natural characterization as the small parameter ¢ tends to zero, whereas the
associated analytical entities, i.e., solutions of the linearized equations, become
singular as ¢ — 0 and it is awkward to characterize their limiting behavior.

Stability theorems for various types of layered solutions of a somewhat simi-
lar class of systems have recently been proved by Fujii and Nishiura (see [NF]),
which are obtained by a completely different, analytical technique (the SLEP
method). In contrasting the two approaches it is apparent that the SLEP method
yields finer information about the location of critical eigenvalues, i.e., those
tending to zero in the singular limit, than our geometric approach. On the
other hand, the SLEP method appears to depend in an essential manner on the
system being a two component reaction-diffusion system with small diffusion in
one component. The theory in [AGJ] applies to systems with an arbitrary num-
ber of components; it is also potentially applicable to systems which are not of
reaction-diffusion type. Although some type of fast-slow structure will probably
be an essential feature of tractable examples, it is anticipated that the theory in
[AGJ] will find applications in other classes of equations, such as conservation
laws.
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Finally, we remark that the existence of travelling wave solutions of predator-
prey systems has been studied by Gardner (see [G1, G2]).

We conclude this section with a description of the organization of the re-
mainder of the paper.

II. The reaction-diffusion equations and their associated travelling wave sys-
tems are formulated, and the main results of the paper are stated. The singular
limit at ¢ = 0 is defined and is used to formulate an a priori estimate for the
wave when ¢ < 1.

III. The slow and fast linearized equations and the spectra of their asymptotic
systems are characterized. The unstable bundle ¢~ is defined and an outline
of the proof is given. The fast and slow reduced systems are defined.

IV. The elephant trunk lemma is proved and is used to describe the global
behavior of the fast unstable subbundle é, in ¢~ .

V. The slow unstable subbundle é, in ¢ is defined. A theorem which
characterizes the global behavior of é, for small ¢ is proved.

VI. The bundle & is characterized as the Whitney sum of two 1-plane bun-
dles & and &,. The Chern number computation is continued to the reduced
bundles, &, and &, at ¢ =0, and ¢, of &, and &, is computed.

II. THE MODEL EQUATIONS AND EXISTENCE OF TRAVELLING WAVES

A. A reaction-diffusion system. The equations to be considered are
2
(2.1) U =¢e U, +ufi(u), Uy =Uy,, +u,fo(u),

where u = (4, u,), X € R ,and 0 < ¢ < 1| is a small parameter. Here, u,
is the population density of a predator species and u, is that of its prey. The
nature of the interaction is characterized by the following hypothesis:

(H1) 3—,{§<0 and %J;>O,andthenullsets, f,=0and f,=0,
are qualitatively as depicted in Figure 2.1.

The equations admit four constant solutions, two of which are stable solutions
of (2.1). These are the rest point & at the origin and the rest point C = (¢, , ¢,)
interior to the positive quadrant. The travelling waves considered here connect
@ at —oo to C at +0o.

Remark. The stability of & and C relative to (2.1) for small ¢ is an immediate
consequence of Lemma 3.1. This lemma implies that the spectra of the constant
coefficient operators obtained by linearizing about & and C lie in the region
ReA< B forsome f<0.

B. Travelling waves and the statement of the main theorems. Due to the manner
in which the small parameter ¢ enters into the equations, it is appropriate
to look for slow travelling waves. Hence we look for solutions to (2.1) which
depend on the single variable

{=x—¢bt,
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FIGURE 2.1

where 6 = 6(¢) remains bounded as ¢ — 0 and &6 is the wave velocity.
This ansatz leads to a system of four first order o.d.e.s, which we call the slow
travelling wave equations,

eU, =V,

V= -0V —Uf(U),
(2.2), SUI—V 1~ L)

2= "2

V, = —e8¥, - U,,(U),

where U = (U;, U,) and “dot” is d/d{. The rest points of (2.2), are the
rest points of (u,f|, u,f,) augmented with zeros for the V-components. With
a slight abuse of notation we denote by & and C the rest points of (2.2);
associated with the rest points & and C of (2.1).

This paper is concerned with the heteroclinic solutions of (2.2;) which con-
nect @ at { = —oo to C at { = +oo. Such solutions are saddle-saddle con-
nections, and the wave will only exist at distinguished values of the parameter
6; 6 should therefore be regarded as part of the solution.

The following existence theorem was proved by Gardner in [G2].

Theorem E. Suppose that the vector field (u, f, , u, f,) satisfies hypothesis (H1).
Then for sufficiently small € > 0 there exists a travelling wave solution of (2.2),
which connects @ at { = —oo to C at { = +oo.

This result extends a previous existence theorem (see [G1]) to the singular
perturbation regime ¢ < 1. The latter result did not require ¢ to be small;
however, it imposed more stringent hypotheses on the vector field. Together,
the results in [G1, G2] imply that the solutions considered here lie on a branch
which continues globally.
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The following theorem is the main result of this paper.

Stability Theorem. Let A, .(u) denote the entries of the Jacobian matrix of
(u,f,, u,f,) at u and let Z, denote the points in the right-hand branch of
fi =0, u, =p(u,) (see Figure 2.1), for which u, > 0. Suppose in addition to
the hypotheses of Theorem E, that

) o 04, )

L <.
u€Zy A, (u)

Then for sufficiently small ¢ > O the travelling waves of Theorem E are stable
solutions of (2.1). More precisely, every solution of (2.1) whose data are uni-
formly near the u-components of the wave tend to a translate of the wave at an
exponential rate as t — +oc.

Remark. Hypothesis (H2) will be satisfied if the right branch of f, = 0 is not
too far from the vertical line through C. It is quite likely that the travelling
wave becomes unstable in the absence of such a condition. It should be noted
that (H2) is different from the condition used by Fujii and Nishiura to prove
stability for a related class of systems.

C. Fast and slow regimes: notation. Solutions of (2.2)  exhibit two distinct
time scales. In the slow regime V| remains &(1) for small ¢. Geometrically,
this forces bounded solution of (2.2)_ to lie near the slow manifolds, which we
define as follows. We shall be interested in solutions which, when ¢ = 0, jump
from the left stable branch, u;, = 0, to the right stable branch Z, at f, = 0.
The latter can be parameterized by u, . Let

x=(U, 1, Uy, Vy)
denote the vector of dependent variables in (2.2),. The left and right slow
manifolds are defined respectively, as
S, ={XxeR":U =V =0},
Sp={XeR*:U, =pU,), U,<7,, and ¥, = 0}.

We shall look for solutions which lie near S, for { < 0 and near S, for

{>0.
In order to describe the behavior in the transition layer near { = 0 we change
time scales and introduce stretched variables as follows:

¢=0/e, w(Q)=Uled), v(§)=V(e), i=1,2.

The vector of dependent variables in this scaling is denoted by

!
X = (U, v, u,v,),
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and the travelling wave equations assume the form

/
u =v,,
!
v, = —0v, —u, f(u),
(2.2), ) oo
U, = &v,,

v, = e[-0ev, — u, f, ()],

where “prime” is d/d{. We shall refer to (2.2), as the fast travelling wave
equations.

Throughout the remainder of the paper we shall adhere to the following con-
vention concerning notation: a lower case dependent variable will always repre-
sent the fast scaling and will be regarded as a function of & while an upper case
variable will always represent the slow scaling and will be regarded as a function
of C.

Finally, it will be convenient to express (2.2); and (2.2) 7 in vector form.
To this end let N(X, 6, ¢) be the vector field on the right side of (2.2), after

the first two equations are multiplied by ¢”', and let n(x, @, ¢) denote the
vector field on the right side of (2.2) Iz These systems can then be expressed as

(2.2), X=NX,0,¢),
(2.2), x =n(x,0,¢).

D. Singular limits. In estimating solutions of the linearized equations we shall
need precise estimates for the location of the travelling wave for small ¢. To this
end we set ¢ = 0 in (2.2),. The first two equations require V, = U, f{(U) =0,
and for the solutions studied here, either U, =0 or U, = p(U,). In the slow
manifolds §;, and S, the nonlinear functions are therefore

g_(Uz) = U2f2(0, Uz)a g+(U2) = szz(p(Uz) ) Uz)-

The slow reduced equations are therefore

(2.3)% Uy=V,,  Vy=-g.(Uy);

it is easily verified that the phase planes for these systems are as depicted in
Figures 2.2a~,a". We focus on solutions which remain in the (—) plane
until U, assumes some value U, = o (to be determined), at which point the
reduced solution is required to jump to a solution curve in the (+) plane using
as data the limiting values of the solution curve in the (—) plane. The slow
singular limit is defined as a solution obtained in this manner which connects
the origin at { = —oo to the rest point (c¢,, 0) at { = +oo. Since the unstable
manifold M~ of the origin in the (—) plane and the stable manifold M™*
of (c,, 0) in the (+) plane define ¥, as monotone increasing and monotone
decreasing functions of U, , respectively, it follows that the value u, = o where
the transition occurs is uniquely determined. Each of the systems (2.3)S*R can

be embedded in R* by taking U =p(U,) and V, =0. Let Xg({) denote the
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FIGURE 2.2

solution associated with the solution of (2.3);'3Q depicted in Figure 2.2(b); we
will refer to X,({) as the slow singular limit. We set the parametrization so
that the discontinuity occurs at s = 0.

The limit 8 of 0 is ¢ — 0 and the behavior inside the transition layer are
determined by the fast reduced system,

¥ =v,,
23 v = = 0v —u fi(u, w), or x'=n(x,0,0),
(2.3) .

u, =0,

v, =0

For constant u, with 0 < u, < c¢,, u, f (4, u,) is a qualitative cubic and
the 1-components of (2.3) sr are therefore the travelling wave equations of
the bistable, scalar reaction-diffusion equation. It is well known that for each
u, there exists a unique wave speed 6 = ©(u,) and a solution x(¢, u,) of
(2.3); which satisfies

Xp(€, ty) = (Ug(&), vR(E), u,, 0),
(2.4) Xp(=00, u) = (0,0, u,, 0),
Xp(+00, uy) = (p(4,), 0, u,, 0)'.

(See e.g. Fife [F].) From the preceding analysis of the slow system we must have
that the singular limit in the transition layer is xg(¢) = x4(¢, @) and the limit
of 6 as ¢ =0 is 6" =6(a).

E. A priori estimates. In this section we state an estimate for the travelling wave
which is valid for ¢ « 1. The proof can be found in [G2]; see also [GS] for
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related results on periodic waves. This plays a crucial role in understanding
how the wave encodes information into the linearized equations.
Consider the curves in R",

W_={Xg(0):{ <0}, Wp={xg(®):EeR'}, W, ={Xp(0):{>0},
determined by the slow and fast singular limits at ¢ = 0. Given J > 0, set
n,(6) = {x e R* : dist(x, W,) < 6},
np(6) = {x e R*: dist(x, W) < 6},
I16)={0€cR":16-6"| <6},

and define
n(é) =[n_(d)Ung(d)Un_(6)] x I(d).

Hence n(d) is a d-neighborhood of the singular limit.
Lemma 2.1. Given J > 0 there exists € < &, Such that
(X(C, €), 6(e) € n(d)

Jor all ¢ <&, where X({, ¢), 0(¢) is the travelling wave solution of (2.2), of
Theorem E.

The following result is an immediate consequence of Lemma 2.1 and Gron-
wall’s inequality.

Corollary 2.2. Let X({,¢) = x(¢, ¢), 6(¢) be the travelling wave solution of
(2.2),. The following are true for each fixed a > 0:

limx(¢, &) = xg(§) uniformly for |f] < a,
im X(C, &) = Xg(§)  uniformly for |{| > a.

II1. THE LINEARIZED EQUATIONS AND ASSOCIATED VECTOR BUNDLES

A.The equations. Let X({, ¢), 6(¢) denote a travelling wave solution of (2.2); .
Henceforth we shall write 6 in place of 0(¢). If U({, ¢) are the u-components
of X, then U is a stationary solution of

2

u =¢euy, +eu, + u, fi(u),

(3.1) ‘
Uy = Upeck + €6uy, +u,y fr(u).

The perturbation equations for solutions u of (3.1) of the form

u(l, 1) = UL, &) + 6" P() +(6°)

yield an eigenvalue problem for P({) and 4:

e'P +80P, + A, (C, e)P, + A,(C, s)P2> P
B+ 0B, + A4, ((, e)P, + A,,(C, €)P, ’

(3.2) Le)P ¥ (
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here 5
A, e) = 6—uj(u,~f,~(u)) atu="U((,¢).

We regard L(¢) as a densely defined operator on the space BC(]RI)2 of pairs
of uniformly bounded continuous functions on R'.
It is desirable to express (3.2) as the system of first order equations:

EPI =Q1a
(33) 8Q1 = _le _(A”(C, 8)_)-)P1 _Alz(c, 8)P2,
o P2=Q2,

Q2 = - 89Q2 - AZI(Ca S)Pl - (Azz(C9 &) — j-)PZ'

Let Y = (P, 0Q,, P, QZ)' and let A({, A, ¢) denote the coefficient matrix

obtained by multiplying the first two equations by ¢!, Then (3.3), can be
expressed as

(3.3), Y= A, A, )Y,

Since (3.2) is a system we must allow A to be complex so that Y lies in ct.
The associated fast linearized system is obtained by defining

p,(é) = P,(sé) > q,(é) = Qi(sé)’ i=1,2,
aij(é, €)= Aij(s.f, €).

The equations satisfied by the fast variables are easily seen to be

p; = ql s
(3.3), di.= =04, ~ (@€, ©) = Dpy ~aplé, o,
p2 = eqza
q; = 8[_08(]2 - azl(é, 8)1)1 - (azz(é, 8) — /I)PZ] ,
or
(3.3), Y o=alE. 1, ey,

where y = (p,,4,,D,, qz)' and a(&, 4, ¢) is the fast coefficient matrix in
(3.3)f.

B. Asymptotic systems. For ¢ > 0, x(£, &) tends to the origin and to the
rest point at C, as £ tends to —oo and to +oco, respectively. The matrices
a(t, A, ¢) and A(E, A, &) therefore tend to limits a*(4, &) and A¥(4, ¢) as
¢ — o0, where

0 1 0 1
+ +
s, | aE+n 6 -af 0
(3.4) at(i, ) = ) 0 0 . |

—ea, 0 e(-aj+14) —¢'f
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(3.5) AT, e)=¢"'a" (A, 8);

here, ali = af?(l, ¢) are the limits of a,.j(é ,A,¢&) at £ = £oo. The structure
of ai(l, €) is crucial in the analysis of the linearized equations. For example,
these matrices determine the essential spectrum of L(g).

Note that the entries a]; and aj, are both negative while 4/, < 0 and
a; > 0;also a, = 0. This information is easily seen from Figure 2.1. Define
B < 0 and a half-plane Q ¢ C by
(3.6)  p=max{ay,a,,q,,a,}, Q={ieC:Rei>p}.

Lemma 3.1. For A € Q and ¢ > 0 sufficiently small, a*(1,¢) and A(A, ¢)
each have four distinct eigenvalues ,uii(i, g), 1<i<4,and A(A,¢), 1 <i<
4, respectively, which satisfy

Re;t;t < Reu;t <0< Re,u2i < Reuf,
AG,e)=¢'ud,e), 1<i<a.

For small ¢, uf and uf are O(e) while uli, uf remain O(1). Let eii(,l, €)
be an eigenvector of ai(l, &) associated with uii(i, €¢). Then eii(l, €) tends
to limits as € — 0, denoted by e;‘;(l), which are given by the expressions
(3.7b)

(3.7a)

eirA) = (1, M,0,0), ex(h)=(1,M;,0,0),
a;; t a t
+ 12 + + 12 +
e.(A) = ,0,1, m , e(d)= ,0,1, m ,
%) (A—aﬁ p) ) (l—a“ n)
where a;‘; are the entries of the Jacobian of (u,f,, u,f,) at U=0, C and
{ My, M =-0"/2+ 50" +4(A-a]})'?,
mf , m;t =+[4 - a;_tz - aliza;/(/l - aﬁ)]'/2 .
The subscript n (resp. p) denotes the root with negative (resp. positive) real part.

(3.7¢)

Proof. Let e = (¢, c,, 5, c4)' be an eigenvector of ai(/l , €) associated with
an eigenvalue u = em, where m remains bounded as ¢ — 0. It follows
that ¢, = emc, and that ¢, = mc,. For convenience we shall drop the (4, ¢)
dependence. The equation a*e = eme leads to the equation

p(m, ¢) def (m2 +elm + (a;t2 - /1))(62m2 +emb + alil -A) - ata; =0.

Clearly, p(m, 0) has two distinct roots mf(l) and m:(/l) with expressions as

in (3.7c). Since a; <0 and aj;a;, <0 it follows from (3.6) that for 1 € Q

the quantities under the radicals in (3.7¢) have positive real part, so that m,f(l)
has negative real part and m;f(/l) has positive real part. Furthermore, for ¢ > 0
these roots perturb smoothly to distinct roots of p(m, ¢), yielding an expansion
for the slow eigenvalues

py () =emy () +0E), (4,8 =em, () + ()
which imply the middle inequalities in (3.7a).
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A similar argument provides an estimate for the fast eigenvalues. In partic-
ular, if u = u(4, ¢) is an eigenvalue which remains @ (1) as ¢ — 0 then the
equation for u is

(uz + 0%+ zaz(a;h2 - A))(u2 +0u+ ali1 —A) - szaia; =0.
At ¢ = 0 the roots are given explicitly by (3.7¢), and for ¢ > 0 we obtain the
expansion

B, e) = MI(D)+0(),  pi(A, &) =M () +0().

The explicit formulae for the limits e;; (A) of the eigenfunctions follow from
the above and some simple algebra, which we omit.

Remark 3.2. Suppose that x is any point in the slow manifolds S, or S,
let u denote the u-components of x, and let a(u, A, ¢) be the matrix in
(3.4) with a;; = a,;(u) equal to the entries of the Jacobian of (u,f), u,f)) at
u. It is easily checked that a,(u), a,(¥) < 0 and a, (u) > 0, so that the
eigenvalues u,(u, A, ¢) and u,(u, 4, €) of a(u, 4, ¢) are distinct and satisfy
inequalities (3.7a). If a,,(#) < 0 then a similar remark applies to u,(u, 4, €)
and u,(u, A, €). However, it can occur that a,,(#) > 0 in S, near u, = o,
so that u, and u,, together with their associated eigenvectors can coalesce.
Hence the fast-slow structure is maintained whenever x(¢, ¢) lies near S; or
S, but hyperbolicity within the slow subspace can break down. However there
will always exist a two-dimensional generalized slow subspace, which depends
smoothly on the various parameters.

C. The spectrum of L(¢). The spectrum o(¢) of L(¢) consists of two sets:
the essential spectrum g,(¢) and the point spectrum ap(s). For differential
operators of this type it is well known that ¢,(¢) is contained between curves
defined by the conditions that some eigenvalue uf(l, €) is pure imaginary (see
Henry [H]). By Lemma 3.1 these curves lie in the complement of € and, hence,
o,(g) lies in the stable half-plane ReA < f <0 for small ¢. The remainder of
the spectrum, ap(e) , consists of isolated eigenvalues of finite multiplicity.

Definition. A € Q is an eigenvalue of L(e) if there exists a nontrivial, uniformly
bounded solution y(£) of (3.3) Iz

In view of the hyperbolicity of the asymptotic systems at & = +oo, it is
easily seen that A € Q is an eigenvalue if and only if the bounded solution y(&)
decays to zero at £ = oo (see [AGI]).

D. The stable and unstable bundles. Armed with Lemma 3.1 we apply a result of
[AGJ] asserting the existence of certain subspaces of solutions of (3.3) , which
consist of solutions that decay as £ — —oo or as £ — +oco. In particular,
Lemmas 3.3, 3.5 in [AGJ] together with Lemma 3.1 above provides two two-
dimensional subspaces of solutions of (3.3) Iz which we denote by ¢~ (&, 4, ¢€)
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FIGURE 3.1

and by ¢*(£, A, €), whose defining conditions are
¢ (&, 4,¢e) —spanfe, (4,¢),e,(A,¢e)} asé— —o0,

(3‘8) + + +
9 (¢, 4,¢) —span{e; (4, ¢),e,(4,¢8)} as¢— +oo;

the convergence is in the topology on the Grassmannian G, ,. Thus ¢~ is

asymptotic to the unstable subspace of a~(A,¢e) at & = —oo, while ¢ is
asymptotic to the stable subspace of a™(4, ¢) and consists of solutions which
decay as & — +oo. These subspaces can each be viewed as (complex) 2-plane
bundles over the base space (£, A1) € R'xQ. Weseethat 1 € Q isan eigenvalue
if and only if ¢~ and ¢ intersect nontrivially at A.

Definition. ¢~ (¢, 4, ¢) is the unstable bundle associated with (3.3), and
9" (£, 4, &) is the stable bundle associated with (3.3) .

E. Outline of the proof of the Stability Theorem. Let K C C be a simple closed
curve containing the origin in its interior K°. The following lemma, whose
proof follows immediately from Proposition 2.2 in [AGJ], shows that an eigen-

value count of L(e) inside K is sufficient to determine the linearized stability
of the wave.

Lemma 3.3. (a) Suppose that K contains a region of the form
{A€eC:|A|<Rand|argd| < m/2+d}

Sor all sufficiently small § > 0. There exists 6, R > 0 which are independent of
e for 0 < e <1, such that L(¢) has no eigenvalues A in the region exterior to
K in the sector |argd| < m/2+7.
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(b) If L(¢) has exactly one simple eigenvalue at A = 0 inside K (due to
translation invariance), then the wave is (nonlinearly) stable, in the sense of the
Stability Theorem.

The remainder of the paper is devoted to obtaining an eigenvalue count of
L(¢) inside the fixed curve K of the lemma. The principal construction which
will be employed in obtaining this information is that of a certain 2-plane bundle
& (e), called the augmented unstable bundle, obtained from ¢~ whose base
space is a real 2-sphere, which we describe briefly below. This construction is
done rigorously in [AGJ].

First, the infinite variable ¢ is compactified through a change of variables
¢ — 17, where 1(&¢) is the solution of

! =ex(1-7°), 1(0)=0,

where ¥ > 0 and 7(+o0) = £1. The bundle ¢~ can now be regarded as
a 2-plane over (-1, 1) x Q. We restrict 4 to lie along K and consider the
restriction ¢ |(—1, 1) x K of ¢~ .

The next step is to show that ¢ |(—1, 1) x K can be continuously extended
to a bundle on [-1, 1] x K. Before describing this construction, we pause
to describe what is meant by a continuous extension. There is a very natural
association between certain complex k-plane bundles over a base space B and a
map from B into the Grassmannian G, , , which is the space of k-dimensional
subspaces of C" (see [MS)). This map works for subbundles of the trivial bundle
B x C". Given a complex k-plane bundle

&.E-L B,

where E C¢ B x C", we can associate with & a map é from B into the

Grassmannian G, , of complex k-planes in C", which assigns to each b € B
the k-dimensional subspace of C" which is the fiber above the point 5. There
is a natural bundle I k(C”) over G, ,, called the universal bundle: given g €
G, , the fiber in I,(C") is just the k-plane associated with g. A standard
construction in differential geometry is the pullback of a bundle, we note then

that the bundle & can be realized as the pullback é*l"k(C") (see [A]):
E —— T, (C"

d! l

é
B—— G,

We say that ¢ |(—1, 1) x K continuously extends to a bundle over [—1, 1]x K
if the associated map from (-1, 1) x K into G, , extends continuously to
[-1,1]xK.

Let

U*(4, ¢) = span{e; (4, ¢), € (4, &)}
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denote the unstable subspacesat 7= —1 and at 7 = +1. The defining condition
for ¢~ as t — —1 ensures that ¢~ continuously extends to U (4, ¢) as
T — —1 for all A € Q; in particular, this is true for all A € K. However, at
T = +1 this is not necessarily true; we need to make the further assumption
that A is not an eigenvalue of (3.3) s for all A € K. Under this assumption it

is shown in [AGJ, Lemma 3.7] that U (4, &) extends to ¢~ continuously as
T—+1.

We now have a bundle ¢~ over a finite cylinder [1, 1]x K. The last step is
to glue on “caps” over the ends 7 = +1. The fibers over points in the caps are
Ui(l, ¢) for (7, 4) e {£l} x K°. & (e) is the resulting bundle; its base space

B={-1}xK U[-1,1]x KU{+1} x K°

is homeomorphic to s2.

The principal result in [AGJ] equates the number of eigenvalues inside K
(counting algebraic multiplicity) with the first Chern number ¢, (€'(¢)), of &(e).
The relevant topology is developed in [AGJ]. However, for the purpose of this
paper, it will be sufficient to accept as given the existence of a homotopy invari-
ant ¢, associated with the bundle &(¢) which counts the number of eigenvalues
inside K, together with two basic properties of ¢, described in (a) and (b) be-
low. More precisely, the principal goals of the remainder of the paper are the
following:

(a) The decomposition of & (g) into a Whitney sum

&(e) =& (e)@&(e)

of complex line bundles & (e) and &,(e). The fast-slow structure of the differ-
ential equations provides a natural means of obtaining such a Whitney sum de-
composition. The information needed to obtain the decomposition is described
in a little more detail in subsection F, below. Given such a decomposition,
c,(&(e)) is the sum of ¢, (& (e)), i=1,2.

(b) The computation of the classes c,(€,(¢)), i = 1,2. This step exploits
the homotopy invariance of ¢, by continuing the computation to certain re-
duced bundles &, and &, which are defined directly from the equations
with & = 0. The equations associated with these bundles are two-dimensional
rather than four-dimensional and their eigenvalue problems can be studied by
standard techniques, such as Sturm-Liouville theory. Hence to compute ¢, of
the reduced bundles it suffices to obtain an eigenvalue count of the reduced
equations and to apply the Chern number theorem in [AGJ] in reverse.

F. Complex line bundles and CP?. It will be convenient to describe the complex
line bundles &(¢), i = 1, 2, mentioned in the previous subsection in terms

N

of maps é, of a base space B into G, ,, which is complex projective space,

CP®. The space CP’ is C*\ {0} with the equivalence relation y, ~y, if
VsV, € c? \ {0} and y, = ay, for some o € C; ie, CP’ is the space of
complex lines in C*. Let n: C* \ {0} - CP? be the projection map; for a
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given set § c C*\{0} we denote by S its image 7(S) in CP’. A complex line
bundle & over a space B is the pullback &/T, (C*) of a map é; into cp*:

& —— I,(CcY

1

l l

B . cpP’

Given a linear system y' = b(&)y on C*. where b(¢) is a 4 x 4 matrix,

there is an associated induced flow on CP*, which we denote by
V' =b,9).

The fast and slow unstable bundles & (e) and &,(e) are subbundles of & (e)
which will be defined later via certain solutions &, and é, of the projectivized
system associated with (3.3) Iz With a slight abuse of terminology, we shall
refer to the maps ¢, and é, themselves as the fast unstable bundle and the slow
unstable bundle, respectively.

The fast and slow unstable bundles &(¢) and &,(¢) are defined via ¢, and
é, on the sides, (—1, 1) x K. The defining conditions for &, and é, are

both at 7 = —1 and so they can automatically be capped off at {—1} x K 0 by
extending these maps to equal &, (4, ) and &, (4, ¢) on this set. The difficulty
is in extending é, and &, to 7 = £1; this requires a description of the global
behavior of ¢, and é, as solutions of the projectivized equations associated
with (3.3) Iz In particular, the information required in obtaining the Whitney
sum decomposition of &(¢) is

lim &,(t, 4, &) = éf(h,e) (AeK, i=1,2).
T
This is proved in §§IV and V.

G. The reduced equations. The fast and slow reduced bundles will be defined
from the equations obtained by setting € = 0 in (3.3) ; and (3.3),. Itis
important to first set the parametrizations for the underlying waves: x(¢&, ¢)
and xg(¢) in the fast scaling, and X({, &) and Xg({) in the slow scaling.
Recall that x and x, are both determined by setting u,(0, &) = u,,(0) = &
for some fixed 4 € (0, p(a)). This also determines X({,¢) = x({/e, &);
finally, set X,({) so that the discontinuity occurs at { = 0.
The fast reduced system is

Pir = dir>

q;R = - e*qu - (aﬁ € - A)pm - afz(é)pZR ,
(3.9) » h

p2R = Os

q;R =0;

the coefficients aﬁ(é) are the entries of the Jacobian matrix of (u, f,, u,f,)
evaluated at x,(¢). In view of the parametrization for x(¢, &) and xgx(¢, ¢)
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it follows from Corollary 2.2 that the coefficients of (3.3) s tend to those of
(3.9) ;¢ uniformly for compact ¢.

The slow reduced system is obtained by setting ¢ = 0 in (3.3),, to obtain the
algebraic-differential system

0= Ql s
0=(A- 4] ()P, - APy,
(3.9)r Pz =0,

R R
Alz(C)Azl(C) +A§2(C)—/1 Pz;

S LT
here, Aﬁ ;({) are the entries of the Jacobian matrix of (i, fi» uyf,) evaluated
at X,({). Recall from §IIC that the U,-component of X({) is discontinuous
across { = 0. It follows that solutions (P,, Q,) of the differential equations
in (3.9),, will be continuous across { = 0, but that P, will in general be
discontinuous. We remark that by Corollary 2.2 and our parametrization of
X(¢, €), Xg(£), it follows that the coefficients of (3.3); tend uniformly to those

of (3.9),, for { bounded away from zero.
IV. THE ESTIMATION OF &, AND THE ELEPHANT TRUNK LEMMA

A. Preliminaries. Consider the projectivized equations associated with (3.3) I
which we will denote by

(4.1) V=ap,& 4, e).

The fast unstable bundle ¢, will be defined to be a certain solution of (4.1). In
order to define é, it will be useful to recall some facts concerning autonomous
linear systems on C" and their projectivizations on CP"™':

y'=by (yecC’,
V'=bp) (ecP).
Clearly, e is an eigenvector of the n x n complex matrix b if and only if ¢
is a critical point of the vector field 5(j). It is easily checked that if u, are
the eigenvalues of b with associated eigenvectors e, , then a'B(é,.) is a linear
operator on c"! with eigenvalues u M Jj # 1 (seee.g. [J]). In particular, if
u, is the eigenvalue of largest real part, then é, is an attracting critical point,
as can easily be seen in Figure 4.1 depicting a linear saddle point at the origin.
The asymptotic system for (4.1) at £ = —oo has an attracting critical point
é, (A, ) forall A€ Q,since u, (4, &) is the eigenvalue of a™ (4, €) of largest
real part. It follows from general arguments presented in [AGJ, §3.B] that there
is a unique solution é,(, 4, ¢) of the nonautonomous equations (4.1) which
satisfies
lim é,(&,4,¢e) =6, (4,¢).
{——00

This condition uniquely defines the unstable bundle ¢, .
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Y
FIGURE 4.1

The remainder of this section is devoted to characterizing the global behavior
of é, and, in particular, its behavior as £ — +oo. The idea is to construct a

positively invariant set QY c CP? xR for the equations (4.1), augmented with
& =1 which, by virtue of the defining condition for é, at ¢ = —oo, contains
é, for all £. This set is constructed as a union of tubes
Q'=0,uQ,uQ,

(see Figure 4.2); the slow tubes Q L fZR enable us to track é, over the left-
and right-hand slow manifolds, while Q. contains é, in the transition layer.
The slow tubes are neighborhoods in CP? of the fast unstable eigenvector of
the coefficient matrix a(¢, 4, ¢€).

Near the slow manifolds we will show that é, remains in a region in cp?
where p, # 0 in the fibers n"lél . It is therefore convenient to introduce the
local coordinate system
@) y=p. p= (BB R) 5,88,

py, b b
where y € n! y . The equations for # assume the form
, 2
B; = - gﬂl - (all(é, 8) _)') - a]2(é> 8)ﬂ2 - )Bl »
/
(4.3) ﬂ2=8ﬂ3_ﬂ|ﬂ2;
!/
:33 = 8[_80B3 - azl(é, 8) - (azz(é s 8) - l)ﬂz - Blﬂg,] .
These coordinates will frequently be used whenever the underlying wave is near
the slow manifolds. With a slight abuse of notation, given y € CP? such that
p, # 0 in the fiber over y € CP? denote by J the element of ! y whose
p,-component equals one.
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B. Relatively invariant sets for nonautonomous systems. We shall prove a general
lemma that will be needed in the construction of QL and QR concerning
nonautonomous systems of the form

(4.4) B'=F(B,& ¢ (BeCh,

where F depends weakly on & if ¢ is sufficiently small (see (4.7)). Suppose
that Q ¢ C" x R is a set of the form

a=Jae x @,

tel

where I is an open interval in' R' and Q(¢&) is a family of neighborhoods in
C", such that 8QNC" x I is a smooth manifold (i.e., Q(&) varies smoothly
with ).

Definition. Q is positively invariant relative to I if for any solution (&) of
(4.4) with B(&)) € Q(¢,) for some &, € I, then B(¢) € Q(&) forall £ > &, for
which &€ I.

In order to construct relatively invariant sets for (4.4) we shall consider the
family of frozen systems,

(4.5), L=FB.vie el

Suppose that for each y eI, (4.5),/ admits a critical point B,(7, €) such that
B, depends smoothly on y and that there exists o > 0 independent of ¢ and
¢ € I such that

(4.6) Reo[d F(By(v,€), v, €)]<-

Here o denotes the spectrum of the Jacobian d ﬂF . We shall also assume that

given any d > 0 there exists ¢, = &,(d) and a nested family of subintervals
I(d) C I such that I(d,) C I(d,) for d, <d, and

(4.7) 3P {IF:| 1Eg el s [Boel} < s

where the set C is given by

C={(B.,¢.e): BBy, e)l <cy, E€l(d), 0<e<eg}.

The constant ¢, need only be chosen so that B is in the domain of F;in our
application we may take ¢, = 1. We also assume that

(4.8) K =suplld’F(B,¢, )| < oo.
C

Next, let

A(y) = dﬂF(BO(y’ 8) ’ 7, 8)
(we shall suppress the ¢-dependence from now on). We shall assume that there
exists an invertible matrix Y(y) which depends smoothly on y such that the
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following is true. Let (-, -)
defined by

, and | -], be the inner product and norm on C"

By, By, =Y(B, - Y(IB,, 1B, =(B, B

We shall assume that there exists a > 0 depending only on « in (4.6) such that

{ Re(A(y)B, B), < —alBl;,
Yol =1, IL,el, <d.

In the event that A(y) has a basis of eigenvectors which depends smoothly on y
we may take Y (y) to be the inverse of this matrix. However, in our applications,
Remark 3.2 shows that the eigenvalues u, —u, and u; — 4, of this matrix can
coalesce over certain portions of S, , and the (generalized) eigenvectors of A(y)
may depend discontinuously on y. We will verify that a suitable Y(y) can be
found in the next section. Finally, given # >0 and d > 0, define Qc C" xR
by

(4.10) Q=Q(d,n)={B,7):1B-Byv,e)l,<n, yel(d)}.

It will be useful later on to keep in mind that 4 is associated with the slowly
varying character of (4.4) while 7 is associated with the width of the tube Q.

(4.9)

Lemma 4.1. With notation and hypotheses as above, and, in particular, (4.6),
(4.7), (4.8), and (4.9), there exists 7, depending only on K in (4.8), and there
exists B >0 depending only on n,, K, and o in (4.6), such that if n < n, and
if 0<d < Bn then Q(d, n) in (4.10) is positively invariant relative to 1(d)
for the equations (4.4).

Proof. Let B(£) be a solution of (4.4) with B(£,) = B,, where (B,,¢,) €
Q(d, n). Suppose that d < Bn and that the lemma is false. Set g(&) =
1B(E) — B,y(<, s)|¢; then g(£,) < n and there exists a smallest ¢ € I(d) with
t > ¢, such that g(f) = n. We will show that g'(t) < 0, contradicting the
minimality of ¢. From the definition of |- | > it follows that

(4.11)

g'(6) = 0" 1Y(B-By)- Y;(B = Bo)—Y(B—Bo)- Y By +Y(B—Bo)-YF(B, &, Olec,.

Since g'(¢) is real valued, we may replace the right-hand side of (4.11) with its
real part. Now

F(B.,t,e)=A)(B - By) + R(B - By)»

where |R(B — B,)|, < C|B - 5o|;2 and C depends on a'/z,F and is therefore
dominated by K in (4.8). In the following we shall let C > 0 denote a generic
constant which depends on any of the various quantities in the statement of
the lemma. By (4.9) we have that ||Y¢|| ¢ < d, where || -|| : is the matrix norm
induced by |- |, . It now follows from (4.11) and (4.9) that

g'(t) <Cnd+Cd+(Cn—a)n
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for some constant C. Choose 7, = a/(2C) and B = a/2C(n, + 1); it then
follows that g'(f) < 0 provided that 7 < 1, and d < Bn, yielding the desired
contradiction.

C. Relatively invariant sets for (4.3). If £ and ¢ are such that x(&, ¢) lies
near either slow manifold §; or S; then by Remark 3.2 it follows that the
eigenvalues u,(¢, 4, €) of a(&, 4, €) satisfy the estimate (3.7a). Let £, (¢, 4, )
be an eigenvector of a(¢, 4, ¢) associated with the eigenvalue u,(¢, 4, €) of
largest real part, normalized so that |f (¢, 4, ¢)| =1 foreach (£, 4, ¢). We
pick the usual parametrization for x(¢, ¢), namely u,(0, &) = 2. It follows
that there exists & > 0 depending only on 4 such that fi(&, 4, &) will be well
defined whenever |¢| > &. From the estimate in (3.7b) it follows for |¢| > &
and ¢ sufficiently small, that the p,-component of f, remains & (1) as ¢ — 0.
Without loss of generality, it may be assumed that the p,-component of f
equals 1 so that f, = fl . We may therefore use the local coordinates 8 in
(4.2) to describe the solution y(¢) of (4.1) whenever j(¢) is near f,(¢, 4, ¢)
for all small ¢ > 0. The relevant equations are therefore (4.3), which we may
express more succinctly as

(412) B/=F(ﬂ’é"1’£)'

For |y| > & and all & > 0 sufficiently small there exists a curve By(7, A, &) of
critical points of the frozen systems associated with (4.12),

(4.13), B =F(B.& A e,

consisting of the (g, , p,, g,) componentsof f,(¢, 4, ¢). By a previous remark,
if

A(C9 l) 8) = dﬁF(ﬂO(é9 A, 8), é, j', 8)9

then for |£| > & and small & > 0, 4 has eigenvalues u, —u,, i=1,2,3,4,
at (£, 4,¢) and if & is large enough, estimate (4.6) will hold uniformly for
all |¢| > ¢ and for small ¢ for some o > 0. Since the branch g, 4, &)
is uniformly bounded for all |¢| > &, 4 € K, and all sufficiently small &, it

follows that (4.8) holds for some K, with ¢, in the definition of C equal to
1. Also, we take the interval I to be either

I, ={¢:—c0<&< =&} or I,={¢:&<&< o0},

Next, we verify (4.7) for a suitable family of subintervals I,(d) C I, and
Ip(d) C Iy. Note the F(f,¢, 4, ¢) depends on ¢ through the dependence of
the a;;(¢, ) on the u-components of x(¢, ¢). Hence there exists a constant
L > 0 such that

(4.14)  max{|E|, IF 4l 1Boel} < Lmax{|u;(Z, &), u(, €)}
for all sufficiently small ¢ >0, say 0 < ¢ <¢,. Now let

n(d)=n_(6)Ung(é)Un_(d) x I;
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be the tube constructed about the singular limit in §IIE. By resetting ¢, if nec-
essary and choosing & > 0 small enough, there exist &, (6) < —& and &4(8) > &
such that for 0 < ¢ <¢,

x(&,¢e)en_(6) for¢ <¢,(6)and x(§,(d), ¢€) € n_(6) Nng(9),
x(¢,e)en_(0) for&><&y(9) and x(Sp(d), €) € n, (6)Nng(d).

We claim that there exists a constant M > 0 such that for ¢ < ¢, (d) or
¢ >¢p(d) and e <¢,

(4.15) W, (&, )], |uy(E, &) < MS.

Since u'2 = ¢v, and v, is uniformly bounded along the entire wave, (4.15)
will hold for u'2 by setting M, > (g,/0) max |v,|. Similarly, since u'1 =,
it trivially follows for x € n_(d) that |v,| < 6, so that we may take M =
max{1, M,}.

Finally, given any small d > 0, set d(d) = (ML)"a’ and

I(d)={£:6 <, (6(d)},  Ip(d) ={¢:&r(6(d)) <&}

The set C in (4.7) is defined with I(d) equal to either I;(d) or I (d). Com-
bining (4.1) and {4.15) yields (4.7), as required. In the following we shall write

cL(d)=¢,(0(d)),  crld) =Qx(6(d));

these should be thought of as the times £ when x(&, ¢) is (approximately) a
distance d away from the left and right corners of the singular limit.

Next, set 7, and B as in Lemma 4.1. For 0 <#n <7, and 0 <d < By
define
Q, =Q,(d,n; A, &) asin (4.10) with I(d) =1I,(d),
Qp=Q(d,n; A, &) asin (4.10) with I(d) = I(d).

To complete the construction we need to produce a family of matrices Y =
Y(y, A, &) so that the associated norms and inner products on c? satisfy the
inequalities in (4.9). To this end we compute the linearization of F at f, It
follows from (3.7b) that

(4.16)

_A(éa ’1, 8) —alz(ﬁ’ 8) 0
AG, = 0 -M@E Ao 0 £ BE, A8,
0 0 —M,(E, 4, ¢)

where B(£, 4, €) is a 3 x 3 matrix whose entries are uniformly of order 4,

Mp(és )'9 8) = _0/2+ %A(€3 j" 8),
AE, A, e)=16"+4(A—a, &, ).

Since a,, is strictly negative along the slow manifolds S, , S, it follows that
Q can be modified if necessary so that Re(4 — a,,) is positive for 1 € Q.
Similar considerations also imply that A # Mp for A€ Q and all (¢, ¢) such
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that the underlying wave is near the slow manifolds. It follows that both A and
Mp have positive real part so that 4 is negative definite, and also that A4 is
diagonalizable for such (&, A, €). We can therefore take

1 a,&,e) 0
Y(é9l9£)= O _A(éa)'ag)-l-Mp(éalas) 0 5
0 0 1

it then follows that Y 'AY is a matrix with diagonal entries of uniformly
negative real part and with all remaining entries of order . The inequalities
in (4.9) follow from this.

We summarize this result below.

Lemma 4.2. Let &, (d), ¢p(d), Q; , and Qp be defined as above with d < Bn.
Then there exists €, > 0 such that Q, and Q are positively invariant relative
to I,(d) and to I4(d), respectively.

With a slight abuse of notation, we shall write Q ; and Q r for the images
of Q, and Q in CP? xR.

D. The elephant trunk lemma. We are now equipped to prove the main result
of this section. Our goal is to construct positively and negatively invariant
sets QO and Q°, respectively, in cP’ x R, for the projectivized system (4.1)
augmented with & = 1. Q" will be used to locate the solution é,(&, 4,¢) and
to characterize its behavior as & — +oo; Q° will play a similar role for &,
as £ — —oo. Recall that &, and ¢, are the fast unstable and the fast stable
bundles associated with (3.3) Iz respectively. We shall supply the description
of and the argument for Q; the argument for the repelling set Q° is the same
as for Q" after a time reversal and will be omitted. ~

The principal construction that needs to be described is that of a set Q. that
will describe é, over the transition layer; in addition, Q ¢ Will connect the two
sets Q , and Q r defined in the previous section. It is here that the choice of 2
is crucial. We shall assume that A lies on a curve K C Q enclosing the origin
as in Figure 3.1. The criterion for choosing K is that it should not contain
eigenvalues of the fast reduced system (3.9) IR Since this system is degenerate
we need to make this more precise.

Definition. 1 € C is an eigenvalue of (3.9) IR if p,p = ¢,p = 0 and if the
system

* R
(417) p;R=qu’ q;R=_0 qu—(a“(é)—l)le
has a nontrivial uniformly bounded solution.

Note that (4.17) is equivalent to the second order equation

12 8
Pirt G;R + 3_,41(“1R(f)f1(“1k(é) Q)P = AP\




488 R. GARDNER AND C. K. R. T. JONES

These equations are the linearization about the travelling wave solution (u, (&),
v,z(€)) of a scalar, bistable reaction-diffusion equation consisting of the 1-
components of (2.3) iR It is well known that such waves are stable. In fact, if

b = max afl(:i:oo) < 0, then the spectrum of (4.17) in the half-plane Rel > b
consists of a simple eigenvalue at 4 = 0. These results are proved in the paper
[FM] by Fife and McLeod. Thus a suitable choice K C Q of a curve enclosing
A =0 can be found on which there are no eigenvalues of (3.9) IR

The region Q* can now be defined. Let ¢, (d) and &,(d) be the functions
defined in §IVC, let 7, , np <17, and d, < Bn,, dy < By, where n, and B
are as in Lemma 4.1; finally set

§L=ﬁL(dL,nL;A,£), ﬁR=f2R(dR;nR;/1,£)

as in (4.16). Of particular importance is the “bottom” of Q r » Which we define
to be
(4.18) (g = Opldg, fig, 4, &) = Qu NCPY x {Ex(dy)} -

Let @y C @y bea nelghborhood in @p; & will be specified below (see (4.23)).
The set Q C CP? x R is defined to be

(4.19) ={(P(¢) : (&) satisfies (4. 1)
(y(éR), éR) € &y, and éL << SéR},

where &, =¢,(d;) and &, = ¢p(dg). Thus QF consists of solution segments
of (4.1) s which lie in @, at { = {;. A dual construction can also be given
for the transition region for Q. By construction the set ﬁF is a positively
invariant relative to the interval I = [{;, {z]. The region Q" is defined to be

(4.20) Q"=Q,uQ,uQ,.
The following theorem shows that Q- (resp. o ), and has the aspect depicted

in Figure 4.2. In particular, Q . N{¢,} isinterior to Q N{¢.} so that the union

Q" of the three relatively invariant sets in (4.20) y1elds a positively invariant set.
The aspect of the figure suggests a concatenation of elephants linked together
trunk-to-tail.

Theorem 4.3 (the elephant trunk lemma). Suppose that A € K is not an eigen-
value of (3.9) . There exist d; , dyp, n;, and ng satisfying n; , ng < 1, and
d, < Br/L, dg < Bng, and there exists € > 0 such that Q" is positively invari-
ant and §° is negatively invariant for (4. 1), for 0<e<% andall A€K.

Proof. We prove the theorem for Q" . From the remark preceding the statement
of the theorem it suffices to show that the set @, in (4.18) can be chosen so
that

(4.21) Q,nCP’ x (&} c Q. nCP’ x {}.
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(a) Q" (b) &

A
€y ,at-om
FIGURE 4.2

We will verify (4.21) for a suitable choice of the defining parameters 7, , 7,
d, ,and dp. At various steps ¢ will have to be set sufficiently small. This will
be expressed by writing & < €, where it is understood that € is chosen smaller
than in the previous step if necessary.

The set Q » is approximated by considering the projectivization of the re-
duced system (3.9) iR namely

(4.22) V=ap,&,1,0)=a,0,¢,4).

Recall that the condition u,,(0) = h sets the parametrization for (3.9) IR
and hence, for (4.22). Let x4(£) be the underlying wave in (2.4), and let
x;*{ = Xp(£o0) be the left- and right-hand corners of the singular limit. Let
ag(&, 4) = a(, 1, 0) be the coefficient matrix of (3.9) ., and let eﬁzc(l) be
the fast unstable eigenvectors of ag(+oo, 4) in the left- and right-hand corners.
(Note that eliRC(l) is not the same as eliR(l) in (3.7b).) Since xf lie in the
slow manifolds, an analysis similar to the derivation of the characterization of
eliR(A) in (3.7b) yields an analogous characterization of eliRC(l) . By a general
construction in [AGJ] there exists a unique solution é,,(¢, 4) of (4.22) such
that é (¢, A) tendsto é ,-(4) as ¢ — —oo. Since A € K is not an eigenvalue
of (3.9) /R it follows that the 1-components of e, (¢, ) become unbounded as
¢ — 400. This can occur if and only if €, ,(¢, A) tendsto €/ (4) as £ — +o0.
Thus &,,(¢, A) is an orbit of (4.22) which connects & (1) 10 &/5-(4).

First, set 0 < 7, , nz < 1, so that for |¢| > &, (4.6) will be satisfied for
0 < ¢ < €. Note that the size of each slice of ﬁL and ﬁR at fixed & is
uniform (either n, or #n,) forall ¢ < —& and & > &. The proof is based on
the following three assertions.
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Claim 1. There exists € > 0, a neighborhood & of é/,.(4) in CP’, and
dp < Bny such that

(4.23) o C ot x (€} Cagldy, ng; 4, €)
for 0<e<eE.
Keeping dp, 1, fixed, let T <¢p; define
(4.24) @ (&) = {7(e) : P(&) solves (4.22) and P(&,) € @'}

Thus &*(¢) is w* at time ¢ under the reduced flow.

Claim 2. Let @ be a small attracting neighborhood of é,,-(4) for the asymp-
totic system associated with (4.22) at & = —oo. There exists T < —& such that
@~ caf (&) forall E<T.

It follows from our parametrization of the underlying waves that ¢, (d,) —
—oo as d; — 0; we can therefore select @, so small that £, (d;) < T, where
T is as in Claim 2. Finally, set

R . A 3
W, =0, d ,n;A,8)=Q,(d, ,n ;4 e)NCP x{¢,}.
Claim 3. There exists € >0, n, <n,, and d;, < Bn, such that &, C @~ for
O<e<eE.
Assuming the validity of the claims we can easily establish (4.21). With all
defining parameters set as in the claims and 0 < ¢ < € it suffices to show that

(4.25) &~ x{&,} C Qu(dg, mg; 4, £)NCP’ x {¢,}.

Recall that ﬁF was defined by following solution curves p,(£) of (4.1) I with
€>0 and y, (&) € @™, backward in time to V.(&;). Let p,(¢) be a solution of
(4.22) with p(g) = 9,(Eg) - It follows from Corollary 2.2 that the vector field
a(y,&, A,¢) tends to agx(y,&, 1) as € — 0 uniformly on the interval ¢, <
¢ < &g, and from Gronwall’s inequality that |p,(£) — $,(&)| tends uniformly to
zero as ¢ — 0 on the interval £, < ¢ < ¢, . Hence the set on the right side of
(4.25) approaches the set cb+(£L) in Claim 2 as ¢ — 0. Thus (4.25) follows
from the above and Claim 2 for 0 < ¢ <& for ¢ sufficiently small.

Proof of Claim 1. Let fx(£, A) be the fast unstable eigenvector of a(¢, 4, 0);
fir 1s well defined for |{] > ¢. By an estimate similar to (3.7b) we may scale
fig sothat f,p = fip. Since xp(&) — xj it follows that f,.(&, 1) tends to
e rc(A) as & = +oo. Now let @ be a fixed neighborhood of radius 7,/3
about &/p-(4) in CP*; here and below distance on CP® is measured in the
norm | - | 2 defined earlier. From the above there exists ¢, > ¢ such that
fir&, A)ed" forall £>¢.

Next consider @, ; this is a disk of radius 7, about f](é z(dg), 4, €). Since
X(&g,€) € n (6)Nng(d) and 6 = (ML)_ldR it follows that ¢, — +oo as
dp — 0. Set dp > 0 so small that {.(dg) > ¢,. By the parametrization set
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FIGURE 4.3

for the underlying waves x(&, ¢) it also follows that fl(é s A, €) — fl g, 4) as
¢ — 0, uniformly on compact ¢-intervals. Since ¢g(dy) > &, it follows from
the first paragraph that f1 r(Crs4) € @" . Finally, since fl (g, 4, &) tends
to fl r(&g,4) as &€ — 0 there exists € such that for 0 < ¢ <& we have that
fi(&g> A, €) lies within 77,/3 of f,z(é,, 4). Givenany p € &" it then follows
that

6= £1(&xs 2, ©)le, < 1D =& ge()le, +16,gc(A) = iz Ers A,
+1h=&rs A) = 1(ERs 2, €,
<Ne/3+Ng/3+ng/3=ng.

Proof of Claim 2. Let é (&, A) be the solution of (4.22) which connects e, (4)
to €p(4) . It follows that

élR(é, A) € @ for all E> fl

for some ¢, > £ . Since Cr(dg) — +oo as dp — 0 we can assume that d is
reset if necessary so that ¢ (dy) > ¢, . This may now require resetting £ in
Claim 1; assume that this has been done.

We now compactify & in (4.22) by introducing a change of variables 7 =
7(&); (4.22) is written as

(4.26)
=ex(l—-1") (-l<t< ).

Here, k > 0 is a small constant. From the second equation 7 increases mono-
tonically from 7 = —1 to 7 = +1; we set the reparametrization by requiring
that 7(0) = 0. Then & can be solved for in terms of 7 and the vector field
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FIGURE 4.4

ay, 1, 4, 0) is obtained from (4.15) by substituting the relation & = &(7). The
asymptotic systems of (4.22) correspond to the invariant manifolds cP?x {£1}
of (4.26). Note that the rest point (é,~(4), —1) of (4.26) is an attractor in the
manifold CP?>x{-1}, while in the full space CP>xR' it is a saddle with a one-
(real) dimensional unstable manifold, which is tangent to the t-axis (see Figure
4.4). The solution (& (7, 4), 7) of (4.26) obtained from e, (£, A) coincides
with this unstable manifold for -1 <1< 1.

Let @ be a small attracting neighborhood of (é,z~(4), —1) in cPx {-1}
(relative to the flow in this set). Let C be the cylinder

C=& x[-1,-1+al.

If a > 0 is small enough, solutions of (4.26) enter C through the sides & x
[-1, -1+ a] and leave C through the face @ x {—1 + a} . Finally, the face
@ {-1} is invariant and solutions in this face tend to the critical point in
forward time.

Let ¢ be the ¢ associated with 7 = —1 + a. By the first paragraph of the
proof of this claim it follows that the set & (¢,) defined in (4.24) with { =¢
is a neighborhood of é,,(§,, 4). Let & = é)*({a) x {—1+4a} be the associated
neighborhood in the right face of C. Since (é,4(7, 4), 7) is the only solution
of (4.26) which remains in C in backward time, and because at ¢ = ¢ it
is interior to & it follows that every solution of (4.26) through 08, leaves
C in finite time. Moreover, it follows from the compactness of C and 900,
that there exists T € (—oo, ¢ ) such that each such solution exits C at a time
& > T. Finally, the time map &@" — @*(T) is a homeomorphism. Since @*
is a ball it follows that @*(T) is also, and since d@*(T) is exterior to the ball

@~ , it follows that @~ C @"(T). Without loss of generality we may choose
T<-£.
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Proof of Claim 3. We use the notation introduced in the proof of Claim 1. Since
érc(4) € @ and flR(é, A) tends to é - (4) as ¢ — —oo there exists {;, < T
such that fl r(€,4) € @ forall { <& . Select n, < n, such that the disk
about fl &€, A) of radius 7, (in the H{L metric) is contained in @ . Since
¢, (d;) tendsto —oo as d; — 0 wecan find d; < Bn, such that ¢, (d,) <¢; .
Hence Claim 3 will be satisfied for such d; , 1, and for 0 < ¢ <& sufficiently
small.

Remark 4.4. The proof of a similar result was first obtained by Jones [J] for
the FitzHugh-Nagumo equations. This is clearly a feature of fast-slow systems
that is true in a general setting and it will undoubtedly be required in future
applications of the theory in [AGJ]. It would be awkward to state a general
theorem due to the many different ways in which the small parameter ¢ can
enter into the equations. Rather we shall try to identify the main features of
the equations which were needed in the proof.

(a) The system supports the existence of a family of waves x(&, ¢) = X({, ¢)
for small ¢ > 0 with two distinct time scales, each of which has clearly iden-
tifiable limits x,(§) and X ({) as ¢ — 0. The slow limit X({) is piecewise
continuous and lies in the slow manifolds S; and S,. The fast limit xg(&)
describes transition layers in solutions jumping between §; and Sj.

(b) For some domain Q C C the coefficient matrix a(¢, 4, &) of the lin-
earized equations has a simple eigenvalue of largest real part for A € Q, when-
ever the underlying wave lies near either S, or Sj.

(c) The spectrum g, for the linearized equations about the connecting orbit
xg(£) of the reduced system is known, and 4 is chosen in Q\o, .

The elephant trunk lemma yields the following characterization of the be-
havior of ¢, for large £.

Corollary 4.5. Under the hypotheses of Theorem 4.3 it follows that

lim é,(&, 4,¢)=¢é (4, ¢)

E—+o00

forall A€ K and 0 < e <&. The limit is uniform in A for A€ K.

V. THE DEFINITION AND APPROXIMATION OF &,

A. Definition of é,. Generically, a solution é,(¢, 4, &) of (4.1) which tends to
é, (4, ¢) as { — —oc will tend to e‘f(l, ¢) as £ — +oo. We will show, however,
that for a particular choice of the slow unstable bundle é, we can arrange that
é, tends to é; (4, €) as ¢ — +oo. This will be crucial in obtaining the direct
sum decomposition of the 2-plane bundle &(e). The first step is to locate a
choice of é, whose asymptotic behavior at ¢ = +oo is different from that of
é,,1.e., its w limit set lies in {é,(4,¢), i=2,3, 4}.
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Theorem 5.1. Suppose that . € K is not an eigenvalue of (3.9) /R and that
0 < & < €. Then there exists a solution &,(¢, A, €) of (4.1) such that

(a) lim,___ &), 2, 8)=¢;(2,¢),
(b) lim,_,, &, A, e) €{& (4, ¢), i=2,3,4}.
These conditions uniquely determine é, .

Proof. We shall construct a 3-plane bundle of solutions w* of solutions of
(3.3), over the cylinder R' x K such that every solution in y" satisfies con-
dition (b). This is done by compactifying the projectivized equations (4.1) by
replacing ¢ with 7 = 7(£), yielding the system

(5.1) V=a@, 1,46, T=ex(l-1) (-1<t<1);

here k > 0 is chosen small enough that 7(¢) decaysto +1 at & = +oo slower
than the rate at which the underlying wave x(&, ¢) converges to its limits at
+oo. Under this condition, with 7 = 7(£) in a, the vector field a is C " inits
arguments (see [AGJ]). The critical points of (5.1) are (é;‘L (A, &), £1) with 1 <
i <4. The bundle y* is constructed by selecting certain solutions e (¢, A, )
in the stable manifolds of the rest points (él.+ (A,e),+1) for i=2,3,4.

First consider (&, (4, ¢), +1). Since e, (4, &) is the fastest stable eigenvector
of a*(4, ¢) it follows that e, (4, ¢) is a repeller for the flow in the invariant
slice 7 = +1 of (5.1). It follows that (é:(l, €), 1) is a saddle with a (real)
one-dimensional stable manifold. Let (é';‘k (&, 4, ¢), t(&)) be the solution in this
manifold with 7(¢) < 1 and let e,(¢, 1, ¢) = & (&, A, €); by construction, &
tends to &, at &= +oo.

The critical points (e';r (A,¢€),1) and (e2+ (A, €), 1) have stable manifolds of
(real) dimensions 3 and 5, respectively, since the matrix dy.[z at the first critical
point has one eigenvalue with negative real part and two with positive real part,
while this situation is reversed for the second critical point. Hence in the slice
7 = 1 the stable subspaces are of (complex) dimension 1 and 2, respectively.
The 7' equation adds one (real) stable direction to each. Let (€(&, A, ¢e), 1(¢))
be any solution of (5.1) in the stable manifold of (e,.+ (A), 1) suchthat 7(¢) < 1,
i =2 and 3, and define ¢’ = & . By construction, & tendsto & (4,¢) as
¢ — +oc.

The 3-plane bundle y* over R x K is defined to be

+ * * *
' =span{e,, e;,¢e,}.

Every solution in y* can be expressed as

y(@©) =

-

ae (E,4,8) (a;€C).

i=2
Each e,.* grows/decays as { — +oo at the rate exp(uf(l, €)¢); since Repu, <
Reu; < 0 < Reu, it follows that the behavior of y(§) at ¢ = +oo is deter-
mined by the smallest index i, for which @ # 0; in particular, p(£) tends to
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é,.+0 (A, €) as & - +oo. Thus every solution in y™ satisfies (b) in the statement

of the theorem. ‘

Next, consider the 2-plane bundle ¢~ whose defining conditions are at & =
—o00. Since the (complex) dimensions of ¢~ and w* add up to 5 and their
fibers are in C* they must intersect nontrivially. Moreover, by Corollary 4.5
to the elephant trunk lemma, the solution é,(¢, A, ¢) in ¢ tends to éf(,l, €)
as & — +oo, whereas by condition (b) in the lemma, the 3-plane w* near
¢ = 4+o0o tends (in the topology of G3,4) to the plane spanned by e;r (4, ¢,
i=2,3,4. Since e;“(l, ¢) is transverse to this 3-plane it follows that y* and
¢~ intersect transversely. We define é,(¢, 4, ) to be the unique solution of
(4.1) such that 77'¢, € 9~ Ny . By virtue of their behavior as & — +o0,
é, and é, are distinct solutions of (4.1). Since the defining condition for é, ,
namely &, — é/(4,¢) as ¢ — —oo, uniquely determines &, it follows that
é, must have an o limit set distinct from &, (4, ¢). However n_léz lies in

@~ so that the only other possible limit for é, at —oco is é, (4, ¢). Hence é,
satisfies (a) in the statement of the theorem.

We can sharpen (b) in Theorem 5.1 with a further application of the elephant
trunk lemma.

Corollary 5.2. With hypotheses as in Theorem 5.1,

Jim 6,4 0) € {8 (2, 0), & (2, 0))
—+00

Le., e, is asymptotic to the slow subspace of at(A,¢) as & > +o0.

Proof. If the assertion were false it would follow that é,(¢, 4, &) is asymptotic
to é4+ (A,€) as & — +oc. Let Q° be the negatively invariant set obtained from
Q" of the elephant trunk theorem after a time reversal. Near the slow manifolds
Q°F is a uniform neighborhood of the fast stable eigenvector of a(¢, A, €), which
we denote by f,(&, 4, ¢). Since f,(£,4,¢) tends to e, (4, ¢) as & — +oo it
follows from the above that (&,(¢, 4, €), &) lies in Q' near & = +00. It would
then follow from the elephant trunk lemma that é, tends to &, as ¢ — —oo,
a contradiction to (a) of Theorem 5.1.

B. Approximation of é,—statement of the main result. In this section we for-
mulate a theorem which characterizes the behavior of é, as ¢ — 0. It will be
convenient to change to the slow scaling by considering the solution of (3.3)_,

Ey((, 4, 6) =ey((/e, A, €).

As usual we normalize the underlying wave by requiring that U,(0, ¢) = h for
all ¢ > 0; the transition layer then occurs in an @(¢) neighborhood of { =0.

Roughly stated, the next theorem states that EZ(C , 4, €) is approximated
for small ¢ > 0 by a solution E2 r(¢, 4) of the projectivization of the slow
reduced system (3.9) .. This solution is obtained by gluing certain solution
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segments E,p({, A) of (3.9),, together at { = 0 so that their 2-components
are continuous across { = 0. The l-components of E,, are determined by
the algebraic relations in (3.9), ; it follows that the P,-component of E,, is
discontinuous at { = 0. The approximation will therefore fail to be uniform
near { = 0. However, the approximation is uniform for the two-components
when considered separately. This suggests introducing certain projection and
inclusion maps between C*> and C*. Given solutions Y of (3.3), and Y,
of (3.9),p define II,: c* - €’ to be projection onto the 2-components and

introduce the variables Z, Z, € c?:
Z=T,(Y)=(P,, Q)"
Zp =IL(Yy) = (P> sz)t'

It will also be convenient to define a certain inclusion map i: C? - C*. To this
end let

(5.2a)

R
HR(C,A)=%,
11

— Alz(Cas)
A-A“(g, '1) ’

F=P1 _H(C,}w S)Pz;
note that Hy is the coefficient of P, in the algebraic equation in (3.9) ,; for
small ¢, I" therefore measures how far Y is from solving this equation. Define
inclusion maps i({, ¢) and ig({) by
i(C, 4, 6)Z =(H(, 4, e)P,,0, P, Q)

i(§, A)Zg = (Hp({, A)Pog, 0, Prg, Q)
The equations for the 2-components Z = I1,Y and Z, = I1,Y, of solutions
of (3.3);, (3.9),g can then be expressed as

(5.2b)

(5.2¢)

(5.3) Z= B(,A,6)Z +GT,
(5.3) Zy = Ba(l, ) Zy,
where

B 0 1 ~ 0
(5.4) B“’“‘”‘(G(c,z,a) —so>’ G_<—-A21(C,e)>
C(L. 4, e)=—Ay({, e)H(L, A, €) — Ay + 4,

and

0 1
B ,)w = ’
(5:4), r(¢ )R (CR(CJ) 02
Colls A) = —AR (QOHL(, 1) — AR (0 + 2.

The equations (5.4), are equivalent to the equations for the 2-components in
(3.9),r and Zg({) is a solution of (5.4), if and only if (L, A)Zy(C) is a
solution of (3.9) ..
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Definition. { € Q is an eigenvalue of the slow reduced system (3.9), if there
exists a nontrivial, uniformly bounded solution Z.({, 4) of (5.3), which is
continuous across { = 0.

We remark that for 1 € Q, (5.4), has a saddle at { = +oo, so that an eigen-
function must decay to zero at { = +oo. Note also that (5.4), is equivalent
to the following second order eigenvalue problem,

B, + Cy(L, AP, =0

— AR (0)4,,(0)

YL - 430 + 4,

Cr(§,4) =

and that the eigenvalue parameter A enters into the equation in a nonlinear
manner. We assume for the moment that the spectrum of this problem is
known; it will be explicitly characterized later in the paper (see §VI).

It will be convenient to consider the projectivization of (5.4), on cp',
which we express as

(5.5)z Z' =By (Z,0,4).

The following approximation theorem will be concerned with two particular
solutions Z,p({,4) and Z,({,4) of (5.5)g. First, Z,.({, A) is defined to
be the (unique) solution of (5.5), which, as { — —oo, tends to the image in

CP' of the unstable eigenvector (1, Cr(=00, A)l/z) of Bg(—o0, 4). The exis-
tence and uniqueness of 22 r follows from general results appearing in [AGJ].
The second solution Z‘(C , A) is defined as follows. Let Z = IL,E,, where
E,(C, 4, &) is any nontrivial representative of E,({, 4, ¢). By passing to suit-
able subsequences ¢, — 0 it can be assumed that the limits

Z(£1,4,¢,)=2"

both exist as ¢ — 0. Let Z*({, A) be the solution of (5.5)x with data

ZE=+1,0) =27,

finally, define Z(C , A) by

~ [ Z7¢h, <o,
Z*“””"{Z*(g,x), {>0.

If Z,; and Z, are any representatives in n'Z,, and 7' Z, , where n: C* —
CP! is the projection map, define solutions E,; and E, of (3.9), by

Exp(C, 4) =ip(§, A Zp(C, 4),  E(C,A) =1L, Z,((, ),

where i is the map in (5.2c). We can now state the main result of this section.
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Theorem 5.3. With hypotheses as in Theorem 5.1 there exists € > 0 such that
for 0 < & <€ the following are true:

(a) lime_,ofz(C, A, €e)= E*(C, A) uniformly for a <|{| < A, for each a, A
with 0<a<1<A.

(b) Z,({, A) is continuous across { =0.

(c) Suppose that A € Q is not an eigenvalue of (3.9).,. Then Z(C ,A) =
Z,p(L, A), and for ¢ <E,

lim E,({, A, &) =¢é (4, ¢).

{—+00
Moreover, the limit is uniform in A for A€ K.

The proof of Theorem 5.3 will require some preliminary estimates. The
principal estimate asserts that Ez remains uniformly near the “slow subbundle”,
which is defined in subsection D below. It is this fact that also forces the
continuity of Z, across { = 0. The main aim of the theorem is to characterize
the behavior of E, at { = +oo. Since E, remains near a hyperbolic set rather

than an attractor in CP’ , the elephant trunk lemma is not available. The idea
is to use an “elephant trunk” type estimate inside the slow subbundle.

C. Estimates. In this section we shall use the estimates of §IIE for the underlying
waves x(&, €) = X(&, ¢) to approximate the coefficient matrix a(¢, 4, ¢) of
the linearized equations. There are two cases to consider which are determined
by whether the wave is near the slow manifolds or in the transition layer.

Case 1. Suppose that x(¢,, ¢,) tends to X as ¢, — 0 for some uniformly
bounded sequence {¢,}. By passing to a subsequence it can be assumed that
£, tends to a finite limit . Let Xg(§) be the solution of the fast reduced
system (2.3)fR R
Xg=n(xg, 0),  xz(&)=X.

Then xg(&) is the connecting orbit in (2.4) with u, = o and 6 = 6(a), and
(5.6) |x(&, &,) — xgx(¢)] — 0 uniformly as e, — 0
' on bounded ¢-intervals about & .
This is an immediate consequence of Corollary 2.2, which shows that x(&, ¢)
lies in n(d) for all sufficiently small ¢. Since ¢ is finite and d > 0 is arbitrary
it follows that xp(¢) liesin n.(d) for all J > 0; the result follows by applying
Corollary 2.2 and Gronwall’s inequality to the equation satisfied by x(&, ¢) —
xp(&).

As a consequence of (5.6) we obtain under similar hypotheses as above that

la, 4,¢,) —ag(l, A)] — 0 uniformlyase, — 0

5.7 _
(5.7 on bounded &-intervals about &.

Case 2. Suppose that X({,, €,) convergesto X as ¢, — 0 and that {, =¢,¢,
converges to a limit ¢, where either { is finite or { = +o00. If { =0, suppose
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in addition that {£,} is divergent, i.c., this sequence tends either to —oo or to
+o0o. Let {,+0 =¢,(¢,+5) and define x,(s, ¢,) = x(¢, +5,¢,), X, (0,¢,) =
X(,+0,¢,) . Then X lies in the slow manifolds S, US, and

|x,(s, &,) —X| = 0 uniformly for bounded s-intervals
(5.8)
abouts=0ase¢, — 0.

The proof of (5.8) is also in immediate consequence of Corollary 2.2 and Gron-
wall’s inequality. This can again be used to approximate the coefficient matrix
a(£, 4, €) along the slow manifolds. In particular, let ag(4) be the coefficient
matrix of the fast reduced equations (3.9) R wherein the coefficients afj.(.f)
are replaced by the (constant) Jacobian of (u,f , u,f,) evaluated at the u-
components of X. It then follows from (5.8) that

(5.9) la(¢,+s,4,¢,) —ag(A)| — 0 ase, — 0 uniformly on bounded
' s-intervals about s = 0.

D. Hyperbolicity of the slow bundle. It will be convenient to introduce an ap-
proximate slow bundle for the linearized equations. To this end, fix a > 0;
for |&| > a/e the wave x(¢,¢) lies near §; U Sy for small ¢ so that by
Remark 3.2, the coefficient matrix a(¢, 4, ¢) of (3.3) s will have eigenval-
ues u,(¢, A, &) which satisfy (3.7a) for i = 1, 4. However, the eigenvalues
u; (¢, A, €), i =2, 3, can coalesce for certain ¢ although they will still be of or-
der ¢. By a general result (see Kato [K]) we may select smooth f(£, 4, ) € c
such that f,, f; at (¢, 4, ¢) span the (generalized) eigenspace of a(¢, 4, ¢)
associated with u,(¢, 4, €) and u,(¢, 4, €). Normalize f; so that |f| =1
forall (£,4,¢).

Definition. The slow subbundle o, of (3.3), is
a,(&, 4, ¢)=span{f,(§, 1,¢), f3(&, 4, &)};

the base space of o, is |§| > a/e, 1 € Q, and 0 < & <, where € is small
enough so that Remark 3.2 is valid.

We shall approximate solutions of (3.3) 7 by considering the frozen system
and its projectivization

d

(5.10), d—Js}=a(y,/1,s)y,
ay ...

(5.11), Z=a0.7,4,0).

It will be convenient in the following to fix a metric p on CP? so that for a
given set S C cP® we may define a d-neighborhood by

NJ(S‘) ={ye cP: p(§,y) < for some § € §}.
Lemma 5.4. Fix 6 > 0 and a > 0, there exist € > 0 and T > 0 depending

only on & and a such that for 0 < e <€ and |y| > a/e, every solution y(s) of

(5.11), satisfies at least one of the following:

(1) ¥(0) € Ny(6,(7, 4, ¢€)),
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(il) H(T) € Ny(f,(, 2, ),
(iii) $(~T) € N;(fy(. 2, &)).

Proof. Let y(s) be a solution of (5.11)? which does not satisfy (i). If y(s) is
an associated solution of (5. lO)y , then y(s) can be expressed as

4
(5.12) ¥(s) =Y &fi(v, A, €)exp(su,(v, 4, €));

i=1
for simplicity we have assumed that a(y, 4, €) has distinct eigenvalues. If this
is not the case, the proof is similar. We shall choose the particular element of
77 '9(s) such that [¥(0)] = 1 in the sup norm; since |f}| = 1 it follows that
lg/ <1 for 1 <i<4.

Since y(0) does not satisfy (i) it is clear that (ii) or (iii) hold for some T ;
the point is to verify the choice of T is uniform for such y(0), 0 < ¢ <&, and
|y| > a/e. From the above, there exists a constant K > 0 depending only on
the metric p such that

(5.13) max{|g,|, |&l} = KJ.

We will show that if |g,| > KJ then (ii) holds. From (5.12) we have that
(5.14) y(T) =e""[g,f, + R(T)],

where

4
RT) =Y gfe'™™),
i=1

For 0 < ¢ <€ and |y| > a/e, it follows from (3.7a) that there exists a > 0
depending only on € and a such that Re(y;—u,) < —a for i =2, 3, 4. Since
lg,/ <1 and |f;| =1 for all i it follows from the above that

IR(T)| < 3"

From (5.14) we obtain 7 > 0 depending only on «, d, a, and the metric p
such that )
() € Ns(f,(v, 4, €)
for |[y| >a/e, O0<e<E.
The proof that |g,| > KJ implies (iii) is similar.

It will be convenient to use the slow scaling at this point. For |{| > a and
O<e<e,let

E(C,3,3)=f;(§'/8,/1,6), lSlsr,
(¢, 4, e)=0((/e, 4,¢).

The slow projectivized equations associated with (3.3); will be denoted by

(5.15) Y =AY,C,4,¢).
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We next prove a lemma for solutions Y () of the nonautonomous equations
(5.15). First we need to set d in the previous lemma. To this end let & and
Q" be the sets constructed in the elephant trunk lemma; let Q°(¢) and Q“(¢)
denote the projections of Q° and Q" on the slice CP* x {¢}. Set > 0 so
small that a/¢ > {g, [£;|. It follows that there exists 6, > O such that for
O<e<eE,

Ny, (fi€. 4, 8) c Q“Q) for | 2 a/e,
N; (fy(&, 4, 8) c Q') for |¢] > a/e.

In particular, J, depends only on a, the defining parameters d, , dg, 1, , 14
for Q* and QF, and on the metric p on CP>.
Lemma 5.5. Set 0 < 6 < J, as in (5.16) and a > 0. Suppose that Y(¢, A, €)

is a solution of (5.15) such that for each sufficiently small ¢ > O there exists
A(e) > a with the property that

Y(C,4,€) € NyZ,(C, 4, 8) for[¢| > Ae).

Suppose also that the elephant trunk lemma is valid at (4, €). Then there exists
€ >0 such that for 0 < ¢ <€ and |{| > a we have that

(5.17) Y(C, 2, 8) € Ny(Z,(C, 4, 8)).

Proof. Suppose that the lemma is false; there would then exist sequences |{,| >
a and ¢, — 0 such that (5.17) fails to hold for all n. By passing to subse-
quences it can be assumed that the following sequences are convergent;

(5.16)

¢, —C, wherea<|{| <o,
X(,,¢e,) X €S, US,,
Y(,,4,¢e)=Y, - Y inCP’.
Let s=({-¢,)/¢, and y, =, /¢, ; change variables from { to s by defining
PE A=Y (&, A e), (s, A,e,)=Y(se, +{,, A,¢,).

Then 2 satisfies the equation

dz . ., . o
%=a(z,yn+s,l,sn), 20 =7,.
Next, let 2 (s, A, n) be the solution of the frozen system
dz,

T =a(2,, 7, 40 8,), 2,0,4,n)=7,.

By hypothesis, ?n ¢ N;(6,(7,,4,¢,) forall n; it follows from Lemma 5.4
that at least one of

(8) Z,(T, 2, n) € Ny(fy (0 4> )

(b) Z*(_T7 }" n) € N&(f;(yn ’ l) en))
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hold, with T as in the statement of Lemma 5.4. Now set J, such that
6 < d, < d,; it follows from equation (5.9) that the vector fields a(z,, y,, 4, ¢,)
and a(z,,y,+s, 4, ¢,) converge uniformly to a.(z,, 1) for z € CP?, where
ap(4), is the matrix defined above (5.9). The convergence is uniform on the
interval |s| < T. Furthermore, it also follows from (5.9) that the vectors
fi(v,, A, ¢, and f(y,+s,4,¢,) converge uniformly as ¢, — 0 for |s|< T,
1 < i < 4. It then follows from the above and standard continuous depen-
dence theorems for flows that Z (s, 4, n) and Z(s, 4, ¢,) converge uniformly
on |s| < T as ¢, — 0. By (a) or (b) and the preceding remarks it follows that
at least one of the following hold:

3T, A,e,) =Y, +¢e,T,4,8,) €N (fi(r,+ T, 4, ¢,)),
5-T,4,e)=Y(,-¢,T,2,¢8,) €N; (f(r,— T, 4,¢,).

Since J < J, < 4, , it then follows from (5.16) that Y enters at least one of Q"

or ©° in at least one time direction. The elephant trunk lemma contradicts the
postulated behavior of Y near { = +co.

Corollary 5.6. With a,d, and € as in Lemma 5.5, we have that
E)C. 4 8) € Ny(2,(C, 4, 8))
Jor |{|>a and 0<e<E.

By (a) of Theorem 5.1 and Corollary 5.2, Ez satisfies the hypothesis of
Lemma 5.5 for all sufficiently small ¢ for some A(e) sufficiently large.
E. Bounds in the transition layer. In order to prove the continuity of Z*(C , A)
at { = 0 we shall require uniform bounds for a solution E, in n_lﬁz near
{ = 0. To this end let f’({, A, €) be a solution of (5.15). Given an element
Y € n7'Y we define two quantities

M[(£> j') = fgi)l({lpl(c’ l, S)I, |Q|(C> j'a 8)|}a
M,(e, 4) = mgilﬁ{le(C, A, 8)l,10,(8, 4, €)l}.
For the moment, we regard A € Q as fixed; replace Y with the section
Y/M,(e, A) € 7~ 'Y . The 2-components of Y then satisfy
(5.18) IPy (s A, )], 1Q,(C, 4, e)[<1 on|<]
for all ¢ € (0, ¢].

Lemma 5.7. Suppose that (A, €) is such that the elephant trunk lemma is valid.
Let Y e n='Y be selected so that (5.18) is valid for all € € (0, €], where ¥ is
a solution of (5.15). Suppose also that Y satisfies the hypothesis of Lemma 5.5
at { = +oco; then there exists M| such that

sup M,(e,A) <M, < oo,
0<e<t
1€k
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where K is a curve as in Figure 3.1 which is disjoint from eigenvalues A of
(3.9).

Proof. If the lemma were false there would exist sequences ¢, , 4, with ¢, — 0

n’>%n

such that M, (e, , A,) — oo. By passing to a subsequence we may assume that

A, — A € K. Replace the solution Y with Y/M, for each n and relable this
solution Y ({, 4,, ¢,). It follows from (5.18) that Y satisfies

(5.19a) mg);{le(C, Aps €15 105(C, 4,,¢6,)} =0 asn— oo,
(5.19b) Irplg}{lPl(C,/l el 10,(¢,4,,¢)l}=1, alln.

By passing to another subsequence we may assume that the maximum in (5.19b)
occurs at {, , where {, converges to a limit { € [-1, 1]. We may further
assume that

(Cn’ no ) Q,(C,,, n’ )_’ﬁl’él as n — oo,
Z(Calna n)’ QZ(Caln’gn)_'0,0.

Let {, = ¢,¢, ; we distinguish three different cases.

(5.20)

Case 1:1{,| > a for some a > 0, and all n. It follows from Lemma 5.5
that given 6 > 0 chosen as in the lemma, Y satisfies (5.17) for all |{| > a.
However, from the limiting form (3.7b) for F,({, A, s), Fy({, 4, &), which
span X ({, 4, €), it is evident from (5.20) that Y(C ¢,) lies at a uniform
distance d from the projectivized slow subspace X (Cn, . €,) as g, — 0. We
arrive at a contradiction by choosing J of Lemma 5.5 sultably small relative to
d.

Case 2:{, — 0 but &, diverges to +oo. This can be handled similarly to the
previous case because the limit

X =1limX((,,¢,)

still lies in S, US,; if {, — —oo it is the left corner while if {, — +oo it is the
right corner. In particular, the splitting (3.7a) is valid and the slow subspace
(¢, 4,,¢,) will be well defined for all |{| > |{,| and for all sufficiently large
n. Since the asymptotic form (3.7b) for F,({, 4, ¢) and F3({, 4, &) will be
valid as ¢, — 0, it again follows that Y(Cn, s €,) will be uniformly bounded
away from £.(,,4,.¢,) as ¢, — 0, and by changing variables from { to
s =({-¢,)/¢,, as in the proof of Lemma 5.5, we obtain a contradiction by
using the frozen system and Lemma 5.4 on the uniform interval |s| < T.

Case 3:{, — 0 and |¢,| is uniformly bounded. In this case we are genuinely
in the transition layer. By passing to a subsequence it can be assumed that &,
converges to a finite limit &. Let

y=1lim Y, 4,.¢)=(P,0Q,,0,0);
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by (5.19), max{|P,|, |Q,|} = 1. Also, let y(&, 4,,¢,) be the associated solu-
tions in the fast scaling and let y (£, 4) be the solution of (3.9) s Wwith

YR (z, '1) =Y.

We claim that there exists § > 0 which is independent of »n such that at least
one of the following hold for all large »:

(i) »(5,4,,¢,) € Q’:(’s‘) ,

(ii) (-5, 4,,¢,) € Q(-5);
in either case, we will have then obtained the desired contradiction.

Let ap(£, A) be the coefficient matrix of (3.9) 1R let efRC(A) be the fast

unstable eigenvector of ap(+oc, A) (in the right corner), and let e,,(4) be

the fast stable eigenvector of ap(—oc, 4) (in the left corner). Since 4 € K is
not an eigenvalue of (3.9) sr At least one of the following must be true:

(1) lim,_,, Yo, 4) = &rc(A),

(2) lim,_,_ Pp(&, A) =&;pc(4).
We will show that (1) implies (i); the proof that (2) implies (ii) is similar and
will be omitted.

For ¢ > ¢p(dg), ﬁ“(é) is a disk in CP® of uniform radius ng about
fl(é » A, ¢) (measured in the norm |- |, defined in §IV). Let fx(£, 1) be the
fast unstable eigenvector of the matrix a(¢, 4). Since our parametrizations
for the underlying waves x(£, &) and x4(¢) are such that x(, &) — xg(&)
uniformly on compact £-intervals, it follows for each fixed ¢ > ¢, that

(5.21) lim £,(¢, 4, ¢,) = /12, ).
We also have that
(5.22) (im fir&,A) = &/rc(A).

The behavior of the four curves J, Y, f,, and f,, as functions of ¢ into
CP? are qualitatively depicted in Figure 5.1.

Let 5y, d, be the defining parameters for the right-hand slow tube Q, of
Q" and let ¢r =¢r(dg) . For ¢ > ¢, the coordinate system j on cP? is valid
and the family of norms ||, is well defined. It follows from (5.22) that there
exists &, > &, such that

(5.23) 1FiR(E, A) = e (D) < mg/4 forall& >&,.

Since we are assuming that alternative (1) is valid there exists ¢, > ¢, such
that

(5.24) PR(E, A) = &rc(A)]: < ng/4 forall& >¢,.
Next, fix ¢; > &g ; it follows from (5.21) for small ¢, that

(5.25) 1, Ay 8,) = fig(@ D)y <ng/d for&p <E<E.
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efe (X)

FIGURE 5.1

Finally, let ¢, > max{&, & r} be given. We claim that
(5.26) lim $(¢, 4, , &,) = Jx(¢, 4) uniformly on & <& <.
8"—’

By definition of ., (5.28) holds at ¢ = &. It then follows from estimate
(5.7) and standard continuous dependence theorems for flows that (5.26) is
valid on the compact interval & < & < ¢,. (More precisely, the interval can
be partitioned so that on each subinterval a local coordinate system on cp’?
can be employed; an inductive proof then follows from (5.7) and Gronwall’s
inequality.)

Now fix ¢, and ¢, in (5.23) and (5.24). Next, select ¢; in (5.25) and ¢, in
(5.26) so that

§=max{¢,, ¢,} <min{¢;, ¢,}.

With ¢, fixed as above, it follows from (5.26) that

|.}7(§a A‘n ’ 8,,) _ﬁR(g, l)l}' < "R/4
Combining the above with (5.23), (5.24), and (5.25) yields
PG, 4,5 &) = f15, 4,5 &)l < Mg

which implies that y € Q at ¢ =75, this contradicts the postulated behavior
of y at £ = +0.

Corollary 5.8. Let E, € n"Ez be a solution chosen so that (5.18) holds for each
€>0. Then |E,({, A, &)| is uniformly bounded for |{| <1 and for 0 < e <E.

F. Proof of Theorem 5.3. We can now complete the proofs of (a), (b), and (c)
of the theorem.

Proof of (a). Fix a < A as in the statement of the theorem and suppose that
a < { < A. Pick a representative E, of n'1E2 sothat |[Z| <1l ona<{<4
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for each ¢, 0 <& <€. It follows that
Z(l,A,e)—~Z en

as ¢, — 0, where |1Z*| < 1. Let Z,({, A) be the solution of (5.4), in
n“Z*(c, A) with data Z_(1,4) = Z". We will show that |Z — Z,| tends
uniformly to zero on the interval a < { < A4 as ¢ — 0.

By Corollary 2.2 it follows that the coefficients C and H in (5.2b) and (5.4)
converge uniformly to C, and Hy as ¢ —» 0 for a < { < 4. It follows that
the coefficients in (5.3) converge uniformly to those in (5.3), on a < { < 4
and that the data of the former converge to those of the latter, as ¢, — 0. The
convergence of Z to Z, will then follow from Gronwall’s inequality if it can
be shown that the forcing term GI', tends to zero uniformly on a < { < 4.
This can be seen as follows. By Corollary 5.6,

E\(C, 4, e) e Ny(E,(C, 4, )

for a < { and all small ¢, where J > 0 is arbitrary. The slow subspace
Z.(f, 4, &) can be characterized for small ¢ by computing the limits of its
basis, F;({,4,¢), i=2,3, as ¢ — 0. By an analysis similar to that used in
the derivation of (3.7b) it can be seen that these limits are

Fy = Fyp(£, 2) = (Hg(¢, 1), 0, 1, m, (¢, 4)",
Fy = Fyp(l, ) = (Hg($, 4),0, 1, m, (L, 4))'

for suitable coefficients m,, m, as in (3.7¢). From the above and our choice

-1+
VA

(5.27)

of the representative E, in n~'E, it follows that
E, = a,Fop+a,Fyp at ({, 4)

for some coefficients o,({, 4), i =2, 3, which remain uniformly bounded on
a < { < A. The above convergence is uniform on this interval. Also, we have
that I can be expressed as

(5.28) T'=P — Ho(¢, AP, + (H(C, 4, &) — Hy({, A))P, ;

since H converges uniformly to H, and |[P,| <1 on a < { < 4 we see
from (5.27) and (5.28) that || tends uniformly to zero on a < { < 4. This
establishes the uniform convergence of Z to Z, on a<{ < 4.

It also follows immediately from (5.27), (5.28) and Corollary 5.6 that the
1-components of E, converge uniformly to those of E, on this interval.

The convergence of E, to E, on -4 < { < —a is proved in a similar
manner.

Proof of (b). Let Z*(¢, 1) be a representative of n#~'Z*({, A); recall that
Z*(L, 4) are the solutions of (5.5), comprising the portions of Z,({, ) in
(>0 and { < 0. We may assume that E, ¢ n"'Ez is chosen so that (5.18)
holds; by (a) we may therefore select Z* so that |Zi| <1lonO0<|{<
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1. Since Z i(&,‘ , A) satisfy the equations (5.3), whose right-hand sides are
uniformly bounded, the one-sided limits
B*(l) = lim Z*(¢, A)
{—0*
both exist. We will show that B~ (1) = B*(4).
Let J > 0 be given; select a, > 0 so small that

1Z*(a,, 4) - BE(2)| < 8/5.

Next, note that every term on the right-hand side of the equations (5.3) for
the 2-components of E, is uniformly bounded on the interval |{| < 1 for
0 < & < €. This follows from the choice of scaling (5.18) for E, and from
Corollary 5.8. Thus Z({, A, &) is uniformly bounded for such { and ¢ and
so there exists a € (0, a,) such that

|Z(a, A, e)—Z(—-a,A,€)|<d/5

for 0 < ¢ <€. Finally, fix a as above; it follows from part (a) of this theorem
that

1Z(a,h,e)—Z"(a, )| <8/5, |Z(-a,i,e)—Z (~a,A)|<d/5,

for 0 < ¢ < &. Combining all of the above yields [B~(A) — B* ()] < 4, as
required.

Proof of (c). Let E’* and Ez r be the solutions defined above the statement of
Theorem 5.3. The defining condition for E2R at { = —oo together with the
assumption that A is not an eigenvalue of (3.9) ., imply that EZR(C , 4) tends
to éziR(l) at { = +oo. The difficulty is that the asymptotic behavior of E* ,a
solution of (3.9) , which is obtained as a limit of EZ(C , A, ¢) for finite { as
¢ — 0, is not known at this point. More precisely, although the limits

(5.29a) Chm EJC, A, e)=¢6,(A,e), >0,
(5.29b) imE,(¢, 4, 8)=E,(¢,2),  {#0,

are known, it has not yet been proved that the second limit is uniform in {
for || > a > 0, and so, the possibility arises that E2 and E* could have sub-
stantially different asymptotic behavior as { — +oo. The key to characterizing
that of Ez is to first determine the behavior of E* for large |{|. In fact, we
will show that E* coincides identically with E2 r Dy showing that E tends to
é,g(4) at { = —oo. (Recall that this condition uniquely defines E2R ) Once
this has been established, a similar argument will imply that E and E have
nearly the same behavior near { = oo, which will complete the proof

It will be convenient at this point to introduce a new local coordinate system
on CP®. Let (CP;2 denote the copy of cP? inside CP’ along which P, =0
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in the fibers and, given a > 0, let
cP) ={YecP’: p(¥, ccp,fz) >a},

where p is the metric on CP’ introduced earlier. For ¥ in CP: we may use
local coordinates

(5.30) B, =P|/P,, B,=0,/P,), S=0,/P;

the slow projectivized equations can then be expressed in (B,, B,, S) as
¢B, =B, —¢B,S,

(5.31) eB,=—-6B,—[A4,,({, &)B, — A,({, £)] - €B,S,

S=C({, 4, 8-S —e6S—4,((,e) B, —H({,4,8),
where H and C are as in (5.2) and (5.4). In the following, (B,, B,, S) will
denote the solution of (5.31) associated with E,, which is obtained by forming
the quotients (5.30) from any representative E, € 7~ 'E, .

Proposition 5.9. Suppose that EZ(C ,A,€) € CP; for a < |{| < A, where A <
oo, for 0 < € <& and for some o > 0. Given 6 > 0 there exists € = €(d) such
that

'B2|369 |B1—H(Csl,8)|sa
on a<|{|<A for e <E().

Proof. The proposition simply states that Ez remains near the slow subspace
fs in terms of the local coordinates (B,, B,, S). This is a consequence of
Corollary 5.6. It can also be seen directly from the equations (5.31) by noting
that the hypothesis E, € CP. is equivalent to a uniform bound

1Bil, By, IS|S L, a<|f]<A4,

where L depends only on a and the metric p on CP? since without loss of
generality we can take P, = 1 in (5.30). The proof then proceeds by assuming
that either

|B,| >6 or |B,—H(,%,€)|>6
for some sequence &, — 0; it is then easily seen from the first two equations
in (5.31) that the postulated uniform bounds on |B,| and |B,| would then be
violated in slow ({) time of order Le/d .

We can now complete the proof of the theorem. The solution E* is deter-
mined by the equation (5.5), for Z‘ . This equation can be expressed in the
local coordinate S, = Q,,/P,, as

(5.32) S, =Cg(l, )= S:.
Noting that

+[Cp(—c0, )12 = m (A), m (1),  [Crl+o0, N]"* = my; (1), my(4),
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where the latter quantities are as in (3.7¢c), it follows that (5.32) is hyperbolic
at { = oo with saddle points at each end. It follows that the only possible
behavior for E ({, A) as { — —oc is one of the following

(a) E,(§,4) = ér(4),
(b) E ({,4) — éx(4).
We contend that the convergence is as in case (a). Assume to the contrary that
case (b) occurs. This is equivalent to supposing that S,({, A) tends to m, (4)
as { - —0.
The asymptotic system associated with (5.32) at { = —o0 is

(5.33) S = Cpy(~00, ) - s* = —(m, () = S)(m, (4) = S).

Since Rem, (A) <0 and Re mp— (A) > 0, the former critical point is a repeller
and the latter critical point is an attractor. Let # > 0 be given, and let N c C
be a repelling neighborhood of m, (4) for (5.33) of radius 7 > 0. We will
show that there exists {, < 0 such that S({, 4, &) € N for all sufficiently small
e>0 andforall {<(,.

By hypothesis, there exists {, < 0 such that S, ({,4) € N forall { < {;
here {, depends only on 7. By (5.29b) it follows for each fixed { < {, that

(5.34) S(,A,e)eN
for all sufficiently small ¢, where (B,, B,, S) are the local coordinates (5.30)
for Ez.

We claim that there exists a« > 0 depending only on 7 such that Ez € CP;
whenever S({, 4,¢) € N and { < {,. To this end, note that by (3.7b, c) and
by Corollary 2.2 we can express the spanning vectors F, and F; for £ ({, 4, ¢)
as

Fy({, A, 8)=(Cgl(£,4),0,1,m, (¢, 4) +2(8),
Fy(l, 2, 8) = (Co(¢, 4),0, 1, m (¢, 1) +2(5),

where J > 0 is arbitrary and ¢ is sufficiently small relative to ¢ ; from (3.7b)
we have that m,({, A) = —m({, A). Assuming that E, € (CPj for some a >0

it follows that E, € n~'E, can be chosen so that
E)(,%,e)=(B,,B,,1,8) at({,4,¢).

By Corollary 5.6, there exist a, b € C such that E, = aF, + bF, + &(d), so
that a + b = 1. From the above it then follows that at ({, 4, ¢€)

E,(CR((,2),0, 1, (a=bym, (L, 1) +8(9)

for sufficiently small ¢. It follows that |B,|, |B,|, and |S| will be uniformly
bounded while S remains in N, so that E, will satisfy the estimates in Propo-
sition 5.9 for all sufficiently small ¢ and for all { < {, for which S remains
in N.
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The third equation in (5.31) for S can be expressed as

§=Ch(~00,4) -S> +d((, 1, ¢),
(5.35) d(¢, 2, €)=C({, 4, &) — Cp(—o0, A) — £6S
_AZI(C’ 8)(B[ _H(C’ la 8))

This is a perturbation of the asymptotic equation (5.33). There exists d > 0
depending on 5 such that if |d({, 4, ¢)| < d, then N is a repelling neigh-
borhood of m, (1) for equations (5.35). By Corollary 2.2 and Proposition 5.9
there exists {, < {, such that |d({, 4,¢)| < d for { < ¢, and sufficiently
small ¢, provided that S({, 1,¢) € N. If we now choose ¢ so small that
(5.34) holds at { = {, the above remarks show that the set N is negatively
invariant for (5.35) for all { < ¢, . It then follows that EZ(C , A, €) remains in
a small neighborhood of é,;(4) as { — —oo, contradicting (a) of Theorem 5.1.

We have now proved that E, converges to é,,(4) as { — —oo. This con-
dition uniquely determines E,, and so E, and E,, coincide identically for
{ < 0. Furthermore, by part (b) of Theorem 5.3, E* and EZR satisfy the
same matching condition across { = 0 and so they coincide for all { > 0. By
the hypothesis in (c) of Theorem 5.3, Ez r and hence, E* , tends to é2+ r(4) as
{ — +oo. The proof of the theorem is completed by constructing a positively
invariant set N for (5.35) about the attracting critical point m;(l) for the
associated asymptotic system at { = +oc. This, together with Proposition 5.9,
forces E2 to remain in a neighborhood of é; (4, &) near { = +oco. The details
of this part of the proof are the same as the argument given for { near —oco
and they will therefore be omitted.

VI. COMPUTATION OF THE CHERN NUMBER

A. The Whitney sum decomposition. We now turn to the bundle & = &(¢) over
5% whose construction was sketched in §IIIE. The crucial point in forming this
bundle is that 4 € K must not be an eigenvalue of (3.3) I Corollary 4.5 and
(c) of Theorem 5.3 together imply the following result.

Theorem 6.1. Suppose that . € K is not an eigenvalue of either (3.9) 7R OF of
(3.9);r - Then there exists € > 0 such that A is not an eigenvalue of (3.3) for
O<e<eE.

It has previously been described how K may be chosen so that the first
condition is satisfied (see §IVD). Later (see §VIE) we will show that a similar
choice of K will also suffice in satisyfing the second condition.

Corollary 4.5 and Theorem 5.3 yield further insight into the structure of
the 2-plane bundle & (¢). In particular, these results allow us to continuously
extend &, and é, to [-1, 1] x K so that the bundles can be capped at 7 = —1
and 7= +1 in a manner analogous to that of & (¢) (see §IIIF). This procedure
yields a pair of line bundles & (e) and &)(e) over S?. Tt then follows from a
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general construction that
£(e) = &(e) © &e)

and that
(6.1) ¢, (& () = ¢, (& (e)) + ¢,(&(e))
for sufficiently small ¢ > 0 (see remark following the main theorem in [AGJ]).
The computation of ¢, of & (¢) and &,(e) proceeds as follows. We will define
certain reduced line bundles &, and &, directly from the reduced equations
(3.9) R and (3.9),, . The geometric information contained in the estimates of
§8IV and V will then enable us to construct equivalences between & (¢) and
&g, i =1,2. Finally, the spectrum of each reduced eigenvalue problem is
characterized, and the Chern number theorem of [AGJ] is used “in reverse” to
compute the ¢, of the reduced bundles.

By Lemma 3.3, the proof of the Stability Theorem will be complete if it can
be shown that ¢,(£(¢)) = 1. This is proved in Lemma 6.6 in subsection E.
B. The reduced bundles. The fast reduced bundle, g1 r » and the slow reduced
bundle, &), are defined as follows.

Definition of £ . Since 4 € K is not an eigenvalue of (3.9) iR> for each such
A there exists a solution é (¢, 4) of the reduced projectivized equations (4.22)
which connects the fast unstable direction é ,.(4) in the left-hand corner at
£ = —oo to the fast unstable direction éfRC(l) in the right-hand corner at
¢ = +00. The variable ¢ is compactified through a reparametrization & — 7
where —1 <7< 1, with 7(+00) = 1. In particular, (4.22) is augmented with
(6.2) ?=k(1-1), 1(0)=0,

where k¥ > 0. We may therefore regard é (¢, A) as a function of (7, 4).

The base space for &, is

(6.3) B={-1}xK U(~-1, )x KU{1} xK°
(recall that K° is the region interior to K). Our solution é .(¢, 4) is chosen
so that

éx(1,2) = &n (A) asT—£l, A€K,
where éliRC(A) is the image of the fast unstable direction in the left- and right-
hand corners, and since eliRC(l) are both well defined for 4 € K°UK we can
continuously extend é,, to all of B by defining

(21, ) =85 (1) (AeKUK’).

The bundle &, is defined as the pullback of the universal bundle induced by
the map é,,: B — cP:

g]R - FI(C4)

) l

B &, cp?
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(see §IIIF), i.e., the fiber over b € B is the complex line in C* associated with
é,r(d).

We remark that p, = ¢, =0 in n_lél r > hence the ambient space can be
regarded as B x C? instead of B x C".

Definition of &,,. Let E, ({,4) be the projectivization of the solution
E,p({, %) defined above the statement of Theorem 5.3. We reparametrize E,
by changing { to T, where T = T({) satisfies

(6.4) T=x(1-T, T0)=0
and —1 < T < 1. Express the reparametrized curve as EZR(T, A). The base
space B is the same as in (6.3) with 7 replaced by T

For { € K, E,(T, A) tends to é;jz(l) as T tends to +1 since A is not an

eigenvalue of (3.9) .. The map E2 r can therefore be continuously extended
to the caps by defining

Ef(+1,2)=&,(1), (AeKUK°).

Our map is not well defined at T = O since the original solution E,, is
discontinuous at { = 0. In order to obtain a continuous bundle, consider the
left and right halves

B_=Bn{T<0}, B,=Bn{T>0}.

Bundles &, and %; can be defined over each hemisphere B_ and B, from
the pullback of EZR restricted to B_ and to B_. A bundle &, over the whole
sphere is constructed by gluing the fibers over B_ N B, = {0} x K together in

a suitable manner. R
In order to specify the gluing map we first recall that E,, was constructed

from a solution ZZR(C , A) of the projectivized, reduced equations for the 2-
components. Z,, is continuous across { = 0 and decays to the unstable eigen-
vectors of Bp(+oo,A) as { — *oo. For Z((, 1) € n'lzzR(C,A), E,p(C, 4)
was defined by the map i,({, 4): c’-ct , namely

Eyr(§, 4) = ig(§, MZ(E, 4).
Let
ix () = lim ig(C, ).

The fibers of & over B*NB~ can then be expressed as &, = span{ix(4)Z},
where Z € n"IZR(O, A) and =: €2 = CP' is the projection map. By fixing a
choice of Z we obtain an isomorphism

vr: El{0} x K — EL{0} x K,
where &|A4 denotes the restriction of a bundle & to a subset A of its base
space. In particular, define

PR(A)ig(WZ = ix(1)Z
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and extend ¢,(4) linearly. The bundle &, is defined by the “clutching” op-
eration,

- +
ng = ng Uq)R gzk

(see Atiyah [A]). This is the bundle obtained by gluing gzd;{ together at {0} x K
via the equivalence relation

y_r~or(A)y_,
where y_ € n_lé’z;l(o, A).
The following facts are proved in [A].

Lemma 6.2. &, is a bundle over B (i.e., it satisfies the local triviality condition
at {0} x K), and it is uniquely determined modulo bundle equivalences by the
homotopy type of the gluing map ¢

We remark that &, can be deformed to an equivalent bundle g’z g obtained
from &, by projecting the fibers onto their 2-components. In particular, for
Zen 'Z(C,4),let &g(s) be the bundle formed analogously to &, via the
maps defined by

ip(C, 2, 8)Z = (sCR(¢, AP, 0, Py, Q)

i(h,5) = lim, iy(C,4,9),
oA, )ig(A, $)Z]1 = ig(4, $)Z.

Clearly &,,(0) = %R and &,(1) = &, it follows from Lemma 6.2 that &,,
and &, are equivalent bundles.

C. Continuation of & (¢) to & . In this section we shall prove that & (¢) and
& g are equivalent bundles. It will first be convenient to reparametrize &,(¢) so
that its 7-scaling agrees with that of & . To this end, we replace the 7-equation
for & (e),

T = ex(l — 1:2),

by equation (6.2). This reparametrization of 7 stretches the fibers over the
transition to a layer of @(1), while it compresses the fibers over the slow man-
ifolds into intervals of &'(¢) at 1 = —1 and t = +1. This clearly does not
change the topology of & (e); more precisely, the rescaling induces a homeo-
morphism 4 of the base space B of &(e); the new bundle obtained by the
pullback operation 4”&, (e) is equivalent to & (¢). In the following we shall
regard the t-scaling as given by (6.2) and continue to denote the associated
bundle by & (e).

The next lemma shows that & (¢) and &, are close over the interior of
[—1, 1] x K ; however, they still differ significantly near the ends.
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Lemma 6.3. Let é,(t, A, &) and é (1, ) both have t parametrized by (6.2).
For each subinterval [t , 1,] C (=1, 1) we have that

lime, (7, 2, ¢) = &4(c, 4)
E—

uniformly for (v, 1) € [t,, 1,] x K.

Proof. The condition requiring that 7 € [t , 7,] is equivalent to supposing that
¢ lies in a compact interval [¢,, &,]. In the following, it will be convenient to
replace 7 with &.

If the lemma were false, there would exist A € K, &, €[, &,], €, € cp? ,
and ¢, — 0 such that
(6.5) sli%él(é* JA,e,) =6 #éR(¢, 7).
Let X, be the copy of CP' inside CP’ for which p, = ¢, = 0 in the fibers.
We claim that é, € X,. Let e, € n_lé* and suppose to the contrary that at
least one of p,. , g,. is nonzero. Let e,(£) be the solution of (3.9) . satisfying
e (¢,) = e, ; note that p,. and g,. are constant along e, ().

We claim that p,, () and g,,(£) remain uniformly bounded for all £ <¢, .
If this were not the case it is easily seen by examining the equation for ¢,,/p,,
that é,(£) would then tend to the fast stable direction in the left corner é,,(4).
Hence there would exist & < &, such that & (%) € Q°(); recall that Q° is
a negatively invariant set containing é,. However by (6.5) and Gronwall’s
inequality it would then follow that &, € Q°(€) at ¢ = &, contradicting the
defining condition of é at —oo.

Thus p,,(¢) and ¢,,(¢) remain uniformly bounded for all & < E* . It follows
that é,(£) remains uniformly bounded away from X, for & <&, say

(6.6) pe(8), X)) =9

for some d > 0 and £ < ¢, . From the form (3.7b) of the fast reduced unstable
eigenvector it follows that there exist 1, and &, depending on ¢ such that

p(Q(&), X,) < 5/4

for £ <&, (d;) and for all sufficiently small ¢. However by (6.5) and Gronwall’s
inequality it follows that

p(é (&, 4.¢,),86(8)) <d/4

for sufficiently small ¢. Since é, € ﬁ“({ ) the previous two inequalities contra-
dict (6.6).

We have now established that é, € X, . Since there is a unique solution of
the projectivized reduced system (4.22) which tends to é,,-(4) as { — —oo,
namely é .(¢, 4), it suffices to show that &, () also satisfies this condition.
Since é,(¢) € X, for all £ the only alternative would be that é () tends to
e,rc(4) as & — —oo. This possibility has already been eliminated above.
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We have proved that & (e) and &, are uniformly close in the interior of
[-1, 1] x K. We next introduce a family of intermediate bundles % (o, ¢)
depending on a pair of parameters ¢ = (g, , 0;), which will equal & (¢) on
[0, , ag]1xK but which will excise the portions of &|(¢) over the slow manifolds.
Let g be chosen so that
(6.7) -1<0, <0<0,<1.

The base space B, of F (g, ¢) is
B =b, UbyUbyg,
where

b, ={o,} x K° (left cap),
by =[o,, og] x K (sides),

by ={og} x K*  (right cap).

The bundle ¥ (g, ¢) will be defined as the pullback f ”1“] ((C4) of the universal
bundle I"l((C4) over CP’ by a certain map

f,,=f:B —~CP,
which is defined below.
First we need to specify the appropriate ranges for o, and o, . Select values
¢, (&), &x(e) so that
, |x(¢,(e), &) —x,|—0 ase—0,

(6:8) |x(Ep(€), €) —xzl > 0 ase—0,

where x; and x, are the left and right corners of the singular front. Let
o,(¢) and gg(e) denote the values of 7 associated with ¢, (¢) and {g(¢) . We
suppose in addition to (6.7) that g, and o, are selected so that

(6.9) o, <o,(e), og(e) < op.
We remark that it follows from (6.8) that
(6.10) o,(6) > —1 and agg(e) > +1 ase—0.

We can now define the map j; .- Let é(t, 4, &) denote the fast unstable
bundle in the present scaling for 7; define

[ (t,A)=é/(t,A,€) for(t,A) b, Ub,.

Since we cannot control é, as v — +1 for 4 € K° we define f‘7 . on the
right cap by differently. Note that for 7 > g.(¢) the underlying wave is near
the slow manifold S, and, so, the fast unstable eigenvector f|(7, 4, &) of the
frozen matrix a(t, 4, ¢) is well defined. Furthermore, given a choice ef(l, €)
of the fast unstable eigenvector at 7 = +1, f, may be selected so that

(6.11) lim fi(r, 2, 8)=¢/ (1, ) (Ae KUKY).

T—+
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FIGURE 6.1

By the elephant trunk lemma, é,(t,4,¢) is uniformly approximated by
fl(‘r,l, ¢) for © > gp(e) and for A € K. For g, > og(¢) we can there-
fore select a representative e, (g, 4, ¢) in the fiber over é,(a,, 4, €) such that
e, and f, are uniformly close for all A € K. Select a thin annular region
A C by as depicted in the figure, and let ¢(4), w(4) be a partition of unity in
bg such that ¢ =1 near K and ¢ =0 in KO\A. By the previous remarks it
follows that for 7 > a,(¢), the vector

j:m(aR yA) =0(Ae (ag, A, &) + w(A) fy(og, 4, €)

is nonvanishing for all A € KUK % and matches up continuously with e, along
K . We can therefore define f, ¢(0g, €) to be the image of the above vector in

cp’ , to complete the definition of f; e-

We can now show for sufficiently small but fixed ¢ > 0 that each bundle
“ (g, ¢) associated with f”a’.e is equivalent to & (¢) for all ¢ satisfying (6.7)
and (6.9). Let 4 : B — B, be a homeomorphism mapping the sides, left cap,
and right cap of B onto the corresponding subsets of B, . We can clearly
arrange that £ is the identity when ¢ = (-1, 1). It suffices to show that the
maps fa,s oh,: B — CP? are all homotopy equivalent to é,. This follows
immediately from (6.11) and the manner in which fa . Was defined over the

right cap, b, . The family { fa,c} is clearly the desired homotopy as o varies
from (o, , 0g) to (=1, 1).

Now let o(e) = (g,(¢), og(e)), f, = [y, and F(e) =F(a(e), e); we
have shown for all sufficiently small but fixed ¢ > 0 that # (¢) is equivalent
to & (¢). We finally claim that & (¢) is equivalent to & .. If B, = B, and
h, = ha(e) is the homeomorphism of B onto B, described above, it suffices to
show that

lim(f, o 4,(5)) = &,4(b)

uniformly for b € B. To this end, let p be a metric on CP’® andlet 6 >0
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be given. By (6.8), (6.11), and the elephant trunk lemma it follows that there
exist d, , dg, 1, , Nz dependingon J,and 7, , 7, associated with ¢, (d,) and
&r(dg) such that

p(Q(1), épc(A) <8 for (1, 2) €lo,(e), 7,1 x K,
p(Q(1), é (X)) <8 for (z, 4) € [1y, ax(e)] X K;

recall that éch(l) are the limits of é (7, 4) as v — £1. This sets the value

of 7, and 7, independently of ¢. Since fl and é, both lie in ﬁ“(‘c) for
1< 1, and 7> 7, it follows that there exist 7, <7, and 7, > 7, such that
p(fyohy (T, 2), ép(z, ) <8
for 1 <1, or 7> 1, and all appropriate A. Here 7, and 7, depend only on
7, and 7, and the rate of convergence of é (7, ) to its limits at 7= *1.
With 7, and 7, now fixed as above we can apply Lemama 6.3 to conclude
that

p(f, 0 hy(b), é,x(b)) < &
for be BNn{r, < v <1,} forall sufficiently small ¢.
We summarize the above result in the following proposition.

Proposition 6.4. The bundle & (¢) is equivalent to &, and
Cl(%(8)) = Cl(gm)
Sor all sufficiently small ¢ > 0.

D. Continuation of &,(¢) to &,,. By Theorem 5.3, &,(¢) is closely approxi-
mated by &, away from the transition layer which, in the 7T-scaling in (6.4),
coincides with the complement of an interval of & (¢) about 7 =0 in [-1, 1].
However, the bundles will significantly differ in the transition. The homotopy
of &(¢) to &, proceeds in three steps. First we regard ¢ > 0 as small but
fixed and introduce a family of bundles &,(S, &) which depend continuously
on parameters S = (S, , o). Fix S, , S satisfying

(6.12) -1<S§, <0< S <+1;

the parameter ¢ assumes values in [S;, Sp]. &,(S, &) will consist of the
restriction of &,(g) to the complement of [S,, ¢] in [-1, 1], with the two
faces T =S, , T = o glued together in a suitable manner.

More precisely, let the base space of &,(S, ¢) be a sphere B obtained by
gluing the hemispheres

b_(S,)=Bn{T<S,}, b (6)=Bn{T >0}

together along their boundaries. After the iQentiﬁcation has been performed,
b_(S;) and b (o) intersect along a curve K, which is a copy of K in By.
Let

& (S, e)=&@)b_(S,), &'(0,¢) =8&le)b,(0).
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To complete the construction we define a gluing map Ps o>
050 & (S, ek =& (0,¢).

The flow associated with (3.3); provides a natural way to construct such an
isomorphism. Let {, and {  be the values of { respectively associated with
T =S, and g, in (6.4). Let E,({, 4, ¢) be the solution of (3.3), with data

E, at { = {;, where E, lies in the fiber of &, (S,,¢) over (S;,4), and
define

("s,sEL =E,({,,4,¢).
The bundle &,(S, ¢) is then defined to be

&(S.e)=& (S, e)u, &(o,¢).

Ps.e
When o =S, , ¢, . is the identity so that
&(S,.S;.e) = &e).

Now increase o from §; to S, . Since the flow map is continuous for & > 0
it follows that Os . form a homotopy of isomorphisms. Thus if § = (S, , Sg)
it follows from Lemma 6.2 and the above that

&) =&(S,¢).

The next step of the homotopy consists of fixing S = (S, , S;) asin (6.12)
and allowing ¢ to tend to zero. By (a) and (c) of Theorem 5.3 it follows that

lil%Ez(T’ A, e)=E, (T, 4
uniformly for (7, A) € b_(S;) Ub_(Sg). It also follows that the gluing maps
¢s . tendtoa limit ¢ 5,0 a8 €~ 0 which is explicitly determined as follows.

Let Crs (g be the values of ¢ associated with S, , S, and let Z,({, 1) bea
solution of (5.3); such that

EyR(§, 2) = lig(L, MZR(C, M.
By (a) of Theorem 5.3 it follows that
0s,0lir(SL s A)Zp(Sy, )] =ig(Crs A)ZR(Cx, 4).
Define &,(S, 0) by
&S, 0) = &plb_(S,) U, b( R):

it follows from the above that &,(¢) = %(S, O) for each S =(S,, S;) satisfy-
ing (6.12).

The final step is to allow S; to approach zero from below and S, to ap-
proach zero from above in &,(S, 0). By (b) of Theorem 5.3 it follows that
?s .0 approaches the glueing map ¢, used in the definition of &, .

We summarize the above results in the following proposition.
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Proposition 6.5. For all sufficiently small ¢ > 0, &,(¢) is equivalent to &,, and

~

Cl(gz(s)) =q (%R) = Cl(g}R) >
where % r 1 the bundle obtained from &, by projection onto the 2-components.

E. The Chern number computation. The proof of the Stability Theorem will be
completed by establishing the following lemma.

Lemma 6.6. c,(Z(¢)) for all sufficiently small & > 0.

Proof. By (6.1) and Propositions 6.4 and 6.5 it suffices to show that the follow-
ing are true:

(1) cl(%k): 1,
(2) ¢,(&g)=0.

Proof of (1). The bundle &, is constructed from (p,.(£), ¢,z(¢), 0, 0)', the
solutions of (3.9) sr Whose 2-components vanish identically. The equations
(4.17) satisfied by the 1-components are the linearization about the monotone
travelling wave solution of the bistable equation

up =u + u fi(u,, a)

which connects u; =0 to u, = p(a). It is known that such waves are linearly
and hence, nonlinearly stable. In particular, it follows from the theorem of Fife
and McLeod (see [FM]) that (4.17) admits precisely one eigenvalue in K which
occurs at A = 0 it is also proved in [FM] that A = 0 is simple. By theorem in
[AGJ] it follows that c,(& ) is the number of eigenvalues of (4.17) inside K
including algebraic multiplicity which, together with [FM], implies (1).

Proof of (2). Since % r is the bundle obtained by projection onto the 2-compo-
nents of the fibers of &, by the main theorem in [AGJ] it suffices to show
that 4 is not an eigenvalue of (3.9) , forall e KUK O Thisis equivalent to
showing that equations (5.3), for the 2-components do not admit a uniformly
bounded solution, Z.({, 4), for all such 4. In components these equations are

(6.13) PzR = Q2R s QzR = R(C, }')PZR’
where (045 (0)
- 4R - A4 ()

Call. 1) == A5(0) - ST

Recall that (Afj.(C)) is the Jacobian matrix of (u,f, u,f,) evaluated at the
(discontinuous) slow singular limit X({). In particular, U, .({) =0 for { <0

and U, ({) = p(Uy,(€)) for { > 0. From the hypotheses in §IIA and the
above, it follows that AfZ(C )A;(C ) is strictly negative for { > 0 and vanishes

identically for { < 0. It should also be noted that Afz(C ) is negative at { =
+o00; however this term may change signs along the right branch of the slow
manifold u, = p(u,).
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It will be convenient to consider the projectivized variable Z r(¢, 4) associ-
ated with a solution Z,({, A) of (6.13). The equations for Z., (5.5)g , can be
expressed in terms of the local coordinate Sy = Q, /P, , Which satisfies

(6.14) Sp=Cgr(l, 4) - Sa.
The roots of the asymptotic systems for (6.14) are

FE(A) = /Crloo, ), 15 (A) = —y/Chloo, 4);

we take the standard branch of the square root so that Re/z > 0 if Rez > 0.
It follows that rljc (A) are attractors and rf(,l) are repellers for the asymptotic
systems associated with (6.14).

In order to show that A € KUK is not an eigenvalue of (3.9) . it suffices to
show that the (uniquely determined) solution S ({, A) which tends to r, (4) as
{ — oo does not tend to r; (A) as ¢ — 400, since the latter condition implies
that every solution of (6.13), which decays to zero as { — —oo becomes
unbounded as { — +o0.

Since S is a complex variable it will be convenient to write (6.14) in real
and imaginary parts. To this end let

A=a+if,
Cr(€, ) =g(l, A) +ih({, 4),
Sp(&,A)=0a(f, ) +it({, 4),
so that (6.14) is equivalent to

(6.15) G=g+1v -0, t=h-20t.
Here, g and £ are given explicitly by the expressions
A543 (0)

g, M) =a—A45(0) - (@— 45 (0),

(a— 45 () + B
A543, 0)
(o= 475 (0))* + B2
We shall treat the case of real A and complex A separately.

h(C,A)=|1+ B.

Case 1: B # 0. Without loss of generality we can assume that § > 0. By
hypothesis (H2) in the statement of the Stability Theorem it then follows that
h(¢, A) >0 for all {. In particular, we have for such 4 that

Imr () >0, Imry(4)<0.

From the second equation in (6.15) and the positivity of 4 it is immediate that
the half-plane {(o, 7): T > 0} is positively invariant for continuous solutions
of (6.15). If the solution S,({, A) remains uniformly bounded for all { it
follows that it cannot tend to r; (A) as { — +o0; indeed it must then tend to

Q).
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It may occur that Sp({, A) blows up in finite or infinite time. In this case
we must return to the coordinate Z r on the Riemann sphere, cP'. Viewing
CP' asa sphere over the (o, 1) plane with south pole at the origin, the point
at infinity corresponds to the north pole, and the closure H of the image of the
half-plane {t > 0} is a hemisphere with boundary passing through the north
pole. If S;({, A) blows up in infinite time, then its w limit set lies in H and
it must therefore be different from r; (A).

Suppose then that Sp({, A) becomes unbounded as { — {, for some |{,| <
0o . Since Sp({, ) tendsto r, (4) € H as { — —oo we can assume that {, is
the smallest value of { below which S, staysin H and remains finite.

Suppose that Z r(C, 4) exits H forsome { > {,. A contradiction is obtained
as follows. Let T = S;l so that T'({, 4) is well defined for all { near {,. Let
T = s + it; the equations for s and ¢ are

(6.16) s=1 +g(t2—s2)+2hst, i=h(t —s°) - 2gst;
we also have that ,
s = g = il
o> +1’ o’ +1°

By hypothesis, at least one of g, 7 blow up as { — {, ; it follows from the above
that both s and ¢ tend to zero as { — {,. Furthermore, since Z R, A)eH
for { < {, it follows that #({) <0 for { < (.

A contradiction is obtained by expanding s({) and ¢({) in Taylor series
about { = {,. From the first equation in (6.16) we have that

S = =L)+0(C ).

From the second equation in (6.18) we have that /(0) =0 and #(0) = 0, since
5(0) = ¢(0) = 0. It then follows from the expansion for s({) that

1(0) = =2h({y, 4),

so that
() = =3h(y, M=)  + o - ¢y
for { near {,. This contradicts #({) <0 for { < (.

We remark that if {; = 0 then A({, 1) is discontinuous at {,. However,
the above & and its derivatives are well behaved as { — 0™ ; we can therefore
apply the previous argument, which only depends on the values of s and ¢ for
¢ < {,, by replacing 4 with a function H({, 1) extends A for { <0 smoothly
across { = 0. A contradiction is still obtained from { < 0 as before.

Case 2: B =0. In this case # = 0 and from the second equation in (6.15) it
follows that the solution which tends to r, (A) as { — —oo must have 1 =0.
The equation for o is therefore

(6.17) 6=g,a) -0,
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where R R
R A, (0)45,(0)
g((, a) = a— Ay ({) - HEH =
2 a-4f(0)
We begin by noting that if ¢({, A) is the solution of (6.17) which tends to

ry (4) as { — —oo then

(6.18) 0({,a)<a(l,a) ((€R)
whenever a < o, . This follows from the observation that for o >0,
R R R R
(6.19) 9 st =1+ Alz(C)f”(Cz > 1+ A12(,€)A212(C) >0,
da ('1 - A”(C)) A“(C)

where the last inequality is hypothesis (H2). It follows that this inequality
holds for a > —d for sufficiently small § > 0. We can always arrange for this
through a suitable choice of the curve K. This inequality, which is valid for
—o00 < { < 400 also implies
;—arl_ (A)>0
for a > —J. The latter condition implies (6.18) for { sufficiently negative;
(6.18) then follows from (6.19) for all { by a standard comparison theorem.
The proof will be complete if it can be shown that

(6.20) Jim o(¢, 0) = r (0).

It will be convenient to return to the original equations (6.13). Let g, (U,) be
the nonlinear functions in the slow limit equations (2.3); . It follows that

g (UR(@) (>0,
Co(C,0)={ "
R 0) {g_(UZRm) (<0,

where U,p({) is the u,-component of the slow singular limit. It follows that
(6.13) at a = 0 is the equation of variations about the slow singular limit.

If (Pyr(0), QZR(C))' is a solution of (6.13) which decays at { = —oo it
follows that for { < 0

(Pyr(0)s Qop(O) = w(Uyp(0), Vyr(0))',

for some w € C, i.e., it is a scalar multiple of the derivative of the slow singular
limit. Without loss of generality we may take w = 1.

The graph of the slow limit (U,x({), V,£({)) is depicted in Figure 6.2.

The solution (P, , Q,z)" is the tangent vector to this curve for { < 0. Since
the left and right limits of the tangent vector to (U,z({), V,x({)) are transverse
to one another at { = 0 (see Figure 6.2) it follows that (P,g((), QZR(C))'
is transverse to (Uy,(¢), V5x(0))" for all { > 0, ie., these are independent
solutions of (6.13) for { > 0.

The stable subspace of (6.13) at { = +oc corresponds to the critical point
r; (0) of the projectivized equation (6.17) at { = +oo. Since r;' (0) is a repeller
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FIGURE 6.2

for (6.17) at { = oo it follows that there is a unique solution of (6.17) which is
asymptotic to r; (0) as { — 4+00. One such solution is given by

02(0) = Vop(O)/Up(0) (£ >0).

It easily follows that every other solution of (6.17) tends to rf'(O) as { —
+00. Since Q,x({)/P,x({) is distinct from a,,(s) it follows that (P, Qyz)
is unbounded as { — +oo. Hence A € KU K° is not an eigenvalue of (3.9) .
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