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ON THE RANGE OF THE RADON d4-PLANE TRANSFORM
AND ITS DUAL

FULTON B. GONZALEZ

ABSTRACT. We present direct, group-theoretic proofs of the range theorem for
the Radon d-plane transform f — f on F(R"). (The original proof, by
Richter, involves extensive use of local coordinate calculations on G(d, n),
the Grassmann manifold of affine d-planes in R”.) We show that moment
conditions are not sufficient to describe this range when d < n—1, in contrast to
the compactly supported case. Finally, we show that the dual d-plane transform
maps £(G(d, n)) surjectively onto £(R").

1. INTRODUCTION

In this article we investigate the d-dimensional Radon transform f — f
on R”, where d < n — 1. This transform integrates functions on R” over
d-dimensional planes, and so maps functions on R” to functions on G(d, n),
the affine Grassmann manifold of d-dimensional planes in R”. One of the
most interesting problems concerning such transforms is how to characterize
the range of certain function and distribution spaces on R”, such as Z(R"),
Z(R"), and &'(R").

For d =n -1, the ranges of &, ., and &' are characterized by the Hel-
gason moment conditions [9]. For d < n— 1, it is still possible to characterize
the range of Z(R") by moment conditions [10], but the situation for #(R")
is quite different.

In fact, moment conditions do not suffice to describe the range #(R")”,
as will be seen from a simple counterexample in §2. It turns out that the
range ¥ (R")” can be described as the space of rapidly decreasing functions
on G(d, n) satisfying a system of second-order partial differential equations.
For d =1 and n = 3, this result was already obtained by Fritz John in 1938
[14]. For arbitrary d and n, these differential equations were first given ex-
plicitly by Gelfand, Gindikin, and Graev [2] in terms of the local coordinates
on G(d,n). (See also Gelfand-Graev-Shapiro [1] for the analogous results
on C".) However, their proof omitted many details. In 1984, Grinberg [7]
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described the range .#(R")” in terms of both moment conditions and differ-
ential equations. Finally, in 1986, a complete proof characterizing the range
SF(R")” in terms of the differential equations of Gelfand, et al. was obtained
by Richter [16]. Richter also provided a range characterization in terms of
differential equations involving the infinitesimal left regular representation of
the Euclidean motion group E(n) on G(d, n). The proof used extensive local
coordinate calculations on G(d, n).

In this paper, we present a more direct, group-theoretic proof of the range
theorem. As a consequence of a part of the proof, we obtain a proof of the
surjectivity of the dual d-plane transform on the space & (R"). This was proven
by Hertle [13] in the case d =n — 1.

In §2, we define the space .#(G(d, n)) of rapidly decreasing functions on
G(d, n) and the partial Fourier transform on this space. We also prove certain
fundamental properties of this partial Fourier transform. Our definition of
rapidly decreasing functions on G(d, n) is equivalent to, but quite different
in formulation from, that of Richter. However, it can also be easily extended
to define the Schwartz functions on a homogeneous unitary K-vector bundle,
where K is a compact Lie group. In this section, we will also present the
counterexample referred to above.

In §3, we investigate the infinitesimal left regular representation of the Eu-
clidean motion group on R” and on G(d, n), and its behavior under the Radon
transform. We also introduce the differential operators needed in the statement
of the range theorem.

In §4 we prove the range theorem. Finally in §5, we prove the surjectivity of
the dual d-plane transform on & (R"). We also present an interesting problem
connected with the nullspace of the dual d-plane transform.

The author is indebted to Professors S. Helgason and E. T. Quinto for valu-
able discussions.

2. RAPIDLY DECREASING FUNCTIONS AND
THE PARTIAL FOURIER TRANSFORM ON G(d, n)

Let 1 <d <n-1. Thespace G(d, n) of d-planesin R” is a homogeneous
space of the group E(n) of isometries of R” . It is also a vector bundle over the
Grassmann manifold G don of d-dimensional subspaces of R”, the projection
n,; of G(d,n) onto G, being the mapping which associates to any & €
G(d, n) the parallel d-plane o through the origin. The fiber n;l(a) of g €
G, , is naturally identified with ot ~R"?.

If o isan arbitrary fiber and ¢ € £(G(d, n)), then the restriction of ¢ to
ot will be denoted 9|, . Define the differential operator O on G(d, n) by

(1) @)l = 8,-(9],2)

forall p € £(G(d, n)), A,. being the Laplacian on ¢® . O is invariant under
the action of E(n) on G(d, n) [9]. (See also §4 below.)
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The d-dimensional Radon transform f — f is defined by
GE /é f(x)dm(x)

for any function f on R” integrable on d-planes, dm(x) being the Euclidean
measure on the d-planes ¢&.
Consider the parametrization of G(d, n) given by

(2) ¢ (g,x)

where o = m,(£) and {x} =¢n o". By [9], the range 2 (R")” is the space
2,(G(d, n)) consisting of all ¢ € Z(G(d, n)) satisfying the condition that
for each m € Z*, there exists a homogeneous degree m polynomial P on
R" with

3) [ ot )t " do* (x) = P (0

forall ue o™ , do™ being the Euclidean measure on 6" . When d =n-—1 ,
these moment conditions also characterize the range #(R")”~. We also refer
the reader to [17], in which the range L?(R") ~ 1is described in terms of the
above moment and other intregrability conditions.

A natural question to ask is whether the moment conditions (3) also suffice
to describe the range #(R")~ when d <n—1.

Now it is clear that the range #(R")” consists of functions on G(d, n)
which decrease rapidly on its fibers. To make this precise, we first need to
formulate a definition of the space .#(G(d, n)) of rapidly decreasing functions
on the manifold G(d, n).

It is difficult to define .#(G(d, n)) by means of the parametrization (2),
since x and ¢ are not independent parameters (x € aL) . Instead we use the
fact that G(d, n) is a homogeneous O(n)-unitary vector bundle [19].

Let e, e,, ..., e, be the usual basis of R", and let g, denote the subspace
Re, + Re, + -+ + Re,. We identify o; with R =Re,, +---+Re,. Let
m:k — k-0, be the canonical projection of O(n) onto G, ,. A compact
subset M C G, , is called full if M is the closure of its interior. If M is
a full compact subset of G, ,, we say that it admits a local cross section into
O(n) if M is contained in an open set ¥ C G, , such that there exists a local
C™ cross section 7 of V into a submanifold of O(n) (i.e., mon is the identity
map on V). Note that G,  is a finite union of full compact sets which admit
local cross sections.

By definition, the function ¢ belongs to #(G(d, n)) if and only if ¢ €
Z(G(d, n)) and satisfies the estimate

(4) sup (1+ |lx[)'|E,D,p(, n(0) - x)| < o0
gEM

xeR"™4
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for all r € Z*, for all differential operators E on Gd‘ . » for all constant coeffi-

cient differential operators D on R” - , and for all full compact subsets M of
G, , admitting local cross sections 7 into O(n). Note that n(o)- (g,, x) =
(g, n(o)-x). In the estimate (4), we could also have replaced D by a power
of the operator 0. Note also that a local trivialization of the vector bundle
G(d, n) is given by

(5) VxR~ =7'(v),
(g,x)— (0, n(g)-x)

1

for all x € R""d, o €V, where V C G, , is an open set admitting a local
cross section into O(n) . ,

The advantage in using local cross sections to parametrize G(d, n) locally,
as in (5), is that the distance from the origin to the d-plane (o, n(o) - Xx) is
|lx|| . Moreover, the transition matrices between adjacent local trivial bundles
are all orthogonal. The definition (4) may also be used to define the rapidly
decreasing functions on a homogeneous unitary K-vector bundle, where K is
a compact Lie group [19].

Now let ¢ € #(G(d, n)). The partial Fourier transform of ¢ is the function
@ on G(d, n) given by

d(o,u) = /l 0@, x)e Y dot(x), ueat.
g
Clearly, ¢ € &(G(d, n)). The inverse partial Fourier transform is defined
likewise.

Proposition 2.1. If ¢ € #(G(d, n)), then ¢ € #(G(d, n)).

The proof proceeds as in the Euclidean case and will be omitted.

Next, for each function f € #(R"), we define the function ¢ ;on G(d, n)
K 9plo, x)=f(x), oc€G, xeat
Clearly, ¢, € &(G(d, n)).

Lemma 2.2. ¢, € .5 (G(d, n)).
The proof is tedious but straightforward. For details, see [3].
Proposition 2.3. If f € Z(R"), then f € #(Gd, n)).
Proof. The Fourier transform f belongs to .#(R"), so by Lemma 2.2, ¢ 7€
F(G(d, n)). According to the Projection-slice Theorem [10], ¢ 5 1s the partial

Fourier transformA of f. Taking inverse partial Fourier transform, Proposition
2.1 implies that f € #(G(d, n)).

With the definition of Z,,(G(d, n)) in mind, we define ,(G(d, n)) to be
the space of all ¢ € #(G(d , n)) satisfying the moment conditions (3). Clearly,
the Radon transform f — f is a 1-1 map of & (R") into .%,(G(d, n)) and
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for d = n -1, it is a bijection [10]. On the other hand, it is not onto for
d < n—1. In fact, we produce below a function ¢ € &,(G(d, n)) which does
not belong to the range #(R") .

If o€ Gd’ n»any U € ot may be considered as a vector field acting on ot.
This vector field will still be denoted by u. For ¢ € #,(G(d, n)), the moment
conditions translate to the following differentiability conditions for the partial
Fourier transform at the origin of each ot

"¢|,)0) =P, (1), uea .

m

This is a condition that holds only at the origin in each ot Consequently, one
can find a function y € Z(G(d, n)) satisfying the following two conditions:

(i) For some x, € R", there exist g, 0, € G, , with x; € ad‘, Xy € all
such that y(g,, x,) # ¥(0,, Xx;) -

(ii) w(o,x)=0 forall 6 €G, , andall x € o™ such that ||x|| < 1.

Now by Proposition 2.1, ¥ = ¢ for some ¢ € #(G(d, n)). By (ii), ¢ €
#,(G(d, n)) with each polynomial P identically zero. On the other hand,
(i) implies that ¢ ¢ #(R") ", because if ¢ = f, then w(a,, X,) = f(xo) =
w(a,, x,).

We remark that for d = n—1, condition (i) above cannot be fulfilled. We also
remark that if ¢ € Z,(G(d, n)), its partial Fourier transform ¢ is analytic
on each fiber o= , and so is determined by its derivatives at the origin. Hence
the global behavior of ¢ is determined by the moment conditions on ¢ . This
explains the difference between the results for Z(R")”~ and #(R")".

3. THE INFINITESIMAL ACTION OF THE EUCLIDEAN MOTION GROUP

In what follows we assume d < n — 1. In order to facilitate later calcu-
lations we also adopt the following conventions. Suppose M is a manifold
of dimension m. Let f be a function, D a differential operator, and T a
distribution on M. If 7: M — M is a diffeomorphism, f* will denote the
function fot™', D' the differential operator f — (D(fot))ot ', and T°
the distribution f — T(fo1). Then (Df)" = D'f", and if D’ is another
differential operator, (DD')* = D'D'*. If 7 preserves a nonvanishing m-form
@ on M (so the adjoint D™ of each differential operator D is defined), then
(D*)" = (D")" and (DT)" =D'T".

The Euclidean motion group E(n) = O(n) x R" is the set of all ordered
pairs (k,v) where k € O(n) and v € R", with group law (k, v) - (k', v")
= (kk', k-v' +v). We have R" = E(n)/O(n) and G(d, n) = E(n)/E(d) x
O(n — d). The left action of E(n) on R” and G(d, n) will both be denoted
by 7. If k € O(n), we will, as we have been previously doing, replace 7(k)x
by the simpler expression k - x .

E(n) may also be identified with the subgroup of GL(n + 1, R) consisting
of the matrices (%), where k € O(n) and v € R". The left regular rep-

01
resentation of E(n) on &(R") and &(G(d, n)) will be denoted by A and
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v, respectively: if g € E(n), then A(g)f = f*® and v(g)p = ¢™¢ for

fe&R") and ¢ € £(G(d, n)).

Let ¢ be the Lie algebra of E(n). Then the infinitesimal left regular repre-
sentations dA and dv of e will be extended to the universal enveloping algebra
U(e) . Explicitly, if X,, ..., X, € ¢, then

ar
(6) (dA(X,---X,)f)(x)= {Wf(r(exp(—t,Xr) (=t X)) -x)}
1 r t.=0

1

for all f € &(R"). A similar expression can be written for dv .
If feR") and g € E(n), it is immediate that (A(g)f)~ = v(g)f. By
differentiating inside the integral sign we have

(7) @A) )~ =dv(U)f

for all U € U(e). (By (8) below, dA(U)f € & for all U € (e), so differentia-
tion inside the integral sign is indeed permissible.)

We may identify the Lie algebra ¢ with the Lie subalgebra of g/(n+ 1, R)
consisting of the matrices ({¢), where T € so(n), v € R". Let E;; denote

the (n+1) x (n+ 1) matrix (,9,;); ,_, . Write

ir’sj
X,;=E;—E;, 1<i,j<n,
E, =E, I<k<n+l.

,n+l2

Note that X, = 0. ¢ has basis X, (i<j)and E, (1<k<n).
If U e U(e), dA(U) and dv(U) are differential operators on R" and
G(d, n), respectively. In particular,

) ) 0

® AUX) = X5y, ~Niax, = o,
J i k

1

For 1 <i, j,I<n,let Viﬂ = E,.Xj,+EjX“+E1XU € $(e). (If any of the
indices i, j, / coincide, V,.j, =0.) By (7),

9) dv(V,;)f =0
forall f e #R").
Following Richter [16], we define #,(G(d, n)) to be the space of all ¢ €

F(G(d, n)) satisfying the differential equations dv(V,;)¢p = 0. By (9),
F R C (G, n).

4. THE RANGE OF THE d-PLANE TRANSFORM

In this section we show that #(R")” = #,(G(d, n)). First we require a

lemma about the adjoint action of E(n) on the elements V,

€ H(e).
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Lemma 4.1. Let k = (k”):'ys=1 € O(n) and v € R". Suppose 1 <i,j,l<n.
Then

kui kuj kuI
(i) Ad(K)V, = 3 det | kg kg k| -V,
u<s<r k”. krj krl

(ii) Ad(v)V,;, =
Proof. If we consider E(n) as a matrix group, then the adjoint representation
is just given by conjugation: Ad(g)X = ng_1 (g € E(n), X €¢). Thus, by
a routine computation,

Ve

n n
Ad(KE, =Dk E;,  AdK)X, = > k kX, .
J=1 or=l

1, r=
Hence
Ad(k)VijI = Z kuik:jkrI(Equr + Eeru + ErXus)
u,s,r
= Z kuiksjkrl Vusr'
u,s,r
For each fixed u < s < r in the above sum, we have V, = -V, _, etc., proving

(i). For (ii), write v = 3/ v,E,. Then Ad(v)X; = X, +v,E, - v,E; and

r=1"r"r"
Ad(v)E; = E, forall i, j, /. Hence
Ad()V;, =Ei(Xj,+vjE,—v,Ej)+Ej(X,i+'v,Ei—v

+E/(X,; +v,E; —v,E)=V,,.

4E1)

2

The next lemma describes how $i(¢e) behaves under the partial Fourier trans-
form.

Lemma 4.2. Let T € so(n) and v €R". If 9 € #(G(d, n)), then
(i) (dv(T)p)” =dv(T)¢, and
(i) (dv(v)e)~(o, x) = —i(v, x)¢(0, X).

Proof. An easy computation shows that
(10) v(k)p)” =v(k)g

forall k € O(n). Differentiating, we obtain (i). For (ii), we note that exp(tv) =
tv so that

(v (tv)e) (o, x) = /a (o, u—P,.(tv)e " do™ (u)

= (P,

(11) A
¢, x)=e"""5(0, x).

Here P_.(tv) is the orthogonal projection of v on ot. Differentiating both
sides of (11) proves (ii).
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By Proposition 2.1 and Lemma 4.2, y € #(G(d, n))” if and only if
(12) (x;dv(X, 1)+ X; dv(X,;)+ x,dv( X Nw(o,x)=0
forall i, j, /. Let A, be the differential operator in (12). Since dv(Ad(g)U)
=dv(U)"® forall g € E(n), U € 4(e), we have by Lemma 4.1

k k kuj kul
(13) A=Y det[ k, k
u<s<r k k. krl

ri rj

A

usr*®

Equation (13) may also be obtained by direct computation.

The next three lemmas, due to Richter [16], show that the elements of
Z,(G(d, n))~ are of the form ¢, where F € S(R"). Our proofs are based
on(13) and are essentially coordinate-free.

Lemma 4.3. Let y € #,(G(d, n))~ . Then there exists F € &(R"\{0})NnC(R")
such that y(o,x)=F(x) forall 0 €G, ,, x € ot

Proof. Fix x € R". Define O(X'L) to be the subgroup of O(n) consisting of
all k such that k-x = x. (Note O(0%) = O(n).) Let so(x™) denote its Lie
algebra. so(xl) consists of all infinitesimal rotations fixing x. Assume first
x # 0. We will prove below that for any Z € so(x"),

(14) (dv(Z)y)(o,x)=0
forall o € G, , suchthat x € o™ . It will then follow from (14) that

(15) w(o, x)= w(a', x)
forall ¢,0 € G, , such that x € 6 Na't. Thus y does not depend on
the argument ¢ and (15) can be used to deﬁne the function F away from the

origin. It is easily seen that F € &(R"\{0}). Also since so((t ) ) = so(x )
for all ¢ # 0, (14) implies that

(dv(Z)y)(o, tx) =
forall Z € so(xl) , t #0. Letting ¢t — 0, we obtain
(16) (dv(Z)y)(g,0)=0

forall Z € so(x™ ) Since x is an arbitrary point in R"\{0}, (16) holds for all
AN ZXeRn_oso(x ) = so(n). Hence (14) holds even when x = 0, so it can
be used to define F(0). It is easy to see that F is continuous at 0.

We now prove (14). Let r = ||x||, and let o, be the d-dimensional subspace
spanned by e,,...,e,. Since O(n) is transitive on the set of d-planes at
a given distance from 0, there exists k € O(n) such that k - re, = x and

k - 6, =0 . Note that o(x*') = k(O ‘l’)k'1 . Thus, since Z € so(x™),
-1\ _ so(n—1) 0
Adk™)Z = > c,.j(k)XUe< ) 0).

1<i<j<n
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Hence
dv(Z)y)(o, x) = (dv(Z)y )(k (0y5 re,))
= (@v(2)p)™ oy, re,)
= (dv(Ad(k™)Z)p™ ) (o, re,)
= Y o, dv(X,)v ™ )y, re,).

1<i<j<n
To prove (14) it will suffice to prove that each of the above summands is zero.
But

(rdv(X,)u™ N)(ay. re,) = (A, ™ ey, re,)

k k
= (AL W)™ oy, re,)

ijn

= (A0, x).

ijn

By (13) Afjf,) is a linear combination of operators of the form A, . Since

v E % , the last expression above equals zero. This proves (14) and the lemma.
The next lemma shows that F is also differentiable at the origin.

Lemma 4.4. Let v € &(G(d, n)) satisfy the condition w(c,x)=w(a', x) for
all xeR", and o, o' € G, , with x € o' Nna'". Define the function F on
R” by F(x)=y(o, x) forall xeo". Then F € £R").

Proof. As in the preceding lemma, F € &(R"\{0}) N C(R"). In particular, F

is continuous at the origin. We intend to show that foreach i =1, ..., n,
there exists a function ¥, € &(G(d, n)) such that

OF
—(x)=¥(o, x
%) = %0, )
forall x#0 in ¢~ andall ¢ € Gy Since ¥, satisfies the hypothesis of the
present lemma, 0 F/Xx; can be extended continuously to the origin. An elemen-
tary induction then proves that all partial derivatives of F can be continuously
extended to the origin.

The proof of (17) consists of several steps.

(A) We first remark that y satisfies the relation A, ¥ = 0. In fact, using
the notation in the proof of Lemma 4.3, we have

(17)

(Ayw)o, x) = (Aiﬂ"’)“k-])(%’ ren)

k") (nkTY
= (A,‘j[ v )(0’0, ren)

= Z cusn (k)(Ausn '//t(k_l))(ao 4 ren)

u<s<n

= Y cuRrdvX, v )y, re,).

u<s<n
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-1
Here c,,,(k) is an appropriate 3 x 3 determinant. Now t//’(k ) satisfies the

-1
hypothesis of the lemma, and X, € (=Y 0}, so (du(XuS)y/’(k (g, re,) =
0.

(B) Next we examine the relation between 0F/dx; and the corresponding
derivatives of y. Let 0 € G, , and let u,, ..., u, be an orthonormal basis
of o. We may assume that each u i is a column vector with components u; i
(1 <i< n). Recall that we identify each vector v € o® with the corresponding
vector field in o* . We have

(dv(e)y)(o,x)= =P i(e)y(o, x)=—(P (), grad F(x))
- (e;, P 1(grad F(x)))

d
= - <ei, grad F(x) — Z(gradF(x), uj)uj>

(18) d n
oF +>°3 oF ..

|

I
<[5
—_

I
Ny
=
I *k
+
M=~
<

5

5
=
<

Jj=1 r=1 T

o
Now if X € so(n), F(exp(tX)-x) = w(exp(tX)-0o, exp(tX)-x). Thus
(19) (dAX)F)(x) = (dv(X)y)(0, x)

for all X € so(n). Hence by part (A) and (12),

x(dv(X, )y (o, x) +x,(dv(X;)y) (o, x)
= —x;(dA(X,,)F)(x) = —x; (xi% - xr%) (x).

Therefore,

oF 1 oF
(20) axr = rx} <xjxra—x[

- X, du(XU.)z// - X, dv(in)y/)

In (20), the derivatives of F are understood as being evaluated at x € ot
and the derivatives of y at (g, x). Substituting (20) into (18), and then using
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(12), we have

d d
oF 5 U U, X,
(dv(e)y)(o, x)= - 5 1= uj, - I
i j=1 r=1 j=1 i
r#i
d
Uy, U, X,
- —~Zdv(X, )y + ——dv(X )y
r; ,; ( X 7 XX, "
r#i
d d n
oF 2 Ui
it T LD DL D DD LA
i j=1 j=1 "1 r=1
r#i
(21) noduu.
-3 > )’C’x”(x,.du(X )+ x, dv(X.))
r=1 j=1 "i7J
r#i
d d
oF 2 Ujj
= o (1 - uj; —Z?(—uux,))
J=1 j=1 1
n d u.u
+_ D —LHdv(X,)y
r=1 j=1 i
OF 1
= —2—+—> A, (0)dv(X,)y
ox; ey
Here 4, (d) Ed UjiU,; depends only on ¢ € G, , . By (21) we have
oF 1 <
(22) o = V(e + > 4, (0)dv(X, )y
. .

(C) Let '¥; be the right-hand side of (22). To show that ¥, € €(G(d, n)), it
suffices to show that the second expression on the right-hand side of (22) equals
a C* function ®, on G(d, n). This will prove the lemma. In order to prove
this claim, we first assert that

(23) mZA dv(X, )y = xZA dv(X, v
r=1

forall 1 <i, m < n. For this it suffices to prove that foreach 1 < j <d

n n
(24) Xpp DU dV(X, )W =X, u, dv(X, )y
r=1 r=1

For then, each side of (24) can be multiplied by ¥, i and summed over j. Now
to prove (24), it may be assumed that i = 1 and m = 2. The proof for the
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other cases is analogous. By (12) we have the following system of n equations.

Xyly; + XU+ + XU, = —X)Uy;

X, dv(Xy))y + x;dv(X),)y = —x,dv(Xp)y
X, dv(X,)v + +x,dv(X},)y = —x, dv(Xy,)v
X, dv(X,,)v + +x,dv(X )y =-x,dv(X,,)¥

Eliminating the variables x,, ..., x,, we obtain
Xy (Uy; dv(X )W =y dv(Xy) )y — Uy dv(Xy))y — - —u, dv(X, )y
=X, (—uy; dv(X )W + us; dv(Xpy)y + uy; dv(Xp )y + - +u,; dv(X,, )y
This equation simplifies to (24) for i = 1 and m = 2. This proves (24) and
(23).
From (24) we see that x,, =0 implies that 3>/ u dv(X,, )y =0, for all
j=1,...,d sothat

(25) x,=0= zn:Air(a) dv(X,,)v =0.
r=1

Now by [2], G(d, n) is a finite union of trivial bundles W with the following
local coordinate representation:

w,:(6,x)—(y(0),x,).
Here o is a choice of n — d indices i;,...,i,_, in {1,...,n}, x, =
(x,.l yeees x",,_d) ,and y(a) is a local coordinate system for o € n, (W) C Gy
To prove that ®, € £(G(d, n)), it suffices to prove that CDilWa e&(W,) for

each a. Suppose first i is one of the indices i, ..., 7, ,. Since X; is a local
coordinate in W _, it follows by (25) for m =i that

® (o, x) = 2=l A,,(rQ dv(X, )y

1

is a C* function on W_. Suppose next that / is not one of the indices
ij».eo5i,_4. Chooseany m in {i,,..., 1, ,}. Since x,, isalocal coordinate
in W_, it follows from (25) that the function

Z:'=l Air(o) dV(er)'//

xm

(26)

isa C* function on W, . But by (23), this function equals ®,. (Strictly
speaking, it equals @, at the points (o, x) where x; # 0, a dense open set
in W, . But then (26) extends ®; to be a C™ function on all of W, .) This
proves that @, € £(G(d, n)) and thus the lemma.

Lemma 4.5. Let the function F be as in Lemma 4.3. Then F € #(R").
Proof. By Lemma 4.4, F € £(R"). We must now prove the estimate

sup [lx||“|A™ F (x)| < o0
XER"
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where A denotes the Laplacian on R”. For any x # 0 in R", write r = ||x||

and x’ =x/r. Then x' € S"~' and we have
8* n-1 9,1
A= 5‘;2' + — ; ar L '
where L . represents the Laplace operator on S"!. Then
k

(27) ”x“ : Z hu'U'w a 1} (rx )‘

u,v,w

ﬁmte

Since the Casimir operator on SO(n) projects to the Laplace operator on st ,
we have L, =c)_,_ j dAX ,21) Thus each summand in (27) is itself a linear
combination of terms of the form

w0’

a .U
where each X, is a basis element of so(n). But since F(x) = y(og, x) for
x € o© and since, by (19), dA(U)F(x) = dv(U)y(o, x) for all U € so(n),
(28) equals

(29) v 1or dv(X} - X (o, rx')

(28) P2 dAX] - XD F(rx)

where x' € 6 NS""'. We will now estimate (29). Let I": V' x N n(;l(V)
be the parametrization of a local trivial subbundle of G(d, n) as in (5), and
let M CG, , bea full compact subset of V' admitting a local cross section #
into O(n). We will show that

(30) sup |r'=— dv(X; - X)y(T(o, x))| < .
gEM or s
x€ER"¢
Now
0 X; 0
ar = Z—x_a_i'
+
Also,
dv(X:--- X Hw)(T(a, x))

2s

= WV/(CXD(—QXS)-~exp(~t1X1) (0, n(a) - x))

t;=0

825
= my/(exp(—tsXs) ~-exp(=t,X;)- 0, exp(—=t.X,)---
T

exp(—thl) n(g) - x))




614 F. B. GONZALEZ
But exp(-t,X,)---exp(—t,X,) - n(o) - x = n(exp(~tX,)---exp(~t,X,) - 7) -x'
for some x' € R so

x = n(exp(—tsX )---exp(—t,X,) - o) exp(—tsXS)---exp(—thl) -n(o) - x

=k(g,t;,...,t) x
where k(o ,t,) € O(n—d) isa C* function of ¢ and ¢,..., 1t such
that k(o, O ,0)=1,_,,the (n—d)x (n—d) identity matrix. Thus,
2 2
dv(X; - X)y(I(o, x))
823
= m(v/ oI)(exp(-¢t,X,)---exp(—t,X|) -0, k(g, ) X)
1 s 1,=0
=26 Ely oD
where the sum runs through a finite set of multi-indices § = (8,,,,..., 8,)

and differential operators E on Gy p- Applying

ud’ u i X; 0 ’
e L D
or e x|l 0x;
to the above sum vyields a finite linear combination of terms of the form

xf |x|*D,E,(woT)(c, x). Here ¥ may be a negative exponent but this does
not matter. Since y € #(G(d, n)), each of the above terms is bounded for all
(0,x) €M x R"™?, with |lx]| > 1, say. This shows that (30), and hence (28)
and (27) are bounded.

Theorem 4.6. #(R") ™ = %,(G(d, n)).

Proof. We have already seen that Z(R")™ C #,(G(d,n)). Solet ¢ €
Fp(G(d, n)), let w = ¢, and let F be as in Lemma 4.3. By lemma 4.5,

F € #(R"). By projection-slice, the partial Fourier transform (f)~ satisfies
()70, x) = f(x) = F(x) = (a, x).

Taking inverse partial Fourier transform, we obtain f = ¢, as desired.

5. THE RANGE OF THE DUAL d-PLANE TRANSFORM

Consider the dual d-plane transform ¢ — ¢ from functions on G(d, n) to
functions on R", given by

- /G o(t(x)o)de, ¢e&(Gd,n),

where do is the normalized O(n)-invariant measure on G, , = O(n)/0(d) x
O(n — d) . In this section we will prove the following theorem.
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Theorem 5.1. £(G(d, n))"'=&(R").

This was proven by Hertle [13] in the case d =n—1.

Before proceeding with the proof, let us first gather some preliminary facts.
Since G(d, n) = E(n)/E(d) x O(n — d) is a quotient of unimodular groups,
there exists a unique (up to constant multiple) C* measure u on G(d, n)

which is invariant under 7(F . We fix the measure u to satisfy
/ / / p(a, xda (x)da, peZ(Gd,n)).
G(d,n) Gy
Then by general principles [11],
(31) | 7@e@du = [ fx)plx)dx
G(d,n)

for all f € Z(R"), ¢ € &G(d,n)). If D is a differential operator on
G(d, n)), the adjoint operator with respect to u will be denoted D . Since u
is preserved under t(E(n)), we have dv(X)* = —dv(X) for all X € ¢. From
this one can easily see that dv( 111) =dv( ul) forall i,j,!.

By [12], the map f — f is continuous from Z(R") into & (G(d, n)) and
the map ¢ — ¢ is continuous from & (G(d, n)) to &(R"). Using the relation
(31), these maps have natural extensions to continuous maps S — S from
&'(R") into €' (G(d, n)) and T — T from 2'(G(d, n)) to 2'(R") [10].

If yeC,=C—-{n,n+2,n+4,...}, I’ will denote the Riesz potential

(32) I' f(x) Plx =yl dy,

for f € #(R"), where Hn(y) = 277t"/2I‘(§y)I'(7(n —9)”'. When Re(y) <
0, this is interpreted as analytic continuation. For any real number p such
that -2p € C,, the fractional power A’ of the Laplacian A on R" is then

defined by (—AYf = I"%f | f€ S(R")). The Fourier transform f of f
satisfies ((—A)" f)™ (u) = |ul|” f(u).

According to Ortner [15, Satz 9], the following formula holds: if y, u € C,
such that Re(y + u) < n, then
(33) r'r'f=rf
for all f € S(R"). Suppose now ¢ € .#(G(d, n)). In accordance with (32),
the fractional power L__qu) is defined by

k —2k
(-0)p(a, x) =T"%p(a, x)

—H, =207 [ oo, y)lx -y "V do

4

»)

interpreted, as above, for k > 0 by analytic continuation. Using the parame-
trization (5) of G(d, n), we have

(09D, x)) = H,_,(-20)"" /R poT(a, w)lx—u| ™" du.
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Thus, under the parametrization I', the operator (—l:l)k is given by convolution
with a tempered distribution in R"™“ . Hence (—D)k(o € £(G(d, n)) and the
map ¢ — ¢ is continuous from #(G(d, n)) into &(G(d, n)).

Lemma 5.2. Let ¢ € #(G(d, n)) and k > 0. Then there exists a constant C
such that |(-0)¥p(c, u)| < C(1 + lul)™* "9 forall ¢ € Gy, UE ot
Proof. This follows directly from Lemma 1 of [15], applied to each local param-
etrization I" of G(d, n), since the set of functions {x — ¢(I'(c, x))|o € V}
is a bounded subset (in the topology) of . (R"‘d) .

n’

By Lemma 5.2, the partial Fourier transform ((-—D)k(o)'“ is given by an
absolutely convergent integral for ¢ € #(G(d, n)) and satisfies
2% .

(34) (-0)Y9) (0, u) = [ul*¢(o, u)
Lemma 5.3. Let f € #(R"). Then for any k >0,
(35) (-8~ =(-Off

Proof. If k € Z*, (35) is obvious, so we assume k ¢ Z*. By Lemma | of
[15], (=AY f(x) = O(x| ") as ||x|| — oo so ((=A)*f)~ is well-defined.
(35) follows, since the partial Fourier transform of both sides is ||u||2k fu).

By (33) and (35) we have the following inversion formula for the transform

A

f— f (see[10]):
(36) o.f = (=0 1) y= (-0 fy
where ¢, = 4n’’T(in)[(L(n-d))™".

Now it is easy to see that if kK >0,

(37) / (~D)*p (&) w(&) du() = / p(&) - (- w(&) du(@)
G(d,n) G

(d,n)

for all ¢,y € Z(G(d,n)). Thus for any T € &' (G(d, n)), we can de-
fine the distribution (—D)kT € 2'(G(d, n)) by the formula ((—D)kT)((o) =
T((—D)k(o), for any ¢ € Z(G(d, n)). Since the map ¢ — (—D)k(p is contin-
uous from Z(G(d, n)) into &(G(d, n)), the adjoint map T — (—El)kT is
continuous from &'(G(d, n)) to 2'(G(d, n)).
Lemma 5.4. We have

(i) (-O)p)"® = (-O)fp™®,

(i) (-0 = (01,
forall g€ E(n), 9 € 2(Gd,n), Te&'(Gd,n)).
Proof. Upon taking the partial Fourier transform of both sides, (i) follows from

(34) and (10) and (11) in Lemma 4.2. (ii) follows by applying both sides to a
given ¢ € & and using (i).

Now Theorem 5.1 is a consequence of the following two lemmas.
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Lemma 5.5 (Helgason [12]). Let G/K and G/H beAhomogeneous spaces in
duality, K compact. Let N denote the kernel of S — S on &' (G/K). Assume
the subspace &'(G/K)~ c &'(G/H) is closed, &'(G/H) carrying the strong
topology. Then

(38) &(G/Hy =N,

where N* = {f € £(G/K)|S(f) =0 forall S € N}.

A special case of Lemma 5.5 was first proven by Hertle [13]. In the present
situation G/K = E(n)/O(n) = R" and G/H = E(n)/E(d) x O(n —d) =
G(d, n).

Lemma 5.6. £ (R")™ ={T € & (G(d, n))|dv(V,,)T =0 forall i,j,I}.

Assuming the above two lemmas, Theorem 5.1 is proven as follows. By
Lemma 5.6, &'(R") " is weakly closed, hence strongly closed in &' (G(d, n)).
By the injectivity of the map S§ — S [10], we have N = 0, so Theorem 5.1
follows from (38).

ijl

Proof of Lemma 5.6. Lemma 5.6 is obtained from Theorem 4.6 by an approx-
imation argument. We proceed as follows. If ¢ € Z(E(n)) and ¥ is a distri-
bution on R" or G(d, n), we write ¢+ ¥ = Jem (&) 9 ® gg where dg
is the Haar measure on E(n). Then ¢ x¥ is a C™ function [11], compactly
supported if ¥ is.

Now let {¢,}_, C Z(E(n)) be any sequence converging in &'(E(n)) to
d,, the d-function at the identity of E(n). If S € &'(R"), then

lim ¢ x§=5

m—o0

in the (strong) topology of &'(R"), so that

~

lim (¢, xS) " =5

m-—oo
in & (G(d, n)). Thus,
dv(V,)8 = lim dv(V,,)(#,+5)" =0

by Theorem 4.6. On the other hand, let T € &'(G(d, n)) satisfy dv(V,;)T =0
forall i, j, /. We have lim *xT=T in &(G(d, n)) and

m—sco Pm

dv(, ¢*T/¢ v )(T9)dg

= | ¢, (&) dvadig™ )V, )T)"¥dg

E(n) ijl

By Lemma 4.1, Ad(g = ). Cy,Vysr» 50 by the hypothesis on T, the

111

right-hand side equals zero. Thus, by Theorem 4.6 and the Support Theorem
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9], ¢,xT = fm , for some f, €< (R"). From the inversion formula (36), we
have

(39) c.f, = (-0 (¢, * T)).

Now by Lemma 5.3, (—D)d/2(¢m xT) = ¢, * (—El)d/zT, which converges to

(-0)’T in 2'(Gd,n)). Thus, f, = c; ' (¢, * (-0)">T)" converges to

the distribution S = ((—D)d/ 2 7)) in 2'(R"). But the functions ¢,, * T are

all supported on a common compact subset of G(d, n), so by the Support

Theorem, the functions f, are all supported in a common subset of R". Thus

Se&'(R") and { f,.} converges to S in the space &'(R"). It follows that
T=lim ¢, +T = lim f, =S8,

m—oo m-—oo
the convergence being in &'(G(d, n)) . This proves Lemma 5.6.
The proof of Theorem 5.1 is now complete.

Remark. For d < n—1, itis difficult to formulate a range theorem for &' (R") "~
in terms of moment conditions. The reason is that ¢ and x € o= are not
independent parameters.

Let H be the nullspace of the transform ¢ — ¢ on &(G(d, n)), i.e., the
annihilator of &'(R")”. Since the operators dv(V, ;1) are all selfadjoint, The-
orem 5.1 implies that H is the double annihilator, that is to say the weak
closure, of the subspace 3, ., dv(V;;)&(G(d, n)). In particular, H con-
tains functions of compact support. By contrast, the dual transform is injective
on Z(G(n—1,n)) [4,18]. For d =1 and n =3, H is thus the weak closure
of dv(V,,)&(G(1, 3)) c &(G(1, 3)). Itis an interesting problem to determine
whether H = dv(V,,,&(G(1, 3)), i.e., whether or not there are functions in H
that do not belong to the range of the operator dv(V),;).
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