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LINEAR TOPOLOGICAL CLASSIFICATIONS
OF CERTAIN FUNCTION SPACES

VESKO M. VALOV

ABSTRACT. Some linear classification results for the spaces C,(X) and C;(X )
are proved.

0. INTRODUCTION

If X is a space then Cp(X) denotes the set of all continuous real-valued
functions on X with the topology of pointwise convergence. We write C;(X )
for the subspace of C,(X) consisting of all bounded functions. R stands for
the usual space of real numbers, /—for the unit segment [0, 1] and Q is
the Hilbert cube I“. If n > 1 then u" denotes the n-dimensional universal
Menger compactum. Let X be a separable metric space. A separable metric
space Y is called an X-manifold if ¥ admits an open cover by sets homeo-
morphic to open subsets of X .

Results in [A1, A2 and Ps] show that the linear topological classification of the
spaces Cp(X) is very complicated. Below the linear topological classification
results for the spaces C,(X) which I know are listed:

(1)Let X and Y be non-zero-dimensional compact polyhedra. Then C,(X)
~ Cp(Y) if and only if dim X =dimY [Pv]. Here the symbol “ ~ ” stands for
linear homeomorphism.

(2) If X isalocally compact subset of R" such that cl(Int(X))N(R"-X) # &
then Cp(X) ~ Cp(R") [Drl].

(3) If X is a 1-dimensional compact ANR with finite ramification points or a
continuum X is a one-to-one continuous image of [0, oo) then Cp(X) ~ C,([)
[KO].

For topological classification results of the spaces C,(X) see [BGM, BGMP,
GH and M].

The aim of this paper is to prove the following results:

(4) Cp(X) ~ Cp(Q) if and only if X is a compact metric space containing
a copy of Q.

(5) Let X be a subset of R". Then Cp(X) ~ Cp(I") iff X is compact and
dimX =n.

Received by the editors February 8, 1989.

1980 Mathematics Subject Classification (1985 Revision). Primary 46E10, 54C35.
Key words and phrases. Linear homeomorphism, function space, manifold.

©1991 American Mathematical Society
0002-9947/91 $1.00 + $.25 per page




584 V. M. VALOV

(6) Cp(X) ~ CP(u”) if and only if X is an n-dimensional compact metric
space containing a copy of u".

(7) Cp(X) ~ Cp(l,) provided X is an /,-manifold (by /, is denoted the
separable Hilbert space)

(8) Let X be one of the spaces @, I" or u",and Y be a locally compact
subset of an X-manifold. Then C,(Y) ~ C,(X)” if and only if Y contains a
closed copy of the topological sum ) X, of infinitely many copies of X .

Similar results are also proved for the spaces Cp(X).

I am indebted to A. Dranishnikov and the referee for many valuable com-
ments.

1. PRELIMINARIES

All spaces under discussion are Tychonoff and all mappings between topo-
logical spaces are continuous. By L,(X) is denoted the dual linear space of
Cp(X) with the weak (i.e. pointwise) topology. It is known that

{Zaé :a; € R—(0) andxieXforeachisk}.

Here J, is the Dirac measure at the point x € X'. We denote

k
P_(X)= {Zaé :a, € (0, 1) for each i and Eai = 1}
i=1
and supp(/) = (x,, ..., X;), where [ = Zl 1“;5): € Lp(X).

Let A be a closed subset of a space X . Consider the following conditions:

(i) There is a continuous linear extension operator u: Cp(4) — Cp(X) (recall
that u:Cp(4) — C,(X) is an extension operator if u(f)|4 = f for every
f € Cpld));

(ii) There is a continuous linear extension operator u: C,(4) — C,(X) and
a positive constant ¢ such that ||u(f)|| <c. ||f| for every f € Cp(4). Here
IIf]l is the supremum norm of f;

(iii) There is a regular extension operator u:C,(4) — Cp(X) i.e. a contin-
uous linear extension operator # with u(1,) = 1, and u(f) > 0 provided
f>0.

A is said to be /-embedded (resp., /*-embedded) in X if the condition (i)
(resp., the condition (ii)) holds. If (iii) is satisfied then A is called strongly /-
embedded in X . Dugundji [D] proved that every closed subset of a metric space
X is strongly /-embedded in X (he did not state this explicitly in this form). It
is known (see [AC, Drl]) that 4 is /-embedded (resp., strongly /-embedded) in
X if and only if there is a mapping r: X — L,(A4) (resp., r:X — P_(A)) such
that r(x) = J, for every x € 4. Such a mapping will be called an L,-valued
(resp., a P_-valued) retraction. Every L,-valued retraction r:X — L,(4)
defines a continuous linear extension operator u,:C,(4) — C,(X) by setting
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u,(f)(x)=r(x)(f). If the operator u, satisfies the condition (ii), r is said to
be a bounded L,-valued retraction.

Let u:Cp(A) — Cp(X) be a continuous linear extension operator. Then
the mapping v(f, g) = u(f) + g is a linear homeomorphism from C,(4) x
Cp(X; A) onto Cp(X), where

Cp(X; A) = {g € Cp(X): g4 = 0}.

Analogously, if 4 is /*-embedded in X then Cp(4) x Cp(X; A) is linearly
homeomorphic to Cp(X).

Let Z be a family of bounded subsets of a space X (i.e. f|K is bounded
for every K € Z and f € C,(X)) and E be a linear topological subset of
Cp(X). Then we set

(]‘[E) {f1 f,...)eE“’:lipufnnK=0forevery1<e%}

and (HE) {f1 (HE) sgpllf,,||<oo}.

(IIE)5 and ([TE)3 are considered as topological linear subspaces of
Cp(X)”. We write ([TE), and ([TE), (resp. ([TE), and ([]E);) if &
is the family of all bounded (resp., of all compact) subsets of X . In the above
notations || f||, stands for the set sup{|f(X):x € K}. Let us note that if X
is pseudocompact and E is a linear subset of Cp(X), the space

(ITE),={%s s £y ) € E%limlf ) = O

is considered in [GH].

We need also the following notion: a space X is said to be a kp-space [N]
if every function f:X — R is continuous provided that f|K is continuous for
each compact subset K of X .

2. LINEAR TOPOLOGICAL CLASSIFICATIONS OF Cp(X)

2.1 Lemma. Let A be a strongly l-embedded (resp., I-embedded or I”-embed-
ded) subset of a space X . Then AxY isstrongly l-embedded (resp., [-embedded
or I"-embedded) in X x Y for every space Y .

Proof. Suppose A is strongly /-embedded in X . So, there exists a P_-valued
retraction r;: X — P_(A). Define a mapping r: X xY — P_(A4AxY) by setting

k
(x ) where r,(x) = Zaiéx

"P’J*

It is easily shown that r is a P_-valued retraction. Thus, 4 x Y is strongly
l-embedded in X x Y. One can also prove that r is a (bounded) L,-valued
retraction provided r, is a (bounded) L,-valued retraction. Hence, if 4 is /
(resp., [*)-embedded in X then A x Y is [ (resp., /" )-embedded in X x Y.
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2.2 Lemma. Let A bean I"-embedded subset of a space X . Then ([ Cp(X)),
is linearly homeomorphic to (] Cp(A4)), x ([TCp(X; A)), .

Proof. Let u:C,(A) — Cp(X) be a continuous linear extension operator such
that |u(f)|| < c. |If| for every f € Cp(A), where ¢ > 0. Since ||f] = o0
provided f € Cp(4)— Cp(A), the inequality [|u(f)|| <c. || f]| holds for every
f € Cp(A). Then the mapping r: X — L,(A4), defined by r(x)(f) = u(f)(x), is
an L,-valued retraction. Consider the linear homeomorphism v from Cp(4)x
Cp(X; A) onto Cp(X), v(f, g) = u(f) +g. Suppose (f,...,f,,...) €
Cp(A)” and (g, ..., 8,,...) € Cp(X; A)”. Put

H(K)=cl, (U{supp(r(x)):x € K}) ,

where K is a subset of X. Obviously, [[u(f,)lly < c.||fn||H(K) for every
n € N. By a result of Arhangel'skii [A2], H(K) is a bounded subset of A
provided K is a bounded subset of X . Hence, (f, ... f ) €(T1CH(A4)),
if and only if (u(f), ..., u(f,),...,) belongsto (]'[C )b Consequently,
(v(fl,gl),...,v(fn,gn),...)belongsto (I1Cp(X)), if (g5---» 8,s---) €
(TITCp(X; A4))), and (f,,..., f,,...) €(IICp(A4)), . Suppose

@ &)s e 0y )5 ) € ([T X)), -

Then (f,...,[,,...) € (I Cpl )b because v(f,, g,)|4 = f, for every n.
Therefore (u(f,), ...,u(f € ([ICp(X)),- So we have (g,,..., &,,

(ITCp(X; A)),,. Thus (v(fy. &)s---,v(f,,8,),...) belongs to
(]'IC X)b iff (gl,..., ws+ee) € (]'[Cp(X;A))b and (f},...,f,,...) €
(ITCp(4)),. Hence, the formula vy ((f;, ..., f,,--.), (& -+ &> - ))
(v(fy, &)s...,v(/f,, &,)...) defines a linear mapping from (][] P(A)
(ITCp(X; A)) onto ([]C,(X)), which is a homeomorphism.

2.3 Lemma. Let A be an ["-embedded subset of a space X . If every closed
and bounded subset of A is compact then ([TCp(X xY)), ~ ([ICp(AxY)), x
(MICp(X xY; AxY)), for any space Y .

Proof. Let u,:Cp(4) — Cp(X) be a continuous linear extension operator such
that |lu, (/)| <c. |If|| forevery f € Cp(d4), where ¢ >0, and r;: X — Ly(A)
be defined by r,(x)(f) = u,(f)(x). Obviously, r1 is an Lp-valued retraction.

For a given space Y the equality r(x,y) = Z, 190 y)» Where r(x) =
Zf 1“:5x , defines an L ,-valued retraction from X xY into L,(4xY). Next,
set u(f)(x y)=r(x, y)(f) forevery (x,y)€XxY and f€Cpo(AxY). It
is easily shown that u: C,(4xY) — C,(X x Y) is a continuous linear extension
operator.
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Claim 1. |u(f)| <c. ||f|| forevery fe CpAdx7Y).
Fix a point (x,y) € X x Y and an f € Cp(4 x Y). It follows from the
definition of u that

k k
u(f)(x’y)zzaif(xiay)’ where rl(x)=Za,.6xi.
i=1 i=1

So, [u(f)(x, y)| < Ei;l la;| . lfIl . Take a function g € C;(A) with || gl =1
and g(x,) = sgn(a,) for each i = 1,...,k. Then u (g)(x) = r(x)(g) =
S la,l. Since [|u,(g)ll < c.lgll, we have Y5 |a,| < c. Hence, |u(f)(x, y)|
<c.f]l. Claim 1 is proved.

Claim 2. For every compact subset K of X x Y the set
H(K) = ol (Ufsupp(r(x, »):(x, ) € K})

is also compact.

Let ny: X xY —» X and n,: X xY — Y be the natural projections. Then
ny(K) and n,(K) are compact subsets of X and Y respectively. By a result
of Arhangel'skii [A2],

H/(K)=cl, (U{supp(rl(x)):x € nX(K)})

is a bounded subset of 4. Thus, H,(K) is compact. So H,(K) x n,(K) is a
compact subset of 4 x Y . Since r(x, y) = (supp(r,(x))) x {y} for every point
(x,y) € X xY, we have H(K) C H(K) x n,(K). Hence, H(K) is compact
as a closed subset of H,(K) x ny(K). Claim 2 is proved.

Now, the proof of Lemma 2.3 follows form the above two claims and the
arguments used in the proof of Lemma 2.2.

2.4 Corollary. Let X be a product of metric spaces and A be an [*-embedded
subset of X . Then ([ICp(X)), ~ (ITCp(4)). x (IICp(X; 4)),.

Proof. Since A is closed in X, every closed bounded subset of A4 is compact.
Thus, the proof follows from Lemma 2.3, where Y is the one-point space.

2.5 Lemma. Suppose X is a space such that both X x I and X x T are kg-
spaces, where T = {0, 1/n:n € N}. Then C,(X x1) is linearly homeomorphic
to ([1Cp(X x I)),.
Proof. Since, by Lemma 2.1, X x T is strongly /-embedded in X x I we have
(1) Co(X xI)~Cp(X xT)x Cp(X xI; X xT).

Let I, =[1/n+1, 1/n] and E, = Cp(X xI,; X x{1/n+1, 1/n}) for every
n € N. Consider the set

(TTE.) ={ths - o) € TTE NimIf I, = O
for every compact subset K of X }

as a topological linear subset of [[{E,:n € N}. Since X x I is a kg-space
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we have Cp(X xI; X xT) ~ ([[E,),. ldentifying each E, with the space
E=CP(X><I X x {0, 1}) we get
(2) Co(X xI; X x T) ~ (HE)

Analogously, C,(X x T) ~ Cp(X x {0}) x Cp(X x T; X x {0}) and

Cp(X x T X x {0}) ~ (H CP(X))C.

Thus,
(3) Cp(X x T) ~ Cp(X x {0}) x (]‘[ CP(X))C ~ (]‘[ CP(X))C.

By Lemma 2.3, the following holds

4) (HCP(sz))C~ (ITCotx x {0, 1) x (HE)C.

Obviously,

(ITCpx x40, 19)_~ (TICox)) x (TTC0)_~ (TTCotx))

So we have
Co(XxI)~Cp(X xT)x Cp(X xI; X xT) by (1)

~(TTcox)) = (TIE), by (2 and (3)

~ (1‘[ Cp(X x 1))C by (4) and (5).

2.6 Corollary. Let X beasin Lemma 2.5. Then Cp(X xI) is homeomorphic
to Cp(X xI)”.
Proof. S. Gul'ko and T. Hmyleva [GH] proved that (J]Cp(X)), is homeo-
morphic to CP(X x ([TCp(X)), for every pseudocompact space X . Us-
ing the same arguments one can see that (J]Cp(X)). is homeomorphic to
Cp(X)® x (TI Cp(X)), for each X . Now, the proof of Corollary 2.6 follows
from Lemma 2.5.
2.7 Lemma. Suppose a space X contains an l-embedded copy F, of a space
Y and Y contains an I*-embedded copy F, of X. Then Cp(X) ~ Cp(Y)
provided one of the following conditions is fulfilled:

(1) Cp(Y)~(TICp(Y))y:

(i) Cp(Y) ~ (ITCp(Y)), ~ (I Cp(Fy)), x (TICp(Y 5 Fy)), .
Proof. We have C,(X) ~ C,(F,) x E; and C,(Y) ~ Cp(F,) x E,, where
E, =Cp(X; F)) and E, = C,(Y; F,). Thus, Cp(X) ~ Cp(Y) x E, . Suppose

Y) ~([TCp(Y)), . By Lemma 2.2,

(H C,,(Y))b ~ (]‘[ CP(FZ))b x (H Ez)b ,

SO

(), ~ (&), x (TT22),.
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Therefore,

)~ ([16), ~ C¥) x (TTCHD)),
x (HCP(X)) X (HEZ) .

Hence Cp(X) ~ E; x Cp(Y) ~ E, x C,,(Y x ([1Cp(X)), x (I1 Ey),
x(]'[C(X HEZ)b (M Cp(X)), x (TTE,), ~ Cp(Y).
(

If condition (ii) 1s fulfilled we use the same arguments

2.8 Theorem. (i) Let X be a subspace of R". Then Cp(X) ~ Cp(I") if and
only if X is compact and dim X = n;

(ii) Cp(X) ~ Cp(Q) ifand only if X is a compact metric space containing a
copy of Q.

Proof. We prove only the first part of Theorem 2.8. The proof of (ii) is analo-
gous to that of (i).

Suppose Cp(X) ~ Cp(I"). Then by [A2 and A3] X is a compact metric
space. Next, it follows from a result of Pavlovskii [Pv] that there is a nonempty
open subset of I" which can be embedded in X . Thus, dimX =n.

Now, let X be a compact n-dimensional subset of R”. Then X contains
a copy of I". On the other hand X can be considered as a subset of I".
Hence, by Corollary 2.4, ([TCp,(I")), ~ (I1Cp(X)), x (IICp(I"; X)), . Since

I" ~ (T1 CP(I"))C see Lemma 2 5), we der1ve from Lemma 2.7(ii) that
Cp(X) ~ CP(I") .

2.9 Theorem. Let u" be the n-dimensional universal Menger compactum.
Then Cp(X) ~ CP(u") if and only if X is an n-dimensional compact met-
ric space containing a copy of u" .

Proof. Let Cp(X) ~ Cp(u"). Then, by results of Arhangel'skii [A2, A3] and
Pestov [Ps], X is an n-dimensional compact metric space. It follows from [Pv]
that there exists an open subset of x" which can be embedded in X . But each
open subset of u” contains a copy of u" [Bt]. Thus, X contains a copy of
u".

Suppose X is an n-dimensional compact metric space containing a copy of
u" . Since X can be embedded in u" by Lemma 2.7(ii) and Corollary 2.4 it is
enough to show that Cp( ~ ([TCp( . For proving this fact we need the
following result of Dramshmkov [Dr2] There is a mapping f, from u" onto
Q such that fn_'(P) is homeomorphic to u” for every LC"'&C"'-compact
subspace P of Q. Now, consider Q asa product Q, x I, where Q, is a copy

of Q. Let T={0,1/k; ke N} and T* = £, '(Q, x T). Then

(6) Cplk") ~ Col(T") x Cpl"; T")

and

Co(T") ~ Co(£(Q, x {0})) T; 1710, x {0})).
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Since each of the sets f, '(Q, x {1/k}), k € N, and £, '(Q, x {0}) is
homeomorphic to u”", we have

Co(T"3 £, (@ x {0) ~ (TT Cotw™).

and
Cp(£; (0, x {0]) ~ Cp(u™).
Thus,
o Co(T") ~ Colw™) x (TT Co ")~ (TT Co6").
(1), * (TT€x0), ~ (TT o), x it
Finally,

CplH") ~ Cp(T") x Cp(u"; T") by (6)
~ (TTch) xc (T*) x Cp(u"; T*) by (7)

~ (Hc,,(u") x Cp( (HC u ))

2.10 Theorem. Let X be a metric space and t be an infinite cardinal. Sup-
pose Y is an [*-embedded subspace of the product X' and Y contains an
I"-embedded copy of X*. Then Cp(Y) ~ Cp(X").

Proof. By Corollary 2.4 and Lemma 2.7(ii), it is enough to show that Cp(X )~
(ITCp(X")), . Since 7 is infinite we have X* = (X)". So we can suppose that
X is not discrete. Thus, there exists a nontrivial converging sequence {x,},cy
in X with limx, =x,. Let T ={x,, x,; n€ N}. By Lemma 2.1, X" x T is
l-embedded in X* x X . Therefore,

Co(X)~ Cp(XTxT) x Cp(X" x X; X" x T).

But Cp(X*x T) ~ Cp(X" x {x}) x Cp(X* x T; X* x {x,}) because X" x {x,}
is also /-embedded in X' x T. Since X' x T is a kg-space [N] we have
Cp(X"x T X" x {xo}) ~ ([ICp(X")), . Hence,

CplX" x T) ~ CplX" x {xg}) x ([T (X)) ~ (]‘[c (X))
~ (TT6(xM) x (IT €M)~ Cpx* x 1) x ([T oK) -

Then

Co(X )~ Co(X xT) x Cp(X x X; X" x T)
~ (HCP(X’)) x C (X’ x T) x Cp(X x X; X" x T)

~ ([TCo(xM) x Cox ~ (TT X))
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2.11 Corollary. Let X be a separable metric space and © > w. Then Cp(X B
~ Cp(Y) for every closed Gg-subset Y of X*.

Proof. Suppose Y is a closed Gg-subset of X *. It is well known (see for
example [PP]) that modulo a permutation of the coordinates, ¥ = Z x X"~ %,
where Z is a closed subset of X . Thus, by Lemma 2.1, Y is /*-embedded
in X*. On the other hand {z} x X"~“ is an [*-embedded copy of X in Y
for each z € Z . Now, Theorem 2.10 completes the proof.

2.12 Corollary. Let U be a functionally open subset of R*, © > w. Then
Cp(U) ~ Cp(RY).

Proof. Modulo a permutation of the coordinates, U = V x R “, where V is
open in R”. Obviously, U contains an /*-embedded copy of R’. Since there
is an embedding of ¥ in R” as a closed subset, by Lemma 2.1, U can be
I"-embedded in R". Thus, by Theorem 2.10, C,(U) ~ Cp(R").

Let f be a mapping from a space X onto a space Y. Recall that a con-
tinuous linear operator u: Cp(X) — C,(Y) is said to be an averaging operator
for f if u(ho f)=h forevery h € Cp(Y). If f admits a regular averaging
operator u: C,(X) — C,(Y) we can define a mapping r:Y — P_(X) by the
formula r(y)(g) = u(g)(y). The mapping r has the following property [Drl]:
supp(r(y)) is contained in f _l(y) for each y € Y. Conversely, if there is a
mapping 7:Y — P_(X) such that supp(r(y)) C f"(y) for every y € Y, then
the formula u(g)(y) = r(y)(g) defines a regular averaging operator u for f.
It is easily seen that if u is a regular averaging operator for f the mapping
v(g) = (u(g), g —u(g) o f) is a linear homeomorphism from C,(X) onto
Cp(Y)x E,where E ={g—u(g)o f:g € Cp(X)}. Dranishnikov proved [Drl,
Theorem 9] that Cp(R") ~ CP(U ) for every open subset U of R". The same
arguments are used in the proof of Proposition 2.13 below.

2.13 Proposition. Let {U;:i € N} be an infinite locally finite functionally open
cover of a space X . Suppose there is a space Y with Cp(cly(U,)) ~ Cp(Y) for
each i€ N. Then Cp(X) ~ (Y) provided X contains an [-embedded copy
of a topological sum Z,  F; such that C,(F;) ~ Cp(Y) for every i€ N.

Proof. For every i € N take an f, € C,(X) such that fi_ (0) =X -U, and
f; > 0. Without loss of generality we can suppose that Zf"l fi=1.Let fe€
Cp(3ocl X(U,. ) such that flcl, (U,) = f|cl,(U,). Consider the natural mappmg

p:y cl(U) — X with all preimages finite. Let r: X — P_(} cl,(U,)) be
defined by r(x)=>{f») (5 Yy E p_l(x)}. It is easily seen that r is contmuous
and supp(r ( )) l( ) for every x € X. Thus, there is a regular averaging
operator u:C (ch U;)) = Cp(X) for p. Hence, C,(} cl,(U,)) is linearly

homeomorphlc to C (X )><E , where E is a linear subspace of C,(}_cl,(U))).
Since ) F; is l-embedded in X wehave Cp(X)~Cp(3_F) x Cp(X; 3 F)).
Observe that

Cp (Z (U)) ~

18

Colely(U)) ~ Cp(Y)* ~ Cp (S F,).

=1
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Now, using the technique of Pelczynski [P] and Bessaga [B] we have

Cr (X F) xCp (X5 30 F) ~ Co(1)” x Cp (X5 3 F,)
~ (Cp(X)® x - xCP(Y)wx---)xCP(Y)waP(X;ZFi)

(
~(Cp(Y) % x Cp(Y)” x---) x Cp(X)
~(Cp(X )xEx X Cp(X) X E x--+) x Cp(X)

~ Cp(X)” x E¥ ~ (Co(X) x E)* ~ Cp (3 ch(U,.))w ~ Cp(Y)".

2.14 Theorem. Let Y be a noncompact separable metric space and X be one
of the spaces Q, 1", u",1,. Then C,(Y) ~ Co(X)” provided Y is an X-
manifold.

Proof. Let {U;:i € N} be an infinite locally finite open cover of Y such that
each cl, (U,) is regularly closed subset of X . It is clear that a topological sum
> F, of infinitely many regularly closed subsets F; of X is contained in Y as
a closed subset. Since each of the sets cl, (U;) and F;, i € N, contains a closed
copy of X, it follows from Theorem 2.8, Theorem 2.9 and Theorem 2.10 that
CP(CIY(U,.)) P(F) Cp(X) for every i € N. Hence, by Proposition 2.13,

Cp(Y) ~ Cp(X)”.

2.15 Theorem. Let U be a functionally open subset of I' and t be an un-
countable cardinal. Then Cp(U) ~ Cp(I")*.

Proof. There exists a projection p from I’ onto a countable face of I* such
that p"l(p(U )) = U (see [PP]). Take a locally finite open cover {U;:i € N} of
p(U) such that cl,(p”'(U,)) c U for every i € N. Slnce each c1,,( ()

is a closed G;-subset of I", by Corollary 2.11, C p(cl(p (U))) ~ Cp(I .

Now, let {xi:i € N} be a closed discrete infinite subset of p(U). So, the
1

topological sum ) p~ "(x;) is [-embedded in U (by Lemma 2.1) and obviously,
each p_l(xi) is homeomorphic to I". Thus, by Proposition 2.13, C p(U) ~
Cp(IN”.

2.16 Theorem. Let X be one of the spaces Q,1", u", and Y be a locally
compact subset of an X-manifold. Then Co(Y) ~ Cp(X)“ if and only if Y
contains a closed copy of the topological sum Y X of infinitely many copies of
X.

Proof. The proof of the part “if” is based on a Dranishnikov’s idea from [Drl,

Theorem 9'], where it is shown that C p(P)~C P(R") for every locally compact
subset P of R" with clg(Int(P))N(R" - P) # Q.

Suppose Y is a locally compact subspace of an X-manifold Z and con-
tains a closed copy of the topological sum ) X . Then C,(Y) ~ Cp(}_X) x
Cp(Y; 3 X). Next, take a locally finite open cover {V:i € N} of Y such
that each cl, (V) is compact. For every i € N there exists an open subset U,
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of Z such that V; = U;,nY = U, Ncl,(V;). Since every set V; is closed in

EVlsclosedm ZU Thus Cpl( EU Co( V) xCo(U V).
Let {f;:i € N} be a partition of unity subordinated to the cover {V:i € N}.
Define a continuous mapping 7:Y — P_(3_V;) as in the proof of Proposition
2.13 and by the same arguments we get that C,(}_ V) is linearly homeomor-
phicto C,(Y)x E, where E is a linear subspace of C,(3_V;). It follows from
Theorem 2.14 that C,(U,) ~ Cp(X)® for every i € N. Hence

G (L U)~ G (W) x G (X Us W)
~CpY) X Ex Cp (U Y V).

Now, using the scheme of Pelczynski and Bessaga we get Cp(Y) ~ Cp(X)“.

Suppose there is a linear homeomorphism 6 from C,(}°X) = C,(X)” onto
Cp(Y). Let K be the set {y € Y; every neighborhood of y in Y contains
a copy of X}. We use the following property of X (for Q and I” this is
obvious, and for u" see [Bt]):

(x) Every open subset of X contains a copy of X .

Now we show that K is nonempty. Indeed, by [Pv], Y contains an open
subset of >~ X . So, by (x), Y containsacopy F of X and F C K. Obviously
K is closed in Y and it follows also from (x) that Y — K does not contain a
copy of X . Next, assume K is compact. Consider the set

=cl (U{supp (9,)):y € K})

where 6%:L,(Y) — L,(3_X) is the dual homeomorphism of 6. By a re-
sult of Arhangel'skii [A2], L is a compact subset of S..X. Therefore, there
isa ke N suhthat LC Y X,. Let P=3" X, fe Cpi(TX;P)
and y € K. We have 0*((5y)(f) = d,(6(f)) = 6(/)(»). But 0*(6y)(f) =
0 because supp(@'(éy)) C P. Thus, 6(f) belongs to C,(Y; K) for every
f € Cp(2X; P). Let p be the linear projection from C,(3}_X) = Cp(P) x
Cp(3XX; P) onto Cp(>_X; P). Then Hopoﬁ_ltcp(Y; K)—=0(Cp(3-X; P))
is a continuous linear retraction. This means that there is a closed linear
subspace E of Cp(Y; K) such that C,(Y; K) is linearly homeomorphic to
Co(3_X; P)xE. Clearly, C,(Y; K) ~ Cp(Y/K; (K)), where (K) is the iden-
tification point of K in the quotient space Y/K . Analogously, C,(}_X; P) ~
Cp((XX)/P; (P)). Since Cp(Y/K)~ R x Cp(Y/K; (K)) and

C, ((ZX)/P;(P)) xR~ C, ((ZX)/P),

we get that C,(Y/K) ~ Cp((3_ X)/P)xE . Now, we need the following result of
Dramshmkov [Drl, Theorem 6]: Let X, and X, be compact metric spaces and
Cp(X,) be linearly homeomorphic to a product Cp(X,) x E, . Then dim X, <
dim X, . Actually, it is proved that X, is a union of countably many compact
subsets which are embeddable in X . It follows from Dranishnikov’s arguments
that the last statement remains valid if X| and X, are separable locally compact
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metric spaces. Hence, there is a countable family {F;:i € N} of compact
subsets of (3°X)/P such that (3_X)/P =J{F;:i € N} and each F; can be
embedded in Y/K. Since ()} X)/P has the Baire property, there exists an
iy € N with Int(F ) # @ . Then the set Int(F, ) i —{(P)} is both open in Y} X
and embeddable in Y/K Thus, by (x), Y/K containsa copyof X. So Y -K
contains also a copy of X . But we have already seen that this is not possible.
Therefore K is not compact.

Take a countable infinite discrete family {W;:i € N} in K consisting of
open subsets of K. Let W, be an open subspace of ¥ with W' nK = W, for
each i€ N. Forevery i € N there is a copy X; of X such that X; C W,.*. It
follows from () that X, C K because Y — K does not contain a copy of X .
Hence, X, C W, for every i € N. So {X;:i € N} is a discrete family in K.
Thus, ) X, is a closed subset of Y.

2.17 Corollary. Let X be a locally compact (n-dimensional) separable metric
space. Then Cp(X) ~ Cp(Q)” (resp., Cp(X) ~ Cp(u")”) if and only if X
contains a closed copy of the topological sum Y Q (resp., S u")

Proof. Since X can be embedded in Q (resp., in "), the proof follows from
Theorem 2.16.

3. LINEAR TOPOLOGICAL CLASSIFICATIONS OF C;(X )

The proofs of the Lemmas 3.1-3.4 below are similar to the proofs of the
corresponding lemmas from §2.
3.1 Lemma. Let A bean [”-embedded subset of a space X . Then ([] Cp(X)),
~ (TTCHA); x (TTCH(X; A);.
3.2 Lemma. Let A be an [*-embedded subset of a space X . If every closed

bounded subset of A is compact then ([JCp(X x Y)). ~ ([ICp(4 x Y)): x
(TICp(X xY; AxY)). for any space Y .

3.3 Corollary. Let A be an [*-embedded subset of a product X of metric

spaces. Then

(TTci0), ~ (TTGiea) « (TTciex: )
3.4 Lemma. Suppose X is a space such that both X x T and X x I are kg-
spaces, where T = {0, 1/n:n € N}. Then we have Co(X xI) ~ (ITCp XxI))

3.5 Corollary. Let X =5.1" bea topologzcal sum of infinitely many copies of
I", ©> 1. Then Cp(X)~ ([TICp(X

3.6 Lemma. Suppose a space X contains an I*-embedded copy F, of a space
Y and Y contains an [*-embedded copy F, of X . Then:

(i) Cp(X) ~ ([TCp(X)), ~ Cp(Y) if Cp(Y) ~(TTCp(Y

(ii) Cp(X) ~ (ITCp(X)); ~ Cp(Y) if Cp(Y) ~ (TTCp(Y)); ~ (I1 Cp(F))
x(ITCp(Y; F)); .
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Proof. Let C ~(I1 C . Using the same arguments as in the proof of
Lemma 2.7(i ) one can show that Cp(X) ~ Cp(Y). Next, by Lemma 3.1, we

have . . .
(Icxm), ~ ([T crrn), < (TTcx: £),
(M), ~ ([ee); = (T )

and

[1cE), < (16 F),
TTcrr), < (TTcsr), < (TLcrex: ),

Using the same arguments we can prove that ([] C ; ))* ~ Cp(X) ~ Cp(Y)
if C5(Y) ~ ([1Ca(E)) x ([1CA(Y 5 ) ~ (T1CL

3.7 Corollary. Let {X 1 € N} bean znﬁmte family of spaces such that each
X, is strongly l-embedded in a space Y and contains a strongly [-embedded
copy Y, of Y. Then Co(LY)) ~ (IICo(Z X)), ~ Cp(X X)) if Cx(LY)) ~
(IICp(ZY)),

Proof. Let for each i u;:Cp(X,) — Cp(Y) be a regular extension operator.
Then the mapping u: Cp(3°X;) — Cp(3_Y;), defined by u(f) = 2 u,(f|X,)
is also a regular extension operator. Thus, ) X, is /*-embedded in } 7.
Analogously, Y, is /*-embedded in ) X,. Now the proof follows from
Lemma 3.6(i).

3.8 Theorem. Let X be a metric space and t be an infinite cardinal. Sup-
pose Y is an ["-embedded subspace of the product X' and Y contains an
I*-embedded copy of X*. Then Cp(Y)~ Cp(X") ~ ([]Cp(X"

Proof. By Corollary 3.3 and Lemma 3.6(ii), it is enough to show that C,(X") ~
(TI C;(X ’)): . The last can be proved using the same arguments as in the proof
of Theorem 2.10.

3.9 Corollary. Let X be a separable metric space and © > w. Then Cp(X") ~
Cp(Y) for every closed Gg-subset Y of X*.
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3.10 Corollary. Let U be a functionally open subset of R*, © > w. Then
Cp(R") ~ Cp(U).

The proofs of Corollaries 3.9 and 3.10 are similar respectively to the proofs
of Corollaries 2.11 and 2.12.

3.11 Proposition. Let ) u:' be a topological sum of infinitely many copies of
the n-dimensional Menger compactum. Then Cp(3- u!) ~ ([1Cp(X u})):

Proof. For each i € N take a mapping f,: from /1,'.' onto a copy @, of
the Hilbert cube Q such that ( f,f)_l(P) is homeomorphic to u" for every
LC"'&C""'-compact subspace P of Q, (see [Dr2]). Define f,:3 u! — ¥ Q,
by fnluf = f,: . Consider Q, as a product Q: x I, where Qil is a copy of Q.
Let T,=Q; x {0, 1/k:k € N} and T = £, (X T,). Then we have

G (Zm) ~ G < G (L T)

and
Co(D) ~ G (17 (20(Qr x 10)) x G (T35 £, (221 x {on)).-

Since each of the sets £, ' (X(Q; x{0})) and £ (X(Q) x{1/k})) for ke N
is homeomorphic to 3 ] , the following holds

G (17 (@i < (0n)) ~ & (X ui)
(i7" (T2l 00)) ~ (T16 ().

and

1~ (L wr) < (T (), ~ (< (T w)).
(H (). < (T (Za)).
~(ITc: (X)), x G

G (L) ~ iy = €3 (Lu 7)
~(HCP(ZM><C G (ZusT)
N(HCE(Z!*?'))CXCP(Z%)N(HCP(Z#)):-

3.12 Lemma. Suppose p is a mapping from a space X onto a space Y such
that for every compact subset K of Y the preimage p"(K ) is also compact.
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Let p admit a regular averaging operator u:C,(X) — C,(Y). Then C; (X) ~
C,(Y)x E, and (TIC,(X)); ~ (IIC, (). []E iy where E ={g-u(g)o
p:g € C,(X)}.

Proof. Consider the mapping r:Y — P_(X) defined by r(y)(g) = u(g)(y) for
all g € Cp(X). We have supp(r(y)) C p_l(y) for each y € Y. The last

implies that ||u(g)|l, < ||g|| -1 for every g € Cp(X) and K C Y. Hence,
u(Cp(X)) = Cp(Y) and the mapping v(g) = (u(g), g — u(g) op) is a linear
homeomorphism from C,(X) onto C,(Y)xE, . Next,let (g, ..., &,,...) €
(TICp(X)). and K be a compact subset of Y . Since, Ilu(g,,)llK ||g,,||p-|(K)
and p"'(K) is compact, we have (u(gl), , U(g,)s .- ]'[C : and
(g, —u(g)op, ..., g, —u(g,)op,...) € HE Obv1ously, (85 vvvs&s---)
€ (TICp(X)); if (u(g,), .. (g,, ) € (TTCHY)); and (g, - u(g,) oD,

.o, 8, —u(g,)op,...)€ ]']E Thus the mapping
Vo(&1» s 8y»evr)
= (-(u(gl)’ ey u(gn)s '-')> (g1 —U(g])op, [EXI} gn _u(gn)op’ °))
is a linear homeomorphism from ([T Cp(X)). onto ([TCp(Y)). x ([1E,):

3.13 Proposition. Let {U;:i € N} be an infinite locally finite functionally
open cover of a space X . Suppose there is a space Y such that C,*,( Y) ~
Co(X el (U) ~ (TTCp(Xcly(U))); . Then Cp(X) ~ Cp(Y) if X contains an
[*-embedded copy of Y .

Proof. There exists a natural mapping p from ) cl, (U,) onto X such that

p"(K) is compact for every compact subset K of X. As in the proof of
Proposition 2.13 we conclude that p admits a regular averaging operator

u: Cp (3 cly(U) = Cp(X),
By Lemma 3.12, ([JCp(Xcly(U))): ~ (I1Cp(X)); x (IIE,)., where E, =

{g—u(g)op:g € Cp(Xcly(U))}. Since Y is I"-embedded in X, Cp(X) ~
Cp(Y) x Cp(X; Y). Then we have

Ch(X) ~ Ch(Y) x Ch(X; ¥) ~ (]‘[ o (Z ch(Ui))): x CH(X;Y)
( ) % Cp (X ely(U)) x G5 1)
o (chx(U,.))) x Ca(Y) x Ch(X; Y)

(Z ch(Ui)>>c x Ch(X)

*

,.(X)):x (HEI)* « Cx) ~ ([T 600) " x (T8
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3.14 Theorem. Suppose X is a noncompact Y-manifold, where Y is one of
the spaces Q, 1", u", 1,. Then Cp(X)~ Cp(3Y).

Proof. Let {U,; i € N} be an infinite locally finite open cover of X such that
each cl,(U,) is regularly closed subset of Y . By Corollary 3.5, Proposition 3.11
and Theorem 3.8 we have Co(XY) ~ ([TCo(XY)); . Since each set cl,(U,)
is closed in Y and contains a closed copy of Y, it follows from Corollary 3.7
that ([TCp(3cly(U))); ~ Cp(>_Y). Obviously X contains a closed copy of
> Y. Thus, by Proposition 3.13, C5(X) ~ Cp(3Y).

3.15 Theorem. Let U be a functionally open subset of I' and t be an un-
countable cardinal. Then Cp(U) ~ Cp(I7).

Proof. Take a projection p from I’ onto a countable face I of I° such
that p~'(p(U)) = U (for the existence of a such projection see [PP]). Now, let
{U,; i € N} be a locally finite open cover of p(U) such that cl..(U,) C p(U)
for each i € N. Then {p_l(Ui):i € N} is an infinite locally finite functionally
open cover of U with cl,r(p_l(U‘)) C U for every i € N. Since p is an

l
open mapping we have cl,f(p'l(Ui)) = p"l(cl,w(Ui)). Thus, by Lemma 2.1,
each set cl (p_l(Ui)) is strongly /-embedded in I° and contains a strongly
l-embedded copy of I°. Hence, it follows from Corollary 3.5 and Corollary
3.7 that Cp(Ycl(p~'(U))) ~ C5(XI7). On the other hand U contains an

I"-embedded copy of S_I" (see the proof of Theorem 2.15). Therefore, by
Proposition 3.13, Co(U) ~ Cp(3I7).

3.16 Theorem. Let Y be one of the spaces Q,I", u" and X be a locally
compact subset of a Y-manifold. Then C,(X) ~ C,(XY) if X contains a
closed copy of > Y .

Proof. Let X be a locally compact subspace of a Y-manifold Z and let X
contain a closed copy of Y. Then Co(X)~ Cp(XY)x Cp(X; 3. Y). Take
an infinite locally finite open cover {V;; i € N} of X such that each set cl (V})
is compact and cl,(V;) C U, where U, is an open subset of Y. Thus, each
cl,(V;) is contained in a copy Y; of Y. Let u: Cp(3_cly(V})) = Cp(X) be a
regular averaging operator for the natural mapping p:} cl,(V;) — X . Asin the
proof of Proposition 3.13, we get ([TCp(3cly (V) ~ (ITCp(X)). x (T1E);,
where E is a linear subspace of C,(} cl, (V). Since > cl, (V) is a closed
subset of 3 Y, , by Corollary 3.3 we have ([TCR(XY,)); ~ (ITCp(X cly (V)
x([1G)., where G = Cp(2Y,;; Y cly(V;)). Thus,

(e (%)), ~ (MG w), < (1), < (TTe).

Then

Ch(X)~Ch (Z Y) x C} (X; ZY)
~ (M6 (7)) x G (x: 27)
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because Cp(YY) ~ ([ICp(XY)), (see Corollary 3.5 and Proposition 3.11).

Hence
G~ (II6 (X)) <G (x:XY)
~ (HC; (ZY))C x C} (ZY) x Ch (X;ZY)
(16 (£): <G

~(IIe (27)), ~ & (2v).

Added in proof. After this paper was submitted for publication Arhangel skii
[A4] introduced the notion of an S-stable space. A space X is S-stable if
Cp(X) ~ Cp(X x S), where § = {0, 1/n,n € N}. Obviously, if X x§ isa
kg-space, then X is S-stable iff (J[]C,(X)). ~ Cp(X). An elementary proof
of the S-stability of u" (without using Dranishnikov’s results, see the proof of
this fact in our Theorem 2.9) is given in [A4]. Arhangel skii [A4] generalized
our Theorem 2.8(ii) by proving that if a compact metric space X contains a
subspace Y with C,(Y)~ C,(Q) then Cp(X) ~ C,(Q).
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