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SZEGO’S THEOREM ON A BIDISC

TAKAHIKO NAKAZI

ABSTRACT. G. Szeg6 showed that
2n 2 2n
inf/ 1= fl"wd@/2n = exp/ logwd6/2n
0 0

where f ranges over analytic polynomials with mean value zeros. We study
extensions of the Szegd’s theorem on the disc to the bidisc. We show that the
quantity is a mixed form of an arithmetic mean and a geometric one of w in
some special cases.

1. INTRODUCTION

Let m be the Haar measure of the torus T2 , the distinguished boundary of
the unit bidisc U’ in the space of 2-complex variables (z,,2,). Let Z be
the set of all integers, Z_ the set of all nonnegative integers, Z? the set of
all a = (a,,a,) with o, € Z and Z? the set of all a € Z* with o, € Z,
for i=1,2. For 1 <p < oo, L” = L’(T?, m) denotes the Lebesgue space
and H = H(T*, m)={feL”; fla)=0if a ¢ Zf}, that is, H” denotes
the usual Hardy spaces on the bidisc. Let Hy = {f € H”; [ fdm = 0} and
K ={fel’; f(a)=0 if —a€Z}.

Let & be a set of all analytic polynomials z,, z, and ) = {f € Z; [ fdm
= 0} . For each nonnegative function w € L' we study the following quantity:

=inf [ |1 - fPwdm.

Sw) = jnf [ 11 flwdm

In the case of one complex variable, G. Szego [6] showed that
S(w) = exp/logw dm.

In the case of two complex variables, this quantity has been studied by A. G.
Miamee [1] under some strong condition and then S(w) = exp [logwdm.
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However it is easy to see that there exists a nonzero function w € L' such that
S(w) # exp [logw dm . Even if w is zero on some positive measure on T2 it
is possible that S(w) > 0.

In §2 several means are defined to estimate S(w) in the latter sections. In §3
we give expressions in terms of w of the Lz(w dm)-distances between 1 and
subalgebras of L™ which contain &, properly. This follows from the theory
of an abstract Hardy space [2]. In §4 we estimate S(w) from the above and
the below by means which are defined using conditional expectations. In §5 for
special weights we give an expression in terms of w of S(w). In §6 we study
the L* (w dm)-distance between 1 and K;~ which is a dual version of S(w).
In §7 we study relations between S(w) and an invariant subspace defined by
w.

2. VARIOUS MEANS

Three typical means of w are the following:

-1
/wdmZexp/logwdmz (/w—ldm> .

Jwdm, exp [logwdm or (fw_l dm)_l is called an arithmetic mean, a
geometric mean or a harmonic mean of w, respectively. We would like to
define new means in which the means above are mixed. Put |o|, = o, — ra,
where r is a real number. For 1 < p < o 2” denotes the space of all
f € L” whose Fourier coefficients f(a) = 0, a € Z* with la|, = 0. If r
is irrational then _Z” is trivial but if r is rational then _‘2”,” is nontrivial.
Moreover . =% . £ is a commutative von Neumann algebra and
hence &’ = L* (T2, %., m) where %, is the o-algebra of subsets E of T?
for which the characteristic function y lies in Z . Let & bethe o-algebra
of measurable sets with respect to m . Then %, is a sub- g-algebra of &/ . Let
&' denote the conditional expectation for sub- g-algebra %, of & . Define
& (logw) by lim__ & {log(w + ¢)}. We consider the following three new
means for each r,

1
/exp%"(logw)dm, </expg'(logw_l)dm) ,

e—0

and
exp/logg'(w)dm.

Lemma 1. For any r and any nonnegative w in L', the following inequalities
are valid.

/wdm > /expg'(logw)dm Zexp/logwdm

> (/expé"(logw_')dm>_l > (/w_ldm)_I
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and
/'wdm > exp/logg'(w)dm Zexp/logwdm.

Proof. We can show the inequality of arithmetic and geometric means for con-
ditional expectation. That is, if v 1is a real function in L' and expuv € L ,
then exp &’ (v) < & (expv) a.e. Hence

&' (w) > exp & (logw) a.e.

and
' w ) >exp& (logw™") ae.

This implies the first part of the lemma. For the second part, apply to &' (w)
the classical inequality of arithmetic and geometric means.

For 1 <j<n< oo, let /1 be a nonnegative number with Y i1 , =1
and put &’ = /= &' where 1 is a real number. The following lemma gives the
inequality for Y-7_ l/ljg’

Lemma 2. If w is a nonnegative function in L', then

n . n . n .
leé”(w) > H%”(w)li > epoAjg’(logw)
j=1 Jj=1 J=1

and hence

n .
/'wdm > exp/logng’(w Y dm
j=1
n .
/epoljg’J(logw)dm > exp/logw dm
j=1

(/epoAg(logw dm) (/w dm) 1.

Let Li ={fe€ L?; f(a) =0 if a = (@, a,) and a,a, < 0} and L =
{feL?; fa)=0if a=(a,,a,) #(0,0) and a,a, > 0}. L, +L' isa
dense subspace in L' and Li nLl_ consists of constant functions. Let P be

\Y

v

a projection from Li + L'_ to Ll_ . We can define a mean using P,

/expP(logw)dm.

This mean will be used in §5.
We would like to calculate the means for some special functions w. Let
w; bea nonnegative function in L' with logw, € L:L and logw, € L' If

w=ww, € L' then

/expP(logw)dm =exp/logw| dm/wza'm.
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Let w, (or w,) be a nonnegative function in .Zl (or .?;l) and r #s. If
w=ww, €L then

/expg’(logw)a’m =exp/logwsdm/wrdm,

—1 -1
(/expg'(logw_l)dm> =exp/logwsdm (/w,_ldm> ,

exp/logé"(w)dm =exp/logw,dm/ws dm,

r S
/expg ;g (logw)dm=/w1/2dmexp/logwl/2dm,

and

g+ & -
(/exp 3 (logw_l)a'm) = (w'l/zdm)_lexp/logw”zdm.

The results above shows that the means with respect to three operators: & "
YA jg’ / and P, are mixed ones of arithmetic and geometric means.

3. EXTENDED WEAK-" DIRICHLET ALGEBRA

Let H = {f € L™; f(a)=0if a € Z* and |a|, < 0}, then H,nH, =
Z%, &' is multiplicative on H, and H, +H, is weak-" dense in L. That
is, H, is an extended weak-" Dirichlet algebra with respect to & [2]. If r
is irrational then H, is a weak-" Dirichlet algebra [5]. Let I, = {f € L™;
f@)=0if a€Z” and |a| <0} then I, = {f € H,; &'(f)=0}. H, =
L+ . Let Z7 ={feZ™; fla)=0if a, <0} and Z={f e Z"™;
[fdm =0}. Z> +1, is aweak-" Dirichlet algebra. Putting H ,={f¢€
H ; [fdm=0},forany r <0 and r # -0,

oo e o) {oo)
Ky DH, (D +1 DI, DHy .
The following lemma and proposition are essentially known [2].

Lemma 3. Let w be a nonnegative function in L'. Forany ve £ and any
r,

S(v,r)= inf{/|v—f|2wdm; felr}
= /expg’(logw)lvldm.

Hence

inf{S(v, r); /log|'v|dm > 0} = exp/logw dm

inf{S(v, r; /vdm = l} = (/o:xpg"(logw—l)dm>_l .

and
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Proposition 1. Let w be a nonnegative function in L'. Then, for any r

(1) inf 11— fPwdm =exp/log%"(w)dm,
fez%
2) inf [ 1= flwdm = / exp &' (logw)dm,
fel,
(3) inf/ |1 —f|2wdm =exp/logwdm,
ez
) -1
(4) inf 1 - flrwdm = </expg"'(logw_l)dm)
fGHr’O

4. S(w) AND MEANS WITH RESPECT TO &

In this section we will improve the following known inequality:
/wdm > S(w) > exp/logwdm.

Theorem 2. Let w be a nonnegative function in L'
(DIf0<s<oo and —oo<r<0, then

exp/logé’s(w)dm > S(w) > /expg’(logw)dm,

(2) Suppose 0 >r; > —o0, 4,20, 2;;1/1}.=1 and n<oo,and 0<s; <

0, 7,20, E§=17j= 1 and | < 0o. Then
Lo n )
exp/logH%j(w)yf dm > S(w) > /expz,ljg”(logw)dm.
j=1 J=1

Proof. (1) Since —oo <r <0, Hy° C I and hence by (2) of Proposition 1

S(w) 2}2{/“ —flzwa'm = /expg'(logw)dm.
Since 0 <r < oo, #° C Hy. and hence by (1) of Proposition 1

Sw)< inf [ |1 - ffwdm= exp/loggr(w)dm.

fex%

(2) Since —oo < r; <0, if f€ Hy then €[]/, and hence by the first
J
part of Lemma 2,

/ll —f|2wdm2 /epoAij(logll —f|2w)dm
j=1

n .
> /epoljgj(logw)dm.

=
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Since 0 < §; <00, by (1)
I ! , A,
exp/logHé”(w)lf dm = H (exp/logé”(w)dm) > S(w).
j=1 j=1

Corollary 1. Ifw:wtw,eLl where wtei’;’, w,e.i”,l, —00<t<0 and
0<!/< o0, then

exp/logé’l(w)dm =S(w) = /expé”(logw)dm
and hence
S(w) =/wtdmexp/logw1dm.
Proof. 1t is easy to see that

exp/logé”l(w)dm = /w, dmexp/logw,dm
= /expg'(logw)dm.

Hence (1) of Theorem 2 implies the corollary.

We can ask whether if
inf exp/logé’s(w)dm =S(w)= sup /expg'(logw)dm.
0<s<00 —oo<r<0

Unfortunately this equality does not hold for some w. Suppose w = w,w, €
L' , and both w, € .Z ! and w, €L ! are nonconstant functions.
If —co<t, <0 and weL'_ then

inf exp / log &’ (w)dm = S(w)

0<s<o0

sup /expé}"'(logw)dm.

—oo<r<0

In fact,

0<s<o0

inf exp/loggs(w)dm=/wdm
and

sup /expg'(logw)dm

—oo<r<0

= max {cxp/logwdm, /w,dmexp/logw,dm,

exp/logw,dm/w,dm} .

By (1) of Theorem 4, S(w) = fwdm.
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If 0<t, /<o and 'weLi then

mf exp/loggs(w)dm % S(w)

0<s<

= sup /expé’r(logw)dm.

—o00<r<0

In fact,

1nf exp/logg
= min {/wdm, exp/logw,dm/w,dm, /w,dmexp/logw,dm}

sup /expg'(logw)dm =exp/logw dm.

—oo<r<0
While by (2) of Theorem 4 if w, € Z“S(w) = exp [logwdm. More-
over we can ask whether if S(w) = mfoq<OO exp [log&*(w)dm or S(w) =
SUP_ 0 fexp& "(logw) dm . However this is also not true. For such an ex-
ample, suppose w = w,w,w, where w; € .‘Z}°° J=t,1,k), —co<t<0
and 0</, s < 0.
There does not exist a universal finite constant y, such that

and

S(w) <7, exp/logw dm

forall w in L with w™' € L. Let D° = %> +1, and D} = #* +[1].
For —oo < r <0, let y, be the norm of the orthogonal projection form K 2

onto Dr2 in Lz(w_l dm). If both w and w™" arein L™ then for each r 7,
is finite.

Theorem 3. Let w be a nonnegative function in L', If w™' e L™ then

S(w) < (75 + yw)exp/logw dm.
Proof. By the duality
/gw dm'

where g ranges over the unit ball of (H, ) nL? (wdm). If w™' € L™ then

S(w) = sup

(HX)Y n L (wdm)=w™ K.

Since
2 2 2 2 2 2 2
K =Dy+ D, =D,®{D, o[K" e Dyl},

if FeK? then

-1 -1 -1
w F=w F0+w Foo
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for some F, € D} and F_ € D’ o[K’©D}]. By hypothesis if [ |w ™' F|*wdm
<1 then

/|w_1Fr|2w dm <y, (r=0, ).

Hence

Sw)< Y, sup{

r=0, 00

/ hw dml s he (D) n L (wdm)

and /|h|2wdm < 1}.

Again by the duality
Swy< Y y,inf{/u - ffwdm; feij’o} .

r=0, 00

Thus by (3) of Proposition 1 the theorem follows.

5. ARITHMETIC MEAN AND GEOMETRIC ONE

The function g € H 2 is called an outer function if
/loglgldm = log /gdm

The function g € H? is called a generator if [gZ] = H*. If g€ H! isa
generator then it is an outer function [4, p. 73]. However there exists an outer
function which is not a generator [4, p. 76]. The following lemma is known [4,
pp. 73 and 77].

Lemmad. Let we L' bea nonnegative function. There exists an outer function
g€ H? such that w = |g|2 if and only if logw € Ll.

> —00.

Theorem 4. Let w be a nonnegative function in L',
N we L' if and only if

S(w) = /wdm.
2Q)w= |g|2 for some generator g € H? if and only if
S(w) = exp/logw dm.

Proof. (1) If w is a nonzero function in L' and Jfwdm =a then wdm/a
is a representing measure of the evaluation at the origin and hence for any f
in H®

[

/|1 —flzwdm/a >1.
Thus S(w) = [ wdm. Conversely if S(w)= [wdm then for any f € Hy",

/lflzwdm 22Re/fwdm.
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Hence for any f € H§° and for any positive number ¢,
/ fw dm‘ .

/fwdm:O

s/|f|2wdm22

As ¢ — 0,

and hence w € L'_ .
Q) If w= |g|2 and g is a generator then

2

S(w) = ’/gdm

and by the remark above g is an outer function. Thus S(w) = exp [logwdm.
Conversely if S(w) = exp [logw dm then by (1) of Theorem 2 for any r with
—00<r<o,

/expg'(logw)dm =exp/logw dm

and hence
&' (logw) =/logwdm.

Assuming logw € L' without loss of the generality, (logw) (a) =0 if |a], =0
and —oo <r <0, and so logw € L1+. By Lemma 4 w = |g|2 for some outer
geH 2 Then g has the decomposition g = g,+g, where g, € [gP]0[gF,]
and g, € [gZ,]. Hence since S(w) =exp [logwdm,

2
>0.

2
sw) = [ 1z dm=| [ gam
Thus g, is constant and hence g is a generator.

We want to present a mixed form of (1) and (2) of Theorem 4.

Proposition 5. Let w i be a nonnegative function in L' and w= w,w, € L'
(1) If logw, € Lfr and w, € L' then

S(w) > exp/logw] dm/wzdm.

) If w, = |g|2 for some generator in H? and w, € L™ then

S(w) =exp/logw, dm/wzdm.
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Proof. (1) By Lemma 4 w, = | g|2 for some outer function g € H? and by the
hypothesis w, € Ll_ . Hence

S(w) = inf/g—gfzw dm
)= jnf [ lg-gflw,
> fngggo /ngdm—/gfwz
2 -1
=I/gw2dm (/wzdm>
2
‘/ dm

exp/logw1 dm/wzdm.

(fuen)”

(2) Since w, € L, Hg is in the closure of g&%, in Lz(w2 dm) and hence

2
/wzdm

= exp/logwl dm/wzdm.

1nf/|g gfl wzdm< ‘/gdm

Let L® = {f € L”; f(a) =0 if a =(a,,®,), ¢, <0 and a, > 0}.

L +L%, is weak-" densein L™ and L isa weak-" closed algebra. If w

satisfies that
logwe L, + L%, +L%,

then w = w,w,, logw, € Ll , logw, € Ll_ and w, € L™ and

/expP(logw)dm =exp/logwl dm/wzdm.

6. THE DUAL VERSION OF SZEGO’S THEOREM

f;o is an annihilator of % (and hence H™) in L™ . Hence we would like
to give an expression in terms of w of the following quantity:

1L

ST (w) = inf/l— ‘wdm.
()= jnf [ 11~/
For any r with —co<r <0,
Hy cl,cz (+I,cH, ,CK,

and hence by (3) of Proposition 1
1

/wdm>S( >exp/logwdm>S(w (/w dm)
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and moreover by (4) of Proposition 1

(/ exp&’ (logw™") dm)_] > St (w).

If both w and w™' arein L™ , by Theorem 1 in [3]

L —1)

S (w) =S(w
Unfortunately we do not know whether if both w and w™
Sl(w) = S('w_l)_l . However by Theorem 1 in [3]

-1

'in L' then

S(w) > S(w_l)_l > exp/logw dm

> st w) > S > </w“ dm)_l .

Hence by (1) of Theorem 2, for any s with 0 <s < o0,
n 1 -!
ST (w) > (exp/loggs(w_ )dm) .

If w=|g|> for some generator g € H*, by (2) of Theorem 4 then S (w) =
Sw™"™". Ifboth w and w™" arein L' , by (1) of Theorem 4 then S*(w) =

—1,-1
Sw ) .
7. INVARIANT SUBSPACE

A closed subspace M of L? is said to be invariant if
szgM forj=1,2.

In this section we study invariant subspaces M which are singly generated, that
is, M = [vH™] for some v € L?. Then we can give an expression in terms of
w of S(w).

Let w be a nonnegative function in L' and H 2(w) the Lz(w dm)-closure
of & . It is easy to see that

wl/sz(w) _ [wl/ZHoo] c I

and

12 1/2

dist(w'?, [w'* H°Y) = S(w)
Let w, be a nonnegative function in Ll_. Then

H*(w,) = [1]® Hy(w,)

where Hg (w,) is the Lz(w2 dm)-closure of %, . We can expect that wzl/ ’H 2(u/2)
= [wzl/ 2.9”] has a simple structure.
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Conjecture. If M is a singly generated invariant subspace and S, = M ©
[#,M] # [0], then S, is one dimension and contains a cyclic vector.

Proposition 6. Suppose the conjecture is true for a singly generated invariant
subspace M of L* with S, # [0].
() M= qu'/ZHz(wz) where q is unimodular and w, € L'.
(2) Let g be a nonzero function in L?. If M is generated by g then
2 2
181" = |h"w,
where w, € L' and h is a generator for H*(w,).

1/2

(3) Let w be a nonnegative function in L'. If M is generated by w'’* then

)

where w, € L', h is a generator for Hz(wz) and w = |h|2w2.

S(w) =

Proof. (1) Suppose S, = [u]. Since u is orthogonal to u.%, |u|2 € Ll_. Put

u(x)/|lu(x)| if u(x) # 0,
q(x) = .
1 if u(x)=0,
and w, = |u|2 ,then u = qwzl/ 2 Since M is generated by u,
M = [quw,*P] = qu)  H* (w,) .

(2) is clear by (1), (3). By (2), putting g = w'? w = |h|2w2 . Hence
S(w) = inf{/|h — hfPw,dm; fegvo}

s (fosin)

In (3) of Proposition 6 if wz'] € L™ then S(w) = |fhdm|2fw2 dm. If
w, isin L™ then putting w, = h)?

S(w) = exp/logwl dm/wzdm.
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