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CHANGE OF VARIABLE RESULTS
FOR 4 ,- AND REVERSE HOLDER RH -CLASSES

R. JOHNSON AND C. J. NEUGEBAUER

ABSTRACT. We study conditions under which the map
T, ,w(x) = w(h(x)|A (x)]

maps the Muckenhoupt class 4 ) into A . and the reverse Holder class RH,l
into RH,2 .

INTRODUCTION

In this paper we will study change of variable transformations Th defined,
for y € R and h: R — R a homeomorphism, by T, Lwx) = woh( ) | (x|,
acting on Ap and the reverse Holder classes, RH The Ap classes were in-
troduced by Muckenhoupt [9] and consist prec1sely of those weights w for
which, e.g., the Hardy-Littlewood maximal operator M f(x) = sup, ., ]}7 J; 1/
is bounded on L! . If T is an operator such that TS, o < clfll, 0>
w € A,, and if, say woh-|h'| € A, for w € 4,, then as a simple change of

variables shows, the operator Sg(t) = T(goh)o h"(t) is also bounded on L”
We will give necessary and sufficient conditions on 4’ so that T, 14, - A
and we will see that in such a case ¢ > p. An indispensable tool is Rublo de
Francia’s extrapolation theorem [3, p. 448] which easily leads to a necessary
condition on #4’. This condition is also sufficient and the proof of this requires
some detailed properties of Ap and RH_ which are collected in §1. We show
that these results agree for 1 —p, <y <1 and p, = g, with those found earlier
in [6]. For y > 1 and y <1 - p,, the condition that characterizes when T, o
is onto is necessary and sufficient for T, , to map Ap0 — Ap0 . We also show
that the integral of an A, weight (suitably interpreted) is an A - weight.
We will then study how RH, actsunder T} . Since U,_,, RH Up>1

A , one expects that analogous results hold However, the statements and the
proofs are different from the A, case. In particular, since RH, = Up>1 Ap [6],

where A' ={w:w" €4 ,} » an extension of the above mentioned extrapolation
theorem 1s needed Wthh deals with operators bounded on L , WE A; . This
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will be done in §4, and the remaining sections are then devoted to considering
when T, y RH,l — RH’:' In particular, we will show that r, < r,. An

interesting by-product is that 7, , : RH, — RH, is onto iff |h'| € A_, when
y=1,and log|h'| € closgy,, (L) when y # 1.

A description (without proofs) of the results obtained at an early stage of our
work can be found in [5].

1. BACKGROUND AND PRELIMINARY RESULTS

This section is devoted to notation and background material which will be
needed in our later development. We will provide references for all the results
for which it is easy to refer to a source, and we will provide proofs for these
which we were unable to find in precisely the form stated. Throughout the paper
we will refer to the statements as (Pn), n=1,2,....

(P1) For 1 <p < oo wesay that w € 4, iff

2 p_l
Uil/zw(ﬁ/lwl_p) <c< oo, 1/p+1/p'=1,

and ¢ independent of I [9]. We denote by Ap(w) the infimum of all such
¢. We have that Aq(w) < Ap(w), g > p, and so we can define 4_(w) =
limp_'oo Ap(w). The other classes with which we are concerned are 4 =

Ups14,> 4; = {w : Mw < cw}, where Mw(x) = sup,, 7 J;w, is the
Hardy-Littlewood maximal function,

RH = w'(i/w'>l/r<ci/w :
r A\ J; i ’
we set
1 AV
RH (w) = inf c:<—-/w) gc—/wforalll , r>1.
1] J; 11l J;

If s >r,then RH (w) < RH(w). We also have 4 =, RH, [3].
(P2) we A, iff wand w'™ arein 4 [3, p. 408]; in fact,

6, 321 max{d_(w), A (w' ")} < 4 (w) < A_(w) A (w' )"

oo

In particular, w € 4, iff w'™” '€ Ay
(P3) w € RH, iff w" € A_ [13]; in fact,

A (wr)l/r rgr
Toor T o < .
[6, 3.1] A_(w) < RH (w)<A_(w)
(P4) Let 0 < g < oo. Then
g .
w ed, —{we A1 p-1)/0 ifwed }.
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Proof. The necessity is clear since 4, +o-1)/o C A_, . The sufficiency is known

if 0 >11[3,p.3%]. If 0<o < 1,since we 4_, by (P3), w“eRHl/a
Thus, if 1 <p < o0,

o
210 ||

( 1 / >a < 1 / l—[l+0/(p—l)]>[(p_l)/016
> 5 w o | — w .
RH]/G( Y\ J; 11 J;

A

Hence
1+(p_|)/a(w)a <A, (w )RHl/a( %).
The argument also works for p=1.

(P5) For 1 < g < oo, welet 4) = {w : w’ € 4}, and we denote by
A (w) = A,(w’), 1 < p < oo. With this notation we have RH, = A__ by
(P3). We note that A) C 4.

(P6) 49 =4,,,_ ]/anRHa.

Proof. If w € A , then w € Al+p /o and w’ € A, or w € RH_. Con-
versely, if w € Al +(p—1y/e N RH,, then w’ € A_ and thus by (P4), since
w= (wa)l/u € Al+(p—1)/a , w’ € 4,.

(P7) We shall use the notation of [6] and say that P < Q iff forany T > Q,

P is majorized by an expression depending only on 7.
With this notation we have for 1 < p < oo,

() wed, it [Mfl,, <clfl,,, c<4,w).

(P8) If w € A,, then there is 7 > 1 such that w® € 4, and matters can

be arranged so that 7 < Ap(w), Ap(w’) < Ap(w) [3, p. 397]. An analogous
statement holds for RH, [11].
P9 weN,,, 4, iff 1/we, RH, and we A

Proof. If w e ,then we A and for 1 <p <2,

p>l

(ull/[w'"")p 1_ mm mhw III/w

Hence 1/w € RHp,_1 . Conversely, 1/w € RHp,_l for 1 < p < 2, and thus

w'™ €. Thisand we A give w € 4, (P2).
(P10) Let 1 < p, < p, < oo and wjeAp‘,j=l,2. If 0<6 <1, then

6, 1-6 0 -6
Ape(wlw2 ) < Ap,(“’l) Apz(wz)l , where p, = 6p, + (1 - 0)p,

Proof. For the proof, let

' ’ pg—l
6(1-p}) (1—0>(1—p8)> _
w, w =K-H.
~ / (Ill / 2
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s (i) ()

and in H we apply Hoélder’s inequality with exponents

Note that

l_p;I p()_ll ’ pe—l
r= - = — and r = —"7>L——|
l—p;0 p,—-10 (1-6)p,—1)
which gives us our desired inequality.
(P11) Let y € R. We are throughout concerned with mappings T, , defined
by T, w=w oh-|h')”. We need the following result. If for some 1 < p < oo,

T, ,:4,— A4, then k' e 4.

Proof. This will follow if we can show that u € BMO implies u o h € BMO
[7]. If u € BMO, then there is A > 0 such that M e A, [3, p. 409], and hence

et = w,/w, for some w,, w, € A, [3, p. 436]. From this we get

Auoh _ w, oh- |h’|y
wyoh- A
Since the log’s are in BMO [3, p. 409], the proof is complete.

(P12) Throughout the paper we will be concerned with homeomorphisms
h: R — R for which & and A" are locally absolutely continuous. By (P11),
we will know that 4’ € A, and since 4_ weights are not integrable, 4 will be
onto. We may assume that 4’ > 0. For such 4 we have that (h~') € RH , iff
h' €4y, and RH((h")) = Aq,(h’)‘/"' [6, 2.5). In particular, k' € ., 4,
iff (h"Y en, . RH,,and ' e iff (h7') eA_.

(P13)If T, ,:RH, — RH, ,then h' € 4.

For the proof, simply observe that if ¥ € BMO, then et e RHr, for some
A >0 and argue as in (P11).

and Auoh =logw, oh-|h'| —logw,oh-|h'| .

In general we recommend the references [2 and 3] for a more detailed study
of A, and RH, .

2. MAPPINGS FROM Ap TO A g

For y € R and £ a homeomorphism as in §1, we denote by Th’y the

mapping T, ,W=wo h-h" . The following theorem shows that T, , cannot
improve A -

Theorem 2.1. If 1 < p, < 0o and Aqo(Th‘yw) < Apo(w), w e Apo’ then q, >
Dy-
Proof. Assume 1 < g, < p,. The hypothesis implies that by (P7)

/qu"woh-h/yﬁc/f%th-h'y
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with ¢ < Apo(w) . With the change of variables ¢ = h(x) we obtain

/Tgp°w§c/gp°w, ¢ <4, (w),

where
1

(h/ ° h—l)(l—y)/Po

g= (fo h—l)qo/Po or f — h’(]'}’)/qo(g ° h)ﬂo/qo

and
1
(h, ° h—l)(l—y)/po

We can apply now Rubio de Francia’s extrapolation theorem [3, p. 448] and get

for 1 <p< oo,
/Tgpfwgc/gpw, weA,.

We undo the change of variables with ¢ = A(x) and get in terms of f with
w=1,

(*) /(Mf)l’%/l’ohll—(l—)')ﬁ/l’o < c'/qu"/p"h'l_“"')l’/ﬂo.

Hence, if p =p,/q, > 1, then
/Mf,h’l“(l‘y)/qo <c/fh"’“‘”/"°

If y =1-gq,, this norm inequality is impossible, and if y # 1 — g, it will
lead to a contradiction as follows. If there is w € LIIOC(R) such that

(i) (/Mfwsc/fw,

then w = 0 a.e. To prove this, we may assume that w is continuous. For, if (i)
holds, then in view of the translation invariance it also holds with w replaced
by kxw, k € C.(R), k>0.If w#0, then w >0 a.e., otherwise (i) cannot
hold for f with supp f C {x: w(x) = 0}. Again by translation invariance,
we may suppose that w(0) > 0. Then w is bounded away from 0 on [0, 5],
O<n<i.If

[M{hl(l_y)/qO(goh)po/qo} oh_l]qo/po .

Tg =

f(x) = s—,  O<x<n,

then

and (1) gives

/" w(x) /" w(x)
—_ < .
o xlogl/x o xlog”x

Hence,

/”wu)
7. =
0o xlog” x
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and thus the continuity of w shows that w(0) = oo, contradicting w(0) < co.
This completes the proof.

A slightly different proof that there are no regular measures for which

/Mﬂndmnsc/fuwmn

can be found in [3, p. 468].

We will now give a characterization of those homeomorphisms # for which
Th,y maps Ap0 into A 4" From the previous result we may suppose that g, >
Py -

Theorem 2.2. For 1 < p, < q, < oo and y € R, the following statements are

equivalent:
(1) AqO(Th’yw) =< Apo(w), w e Ap0

(2) /1HODRIP ¢ 4 l<p<oo.and k' € A_

P4y/py’

Before we prove Theorem 2.2 we remark that in (2) the condition A#'*+7~V?/%

€ Ap 0/, implies that 4’ € A, exceptif 1—g, <y < 1. To see this, we may
assume that y<l-gq, by (PS) and thus (1-7)p/p,—1> (1-7)1/p,—1>0.
By (P2) h’“ 7)p/py—11(r E A, r = pqo/po or h ((1=7)p—pg)/(P4y—Py) €A,
’ r r

Since (1 —7)p — Py > pdy — Py, h' € A, by (PS).
Proof of Theorem 2.2. (1) — (2). This is a repetition of the proof of Theorem
2.1 up to the inequality (x). By (P7), #''T0™DP/Po ¢ 4 and h' € A by
(P11).

(2) = (1). Let w € 4, . Then there is T > 1 so that w' € 4, and

Apo(wr) =< Apo(w) (P8). Let

1 (1 i-gy\ !
L=— | woh-h'|—= | wohh 0 =K-H.
1| J; 1l J;

If t=h(x), h(I)=J, then

k<7 (i e YKM/FHUQ

Thus for y > 1 and p=(ty - 1)/t(y - 1)

KS%MJV%(KD Gﬁ/wjm

while for 1/71 <y <1 (in which case 0 < (1 —y)t <1),

k< (1) (m ,w)

P4y/P,

and for y < 1/71,

“iioy |J|>7<1/ f>‘/’
< ' —_— —_ .
k<rie 0 (i) (i e
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In an analogous way we estimate H and obtain

H< < 1 /wt(l—p(;))l/t(po_l) <LI—I)¢?O—I . <_1_/(h—ll)a'[l+y(qé—l)])(qo_l)/o
|71 ] 11/ ’

where o = (1 —p('))/(l - q(')) =1(qy— 1)/(py — 1). We proceed now in three
cases:

Case 1. y > 1. From the above inequalities of H and K we get

—ig=1 (JIN2 1 i o' tang—nr)
L<A tl/rA 17,y—1 |__) (_/ AU | .
<y () a0y (4 7 e

We claim now that 4’ € ﬂlm pr To= =(gyt7-1)/(py+7—-1),and (h'l)' €
N,>14, if » > 1. Since h'l” ””/”0 €4,
clear for y = 1, while if y > 1, we get that h' € Nyeoe
(h™') €5, 4, (P12). We also observe that by (P4),

heA

1 < p < o0, the claim is
RH, (P3) and hence

1+(pgy—py)/(Py+p(y—1)) ©

Since (pq0 = po)/(po +P(r = 1)) > (dg = Py)/ (P + 7 — 1), it follows that h' e
Mp>z, 4 Wlth Ty = 1+(qo—po)/(po+y— 1)=(g+7-1)/(pg+7-1). By

(P12), ( Gﬂm H., 1y=(g,+7—-1)/(g,-p,)-
Next we claim that o = a'[l +7(gy — 1)] < 7. Since
o' =1(gy—- 1)/(1(gy—1) = (py ~ 1))

we see that a = 7(gy — 1 +7)/(7(g, — 1) — (p, — 1)) > 1. The inequality a < 16
is equivalent with t(q, —p,) <7(gy—1)—py+1 or 1—1< (1 - 1)p,.
Consequently the last two factors of L become

! ! qy—1+y
(i £y s ) T |
1]/1J]

—11\q,— 14y
SRH gy )

Case2. 1 —gq, <y < 1. Then A''*0""P/P0 ¢ Apayip,» | < P < oo, implies
that 1/h’ € N, RH, (P3), and since h' € A, k' €,,, 4, (P9), and thus
(h_')' € ,<oo RH, (P12). From the previous inequalities of K and H we
obtain

ST
]%[fj(h 1)(1 ¥) )( 7
11/1J1

g+7—1

! ! l
(T}—I fj(h_l)'” [1+)’(40—-1)]) T lrtgg— 1]

11/171 ’
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where the last two factors are absent in case (1—-y)7' < 1,o0r o'[1+ y( -] <
1, by Holder’s inequality.

Case 3. y <1-gq,. Asin Case 2, we get that (h 1) € N, RH,. We claim
now that

] 1-y-
1 l m A 50 — 1 y pO .
p>(5 il qO
Since 1/h' € A__ by (P4),
! A
7 € Airoa-p)(1-10-py) *

Since (pgy — Py)/((1 = )P — py) > (45— Po)/ (1 = ¥) — p,) , we get that 1/h" €
ﬂp>% Ay, 0y=1+(4y—p,)/(1 =7 —p,). From this we see that
h'e () RH,
r<6(;
and hence (P12), (k™) €, 5,4

We also note that, if ¢'[1+y(qy— 1)] =1 - p’, then p > J,. Using our
previous inequalities on K, H we see that

NI ya-ne )7
‘t)l/‘t (|J| fJ )

L<A (w
< Ay 7]
i ( /( A" ,,) =117
171 \71
<4, (w’)‘/’ Hy_yo(h™) 774 (n71) ! 77 7%

The proof of Theorem 2.2 is now complete.

Remark. For some applications we need to have conditions on 4 so that woh €
A, whenever w € A’ . We state this as

Corollary 2.3. Let 1 < 1, < oo and assume that Woen
weAp Jor some 1 < p, < o0, 'wohEAp
0 0

p>t, A,. Then, if

Proof. This is essentially the case y = 0 of Theorem 2.2. Since w™ € Apo ,
there is 7 > 7, so that w' e Apo’ and thus in the estimate for L in Case 2
of Theorem 2.2, t can be taken bigger than 7,, y =0, p,=¢,,and o = 1.
Since 4’ €N 4,, by (P12), (h_l)' € nr«(', RH, and thus

p>1,

—17\p,

L< Apo(w’)‘“RH (h

)
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3. COROLLARIES OF THEOREM 2.2

In this section we will present some consequences of Theorem 2.2 and indi-
cate in what sense Theorem 2.2 generalizes known results.

Corollary 3.1. If 1 < p, < ‘10 < o0, then Aqo(w oh-h') < Apo(w), w e Apo’ if
and only if h' € ﬂp>q /p

Proof. Thisis y =1 of Theorem 2.2.

Corollary 3.2. If 1 <p, < g, <oo and y > 1, then Aqo(Th’yw) < Ap (w ), w €
A, . ifand only if hen RH,NN,.. 4, where 1y = (qy+7—1)/(py+7-1).
Proof. If A4, (U ,w) < A, (w), then BHO=DplR ¢ Apgojp,» | <P < 00. Hence
by (P3), ' € RH, . Smce h e A, we use (P4) to get

r<oc
W4 1+(pag—py)/(Po+(r=1)p) *
Since (pgy —py)/(py+p(? — 1)) > (qy— py)/(py +7 — 1) we see that

h'eﬂAp.

p>1,

r<oo

For the sufficiency first observe that A’ € AzNRH,, forevery 1 <r < oo
and p > 7,. Since 4; N RH, = A , g =1+r(p—-1) of (P6) we see that
h"eAHrp - Weﬁxnow 1 <p<oo andlet r=1+(y - 1)p/p,.

We claim that, if p is chosen so that 1 + r(p — 1) = pq,/p,, then p > 7,
and this would complete the proof. Since r =1+ (y — 1)p/p,, we get that

pll +(y — Dp/py]l = pqgy/py + (v — )p/py = D/Py(qy + 7 — 1)
or

5= p(gy+v-—1) S gyt v —1
po+(»=1p " py+y-1°
The special case p, = q, of Corollary 3.2 is of independent interest.
Corollary 3.3. If p, = q, and y > 1, then ApO(Th’yw) < Apo(w), w € Apo’ if

and only if logh' € closgyo(L™).

Proof. For the necessity, since h''0~P/P0 ¢ A,, 1 <p<oo,weget h' €

Nicoo RH, . Since also h' € A, by (P4) K" € Ay, 1) 14-1pspy OF 1 €
Nys1 4, - From this by (P9), 1/h" € N, RH, . All of this implies that logh’ €
closgyo(L™) by [3, p. 474].

For the sufficiency we need to show that 4" € N, wo RH, N, 4, by
Corollary 3.2. Since logh’ € closgyo(L™) is equivalent with nen, <oo RH,
and 1/h' ¢ N,<oo RH, [3, p. 474], we only need to apply (P9) to see that
h'€,s 4, (notethat h' € 4_).

Remark. If y > 1 and Apo(Th,yw) < Apo(w), w e APo’ then the mapping

T,,:4, -4 is onto. For the proof, let w € 4 . We claim that (h"l)' €
, o Py Po
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Nr<oo RH,NN,, 4, - Since by Corollary 3.2, 4" € ,_, RH, we get from (P12)
that (h™') € Nps1 A, - Similarly, ' € (., 4, and again (h™" en,.., RH, .
Hence Corollary 3.2 applied to h! gives that u = wo Rt (h_l)'y € Ap0 , and
uoh-h" =w.

Corollary 3.4. If 1 < py < gy < oo and 1-q, <y <1 then A, (T, ,w) <
. . /
Apo(w), wed,, ifandonly if " €, 4,.

Proof. The necessity is easy, since 4''77~D7/P0 ¢ Aptpy € Ao 1 <P <00,
Then 1/h" €N, ., RH, (P3),andsincealso h' € A, k' €, A, (P9). This
holds forall y <1.

For the sufficiency we need to consider two cases.

Case 1. 1 —p, <y < 1. Then, for 1 <p <1+3d =py/(1-7), | >
1+(y—1)p/p,>0. Since K € 4., r> 1, we get from (P4)

N+(y=1)p/p,
h € ALl -p/pglr—1) >

1 <p<1+d. We want the index 1 +[1 + (¥ — 1)p/pyl(r — 1) = pq,/p, for
some r > 1. We solve for r and obtain
p qytv-—1 g +7v—1
r=— = > 1.
pol+(—Vp/py " py+(y—1)p

Hence for 1 <p <p,/(1-7), At L Aparip, -

If plz py/(1—7), then 1+ (y —1)p/p, < 0. Since h e A, r'>1, we get
that k"7 € A,. If 1—r=1+(y-1)p/py, then r = (1 = »)p/py < Pgy/P, -
Hence A''10~DP/Po ¢ Apg 1o, fOT D 2Po/(1=7).

Case 2. 1-¢qy <y < 1-p,. Since (y —1)p < —pyp < —p,, we see that
1+ (y=1)p/py <0, p> 1. The idea of the proof is to establish the result for
the endpoints y =1 —p,, 1 —gq,, and then use the convexity property (P10).
If y=1-p,, then R'TOOPP — p''P Since B’ € ), 4,, we see that
W' e Ay C Ay If y=1-gq,, then RO ORIP _ p11=PalPy ¢ Apaip, 2
before. If 1 —¢, <y < 1-p,, then for some 0 < 6 <1, y =6(1 —qy) +
(1-6)(1-p,) =1-(60g,+ (1 -6)p,). We use now (P10) and obtain

10(1—pgy/py)+(1-6)(1=p) _ 5 '1+(y—1)p/py
h =h € AP% 9y

Remark. Corollary 3.4 generalizes Theorem 2.7 of [6] where the case p, = q;,
l-p, <7y <1 was considered. It also shows that if 1 < p, < ¢, < oo,
l1-¢g, <y <1, and AqO(Th’yw) =< Apo('w), w € Apo, then T, can be
extendedto 4, 2 4 .

9 Py
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Corollary 35. If 1 < p, < qy < o0 and y < 1 —gq,, then AqO(Th’yw) <
. . li

Apo(w), w e APo’ ifand only if 1/h" € N, ., RH, N

(‘10 -po)/(l -7 "‘po) .

Proof. We first prove the necessity. By Theorem 2.2, 4’ € A, andfor p>1,

r>a, A,, where o, = 1+

+(y—=1)p/p
h '€ pdy/py *
By (P3), 1/h' € Ny<oo RH,. Since (1 —y)p/py—1 > pgy/p,—1 > 0 and

1-9)p/py—1 .
1/p" A =0/n=D) ¢ Apq sp, » WE get from (P4), since 1/hed,

1/h' e 4 p>1,

1+(pgy—py)/(1=7)P—D,) °

or 1/h' €., 4, since (pgy~ o)/ (1 =7)p —Pg) > (4~ Po)/(1 = 7) = py) -
For the sufficiency we first note that 1-y—p, > g,~p, and hence 1 <g, < 2.
Thus 1/h' € 4,, and hence h' € 4, C A__.
Next, we claim that

1+(y=1)p/py
h equO/po, I<p<oo.

By (P6), 1/h € AiﬂRH, = A; , 1 <r<oo and p > g, where ¢ = 1+r(p-1).
Hence
1R €Ay 5o)-

We fix now p > 1, and let r = (1 — y)p/p, — 1. If we choose p so that
1+r(—1) =pgy/p,y, then p =1+ (pq, - py)/(P(1 = ?) — p,) > 0, . The proof
is now complete.

As before in Corollary 3.3 the case g, = p, is of special interest.
Corollary 3.6. If p, = q, and y < 1-p, . then Apo(Th’yw) < Apo(w), w e Apo,
if and only if logh' € closBMo(L°°) , and the mapping is onto.
Proof. From [3, p. 474] and (P9), 1/h" € N, RH, N, 4, if and only

if logh' € closgyo(L™). The “onto” part is established as in the Remark to
Corollary 3.3.

Remark 1. Another proof of the corollaries was proposed by the referee. It
consists of using the results of §5 (see the remark at the end of that section)
and then of proving the sufficiency as follows. Write 7) w = v o hh' and

(Thyw)'_""’ =uohh' and show that u, v e A4 .

Remark 2. The results of this section will be needed later when we investigate
the same problems for RH . However, as an application at the present stage
we will prove that the integral of an Ap-weight is an Ap +1-Wweight, a property
which is well known for weights of the form |x|*, i.e., |x|* € A, if and only if

—1<a<p-1,sothat |x** €4,
For w € 4, let W(x) =[5 w|.
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Theorem 3.7. (i) If 1 <p < oo and w € A,, then W €
(i) If we A, then W €, . RH nﬂp>2

Proof. (i) Let ¢ = inf{p: w € 4,}. Then w € ﬂp>a A,. Welet h(x) = foxw
and observe that A is a homeomorphism satisfying our overall hypothesis and
h'=w.For n=1,2,..., |x|"€ 4], ¢ >no+1, and thus by Corollary 2.3,
w" e A, CA,. This gives us W €\, _ RH, by (P3), and the case n = 1
implies that W € 4 -~

(ii) is now easy to prove. If w € A4, then w € Ap, p>1,andso W ¢
Ny<oo RH, ﬁAHl , forevery p> 1.

We note that w =1 gives W (x) = |x| and thus (ii) cannot be strengthened
to Wed,.

The question now arises under what conditions derivatives are again weights.

r<oo p+l :

r<oo

Theorem 3.8. Let w be locally absolutely continuous with w' > 0 and let 1 <
p<oo. Then w' € A, if and only ipr(w —w,) <c<oo, >0, where
w_(x) =w(x —0), ¢ independent of o .
Proof. If w' € A,, then w(x) —w(x —0g) = [;_ w' =k, »w'(x), where
k, = Xj0.4)- BY [3, . 467, A, (w —w,) < A (w')=c.

Conversely, assume that 4 (w —w,) < ¢ < oo, g > 0. Since 4 (iu) =
Ap(u) , >0, we see that Ap((w -w,)/o)<c, 6 >0. Thus

' p—l
/w w, / (w w, ) I-p <c<
- 0,
1 1] o -
and hence
i\ p—1
w— w—w \'""\"

_ R <c.
hlzlxll%)nf ] / (11rw)nf i ( p ) <c

By Fatou’s lemma
-l_lw' (L/w”_p)p_l <c
| Jr 1] Jy -

4. EXTRAPOLATION THEOREMS

and w' e A,.

The program that we set ourselves in the next two sections is to study the
transformations 7, ., on RH_ and to obtain characterizations so that 7T,
RH, — RH . As we have seen, in the A -case Rubio de Francia’s extrapolatlon
theorem played an indispensable role (Theorem 2.1 and the implication (1) —
(2) of Theorem 2.2). Since RH(70 = AP = Up<oo Ap°, it is not surprising
that we need an extrapolation theorem that applies to operators 7' bounded
on L’JO for w € A” 0. Since A 0 C A , one expects that extrapolation to

all p >11is unhkely In fact, we w1ll see that extrapolation is possible to all
po/cf0 1/o,<p <p,-
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We fix now 1 <p;, g, < oo and we fix

Py, 1
(1) %+%<p<%~
We let
po -1
and
Pg—D Dy—P
3 t=r2—="0
We observe that
aot _ _Dy—p gy 3 i B
p _aopo—l A l(aopo a0y + Py l)a0 =1.
Hence we can choose 0 < d < 1 such that
o,t
Finally, let
dra,
(%) k=kip) = or—ayt’

It is clear that k > g,,.

The proof of the extrapolation theorem will follow the lines of the weak type
extrapolation theorem in [10].
Lemma 4.1. Let w € A'; and let g >0 bein LP/P7P)(w). Then there exists

G> g'"" such that
(i) w(G > y) < ¢/y?/P=Po) [ gPIP=Phyyy yith c<A( %y, and

(i) (G w)% € A, with 4, {( (G "w)™} < A4, (w w").
Proof. We note that p, < p’ and w'™P W) ¢ A, . Define h >0 by

gp/(po—p)w _ hp(prl)/(po—p)wl—rp

and let
1

_ {M 1/: )wp’— }t’

where M g = {M((p')} . Since w € 4, we have

w(M,(h"" ‘) y'h = w(M(h’/’w (=20 5 i

k

pr/t 1—rp 1/k
pr/t /h , C=<4,(w), 4,(w) <A, (w)".

/W“ <4 wh).

pr/t
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We define now the function G by
(7) G = P~ VI7 =2l (p=1)

Our first claim is G > gl/ ". To see this simply observe that Mo > ¢ so
that H > h. Since p,— 1 =r(p—1) and

1/(py—1), (Pg—pP)/P(Py—1)

h=g / w (rp"=1)(py—p)/P(Py—1)

w )

it follows that G > g'/".
We prove now (i). Since ¢ = (p, —p)/(p - 1),

w(G > y) — w(H(po_ /’w—(po_l’)/(p_]) > y)
— w(H(po‘])/’wt(l—ﬂl)(po_l)/’ > y)
— w(Hwt“_p) > yr/(po_l))
c / BP0~ Vo), 110"
= yPr/(py—p)
y
¢ p/(py=p) k
< o [& e, c<awh,

by (6) and the definition of g.
In order to prove (ii), it suffices to show that (G ~"w)%!! ™) ¢ Apé . We use

the definition of H and (7) and get (G~ w)%!' ™% = M(h'/'w'“_pl))%’/’ cw’
where y = (1 — py)k(1 — g,t/dr) . Hence this equals

M(hr/twr(1-p’))aaoz/arw(l—p(’,)k(l—aot/ar)
Since M( )’ € A, C Ay [3], w" € 4, , and 0 < gyt/dr < 1, the above
expression is in A Moreover [8, p. 19] A {M ()} depends only on r.

We are now ready to prove a weak type extrapolation theorem.

Theorem4.2. Let 1 < p,, 0, < oo, andlet T bean operator satisfying. w € A;;’
implies

C o
w{Tf> < o5 [itw, <4, @),

Then for po/aé +1/0y <p <p, thereis k = k(p) > a,, such that for w € Az ,

w{Tf] >y} < y%/m”w, C < (W),

Proof. The proof uses properties of Lorentz spaces L(p, q; u) which are de-
fined as follows. Let j:’: (t) = inf{y: u{|f(x)| > y} < t}, be the rearrangement
of f with respect to the measure u. Then we say that f € L(p, q; u) iff

oo 1/q
11y 0= { [ P50 <o
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For the properties of L(p, q; u) spaces see [4, 12].
Let w € Aﬁ where k is given by (5). We note that

-1
1Ay = NPl = [ 1118w,
p, 17/110,

for some [ "% Pw = 1. Let T=p,/p>1and r=(p,-1)/(p—1) asin
(2). For s >0 let E = {|Tf|>s}. Then with G as in Lemma 4.1

T
oy po/p P (/ X ) _ (/ g Gra—rw>
<5P0”XE “1 1;G~ w“G "‘t ;G 'w"

We will first estimate |G’ || By Lemma 4.1

7 ,00;G "W "

G—rw(Gr >y) < l/ w < TPC__;)I]_/gP/(Po—P)w < _C_"
YV Ji6>y) oo y*

Hence (G')g-r, (1) < C/t‘/rl and so ||G'||T,,OO;G_,w <C, C< Ap(wk).
For the estimation of ||xg ||, ,.5--, We note that by (ii) of Lemma 4.1,

_r _ C _
G w(tg, > ) =G WE) ) < 5 [ 116w g 1))
C - .
<5 [P wsg ) (since G > ')

C
= I W,y
From this we see that
(Xg ot < X0 g (D) 7 S,
and thus

R e 1z 1 o \V°
gl vga < [ VT di= R = e (e, )

We combine the two estimates and obtain

P, py/p P | P
()" < es™ A1,

Remark. If po/o(') +1/o,<p <p, and T is sublinear, then for w € A’; s

[irrrwsc [ifw,  c<awh.

This follows from the Marcinkiewicz interpolation theorem. Note that kK > g,,.

In the study of how T, . acts on A4,, ie., the p, = 1 case of Theorem
2.2, we need an extrapolauon theorem for an operator T which is bounded on
LPo(w) for w €4, where 1 <ry<oo.
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Lemmad4.3. Let 1 <ry<oo, |1 <p,<oo, max(ry, p)) <p < oo and w EA,‘J
If §>0 isin L(p/p°l( ), then there is G > g such that

W) |Gl ) 0 < N8 llpp0y > C<A (W)
(il) Gw € A and A, ( ) (w)
Proof. Let t = (p —po)/(p Then 0<t<1and p'/t = (p/p,) . Since
1-

-p'

w e A c4d, we have w € A ., and thus we can choose by (P8) 1 < r < p’

suchthat Ay, (w ‘”)<Ap,( )<Ap( ) < 4, (w). Define

G = {M,(¢" wyw ™"},
where M,f = M(f")"/". Then G > g and

/Gp /t /M(gr/twr)p'/rwl—p' Sc/g”’/lw
b

with ¢ < 4, ( y (P7). This proves (i) and for (ii) simply observe that

1—t

Gw = Mr(gl/'w)tw

Since Mr(g”’/'w) € A,, with 4 {M,()} depending only on r [8, p. 19] and
weA , 0<t< 1, we see that by (P10), GweA and 4, (Gw)<A (w).

Theorem 4.4. Assume that T is an operator satzsjfvmg‘ \Tf ||p w Scllf ||p w
for some 1 < p, < o0 andweAO, c <A, ( w), and 1 <ry < 0. Thenfor
max(r,, py) <p <oo and w € A,O, ||Tf||p w < c||f||p w-

Proof. We note that [T f|", = |||Tf|p°||p/p0,w = [|T fI°gw, for some g >0

in L("/”O)’(w) with [|gll,, v ,, = 1. We choose now G > g as in Lemma 4.3
and obtain

ITAE, = [ 1TPew <c [ 171 Gu
< g1y o < SIS

Remarks. (1) If ry > p, and T is sublinear, then by the Marcinkiewicz inter-
polation theorem, ||Tf||p w < c||f||p wr WE A and p, <p <oo.

(2) It is in general not possible to extrapolate to 1 <p <p,. As an example,
let 1 <ry<p,<oo and consider Tf = M(f")"" | where p0 =ryp, - Then
1T Ny, 0 < €, o iff wed,  c<d ). N, , <clfl,,
some p, <p <p,,then w € AP/P. = Aro

5. MULTIPLIERS FROM RH, TO RH,
1 2

In this section we will discuss some results needed later, and we will char-
acterize those positive functions ¢ for which ¢ - RH, C RH, . We will use

repeatedly (P3) which say that RH, = A__ and that 4__(w) controls RH, (w).
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Lemma 5.1. If w, € RH,, j=1,2,and 0<0 <1, then w; -w,”* € RH,,
J

where r = r,0+r,(1-9), a =r,0/r, and A_(wlw, ) < A;'o(wl)oAg(wz)l_e.

Proof. By (P3), w;’ €A4,, p2py, J= 1, 2. Hence using (P10),

r 6 r,(1-0) r\0 r,\1—6
A (wwy ) < Ap(wl') Ap(wzz) .

Since r, 0 =ra, r,(1 —60)=r(1 —0), we only need to let p — oo to complete
the proof.

Lemma 5.2. The following statements are equivalent for 9 :R — R_:

(1) ¢ €N,.x RH,,

(i) A_(w'e") < A_(w"), 1 <r<oo.
Proof. This is Theorem 3.5 of [6] except for the explicit “<” statement of (i) —
(). Fix 1 <r< oo and w € A;o. By (P1) there is 1 < p, < oo such that
Apo(w') < 24_(w"). We choose now 7 > | so that Apo('w") < Apo(u)’) by

(P8). Since by (i), q)"' € A, wehave 1 <p, < oo so that (p'/' €4, . Wefix
p > max(p,, p,) and observe that by Holder’s inequality

rr /Tt 'ri1/7
A(we)<Aw )" A,(e )" .

1 ‘r\yt
Hence A, (w'¢") < 4, (w") /’Apl((pf DR 4, (') <24 (w").
Theorem 5.3. The following statements are equivalent for 1 <r < oo

()h ed;

(i) if w € RH,, then woh-h""" € RH,, and A" (woh-h"") < A" (w).
Proof. (ii) — (i) follows by taking w = 1. Conversely, if 4" € A, , then
h' €,5, 4, forsome 1 <o <oo. Let w € RH, = 4. Thus w € 4, for
some 1 < p < 0o, and consequently (woh) -h' € A,, by Corollary 3.1. Hence
woh-h'" e RH_ . The “norm” relation can be obtained as in Lemma 5.2.

Theorem 5.4. The following statements are equivalent for ¢ : R — R_ and
l<r,<r:

(i)p € ﬂr<r0 RH_, ry=rr,/(r,—1);

(i) if w € RH, , then w-¢ € RH, , and A2 (wo ) < Al (w).
Proof. The case r; =r, is in [6], so we assume 1 <r, <r,.

(i) » (). If w =1, then ¢ € RH, and hence oM € RH, , and thus

o't € RH, . We continue this process and obtain

n

r r
9" € RH_ fort< —! =Z<—2).
2 r=n r

n>0

Consequently, ¢ €, <ry RH. .
(i) — (i1). Let w € RHr]. Then w € RHm for some 7 > 1 by (P8).
Since A = trr,/(tr; —r,) < ryry/(r, —r,y), (i) implies that ¢ € RH,. We
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use now Lemma 5.1 with ¢ = 1/2 to obtain that (w - q))‘/ 2 e RH_, where
r =10+ A(1 - 6) and % = tr0/r. Thus 6 = A/(A + 7r,) and an easy
calculation gives r = 2r,. Hence (w - 0)"* = (wp) € A, or wp € RH, .
The “<” also follows from Lemma 5.1.

Remark. We will prove later (Corollary 6.3) that whenever (ii) holds for some
ry,ry>1,then r,<r, .

Corollary 5.5. If w € RH, , ¢ € RH,_, and rry > r, +r,, then Al (wy) <
AL (w), we AL, where r=rr,/(r,+r,).

Proof. We have r, = r,r/(r,—r) and the result follows since ¢ € RH,2 CRH,,
r<r,.

Remark. 1t is possible to prove Theorem 5.3 without reference to Corollary 3.1.
In fact, using the geometric characterization of w € 4_ [3, p. 404], it follows
easily that w e 4 —wo hh' € A iff h' e A_, - This can be used to give an
alternate proof of Corollary 3.1 (see Remark 1 after Corollary 3.6).

6. MAPPINGS FROM RH,| TO RH,2

In this section we will show that whenever w o & - h"7 € RHr2 for every
w € RH, , then r, < r,. We will see that matters can be reduced to the case
y = 0. Here the extrapolation theorem of §4 comes into play as well as part of
Theorem 2.1. We will state the results in terms of Ago =RH_.

Theorem 6.1. If A2 (woh) < A (w), we A, then r,<r,.

Proof. Assume that r, > r . Choose p, > 1 so that r, > 1 + p,(r, —1). We
first claim that A4, (w o h) < Apo(w") , where g, = 1+ (p, — 1)/r,. Since by
(P2),

4, (woh) < A (woh)- A (woh' 807",

and
A (woh) <A (woh™ <4, (wh),

while A (wohl"";)"‘)_l =A_(w oh'2“_‘”‘I’))(””_”/'2 <A (w"“_”"’))”"_1 we see
oo (e ] 00 ’
that 4, (woh) < A, (w") A (PPl < Apo(w")z by (P2).

The claim gives us by (P7)

/qu"wohgc/j%woh, weA;'o,

c < Apo(w") . As in the proof of Theorem 2.1 we change variables and reduce
matters to

/Tgp°w§c/gp°w, c<Ap0(w"),
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where |

—1\4y/P
=(foh ) o/ om >
and

1
wennm
We apply now the extrapolation theorem of §4 and conclude that for p,/ r; +
1rp<p<p,, [Tgw<c[gw, we Aﬁ. As before we let w = 1 and
undo our change of variables to get

(%) /pr‘lo/Pohll—P/Po <c/quo/p0hll—p/p0‘

Tg — h’l/qo(g o h)l’g/qo} o h_I]‘Io/Po )

We claim now that p,/q, > p,/r; +1/r, . Since g, = 1+ (p,— 1)/r,, an easy
calculation shows that this is equivalent with r, > 1+ p,(r, — 1), valid by our
choice in the beginning. Hence in (x) we can let p = p,/q, and obtain

/Mf~h'l_l/q° SC/fh/I_l/qO.

We have seen in the proof of Theorem 2.1 that this implies #' = 0 which is
impossible.
The next theorem shows that we can reduce matters to y =0.

Theorem 6.2. Assume that 1 < r,, r, < oo and y € R. If A?o(Th’yw) <
AL (w), we Al then ry<r,, where T, w = woh-h"”
Proof. We assume that r, > r, and we will consider the five cases: 0 <y <
1/r;; —oo<y<O0; 1/ry<y<U/rp+1/ry; y>1/r,+1/ry;and y = 1/r .
Since by (P13, P11), (h™") € A, , we have from Theorem 5.3, T, e
RH, — RH, . Thus w - h“/’leRH C RH, for w € RH, , and
A2 (w ChTT l/") < A" (w). By Theorem 5.4, h'y tn e Ny<oo RH, .
Wo<y< 1.
We may assume that y > 0 by Theorem 6.1. By the above

EEE e (\RH,, a>0,
r<oo

so that in particular, 1/A" is a pointwise multiplier from RH,z to RHr2 . Thus,
by Lemma 5.2, A2 (woh) = AZ(woh-h"1/h") < AZ(T, ,w) < A% (w), and
the case y = 0 applies.

(i) —co <y < 0.

Since 4’ € A_, by Theorem 5.3 and the hypothesis A" (w o k- A"/"") <
Al (w), A2 (woh-h") < A1 (w). We use now Lemma 5.1 and get for 0 <

o0

0<1,0=r0/r, r=r6+r(1-0),

Al (woh WY gt (woh B AR (woh hT) T < AN (w).

o0
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We note that | | |
-0
oy + T =7 r 0y +r(l- 0);1—
This expression is positive for all 6 satisfying 6(r,y —r,/r,) > —r,/r, or 0 <

0 <ry/(r,— rlzy) . We fix now such a # and observe that

A (woh-H") <L), o= ’ley“zfr‘(l -9

Since y <0, r,0y +r,/r(1-6)<6+r,/r(l-0),andthus 0 < a< 1/r,.
We are thus in the case (i).

(i) 1/ry <y < 1/rp+1/r,.

In the beginning of the proof we observed that A’ (w - £”7~'/") < Al (w).
Since (h7") € A, , by Theorem 5.3, for w € RH,l ,woh™ (W o™y,

(h—l)/l/rz =w oh—l . (h—])ll/"2+l/f|—y is in RHrz and

A% (woh™ - (hYVINTT) < AT ().
Since r, > r, we see that

and again (i) applies.

(iv)y>1/r +1/r,.

Again by Theorem 5.3 and the hypothesis we have 4" (w oh-h''"y < Al (w),
and A2 (woh"”) < A" (w). As in the case (ii), by Lemma 5.1

Al (woh- KTy L gl (),

where 0 =r0/r, r=rf+r,(1-6),and 0<6<1.

We wish to reduce this case to (iii), and hence we have to show that for some
O0<o<l, l/rp<a/rp+(1-0a)y <1/r,+1/r. Since y > 1/r, we get
l/ry<o/ri+(l-0)y forany 0<o <1. When g 11, a/r,+(1-0a)y — 1/r,
and 1/ry+1/r—2/r,.

v)yy=1/r.

For w = 1, #''" ¢ RH, and hence W e A, . For 0 <6 <1,

B0 ¢ A or K e RH, ;. Since r, > r,, we can choose 6 so that
r,/(14r,6) > r, . We apply now Corollary 5.5 and obtain with r =r,/(1+r,0),
A (woh-h'"" B < 41 (w).

The previous two cases now apply and the proof of Theorem 6.2 is complete.
Corollary 6.3. Let 1 <r,r, <oco and 9 :R—>R_. If A2(wgp) < A} (w),

then r, <r,.

Proof. Since p € A, h(x) = fox ¢ is a homeomorphism satisfying our overall
hypothesis and 4’ = ¢ . Hence by Theorem 5.3 and the hypothesis

Az woh "Ny <Al (woh-H'M) < 4l (w).
Theorem 6.2 now gives r, <r,.
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7. CHARACTERIZATIONS OF T, oyt RH, — RH,
4 1 2

We are now ready to characterize those homeomorphisms # for which
AZ(T, ;w) < A%(w), where, as before, T, ;w = woh-h”. By Theorem
6.2 we may assume that r, <r,.

Theorem 7.1. For 1 < r, < r; and y > 1/r, the following statements are
equivalent:

(G) h' e N, RH,, T=(y=1/r)rr,/(r;=1));

(il) A2(T), ,w) < AL(w), we A} .
Proof. (i) — (ii). Since k' € A__, by Theorem 5.3, A" (woh-h"/"") < A7 (w).
Since K77 e RH,, ry = rr,/(r, —r,), we can apply Theorem 5.4 to
get

I’<I‘0

A2 (woh-h"y= A2 (woh- K" BTy < AT (wo kB < AT (w),

r
which is the desired result.
(ii) — (i).. Since
Ar2 (’LU . h/y——l/rl) _ Ar2 (w . (h—l)/ Ohl/r' °hly)
<AL @woh™ (kYY) < 4l (w),
and since (h~') € A__, we see that 4”7 ~'/" is a multiplier from RH, to RH, ,
r, <r,, and Theorem 5.4 completes the proof.

Theorem 7.2. For 1 <r, <r and 1/r, <y < 1/r,, the following are equivalent:
(i)h ed,
(i) AZ(T, ,w) < A (w), we 4],
Proof. (ii) — (i) follows from (P13).
(1) — (ii) . Since A"\ C A2 , we have by Theorem 5.3,
Az (woh-h""y < A7 (w)
and
A2 (woh- k") < AT (w).
Hence by Lemma 5.1, for 0<6 <1,

A2 (woh- KOOy g0 ()
Theorem 7.3. For 1 <r,<r, and y < 1/r, the following are equivalent.
() h' e ﬂp>% A,, ay=(r,—rry)/(r,—rny).
(ii) A:}o(Th,yw) <Al (w).
Proof. (i) — (ii). By (P12), (h™") € N,>q RH, , and

/ r.r 1
O'0= 1_2r (r—"y)
Fp=r\n
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By Theorem 5.4, (h_’)”/ 77 is a multiplier from RH_ to RHr2 . Hence
1

A (woh-h") = A2 (woh-(h™") oh"/"> 7. n"V) < AL (w- (k™)) < AT (w)
by Theorem 5.3 since h' € 4__ .

(ii) — (i) . Since (h~') € A__, we have

Az (w- (B o h™Y (™)) < A% (w o h- B7) < AL (w).

Hence (h~')"/?™7 is a multiplier from RH, to RH, and thus by Theorem
5.4, (WYY e N,., RH , where ry = rr,/(r, —r,). This gives " e
ﬂKa(; RH_, and this gives (i) by (P12).

The special case r, = r, of Theorems 7.1 and 7.3 may be of interest. In
particular the following statements are equivalent:

(i)h' eN,. RH,;

(ii) for some y > 1/r, AL(T, ,w) < A} (w);

(iii) for every y > 1/r;, A(T, ,w) < A} (w).
An analogous statement holds for y < 1/r,.

In the limiting case r, = r, = 1 we have the following result.
Theorem 7.4. (1) If y > 1, then A _(woh-h") < A_(w) if ' €N,_ RH,.

(2)Ify=1,then A _(woh-h')<A_(w) iff e A .

(3)Ify<1,then A _(woh Ch7) < A (w) iff h'e ﬂp>l 4,.
Proof. (1) For the necessity, first observe that 7 € A__ and so h' € 4 since
y>1. By (P12), (h"') € A . Since for w e A_, w € A" for some r > 1,
by Theorem 7.2, wo h™" - (h™")""" € A_ . Therefore, w-h""""" € 4_ and
R"~'" is a multiplier from A_ to A_ . The result now follows from [6, 3.5].

Conversely, let w € A . Then for r > 1, close to 1, Aoo(w’) <A, (w).
Since 4’ € N,<oo RH, , by Theorem 7.1,

A _(woh-h"y <A (woh-h") <A _(w)<A_(w).
(2) The necessity is clear, and for the sufficiency simply observe that
A_(woh-h)y=A (woh W'y < AT (w"") = 4_(w)

by Theorem 7.2.
(3) For the sufficiency, let w € A . Choose p < oo so large that 1 — p <
y<1 and 4 (w) < 24 (w). By Corollary 3.4,

A woh-h") <A (woh-h") < A (w) <24 (w).
Conversely, k' € A_ andso (k') € A by (P12). Hence
A (w-h""y <A (woh™ (k7)) < A_(w),

and A”"' is a pointwise multiplier from A4_ to A__. Since y < 1, 1/K' €
N,<. RH, by [6, 3.5], and, since h' e A , we get h e A, by (P9).

p>1
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We will now present a theorem giving conditions under which the mapping
T, ,w=woh-h"” is onto.

Theorem 7.5. Let 1 <r < 0.

()If y=1/r, then T, ,: RH,— RH, isonto iff h' € A_.

(2) If y # 1/r, then T, ,: RH, —» RH, is onto iff logh’ € closgyyo(L™).
Proof. (1)If T, . : RH, — RH,, then by taking w = 1 we see that h'" e RH,
or k' € A (P3). Conversely, if #' € A_,then (h™') € A . If w € RH,, by
Theorem 5.3, u=woh ™' - (h™ ) € RH, andso uoh- W' =w.

(2) First consider y < 1/r. If T, , RH — RH, is onto, then for u € RH,
there is w € RH, so that woh-h" =u. Then w = uoh™ (k™" and thus
by Theorem 7.3, (h™') € Np>1 4, - Also by the same theorem, 4’ € (), 4,,
and this gives by Corollary 3.4 that 1/h' =h™ " oh e A4, . By [3, p. 474],
logh’ € closgy,o(L™).

If, conversely, logh’ € closBMO(L°°) , then A" and 1/h" are in ﬂp>1 4,,
and hence (P9) 4’ €, RH, and (h™') € Np>1 4, - This defines Ty_lw =
woh - (h7H?”.

The case y > 1/r is treated similarly.

p>1

8. THEOREM 2.2 FOR p, = 1 AND MULTIPLIERS FROM Ap TO A q
The purpose of this section is to present a p, = 1 version of Theorem 2.2
and study pointwise multipliers from Ap to A .

Theorem 8.1. For 1 < g, < oo and y € R the following statements are equiva-
lent:
(1) 4, (T, ,w) < 4,(w), we A, where T, .w=uw oh-h".

(2) BHOIP ¢ Ay P21, and i €A,
Proof. (1) — (2). Here we use Theorem 4.4 with r, = 1. We have

/Mf"‘)woh-h'ygc/f"”wohh'y, c <A (w).

Change variables via ¢t = h(x) and proceed as in the proof of Theorem 2.1 to
obtain

/Tg%wgc/g%w, weA, c<A4(w)
where f=h""""%goh and

Tg = M{F" Mg o nyoh™'T.

- B/ (1=7)/49

By Theorem 4.4,

/Tg”wSC/g”w, pP>dy, wEA,.
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We let now w =1 and obtain in terms of f
/prh/1+(7—l)p/qo <C/fph/1+(7—l)p/qo

Hence A''*0~DP/% ¢ A4,,p24q,,ie

pre=e o Aps P21

From (P11) we have that &' € 4__

(2) — (1). The proof is similar to the proof of the corresponding implication
of Theorem 2.2 and we will be brief.

Let w € A,. Then there is 7> 1 such that w’ € 4, . Let

1 1 q_l
L=i/woh.h’y (_I_/woh.h”_%.h'y“_%)) ' ZK.H.
1l J; | Ji

If t=h(x), J=h(I), we estimate as before

|J|< / ,)‘/’(1/ . ,(n_y)a>‘/"
K< w — h
7 \[77 a7/,

and | |
1 [JJINP™" [ 1 —tv—pi-g)\ P~
wean () () (o)
7 \w 1] [J1Js
Hence
! 1—)'
[Lf I(l /)1]1/(1*)’)7
Tds
LSA( T\ 1/1
! 11/|J]
, -1
[Lf '1 -y(1- q)]l/“_y(l_qoﬂ Qo= ity
77J5(

11/171

It is to be noted that whenever 0 < (1 —y)7' <1 or 0<1—y(1—gy) <1, the
corresponding expression { } can be dropped by Hoélder’s inequality.

Case 1. y > 1. By (P4), since A"~ l"/q"eA p>gq,, heAd

. plg+y—1)"

Since ( ) N |

p(qy+7— q 7 -

0 >0 . P >4y,

g4+ (= 1p 14

we see that
he () 4
r>(gy+y—1)/7

or from (P12)

(h™") e N 4.

r<(go+r—1/(gp—1)
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Since also 4’ €

r<oo

RH, we get that (h™')' € Nys1 4, - The result follows.

Case2. y=1.Then ' € Aqo or (h_l)' € RHqé and again we are done.

Case 3. 1-q, <y < 1. Since 1+ (y—1)p <0 for large p, we obtain by
(P3) that 1/h" € N, RH,. Since also k' € 4_, by (P9), k' €, 4,, and
hence (h~')' €, RH, by (P12). Since 1-y(1—¢)) >0 and 1-y >0 for
1 — g, <y <1, the result for this case follows.

Case 4. y < 1 —gq,. Again (h”') € N, RH,. Since 1/h'"" € A, . and
1/ € A by (P4), 1/h' € A} (q-1)/(—y » and this gives us h e RH_,, _, or
(h_l)' € Ay/(q0+y_1) . The proof is now complete.

The technique treating the case p, = g, = 1 is slightly different from the one
used above.

Theorem 8.2. Let y € R.
(DIfy> 1, then A\(T, ,w) =< 4,(w), we A, ifand only ifh €N, 4.
2)If0<y<1, then AT, ,w)<4,(w), weA4, if and only if h' € A,.
(3)If y=0, then A\(woh) < A(w), we A, ifandonlyif K €, 4,.
4 If y <0, then A(T, ,w) < 4,(w), w € 4, if and only if 1/h' €
Nyeoo A and B € 4.
Proof. (1) For the necessity observe that 4”7 € A, , and by Theorem 8.1, for
g > 1, RO Ay » P > 1. Hence h" € A, r < oo, and since

K" € 4, , by (P4), h" € 4, .

To prove that the condition is sufficient, we first note that by [6, 2.9]
A(woh) < A,(w) and by [6, 2.14], h"” is a pointwise multiplier from A,
to 4,.

The cases (2) and (3) are in [6, 2.8 and 2.9].

For the necessity of (4), note that 1/h"" € A, , and for g, > 1 by Theorem
8.1, A/ ¢ A,,, - Hence 1/h" € A, r<oo. Asin (1) by (P4), 1/h" €
A, . Conversely, since clearly 1/h" € ,<oo RH, we have by (P9) that n e
M1 4, since h e A, . Hence, again A,(w o h) < 4,(w) and 1/h" is a
pointwise multiplier from 4, to 4, .

We come now to the multiplier problem for A,. We first remark that if
Aqo(w(p) < Apo(w), w € Ap0 , where ¢ : R — R_, then g, > p,. The proof
of this is similar to the proof of Theorem 2.1 and we will point this out in the
implication (1) — (2) of the theorem below.

Theorem 8.3. For 1 <p,<q,<oo and ¢ :R — R, the following statements
are equivalent:
(1) Aqo(w(p) < Apo(w), wE Apo'

(2) o e 4 l1<p<oo.

pay/py’
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(3) 9 € Mysitgy—p, Ap M Nrcoo RH, -
Proof. (1) — (2). By (P7) we have [ M ffwg < c [ fowgp, ¢ < Apo(w)' Let
6, =q,/P, and let g = o' P or f =g YoPg!l% f

Tg= M{(p—l/a"p"gl/a"}% . q)l/p" ,
then
/Tg”ow < c/gl’ow, wed,, c< Apo(w)'

We can apply now Rubio de Francia’s extrapolation theorem and obtain for

1 <p<oo and weAp,
/Tgpwgc/gpw.

If w=1, then in terms of f we get
(%) [

which implies that g™ € 4, ,, 1 <p <oo.

We remark that up to (x) the fact that g, > p, was not needed. Thus, if
g, < p,, then we could let p = p,/q, in () and arrive, as in Theorem 2.1, at
the contradiction ¢ = 0. This shows that (1) implies that g, > p,, .

(2) — (3). Since ¢ € A, and ¢"™ ¢ A, ,» by (P4) we have that ¢ €

Al+p0(%p_1)/p, 1 <p <oo. Since 1+ py(op—1)/p >1+q,—p,, we get
p/p
9 € ﬂp>l+qo_p0Ap. From ¢™™ € 4,

9 €, RH, .
(3) = (1). Let we Ap0 and choose 7 > 1 such that w* € Apo. If we set

1 1 I—g'  1-g' go—1
L=—/w (_/w 0. ) _K-H,
;P\, v

1 . Ut . /7' 1 . T
k<(fo) (mle) =<(mfv) mhle
(m ; mJ,? 11/, imn/),?

In H we use Holder’s inequality with indices

» C A, we obtain, using (P3), that

then

_pp—
gy —1

-1
) .
po‘l

p T=

and p’ to estimate

' qo—l
1 T(l_p,))(Po—l)/(qo—l)T <l/ p;“_q,))l/l’
H< (—/w ° A= 1e 0 .
{ 1l Js | Jy

1 1 AN
L<cA (w)' = (-/ , "°> .
=<h T o \m

Hence
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We complete the proof by showing that ¢ > 1+4,~p, , where ¢’ —1 = p'(g,—1).
Since

c—-1=

1 _qor—‘t—p0+1
p'(gg—1) T ’
we get

q,T—p, + 1
="'0'+>1+q0_p0,

and hence L < cApo(wT)l/TA (p).

a

The case p, =1 of Theorem 8.3 requires a slightly different argument.

Theorem 8.4. For 1 < q, < oo and ¢ : R — R_ the following statements are
equivalent:
() Aqo(w(p) <A/(w), wed,.
p
29 €, p21.

Proof. (1) — (2). As before we have [ M ffwyp < c [ fPwp, ¢ < 4,(w).
Weletnow g=f-¢"% or f=¢ Vg and Tg=M(p "%g).p"%  Then

/qu°w5c/gq°w, c<A/(w).

We can apply now Theorem 4.4 with r, = 1 and obtain that for p > ¢, and

weEA,
/Tgpwgc/gpw.

If w =1, this gives us [MfPg"/% < ¢ [ fP9"%  or ol ¢ Ay, D> 4y,
which is (2).

(2) - (1). Let w € A, and choose 7> 1 with w € 4,. If L=K-H is
as in Theorem 8.3, then we estimate

1 Tl/t 1 y 1/t 1 Tl/tl
c<(i ) (mle) <e(mf*) ml
(m ; m/,? 1 J; i/’

RH, by (P3), and

1 1 l—q' qo—l
H<sup|—])- (—/ °> .
= P(w) s’

From this we see that

since ¢ €)

r<oo

T\ 1/t

L<cA(w Aqo((p)

and the proof is complete since ¢ € 4 0"
Remark. The pointwise multipliers from 4, to A4, ie., the case p, =g, =1,

have been characterized in [6, 2.14] and are precisely those ¢ : R — R_ which
satisfy ¢ €, _ A4 -

r<oo
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