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CHANGE OF VARIABLE RESULTS

FOR Ap- AND REVERSE HOLDER /?//r-CLASSES

R. JOHNSON AND C. J. NEUGEBAUER

Abstract. We study conditions under which the map

Thyw{x) = w{h(x))\h'(x)\y

maps the Muckenhoupt class A    into A    and the reverse Holder class RHr

into RHr .

Introduction

In this paper we will study change of variable transformations Th defined,

for y £ R and h:R—>R ahomeomorphism, by Th w(x) = woh(x)-\h'(x)\y,

acting on A and the reverse Holder classes, RHr. The A classes were in-

troduced by Muckenhoupt [9] and consist precisely of those weights w for

which, e.g., the Hardy-Littlewood maximal operator Mf(x) = supx€/ 4y Jj \f\

is bounded on Lpw. If T is an operator such that || Tf\\ w < c\\f\\ w,

w £ A  , and if, say w o h • \h'\ G Ap for w G A  , then as a simple change of

variables shows, the operator Sg(t) = T(goh)oh~ (t) is also bounded on Lpw .

We will give necessary and sufficient conditions on h so that Th : A —> A ,

and we will see that in such a case q > p. An indispensable tool is Rubio de

Francia's extrapolation theorem [3, p. 448] which easily leads to a necessary

condition on h'. This condition is also sufficient and the proof of this requires

some detailed properties of A and RHr which are collected in § 1. We show

that these results agree for 1 -p0 < y < 1 and p0 = q0 with those found earlier

in [6]. For y > 1 and y < 1 - p0, the condition that characterizes when Th 0

is onto is necessary and sufficient for T,     to map An —> An . We also show
n ,7 Pq Po

that the integral of an Ap weight (suitably interpreted) is an A   x weight.

We will then study how RHr acts under Th . Since \Jr<00 RHr = \Jp>x A =

Ax , one expects that analogous results hold. However, the statements and the

proofs are different from the A case. In particular, since RHr = (Jp>1 Ar [6],

where Ar = {w : wr £ A } , an extension of the above mentioned extrapolation

theorem is needed which deals with operators bounded on Lpw, w £ Ar . This
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640 R. JOHNSON AND C J. NEUGEBAUER

will be done in §4, and the remaining sections are then devoted to considering

when  T. „ : RHr   —► RHr .   In particular, we will show that r, < r. .   An
« » / 'i *2 LI

interesting by-product is that Th : RHr —> RHr is onto iff |A'| G Ax , when

y = ± , and log|A'| G closBMO(L°°) when y ± \ .

A description (without proofs) of the results obtained at an early stage of our

work can be found in [5].

1. Background and preliminary results

This section is devoted to notation and background material which will be

needed in our later development. We will provide references for all the results

for which it is easy to refer to a source, and we will provide proofs for these

which we were unable to find in precisely the form stated. Throughout the paper

we will refer to the statements as (Pn), n = 1,2,... .

(PI) For 1 < p < oo we say that w £ A   iff

jj-J w (-j-j wX~p j       <c<oo, l/p+\/p' = l,

and c independent of / [9]. We denote by A (w) the infimum of all such

c. We have that A (w) < A (w), q > p, and so we can define A^w) =

lim       AAw).   The other classes with which we are concerned are A     =
p—»oo     px     ' oo

\Jp>iAp, Ax = {w : Mw < cw}, where Mw(x) = supxeI -A-JjW , is the

Hardy-Littlewood maximal function,

l/r

M")*<nl,RHr = \w:\— I w  \      < c— / w

we set

RHr(w) = infle: (-j- j wr\     < c-^- í w for all r> 1

If 5 > r, then RHr(w) < RHs(w). We also have Ax = {Jr<0cRHr PI-

(P2) w £ A   iff w and wx~p   are in A^ [3, p. 408]; in fact,

[6,  3.2]     max{Aoc(w),Aoo(wX-p')p-X} < Ap(w) < Aoo(w)Aoo(wX-p')P~X

In particular, w £ Ap iff w ~p £ Ap,.

(P3) k; G RHr iff wr G A^ [13]; in fact,

[6,  3.1] f    >     < RHr(w) < AJpr)xlr.
oo^      >

(P4) Let 0 < o < oo . Then

w" € An —► {w £ A.,,„  ,,,   iff W £ A\ .
P L I+Í/7—l)/fj OOJ
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Proof. The necessity is clear since Ax+, .,, c A^ . The sufficiency is known

if a > 1 [3, p. 394]. If 0 < a < 1, since w g Aœ, by (P3), wa £ RHx/a.

Thus, if 1 < p < oo ,

p-i

Á'{w)>-ml,w Ur

Hence

4^i>/>)*^»'W/.(<0-
The argument also works for /_? = 1.

(P5) For 1 < a < oo, we let A" = {w : w" £ A }, and we denote by

Ap(w) = Ap(wa), 1 < p < oo. With this notation we have RHr = Arx by

(P3). We note that Aap c Ap .

(P6)Aap=Al+{p_l)/anRHa.

Proof. If w £ Aap , then w £ AX+,_X).    and wa £ A^ or w £ RHa. Con-

versely, if w £ Al+,_Xya n RHa, then w" £ A^  and thus by (P4), since

w = (w°)l/°eAl+(p_l)/a,waeAp.

(P7) We shall use the notation of [6] and say that P <Q iff for any T > Q,

P is majorized by an expression depending only on T.

With this notation we have for 1 < p < oo,

(1) w£Ap   iff   ||A//||,tl0<c||/||PfW,        c^Ap(w).

(P8) If w £ A , then there is x > 1 such that wr g A and matters can

be arranged so that x -< A (w), Ap(wT) -< A (w) [3, p. 397]. An analogous

statement holds for RHr [11].

(P9) w £ r\p>x Ap iff 1/777 G nr<00 RHr and ^6^.

Proof. If w £ f\p>x Ap , then w £ A^ and for 1 < p < 2,

w

Hence  l/w £ RH ,  , . Conversely,  l/w £ RH ,_x for 1 < p < 2, and thus

w ~p £ A^ . This and w £ Ax give w £ A   (P2).

(PÍO) Let 1 < px < p2 < oo and w. £ Ap , j = 1, 2. If 0 < 9 < 1, then

APe(wiw2~e) < Api(wx)e Ap^(w2)x~e , where pe = 6px + (\ -6)p2.

Proof. For the proof, let

L=M/^"e(M/W'(1"^1"e)(1"/';Te"1=^'//-
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Note that

and in H we apply Holder's inequality with exponents

r=--t^ = ——T77    and
\-P'Be   px-\e - {\-6){p2-iy

which gives us our desired inequality.

(PI 1) Let y £ R. We are throughout concerned with mappings Th    defined

by Th yw = w o h • \h'\y. We need the following result. If for some 1 < p < oo,

Th,y''Ap^Aq>then   h' &Aoo'

Proof. This will follow if we can show that u £ BMO implies u o h £ BMO

12

/,/ uu2   tui   avjiiiv^    ujx ,  uu2 c ^i,    '

[7]. If m G BMO, then there is A > 0 such that elu G ¿2 [3, p. 409], and hence

e " = wxlw2 for some wx, w2 £ Ax  [3, p. 436]. From this we get

XUOn Wx0h-\h\ ,y ,y
e      =—;—T77TV   ancl   Xuoh = logw. oh • \h    - log«;, o h ■ \h \ .

w2oh'\hy

Since the log's are in BMO [3, p. 409], the proof is complete.

(PI2) Throughout the paper we will be concerned with homeomorphisms

/¡:R->R for which h and h~ are locally absolutely continuous. By (PI 1),

we will know that h £ A^ and since Aœ weights are not integrable, h will be

onto. We may assume that h' > 0. For such h we have that (h~1)' £ RH   iff

tí £ Aq,, and RHq((h-x)') = Aq,(tí)xlq'  [6, 2.5]. In particular, tí £ Ç\p>xAp

iff (h'1)' € f]r<00RHr, and tí £ Ax iff (/T1)' £ Ax .

(PI3) If Th y : RHr - RHri, then h' £Aoc.

For the proof, simply observe that if u £ BMO, then e u £ RH for some

X>0 and argue as in (PI 1).

In general we recommend the references [2 and 3] for a more detailed study

of Ap and RHr.

2. Mappings from A   to A

For y £ R and h a homeomorphism as in §1, we denote by Th the

mapping Th yw = w o h ■ h'7. The following theorem shows that Th cannot

improve Ap.

Theorem 2.1. If 1 < p0 < oo and A  (Th   w) -< A   (w), w £ A     then q0 >

Po-

Proof. Assume 1 < q0 < p0. The hypothesis implies that by (P7)

Í Mf°w o h ■ tíy < c Í f°w o h-tí
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with c < An (w). With the change of variables t = h(x) we obtain
Pq

where

/ Tgp°w <c    g*°w,        c -< Ap (w),

and

Tg =       -\^^[M{h'(X-y)l%(g o h)P°">°} o h-X\%IP° .
(A'or1)11-'^

We can apply now Rubio de Francia's extrapolation theorem [3, p. 448] and get

for 1 < p < oo,

/ Tgpw < c    gpw ,        w £ A .

We undo the change of variables with / = h(x) and get in terms of / with

w = 1,

U\ frMf\P1o/Ponn-(l-y^P/Po < c  Í rP%/Pon'l-(l-7)P/P0

Hence, if p = p0/q0 > 1, then

J' Mf-h'x-(x-y)lq«<cjfh'x-(x-y)lq\

If y = 1 - q0, this norm inequality is impossible, and if y ^ I - q0, it will

lead to a contradiction as follows. If there is w £ L,'0C(R) such that

(i) IMfw <c f fw,

then w = 0 a.e. To prove this, we may assume that w is continuous. For, if (i)

holds, then in view of the translation invariance it also holds with w replaced

by k*w , k £ CC(R), k > 0. If w ^ 0, then w > 0 a.e., otherwise (i) cannot

hold for / with supp/ c {x: w(x) = 0}. Again by translation invariance,

we may suppose that u;(0) > 0. Then w is bounded away from 0 on [0, n],

0 <n < I. If

then

and (i) gives

Hence,

f(x) = .    ,        0 < x < n,
xlog X

Mf(x) =
x log 1 ¡X

f"    w(x)    < c /•"   uw

7o  xlogl/x -    io  xlog2x

f   w(x)
/ 1      2       =0°'/o   xlog JC
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and thus the continuity of w shows that U7(0) = oo , contradicting w(0) < oo .

This completes the proof.

A slightly different proof that there are no regular measures for which

I Mf(x)dp(x) < C f f(x)dp(x)

can be found in [3, p. 468].

We will now give a characterization of those homeomorphisms h for which

T. „ maps An   into A„ . From the previous result we may suppose that qn >
" ,r Pq % u

Po-

Theorem 2.2. For 1 < p0 < q0 < oo and y G R, the following statements are

equivalent:

(!)\(t;,^)^\(^), w£Apo,

(2)*"+(HW,,e^/V l<P«»,andh'£A00.

Before we prove Theorem 2.2 we remark that in (2) the condition hn+(y~l>p/po

£ Apq . implies that tí G Ax except if 1 - q0 < y < 1. To see this, we may

assume that y < 1 - q0 by (P5) and thus ( 1 - y)p/p0 - 1 > ( 1 - y) 1 /pQ - 1 > 0.

By (P2), h'{(X-y)plp°-XX(r'-X) £ A,, r = pqQ/p0 or ftW-*-i*>/û*-ifc> e A/ .

Since (l-y)p-p0> pq0 -p0, tí £ A^ by (P5).

Proof of Theorem 2.2. (1) —► (2). This is a repetition of the proof of Theorem

2.1 up to the inequality (*). By (P7), hn+{y~X)p/p° £ Apq jp and tí £ A^ by

(Pll).
(2) -» (1).   Let w £ A   .   Then there is x > 1  so that wx £ A     and

ApSwT) * APo{W)   (P8)-  Let 0

L= JL [Won.h'7(±. Í w o hh'y{X-qA%~[ = K ■ H.
\J\ Ji vl-'l Ji )

If t = h(x), h(I) = J, then

Thus for y > 1 and p = (xy - l)/x(y - 1),

-^1S)'(k//')'"
while for 1/t < y < 1  (in which case 0 < (1 - y)x < 1),

«(TOM*-
and for y < 1/t,

«-w«*-^(W)'(A/-*),A-
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In an analogous way we estimate H and obtain

where a = x(\ - p'0)/(l - q'0) = x(q0 - l)/(p0 - 1). We proceed now in three

cases:

Case 1.  y > 1. From the above inequalities of H and K we get

L<A^')"\(H-"r'm
-l+y

(±_ /\A-iy'[i+j-(i0-i)A
(%-i)l°'

We claim now that tí £ Ç\p>^ Ap, x0 = (q0 + y- l)/(p0 + y - 1), and (h ')' G

PU, An  if y > I.   Since h'x+(y~x)p/p° £ Ana .   ,   1 < p < oo, the claim is
P%/Po

clear for y = 1, while if y > 1, we get that h' G nr<0o RHr (^3) anc* hence

(A-1)' G f|p>i ^p (P12). We also observe that by (P4),

h eAi+{pq0-Pn)/(P0+p{y-W

Since (pq0 - P0)/(p0 + p(y - 1)) > (q0 - P0)/(p0 + y - 1), it follows that tí £

f\>To AP . with t0 = 1 + (q0 - p0)/(p0 + y - 1) = (qQ + y - l)/(p0 + y - 1). By

(P12), (h-X)'£r\r<x,oRHr, x'0 = (q0 + 7-l)/(q0-p0).

Next we claim that a = <r'[l + y(q'0 - 1)] < Tq . Since

a' = x(q0-l)/(x(q0-l)-(p0-l))

we see that a = x(q0 - 1 + y)/(x(q0 - 1) - (pQ - 1)) > 1 . The inequality a < t^

is equivalent with x(q0 -p0) < x(q0 - 1) -p0 + 1 or x - 1 < (t - l)p0 .

Consequently the last two factors of L become

. __u_i %~l+y
(lU(0'ct[1+^-1)])' i »'ii+rt^-Dl

I'l/VI < RHa'[l + y(ú-l)](h
-V,q0-l+y

Case 2. I - q0 < y < I. Then //'^-'^o 6 A f i < p < 00> implies

that l//z' G nr<00 *#r (P3), and since h' £Aoo, h'£C\p>l ¿p (P9), and thus

(A-1)' G Ç\r<00RHr (P12). From the previous inequalities of K and // we

obtain

( is    '    ^ l~y
I i i f /-a-M'-jot V'-),)t'

L^A^w')1

f ' r (h~l)'a'[l+y(q°~1^ "'[,+A"ó-

\i\/\j\

i0+y-1
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where the last two factors are absent in case (l-y)x' < 1, or o'[ 1 + y(q'0- 1 )] <

1, by Holder's inequality.

-h'
Case 3.  y < 1 - q0 . As in Case 2, we get that (h   ) £ f]r<00 RHr ■ We claim

now that

p>Sfí
y-Q, o

Since l/h' £A^ by (P4),

— £ A
h> ^^l+[pq0-p)/((l-y)p-p0)-

Since (pq0-p0)/((l - y)p -pQ) > (q0-p0)/((l - y) -p0), we get that l/tí G

np>CJo AP » ^o = 1 + (^o - jVA ! - y - P0) • From this we see tnat

tí£C)RHr
r<ô'0

-1\'and hence (P12), (O e n„>(,04,.

We also note that, if er'[l + y(q'0 - 1)] = 1 - p , then p > ô0.  Using our

previous inequalities on K, H v/e see that

L<4b(W,)I/,{

Lf/r'i'(i-^V/(H)t'
(^/,(^1)'(1-y,T')

J£l / i
1/ U<*-'>"-

|/|/VI

A^-lV"'-*

1-5-

<Apö(w^RH[X_y)Ah-X')X-yAp(h-X')X-y-%.

The proof of Theorem 2.2 is now complete.

Remark. For some applications we need to have conditions on h so that woh £

A   whenever w £ Ar. We state this as

Corollary 2.3. Let  1  < tn < oo  and assume that tí £ fl   T An.   Then, if

w £ ATn° for some 1 < pn < oo, w o h £ An .
Pq u Po

Proof. This is essentially the case y = 0 of Theorem 2.2. Since wr° £ A ,

there is x > xn so that wT £ An , and thus in the estimate for L in Case 2

of Theorem 2.2, x can be taken bigger than t0 , 7 = 0, p0 = q0 , and er = x.

Since A' G r\,>To Ap , by (P12), (A-1)' G f\<r; *tfr and thus

L<An (wr)X,rRH,(h  X')Po
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3. Corollaries of Theorem 2.2

In this section we will present some consequences of Theorem 2.2 and indi-

cate in what sense Theorem 2.2 generalizes known results.

Corollary 3.1. // 1 < p0 < q0 < oo, then A  (w oh- tí) -< A  (w), w £ A   , if

andonlyiftí£f]p>%/PoAp.

Proof. This is y = 1 of Theorem 2.2.

Corollary 3.2. If 1 < p0 < q0 < oo and y > 1, then A  (Th   w) -< A  (w), w £

Ap^, if and only if tí £ r\r<00RHrnf)p>ToAp , where x0 = (q0+y-l)/(p0+y-l).

Proof. If A„ (t.   w) < An (w), then h'XHy~X)p/Po £ Ann ,   , \<p<oo. Hence
%    " » / Pq P%/Po

by (P3), tí £ Hr<00 RHr. Since h' £Aoo, we use (P4) to get

h  eAl+(p%-pa)/(p0+(y-i)P)-

Since (pq0-p0)/(p0 + p(y - 1)) > (q0~P0)/(p0 + 7-1) we see that

p>t(,

For the sufficiency first observe that tí £ Ap(~) RHr, for every 1 < r < oo

and p > x0. Since A- n RHr = Ar , q = 1 + r(p - 1) of (P6) we see that

h'r £ Ax+r,-_x). We fix now 1 < p < oo , and let r = 1 + (y - l)p/p0 .

We claim that, if p is chosen so that 1 + r(p - 1) = pq0/p0 , then p > x0 ,

and this would complete the proof. Since r = 1 + (y - l)p/p0, we get that

p[l + (y-l)p/p0] = P%/PQ + (y - 1 )p/p0 =p/p0(q0 + y-i)

or
p(Q0 + y- i) > % + y - i

P0 + (y-l)p    Pq + y-I'

The special case p0 = q0 of Corollary 3.2 is of independent interest.

Corollary 3.3. If pn = qn and y > 1, then An (T.   w) ~< An (w), w £ An , ifu u Pq       ri, y Pq Pq

and only if log tí £ closBMO(L°°).

Proof. For the necessity, since tí p'p° £ A      1 < p < oo, we get tí £

fïr<ocRHr- Since also ti e A^, by (P4) tí £ Ax+(p_mx+{y_x)p/Po) or tí £

rïp>i Ap ■ From this by (P9), l/tí £ f|r<00 RHr. All of this implies that log A' G

closBMO(L°°) by [3, p. 474].

For the sufficiency we need to show that  h' G Ç\r<ocRHr n Ç\p>xAp  by

Corollary 3.2. Since log/V G closBMO(L°°) is equivalent with tí G Ç\r<<xRHr

and   l/tí £ C\r<oaRHr  [3, p. 474], we only need to apply (P9) to see that

ti 6 f\>, AP (note that tí £ AJ .

Remark. If y > 1  and An (T.   w) -< An (w),  w g An , then the mapping
Pq        n'i "o 7*0

Th „ : A„ -» ^4„   is onto. For the proof, let w G A„ . We claim that (h~ )' £
h,y       P0 P0 v        ■ Pt, y       '
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nr<00 RHrnf\p>l Ap . Since by Corollary 3.2, h' G C\r<00 RHr we 8et from (P12)

that (A-1)' £ np>1 Ap . Similarly, h' g np>1 Ap and again (A-1)' G f]r<ocRHr.

Hence Corollary 3.2 applied to h~   gives that u = w o h~x • (h~x)'y £ An , and
"o

u o h ■ tíy = w .

Corollary 3.4. // 1 < p0 < q0 < oo and 1 - q0 < y < 1  then A  (Th   w) -<

Apo(w), w£Apo, if and only if tí G f]p>x Ap .

Proof. The necessity is easy, since h'x+iy'X)plp° £ Ann ,    ç A    ,  1 < p < oo.
PhqIPo °°

Then \/tí £ f|r<0O RHr (P3), and since also tí £Aoo,tí £ [\p>x Ap (P9). This

holds for all y < 1.

For the sufficiency we need to consider two cases.

Case 1. 1 - p0 < y < 1. Then, for 1 < p < 1 + Ö = pj(l - y), 1 >

1 + (y - l)p/p0 > 0. Since tí £ Ar, r > 1, we get from (P4)

,l+(y-l)p/p0

^^i+VHy-VP/PoKr-i)'

1 < p < 1 + ô . We want the index 1 + [1 + (y - l)p/p0](r - 1) = pq0/p0 for

some r > 1. We solve for r and obtain

Po^ + iy-^p/Po   pp0 + (y-l)p

Hence for K p < pj(l - y), h'x+{y-X)p/p<> £ Ap%jp^.

If P > 7?n/C _ y) ' then 1 + (y - l)p/p0 < 0 . Since tí £ Ar,, r > 1 , we get

that h'x~r £Ar. If 1 - r = 1 + (y - l)p/p0, then r = (1 - y)/?/p0 < M0/,P0 •

Hence h'x+{y-x)plp« £ Ap%^ for p > p0/(l - y).

Case 2. l-q0<y<l-p0. Since (y — l)p < -p^p < -p0, we see that

1 + (y - \)p/Pq < 0, p > 1 . The idea of the proof is to establish the result for

the endpoints y = 1 - p0 , 1 - q0 , and then use the convexity property (P10).

If y = 1 -p0, then h'x+{7~X)p,Pa = h'x~p. Since tí £ f]r>lAr, we see that

h'X~P e Ap c Ap«M • * r = » - *. then A'^^1^ = A"-.^ e ^^ as

before. If 1 - q0 < y < 1 - p0, then for some 0 < 6 < 1, y = 6(1 - q0) +

(1 - 0)(1 -pQ) = 1 - (0io + (1 - 0)po). We use now (P10) and obtain

h>e(i-P%lp0)Hi-m-p) _ ,'i+(y-\)p/p0      .
n -n £ ApqQ/Po.

Remark. Corollary 3.4 generalizes Theorem 2.7 of [6] where the case p0 = q0,

1 - p0 < y <  1   was considered.   It also shows that if  1  < p0 < q0 < oo,

1 - Q0 ̂  y < ! » and AqJJhyw) -< Ap¡(w), w £ Ap^, then Thy can be

extended to An 2 A„ .
% *     Pa
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Corollary 3.5. If 1  < pQ < q0 < oo  and y < 1 - qQ, then Aq (Th   w) -<

Apo(w), w £Apo, if and only if \/tí £ f\<00 RHr n f\>(To ¿r, where <r0 = 1 +

{%-Po)/(i-v-p0)-

Proof. We first prove the necessity. By Theorem 2.2, tí £ A^ and for p > 1,

h'l+(y-l)p/p0       .

By (P3), 1/A' G C\r<00RHr. Since (1 - y)p/p0 - 1 > pq0/p0 - 1 > 0 and

lß'(d-y)PlP0-i) e A        > we get from (p4)j since j^' e ^ j

1/A G ̂ ^(„^-^/((i-yjj,-^).       P > !.

or l/A'Gnr>(To^r>since (^0-/J0)/((l - y)p-p0) > (^0-p0)/((l - y)-p0).

For the sufficiency we first note that l-y-pQ > i0-/?0 and hence 1 < a0 < 2.

Thus \/tí £ A2, and hence tí £ A2 c A^ .

Next, we claim that

i ii+(y-i)p/Pn      i i

h        eAp«0/pn>    X-<P<°°-

By (P6), 1/A' G ApC\RHr = Arq , 1 < r < oo and p ><r0 , where q = l+r(p-1).

Hence

l/A'reA+r(>j-i)-

We fix now p > 1, and let r = ( 1 - y)p/p0 - 1 .   If we choose p  so that

1 + r(J- 1) = pq0/p0, then p = 1 + (p?0 - p0)/(p(l - y) -p0) > <r0 . The proof

is now complete.

As before in Corollary 3.3 the case q0 = p0 is of special interest.

Corollary 3.6. If p0 = q0 and y < 1 -p0, then A  (Th   w) -< A  (w), w £ A   ,

if and only if log A' G closBMO(L°°), and the mapping is onto.

Proof From [3, p. 474] and (P9), 1/A' G nr<0OÄ^ n f)r>iAr if and only

if log A' g closBMO(L°°). The "onto" part is established as in the Remark to

Corollary 3.3.

Remark 1. Another proof of the corollaries was proposed by the referee. It

consists of using the results of §5 (see the remark at the end of that section)

and then of proving the sufficiency as follows.   Write  Thyw = v o htí and

(Th w) ~9° = u o A A' and show that u, v g A^ .

Remark 2. The results of this section will be needed later when we investigate

the same problems for RHr. However, as an application at the present stage

we will prove that the integral of an A -weight is an A x -weight, a property

which is well known for weights of the form |x|a , i.e., |x|a G A if and only if

-1 < a < p - 1 , so that |x|Q+1 G A    , .

For w £Ap let W(x) = | /0* w|
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Theorem 3.7. (i) // 1 < p < oo and w £ A , then W £ f)r<00 ̂ Ap+X.

(ii) Ifw£Ax, then W g C\r<OB RHr n f)p>2 Ap.

Proof, (i) Let o = inf{p: w £ Ap}. Then w £ Ç\p>aAp. We let h(x) = /* w

and observe that A is a homeomorphism satisfying our overall hypothesis and

tí = w . For «=1,2,..., \x\" £ Aq , q > no + 1, and thus by Corollary 2.3,

Wn £ Aq C Ax. This gives us W £ f|r<00 RHr by (P3), and the case n = 1

implies that W g Ap+X.

(ii) is now easy to prove. If w G A{ , then w e A  , p > 1, and so W £

nr<00*//rn^,+1, for every p> 1.

We note that w = 1 gives w/(x) = \x\ and thus (ii) cannot be strengthened

to W £A2.

The question now arises under what conditions derivatives are again weights.

Theorem 3.8. Let w be locally absolutely continuous with w' > 0 and let 1 <

p < oo. Then w' £ A if and only if A (w - wa) < c < oo, o > 0, where

wa(x) = w(x - a), c independent of o.

Proof. If w £ Ap, then w(x) - w(x - a) = J*_a w = ka * w'(x), where

K = X[Q-o\- By [3, p. 467], Ap(w - wa) < Ap(w') = c.
Conversely, assume that Ap(w - wa) < c < oo, a > 0. Since A (Xu) =

A (u), X > 0, we see that A ((w - wa)/o) <c, a > 0. Thus

1    fw-wil    f fw -w\l-p'\P

and hence

1    fw-w„ ( .    .      1    f /w-w \l~p'\
liminf— / -a-   hminf— /    -a-\ <c.

atO      |/| Ji O \    a\0      \I\J¡\        O        J )

By Fatou's lemma

¡7i/'"'(i7l/M""T'S<'
and w £ Ap.

4. Extrapolation theorems

The program that we set ourselves in the next two sections is to study the

transformations Th on RHr and to obtain characterizations so that Th :

RHr —> RHr . As we have seen, in the .4 -case Rubio de Francia's extrapolation
'l r2 P

theorem played an indispensable role (Theorem 2.1 and the implication (1) —>

(2) of Theorem 2.2). Since RHa = A"^ = \Jp<ooAp0, it is not surprising

that we need an extrapolation theorem that applies to operators T bounded

on Lp°  for w £ Aan°.   Since A°n° Q A   , one expects that extrapolation to
w "o Po   *"      Po

all p > 1  is unlikely. In fact, we will see that extrapolation is possible to all

p0/o'0+ l/eQ<P<P0.
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We fix now 1 < p0 , cr0 < oo and we fix

(i) p-3 + ~<p<po-
°o     ao

We let

(2) r = P°Z±>l
p-\

and

(3) t =
Pp-P =Pq-P

Pq - 1 P-I

We observe that

0(,t pñ— p Of, 1
f = ffo^T< p-r-^oPo -<Wo + j»o-i>-

Hence we can choose 0 < <5 < 1 such that

(4) Ï<1.or

Finally, let

(5) k = k(p)= —°e
or - o0t

It is clear that k > o0 .

The proof of the extrapolation theorem will follow the lines of the weak type

extrapolation theorem in [10].

Lemma 4.1. Let w £ Ap and let g > 0 be in Lp'(Pa~p)(w). Then there exists

G > g     such that
(i) w(G >y)< c/yrpl{p-p°) j gp/{p°-p)w , with c < Ap(wk), and

(ii) (G~rw)a° £ A    with Ao {(G~rw)a°} -< A (wk).
Po °o L v '    ' Px

\-p'     „„fc(l-p') __"p'Proof. We note that p'0 < p   and wl " , w (   p ' £ Ap,. Define A > 0 by

gp/{p°-p)w - ^Po-^KPo-p)^-^'

and let

H = {M(ti/'wX-p)wp-X}',

where Mrq> = {M(tp )}     . Since w £ A   we have

'l     l-p' . lit, inriirll     r(l-p').
w      )> y ' ) = w(M(h ' w K     '):

<   C    ihpr/W-rp',        C^Ap(w), Ap(w) < Ap(wk)X'k

,,,,,1/1     l-p'\ l/t\ /tsiir/t     r(l—p'). rlt,
w(Mr(h ' w   v ) > y ' ) = w(M(h ' w K       ) > y   )

y

Hence

.'(iV) ^  ,.\ ^ _C      f tJPrlt.J-rp' ^    ,   A   ,„..*

y

-^ j hprl'wl-rp , C^Ap(W
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We define now the function G by

(7) G = H(Po-l)/rw-(Po-p)/(P-1) ^

1 lr
Our first claim is G > g    . To see this simply observe that Mrq> > tp so

that H > h . Since p0 - \ = r(p - 1) and

n _ gl/(Po-l)w(Po-P)/P(Po-lîw(rP'-l)(Po-P)/P(Po-1)

it follows that G > gx/r.

We prove now (i). Since t = (pQ -p)/(p - 1),

w(G >y) = w{H(p°-X),rw-{p°-p)/(p-x) > y)

= w(H(p°-x)lrwt(X-p'){p°-x)lr>y)

,..    t(l-p') r/lpn-l),
= w(Hw > y    °     )

C
<

yPr/(p0-P)

f nP(J>o-l)/(J>o-P)wl-rP'

<—^[gP/{Po~P)w,        C<A(wk),
- yPr/(p0-p) J   ° PK       "

by (6) and the definition of g .

In order to prove (ii), it suffices to show that (G~rw)"o( ~p°' £ A,. We use

the definition of H and (7) and get (G~rw)"o{X~p'o) = M(hr,'wr{X~p'))a'>t/r • wy,

where y = (1 -p'0)k(\ - o0t/ôr). Hence this equals

M(hr/'wr{x~p'] f °°tlôrw('~p'°)k{x~ao'/Sr).

Since M( f £ A,  c A,   [3],  wr £ An , and 0 < oA/8r < 1, the above
1 Pq "o u

expression is in A, . Moreover, [8, p. 19], AAM ( )} depends only on r.
Pq l r

We are now ready to prove a weak type extrapolation theorem.

Theorem 4.2. Let 1 < p0, ct0 < oo, and let T be an operator satisfying: w £ Ap°

implies

w{\Tf\ >y}<~ f \f\P°w,       C -< Apo(wa°).
y    j

Then for p0/o'0 + 1 /<r0 < p < p0 there is k = k(p) > o0 such that for w £ A  ,

w{\Tf\>y}<^ f\f\pw,        C^Ap(wk).
y   j

Proof. The proof uses properties of Lorentz spaces L(p, q; p) which are de-

fined as follows. Let f*(t) - inf{y: p{\f(x)\ > y} < t}, be the rearrangement

of / with respect to the measure p . Then we say that f £ L(p, q; p) iff

ii/»,.,., '{/V'íwi'y}"4«»-
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For the properties of L(p, q; p) spaces see [4, 12].

Let w £ A   where k is given by (5). We note that

Po      _
p ,w HII/l%*.. = /l/rVV

for some jgp   ° p w = 1. Let x = pjp > 1 and r = (p0 - l)/(p - 1) as in

(2). For 5 > 0 let Es = {\Tf\ > s} . Then with G as in Lemma 4.1

s*w(Esfp = /° (JXE,*)X=S° (jxEGrG-r™)T

<^ °\\Xes\\z,1;G-'wWG Ht',oo ;<?"'«;•

We will first estimate \\Gr\\)> ¡00.G-rw • By Lemma 4.1

G~'w(Gr >y)<\l     » < -^¿^ I^-p)W < ̂ •
y J(G>y) yWo   V)t   j yï

Hence (Gr)G-iw(t) < C/tx/x' and so \\Gr\\z, tO0.G-,w < C, C -< Ap(wk).

For the estimation of \\xE \\T \.G-'W we note that by (ii) of Lemma 4.1,

G~rw(xEs >y) = G-rw(Es)X[0t x)(y) < £ j [fpCT'w ■ Zp>1)(y)

^§-0f \f\Pas~Xwhz, ift)  (since G * sl/r)

From this we see that

C

s

and thus

(XEfa-'w{t)<X^Rx{t),       R = ^\\f\\Pp\>

l/T

ll^llx.l;^. * /0*íl/T_I dt = CRl/T = C (¡ib "/"it

We combine the two estimates and obtain

sp°w{Ey°/p<c/°jrJf\frw.

Remark. If pQ/o'Q+ l/o0 < p < p0 and T is sublinear, then for w £ A  ,

j\Tf\pw<C j\f\pw,        C^Ap(wk).

This follows from the Marcinkiewicz interpolation theorem. Note that k > ct0 .

In the study of how Th     acts on Ax, i.e., the p0 = 1  case of Theorem

2.2, we need an extrapolation theorem for an operator T which is bounded on

Lp°(w) for w £ Ar   where 1 < r0 < oo .
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Lemma 4.3. Let 1 < rQ < oc, 1 < pQ < oo, max(r0, pQ) < p < oo and w £ Ar .

If g > 0 is in L^'p°' (w), then there is G > g such that

(ii) Gw £ Ar   and Ar (Gw) -< Ar (w).

It
w

Proof. Let t = (p - pQ)/(p - 1). Then 0 < t < 1 and p'/t = (p/p0)'. Since

w £ Ar c An we have w "' g ^ ,, and thus we can choose by (P8) 1 < r < p'
ro P P

such that Ap,/r(wx~p ) -< Ap,(wx~p ) -< Ap(w) < Ar (w). Define

G = {Mr(gX,tw)w~X}',

where MJ = M(f)x,r. Then G > g and

j Gpl/'w = jM(gr/'wr)p'/rwX-p' <c[/'

with c -< Ar (w) by (P7). This proves (i) and for (ii) simply observe that

Gw = Mr(g ''w)'w

Since Mr(gp ftw) £ Ax , with Ax{Mr( )} depending only on r [8, p. 19] and

w £ Ar , 0 < t < 1 , we see that by (P10), Gw £ Ar   and Ar (Gw) -< Ar (w).

Theorem 4.4. Assume that T is an operator satisfying:   \\Tf\\n      < c\\f\\n  ...Pq , W Pq , w

for some 1 < p0 < oo and w £ Ar , c < Ar (w), and 1 < r0 < oo.  Then for

max(r0,p0)<p<oo and w G A^, \\Tf\\pw < c\\f\\pw .

Proof. We note that \\Tf\\p;w = \\\Tf\P%iPotW = I \Tf\"°gw , for some g > 0

w) with lkll(WPo/,UJ = l- Wed

and obtain

in L}p'Po' (w) with ||¿r|L/„ )' w = 1 • We choose now G > g as in Lemma 4.3

\\Tf\\Pp\= ¡\Tf\P°gw<cj\f\p°Gw

^c\\f\plP0),JGKlP0)',w<c\\f\\Pp\.

Remarks. ( 1 ) If rQ > p0 and T is sublinear, then by the Marcinkiewicz inter-

polation theorem, \\Tf\\pw < c\\f\\pw , w £ A^ and p0 < p < oo .

(2) It is in general not possible to extrapolate to 1 < p < p0 . As an example,

let 1 < r0 < p0 < oo and consider Tf = M(fPl ) /p' , where p0 = r0p1 . Then

\\Tf\\PoiW < c\\f\\PoW ¡SweAro,c* Afo(w). If \\Tf\\pw < c\\f\\ptw for

some px < p < p0, then w £ Ap,p § Ar
"I    r       '0

5. Multipliers from RH   to RH
M '2

In this section we will discuss some results needed later, and we will char-

acterize those positive functions q> for which cp ■ RHr  c RHr . We will use

repeatedly (P3) which say that RHr = Ar   and that A^w) controls RHr(w).
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Lemma 5.1. // tu. G RHr , j = 1, 2, and 0 < 8 < 1, then wax ■ wx2~a £ RHr,

where r = rxd+r2(\-6), o = rxB/r,and ^(u>>J"ff) < A^(wx)eAr^(w2)x-e .

Proof. By (P3), wj £ Ap , p > p0 , j = 1, 2. Hence using (P10),

Ap(w\>ewf-e))<Ap(w[>)eAp(wr2i)X-e.

Since r,0 = ro , r2(\ - 6) = r(\ - o), we only need to let p —> oo to complete

the proof.

Lemma 5.2. The following statements are equivalent for tp : R —> R+ :

(i)?ea<co^-
(ii) A^w'i) -< ̂ 00(wr),  1 < r < oo.

Proof. This is Theorem 3.5 of [6] except for the explicit "-<" statement of (i) -»

(ii). Fix 1 < r < oo and w £ A^. By (PI) there is 1 < pQ < oo such that

A   (wr) < 2Aoo(wr). We choose now x > 1  so that A  (wzr) -< A   (wr) by

(P8). Since by (i), q>T r £ Aœ we have 1 < px < oo so that <p'r £ A . We fix

p > max(p0, px) and observe that by Holder's inequality

Ap(w tp ) < Ap(w   )    Ap(<p    )      .

Hence AJwr<pr) < Apo(wtr)x/zAp(ipx'r)xlx' < Apo(wr) < 2AJwr).

Theorem 5.3. The following statements are equivalent for 1 < r < oo :

(ii) ifw£ RHr, then woh- h'x/r g RHr, and A^w o h ■ h'x/r) -< Arœ(w).

Proof, (ii) -> (i) follows by taking w = 1 . Conversely, if tí £ A^, then

tí £ Ç\p>a Ap for some 1 < a < oo. Let w £ RHr = A^ . Thus w £ Ar for

some 1 < p < oo , and consequently (w o A)' -tí £ Aa by Corollary 3.1. Hence

w o A • A '   G RHr. The "norm" relation can be obtained as in Lemma 5.2.

Theorem 5.4. The following statements are equivalent for tp : R —> R+ and

K r2 < r, :

(i)<p£\]r<roRHr, rQ = rxr2/(rx-r2);

(ii) i/ w £ RHr , then w ■ tp £ RHr , and Ar^(w o <p) -< Ar^(w).

Proof. The case rx = r2 is in [6], so we assume 1 < r2 < rx.

(ii) -> (i). If w = 1, then <p £ RHr   and hence tpTllh £ RHr , and thus

(p{+rilr\ g rh^    \Ye continue this process and obtain

i£RHh   forz<7^r = E(?)"-
h    r2     „>0\ri/

Consequently, tp £ f]r<r RHf.

(i) -> (ii).   Let w £ RHr .  Then w G RHxr   for some t > 1  by (P8).

Since X = xrxr2/(xrx - r2) < rxr2/(rx - r2), (i) implies that tp £ RHX.   We
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use now Lemma 5.1 with a = 1/2 to obtain that (w • <p)x' £ RHr, where

r = xrx6 + X(\ -8) and j = xrx8/r. Thus 8 = X/(X + xr{) and an easy

calculation gives r = 2r2. Hence (w • tp) ri' = (wtpY2 £ A^ or wtp £ RHr .

The "-<" also follows from Lemma 5.1.

Remark. We will prove later (Corollary 6.3) that whenever (ii) holds for some

rx, r2> I, then r2< rx .

Corollary 5.5. If w £ RHr , <p £ RHr , and rxr2 > rx + r2, then A^wtp) -<

A^w), w £ArJo, where r = rxr2/(ry + r2).

Proof. We have r2 = rxr/(rx- r) and the result follows since <p £ RHr c RHr,

r <r2.

Remark. It is possible to prove Theorem 5.3 without reference to Corollary 3.1.

In fact, using the geometric characterization of w £ A^ [3, p. 404], it follows

easily that it; G A^ -> w o htí £ A^ iff tí G A^ . This can be used to give an

alternate proof of Corollary 3.1 (see Remark 1 after Corollary 3.6).

6. Mappings from RH   to RHr

In this section we will show that whenever w o A • h'y £ RH    for every
r2

w £ RH , then r, < r. . We will see that matters can be reduced to the case

7 = 0. Here the extrapolation theorem of §4 comes into play as well as part of

Theorem 2.1. We will state the results in terms of A'  = RHr.
oo r

Theorem 6.1. // Ar^(w o A) -< Ar^(w), w £ Ar^, then r2<ry.

Proof. Assume that r2 > r, . Choose p0 > 1 so that r2 > 1 + p0(rx - 1). We

first claim that Aq (w o h) -< Ap (wF]), where q0 = 1 + (p0 - l)/r2. Since by

(P2),

A%(w o A) < A^w o A) • AJw o ä'-^o-1 f

and

Ax(w o A) < Ax(w o A'2)17'2 -< Ax(wr>),

while ^(^oA1"9»)"0"1 = A^wotí^-^i"^1^ -< A^w^'"^)"^1, we see

that Aq(woh)-<Aoo(wr<)-Aoo(wr'{x~p'<<))po~x <Ap(wr')2 by (P2).

The claim gives us by (P7)

Í Mf°W o h < C f f°W o h, w G Ar[ ,

c -< An (wr' ). As in the proof of Theorem 2.1 we change variables and reduce
P<>

matters to

j TgPow < c Í gPow ,        c -< Apo(wr'),



CHANGE OF VARIABLE RESULTS 657

where

8    U ]      (tí o A-1)'/"»'

and

Tg = Ll,x/p[M{h'X/\g o h)p°/q°} o A" Yo/Po •
(A o A   ) IP°

We apply now the extrapolation theorem of §4 and conclude that for p0/r'x +

l/ri < P < Po> I Tgpw < c / gpw , w £ Ap . As before we let w = 1  and

undo our change of variables to get

(*) ¡Mfq°lp°h'X-plp°<cff P%/Poun-P/Po

We claim now that p0/q0 > P0/r[ + 1/r, . Since q0 = 1 + (p0 - l)/r2 , an easy

calculation shows that this is equivalent with r2 > 1 + p0(rx - 1), valid by our

choice in the beginning. Hence in (*) we can let p = p0/q0 and obtain

ÍMf.tíX-X/q"<cJftíl-1/ío

We have seen in the proof of Theorem 2.1 that this implies tí = 0 which is

impossible.

The next theorem shows that we can reduce matters to y = 0.

Theorem 6.2. Assume that 1 < rx, r2 < oo and y £ R. If Ar^(Th w) -<

Ar^(w), w £ A1^, then r2<rx, where Th   w = w o h • tíy.

Proof. We assume that r2 > r, and we will consider the five cases:   0 < y <

\/rx; -oo<y<0; 1/r, <y< 1/r, + l/r2; y > l/rx + l/r2;and y= 1/r, .

Since by (P13, Pll), (A- )' G A^ , we have from Theorem 5.3, Th-\ ,.   :

RHr   - RHr .    Thus  w ■ h'y~x/r>   £ RHr   c RHr   for  w  £ RHr , and

Ar¿(w-h'y-l^)^Ar^(w). By Theorem 5.4, tíy~xl^ eílKCBMf.

(i) 0 < y < 1/r,.
We may assume that y > 0 by Theorem 6.1. By the above

*ef\RHr,       a>0,
r<oo

so that in particular, \/h'y is a pointwise multiplier from RHr to RHr . Thus,

by Lemma 5.2, Ar^(w o A) = Ar^(w o A • h'y\/h'y) -< Ar^(Th>yw) -< Ar^(w), and

the case y = 0 applies.

(ii) -oo < y < 0.

Since tí £ A , by Theorem 5.3 and the hypothesis Ar^(w o A • h'x'r') -<

Ar^(w), Ar^(w o h ■ h'7) -< Ar^(w). We use now Lemma 5.1 and get for 0 <

0< 1, a = rx8/r, r = rx8 + 72(1 - 8),

Ä (woh.tíay+(X-°)/r>)<Ar>(woh-tíx/r>)°-A^(woh-h'y)x-° ^Ar^(w).
OO V ' OO x ' OO v ' OO ^        '
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We note that
1 -a     1

oy H-= -
h        r

r,0y + r2(l-0)i
'i

This expression is positive for all 8 satisfying 8(rxy - r2/rx) > -r2/rx or 0 <

6 < r2/(r2- rxy). We fix now such a 8 and observe that

Ar i       u   u"*\      Àr. ,   v                 r 9y + r2/rx(l -8)
AJwoh-h   )^A^(w),        a = -t-2-j±-.

Since y < 0, rx8y + r2/r,(l - 8) < 8 + r2/r,(l - 8), and thus 0 < a < 1/r, .

We are thus in the case (i).

(iii) 1/r, < y< 1/r, + l/r2.

In the beginning of the proof we observed that Ar^(w ■ h'y~x/ri) -< Ar^(w).

Since (A-1)' £Arx,by Theorem 5.3, for w £ RHr , w o A"1 • (tí o h~x)y~x'r' ■

(h-x)'x/r> = woh-x-(h-x)'x/ri+x/r>-y is in RHfi and

Al(woh-X.(h-X)'Xlr^-y)<Al(w).

Since r2 > r, we see that

0< — -+• — y < —
r2     r, r,

and again (i) applies.

(iv) y > 1/r, + l/r2.

Again by Theorem 5.3 and the hypothesis we have A^woh-h'1^' ) -< Ar^(w),

and Ar^(w o h'y) -< Ar^(w). As in the case (ii), by Lemma 5.1

jr   i i     i '"Ir. +(l-a)y,    ,   .r. ,    ,
AJwoh-h " H4¿(w),

where a = rx8/r, r = rx8 + r2(\ - 8), and 0 < 0 < 1.
We wish to reduce this case to (iii), and hence we have to show that for some

0 < o < 1, 1/r, < o/rx + (1 - a)y < 1/r, + 1/r. Since y > 1/r, we get

1/r, < o/rx + (l-o)y for any 0 < a < 1. When a \ I, o/rx + (l-a)y -> 1/r,

and 1/r, + l/r-»2/r,.

(v) y = 1/r,.

For to =  1,  A'1/r'  G Ä//r   and hence A"2/r'  £ A^.   For 0 < 0 <  1,

^'Orj/Or, ^        Qr   ^/0        Ä// Smce   r we  can cnoose   Q   so  tnat
oo /\ / r, y z i 7

r2/(l +r,0) > r, . We apply now Corollary 5.5 and obtain with r = r2/(l + r,ö),

AJwoh-tíxlh-tíe)<A^(w).

The previous two cases now apply and the proof of Theorem 6.2 is complete.

Corollary 6.3. Let 1 < r,, r2 < oo and tp : R -> R+. // ^(iuçj) -< 44(iu),

iAe« r2 < r,.

Proof. Since ç> G .4 , A(x) = f0x <p is a homeomorphism satisfying our overall

hypothesis and tí = tp . Hence by Theorem 5.3 and the hypothesis

Ar^(w o A • h'X+X/r') -< Ar^(w o A • A'1A') -< Ar^(w).

Theorem 6.2 now gives r2< rx .
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7. Characterizations of Th    : RHr -> RHr

We are now ready to characterize those homeomorphisms A for which

Ar^(Th w) -< Ar^(w), where, as before, Th w = w o A • h'y. By Theorem

6.2 we may assume that r2 < r, .

Theorem 7.1. For 1 < r2 < r, and y > \/r2 the following statements are

equivalent:

(i) tí £ f]r<TRHr, x = (y- l/r,)r,r2/(r, - r2);

WAl(Thyw)<Al(w), w£Al.

Proof, (i) -♦ (ii). Since h' £Aoo, by Theorem 5.3, Ar^(woh-h'xlr') < Ar^(w).

Since h'y~x/ri £ f]r<r RHr, r0 = rxr2/(rx - r2), we can apply Theorem 5.4 to

get

A'2 (woh- A ') = A 2 (w o A • A" • A '   ' ') -<Ä'(woh- tí") -< A' (w),OO v ' OO V ' OO v ' OO v       '  '

which is the desired result.

(ii) —> (i). Since

Al(w.h'y-X,r>) = Al(w.(h-X)'ohX/r>.h,y)

<Al(woh~X-(h~X)'Xl^)^A^(w),

and since (A-1)' G A^ , we see that h'y~x'r' is a multiplier from RHr to RHr ,

r2<rx, and Theorem 5.4 completes the proof.

Theorem 7.2. For 1 < r2 < r, and 1/r, < y < l/r2, the following are equivalent:

(i) h' £Ax,

^)Al(Thyw)^A^(w), weAl.

Proof, (ii) -> (i) follows from (PI3).
(i) —> (ii). Since A1^ c A1^ , we have by Theorem 5.3,

Ar2(woh-h'x/r') <A'l(w)

and
Ari(woh-h'x/r2)^Art(w).

Hence by Lemma 5.1, for 0 < 6 < 1,

Al(woh.h'ei^(x'6)lr2)<Al(w).

Theorem 7.3. For 1 < r2 < r, and y < 1/r, the following are equivalent:

(i) ¿'6 fW0 4,, ^ = (ri - w)/(r2 - w) ■

(n)Al{Thyw)^Al(w).

Proof,   (i) -» (ii). By (P12), (A"1)' G fU' ^ , and
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By Theorem 5.4,   (h~x)'x/r2~y  is a multiplier from  RHr   to RHr .   Hence

ArJwoh-h'y) = Ar^(woh-(h~x)'ohx/r2~y-h'x/r2) -< A%(w(h~x)'x'r2~y) < ArJw)

by Theorem 5.3 since tí £ A^ .
-i /

(ii) -> (i). Since (A    ) G A^ , we have

ArJw ■ (tí o h-X)y(h"X)'Xlr2) -< ArJw o h ■ h'y) -< ArJw).

Hence (h~l)'x/r2~y is a multiplier from RHr   to RH.   and thus by Theorem

5.4, (A"1)'17'2-1' e f\r<raRHr> where r0 = r,r2/(r, - r2). This gives (A-1)' G

nr<ff(; ̂, and this gives (i) by (PI2).

The special case r2 = r,  of Theorems 7.1 and 7.3 may be of interest.  In

particular the following statements are equivalent:

(ii) for some y > 1/r, , AjThyw) < ArJw) ;

(iii) for every y > 1/r, , AjThyw) < Ajw).

An analogous statement holds for y < 1 /r, .

In the limiting case r, = r2 = 1 we have the following result.

Theorem 7.4. (1) // y > 1, then AJw o A • h'y) -< AJw) iff tí £ flr<00 RHr.

(2)Ify=\, then AJw o A • tí) -< AJw) iff tí £Aoo.

(3) // y < 1, íAen AJw o A • A'y) < AJw) iff h' G n„>, \ .

Proof. (1) For the necessity, first observe that tí1 £ Aœ and so tí £ A^ since

y > 1 . By (P12), (h~ )' £ A^ . Since for w £ Ax , w £ A^ for some r > 1,

by Theorem 7.2, w o A-1 • (A-1)' G A^ . Therefore, w ■ h'r~l'r £ A^ and

h'y~ 'r is a multiplier from Ax to Ax . The result now follows from [6, 3.5].

Conversely, let w £ Ax. Then for r > 1, close to 1 , AJw'') -< AJw).

Since tí £ nr<00 RHr, by Theorem 7.1,

AJw o A • h'y) -< Ajw o h ■ h'y) -< Ajw) -< AJw).

(2) The necessity is clear, and for the sufficiency simply observe that

A   (w o A • tí) = Ar (w o hX/r ■ h'X/r) -< Ar (wX/r) = A   (w)
OO v ' OO^ ' OO v ' OO*1       '

by Theorem 7.2.

(3) For the sufficiency, let w £ Ax . Choose p < oo so large that 1 - p <

y < 1 and Ap(w) < 2AJw). By Corollary 3.4,

t   '   \   -*•**'     A     /■iii   {-.   ft       Li   *  \

i\i

AJw oh-hy)< Ap(w oh-hy)< Ap(w) < 2AJw).

Conversely, tí £ A^ and so (A    )' G A^ by (PI2). Hence

Aoo(w -tiy~X) -< AJw oh~X ■ (A-1)') -< AJw),

and h'y~    is a pointwise multiplier from Ax to Ax . Since y < 1,  1 /tí £

rWoo RHr by [6, 3.5], and, since h' £Aoo, we get tí £ f]p>x Ap by (P9).
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We will now present a theorem giving conditions under which the mapping

Th   w = w o A • h'y is onto.

Theorem 7.5. Let 1 < r < oo .

(1) // y = \/r, then Thy : RHr -» RHr is onto iff tí £ A^ .

(2) Ify^l/r, then Th'   :RHr-* RHr is onto iff log A' G closBMO(L°°).

il/r
Proof. (1) If Thtf : RHr -> RHr, then by taking w = 1 we see that A 1/r G RHr

or tí £ A^ (P3). Conversely, if tí £ Ax , then (A-1)' G A^ . If w G /?//r, by

Theorem 5.3, u = w o h~ ■ (h~ )' 'r £ RHr and so u o A • tí '" = w .

(2) First consider y < 1/r. If Th    : RHr -> /?//r is onto, then for u £ RHr

there is we RHr so that w o A • h'y = u. Then w = u o h~ • (h~ )'y and thus

by Theorem 7.3, (A~ )' G flp>i Ap . Also by the same theorem, tí G f|p>i Ap >

and this gives by Corollary 3.4 that 1/A' = A"1' o A G np>i Ap ■ BY [3, P- 474],

logA'GclosBMO(L°°).

If, conversely, logA' G closBMO(L°°), then tí and 1/A' are in f) , Ap,

and hence (P9) h' G fl,-«^^ and (A-1)' g Ç\p>x Ap . This defines T~xw =

w o h~x ■ (h~x)'y.

The case y > 1/r is treated similarly.

8. Theorem 2.2 for p0 = 1 and multipliers from A   to A

The purpose of this section is to present a p0 = 1 version of Theorem 2.2

and study pointwise multipliers from A   to A .

Theorem 8.1. For 1 < q0 < oo and y £ R the following statements are equiva-

lent:

(1) Aq (Th yw) -< Ax(w), w £ Ax, where Th yw = w o A • h'y.

(2) h'x+iy~x)p £ Ap% , p > 1, and tí £ Ax .

Proof.   (1) —> (2). Here we use Theorem 4.4 with rQ = 1 . We have

í Mf°w o A • h'y < c í f°w o A • h'y,        c^Ax(w).

Change variables via t = h(x) and proceed as in the proof of Theorem 2.1 to

obtain

/ Tgq°w <c    gq°w,        w £ Ax, c -< Ax(w)

where f = h'{X~y)l%g oh and

h'v-y)/%'

By Theorem 4.4,

TS = 1J^W[M{h "X-y^goh}oh -].

/ Tgpw <c    gpw,       P>q0,w£Ax
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We let now w = 1 and obtain in terms of /

( Mfh'x+(y-X)plq°<c( fh'

Hence hlX+{y-X]p/q° £ Ap, p>q0,i.e.

P>\.

i+(y-i)P/q0

hn+(y-DP    A
PQo

From (PI 1) we have that tí £ A^ .

(2) —> ( 1 ). The proof is similar to the proof of the corresponding implication

of Theorem 2.2 and we will be brief.

Let w £ Ax . Then there is x > 1 such that wx £ Ax. Let

L=—     w o h ■ h'y [ ■—- / w oh- tí
Kl Ji VKI Ji

If t = h(x), J = h(I), we estimate as before

%.h>y(i-%)\% l =K.H.

K <
\J\ ( 1

and

Hence

Kl \\J\

W  (\.

L-fimir^
,\ 1/t'

^^■(fflr(piKr-
-^%-x

L<Ax(w)
r.l/T jhhi^f^

ipi-y)f

ú-jji^r

\i\/\j\

i,n-yn-MW-«l-4n]

l-y

\r\/\J\

«o-'+y

It is to be noted that whenever 0 < ( 1 - y)x < 1 or 0 < 1 - y( 1 - q'0) < 1, the

corresponding expression { } can be dropped by Holder's inequality.

Case h  y > 1.   By (P4), since h'x+(y~x)pl% £ Ap, p > q0, tí £ A

Since
p(q+y-l)

we see that

or from (PI2)

p(% + y- i)    % + y - i

A' G        H        Ar
r>{q0+y-i)/y

(A"')' G H Ar-
r<(%+y-i)/(%-i)
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Since also tí G Ç\r<oc RHr we get that (A  ')' G f]p>x A  . The result follows.

Case 2.  y = 1. Then tí £ An   or (A- )' G RH, and again we are done.

Case 3. 1 - q0 < y < 1. Since 1 + (y - \)p < 0 for large p, we obtain by

(P3) that 1/A' G nr<00 RHr. Since also h' £Aoo, by (P9), tí £ f]p>l Ap , and

hence (A-1)' G pL<00 RHr by (PI2). Since 1 - y(l - q'0) > 0 and 1 - y > 0 for

1 - #0 < y < 1 > the result for this case follows.

Case 4. y < 1 - <?0. Again (A-1)' G r\r<00RHr- Since l/h'~y £ Aq , and

1/A' G A^ by (P4), 1/A' G Al+{%_m_y), and this gives us tí £ RH_y/%_x or

(A- )' G Ay,.        ,,. The proof is now complete.

The technique treating the case p0 = q0 = 1 is slightly different from the one

used above.

Theorem 8.2. Let y G R.

(l)//y > 1, then Ax(Thyw) < Ax(w), w £AX, if and only if h' £ Ç\r<aoA\.

(2) If 0 < y < 1, then Ax(Th yw) -< Ax(w), w £ Ax, if and only if tí £ Ax.

(3) // y = 0, then Ax(w o/¡)x A{(w), w £ Ax, if and only if h' G Ç\p>x Ap .

(4) If y < 0, then Ax(Th yw) -< Ax(w), w £ Ax, if and only if 1/A' G

rUoo^ï and tí £Ax.

Proof. (1) For the necessity observe that h'y £ Ax, and by Theorem 8.1, for

qn > I, h'x+(y~x)p £ Ann , p > 1.   Hence h'r £ A^,  r < oo, and since
U ptJQ OO

h'ry/r £Ax,by (P4), A'r G Ax.

To prove that the condition is sufficient, we first note that by [6, 2.9]

Ax(w o A) -< Ax(w) and by [6, 2.14], h'y is a pointwise multiplier from Ax

to Ax .
The cases (2) and (3) are in [6, 2.8 and 2.9].

For the necessity of (4), note that \/h'~7 £ Ax, and for q0 > 1 by Theorem

8.1, h'XHy~X)p £ A       Hence 1/A" £ Ax, r < oo. As in (1) by (P4),  1/A" G

Ax . Conversely, since clearly 1/A' G f]r<0oR^r we have by (P9) that tí £

r\p>[Ap since tí £ A^. Hence, again ^4,(u;oA) -< Ax(w) and 1/A'y is a

pointwise multiplier from Ax to Ax.

We come now to the multiplier problem for A . We first remark that if

An (wq>) -< An (w), w £ An , where <p : R -» R, , then qn > pn. The proof
% Po "o + u u

of this is similar to the proof of Theorem 2.1 and we will point this out in the

implication (1) —► (2) of the theorem below.

Theorem 8.3. For 1 < p0 < q0 < oo and tp : R —► R+, the following statements

are equivalent:

(1) A%(w<p) -<Apo(w), w £APq.

(2)"PP/P0^ Ap«Jp0'  <-<P<°°-
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(3)ç»enp>1+îo.Po^nnKooMr

Proof.   (1) -♦ (2). By (P7) we have / Mf°wtp < c / f»w(p , c < Apg(w). Let

00 = q0/p0 and let g = f°<px/p° or / = y-VWgV'o. If

Tg = M{<p-XI°°p°gXI''°}a°-<pXlP\

then

/ Tgp°w <c    gp°w ,        w £ Ap , c < A   (w).

We can apply now Rubio de Francia's extrapolation theorem and obtain for

1 < p < oo and w £ A ,

gpw.¡Tgpw<cj,

If w = 1, then in terms of / we get

(*) f(Mf)aoP(pp,p° < c Í f°p(pp/p<>,

which implies that <pp ° £ Aa   , 1 < p < oo .

We remark that up to (*) the fact that q0 > p0 was not needed. Thus, if

q0 < p0, then we could let p = p0/q0 in (*) and arrive, as in Theorem 2.1, at

the contradiction q> = 0. This shows that ( 1 ) implies that q0> p0.

(2) -> (3). Since <p £ Ax and <pp/p° £ Aap, by (P4) we have that tp g

Ai+Po(„0p-i)/p> l < P < °°- since 1 +p0(ffop°- l)/P > 1 + tf0 "¿V we 8et

<P e ftp>i+q0-PoAp- From ^ e Aw c ^oo we obtain, using (P3), that

<p£f]r<ooRHr.
(3) —> (1). Let it; g Ap   and choose t > 1 such that wT £ Ap . If we set

= K-H,mh(vJ/-<-*-'1)'
then

In // we use Holder's inequality with indices

Po - 1, _ ao - 1 -
/> =

«Ó - 1       po ~ *

(j»o-l)/(9o-»t     /  ,      /■      ,„     ,a1//>V°   '

and // to estimate

/i£j(,/^;))~.(.//„-*)

Hence

L-cAp«{w)  WlJ^WlJ/
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We complete the proof by showing that a > \+q0-p0, where a-\ = p'(q'0-l).

Since
1        _q0r-x-p0 + l

we get

aox - Po + 1     ,

and hence L < cA   (wT)x'TAa(tp).

The case p0 = 1 of Theorem 8.3 requires a slightly different argument.

Theorem 8.4. For 1 < q0 < oo a«i/ p : R —» R+ iAe following statements are

equivalent:

(1) A%(wtp) <Ax(w), w £ Ax.

(2) /g Ap%, p > 1.

Proo/.   (1) —> (2).  As before we have /Mfq°wg> < c/p^wtp , c -< Ax(w).

We let now g = f ■ <px,% or / = <p~xl%g and Tg = M(<p~xlq°g) • <px/q". Then

jTgq°w<cj, g "tu,        c-M,(u;).

We can apply now Theorem 4.4 with rQ = 1 and obtain that for p > q0 and

W £ Ax ,

/ Tgpw <c    gpw.

If w = 1, this gives us ¡Mfptpp/q<> < cf fp<pp/q°, or <pp/q° £ Ap, p > q0,

which is (2).

(2) —► (1). Let w £ Ax and choose x > 1 with wT £ Ax. If L = K ■ H is

as in Theorem 8.3, then we estimate

i/* / i    r     <\ !/T / i    r     \ !/T

«(A/-') (A/0 -(AP) A/-
since p G nr<00 *#, by (P3), and

«?(i)'(piH
,«o-l

From this we see that
.^i/t

"«0L^c^Y'X»

and the proof is complete since tp £ A   .

Remark. The pointwise multipliers from Ax to Ax , i.e., the case p0 = qQ= I,

have been characterized in [6, 2.14] and are precisely those <p : R —► R+ which

satisfy 9) G nr<0O -4, •
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