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THE STEFAN PROBLEM WITH SMALL SURFACE TENSION

AVNER FRIEDMAN AND FERNANDO REITICH

Abstract. The Stefan problem with small surface tension e is considered.

Assuming that the classical Stefan problem (with s = 0) has a smooth free

boundary T, we denote the temperature of the solution by 60 and consider

an approximate solution 60 + su for the case where e ^ 0, e small. We

first establish the existence and uniqueness of u , and then investigate the effect

of u on the free boundary T. It is shown that small surface tension affects

the free boundary T radically differently in the two-phase problem than in the

one-phase problem.

0. Introduction

In the classical formulation of the two-phase Stefan problem the temperatures

8W and 8{ of water and ice satisfy the following conditions on the interface

{OO,0 = 0};

(0.1) Vx8w-V^-Vx8lV^ = ^t,

(0.2) *„ = *, = ();

the first condition is the cbnservation of energy. The functions 6W , 8i further

satisfy the heat equation in the water and ice sets, respectively, as well as initial

and boundary conditions on the fixed portions of the boundary.

For definiteness we shall take in this paper the initial geometry to be as in

Figure 1, namely, the fixed boundary (dD) is surrounded by water (region

G = GQ\D) and the water is surrounded by ice. The fixed boundary does not

change in time, but the free boundary (the water-ice interface) will of course

change with time.

The one-phase Stefan problem arises when 8i = 0 in the ice region, or

8w = 0 in the water region. Taking for definiteness the case 6i = 0, the

interface conditions are

(0.3) vA-VxO = cD(,
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Figure 1

(0.4) 8W = 0.

Molecular considerations attempting to explain dendritic growth of crystals

suggest replacing (0.4) by the Gibbs-Thomson relation

(0.5) 8W = yaK

where

(0.6)     k = mean curvature of the interface =-    (n = dimension),

~v is the unit normal pointing into the ice (and extended as constant vector

along each normal line), a is the surface tension and y is a positive constant;

for details see [1, 2, 8, 12, 17, 18] and the references given there. Gurtin [9 and

10] has established (0.5) and its counterpart

(0.7) 8w = 0. = yaK

for the two-phase case by thermodynamic considerations (see also Langer [14]).

The sign of k in (0.6) is positive (negative) if the intersection of the water

region (ice region) with a small ball centered at the interface point is convex.

It is well known that the Stefan problem with interface conditions (0.1), (0.2)

or (0.3), (0.4) has a unique global weak solution; see, for instance, [6]. Further,

for the one-phase problem the free boundary is known to be smooth (for t > 0)

under some conditions on the initial geometry and the initial and boundary

data (see [7, 6]); smoothness for large time only (i.e. for t > t0) was established

by Matano [15] under fairly weak assumptions on the data. For the 1- and

2-phase Stefan problems, smoothness of the free boundary was established by

Meirmanov [16] and Hanzawa [11] for small time (0 < t < a), provided the

initial data are smooth and satisfy some compatibility conditions.
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On the other hand, for the Stefan problem with surface tension (i.e., (0.2) or

(0.4) are replaced by (0.5) or (0.7)) no existence results are known; not even for

small time. The nearest results in this direction are due to Duchon and Robert

[3] for the one phase Stefan problem in two dimensions, whereby the heat equa-

tion 8t - Ad — 0 is replaced by the Laplace equation Ad = 0 ; they established

local existence and uniqueness. Visintin [19] proved existence of a weak solu-

tion after replacing (0.5) by another condition which is an approximation to the

Gibbs-Thomson law.

Added in proof. Another version of a weak solution was studied recently by

Luckhaus [20]; he proved existence of a solution.

In this paper we consider the Stefan problem with small surface tension a

and linearize the problem about a = 0. The linearized problem turns out to

be a nonstandard parabolic problem. We establish existence and uniqueness of

a weak solution u and then investigate the effect of u on the original shape of

the free boundary of the Stefan problem with zero surface tension.

The one-phase Stefan problem is considered in §§1-7 and the two-phase Ste-

fan problem is considered in §§8, 9.

In §1 we introduce the approximation 8 = 60 + yau and derive a linear

parabolic problem for u ; 80 is the solution of the Stefan problem with a = 0.

In §2 we give a weak formulation and in §3 it is proved that a weak solution

u exists. Uniqueness of the weak solution is established in §4. In §§6, 7 we

investigate the perturbation of the free boundary of 80 due to the term u.

Assuming that the negative sign holds in (0.6) we prove that

small surface tension decreases
(0.8)

the water region, for all small times.

We also prove (and this is the main result of §§6, 7) that

small surface tension increases the
(0.9)

water region for all large times.

More precisely, the free boundary for large times is approximately of the form

\x\ = M\ft (M > 0) in the absence of surface tension and |x| = M\ft + eM0

in the presence of surface tension (M and M0 are positive constants).

Some ODE results needed in §§6, 7 are derived in §5.

In §§8, 9 we deal with the two-phase Stefan problem. In §8 we prove the

existence and uniqueness of a weak solution u = (ux, u2) such that 80 + eu

is an approximate solution to the two-phase Stefan problem with small surface

tension. In §9 we investigate the perturbation of the free boundary due to the

term u. Assuming that the water region when a = 0 is convex, we find that

(0.8) is valid for all times; this is radically different (for large times) from the

1-phase situation whereby (0.9) holds.

Our results on existence and uniqueness of a solution to the linearized Stefan

problem about a — 0 extend to geometries other than the one depicted in Figure

1. However the interesting conclusions on the effect of small surface tension on
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the free boundary (in §§6, 7 and 9) depend on the geometry of Figure 1, i.e.,

on the fact that the ice surrounds the water and the water surrounds the fixed

boundary.

1. THE APPROXIMATING SYSTEM

Let D be a bounded domain in R" (n > 2) with C 'a boundary dD. Let

G0 be a bounded domain in R" with C2'a boundary such that D c GQ. Set

G = G0\D.
For any T > 0, set dDT = dD x (0, T]. Consider the one-phase Stefan

problem with surface tension:

(1.1) 8t-A8 = 0   inGy,

(1.2) 8 = 8   ondDTD(Gx{0}),

(1.3) 8 = CK   on the free boundary TT, e > 0,

(1.4) (Xt + V8)-N = 0   onTT.

Here Tr = Ukkt1^) anc* ̂ or eacn l e [0. T], the free boundary T(t) (i.e.,

the interface) is given by x = X(s, t) where s is («-l)-dimensional parameter,

k = k(s , t) is the mean curvature of the surface s —> X(s, t) at s, and N =

N(s, t) is the outward unit normal of this surface. We easily find that

(n - \)k — div^/V = trace of M(s, t)

where M(s, t) is the matrix in Rnxn defined by the relations

MN = 0,        MX=N,        U=l,...,n-l).

In (1.3) e = y a where y, a are as in (0.5).

In the sequel, the initial and boundary data, designated by 8 in (1.2), are

assumed to be positive valued on dDT u (G x {0}), and 8(x, 0) = 0 on dG0 .

The water region at time / is designated by G(t), and GT = Uo<«r ^W '

note that dG(t) = dD(t) U T(t) where dD(t) = dDx {/}.

Existence theorems for (1.1 )—( 1.4) have not been established up to now.

Consider next the Stefan problem with zero surface tension:

(1.5) 8t-A8 = 0   inGT,

(1.6) 8 = 8   ondDTU(Gx{0}),

(1.7) 0 = 0   on the free boundary TT ,

(1.8) (z, + V0) • A^o = 0   onrr

where FT = Uo<i<r ^(0 an(i, for each t, the free boundary T(t) is given by

(1.9) s->x = z(s,t),       s = (sx, ...,sn_x),        0<S; <L¡;

thus z(s, t) is defined in the rectangle

L = n{0<ij.<L,.}
;=l
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and is ¿¿-periodic in s(. for each i.   The vector NQ in (1.8) is an exterior

normal, and GT = Un<i<r ^(f) > wnere G(t) is the region occupied by water.

From the results of Hanzawa [11] and Meirmanov [16] it follows that a

solution of (1.5)—(1.9) exists for small T and TT e C       provided

8(x, 0) and dG0 are sufficiently smooth, say

in Cm>+  , and 8(x, 0) satisfies the compatibility

conditions of order m - 2 at dGQ.

As for global existence of smooth solutions, the following result was proved by

Friedman and Kinderlehrer [7]:

Suppose D  is a ball  {\x\ < r0}  and  G0  is star-shaped with respect to

any point in  {\x\ < ô0}  for some 0 < âQ < rQ.   Using polar coordinates

(r, 8X, ... , 8n_x) about 0, write

and assume that

. l—ni  n-l     -, —2.
Av = r     (r     vr)r + r    Av

(rn  x8(x,0))<0,        xeG,

8(x, í)-8(x,0)-\a ( f 8(x,s)ds) >0,        \x\ = ra, 0<t<T.
r0    \Jo J

Thus the solution of (1.5)—(1.9) exists and the free boundary is given by

(1.10) r = p(8x,...,8n_x,t),        0<t<T,

where

peC°°    m(8x,...,8n_x,t),       0<t<T.

By combining the local and global results we obtain a solution of (1.5)-(1.8)

with the boundary given by (1.10) such that

pe CJ+ß   if 0 < t < t* for some small t* > 0,

PgC°°    if0<?<7\

We shall henceforth denote the solution to (1.5)—(1.8) by (0O, z) ; the free

boundary will be denoted by rr and the water region {80 > 0} by GT . We

shall always assume that z e C       for s £ L,0 < t <T.

We shall try to find an approximate solution to (1.1)-(1.4) of the form

8 = 80 + eu,

with free boundary

x = z(s, t) + eÇ(s, t).

We shall choose an outward normal N = NQ to x = z(s, t) and an outward

normal N = N0 + sNx to x = z + eÇ as follows: N0 has components
dz. ôz,_.       dz,., dz.

*o,, = (-ir
ds. ds, ds, ds,

dz-<       öZi±J_

9s.   ,      9i.
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and Nl has components Nx . obtained from

NXJ(e) = (-l)r

d(z,+el,)      _      a(-Vi+E{,_i)      d(zl+l+eli+l)     ___      d(z„+eÇ„)
ds, ds, ds. ds,

d(z,+et,)      _      3(*,_i+«£,■_,)      a(z,+,+EC,+|)     _      d(z„+£Ç„

One can easily deduce the structure

1-12) *i = EV
n-l

/f

;=i

where ,4. are matrices with elements which depend on dzJdSj^ in general.

From (1.3) we get

80(z + eÇ,t) + eu(z + eÇ, t) = ek + 0(e ) ;

in view of (1.7), this gives

(1.13) V80-Ç + u = k   on x = z(s,t).

Next, from ( 1.4) we have

[zt + eCt + V80(z + eC,t) + eVu(z + e£, t)] ■ (NQ + eNx) = 0(e2).

Recalling (1.8) we get

(z^VS^-N. + C-N. + Vu-N,

(        ' +(Vdx¡80-C,...,VdXn80-Q-N0 = 0   onx = z(s,t).

In equations (1.13), (1.14), the mean curvature k of s —► z(s, t) is known, N0

and V80 are also known, but u and Ç are unknown (by (1.12) Nx is known

once C is known). We wish to eliminate Ç, so as to obtain a single relation for

u on the free boundary TT: x = z(s, t). To do this, we write Ç in the form

(1.15) C(s, t) = R(s, t)N0(s, t).

Substituting this into (1.13) we get

(U6)        R{S>t) = V<J^0=h<>{U-K)>        /2o = -VO¡L^^>0'

where m is a constant; the positivity of h0 follows from the maximum principle

applied to 80   (80 takes minimum at the free boundary).

Substituting C from (1.15) into (1.14) and recalling (1.12), we get

{zt + V8o)-¿2AJ(RlN0 + RNOíSj) + NQ-RlN0 + No.RNOtí

+ Vu-N0 + N0- (Vdx 80-RN0,..., Vdx 8Q ■ RN0) = 0
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or

^o • W, + Bz< + VÖo) • (¿A)*,,

+ {(zt + ™o)-EAj\s] + No-No,t

+ N0.(VdXt80-N0,...,VdXn80.N0)}R + Vu.NQ = 0.

Substituting R from (1.16) into (1.17), we obtain

^o • ̂ (V - V) + (zt + vöo) ■J2AjNo-^-(hou - V)

(1.18) + {{zt + V80) 'Y,AJN*,*¡ + ^o • No,t

+ N0. (VdXi8Q. N0', ... ,VdXn8Q- NQ)}(h0u - h0K)

+ Vu • N0 = 0   on x = z(s, t).

The function u also satisfies

(1.19) ut - Au = 0   in GT,

(1.20) u = 0   on dDT and on G x {0}.

If u is a solution to (1.18)—( 1.20), then defining £ by (1.15) where R is

given by (1.16), the pair

(1.21) 8 = 80 + eu,       x = z + eÇ

will form a first order approximation to problem (1.1 )—( 1.4).

We wish to study the linear problem ( 1.18)—(1.20) and to analyze the effect

of the term u on the free boundary YT . Note that (1.18) can be written in the

form

.. ..«, au      \—^ ,    UU „ /.
(1.22) a      +J2bj7- + N0-Vu + cu = f0

where

a = N0- N0h0,        bj = (zt + V80) ■ AjN0hQ,

dhn „ ,   v—v dhn

^v^o^ + ̂  + ̂ -E^ozr

+ \^ + ^o)-EAjNo,Sj + %-No,t

;i-23) +N0.(VdXi80.N0,...,VdXnd0.N0)\h0,

/o = *o • ̂ o^( V) + (*, + ™o) • ¿2AJNojrW

+ {(Zt+™0)-EAjN0,sj+"o'"o,t

+ N0-(Vdx00-N0,...,Vdx00.N0)}h0K.
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In (1.22)

.    ,        ,    du     v^ du dz-     du
u = u(z(s,t),t)   and   _ = £__ + _,

1=1      '

du _ y^ du dzi

~di.=''^JxíW,'
J ;=1 '       J

Similarly one understands the expressions dh0/dt, dh0/ds, etc. in (1.23).

Remark 1.1. Since z e Ci+ß, a belongs to C2+ß, bj belongs to Cx+ß, and

c, f0 belong to C . For the results of §§2-4 it actually suffices that c, f0 are

continuous functions and a, b, are continuously differentiable.

2. Definition of weak solution

In §1 we derived for u = [d8/de]e=0 the parabolic system

(2.1) ut - Au = 0   inGT,

(2.2) u = 0   on dDT and on G x {0},

(2-3) a^¡J + Í2bjJi + No-Vu + cu = f0   onTT
;=1 J

where a, b¡, c, f0 are defined in ( 1.23);

(2.4) a > a0 > 0       (a0 constant).

The boundary condition (2.3) is nonstandard.    To prove existence (and

uniqueness) we shall resort to working with a weak formulation of (2.1)—(2.3).

Let <p(x, t) be any smooth function such that q> = 0 on dDT and on G(T).

Formally,

0= /    tp(ut- Au) = /     /     <p(ut- Au)dxdt
JGT JO    JG(t)

= dx        <putdt- /     /    <puvdotdt + /     /     Vtp-Vu
Jg(T)      Jt(x) Jo  Jtu) Jo  JG(t)

where v is the outward unit normal and t(x) = min{i0; (x, t0) e GT} (recall

that the sets G(t) increase with /). Observe that by definition of the surface

area dat, on T(t), dat = \\NQ\\ ds . Hence we get

0=-/      dx \     tpu- I (<pu)(x, t(x))dx
Jg(T) Jt{x) Jg(T)\G(0)

í iT

and «J|Aq|! = Vu-N0. Also

[ (<pu)(x,t(x))dx= [   ¡{<pu){z{s,t),i)1
Jg(T)\g(0) Jo   Jl

I   V(p-Vu- /     / g>uJ\NQ\\dsdt
Jgt Jo   Jl

d(s,t)
dsdt
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by the change of variables x -> z(s, t). It follows that

473

(2.5)

/   u<pt+ J   Vf-Vu- ¡        u(z(s,t),t)tp(z(s,t),t)
Jgt Jgt Jo   Jl

- (p(z(s, t), t)Vu -N0dsdt = 0.
Jo   Jl

dz(s, t)

d(s,t)

In the last integral we substitute Vu • NQ from (2.3) and integrate by parts in

the integrals

ff   du ff,  du
!laTt^   Jj^ds-;-

We then obtain from (2.5)

(2.6)

- /    uft + /   Vtp -Vu
Jgt Jgt

- j   J u(z(s, t), t) l-j-t(a<p) + ̂ 2-^-(bj<p) - ctp +

= ff <PfoJo   Jl

dz(s, t)

d(s,t)
tp) dsdt

.dsdt.

Set

= {<pe C (GT) ,<p = 0on G(T) U dDT}.

Definition 2.1. A function « is a weak solution of (2.1)—(2.3) if

(2.7) u,VueL (GT),

(2.6) holds for any q> e s/T, and u = 0 on dDT and on G x {0} in the usual

continuous sense.

Notice that, by (2.7), u £ L2(YT).

Notice also that (2.6) implies that (2.1) holds in GT and therefore « is a

smooth function away from the free boundary YT .

3. Existence of weak solution

The existence of a weak solution depends upon an energy inequality. We first

proceed to derive this inequality in a formal manner, assuming that u is smooth

up to TT (and thus it satisfies (2.3)). Multiplying (2.1) by u and integrating
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over GT = GTf]{t< t}   (t e (0, T)) we get

0 = 2/   u(ut-Au)= /    (u)tdtdx
Jgx Jg(t) Jt(x)

+ 2 i  |Vm|2-2 /    /      uuvdatdt
Jgt Jo JdG(t)

=        u(x,i)dx-l u (x, t(x))dx+ 2      \Vu\
Jg{t) Jg{x)\G(0) Jgt

-2      / u(Vu- N0)dsdt
Jo Jl

=        u2(x,t)dx + 2      \Vu\2-      / u Z
Jg(x) Jgz Jo Jl      ^(s, t)

by (2.3). Hence, after integration by parts in the last integral,

/     u  + 2 /   |Vw|  + / a(z(s, t) , x)u (z(s, t) , t) ds
Jg{t) Jgt Jl

O.I)     =r/"2Jo Jl

+ fS*Jo Jl

d(s,t)

da db:

dt    ¿> ds,
j=i     j

dsdt

L ds dt

where the argument in each function in the integrands on the right-hand side is

(z(s, t), t). Since the right-hand side of (3.1) is bounded by

Cffu-r-fffi,
Jo Jl        Jo Jl

we obtain, after using GronwalPs inequality, the desired energy inequality

(3.2)

sup
0<«7"^G(()

dx dt/     u (x, t)dx +       \Vu
Jgu) Jgt

+ sup  / u (z(s, t), t) ds < CT.
0<t<T JL

The strategy for constructing a weak solution is to first work with a finite-

difference scheme, establish existence and an energy-type inequality analogous

to (3.2), and then pass to the limit.

We shall use the finite differences

ut (x, k) = t(u(x , kh) - u(x, (k - 1 )h))    (backward),

ut(x, k) = -r(u(x, (k + \)h) - u(x, kh))    (forward)
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where h is any positive number.  We introduce a finite-difference version of

(2.1)-(2.3):

(3.3) u~-Au = 0   in G(kh) = Gk,

ahu(z(s, kh), kh) - u(z(s, (k-l)h), (k - \)h)\

(3-4) ^    du k
+ 22bj~Ä— + No'Vu + cu = fo onr(^*) = r^,

(3.5) u = 0   on dD(kh) = dDk

for k = I, ... , m , where T - h < mh < T. If we set

u  =u(x,kh),       a  = a(x, kh), etc.,

then (3.3)-(3.5) read

(3.3.) 7«   -Au   = tu        in G ,
fc h h

1    k   k k k      \—*    k du k   k        1    A:   k— 1 Je .-jt
(3.3fc)       ja u  +N0 -Vu  +2^bj^ + c u   = Ia u      +h    on r .

(3.5fc) u   =0   on dDk.

Since « ~ is defined only in G ~ and G c (7 , before we can study

the system (3.3k)-(3.5k) we must extend the definition of u into all of

G \G     . We define this extension using the boundary values of u ~x :

(3.6) u~x(z(s, t)) = u~x (z(s, (k- \)h), (k - \)h)

Thus, for each s £ L, u     (x) is constant along the curve t ^ z(s, t) passing

for s € L, (k - l)h < t < kh.

L, u ~ (x) is constant aloi

through (x, t(x)).

The system  (3.3fc)-(3.5fc) is now a well defined elliptic problem for u  .

Since the boundary condition (3.4^.) has the form

du     v^     du       „ k

where v is the outward unit normal and q0 , ß are positive functions, (if h is

sufficiently small), the system (3.3¿)- (3.5fe) (or equivalently (3.3)—(3.5)) has a

unique solution with u(x, 0) = 0.

We proceed to derive an energy inequality for the u 's, analogous to (3.2).

We shall need the identity [13, p. 246]

(3.7)   2arur(ur - ur_x) = arur - ar_xur_x - (a, - otr_x)l?r_¡ + ar(ur - ur_{)2 .
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Taking ar = ar we get

fcn-l
fe,2

2/z ̂  /««, (fc) = a°(u°)  - a (u) - h ^ at(k)(u)

(3.8)
fc=i fc=o

+a2x;û («rw)
fc=i

where ut (k) is the function ut (x, k), and at(k) is a((x, /c).

Set

X(x) = min{j ; x £ GJ}

k k
Multiplying (3.3^) by u  , integrating over G    and then summing over k,

1 < k < k0, we get

k»   /• k°   r

0 = 2h Y2 /   ut u ~ 2h E /   u^u
k=i J°k k=i J°k

P K k°   f
=        2h ^2 ui u ~ 2/z ̂2 /   uAu   (by (3.8) with a = 1)

•^     fc=/i(^) /t=i ^G*

;■
r r r o

=       u2(x,k0h)-       u2(x, (À(x)- \)h) + h2 I     ^ (u~)2

JG Jg jG°k=X(x)

k=xJac    "" k=xJG

The second integral on the right-hand side can be written in the form

(3.9)

k0

Gk\Gk~x
u (x, (k - \)h)dx

Ko     ¡-kh

J2 / u(z(s,(k-\)h),(k-\)h)
._, J(k-l)hJLk=xHk-i)h

dz(s,t)
dsdt

d(s,t)

(by (3.6) and change of variables).

Also,

/'       du      f   t     k   „k ,
I     u—- = I u Vu  ■ Nr, ds,

JdGk   dv     JL

k     „rk
and in the last integrand we can substitute Vu  ■ N0  from (3.4^.). Using these
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remarks, we can transform the right-hand side of (3.9) to obtain

fon        _ K

d(s,t)
dsdt

0=        u (x,k()h) + 2hY /   \Vu\2 + h2        V (u.
Jßk° i~iJGk J^k%

ST ft kt  t     iv     iM,Avi2 fkh      dz(s,t)

t=\*L J(k-\)h   c

(3.10) + f au(z(s,t),t)ds\
Jl Ií=o

~ n E / aiM ds + h E / (Mr~) a^s
(t=0    L fc=l

-aE/"Ew/+2AE/cm^-2AE/"/o-

Notice that in the last five integrals the integrand u is evaluated at z(s, kh);

the same applies to a, bj, c, f0 and the finite difference at. In deriving (3.10)

we have used (3.8) in order to "integrate by parts" the expression

k0

u auut ds.

k=\

From (3.10) we get

(3.11)     /   u(x,k0h)+ f au2(z(s,k0h),k0h)ds + 2hJ2 f  \Vu\2 <-J
JGk° Jl £rj ¡Gk

where J represents all the remaining terms in (3.10) with the exception of

h*y^EK)2>/*2e/k)2«

which have been dropped. It is easily seen that

\J\ < C/z ¿ / u(z(s, kh) ,kh)ds + hj^í f¡.
k=iJL k=iJL

Substituting this into (3.11) and using Gronwall's inequality, we find that

sup    /    u (x, kJh)dx + /¡y /   |V«| dx
(3.j2) i<temJ<* kTijGk

+   sup    / u (z(s, kQh), kQh)ds < CT
l<k0<mJL

where CT is a constant independent of h . This inequality is analogous to (3.2).

Define a function u   by

(3.13) u(x,t) = u(x,kh)   forx£Gk+x, t£[kh,(k + l)h).
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Denote by W the completion of the set of smooth functions y/ which vanish

on G x {0} and on dDT with the respect to the norm

(3.14) |M|= /  (w2 + \VxW\2);
Jgt

W is a Hilbert space.

From (3.12) we conclude that there exists a sequence u with h = h —> 0

which is weakly convergent to a function u in W ; we can choose the /z's so

that T/h = m , m an integer

Theorem 3.1. The function u is a weak solution of (2.l)-(2.3).

Proof. It suffices to show that (2.6) is satisfied for any tp £ stfT . Indeed, this will

imply that (2.1) holds in the usual sense away from TT. Since further u = 0

on (G x {0})UdDT in some weak sense, it follows by standard parabolic theory

that u = 0 on (G x {0}) U dDT in the usual continuous sense.

To prove (2.6) we multiply (3.3^) by tp, integrate over G , and sum over

k:
m     „ m     „

0 = A^/   (u )~(x, kh)ç>(x, kh) - h^2      Au (x, kh)tp(x, kh)
k=i J°k k=i ^°k

p.        m m      r.

(3.15)       =h        ]P (u)~(x, kh)tp(x, kh) + h^2      Vu  -Vtp
•'G'" k=x(x) k=i J°k

m      «

-hJ2    (Vuh -Nk)(pds.
k=i^L

Breaking the first integral on the right-hand side into m integrals taken over

the sets k(x) = j   (0 < j < m), we get

m     n m r     mp III III e. Ill e. Ill

hL E(A> = *E/, , ,BA>+*/.E(A>
JGmk=l(x) j=l Jg'\gJ     k=j JG°k=l

= E / \ ["(x' mh)9(x, mh)-u(x, (j - \)h)(p(x, (j - l)h)]

m-l

- h ^2 u(x,kh)tpt(x, kh)\ dx
k=j-\ J

ç    m-l

-hi   y^ u(x, kh)tp,(x, kh)dx
•*G° k=0

= -ET      f u(z, (j - \)h)tp(z, (j - \)h)  ¿
j=x J(j-l)hJL

m— 1    „

=-A Y"/      u(x ,kh)f(x, kh)dx,
,, Jg"+'

d(s,t)
dsdt

k=i JGK
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since <p(x, mh) = (p(x, T) = 0, u(x, 0) = 0; here we used (3.13). Using the

last computation in (3.15), we obtain

m     rjh

¿r fu(z,u-i)h)tp(z,u-i)h) ^-2 dsdt
~[J(j-l)hJL 0(S,t)

m-l    ~ m     p

(3.16) +^E    k tu(x,kh)(pt(x,kh)-hY^ l   Vu -Vtp
¿=i ■'Gk+I k=i J°k

m     p

+ hJ2    (Vu -Nk)<p(z,kh)ds = 0.
k=\h

Since ¡0T¡L\u | < C, the first sum on the left-hand side of (3.16) is equal to

jTl^uh(z(s,t),t)tp(z(s,t),t) ^-^ +0(h).

Next, for any smooth function r\,

f    h       m~X f(i+l)h       f      u m~X f
un=J2 dt       ut1 = hJ2        u (x, jh)n(x, jh)

Jgt ,_, Jjh Jc(t) i=1 Jgmj=i

m-l   r(J+l)h rU+l)h

dt

j=i ""z+i

" E /. dt j j  u (zJh)ri(z,jh)
dz(s, r)

7=1

i SI

Next we obtain

d(s,r)

«^   rU+W        r       h
+ E/ dt /     u (x, jh)[n(x, t) - n(x, jh)]dx

=1 Jjh JG(t)

dsdx

and the last two sums are 0(h) since ¡0 JL\u \ < C

m    c f
hJ2      Vuh-Vtp=       Vu  -Vtp + 0(h)

k=l Jck Jgt

since fG \Vu \<C. Finally, to evaluate the last term on the left-hand side of

(3.16) we use (3.4) and perform "integration by parts" in the i-variable. This

leads to

ÍÍJo   Jl
<pf0dsdt + O(h)+   I        I    YJO1

Jo   Jl

Taking h —► 0 in (3.16) and using the above estimates (with n = tpt) we

obtain the relation (2.6). This completes the proof of Theorem 3.1.   D

Remark 3A. Notice that the uh's satisfy

sup
0<t<T

\ f   (u)2(x ,t)dx+[   (u)2(x , t) dat(x) \ < C7
[Jgu) Jr(t) J
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with CT independent of h . Thus we may conclude that

(3.17) sup \ [    u2(x,t)+ f   u(x ,t)dat(x')\ <CT.
o<t<T {Jg{í) Jr(t) J

Remark 3.2. Multiplying (2.1) by u m~ (m positive integer) and integrating

over Gt we can formally obtain an energy inequality analogous to (3.2), from

which we deduce that

(3.18) sup \ [    u2m(x,t)dx+ [    u2m(x ,t)dat(x')\ <CT
o<t<T [Jg(i) Jr(t) J

This can also be proved rigorously by finite differences.

4. Uniqueness

Theorem 4.1. The weak solution of (2.l)-(2.3) is unique.

Proof. Suppose ux, u2 are two solutions and let u = ux - u2. From (2.6) we

deduce, for every r\£SéT,

\   unt +      Vu- Vn
Je Jgt'GT

(4.1)

■'    *—' asj ' J ■'

Let t e (0, T) and define

(4.2) r,(x,t) =

n\ dsdt = 0.
d(s,t)

-fxu(x,t')dt'   if Í < T,

0     if Í > T .

Then i/ = 0on dDTl)G(T) and

f - fl Vu(x, t') dt'   if / < t ,
(4.3) Vn(x,t) = \     \    '

10     if t > T ,

f  -U     if / < T,
(4.4) n, = I
K     ' ''     \ 0      if t > x.

Notice that n,Vr\,nt, Vt]t e L (GT) and therefore n, nt, Vn £ L (FT).

Now let <pn be a sequence of smooth functions satisfying:

<pn = 0    on dDT,

(pn = 0   for t > x

and

<pn -*nt   in w
2

where the norm in W is given by (3.14) (in particular, <pn —> nt in L (TT)).

Then, if

®n(x,t) = -1 (pn(x,t)dt
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we have <3>n £ s/T so that, by (4.1),

-/ "*„,+ / vw.v<&„
Jgt Jgt

But since <Pn —► n and í>n( —> rç( in W, if we let n -> oc in the above

relation we conclude that (4.1) holds also for n .

From (4.1 ) we get

<«, f^-fa,^l+£iL%(2.t){4+Eb^+ yr,\=0

where

a(j,0     í/í   ^ ds.

We next wish to evaluate the expression

(4.6)

*%7 + Zbj?rdt     ¿-" Jds¡
7 = 1 J

n-l

= an, + h0 I \\N0\\ Vn-z,+ J>, + V0O) • AjN^Vn • zs)
7 = 1

Lemma 4.2.

(4.7) (¿,7V0).tV0 = 0,

(4.8) (^.7V0).zJi = -a..||7V0||2.

Assuming the lemma for the moment, we claim that

(4.9) *, = ^"o

n-l

\N,oi \Nn
DvWv

'on   7=1

Indeed, for zt = N0 this follows from (4.7) whereas for zt = zs   this follows

from (4.7) and (4.8). Since the vectors Nn, zc , ... , zr     span the entire space

R" , (4.9) holds for any z,.

From (4.7) it follows that V0O • AjNQ = 0 (since V0O is parallel to /V0).

Therefore, from (4.6),

(4.10)
J { 7 = 1

= an, + A0||7V0||2Vf/ • ̂ —§ N0 = an, + Vn-NQ

-2
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z;.Ao = -V0o.Ao = l.
"o

The absence of tangential derivatives of n on the right-hand side of (4.10) is

crucial for the proof of uniqueness.

Substituting (4.10) into (4.5) results in

/   i - /   Vrç • Vn, + /   / (an2 + Vn ■ N0n, + ynn,) = 0.
Jgx        Jgt Jo Jl

By integration by parts,

- [ Vn-Vn,= -U    \Vn\2 + U    \Vr,\2(x, 0)dx
Jg, l Jg(t) l Jg(0)

1

lG(r

JJgm
\-- I \Vn\ (x,t(x))dx

L JG(t)\G(0)

and Vn = 0 on (?(t) . In the last integral we change variables x = (z(s, t), t)

to get

f J\Vn\2(z(s,t),t)(-V8Q-N0)dsdt,

since

dz(s, t)

d(s,t)

It follows that

det

z\.t    zl,st

Z2,t     Z2,s,

Z Z
n,t        n,s,

'2,5.

= zf.7Vo = -V0o.7Vo.

(4.11)

r 2

C   2
+ 7^

for any e > 0.

By the Cauchy inequality, the expression in brackets in the integrand on the

left-hand side of (4.11) is bigger than

¡lVr1l2(-V80.N0) + ¡,2I-^^).

Choosing e small we get

Jgx   '     Jo jl  ' jo Jl

and since

n(x, t) = j   t],
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we deduce that r\ = 0 if x is small enough. This proves uniqueness for t < x.

We can now proceed step-by-step to prove uniqueness for all t < T.

Proof of Lemma 4.2. We first consider a special case.

Lemma 4.3. Suppose that

fíjc.o-v
dz

0^.0 = 7,

1 < i, j < n - 1,

1 < ; < n - 1.

Then

(a)

(b)

n-l '^7„ ^7.
dL

7=1    \       ' 7      / '

)=l        7

1 < i < n - 1,

( -yt   if k = j,  !</<«-!, i /;',

^ = (4) -i   if
1    */

= 7,   1 < fc < n - 1, k ^ i,

= j, k = n,

= n,k = j,

{ 0       otherwise

for 1 < j < n - 1 ;
(c) For 1 <j<n- 1,

where

AjN0-N0 = 0,     AjN0-zs=-ôu\\N0\\z       (1 <*<«-!]

-^2

^0 =

-y«-i

v   i   y
Proof. Recall that A, was defined as

jVw=(-l)^j-det(a(z'+'C')
a(g,- + eC,0

95

where 1 < / < n and

^(z,+eC1)

9s

d(zi + eCi)

ds

ds

d(^n + ^n)

ds

6=0
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denotes the matrix whose columns are

/a(z,+eC,) n

Thus

/ 9(z,+ l+eCl+i) \

/ ds, \

V 05   _,

/a(Z/-l+^,-l)^

9(z,--i+gC,--i

;

¿*(^+^J
9i.   ,

7=1
¿>7

Let

,75

öz;_!   ac;   az;+i
Oí 05 Oí

5Ü
dzx

~ds~

dz,

ds '    ds   ' ds '    ds   '

Then, if 1 < i < y < n — 1,

(\    0     •••      0      0       0

0     1

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

that is

/      /,

o,lx(i-l)

o,U-i-l)x(i-l)

^lx(i-l)

0       0       0    •••     0

1 0 0

0 0 0

0 1 0

0 0 1

o,U-l)x(j-i-l)

°lx(7-<"-l)

V-/-1

o,lxO-i-1)

o, o,

»Ci

i(.s,

'!£
8»,
8Í

5s]1+1

»Ci
y*

o   -?5l
9*.

°C/
ö(i,.í,-|)

»*i

_££z_
3(s,+ |....,î,_|)

££,
»s.

o,

ds

dZ]_x    dCj    dzj+l dZn

ds )

0      y2

0 /,-,

0 y,

o /,+,

0 X,-,

0       7,

1 t*-\)

(Í#J).

(l-l)X(íI-J-l) ' l

^lx(n-j-l) yi

°ü-i-l)X(«-7-l)      r2

\

o
»c,

V^ii-j-Dxd-l)     "(«-7-l)x(j-/-l)     d(s,+,.*„_,)

lX(n-j-l)

'«-7-1
3/
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where

Ik = identity matrix in R
kxk

Okxl = zero matrix in R

d(sk,...,s,)

kxl

ds.

\a£J

r,=

( ?i ^\
y2

r2-

Then, det B■ = det C-   where

/     °.

cn = o.
va

lxü-í-1)

/7-;-.

lx(y-i-l)

dCj/ds,

and   r, =

O,lx(«-/-l)

^dCj/d(si+x,    .,Sj_x)    0{j_i_X)x{n_j_l)   >2

°lx(n-j-l) yj

(n-j-l)x(j-i-l)

dCj/dSj

di}ld(s)+x,...,sn_x) 'n-j-l
TJ

and, by moving the column with dÇj/ds, to the right,

detCi7 = (-l
n-j-

detfl.

where

Du =

/ 0,

O.

Ix(y-i-l)

lxO-i-l)

o
Ix(n-j-l) dCj/ds, y,\

0(,_<-i)x(,i-¿-i)    dCj/d(s,+l,..., Sj_x)    T2

o.
IX(H-/-1)

¿V^.
^(»-Mw-i-D       ^-7-1        ac,./a(s,+1,...,Vi)  r3y

After moving downward the rows with dÇj/ds,, dÇ/oV, we get

det B,

where

(-l)n-j-\-l)n—\-l)"-J-ldetE.

(
O,.

'7-/-1

{n-j-i)x(j-i-l)

°\x(j-i-l)

V       Otx(j-i-l)

Oy_/-l)x(.-;-l)      dÇjld(sM,...,Sj_x)      r2^

and therefore

(4.12)

ix(«-7-i)

lx(n-j-l)

»-t(*tj.

dCJ/dsi

dCj/dSj
yl

yjJ

det£   = (-1)" ' I —^y--J-y-

On the other hand, if 1 < i < j = n ,

/

B   =B   =
ij m

0¡-1x(«-í-1)

0|x(.-f-l)

^(n-i-l)x(i-l) '«-i-l

o,
'l-l

Ix(t-l)

dCJdis,,..., s,_x)
dCJds,

3CÄ.v.)
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and, by moving the row with dÇ /ds¡  to the bottom,  detß    = (-1

dQds,.
Next, if 1 < j < i = n,

,n—i—l

Ij_t dCj/d^,...,*„)    Ou_l)x(n_j_x
dCj/dSj o.BiJ = Bnj=\ °lx(j-l)

0{n_j_X)x(j_x)    dCj/d(sj+x,..., sn_x) /„_,._,

'lx(n-j-l)

and thus

dety3
-dA

"J     ds

Finally it is easy to check that formula (4.12) continues to be valid if 1 <

j < i < n — 1. Hence, if 1 < i < n — 1,

^-(-ír'Edetl?,
7=1
}*i

=Hr'pHlwl'4'l)tH1"

¿^\ds/'     ds/'}      ds;

OS;

and

«-i n~ldC-

^ = Edet^ = E#-
7=1 7=1        J

This completes the proof of (a). Next (b) is an immediate consequence of (a)

and the relation Nx = ¿~*Z\ AjdÇ/dSj which defines the A-.

Finally, let us prove (c). We have

n-l

W = E<^ = EfliK)+<
k=l k=l

= WjQ - oin)(\ - StJ) - Su £ y¡(l - ôik) - ôu - ôinYj

(1 <j<n- 1, 1 < i <ri)

«-i

k=\
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Hence

AjN0-N0 = J2(AjN0)rN0i
1=1

= B-r,) {wo - «y o - *v> - ¿ü E aíci - <y - *« - <u| + (-yy)
¡=i I /t=i J

= (-y;)Eyl2(i-^)+y/Ê*1-^)+^-3', = o
1=1 fc=i

and, for 1 < i < n — 1,

¿A • *, = Í>a • dif
k=l '

= (AjN0), + (AjN0)ny,

= {vtVjQ - *</) - «5,7 E*1 - **) - *y 1 + 7t(-7j)
k=\

n-l

= -Sij    V;+EW1-y+1
fc=l

n-l     >

= -*« 1+E^ =-W
\        fc=l      /

Having completed the proof of Lemma 4.3 we now proceed to prove Lemma

4.2.

Choose a local coordinate system x = x(s) such that z = z(t) satisfies the

assumptions in Lemma 4.3.   Then, by Lemma 4.3, the corresponding tV0 =

/V0T, A, = N¡ and Aj = A) satisfy:

(4.13) ^T/V0r-/VoT = 0,

(4.14) AjN¡.zX] = -oi\\Nl\t

Since clearly
'd(z + eQ\ (dx\     fd(z + eQ

dx      ) \ds)     V      ds

we deduce by taking determinants of both sides, differentiating in e and setting

e = 0,

and, of course, also

N¡ = SN¡

K = SN¡
where ô = det(dx/ds) ; here tV¿ and Nx  denote tV0 and tY1 in the s-coordi-

nates. Since

dx.     ^ds,dx.'
7 A A       J
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we find that

r "dh   ' j JdxJ   h Jds*dxj

It follows that

(4.15) 4=*EaTj^-
1   árdS,

7=1 J

Consequently

(AX) ■ K = o2A\N¡ - < = á3 (Y A^N^j - A¿

ôs= â Eä^X)-< = o

by (4.13). Also

= ̂ E^X-r)^
j,l*        J '

= -<>2£f>.'ii2<>„^ ("y(4.i4))j,ß      j '

= -^E^I^Kll2 = -V2!^!!2 = -^ll<H2>
7 ■/        !

and Lemma 4.2 follows.

We conclude this section with several remarks.

Remark 4.1. In the definition of weak solution u we used a specific parametri-

zation 5 of the smooth free boundary, namely x = z(s, t). If we use another

coordinate system x, then we get another weak solution u = u . Using the

transformation (4.15) it is easy to verify that if « is a weak solution with re-

spect to the parametrization s then it is also a weak solution with respect to

the parametrization x.

Remark 4.2. If m is a weak solution in GT then, as can easily be verified, it

is also a weak solution in GT, for any T1 < T. This remark together with

Theorem 4.1 allows us to construct u for all t > 0 provided (80, z) is smooth

for all / > 0. In §§6, 7 we shall take (80, z) smooth for all t > 0 and study

the free boundary of 80 + eu, i.e., the surface

x = z(s, t) + eÇ(s, t),    for 0 < t < oo.
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Remark 4.3. Uniqueness for smooth solutions of (2.1)—(2.3) can be established

by the maximum principle, as in [4].

5. Auxiliary results in ODE

In the next two sections we shall be working with solutions to the ODE

problem

ic .\      r* "     (n-3     y\    i     n-3        . n
(5.1) 5?nw=.-w   -Í-+ 2JW+—t~w=0>        0<y<l,

,. _. 1   i..,     2/1-3    ...     2«-1
(5.2) _tlJ(i) + ___u,(i) = __>

(5.3) w(0+) = 0.

In this section we establish existence and properties of the solution to (5.1)-

(5.3).

Theorem 5.1. If n > 3 there exists a unique solution w of (5.l)-(5.3); further

(5.4) w(y)>0,       w'(y)>0   if 0 < y < 1,

(5.5) iu(l)>l.

Theorem 5.2. If n = 2 there exists a solution w of'(5. l)-(5.3) satisfying (5.4),

(5.5); w is the (unique) minimal nonnegative solution of(5A)-(5.3).

Proof of Theorem 5.1. First notice that, if n = 3, (5.1)—(5.3) becomes

-w" - \w =0,       0 <y < 1,

^W'(l) + ¡W(1) = ¡,

w(0+) = 0

and this problem can be solved explicitly. Indeed the unique solution w is

given by

I    \ 5 fy    (l-z2)/4    ,
w(y) = \   ey dz

2 + 3a0 J0

where c*0 = /0 e  ~z     dz > 1. In particular, w satisfies (5.4) and (5.5).

Thus we may assume n > 4. For any e > 0 consider the problem

¿2?nw =0,        e <y < 1,

(O    . w(s) = 0,

1    / 2m- 3    ...     2« - 1
2W (l) +—j—wi1) =—j—■

Since n > 4 the coefficient of w in S?nw is > 0 ; hence there exists a unique

solution we ; furthermore, the maximum principle can be applied. We deduce

that we(y) > 0 if e < y < 1 and

(5.6) w'£(e)>0.
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We compute that

ra   i     (n-3     1 \    /     . r..    .,    2(n-3)     ^ .
"We + [~7~ ~ 2)Ws = ( "We) + ^~^We -

and therefore w'£ cannot take nonpositive minimum in e < y < 1 . If w'£

takes nonpositive minimum at y = 1 then w"(l) < 0, w'e(l) < 0, and (since

we(l) > 0) we get ¿¿?nwe(l) > 0, a contradiction. Recalling finally (5.6) we

deduce that

(5.7) w'E(y)>0   if e < y < 1.

By applying the maximum principle to w£ we also deduce that w£(y) <

w;£(l),andby(5.2), (5.7),

,rD1 . .     2n-l

(5.8) W¿y)-2n~^3'        *<y<l;

by comparison we also have

(5.9) w£,(y)<w£(y)   ife<e'.

It follows that w(y) = \im£^0w£(y) exists and satisfies Sfnw = 0 and the

asserted boundary condition (5.2) at y = 1, and w'(y) > 0 if 0 < y < 1.

Next, for any 0 < X < 1, J?nyx > 0 if 0 < y < y0 for some y0 £ (0, 1).

Hence,

w£(y) < Cyl   if e < y < y0    \C = ¿33^) >

where (5.8) was used. We conclude that

(5.10) w(y)<Cy\        0<y<y0,

and, in particular, w(0) = 0.

We have proved that w satisfies (5.1)—(5.3). By the maximum principle, the

solution to (5.1)—(5.3) is unique.

Observe next that the function z(y) = y satisfies the boundary condition

(5.2) and Sfnz < 0. Hence, by comparison, w(y) > z(y) if 0 < y < 1 and, in

particular, iu(l) > 1 .

Proof of Theorem 5.2. Equations (5.1), (5.2) become

(5.11) ^u, = _tl>''+^I_0u,'_^ = o,

(5.12) >'(1) + >(1) = !.

Set

^ow = -w"+(j-^)w'-

For any e < 1 , e near 1, by working with

- , s     w ((1 -e)y + e)
w£(y) = —-7—-e-       (0<y<l)
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which satisfies: w" = O(l-e), w (0) = 0, w{l) « \ , we find that there exists

a unique solution w£(y) of (P£°°) (with n = 2). We denote by e0 the infimum

of e such that for any e < e  < 1 there exists a unique positive solution w£,

of (P°?)   (n = 2). We first establish some properties of w£.

Integrating (5.1 l)iny,e<y<l, and using

.-il1
w  =

w

vy
yw~2

(5-13)       / (

and (5.12), we get

1   fx
(5.14) w£(l) + -J   w£ + w'£(e) =

and, in particular,

(5.15)

Since

+
Je

f        W        W

I. b+T

wAe)>0,

w£(l)<¡

•z0ws 2 >o,

w£ cannot take a minimum in e < y < 1 (we use here the boundary condition

(5.12) and (5.15)) and, further,

(5.16) w£(e)>0.

It follows that w£(y) is either monotone increasing in y or else first increases

and then decreases. The latter possibility leads to w'£(l) <0 and then, by (5.12),

w£(\) > 3 which is a contradiction to (5.15). Consequently,

(5.17) w'£(y)>0   fore<y<l.

Next we show that

(5.18) w£(y) >w£,(y)   if e <y < 1, e < e.

Indeed, w£(y) > kw£i(y) for e' < y < 1 if A is positive and small. Denoting

by A0 the supremum of all A's for which the inequality holds, it suffices to show

that À0 > 1 . Suppose A0 < 1 and consider £ w„ k0Wz Then

^ = \>0,
y

i
2

£ <y< i,

C(e')>0,        K'(1) + 1C(1)>0.

It follows that Ç(y) > 0 if e' < y < 1, and thus Ç > ôw£l for some ô > 0, a

contradiction to the definition of XQ .

By (5.15), (5.17), (5.18), we see that if e0 > 0 then wQ = lim£^£ w£ exists

and is a solution of (P?°), satisfying (5.17). We shall derive a contradiction,

thereby proving that e0 must be equal to zero.

Let w be the solution of (5.11) under the boundary conditions (5.12) and

w(l) = w0(\) + S, i.e., w(\) = w0(l) + ô and w'(l) = \ + jW0(l) - \S for
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S > 0, ô small. Then, by continuity, (using the fact w'0(e0) > 0) w(y) > 0

for e < y < 1, w(s) = 0, for some e near e0 . If e > eQ then w =w£ and we

get a contradiction to (5.18) at y = 1. Hence e < e0 and, by varying S we get

positive solutions w£(y) of (P£°°) for all ex < e < e0, for some 0 < e, < e0.

We claim that w£ is the unique nonnegative solution of (P£°°). Indeed, if w£

is another nonnegative solution then we can proceed as in the proof of (5.18)

(noting that w£ -Xw£ > 0 implies w'£(0) -Xw'£(0) > 0) to show that w£ > Xw£

for all 0 < A < 1, so that w£>w£, and similarly w£>w£.

Having proved that for each e1 < e < e0 there is a unique nonnegative

solution of (P£°°), we get a contradiction to the definition of e0 . It follows that

e0 = 0.

From (5.15), (5.17), (5.18) and the fact that e0 = 0 it follows that

w(y) = limu;£(y)

exists, and it satisfies (5.1), (5.2), (5.4). (If w'(0) = 0, 0 < yQ < 1, then

w"{y0) < 0, by (5.1), so that w'(y) < 0 for y > y0, y - yQ small, which is a

contradiction.)

To prove (5.3) we integrate (5.11) over e < y < 1 and use (5.12), and (5.13);

we get

(5.19) w(l) + - /   w +u: r   ', x     w(e)
w (£) - -T2 1     , s     3+ ^ew(e) = -

Taking e -> 0 in (5.14) and comparing with (5.19), we deduce that

limfW)-^!>0.

If w(0+) > 0, this leads to w (e) > c/e   (c > 0) as e —► 0, a contradiction.

Hence w(0) = 0.

To prove that w(l) > 1 notice that if w(\) < 1 then, from (5.19) it follows

that

w'(e)-^>c>0,        0 < s < ex,

for some constants c, ex . Using this in (5.11) we get

w"(y) + ^w'(y) >-- 0 < y < e,,
z y

or
.     /   v2/4,/        C
(w ey ' ) > - .~ y

Hence, since w' > 0,

w'(y)ey     >       -dz = c log->oo   if e —>0,
Je    % ^

a contradiction.

We next prove that w(y) is the (unique) minimal nonnegative solution of

(5.1)—(5.3). Let w beany nonnegative solution of (5.1 )-(5.3). Since J?f0w >0,
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w(y) > 0 if 0 < y < 1. For any e > 0, w > kw£ for e < y < 1 if A is positive

and sufficiently small. As before we can argue that the supremum of such A's

must be > 1, so that w > w£. Taking e -> 0 we see that w > w, i.e., w is

the minimal solution.

6. The effect of surface tension on the interface (radial case)

If G is a shell {r0 < \x\ < rx} and the data 8 are radially symmetric, then

we can try to solve the Stefan problem with surface tension by a function 8(r, t)

where r = \x\. The free boundary conditions are

The method of integral equations used in case e = 0 (e.g. [5]) can be used also

for e > 0 to show that for any large T there is a small e0 = e(T) positive such

that a solution exists for 0 < t < T if 0 < e < e0 ; furthermore, the solution

depends smoothly on e .

In this section we consider a special radial solution with free boundary s(t) =

\ft when e = 0 and investigate the effect of the e-approximating u on the free

boundary. Our interest is not really in this special radial case, but rather in the

method which will be developed to tackle it, for this method will be used in

the next section to study the general (nonradial) case. We consider 80(x, t), a

function of \x\ and t,

80(x,t) = f(^j,        t>l,

and the free boundary

\x\ = y/t, t> 1.

One easily finds (see [6, p. 87]) that

/oo 2Çx-e-U*dC-cx,

c0=\ex'\        cx=l-e^fcX-e-^dC

We take

D = {\x\ < a}    for some 0 < a < 1

and this determines the initial and boundary values 0 of 8Q on G x {1}   (G =

{a < \x\ < 1}) and on dD^ = {\x\ = a, 1 < t < oo}. Notice that

• i
à 1    1/4   /~      -i2/4,.*-l    ,„ Qri0 -> -e      I   e       C      dÇ   as / -> oo on dDo

¿      Jo

The free boundary can be represented in the form

(6.1) x = z(s,t) = Vtv0,        uo = TV\-



494 AVNER FRIEDMAN AND FERNANDO REITICH

Clearly (1.22), (1.23) remain true if we replace A0 by y(s, t)NQ and the A 's

and h0 accordingly (i.e., A- by y A. and hQ by h0/y). Thus, we may take

(6.2) N0 = z(s,t) = Vw0.

Since

f(z) = -{-exl\x-ne'z"

(6.3) 2

we have

/(z) = ie    (¿z      +(«-l)z    )*

(6.4) ?^ = -T        f'M

Next, on the free boundary,

(6.5)

by (6.4); also

so that

z.+v9o=27r«+/(1)R7r°

V9„-W0 = /(l)-ï^.^0 = /(l) = -i

Thus

(6.7) a = N0-N0h0 = 2t.

Next

Vöx 0O = d V0O = dxf (l4) r^-r

f» (\A\ Jh_í_ 4. ̂  fiiH J_ (ft _ £íA

where e, is the vector with components ô,,. Hence, on \x\ = \ß,

by (6.4), and

N0-^dxe^NQ,...,VdXnd0-N0)

(6.8) _ 2n- 1    1 ,-*_ _ 2n- 1
-      4     |x|v7X'V?W"      4     •

From the definition of b, in (1.23) and (6.5) we see that

(6.9) bj = 0.
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From the definition of c in (1.23) and (6.5), (6.6), (6.8) we get

,   i»,    .r      2/1-11     „( rx       1    x      2« - 11

or,

re. m\ 2/1 + 1(6.10) c = —^—.

Next

(6.11) Nc,-Vu = \Tt^--Vu = \Ttur

where r = |jc| . Finally, since the mean curvature of |x| = -\/7 is k = \/\ß,

d ,*,    X        Í »7       »r 2n - 1
.-(2*)+{#„.#„, +—/0 = í-(2it) +   tY0.7V0í + -^— [2k

(6.12)
= 2/(-i)rJ" +

¿w-3/2     2« + 1 _ 2/z - 1

2)        "27T"^7r
Combining (6.7), (6.9)—(6.12) we can rewrite (1.19) in the form

,,.,„, „ d«      /-        2n + 1        2« - 1  1
(6.13) 2^ + v^ + ^-t^^--^.

Since
~ du     .  f dr\ r
2t-j- = 2M u, + ur-r- I = 2/:«( + viwr,

we can rewrite (6.13) also in the form

,, ... r 2« + 1 2rt - 1   1 r
(6.14) tu. + vtur H-—w =—-    on x =v/.

' r 4 4     v/F '  '

The differential equation for « is

n - 1
(6.15) "«-"„•-—ur = °-

We wish to analyze the effect of the approximation 80 + eu on the water region.

To do this it will be convenient to perform a change of variables

5 i/2t = e ,        r = ye    ,

and work with the dependent function

(6.16) w(y, s) = ru(r, t).

By direct calculation we find that

'n - 3     y\ n - 3
(6.17) ws-wyy-^-j- + '-)wy + ^-w = 0   inQ,

„,m 1 2« - 3        2« - 1 . .
(6.18) ws + -wy + —-—w = —-—   ony=l,i>0,

(6.19) w = 0 on the remaining part of dQ.,
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where

Q = {(y, s) ; ae~s/2 < y < 1, 0 < s < 00} .

Set

Q.T = Çln{s <T},    for any T > 0.

In the sequel we shall use parabolic Schauder estimates with norm

2lß = INI?" + E WD>fßT + H{l+ß)l2iDyW)
7=0

where ||t/|L is the /3-Hölder norm with respect to the distance function

úf((y,S),(y,5)) = {|y-y|2 + |5-5|}1/2

and H,x+„y2(v) is the Holder coefficient of v in the / variable (with the usual

distance function) of exponent (1 +ß)/2 . We shall also use the "interior" norm

\\w\\2+ß whereby ||ß^||^r is replaced by

rTrvVr W   ,      m j+ß/2\DJyw(y,s)-Dyw(y,s)\
Wyw\\ß   = supsJ\DJyw(y,s)\ +supsJ ^ _^ + ,/_-^2

((y, 5) € Qr, (y, s) £ Qr and 0 < s < s), and similarly for Z>rii;  (with the

factor sJ replaced by s2) and H'„,,2(Dw).

We denote the space of functions with finite norm || ||2^ by C +ß(QT).

Theorem 6.1. There exists a unique solution w o/(6.17)-(6.19) such that

w c c(ñT) n c2+/*(nr\nA)

for any 0 < A < T < 00 .

By going back to the original variables we deduce that the unique weak so-

lutiuon of (2.1)-(2.3) is in C +ß in GT\GX for any 0 < A < T < 00 and in

C(GT).

Proof. Let p(s) be a smooth function, 0 < p < 1 , /?(0) = 0, p(s) = 1  for

s>l,'0<p'<2, and set

/>£(s) = P {-)    foranye>0.

Consider the problem (P£) consisting of (6.17), (6.19) and

,s ^^ 1 2/1-3        2n - 1     . .
(6.20) ws + -wy + w = -^-//£(5)   on y = 1, 5 > 0.

For this problem the consistency condition is satisfied at y = 1, s = 0.

Let

Xs = {w £ C + (Qs), w = 0 on s = 0 and on y = ae~    }.
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For any w £ X, let w be the solution of (6.17), (6.19) with

w(\, s) = E(w)(s)
Jo

2/1-1       .     1     , 2« - 3
dx.4     ^ev >     2   y    ' 4

Since w   is Holder continuous in s of exponent (1 + ß)/2, we easily find that
y

jrl-A/2
5 , ii/2„.„„n.

(6.21) p?(ti;)||1+/,/2<C„   ——-+¿ UM2+ß

Hence w £ Xs . Set w = Uw . If wl, w2 belong to Xs then estimating

\\E(wx) - E(w2)\\x+ß/2 < CnôX/2\\wx - w2\\2lß

and using Schauder's estimates [5, 13] we deduce that

\\Uwl - Uw2\\2*   < Cn6    \\wx - î^2II2+^ '        ^n constant (depending on n ).

Therefore, if â is sufficiently small then U is a contraction, and consequently,

it has a unique fixed point w£ ; w£ is the solution of (6.17), (6.19), (6.20). To

extend the solution for all t > 0, set

m(t) = \\ws\\2lß.

Proceeding as in the first step we can derive the estimate

(6.22) m(t + ô)<ym(t) + y0ôx/2m(t + ô)

where y, y0 are positive constants independent of t, ô . Choosing S such that

yQôx/2 = \ we deduce the estimate m(t+S) < 2ym(t) which allows us to extend

the solution w step-by-step for all t > 0.

If in the first step we use the interior norm || || mentioned above, then instead

of (6.21) we get
—""'   ~~^ 1 ¡2 ^ó

\\E(w)\\x+ß/2 <C + 6    ||w£||2+g,        C independent of e.

The mapping U has the unique fixed point wc as before, and

(6-23)      . \K\\uP<C0,

where CQ and S are independent of e .

We now let e —> 0. First observe, by the maximum principle, that

(6.24) 0 < w£, < w£   if 0 < e < e .

Hence w = limw   exists. Secondly, by (6.23) and (6.22),
e

IMI^<c0,      \\w\\^sl2<cT vr<œ.

Since w clearly satisfies (6.17)—(6.19), it remains to show that w £ C(QT), or

just that

(6.25) \imw(y,s) = 0.
j—»o
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But the function (2« - l)s/4 is a supersolution of (6.17) in any Qr for

n > 3 and in QT  (T small) if n = 2 . By the maximum principle we find that

2n-\      .    _,
w(y,s)<—-—5   inQj.,

and thus (6.25) follows.

Definition 6.1. We depict two subsets on the free boundary Yoo:T+ = {u>k},

T~ = {u < k} .

From (1.15), (1.16) we see that R > 0 on T+ and R < 0 on T~ . This

means that the approximate free boundary x = z + e£ expands near Y+ and

shrinks near Y~ , i.e.,

small surface tension increases the water region
(6.26) . _

near T   and decreases it near T .

We now state the main result of this section.

Theorem 6.2. For any 0 < n < 1 the solution w(y, s) o/(6.17)-(6.19) satisfies

(6.27) lim w(y, s) = w(y)   uniformly in y, n < y < 1
s—»oo °°

where w^ is the solution of (5.1)—(5.3) asserted in Theorems 5.1 and 5.2.

Corollary 6.3. The limit w^l) = lirn^^ w(l, s) exists and «^(1) > 1 •

In view of (6.16) this means that

u> K on Too\Tt    for some large t0 > 0,

i.e., the effect of the surface tension is to increase the water region at all times

t > t0. The amount of increase is determined by the interface x = z + e£.

Asymptotically,

Ç = 2(u - k)V~W0 & 2(tü0o(l)- l)z/0,

which means that the radial increase due to surface tension is, at time t,

« 2e(woo(l) - \)/\ft   times the original radius.

Notice also that by (6.25),

u < k   on T.'i

for tx sufficiently small, i.e., the surface tension decreases the water region at

all small times.

For n > 3 the operator Sf satisfies the conditions for the maximum prin-

ciple. This makes the proof of Theorem 6.2 simpler. It will be convenient to

first give the proof in this case, and then establish it separately for n = 2.

Proof of Theorem 6.2 in case n > 3. Comparing w(x, s) with w^x) in Q

we immediately find that

(6.28) w(y,s)<woc(y)   inQ.
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Given any 0 < £ < 1, let

2

ñe = {(x,s);s<y < l, s >se},       s^log —;

notice that Q£ — Q n {y > e, s > s£} and (e, s£) £ dQ. Consider the problem

— +^nw = 0   inQ£,

tv\ dw     1 dw     2n - 3        2n-\
[e) els- + 2-dy- + ~^~W = -4-   °ny = 1>

w = 0   on the remaining boundary of Ù£.

As in the proof of Theorem 6.1, this problem has a unique solution w£,

continuous on Q£ and in C       in Q£ n {s > s£}. By the maximum principle,

(6.29) 0 < wE < w   in Q.£.

By the maximum principle we also have

w£(y + h,s)>wE(y,s)   (h > 0),

so that

dw
(6.30) 1T^>0.

ds

We claim that

(6.31) -^<Ae~Xs   for some y4>0, A>0;

A and A may depend on e . Once this is proved, it follows that

w£(y, s) -> we(y)   as s -foo,

uniformly in y , and therefore, by (6.29),

lim w(y, s) > w(y)
s—»oo £

uniformly in y . Recalling that w£(y) —► ii^y), we then deduce that, for any

0<n< 1,
lim iü(y,í) >w   (y)

s—»oo "^

uniformly in y,  // < y < 1.  In view of (6.28), the proof of (6.27) is then

complete. Thus it remains to prove (6.31).

Note that

~of<A   ife<y<i, s = s£ + l.

For n > 4 the function W = e      satisfies

Ws+S?nW>0   inQ£,
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Ws + ^Wy + ^^-W>0   aty=l

provided A = min{/z - 3, (2w - 3)/4}. Applying the maximum principle to

C=9-^-AW,        A = A£e^+X)
ds £

in Û£ n {s > se + 1} we deduce that Ç < 0, and (6.31) follows.

Now let n = 3 . Setting

2,
fX      l-z¿)/4   ,

q0 = /   e dz > 1,
Jo/o

we know from Theorem 5.1 that

I    \ 5 fy    (l-z2)/4   ,W-iy)=2T3^J0e dz>

(6.32) °   °
w (i) = -J^a_>i.

°°v  '      2 + 3a0

Further, for small y > 0, if W  is the solution of

Wyy + ylWy + yW = 0,        0<y<l,

1 „,     3 - 4y 117     5

-2Wy + -r-W = -,        y=X,
W(0) = 0,

then MK (y) > 0 if e < y < 1  provided y is sufficiently small. We can now

apply the maximum principle to £ = dw£/ds - Ae~ysW (y) and deduce that

C < 0 in fí£ n {s > s£ + 1}, and the assertion (6.31) follows.

Proof of Theorem 5.2 in case n = 2. The functions

e-,,iu;(y, s)   and   f"'1^)}1)

satisfy the same parabolic equation in Qr :

Ws+3'2W + yW = 0,

with positive lowest order coefficient if

y = -=    where y0 = ae~

Vo

Applying the maximum principle we conclude that e~ysw < e'^w^ in £lT,

i.e., w < w^ in Qr. Since T is arbitrary,

(6.32) w < w^   in ÇI.

Next we define w£ as in case n > 3 . Applying the maximum principle to

C = e     w£

and to
C = e~ys(w -w)
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in Q , where y = 1/e2, we deduce that

(6.33) 0 < w£ < w   in Q£.

Similarly we deduce that

C = w£(y, s + h)e~y{s+h) - w£(y, s)e~}

is > 0 in Q£ and, consequently,

(6.34) ^=>0   inn,.

Recalling (6.32), it follows that dwe/ds -* 0 "weakly" as s -» oo, i.e.,

/~z+1 dw (v   s)
(6.35) /      —'-jf^-ds^O   ifl-^oo, for alle <y< 1.

Jt ds

Set

Then

/i+i
w£(y,s')ds

dW ~
^7+^2^ = 0   inQe,

dW£     \dW£     i~      3

FTe(e,s) = 0,        5>5E,

^£(y,5£)>0,      6<y<l.

Further, by (6.32) and w^(y) < w^(l) < \ , and (6.35),

~      3 OÍT      3

—— —> 0    as 5 —> oo, for each y £ (e, 1 ).

It follows that W£(y, s) ] w£(y) as 5 Î oo where w£ is a solution to problems

(P£°°) (n = 2), and w£(y) > 0 if e < y < 1. The convergence is uniform in y,

by Dini's theorem.

Noting that W£(y, s) < w£(y, s + 1) and recalling (6.33), we get

lim w(y, s) > w£(y),        e<y<l.
s—»oo

Finally, letting e-»0 and recalling also (6.32), the assertion (6.27) follows.
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7. The effect of surface tension on the interface (general case)

In this section we shall extend the results of §6 to general shapes of D and

G, showing that (small) surface tension increases the water region for large t ;

the fact that small surface tension decreases the water region for small t is valid

whenever u can be shown to be continuous in G,   for some f4 > 0.

If

(7.1) 0 < cx < /    8(x,t)<c2<oo   forall/>0
JdD

then (Matano [15]) there exists a positive number T0 such that the free bound-

ary has the form (1.10) with p £ C°° for all t > TQ. We shall also assume in

this section that (1.11) holds for some T > T0. Finally we assume that, for

some T* > T,

8\..n    is independent of t,  if t > T*,
(V.2) - .

and, if n = 2, 0L„    is constant if t > T .

Under this additional assumption it was proved by Matano [15] that the func-

tion p(8, t) satisfies

(7.3) \p(8, t)-MtXI2\ < C0   if t>t0

where M, C0, tQ are positive constants. From regularity results for the free

boundary (cf. [6]) we further deduce that, for any j > 0,

(7.4) \DJ(p(8,t)-Mtl/2)\<CJ   if t>tt

We can therefore perform a change of variable x —> £, such that, for t > t0, the

free boundary becomes |£| = Mt      whereas the derivatives dxjdçj are d, +
— 1 II

0(t      ). Let us perform another change of variables £ —* (y, <px , ... , <pn_ {),

t —» s , where

t = e\        y = W2

and tpx , ... , <pn_x  are the spherical coordinates of £. Then the function

w(y, cpx, ... , <Pn_x,s) = |£|w

satisfies (we take for simplicity M = 1 ),

(7.5)
,'n - 3     y\ n - 3

w V   y 2/    ■"       y2

1 „        2/1-3 2/1-1
(7.6) -«i + ^w„ +./r w -\-—w = —-—    at vs     2   y 4 4

where

v-<      a //i     v^, '-*"'
.£w =ya—       - + >//■—    ,

/1-'   'i()ni)n      ¿—'  'i)n
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J/~W = Y Cidw
(»/i»--- > nn) = (y,<px,--- ,9„. 17'

and

(7.7) Eifl«;i + Ei6«i + Eic«i^ff(j)>    ff(s)^0 if5 00.

Equations (7.5), (7.6) are taken of course in the weak sense corresponding to

the definition of the weak solution u.

Theorem 7.1. For any 0 < // < 1 the solution w satisfies a.e.

(7.8)        w(y, s) —> w^y)   as s —> oo,  uniformly in y,  n < y < 1,

where w^y) is the solution o/"(5.1)—(5.3), as described in Theorems 5.1 and

5.2.

Proof. Set

-2> = -«V
n- 3    y\ n- 3- + 2JWy +

y       ¿/   '      y
and consider first the case n > 3 . Let w£ s  (ô > 0) denote the solution of

(7.9) -^-+5?nw = -ô   inQ£ = {e<y < I, s > a£},

._ ,_. dw     Idw     2n-3        2n - 1     . .
(7-10) -9Sr + 2jy- + —™ = — -0  °^ = U

(7.n; w = 0 on {y = s, s > a }   and on   {e < y < 1, s = a }

where a£ is sufficiently large, depending on ô. As in the proof of (6.31) one

can show that
ait;.

c Je,6

Ds
AW<0   inQ

and thus

It follows that

(7.12)

dw
e. ô

ds
< Ae

-As
(A > 0).

We,â(y>S)^We,s(yî     »S 5 ^00.

From (7.7) we deduce that if <r£ is sufficiently large then w£ g satisfies

d^+^nw<0   inQ£,

3        2« - 1
-w < —-—   on y = 1.

ait;      1 dw       ..       2n -

ds      2 dy 4

If w(y, s) were smooth then by the maximum principle we could deduce that

(V.13) w£S(y,s)<w(y,s) + AW

where W is the function used in the proof of (6.31), with smaller A if n > 4
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and slightly modified when n = 3 :

W = e-ysWy(y)

where

^Wy-yWy = y,        0<y<\,

Wy(0) = 0,        1^(1) + l^Lwy{l) = y;

with this modification,

Ws+^nW>0   inQ£,

dW     \dW      „_.     2«-3„.     -
-3— +~s— +y^W + —-—W>0   ony=l
as     2 ay 4

not only for n > 4 but also for n = 3.

From (7.13) we deduce that

(7.14) ljmw(y,s)>wE<s(y).
s—»oo

Since further

and

we,s(y)-*we(y) if<5^o

we(y) -»woo(y) ife —o,

it follows that

(7.15) ljmw(y,s)>woo(y)
s—»oo

provided w is smooth.

For the actual weak solution w the inequality (7.13) can be established by

working with finite differences, and then (7.15) follows provided " lim " is taken

in the "essential lim inf ' sense.

It remains to prove that

(7.16) lim tí;(y, 5) < tí;   (y).
5—»OO ^

(The uniform convergence in y asserted in Theorem 7.1 follows from the esti-

mates from which (7.15), (7.16) are derived.)

Let 7jj£ g be the solution of

(7.17) &nw=6,       e<y<l,

,,,„, 1    /,,,     2« - 3    ...     2« - 1      -
(7.18) 2™() + ^~ w(l) = —j— + S,

(7.19) w(e) = 0,

for any 0 < ô < 1 . Clearly

(7.20) ™e,s>°
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and we also have an upper bound

(7.21) wEÔ<C

where C is a constant independent of e, ô. Indeed, if n > 4 then C =

1 + (2/z - l)/(2« - 3) is a supersolution of (7.17)—(7.19) if ô < 1, whereas if

n = 3 we can take C - y as a supersolution provided C is a sufficiently large

positive constant.

From (7.20), (7.21) and a compactness argument, lim^gt/^ s(y) = ws(y)

exists (0 < y < 1) for a sequence e —> 0, and iûj satisfies (7.17) with e = 0,

and (7.18). Since Ç = Cy is a supersolution (i.e. Jz^Ç > ô) in 0 < y < y0 for

some constants C > 0, 0 < A < 1 and small enough y0, we have (cf. (5.10))

Wg(y) < Cy . It follows that lims^0Wg(y) = w(y) (0 < y < 1) exists for

some sequence ô —> 0, and w satisfies (5.1)—(5.3). By uniqueness, w = wx ,

i.e.,

(7.22) ws(y) I wjy)   if <5 1 0       (0<y<l).

Arguing as in the proof of (7.13) we find by comparison that

(7.23) w(y,s) <ws(y) + AW   inQn{s>â£}.

Letting s —> oo we get

lim 777(y,s) <7i;á(y),
J—»OO "

and together with (7.22), the assertion (7.16) follows in case n > 3.

The proof for « = 2 requires some modifications. For any e 6 (0, 1), if A

is a sufficiently small positive number then, by standard ODE arguments there

exists a positive solution w =wE x(y) of

S?2w-kw = 0,       e<y<l,

\w'(\) + \w(\)-kw(\) = \,

777(e) = 0.

We can then apply the maximum principle to

C=\±-g¿—Ae    wEky   ,       y = -2,

in Q£ to deduce that Ç < 0 ; hence,

a^p x       -u
-^ <Ae (A = A(e)).

It follows that (7.12) holds and then also (7.14) is valid, for any small ô > 0.

The assertion (7.15) now follows from (7.14), as before.

To prove (7.16) we can establish for n = 2 the existence of unique positive

solution we g of (7.17)—(7.19), as in the case 3 = 0, and also show that
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wEgîWg   asejO,

wâ •» woo   as (5 | 0.

Thus it remains only to establish an estimate of the form (cf. (7.23))

w(y, s) < Wg(y) + Ae~ sw(y).

This follows by comparison provided we can take ttj a solution of

Jî?2w -Xw = 0,        0 <y < 1,

l2w'(l) + ^w(l)-Xw(l)>0.

But w can be constructed as a limit of solutions wE x (e j 0) by the method

of proof of §5 for n = 2 (with A = 0) provided A is small.

8. The two-phase Stefan problem

In this section we conisder the two-phase Stefan problem with surface tension:

ddl/dt-A8x=0   inGy,

d82/dt-A82 = 0   inG2T,

(8 1} 0,-0!    ondD*TU(Gx x{0}),

02 = 02   onaD2 U(G2 x{0}),

8X = 82 = ex   on the free boundary rr,

(X, + V(8X -82))-N = 0   onTT

where 8X > 0, 02 < 0. Here Dx, D2, G0, Gx, G2 are smooth domains satisfy-

ing:

DXCG0,     G0cD2,     GX = G0\DX,     G2 = D2\G0.

It is well known that if e = 0 then the problem has a unique weak solution

(cf. [7]) whereas if the initial values are sufficiently smooth and satisfy some

consistency conditions at dGQ then there exists a classical solution for some

small time interval 0 < t < T [7, 16]. We shall now assume that a classical

solution for e = 0 exists in some time interval 0 < t < T, and denote it

by (0O1, 0O2, rr). We consider for small e > 0 the approximate solution

(0O1 +eux , 0O2 + eu2) with ux defined in the water region GT and u2 defined

in the ice region GT . We shall derive a parabolic system for w,, u2 and then

prove that it has a unique weak solution.

Introducing the notation (1.9) for YT and denoting by N = NQ + eNx the

normal for the interface x = z + e£ of the e-perturbed new free boundary, we

find as in §1, that if R is defined by (1.15) then

(8-2)    R{s '?) - vt^n = A<(M< -K) '    hi = - vT-rw> ° •vu0i    JV0 V(70;    ly0
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Further, analogously to (1.17) we get

VV/ + EK + v(öo>-0o2))-W^

(8>3) +{(^ + V(0o1-öO2))-E^7JVo,i; + ^o^oi + ^o

•(va,i(0ol-0O2)-Ao,...,vaVn(0ol-0O2).Ao)}JR

+ V(ux - u2) ■ N0 = 0.

Setting

S, = V0O, • A0

it follows from (8.2) that

(8.4) (-g2)ux = (-gx)u2-Kg       (g = g2-gx, gx<0, g2<0)

and (cf. (1.22))

(8-5) a-jf + Y,bj-Jv + No- VK - "2) + cui = ft.

where

dt   ' ¿^"J dSj   '    °     v  '       2> '      • ~''°

a = NQ- N0hx > 0

and b¡, c, f0 are known functions having a structure similar to (1.23).

Set

gt = g\ u r7. u g\

and extend gx , g-, and k smoothly into all of Gr in such a way that gx and

g2 remain negative.

Notice that the function

(8.6) uJ{-g2)Ux mG-

is continuous in Gr .

(-gx)u2-Kg    inG'r

To define a weak solution, we set

{u.    in Gr,

M2    in G~r

and integrate by parts in

/ (u, - Au)tp = 0.        ^smooth.
./(,■; mo-

using (8.4), (8.5) and the integration by parts formulas

/    9,¥=    -       <PV,     I   (Mt)(z.t)z -N0dsdt
Jg\ Ju\ Jo

+ tpy/ d.x tpy/ d.\ .
.'(/'en ./(.■'(0)
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,VtV= -     ,M't+      ((pv)(z,t)z -N0dsdt
Jg\ Jg\ Jo

+ /       tpy dx - \      tpy/ dx,
Jg2(T) Jg2(01>G¿{T) JG2(0)

we find that (cf. (2.6))

- /   utp +       Vtp-Vu
Jgt Jgt

(8.7) -J  j^uxl^t(atp) + Ydj-(bj<P)-ci<p\dsdt

= [   [ <pfxdsdt
Jo   Jl

where

ci=c + \Tzt-No>       fi=fo + ^z,-No>

and <p in any function in CX(GT) vanishing on G(T) UdDxT U dD2-..

If u, is smooth then

(8.8) du,/dt-Au, = 0   inGy,

(8.9) u, = 0   on dD'T   and   on G, x {0},

and (8.4), (8.5) hold on TT . We now define a weak solution.

Definition 8.1. A function u = (ux, u2) is a weak solution of (8.8), (8.9), (8.4),

(8.5) if

u,,Vu, £L2(GlT)       (i = l,2)

and if (8.9) holds in the usual continuous sense, (8.4) holds in the trace sense,

and (8.7) holds for any test function tp as above.

If we substitute tp = U in (8.7) and proceed formally, we obtain, after some

integrations by parts (cf. the derivation of (3.2)) an energy estimate

sup   /     u (x, t)dx +       \Vu\
o<í<tJg{i) Jgt(8.10) °<r<r'G('

+ sup   / u.(z(s, t), t)ds <CT.
o<ktJl

To actually use an estimate of this type in order to establish existence of a

weak solution, we resort to finite-difference approximations as in §3. Instead of

the elliptic problem (3.3) we now have:

(8.11) ^uk - Auk = ^uk~x    inGjk       (7=1,2),
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where GJ'k = Gj(kh), and

(8.12)

1    k   k k k k        v~*   kdu, k   k
^a ux +N0 -V(ux -u2) + 2^bjj^- + cxux

1     fc    fc-l rk rk
= -r-a u     + jx    on r ,

h

(8.13) (-gk)ux=(-gkx)u2-(Kg)k   onT*

and

(8.14) uk = 0   ondDjk

where dDj'k =dDj(kh).

Setting

-g2) ux in G
U   =

I (,-gx)ku2-(K8)k   biG2'\

the system (8.11 )—(8.13) can be written in the form

- div(AkVUk) + Bk ■ VUk + ^rUk + CkUk + Fk

(8.15)

where

-z(t%+>*+>.)*
(-g2 )       in G     ,

,       JK-1 „2,k
(-gx )       in G     ,

and ô is the uniform mass of density 1 distributed over Y^ .

Formally, if we multiply (8.15) by U   and integrate over G  =G'

G     , we get

(  Ak\VUk\2 + \- [ (Uk)2+ f(Uk(z(s,kh),kh))2ds
JGk n JGk Jl

(8.16) ief^u'f + cfju'f + C

♦J^H^2^ <Esmall)

and the last integral is equal to

ir* ^ 05,

But for any small /t. > 0,

f(Uk)2<^f(Uk)2 + pf\VU
Jv* ß JGk JGk

• dßki    k2
1 (irr.
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If we substitute this into (8.16) and choose p small enough and then h < p/C,

we get

(8.17) f  ivC/Y + ir / (Uk)2+ f(Uk(z(s,kh),kh))2ds<CT.
JGk n JGk Jl

Notice that if we approximate S by smooth functions ôJx(s)ôJ2(X) where A

is the distance of a point from Y^ and <52(A) -> ô(0) (=Dirac measure at 0),

then (8.15), (8.14) becomes a diffraction problem and by known results (e.g.

[13]) it has a unique solution U 'J. Since the derivation of (8.17) is valid also

for U ,J with a constant CT independent of j, letting j —> oo we obtain a

solution Uk of (8.11)-(8.14).

We can next derive for the U   an a priori estimate analogous to (3.12) and

use it to conclude that a subsequence of

u (x, t) = Uj(x, kh)   ifx£GJ'   ,  kh<t<(k+l)j

converges weakly to a weak solution of (8.8), (8.9), (8.4), (8.5).

Theorem 8.1. There exists a unique weak solution 0/(8.8), (8.9), (8.4), (8.5).

Proof. We have already proved existence. To prove uniqueness we take in the

definition of weak solution the test function n defined by

-n, = U,        n(x,T) = 0   (U as in (8.6));

this can be justified by approximation, as in §4. Then

n, _     nt       Ks
U{~   i-g2V     "2"   (-*,) +(-*,)'

and we can proceed as in §4, making use, in particular, of (4.9). After some

integrations by parts, we end up with an inequality similar to (4.11), with the

second integral on the left-hand side replaced by

where we have made use of the relation z, ■ N0 = g. Since g = g2 - gx, the

integrand is bounded from below by en, (c > 0), and the proof can now be

completed by using Gronwall's inequality.

Remark 8.1. In constructing a weak solution we used finite-difference approxi-

mation for both the parabolic equation and the boundary conditions. Actually

one can use another scheme whereby the finite differencing is performed only

with respect to the boundary condition on YT . Then, for the one-phase problem

we define the approximating solution by

u (x, t) = uk(x, t),        (k - I)h < t < kh ,

and replace a^¿ by

■jA\auk)(z(s ,t),t)- -^a(z(s, 0, t)uk(z(s, t - h), t - h),
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and thus solve a parabolic equation in each interval (k- \)h < t < kh with u

continuous across t = kh , for each k . The same procedure can be used for the

two-phase problem, finite differencing only (8.5), and applying [13, Chapter IV,

§§1-8] to prove that the corresponding parabolic system has a unique solution.

9. The effect of surface tension on the interface

We shall consider in this section the effect of small surface tension on the

free boundary. As we shall see, in contrast to the facts established in §§6, 7 for

the one-phase Stefan problem, small surface tension, for the two-phase Stefan

problem, decreases the water region for all time provided the data are radial or

"close" to radial.

Let K, be a solution of

d,K,-AK,>0   onG'T,

(9-1) Kt = l,   ondDiTU(G,x{0}),

K, = k   on YT,

and set Ui = u¡- K,. Then

0,1/,.-AC/,. <0   inG^.,

U, = -I,   on dDlT U (G, x {0}),

(9.2) £2^1 = SXU2   onrY>

dU,     ^, dU,
a^r + E bj-¿j;+cUi + (vc/. - vc/2) • ̂ o

= (VK2-VKX)-N0   onYT

where a,b,,c are easily determined by comparing with (8.3); in particular,

a>0.

Lemma 9.1. If k > 0 and, for some I, > 0,

(9.3) (VK2-VKx)-N0<0   onYT,

and if u, is in C (G'T), then

(9.4) u, < k   onYT.

Proof. It suffices to prove that

U, < 0   in G'T.

If the assertion is not true then, since U¡ < 0 in G\   if tt is small, there exists

a t0 > 0 such that U, < 0 in G\ for all t < tQ but £/(x0, ¿0) = 0 for some

(x0, t0) £ G',   where / = 1 or / = 2. By the maximum principle we deduce

that (x0, i0) must belong to YT , and

£/,(*„, t0) = U2(x0, t0) = 0,

±-Ux>0,        ¿Ux=0,        (VUx-VU2)-NQ>0
j
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at (x0, t0). But then the last equation in (9.2) implies that (VKX-VK2)-N0 > 0

at (x0, i0), a contradiction to (9.3).

Consider the radial case where

G = {a< \x\ <ß},        8 = 8(r,t),        r = \x\,

with the free boundary condition

0 = ~~rr > —0i  - + 0i , = ~r •
s(t) '•'      2'r     dt

If n > 3 then taking Kx = K2 = l/r we have

d,K,-AKi = ^>0.

Since also u, is in C (G'T) is in this case (the proof is similar to that of

Theorem 6.1), we conclude

Theorem 9.2. In the radial case, if n > 3, then (9.4) holds, i.e., small surface

tension decreases the water region for all 0 < t < T.

Notice that (still in the radial case), if K,  is the solution of (9.1) satisfying

a,A',° - AK° = 0   onG'T

and

0<lt = ¡!<--S   on dD'T U (G, x {0})

where 0 < ô is sufficiently small, then, by comparison with K, = j , there exists

e = e(<5 , T) > 0 such that

(VK°X - VK2) -N0>e   on rr.

It then follows that for the nonradial case, if n > 3 and the data are "close" to

radial, we can establish (9.4) for a smooth approximation of «, (as constructed

in Remark 8.1). Hence ut < k on YT.

Consider finally the radial case with n = 2 ; we further specialize to a free

boundary |x| = tx/2   (t > 1), which corresponds to

with appropriate a,, ß,.

Introducing

(9.5) W¡(y,s)=yes/2K¡(yes/2,es)

we find that the system of equations for the K, becomes

dw.    d2w    (y    \\dw.    w
(9.6) Sewi = -^-2* - ( ^ - - ) -^ - -± > 0   in Sl'T

1       ds        dy2       \2     y)   dy      y2 '
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with initial and boundary conditions

W, = 1    for y = 1,
(9.7)

Wt. > 0   on the remaining part of dQT

where

ÇllT = {(y, s) ; ae~s'2 <y<\,0<s<T},

Q2T = {(y, s) ; 1 < y < /3e"s/2, 0 < s < T}       (0 < a < /3 < oo).

Let W^. be the solution of S?W, = 0 in Q,'T where

^r = {{y. ^) ; ae~T/2 < y < 1,0 < s < T} D ÇilT,

U2T = {(y,s);l<y<ß,0<s<T}DQ2T,

satisfying the initial and boundary conditions:

W,= \    for y = 1,

Wx=0   ify = ae~T'2,

W2 = 0   ify = ß,

ÎVt = 0   ifs = 0.

Then, by the maximum principle, W, > Wi in Q'r (if we choose Wi = W. on

the parabolic part of Cl'T) and

dw,   dw.    div7   dw.   c

Applying the maximum principle to dWJds we deduce that

dW.
(9.9) -^>0.

We now integrate by parts in

/       Sewx(y,s)dy = 0, [ S?W2(y,s)dy = 0
Jae-Tß Jl

and add the results; we obtain

Wuy{\, s) - W2y(\, s) = £_r/2 (dsWx + \w)j + J' (dsW2 + \w^

+ [WXy(ae-TI2,s)-W2y(ß,s)}.

Recalling (9.8) and noting that the last expression in brackets is positive (by the

maximum principle), it follows that

WXy(\,s)-W2y(\,s)>0,

and from (9.8), (9.5) we then deduce that the condition (9.3) is satisfied. There-

fore, by Lemma 9.1:
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i l'y

Theorem 9.3. If n = 2 and the free boundary is given by \x\ = t then (9.4)

holds for all T > 0, i.e., small surface tension decreases the water region for all

t>0.

Remark 9.1. One can extend Theorem 9.3 also to other radial free boundaries.

For instance, if the free boundary has the form

|x| = s(t)   where s(t) < 0 for 0 < t < T

then, by choosing

Kx(x,t) = JJ-)    and   K2(x,t) = ±-y

the conditions of Lemma 9.1 are satisfied; consequently (9.4) holds for all 0 <

t< T.
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