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THE STEFAN PROBLEM WITH SMALL SURFACE TENSION

AVNER FRIEDMAN AND FERNANDO REITICH

ABSTRACT. The Stefan problem with small surface tension ¢ is considered.
Assuming that the classical Stefan problem (with ¢ = 0) has a smooth free
boundary I', we denote the temperature of the solution by 6, and consider
an approximate solution 6, + ¢u for the case where ¢ # 0, & small. We
first establish the existence and uniqueness of u, and then investigate the effect
of u on the free boundary I'. It is shown that small surface tension affects
the free boundary I'" radically differently in the two-phase problem than in the
one-phase problem.

0. INTRODUCTION

In the classical formulation of the two-phase Stefan problem the temperatures
6, and 6, of water and ice satisfy the following conditions on the interface

{®(x, 1) =0};

(0.1) V.6, V.®-V OV O=0,
(0.2) 6,=6,=0;

the first condition is the cbnservation of energy. The functions 6, , 6, further
satisfy the heat equation in the water and ice sets, respectively, as well as initial
and boundary conditions on the fixed portions of the boundary.

For definiteness we shall take in this paper the initial geometry to be as in
Figure 1, namely, the fixed boundary (0D) is surrounded by water (region
G = Go\ﬁ) and the water is surrounded by ice. The fixed boundary does not
change in time, but the free boundary (the water-ice interface) will of course
change with time.

The one-phase Stefan problem arises when 6, = 0 in the ice region, or
6, = 0 in the water region. Taking for definiteness the case 6, = 0, the

w
interface conditions are

(0.3) V.0, VO=>,
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ice

7

fixed boundary

FIGURE 1

(0.4) 6 =0.

Molecular considerations attempting to explain dendritic growth of crystals
suggest replacing (0.4) by the Gibbs-Thomson relation

(0.5) 0, =vok
where

. div? . .
(0.6) & = mean curvature of the interface = 1 (n = dimension),

7’ is the unit normal pointing into the ice (and extended as constant vector
along each normal line), o is the surface tension and y is a positive constant;
for details see [1, 2, 8, 12, 17, 18] and the references given there. Gurtin [9 and
10] has established (0.5) and its counterpart

(0.7) 0,=0,=y0k

w

for the two-phase case by thermodynamic considerations (see also Langer [14]).
The sign of x in (0.6) is positive (negative) if the intersection of the water
region (ice region) with a small ball centered at the interface point is convex.

It is well known that the Stefan problem with interface conditions (0.1), (0.2)
or (0.3), (0.4) has a unique global weak solution; see, for instance, [6]. Further,
for the one-phase problem the free boundary is known to be smooth (for ¢ > 0)
under some conditions on the initial geometry and the initial and boundary
data (see [7, 6]); smoothness for large time only (i.e. for ¢ > f,) was established
by Matano [15] under fairly weak assumptions on the data. For the 1- and
2-phase Stefan problems, smoothness of the free boundary was established by
Meirmanov [16] and Hanzawa [11] for small time (0 < ¢ < d), provided the
initial data are smooth and satisfy some compatibility conditions.
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On the other hand, for the Stefan problem with surface tension (i.e., (0.2) or
(0.4) are replaced by (0.5) or (0.7)) no existence results are known; not even for
small time. The nearest results in this direction are due to Duchon and Robert
[3] for the one phase Stefan problem in two dimensions, whereby the heat equa-
tion 6, — A6 = 0 is replaced by the Laplace equation A6 = 0; they established
local existence and uniqueness. Visintin [19] proved existence of a weak solu-
tion after replacing (0.5) by another condition which is an approximation to the
Gibbs-Thomson law.

Added in proof. Another version of a weak solution was studied recently by
Luckhaus [20]; he proved existence of a solution.

In this paper we consider the Stefan problem with small surface tension o
and linearize the problem about o = 0. The linearized problem turns out to
be a nonstandard parabolic problem. We establish existence and uniqueness of
a weak solution u# and then investigate the effect of # on the original shape of
the free boundary of the Stefan problem with zero surface tension.

The one-phase Stefan problem is considered in §§1-7 and the two-phase Ste-
fan problem is considered in §§8, 9.

In §1 we introduce the approximation 6 = 6, + you and derive a linear
parabolic problem for u; 6, is the solution of the Stefan problem with ¢ = 0.
In §2 we give a weak formulation and in §3 it is proved that a weak solution
u exists. Uniqueness of the weak solution is established in §4. In §§6, 7 we
investigate the perturbation of the free boundary of 6, due to the term u.
Assuming that the negative sign holds in (0.6) we prove that

small surface tension decreases

0.8
(08) the water region, for all small times.

We also prove (and this is the main result of §§6, 7) that

(0.9) small surface tension increases the

water region for all large times.

More precisely, the free boundary for large times is approximately of the form
|x| = M/t (M > 0) in the absence of surface tension and |x| = M+ eM,
in the presence of surface tension (M and M, are positive constants).

Some ODE results needed in §§6, 7 are derived in §5.

In §88, 9 we deal with the two-phase Stefan problem. In §8 we prove the
existence and uniqueness of a weak solution u = (u,, u,) such that 6, + eu
is an approximate solution to the two-phase Stefan problem with small surface
tension. In §9 we investigate the perturbation of the free boundary due to the
term u. Assuming that the water region when o = 0 is convex, we find that
(0.8) is valid for all times; this is radically different (for large times) from the
1-phase situation whereby (0.9) holds.

Our results on existence and uniqueness of a solution to the linearized Stefan
problem about ¢ = 0 extend to geometries other than the one depicted in Figure
1. However the interesting conclusions on the effect of small surface tension on
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the free boundary (in §§6, 7 and 9) depend on the geometry of Figure 1, i.e.,
on the fact that the ice surrounds the water and the water surrounds the fixed
boundary.

1. THE APPROXIMATING SYSTEM

Let D be a bounded domain in R” (n >2) with che boundary dD. Let
G, be a bounded domain in R” with C** boundary such that D C G,. Set
G=Gy)\D.

For any T > 0, set 0D = 0D x (0, T]. Consider the one-phase Stefan
problem with surface tension:

(1.1) 0,-A0=0 inG,,

(1.2) =60 ondD,U(Gx{0}),
(1.3) 6 = ex on the free boundary I';., ¢>0,
(1.4) (X,+V6)-N=0 onl,.

Here I';. = Uy, ['(¢) and for each ¢ € [0, T], the free boundary I'(¢) (ie.,
the interface) is given by x = X(s, ¢) where s is (n—1)-dimensional parameter,
K = k(s, t) is the mean curvature of the surface s — X(s,¢) at s,and N =
N(s, t) is the outward unit normal of this surface. We easily find that

(n — )k = div N = trace of M(s, 1)
where M(s, t) is the matrix in R"*" defined by the relations
MN=0, MX, =N, (j=1,...,n-1).

In (1.3) ¢ = yo where y, o are as in (0.5).
In the sequel, the initial and boundary data, designated by 6 in (1.2), are
assumed to be positive valued on 0D, U (G x {0}), and 6(x,0)=0 on 0G,.
The water region at time ¢ is designated by G(¢), and G, = Uy<,<7 G(1);
note that 8G(¢) = 8D(t) UT'(¢) where aD(t) = 9D x {t}.
Existence theorems for (1.1)-(1.4) have not been established up to now.
Consider next the Stefan problem with zero surface tension:

(1.5) 6,—A60 =0 in G,

(1.6) =6 ondD,U(Gx{0}),

(1.7) 6 =0 on the free boundary ',

(1.8) (z,+V0)-Ny=0 onT,

where ', =1, <I<T I'(¢) and, for each ¢, the free boundary I'(¢) is given by
(1.9) s—>x=2z(s,1), S=(8,. s 85,4)s 0<s,<L;

thus z(s, t) is defined in the rectangle

n-1
L=JJto<s <L}

i=1
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and is L;periodic in s, for each i. The vector N, in (1.8) is an exterior
normal, and G = J, <I<T G(t), where G(?) is the region occupied by water.

From the results of Hanzawa [11] and Meirmanov [16] it follows that a
solution of (1.5)-(1.9) exists for small 7" and I'; € c/tF provided

6(x, 0) and 0G, are sufficiently smooth, say
in c™*F , and O(x, 0) satisfies the compatibility
conditions of order m I 2atoG,.

As for global existence of smooth solutions, the following result was proved by
Friedman and Kinderlehrer [7]:

Suppose D is a ball {|x| < r,} and G, is star-shaped with respect to
any point in {|x| < J,} for some 0 < J, < r,. Using polar coordinates

(r,0,,...,0,_,) about 0, write
Av=r""0"""v) + r 2 Av

and assume that

(W”éu 0),<0, xe€G,

O(x,t)— (xO— (/Bx sds)>0 |x|=r,, 0<t<T.
Thus the solution of ( ) (1.9) exists and the free boundary is given by
(1.10) pO,,....,0, ., 1), 0<t<T,
where

peC” in(6,...,0,_ ,,1), 0<t<T.

By combining the local and global results we obtain a solution of (1.5)-(1.8)
with the boundary given by (1.10) such that

peC’™ if0<t <t for some small i >0,
peC™ if0<t<T.

We shall henceforth denote the solution to (1.5)-(1.8) by (6, z); the free
boundary will be denoted by I';. and the water region {6, > 0} by G,.. We
shall always assume that z € C**# for se L,0<t< T. )

We shall try to find an approximate solution to (1.1)-(1.4) of the form

0=0,+¢u,

(1.11)

with free boundary
x=2z(s,t)+¢el(s,?).
We shall choose an outward normal N = N, to x = z(s, t) and an outward
normal N = N,+¢N, to x =z +¢&( as follows: N, has components

oz, . 9z 0zy, . 97
ds, as, ds, ds,

_ (_ 1)n+i

NO,i




470 AVNER FRIEDMAN AND FERNANDO REITICH

and N, has components N, ; obtained from

3(21"'8(1) . 6(Zi—l+8{1—l) 3(Z,+l+8Ci+l) a(zn+£Cn)
ds, Js, ds, o as,
"~ n+i
Nl,i(8)=(_l) : : : :
Az, +ef) . Oz +eG ) O(z,,+el,) A(z,+e )
s ds s o s

n—1 n—1 n—1 n—1

by Ny = &N, (€l
One can easily deduce the structure

n—1
(1.12) N, =ZA,6_?

where A ; are matrices with elements which depend on 0z,/0s, in general.
From (1.3) we get

0,(z +el, 1) +eu(z +el, 1) = ex + O(&);
in view of (1.7), this gives
(1.13) VO,-(+u=x onx=z(s,1).

Next, from (1.4) we have

[z, 46, + VO (z +el, 1) +eVu(z + e, 1)]- (N, +eN,) = O(&?).

Recalling (1.8) we get

(z,+Vby) N, +(,-Ny+Vu-N,

(1.14) +(Vax,00’c’ 0a VO, 60,-8)-Ny=0 onx=z(s,1).

In equations (1.13), (1.14), the mean curvature k¥ of s — z(s, ) is known, N,
and V6, are also known, but u and { are unknown (by (1.12) N, is known
once { is known). We wish to eliminate {, so as to obtain a single relation for
u on the free boundary I';.: x = z(s, ¢) . To do this, we write { in the form

(1.15) C(s, 1) =R(s, 1)Ny(s, ).
Substituting this into (1.13) we get
K—U 1
(116) R(s,l)—m—ho(u—x), ho——m2m>0,

where m is a constant; the positivity of 4, follows from the maximum principle
applied to 6, (6, takes minimum at the free boundary).
Substituting ¢ from (1.15) into (1.14) and recalling (1.12), we get

(z,+V0p)- D A;(R Ny+ RNy )+ No+ RNy + No- RN, |
+ V- Ny+ Ny- (V0, 6,- RNy, ..., VO, ;- RNy) =0
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or
No+ NoR, + ) (2, + Vo) - (4;No)R,

+{(z,+V6y)->_ AN, - N,

+N00(V8x100-N0, e V@x (770-N0)}R+VuoN0 =0.
Substituting R from (1.16) into (1.17), we obtain

d
N, - Nod (hgu — hox) + (z,+ Vb,) ZA h (hgu — hyk)
(1.18) +{(zt+V00)-ZAjNO’Sj+N00N0’t

N, - (vax| 0y Nys - vaxneo « No)}(hogu — hyk)
+Vu-N,=0 onx=z(s,1).
The function u also satisfies
(1.19) u,—Au=0 inGp,
(1.20) u=0 ondD; and on G x {0}.

If u is a solution to (1.18)-(1.20), then defining { by (1.15) where R is
given by (1.16), the pair
(1.21) 0=10,+¢u, x=z+¢&{
will form a first order approximation to problem (1.1)-(1.4).

We wish to study the linear problem (1.18)-(1.20) and to analyze the effect
of the term u on the free boundary I';.. Note that (1.18) can be written in the

form
(1.22) +ij +N Vu+cu = f
where
a=Ny-Nhy, b, =(z,+V8)-4;Noh,,
dh, dh,
=Ny No— 2 +(z,+ Vby) ZANOdS
+{(zt+V00)~ZAJ.NO‘SJ+N0-N0,,
J
(1.23) +N0'(V6X‘00-N0,...,V@x"00~N0)}h0,

fy= NN;( K)+ (2, + V0 - Y AN, k)

+ {(z, +V00)~ZA].N0,SJ +Ny- N, ,

o+ Ny (Y, 0y Ny, - Vc’)x"00~N0)}h0x
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In (1.22)
du dudz; Ou
u=u(z(s,t),t) and 77 2 6_x,.3t 37
du _ 5~ ou bz,
ds; N £~ 9x; s,

Similarly one understands the expressions dh,/dt, dh/ds, etc. in (1.23).

Remark 1.1. Since z € C*** | 4 belongs to C**#, b, belongs to C £ and
¢, f, belong to C % . For the results of §§2-4 it actually suffices that c, f, are
continuous functions and a, b ., are continuously differentiable.

2. DEFINITION OF WEAK SOLUTION
In §1 we derived for u =[060/0¢],_, the parabolic system

(2.1) u,—Au=0 inGg,
(2.2) u=0 ondD; and on G x {0},
(2.3) +Zb; +N Vu+cu=fy, onl,

where a, bj, c, f, are deﬁned in (1.23);
(2.4) a>a,>0 (a, constant).

The boundary condition (2.3) is nonstandard. To prove existence (and

uniqueness) we shall resort to working with a weak formulation of (2.1)-(2.3).
Let ¢(x, t) be any smooth function such that ¢ =0 on D, andon G(T).
Formally,

0= / (u, — Au) = / / o(u, — Au)dx dt
G(t)
=/ dx (pudt—// (pudadt+// Vo -Vu
G(T) 1(x) I'(r)

where v is the outward unit normal and ¢(x) = min{¢,; (x, to) € G} (recall
that the sets G(¢) increase with ¢). Observe that by definition of the surface
area da,, on I'(t), da, = ||Ny|lds. Hence we get

T
0= [ dx[ gu-[ (pux, 1n)dx
G(T) 1(x) G(T)\G(0)

T
+/ Vq)oVu—/ /¢u”||NO||dsdt
G 0o JL

T

and u, ||Ny|l = Vu-N,. Also

T
/ (pu)(x, t(x))dx =/ /((/)u)(z(s, 0, ?) 9z(s, 1)
GTNG(O) o 1

a(s, t)

}dsdl
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by the change of variables x — z(s, t). It follows that

—/G u¢,+/G Vq;-Vu—/OT/Lu(Z(S,t),t)(/’(z(s,t)at)

T
—/ /(/)(z(s,t),t)Vu-NOdsdt:O.
0 JL

dz(s, t)l

(2.5) 9(s, 1)

In the last integral we substitute Vu - N, from (2.3) and integrate by parts in

the integfals
// 4 // b

We then obtain from (2.5)

(2.6)

—/ ugo,-l-/ Vo -Vu
G G

T
_/0 /Lu(z(s,t),t){%(a¢)+zdisj(bj¢)—c¢+

T
=/ /(pfodsdt.
0o JL

Set

0z(s,t)
(s, D \(o} dsdt

A ={peC'(Gy),p=00nG(T)UAD,}.

Definition 2.1. A function u is a weak solution of (2.1)-(2.3) if
(2.7) u, Vue L}(Gy),

(2.6) holds for any ¢ € &, and u =0 on 0D, and on G x {0} in the usual
continuous sense.

Notice that, by (2.7), u € L*(T).

Notice also that (2.6) implies that (2.1) holds in G, and therefore u is a
smooth function away from the free boundary I';..

3. EXISTENCE OF WEAK SOLUTION

The existence of a weak solution depends upon an energy inequality. We first
proceed to derive this inequality.in a formal manner, assuming that « is smooth
up to ' (and thus it satisfies (2.3)). Multiplying (2.1) by u and integrating
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over G, =G, N{t<1} (t€(0,T)) we get

0=2/ u(u,-Au):/ / (), dtdx
G, G(t) Ji(x)
+2/ |Vu|2—2/ / uu,do, dt
G, 0 JoGu)
=/ u’(x, 1)dx — / 2(x,t(x))dx+2/ V)
G(1\G(0) G,
—-2// (Vu- Ny dsdt
t
=/ uz(x,r)dx+2/ |Vu|2—/ /u2
G(x) 0o/
du
+2//u(a +ij +cu f0>

by (2.3). Hence, after integration by parts in the last integral,

/G(t)u +2/ |Vu| +/ (z(s, 1), T)u ( z(s, 1), 1)ds
dz da ‘=2db,
(3.1) ‘ —+ Y —L _2c| dsdt
// [8(3 t dt Z—;dsj }

+/ /ufodsdt
0 JL

where the argument in each function in the integrands on the right-hand side is
(z(s, t), t). Since the right-hand side of (3.1) is bounded by

of [ L5

we obtain, after using Gronwall’s inequality, the desired energy inequality

sup/ uz(x,t)dx+/ |Vu|2dxdt
G(1)

0<t<T G,

+ sup / uz(z(s, 1), 1)ds < C;.
O<t<T JL

(3.2)

The strategy for constructing a weak solution is to first work with a finite-
difference scheme, establish existence and an energy-type inequality analogous
0 (3.2), and then pass to the limit.

We shall use the finite differences

u, (x, k)= ( u(x, khy —u(x, (k —1)h)) (backward),

h
u(x, k)= Z(u(x, (k+ 1)h) —u(x, kh)) (forward)
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where £ is any positive number. We introduce a finite-difference version of
(2.1)-(2.3):

(3.3) u, —Au=0 inG(kh)=G",

a%[u(z(s, kh), kh) — u(z(s, (k — )h), (k = 1)A)]

(3.4)
+ijg—sz+N0-Vu+cu:f0 onF(kh)El"k,
J
(3.5) u=0 ondD(kh)=a8D"
for k=1,..., m,where T—h<mh<T.If we set

U = u(x, kh), d = a(x, kh), etc.,

then (3.3)=(3.5) read

1 & kol k=1 .k
(3.3,) 7Y —Au = inG ,
(3.3,) lakuk+Nk'V“k+Zbl‘(d—uk+ckuk=lakuk_lﬁ-fk on T¥
ko h 0 Jds, h 0 ’
(3.5,) u* =0 onaD".

Since #*7! is defined only in G and G c GF , before we can study
the system (3.3,)-(3.5,) we must extend the definition of ¥~ into all of
Gk\Gk—l . We define this extension using the boundary values of T

k—1

(3.6) u (z(s,1) = u !

(z(s, (k= 1)h), (k= 1)h)
forse L, (k—1)h<t<kh.

Thus, for each s € L, uk"(x) is constant along the curve ¢ — z(s, t) passing
through (x, t(x)).

The system (3.3,)-(3.5,) is now a well defined elliptic problem for ut .
Since the boundary condition (3.4,) has the form

Ou ou* k
ao(—,j—V-+Zaj?9T+ﬂu =Yy
J

where v is the outward unit normal and «,, § are positive functions, (if 4 is
sufficiently small), the system (3.3,)-(3.5,) (or equivalently (3.3)-(3.5)) has a
unique solution with u(x, 0)=0.

We proceed to derive an energy inequality for the uk’s, analogous to (3.2).
We shall need the identity [13, p. 246]

2 2 2 2
(3.7) 2a,u(u,—u,_,\)=au —a,_u,_, —(a,—a,_u,_, +ao(u,—u_) .

r—1"r—1
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Taking o, =a" we get

ko ky—1
2hZakuku, (k) = ak"(uk")2 - ao(uo)2 —h Z at(k)(uk)2
(3.8) k=1 ) k=0

where u, (k) is the function u, (x, k), and a,(k) is a,(x, k).
Set

A(x) =min{j; x € G’}

Multiplying (3.3,) by u* , integrating over G* and then summing over k,
1 <k <k, we get

kO kO
0=2h2/ku,‘u-2hz/kmu
=/Gk02h Z u, u—ZhZ/ uAu (by (3.8) witha = 1)

k=A(x)

0
2 2 2 -2
= k.h) — , (Ax) -1
Jow kb= [ G =om e [3 )
=A(x)
kO
—ZhZ/ u— +2hZ/ Vul .
176"
The second integral on the right-hand side can be written in the form

—Dh)dx
z/m. 1)) dx

/ / — Dh), (k= 1))

(by (3.6) and change of varlables).

azst

‘ddt

Also,

/ ku-g—Z=/ukVuk-Ngds,
aG L

and in the last integrand we can substitute Vit Né‘ from (3.4,). Using these
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remarks, we can transform the right-hand side of (3.9) to obtain

kO kO
0=/ u*(x, kyh) + 2h /Vu2+h2/ u )
o O Ry £ 20 [ IVUl Z)(,)

k=A(x
ko kh
_ k k— DANE az(s,t)l
g/L[u (z(s, (k = 1)h))] N dsdt
t=kyh
(3.10) + / au’(z(s, t), t)ds
L t=0

ky—1 k,
—hZ/a,uzds+hZZ/(u:)2ads

k=0 "L k=1"L

ko db. ko ko
—hZ/uzz-d——’—-i-ZhZ/cuzds—MZ/ufo.

k=1L 5 k=t17L k=1"L

Notice that in the last five integrals the integrand u is evaluated at z(s, kh);
the same applies to a, b 5 € f0 and the finite difference q, . In deriving (3.10)
we have used (3.8) in order to “integrate by parts” the expression

k(]
Z/auut_ ds.
k=1L

From (3.10) we get

kO
(3.11) / uz(x, koh) +/ auz(z(s, koh), kyh)ds + 2hZ/ tVul2 <-J
Gro L pgiea
where J represents all the remaining terms in (3.10) with the exception of

hz/GkO S+ Ry /L(ul_)za

which have been dropped. It is easily seen that

kO kO
7] 5ChZ/uz(z(s,kh),kh)ds+hZ/foz.
k=1L k=1L

Substituting this into (3.11) and using Gronwall’s inequality, we find that

2 & 2
sup /Gkou (x,koh)a’x+hkz=:1/0k |[Vu|"dx

1<k,<m

(3.12)
+ sup /uz(z(s,koh),koh)dsgCT
L

1<k, <m

where C is a constant independent of /. This inequality is analogous to (3.2).
Define a function " by

(3.13) u"(x, 1) = u(x, kh) forx € G, te[kh, (k+1)h).
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Denote by W the completion of the set of smooth functions w which vanish
on G x {0} and on 9D, with the respect to the norm

(3.14) vl =/ WP+ IV, v

T

W is a Hilbert space.

From (3.12) we conclude that there exists a sequence u" with h = h ;=0
which is weakly convergent to a function u in W ; we can choose the 4’s so
that T/h = m, m an integer
Theorem 3.1. The function u is a weak solution of (2.1)-(2.3).

Proof.. It suffices to show that (2.6) is satisfied for any ¢ € .97 . Indeed, this will
imply that (2.1) holds in the usual sense away from I';.. Since further u = 0
on (Gx{0})UdD, in some weak sense, it follows by standard parabolic theory
that ¥ =0 on (G x {0}) U9dD, in the usual continuous sense.

To prove (2.6) we multiply (3.3,) by ¢, integrate over G , and sum over
k:

0= hZ/ ~(x, kh)o(x, kh) — hZ/ Al (x| kh)p(x , kh)
a1s)  =h S () (e k(e kh) +hZ/ vi' v

G" k=a(x)

—hz/(w”.Ng‘)qyds.
k=171

Breaking the first integral on the right-hand side into m integrals taken over
the sets A(x)=j (0<j<m), we get

h/Z ¢=h§/ Z<u>¢+h/2<u)w

k=A(x) GG’

Zz:/(i/\G’ l {[u (x, mh)g(x, mh) —u(x, (j - Dh)o(x, (j - Dh)]

m—1
—h > u(x, kh)p,(x, kh)} dx

k=j—1

—h/GOZux kh)p,(x, kh) dx
m

jh
== 7 [tz = itz G- o |5

= Ju-on

’)‘ dsdt
t)

m—1

=_h / u(x, kh)p,(x, kh)dx,
=1 Gk+|
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since ¢(x, mh) = ¢(x, T) =0, u(x, 0) = 0; here we used (3.13). Using the
last computanon in (3.15), we obtain

B . 0z(s,t)

/ l)h/ (j=Dh)e(z, (j— Dh) ) ’dsdt

(3.16) +h u(x, kh)p,(x, kh) - h 3 vi' . Ve
> .. >/,

+h Z / (z. kh)ds=0.
Since fOT I; |uh| < C, the first sum on the left-hand side of (3.16) is equal to

/T/ d(2(s, 1), Op(z(s, 1), 1) |22 1
0 L

a(s, t)
Next, for any smooth function 7,

/ A m—l/(j+l)h d / hZ/ h h
u = t u X x
L Z ; 1= j jh)

T Jj=1

m—1 A(j+1)h (J+Dh h
S a [T [ e
j=1 7k t L

U hooo. .
+ Z/ dt/Gmu (x, jh)n(x, t) —n(x, jh)ldx

j=1 7k

+ O(h).

0z(s, 1)

3. 7) dsdrt

and the last two sums are O(h) since fOT I |uh| <C.
Next we obtain

m
hZ/kVuh-Vq):/G v Vo + O(h)

since fG |Vu | < C. Finally, to evaluate the last term on the left-hand side of
(3.16) we use (3.4) and perform “integration by parts” in the t-variable. This

leads to ;
/0 /Luh(z(s, 1, t){%(a¢)+zdi%(bj¢)—c¢}

+/0TV/L(0f0dsdt+0(h).

Taking # — 0 in (3.16) and using the above estimates (with n = ¢,) we
obtain the relation (2.6). This completes the proof of Theorem 3.1. 0O

Remark 3.1. Notice that the u,’s satisfy

h\2, 1

sup {/G(t)(u")z(x, t)dx+/ W (x', l)dat(x')} <c,

()

0<t<T
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with C,. independent of 4. Thus we may conclude that

(3.17) sup {/G(t) uz(x, )+ /m) uz(x', t) da,(x')} <Cr.

0<t<T

Remark 3.2. Multiplying (2.1) by um! (m positive integer) and integrating
over G, we can formally obtain an energy inequality analogous to (3.2), from
which we deduce that

(3.18) sup / u(x, 1) a’x+/ umx tdo(x') s <Cp .
0<t<T | J6(0) I(1) ’

This can also be proved rigorously by finite differences.

4. UNIQUENESS

Theorem 4.1. The weak solution of (2.1)-(2.3) is unique.

Proof. Suppose u,, u, are two solutions and let u = u, — u,. From (2.6) we
deduce, for every n € &,

—/ un,+/ Vu-Vnp
G, G,

r d d 0z
_/0 /Lu{ﬁ?(an)+zjsj(bfﬂ)—Cn+’__6(s,t)'"} dsdt=0.
Let 7 € (0, T) and define

(4.1)

—[fux, )dt ift<rt,
4.2 L) = T
(4.2) nix. o) {0 ift>r.

Then 7 =0 on 0D, UG(T) and

— [fVu(x,t)ydt' ift<rt,
4.3 \Y 1) = T
(4.3) nix. 1) {0 ifr>1,
44 _{—u ifr<t,
(4.4) T=Vo ifr>t.

Notice that n, Vn, n,, Vny, € Lz(GT) and therefore 7, 7,, Vn € LZ(FT).
Now let ¢, be a sequence of smooth functions satisfying:

9,=0 ondD,,

9, =0 fort>r1
and

p,—n nW

where the norm in W is given by (3.14) (in particular, ¢, — 7, in LZ(FT)).
Then, if

t
D, (x, 1) = —/ o, (x,t)dl
T
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we have @, € & so that, by (4.1),

—/ ud)m+/ Vu-vo,
G G

T T

—IOT/L“{%("‘Dn)+Za%(bf¢n)“cq’n+‘a(i,zt)’q’n} = 0.

But since ®, — n and ®,, — 7, in W, if we let n — oo in the above
relation we conclude that (4.1) holds also for 7.
From (4.1) we get

d
(4.5) /11, /VnVn, //r],zt{ ”+Zfds+yn} 0

where

_|oz(s,0)| | da db;
= 8(s,t)}+dt+z

We next wish to evaluate the expression

dt = < 'dsj
(4.6) -
2
=an, + h, {||NO|I Vn-z,+ Y (2,4 V6,) - A;Ny(Vn- zsj)} .
j=1
Lemma 4.2.
(4.7) (4;Ng) - Ny =0,
2
(4.8) (4;Np) - z, = —6ij||N0|l .
Assuming the lemma for the moment, we claim that
z, N
(4.9) z =
AT ||N I* 4 Z

Indeed, for z, = N, this follows from (4.7) whereas for z, = z_ this follows
from (4.7) and (4.8) Since the vectors N, z RS span the entire space
R", (4.9) holds for any z,.

From (4.7) it follows that V6, - 4 Ny = 0 (since V6, is parallel to N,).
Therefore, from (4.6),

d d ) n—1 -
s ija—s'j-_ = an, + hy|| Nyl "Vn - {z, + (2, 4;No)z, [Nl

j=1

> Zs

(4.10)

N
= an, + hyl|N, || Vn-+t— ” ” =an,+Vn-N,
0
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since
1

h_o .
The absence of tangential derivatives of n on the right-hand side of (4.10) is

crucial for the proof of uniqueness.
Substituting (4.10) into (4.5) results in

/n, /Vn v, + //an,+Vn Non, +ynn,) =0.

By integration by parts,

1 2 1 2
—/ Vn~Vn,=—§/ (V| +5/ |Vn|"(x, 0)dx
G G(r) G(0)

1
s3 [ el i) dx
2 J(en60)

z,+Ny=-Vb,-N, =

and V7 =0 on G(1). In the last integral we change variables x = (z(s, t), ?)
to get

//anl z(s, 1), 1)(=VO,- N, dsdt,

since
21 s, 21,
Z Z P Z
oz(s,t 2,1 “2,s 2,s,_,
O] _ |get || =2z,-Ny=-Vb,-N,.
a(s, t)
Zn,t Zn,sI Zn,s

n—1

It follows that
| o|

—Aﬁ(m+zﬂ)

forany ¢ > 0.
By the Cauchy inequality, the expression in brackets in the integrand on the
left-hand side of (4.11) is bigger than

(4.11)

Lo LA
6|Vr]| (—V00 . NO) + §ﬂt m .

Choosing ¢ small we get

2 ' 2 ' 2
[+ frsef [
G, o JrL 0o JL

and since

n(x,t)=/:n,
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we deduce that # =0 if 7 is small enough. This proves uniqueness for ¢ < 7.
We can now proceed step-by-step to prove uniqueness for all ¢ < T.

Proof of Lemma 4.2. We first consider a special case.

Lemma 4.3. Suppose that

6_~S';(s,t)=6ij, ISI,JS"’_I,
0z, .
=y, <j<n-1.
6sj(s,t) i, 1<j<n-1
Then
(a)
lirar, 0g ) a¢
.= Ly Ty ) — n < —
N : (as”f ds. ’) ds.’ I<isn-l,
j=1 i J i
J#i
n—lac
Nin=2 g5
Jj=1 J
(b)

-y, if k=j, 1<i<n-1, i#],
Y if i=j, 1<k<n-1, k#1,
A =)= -1 if i=j, k=n,
1 if i=n k=],
0 otherwise
for 1<j<n-1;
(c)For 1<j<n-1,

2 .
ANy Ny=0, ANy-z, ==3|INJI° (1<i<n-1),

where
_yl
N, = :
“Vn-1
1
Proof. Recall that N, was defined as
o omeid o (0(z +80) (6(2,+8C,.)>A a(z,,+ec,,))
N, = (-1) dsdet( F TR o e =)

where 1 < i <n and

os as as

(8(zl+scl),m, <8(z,.+8Ci)>A o 6(zn+£Cn)>
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denotes the matrix whose columns are

a(z,+2()) d(z,_,+el,_,)
Js, as,
: 5 eeey : 5
d(z,+¢L)) o(z,_,+e{;_))
ds,_, ds,_,
9(z;, ,+e,.,) a(z +el )
as, ds,
(z,,,+80,,,) a(z vl )
asn—l asn—l
Thus
— 8z 9z, \ " 0z, 9. 0z 0z
N, =(=1)""Y" det —‘(—’) [Pt il ) Suiad s d B 15 I
=D ge as as as ' Bs ' @s as
i
Let

[0z, 0z;\~ 9z, 0C; 0z, 9z, D
= W”(W) ,...,—3—3—,5?,"—5?,..., s (i#]).

Then, if 1 <i<j<n-1,

9L
10"'000"'Omf0”'07|
a¢
o1 --- 0 0 0 --- 0 5; 0 - 0
0 0 L0 o0 0 2o ..o
75, Yici
ac;
0 0 0 0 0 0 G 0 0
a¢
0 0 0 1 0 0 HL 0 0 7y
B,=]0 0 0 0 1 0o .-
J
oL, ’
0 It 0 0 ¥,
a¢
0 0 0 b—sf 0 0 7
s
0 0 0 - o1 0 7
o : a:c : .o :
00 .- .0 0_1_%._. 0 - 1 y,_,
that is
I 0 o 0 r
i-1 (i=1)x (j—i—1) 3G 5_)) (i=1)X(n—j—1) 1
214
O\ x(i-1) le(j—i—l) E,L le(n—j—l) Vi
24
By = | Oy-i—nxi-n lioic s Qu-i—oxn-j-n T2
a¢
O (i1 O\ (j-i-1) Zﬁf O n-j=1) Vj
a¢
9%
O(n—j—l)x(i—l) 0("—j—l)><(j—i~l) a(s s 1) In—j—l r3

410 S
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where
I, = identity matrix in R s
Oy, = Zero matrix in R ,
3y,
ac as,
OS> -5 5) a_Ci
a5,
311 2/’::+1 Vi
I = _2 , r,= ',+2 and I';= :
' ' )
Yic1 Vi1 nl
Then, detBl.j = det C,.j where
Oy x(j—i-1) 9¢;/0s; O\ (n—j-1) Vi
C. = I 9C; /01155 821) Oy_iciyxin—j-1y T2
Y le(j—i—l) BCj/st Ix(n—j-1) 7j
On—joryxjmizty 08;/0(S5ysevs S_y) n—j—1 I
and, by moving the column with 9¢{ ; /0s; to the right,
n—j—1
detCij=(—1) detDl.j
where
Oyx(j-i-1y O\ (n—j—1 9¢,/0s, Vi
D = I iy Ojzictyxnj-1y 0G0 s -5 84) T
Y O x(j-i-1) Ix(n—j—1) a¢;/9s; v
(n—j—1)x(j—i—1) n—j—1 6Cj/a(sj+l s Sy) Ty
After moving downward the rows with 9¢ ; /9s;, 0¢ i /0s. , we get
_j— —i2 —j-1
detB;, = (1)’ (-1)""H(=1)"" " detE,,
where
I, Oj—i—tyx(nej—1y 08i/0(S;ys -5 8;0) T
E = O j—iyx(j—i-1) n—j—1 0 /0(Sjpqs s 8yy) Ty
Y le(j—i—l) O\ n—j—1 ‘941'/631‘ Vi
Ix(j=i-1) Ix(n—j—1) 0¢;/0s; Vi

and therefore

(4.12) detB,.j=(-1)""' (MfyA agy) )

=2y, - =21y,
8s,. c’)sj

0L,/0(8;5 ... 5 8;_,)
a({,/0s; )
08, /081415 Sy_y)

On the other hand, if 1 <i<j=n,

i O 1x(n-i-n)
B;=B8B,= le(i—l) %
(

Ix(n—i—1)

n—i—1)x(i—1) n—i—1
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and, by moving the row with 9¢, /0s; to the bottom, detB, = (—1)"_"_1

a¢,/0s; .
Next,if 1< j<i=n,
Ij_1 8Cj/8(s1 e 51-1) O(j—l)x(n—j—l)
B,;=B,;= Oixj-1) 9¢;/0s, Oixn—j-1)
O(n—j—l)x(j—l) aCj/a(SjH e S, y) I,
and thus
0¢.
_ 75
detan = g

J

Finally it is easy to check that formula (4.12) continues to be valid if 1 <
j<i<n-1.Hence if 1<i<n-1,

.n
%ﬂmWZw%
j#i

n+i = n—i 84’ 8( n—i—6
= ™ ((%y—gy) S -

J=1 !
J#i

n—1 ac 8C,,
g (c’)s i y,) ~ ds,
G

1

and
n—1 n—1 34‘.
=) _detB, ;=3 .
j=1 j=1 %J

This completes the proof of (a). Next (b) is an immediate consequence of (a)
and the relation N, = Z;’;‘ A;0(/ds; which defines the 4.
Finally, let us prove (c). We have

Za:k Ok_za:k V) +

=yy,(1-6,)(1-6,;) -9, Z Yi(l = 0y) =0, = 9,7,
k=1

(1<j<n-1,1<i<n).
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n—1 n—1
2
= (1) N (1 =0,)+7, Y 7 (1=8,) +7,—7,=0
i=1 k=1

and, for 1<i<n-1,
- 9z,
ANy z, =D (4;Ny)y - v
k=1 i
= (4;No); + (4;Ny),,7;

n—1
= Yiyj(l - 5’.1.) - Jijzyz(l _Jik) _6,'1'} + }'i(—)’j)
k=1
n—1 2
=9 {71'7’1 + 271 =8,) + 1}
k=1

n—1

2 2

= -4, (1 +;yk) = =3, IV
=1

Having completed the proof of Lemma 4.3 we now proceed to prove Lemma
4.2

Choose a local coordinate system 7 = 7(s) such that z = z(t) satisfies the
assumptions in Lemma 4.3. Then, by Lemma 4.3, the corresponding N, =
Ny, Ny =Ny and 4; = 4] satisfy:

(4.13) ANy - Ny =0,
T 2
(4.14) ANy z, = —(5,.j||Ng|| )

(£59) () - (252).

we deduce by taking determinants of both sides, differentiating in ¢ and setting
e=0,

Since clearly

N; =8N/
and, of course, also

N, =0N,
where & = det(97/8s); here Ny and N| denote N, and N, in the s-coordi-
nates. Since

00 5000y

6Tj yl
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we find that
s@C _ _ zac fBC 381
ZA =N, =6N| = JZA 52,4].6—%%.
AJ J
It follows that
105,
(4.15) JZAJ(%.
Consequently

(AINS)- NS = AN - N = 8° (}: AL 6sl N, ) :
_s Z é)s/I N =0
by (4.13). Also
| = Z <9s,1 2,
-5 Z ‘95/1 )a_szt

os ot
=_¢° Za ‘||N [ 51.#&1# (by (4.14))

2 as 2 2 2
=9 Z or, asf INGII* = =6, 6 INGII* = =3, ING I,

and Lemma 4.2 follows.
We conclude this section with several remarks.

Remark 4.1. In the definition of weak solution u we used a specific parametri-
zation s of the smooth free boundary, namely x = z(s, t). If we use another
coordinate system 7, then we get another weak solution u = u'. Using the
transformation (4.15) it is easy to verify that if u is a weak solution with re-
spect ‘to the parametrization s then it is also a weak solution with respect to
the parametrization 7.

Remark 4.2. If u is a weak solution in G, then, as can easily be verified, it
is also a weak solution in G, for any T' < T. This remark together with
Theorem 4.1 allows us to construct u for all ¢ > 0 provided (6, z) is smooth
forall > 0. In §86, 7 we shall take (6,, z) smooth for all ¢ > 0 and study
the free boundary of 6, + eu, i.e., the surface

x=2z(s,t)+¢€f(s,t), forO0<it<oo.
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Remark 4.3. Uniqueness for smooth solutions of (2.1)-(2.3) can be established
by the maximum principle, as in [4].
5. AUXILIARY RESULTS IN ODE

In the next two sections we shall be working with solutions to the ODE
problem

(5.1) _lez—w'/—(n;3+%>w/+n__23w=0, 0<y<l,

y
(5.2) %w’(l) + #w(l) - 2”4‘ L
(5.3) w(04) = 0.

In this section we establish existence and properties of the solution to (5.1)-
(5.3).

Theorem 5.1. If n > 3 there exists a unique solution w of (5.1)-(5.3); further
(5.4) wy)>0, w@ >0 if 0<y<l,
(5.5) w(l)> 1.

Theorem 5.2. If n =2 there exists a solution w of (5.1)-(5.3) satisfying (5.4),
(5.5); w is the (unique) minimal nonnegative solution of (5.1)-(5.3).

Proof of Theorem 5.1. First notice that, if n =3, (5.1)-(5.3) becomes

—w”—%w'=0, O<y<l,
Jw'(1) + 3w(l) = 3,
w(0+)=0

and this problem can be solved explicitly. Indeed the unique solution w is
given by

5 Y (1=z2%)/4

2

where o = fol e'""?*dz > 1. In particular, w satisfies (5.4) and (5.5).

Thus we may assume »n > 4. For any ¢ > 0 consider the problem

.?nw=0, e<y<l1,
P) w(e) =0,
1 2n—-3 2n—1

5w(1)+ ) w(l) = .

Since n >4 the coefficient of w in Z,w is > 0; hence there exists a unique
solution w, ; furthermore, the maximum principle can be applied. We deduce
that w,(y) >0 if e<y <1 and

(5.6) w,(g) > 0.
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We compute that

/ n-3 1 / / 2(71—3)
"Sﬂnws-’_( y2 —5) w[i:("?;lwg) + y3 wsZO

and therefore w; cannot take nonpositive minimum in ¢ < y < 1. If w;
takes nonpositive minimum at y = 1 then w; (1) <0, w,(1) <0, and (since
w,(1) > 0) we get L w,(1) > 0, a contradiction. Recalling finally (5.6) we
deduce that

(5.7) w,(y)>0 ife<y<l.

By applying the maximum principle to w, we also deduce that w,(y) <
w,(1), and by (5.2), (5.7),

2n — l
by comparison we also have
(5.9) w,(y)<w,(y) ife<e.

It follows that w(y) = lim,_,w,(y) exists and satisfies 2w = 0 and the
asserted boundary condition (5.2)at y=1,and w'(y») >0 if 0<y<1.

Next, forany 0 < A < 1, _?ny’l >0 if 0 <y <y, for some y, € (0, 1).
Hence,

i 2n—-1 -,
w,(y) < Cy" ife<y<y, <C=—27:-§y0 )>
where (5.8) was used. We conclude that

(5.10) wy)<CV',  0<y<y,,

and, in particular, w(0) =

We have proved that w satisfies (5.1)-(5.3). By the maximum principle, the
solution to (5.1)-(5.3) is unique.

Observe next that the function z(y) = y satisfies the boundary condition
(5.2) and £,z < 0. Hence, by comparison, w(y) > z(y) if 0<y <1 and, in
particular, w(l) > 1.

Proof of Theorem 5.2. Equations (5.1), (5.2) become

_ " 1 y w
(511) %w:—w +<;—§>w—?=0,
(5.12) lw'(1) + fw(1) =
Set

" 1 y ’
,%w = -w ++ (_}_/' - 5) w .
For any € < 1, ¢ near 1, by working with

() = LD gy

1—¢
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which satisfies: W, = O(1—¢), w,(0) =0, w,(1) ~ 3, we find that there exists
a unique solution w,(y) of (P;’o ) (with n =2). We denote by ¢, the infimum

of & such that for any ¢ < ¢ < 1 there exists a unique positive solution w,
of (P:f’) (n=2). We first establish some properties of w, .
Integrating (5.11) in y, e <y < 1, and using

s [ G ls] e (5e3)

and (5.12), we get

(5.14) w8(1)+% 8 w£+w;(s)=%, w,(e) > 0,
and, in particular,
(5.15) w, (1)< 3.
Since w
Zow, = —y—;‘ >0,

w, cannot take a minimum in & <y <1 (we use here the boundary condition
(5.12) and (5.15)) and, further,

(5.16) w,(e) > 0.

It follows that w,(y) is either monotone increasing in y or else first increases
and then decreases. The latter possibility leads to wé( 1) <0 and then, by (5.12),
w,(1) > 3 which is a contradiction to (5.15). Consequently,

(5.17) w;(y)zo fore<y<1.
Next we show that
(5.18) w,(y)>w,(y) ife <y<l, e<e.

Indeed, w,(y) > Aw,(y) for ¢ <y <1 if A is positive and small. Denoting
by A, the supremum of all A’s for which the inequality holds, it suffices to show
that A, > 1. Suppose 4, <1 and consider { = w, — A w, . Then

%c=%zo, g <y<l,
y

(>0, Lm+icn>o.

It follows that {(y) >0 if ¢ <y <1, and thus { > dw, for some § >0, a
contradiction to the definition of 4.
By (5.15), (5.17), (5.18), we see that if ¢; > 0 then w, = lim

e, We exists

and is a solution of (Pe‘:°) , satisfying (5.17). We shall derive a contradiction,
thereby proving that ¢, must be equal to zero.

Let w be the solution of (5.11) under the boundary conditions (5.12) and
w(l) = wy(1) + 3, ie, w(l) =wy(l)+6 and w'(1l) = 3 + Jwy(1) - 16

for
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0 >0, 0 small. Then, by continuity, (using the fact w(')(ao) >0) wy)>0
for e<y <1, w(e) =0, for some ¢ near ¢,. If ¢ > ¢, then w = w, and we
get a contradiction to (5.18) at y = 1. Hence ¢ < ¢, and, by varying J we get
positive solutions w,(y) of (P8°°) forall ¢, <& <eg,, forsome 0 <¢ <g,.
We claim that w, is the unique nonnegative solution of (P£°°) . Indeed, if w,
is another nonnegative solution then we can proceed as in the proof of (5.18)
(noting that w, — A, > 0 implies w,(0) —Aw.(0) > 0) to show that w, > AW,
forall 0 <A <1, sothat w, > w,, and similarly @, > w, .

Having proved that for each ¢, < ¢ < ¢, there is a unique nonnegative
solution of (P,”), we get a contradiction to the definition of ¢, . It follows that
e, =0.

’ From (5.15), (5.17), (5.18) and the fact that ¢, = 0 it follows that

w(y) =limw,(y)

exists, and it satisfies (5.1), (5.2), (5.4). (If w'(0) =0, 0 < Yo < 1, then
w"(yo) < 0, by (5.1), so that w'(y) < 0 for y > Vo> ¥ — ¥, small, which is a
contradiction.)

To prove (5.3) we integrate (5.11) over ¢ < y < 1 and use (5.12), and (5.13);
we get

(5.19) 2/w+[ ()]+% ()?%.

Taking &€ — 0 in (5.14) and comparing with (5.19), we deduce that

lim( "(e) — wie )) >0.
e—0
If w(0+) > 0, this leads to w'(e) > ¢/e (c > 0) as ¢ — 0, a contradiction.
Hence w(0) =

To prove that w(1) > 1 notice that if w(1) <1 then, from (5.19) it follows

that
w(e)
€

’

w(e) -
for some constants c, ¢, . Using this in (5.11) we get
" ' C

w(y)+§w(y)2--, O<y<eg,

>c>0, O<e<e,

~<

or s
' 4.1 c
ey/

(we ™) > —.

<

. !
Hence, since w >0,

2 y
w'(y)ey/42/ %dz=clog%—»oo ife =0,
€

a contradiction.
We next prove that w(y) is the (unique) minimal nonnegative solution of
(5.1)=(5.3). Let W be any nonnegative solution of (5.1)-(5.3). Since Zjw >0,
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w(y)>0if 0<y<1.Forany ¢ >0, w > Aw, for e <y <1 if 4 is positive
and sufficiently small. As before we can argue that the supremum of such A’s
must be > 1, so that w > w,. Taking ¢ — 0 we see that @ > w, i.e., w is
the minimal solution.

6. THE EFFECT OF SURFACE TENSION ON THE INTERFACE (RADIAL CASE)

If G isashell {r,<|x|<r} and the data 6 are radially symmetric, then
we can try to solve the Stefan problem with surface tension by a function 6(r, ¢)
where r = |x|. The free boundary conditions are

£ ds (t

_Es—(—t_)’ -0, = (;E) onr=s,t).

The method of integral equations used in case ¢ = 0 (e.g. [5]) can be used also
for & > 0 to show that for any large T there is a small ¢, = ¢(T) positive such
that a solution exists for 0 < ¢ < T if 0 < ¢ < ¢;; furthermore, the solution
depends smoothly on ¢.

In this section we consider a special radial solution with free boundary s(¢) =
vt when ¢ = 0 and investigate the effect of the ¢-approximating u on the free
boundary. Our interest is not really in this special radial case, but rather in the
method which will be developed to tackle it, for this method will be used in
the next section to study the general (nonradial) case. We consider 6(x, ), a
function of |x| and ¢,

Ho(x,t):f<%>, t>1,

and the free boundary
x| = V1, t>1.
One easily finds (see [6, p. 87]) that

oo 2
f@) =g [ 1 g,
z
1 1/4 1 14 [ 1-n —¢%4
Co=§€/’ c|=§e'//l 4 "eC/dC.

" We take
D={|x|]<a} forsomel<a<l

and this determines the initial and boundary values 6 of 6, on Gx {1} (G=
{a<|x|<1}) andon 0D = {|x| =a. 1 << oo}. Notice that

~ 1 _2 pa—
0—»%61/4/6“4(" ¢ ast—ooondD_.
0

The free boundary can be represented in the form

(6.1) X=Z(S,l)=\/;1/0, vy =

x
|x1°
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Clearly (1.22), (1.23) remain true if we replace N, by y(s, t)N, and the Aj’s
and h, accordingly (i.e., 4 ; by 74, and h, by hy/y). Thus, we may take

(6.2) Ny=z(s, 1) \/_1/0

Since

1/4 1-n —Z%/4
63) f(z)=-4e"z e ; 2
fJ’(Z) _ 561/4(%22_" +(n— I)Z—n)e—z /4’
we have
1 / 2n -1

(6.4) f)=-5. f)="—.

Next, on the free boundary,

X
6.5 Vo, = )—— =
(6.5) z,+ 5 \, +1( s
by (6.4); also
v, N, = f(1) Vivy=f(1) =
0 0 I |\/‘
so that
|
(6.6) hy=——+——=2.
0 Vo, - N,

Thus
(6.7) a=N,-Nyh,=2t.

Next

Xl _x
vaxi()o:axive():axf(\[ v

_pr (Y X x IV L (e _x%
‘f<\/i> lex/flxlx/f+f<\/7)ﬂ<|xl |x|3)

where e; is the vector with components J; ;- Hence, on |x| = V1,

X X 2n—-1 x;
Vo, 0 N, = 1 D2 - 2] = N
=/ I\f f()(le |x|2> 4 Ixvi
by (6.4), and
Ny - (V0, 8y Ny, ..., VO, b5+ Ny)
(6.8) 2n—1 1 x _2n-1
xﬁ - .
T 4

From the definition of b ; in (1.23) and (6.5) we see that
(6.9) b;=0.
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From the definition of ¢ in (1.23) and (6.5), (6.6), (6.8) we get

2n -1 X 1 x 2n—1
con o B i )

or,
(6.10) el
2
Next
(6.11) N0~Vu=\/?|§—|-Vu=\/fur

where r = |x|. Finally, since the mean curvature of |x| = /7 is k¥ = 1/V1,

fo= t%(ZK) + {No Ny, + %7_1} 2K
-3/2+2n+1 _ 2n—-1

2Vt 2Vt
Combining (6.7), (6.9)-(6.12) we can rewrite (1.19) in the form
2n +1  2n-11

(6.12)
= 21(-1)t

(6.13) 2t—-+\/_ U= 7
Since J r
u
2td— 2t(u +u, o > 2tu, +\/—u
we can rewrite (6.13) also in the form
2n+1 2n—11
(6.14) tu, +Vitu, + ;U= on x| = Vt
The differential equation for u is
(6.15) ut—urr—n_lu,=0.

We wish to analyze the effect of the approximation 6,+¢u on the water region.
To do this it will be convenient to perform a change of variables

t=e, r=yes/2,
and work with the dependent function
(6.16) w(y,s)=ru(r,t).
By direct calculation we find that
n-3 'y n-3 .
(6.17) ws—wyy—< ; +E>wy+ > w=0 inQ,
1 2n-13 2n—1
(6.18) ws+§wy+ 7] w = 7] ony=1, s>0,

(6.19) w = 0 on the remaining part of 0€2,
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where
Q={(y,s);ae? <y<1,0<s<o0}.
Set
Q. =Qn{s<T}, foranyT >0.

In the sequel we shall use parabolic Schauder estimates with norm

2
Q _ Q Fe) t
”wllz.Zﬂ = ”wtllﬁT + Z ”DyprT + H(].Hg)/z(Dyw)
j=0
where ||v]|, is the B-Holder norm with respect to the distance function

d(y,s), 7 9) ={ly -7 +Is -5}
and H'

(14) /z(v) is the Holder coefficient of v in the ¢ variable (with the usual
distance function) of exponent (1+ f)/2. We shall also use the “interior” norm

lwll,,, whereby [|D,wl||z" is replaced by

ieppa DLWy, ) — Dlw(y, 3)|
v Y
v =71 +1s - 52

T Jiry
||D;w||ﬂ = sups’|D,w(y, s)| +sups

((y,s) € Qp, (¥,5) € Qp and 0 <5 <), and similarly for D,w (with the
factor s’ replaced by s2) and H('Hﬂ)/z(Dyw).
We denote the space of functions with finite norm || ||?+T 5 by @),
Theorem 6.1. There exists a unique solution w of (6.17)-(6.19) such that
weCc@)nCc@,\Q)
forany 0 <A< T < oo.

By going back to the original variables we deduce that the unique weak so-
lutivon of (2.1)~(2.3) is in C*** in G,\G, forany 0 <1< T < oo and in
C(Gp).

Proof. Let p(s) be a smooth function, 0 < p <1, p(0) =0, p(s) =1 for
s>1,0<p <2, and set

p(s)=p (%) for any ¢ > 0.
Consider the problem (P,) consisting of (6.17), (6.19) and
1 2n-3  2n-1

(6.20) ws+5wy+ 7 v=" p(s) ony=1, §>0.
For this problem the consistency condition is satisfied at y =1, s =0.
Let

—s5/2
}.

Xé={weC2+ﬂ(ﬁts),w=00ns=0andony=ae




THE STEFAN PROBLEM 497

For any w € X; let W be the solution of (6.17), (6.19) with

w(l, s)=E(w)(s) 5/0 [_Z_nz—__l.ps(r) - %wy(l, T) — 2n4_3w(1, 1.')] dt.

Since w, is Holder continuous in s of exponent (1+ f#)/2, we easily find that

5! 12, ,Q
(6.21) |E(w )||1+/3/2 C P +0 ”wnziﬂ .
Hence W € X;. Set w = Uw. If w,, w, belong to X; then estimating
1/2 Q
IE@w,) = Ewy)l, 5, < C,8" Iw, - w,ll5,

and using Schauder’s estimates [5, 13] we deduce that
Uw, - Uwzngzjﬂ < Cné]/zllwl - w2||§2jﬂ , C, constant (depending on 7).
Therefore, if J is sufficiently small then U is a contraction, and consequently,
it has a unique fixed point w, ; w, is the solution of (6.17), (6.19), (6.20). To
extend the solution for all ¢ > 0, set
Q
m(t) = ”wgllz-;.ﬂ .

Proceeding as in the first step we can derive the estimate

(6.22) m(t+8) < ym(t) + 9,8’ m(t + 6)
where 7, y, are positive constants independent of ¢, 6 . Choosing J such that
709 12 % we deduce the estimate m(z+0) < 2ym(t) which allows us to extend

the solution w step-by-step for all 1 > 0. .
If in the first step we use the interior norm || || mentioned above, then instead
of (6.21) we get
—

||E(w)||l+ﬂ/2 < C+6'/2||w ||2+ﬂ, C independent of ¢.
The mapping U has the unique fixed point w, as before, and
/\Q
(6.23) llw, ||2+ﬁ Cy»

where C, and J are independent of ¢.
We now let ¢ — 0. First observe, by the maximum principle, that

(6.24) O<w,<w, if0<e<e.
Hence w =limw, exists. Secondly, by (6.23) and (6.22),

Q\Q; ),

HwIIM Co»  lwlyly " <Cp VT < 0.

Since w clearly satisfies (6.17)—(6.19), it remains to show that w € C (ﬁT), or
just that

(6.25) linaw(y, s)=0.
S—
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But the function (2n — 1)s/4 is a supersolution of (6.17) in any Q. for
n>3 andin Q, (7T small)if n = 2. By the maximum principle we find that

2n
<
w(y,s) < 4

s inQg,
and thus (6.25) follows.

Definition 6.1. We depict two subsets on the free boundary I'__: ' ={u> K},
I' ={u<k}.

From (1.15), (1.16) we see that R > 0 on I'" and R < 0 on I'". This
means that the approximate free boundary x = z + ¢ expands near I'" and
shrinks near I | i.e,,

small surface tension increases the water region
(6.26) N . _
near I'" and decreases it near I" .

We now state the main result of this section.
Theorem 6.2. Forany 0 < n <1 the solution w(y, s) of (6.17)-(6.19) satisfies
(6.27) lim w(y, s)=w_(y) uniformlyiny,n<y<1

s—00 o0
where w__ is the solution of (5.1)-(5.3) asserted in Theorems 5.1 and 5.2.
Corollary 6.3. The limit w_ (1) =lim_, __w(l,s) exists and w_(1)>1.
In view of (6.16) this means that

u>kKon l"oo\l"to for some large £, > 0,

i.e., the effect of the surface tension is to increase the water region at all times
t > t,. The amount of increase is determined by the interface x = z + &(.
Asymptotically,
{=2u- K)\/ZVO ~ 2w (1) - Dy,
which means that the radial increase due to surface tension is, at time ¢,
~ 2¢(w_ (1) — 1)/Vt times the original radius.

Notice also that by (6.25),
u<kKk on I‘,l

for ¢, sufficiently small, i.e., the surface tension decreases the water region at
all small times.

For n > 3 the operator _?n satisfies the conditions for the maximum prin-
ciple. This makes the proof of Theorem 6.2 simpler. It will be convenient to
first give the proof in this case, and then establish it separately for n = 2.

Proof of Theorem 6.2 in case n > 3. Comparing w(x, s) with w_(x) in Q
we immediately find that

(6.28) w(y,s)<w_(y) inQ.
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Givenany O<e< 1, let

2
Q ={(x,s);e<y<l,s>s}, Sezlog'a—z-;
€

€

notice that ﬁe =Qn{y>e,s>s,} and (¢, s,) € 9Q. Consider the problem

%—1;]+_?;w:0 inﬁe,

8_w+18_’w+2n—3w=2n-1
s 20y 4 4
w =0 on the remaining boundary of §~26 .

t

—
™
~

ony=1,

As in the proof of Theorem 6.1, this problem has a unique solution w,,

continuous on Eze and in C*** in ﬁs N {s >s,}. By the maximum principle,

~

(6.29) O<w,<w inQ

e -
By the maximum principle we also have

w,(y+h,s)>w,(y,s) (h>0),

so that
0w,
. > 0.
(6.30) 35 2 0
We claim that
ou _
(6.31) a“;'ﬁ <Ae™™ forsome A>0, 4> 0:

A and A may depend on &. Once this is proved, it follows that
w,(y,s) > w,(y) ass— oo,
uniformly in y, and therefore, by (6.29),

lim w(y, s) > w,(y)

§—00
uniformly in y . Recalling that w,(y) — w_(y), we then deduce that, for any
O<n<l,

lim w(y, s) > w_(y)

§—00
uniformly in y, n <y < 1. In view of (6.28), the proof of (6.27) is then
complete. Thus it remains to prove (6.31).
Note that

w ~
6s€SA‘ ife<y<l1, s=s5,+1.

For n > 4 the function W =¢~

As

satisfies

W+ ZW >0 inQ

8’
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1 2n -3
Wit 3+ =3

provided A = min{n — 3, (2n — 3)/4} . Applying the maximum principle to

W>0 aty=1

_ 0w, A, +D)

(= 53 — AW, A=A,

in ﬁs N{s>s,+ 1} we deduce that { <0, and (6.31) follows.
Now let n = 3. Setting

1 2
aoz/ el z)/4d2>1,
0

we know from Theorem 5.1 that

(6.32)

Further, for small y > 0, if W, is the solution of

Y _
Wyy+—Wy+yW_O, O<y<l1,

2
1 3-4y 5 _
It =g =L
W (0) =0,

then W,,,(y) > 0 if ¢ <y <1 provided y is sufficiently small. We can now
apply the maximum principle to { = 9, /ds — e ”* W,(y) and deduce that
{<0in ﬁa N{s >s, + 1}, and the assertion (6.31) follows.

Proof of Theorem 5.2 in case n = 2. The functions
e “w(y,s) and e "w_(y)
satisfy the same parabolic equation in Q..:
W+ ZLW+yW =0,
with positive lowest order coefficient if
Y= —15 where y, = ae 2.

Yo

Applying the maximum principle we conclude that e "“w < e ”*

Le, w<w in Q. Since T is arbitrary,
(6.32) w<w, inQ.

w in Qp,

Next we define w, as in case n > 3. Applying the maximum principle to

B X
{=e "w,

and to
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in ﬁs , where y =1 /82 , we deduce that

(6.33) 0<,<w inQ

s -
Similarly we deduce that

—y(s+h) ys

{=w,(y,s+he —w,(y, s
is >0 in £~26 and, consequently,
ow .x
(6.34) 658 >0 inQ,.

Recalling (6.32), it follows that dw,/ds — 0 “weakly” as s — oo, i.e.,

Z+la~
(6.35) / 90,9 4o 0 i oo, foralle<y<l.
b3 as
Set
— s+1 , ,
W)= [ w5,
S
Then

oW ~ .~
8S8+£’2W8=0 in Q
oW, 10W, 1~ 3
gs T3ay ta% Tz Y=los>s,
W.(e,s)=0, s>,

W.(v,s)>0, e<y<lI.

8,

Further, by (6.32) and w_(y) < w_(1) < 3 | and (6.35),

~ 3 oW, 3
< <z < £ <z
O—WB—Z’ Us as —2°
ow
a;—»o ass — oo, foreachy € (¢, 1).

It follows that We(y ,8)Tw,(y) as s T oo where w, is a solution to problems
(P°) (n=2),and w,(y) >0 if ¢ <y < 1. The convergence is uniform in y,
by Dini’s theorem.

Noting that W,(y, s) < w,(y, s + 1) and recalling (6.33), we get

limw(y,s) >w,(y), &e<y<lI.

§—00

Finally, letting ¢ — 0 and recalling also (6.32), the assertion (6.27) follows.
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7. THE EFFECT OF SURFACE TENSION ON THE INTERFACE (GENERAL CASE)

In this section we shall extend the results of §6 to general shapes of D and
G, showing that (small) surface tension increases the water region for large ¢;
the fact that small surface tension decreases the water region for small 7 is valid
whenever u can be shown to be continuous in G, for some ¢, > 0.

If
(7.1) 0<c¢ <[ B(x,t)<c,<oc forallt>0

oD

then (Matano [15]) there exists a positive number 7; such that the free bound-
ary has the form (1.10) with p € C™ for all ¢ > T, . We shall also assume in
this section that (1.11) holds for some 7 > T, . Finally we assume that, for
some T > T,

9'00 is independent of ¢, if t > T,

(7.2) ~ < : . .
and, if n =2, 6|, isconstantif /> 7T .

Under this additional assumption it was proved by Matano [15] that the func-
tion p(@, t) satisfies

(7.3) p(0, 1) - M| <C, ift>1,

where M, C,, t, are positive constants. From regularity results for the free
boundary (cf. [6]) we further deduce that, for any j > 0,

' 1/2 .
(7.4) D (p(6, t) — Mt N<C ift>y,.

We can therefore perform a change of variable x — ¢ such that, for 7 > ¢, the
free boundary becomes |£| = M1'"? whereas the derivatives dx;/0¢; are §,; +

O(t—'/z). Let us perform another change of variables £ — (v, o,,.... 0, ),
t — s, where '
[ = (’X ’ y= |éle.\'/Z
and ¢,, ..., ¢, , are the spherical coordinates of £. Then the function
Wy, 0.0, .5)=1Elu
satisfies (we take for simplicity M = 1),
(7.5)
p Ty = . W n-3 Yy, ”_3, -0 inQ
ll)‘\, +“/n“) = ll)\ — “}yy + .4 — T + E “)_v + VZ " = n N
(7.6) W, + %'my + M w + 2”4_' 3111 = 2n47 I aty = |
where

02 .
(7)) aw
M = a —-— h —,
Z l/(')r],(')r,l Jrz I(‘)n’
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ow
/Vw:Zc[—a”., My )= 055 0,1)
1
and

(7.7) Yolagl+ Y b+ lel <a(s),  a(s) =0 ifs—oo.

Equations (7.5), (7.6) are taken of course in the weak sense corresponding to
the definition of the weak solution u.

Theorem 7.1. For any 0 < n < 1 the solution w satisfies a.e.
(7.8)  w(y,s)—w(y) ass— oo, uniformlyiny, n<y<l1,

where w_(y) is the solution of (5.1)—(5.3), as described in Theorems 5.1 and
5.2.

Proof. Set

_ n-3 'y n-3
le:—wyy—< v +'§>wy+—2—w

and consider first the case n > 3. Let w, 5 (6 > 0) denote the solution of

(7.9) 86—1:+,le=—5 inﬁsz{s<y<1,s>ag},
8_w+16_w+2n—3w_2n—1
ds 20y 4 T4
(7.11) w=0on{y=¢,s>0,} andon {e<y<l,s=g,}

(7.10) -0 ony=1,

where o, is sufficiently large, depending on 6. As in the proof of (6.31) one
can show that

ow, s oA
(=% 2 AW <0 inQ

os €
and thus i
w, s —As
1< A .
‘ 5. | < 4e (A>0)
It follows that
(7.12) W, 5(y,s)—>w, s(y) ass—oo.

From (7.7) we deduce that if g, is sufficiently large then w, ; satisfies

ow = .Aa
g +,?j,w <0 in Qe R
ow 1ow 2n-13 2n—-1
bt i < =1.
as+26y+/1/w+ WS —7 ony=1
If w(y,s) were smooth then by the maximum principle we could deduce that
(7.13) ws,(,(y,s)gw(y,s)+AW

where W is the function used in the proof of (6.31), with smaller A if n > 4
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and slightly modified when n = 3:
oW

W=e "W,/

where

LW, - W, =y,  0<y<l,

= 1 =, 3—4))/\ .
W, (0)=0, W)+ ——W (1) =y;

with this modification,

W+ ZW>0 inQ,,
ow 10W 2n-3
a5 Taay TV

not only for n > 4 but also for n=3.
From (7.13) we deduce that

W>0 ony=1

(7.14) lim w(y, s) > w, 5().

§—00

Since further
w, s() = w,(y) ifd—0

and
w,(y) »w(y) ife—0,

it follows that

(7.15) lim w(y, 5) > w,,(y)
§—00
provided w is smooth.

For the actual weak solution w the inequality (7.13) can be established by
working with finite differences, and then (7.15) follows provided “ lim ” is taken
in the “essential lim inf™ sense.

It remains to prove that

(7.16) Em w(y, 5) Swe,(v).-
(The uniform convergence in y asserted in Theorem 7.1 follows from the esti-

mates from which (7.15), (7.16) are derived.)
Let W, ; be the solution of

(7.17) ZLw=94, e<y<l1,
(7.18) %w'(l)+2n4_3w(l): 2"4_1+5,
(7.19) w(e) =0,

forany 0 < < 1. Clearly

(7.20) W, 520
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and we also have an upper bound
(7.21) w, 5<C

where C is a constant independent of ¢,d. Indeed, if » > 4 then C =
1+ (2n —1)/(2n — 3) is a supersolution of (7.17)-(7.19) if J < 1, whereas if
n =3 we can take C — y2 as a supersolution provided C is a sufficiently large
positive constant.

From (7.20), (7.21) and a compactness argument, lim,_ W, 5(v) = Ws(y)
exists (0 <y < 1) for a sequence ¢ — 0, and W, satisfies (7.17) with ¢ =0,
and (7.18). Since { = Cy’I is a supersolution (i.e. Z,{ >d) in 0 <y <y, for
some constants C >0, 0 <4 < 1 and small enough y,, we have (cf. (5.10))

ws(y) < Cyl. It follows that lim;_ ,(y) = w(y) (0 <y < 1) exists for
some sequence J — 0, and W satisfies (5.1)—(5.3). By uniqueness, & = w__,
ie.,

(7.22) ws(y) lw (y) if610 (0<y<l).
Arguing as in the proof of (7.13) we find by comparison that
(7.23) w(y,s) <wg(y)+4AW inQn{s>aq,}.
Letting s — oo we get
lim w(y, s) < wy(y),

and together with (7.22), the assertion (7.16) follows in case n > 3.

The proof for n = 2 requires some modifications. For any ¢ € (0, 1), if 4
is a sufficiently small positive number then, by standard ODE arguments there
exists a positive solution w = w, ,(y) of

Zw—Aw =0, e<y<l1,
Lw'(1) + Jw(1) — Aw(1) = 3,

w(e)=0.
We can then apply the maximum principle to
ow Zis 1
=(+—22 — ge M w )eys, ==,
¢ < ds e, A 4 22

in ﬁs to deduce that { < 0; hence,

<4 (A=Ae).

(9’(].‘18’(5
’ as

It follows that (7.12) holds and then also (7.14) is valid, for any small ¢ > 0.
The assertion (7.15) now follows from (7.14), as before.

To prove (7.16) we can establish for n = 2 the existence of unique positive
solution W, 5 of (7.17)-(7.19), as in the case J = 0, and also show that
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UA)E,(;TUAJ(; ase |0,
ws lw, asd 0.

Thus it remains only to establish an estimate of the form (cf. (7.23))

w(y, s) < by(y) + Ae w(y).

This follows by comparison provided we can take w a solution of

Zw—-iw =0, O<y<1,
Lw'(1) + tw(1) - Aw(1) > 0.

But w can be constructed as a limit of solutions w, , (¢ | 0) by the method
of proof of §5 for n =2 (with A =0) provided A is small.

8. THE TWO-PHASE STEFAN PROBLEM

In this section we conisder the two-phase Stefan problem with surface tension:

80,/0t—A8, =0 in Gy,
86,/01 A8, =0 in Gy,
6,=6, onaD,uU(G,x{0}),
0,=10, ondD,U(G,x{0}),
6, =6, = ¢x on the free boundary I'.,
(X, +V(0,-6,))-N=0 onT,

where 91 >0, (52 <0. Here D, D,, G, G,, G, are smooth domains satisfy-
ing:
D, cG,, G,cD,, G =G\D,, G,=D\G,.

It is well known that if ¢ = 0 then the problem has a unique weak solution
(cf. [7]) whereas if the initial values are sufficiently smooth and satisfy some
consistency conditions at G, then there exists a classical solution for some
small time interval 0 < ¢t < T [7, 16]. We shall now assume that a classical
solution for ¢ = 0 exists in some time interval 0 < ¢t < T, and denote it
by (6y,, 00y, I'7). We consider for small ¢ > 0 the approximate solution

(6o, +eu,, 8, +eu,) with u, defined in the water region Glr and u, defined
in the ice region GZT. We shall derive a parabolic system for u,, u, and then
prove that it has a unique weak solution.

Introducing the notation (1.9) for I';. and denoting by N = N, +¢N, the
normal for the interface x = z + &{ of the e-perturbed new free boundary, we
find as in §1, that if R is defined by (1.15) then

K — U, 1

(8.2) R(s,t)=v0 =h(u;,— k), h =——=———>0.

0/’ No ! Veo:‘ 'No
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Further, analogously to (1.17) we get
No- NoR, + D (2, + V(B = b)) - A, NyR,
+{(z,+ V(0 — 0pp)) - > ANy o + Ny No + N
(VO (Bgy = 00y - Ny -, VO, (65, = 6y) - No)}R
+V(u, —u,)- Ny =0.

Setting
8 =V Ny

it follows from (8.2) that
(8.4) (—=&)u, =(-glu,-xkg (8=8,-8,.8 <0,8<0)
and (cf. (1.22))

du du
(8.5) ad—l'+ij—£f-+N0~V(ul —uy) +cuy = fy

J
where
a=N,-Nyh, >0

and b,, c, f, are known functions having a structure similar to (1.23).
Set
1 2
G, =G, Ul UG}

and extend g,, g, and k smoothly into all of E'r in such a way that g, and
g, remain negative.

Notice that the function
(8.6)

is continuous in G,..
To define a weak solution, we set

|
u, 1n G,

1 1

u= . ;
U, 1n (;;.

/ (u, = Aw)p =0, ¢ smooth.
. (;I,Ll(iu;

and integrate by parts in

Using (8.4), (8.5) and the integration by parts formulas

‘ _ .
/(,. Py = - /( Py, - /0 (@)= Nz, Nydsdi
Ja Jar .

+ / oy dx - / Py dx,
Jatn JGm
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T
[ow=-[ ov+ [ 0wz, 0z, Nydsar
G2 G2 0

+/ de—/ pydx,
G(T) G*(0)

we find that (cf. (2.6))

—/ up, + /V(p Vu
(8.7) //“1{ (ap) +Zd b(p) }dsdt

=/0 /L<pfldsdt

C1=C+§Zt'No’ fi= f0+——z Ny,
l

1

where

and ¢ in any function in C l(ET) vanishing on G(T)U 6DIT u 8D;.
If u; is smooth then
o
(8.8) Oou,;/ot — Aui =0 inGyp,
(8.9) u;=0 on BD'T and on G, x {0},

and (8.4), (8.5) hold on T",.. We now define a weak solution.

Definition 8.1. A function u = (u,, u,) is a weak solution of (8.8), (8.9), (8.4),
(8.5) if

u,Vu, e L’(Gy)  (i=1,2)
and if (8.9) holds in the usual continuous sense, (8.4) holds in the trace sense,
and (8.7) holds for any test function ¢ as above.

If we substitute ¢ = U in (8.7) and proceed formally, we obtain, after some
integrations by parts (cf. the derivation of (3.2)) an energy estimate

sup/ uz(x,t)dx+/ |Vu|2
0<t<T JG(1) G,

+ sup /uf(z(s,t),t)dssCT.
L

0<t<T

(8.10)

To actually use an estimate of this type in order to establish existence of a
weak solution, we resort to finite-difference approximations as in §3. Instead of
the elliptic problem (3.3) we now have:

inG"*  (j=1,2),

k
—Auj—

k k—1
(8.11) u, :

Uu.

| -
| -
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where G'** = G/(kh), and

1 du®
—aku’f + N(’; oV(ul uz) +Zbk 1

(8.12) h
= %akuk"l +jf on I"k,
(8.13) (—giyut = (—g )k — (kg)* on T,
and
(8.14) u =0 onap""

where 9D’ = oD’ (kh).

Setting -
k (&) u) inG’",
U = k. 2.k
(_gl) 2_(Kg) inG",
the system (8.11)—(8.13) can be written in the form

_ div(4*VUY) + B* .U + %Uk +Cf Uk 4 FF

aU*
=E(/3/k 55, +yU +y0)6

(8.15)

where
e inGtt,
- k=1 . 2,k
(_gl ) mn G ’
and J is the uniform mass of density 1 dlstrlbuted over T,
Formally, if we multiply (8.15) by U* and integrate over G"=G¢"*urtu
G*k , we get

k k2 1 k\2 k 2
/GkA IvU*| +E/Gk(U ) +/L(U (z(s, kh), kh))* ds
(8.16) SE/G" lka|2+C/Gk(Uk)2+C
(U2
S RCARY (asj) (¢ small)

and the last integral is equal to

9B ks
_/ﬂza_sjw)

But for any small x4 >0,

/FJU) <—~/(U +u/ VU,
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If we substitute this into (8.16) and choose x4 small enough and then 4 < u/C,
we get

(8.17) /Gk VUM + ;ll-/Gk(Uk)2+/L(Uk(z(s, kh). kh)ds < C,.

Notice that if we approximate ¢ by smooth functions 5{ (s)é{ (A) where A
is the distance of a point from I'* and (5j (A) — 6(0) (=Dirac measure at 0),
then (8.15), (8.14) becomes a dlﬁ'ractlon problem and by known results (e.g.
[13]) 1t has a unique solution U**/ . Since the derivation of (8.17) 1s valid also
for U**/ with a constant C, independent of j, letting j — oo we obtain a
solution U* of (8.11)-(8.14).

We can next derive for the U* an a priori estimate analogous to (3.12) and

use it to conclude that a subsequence of
u'(x, )= ul(x, kh) ifxeG ", kh<t<(k+1)j
converges weakly to a weak solution of (8.8), (8.9), (8.4), (8.5).

Theorem 8.1. There exists a unique weak solution of (8.8), (8.9), (8.4), (8.5).
Proof. We have already proved existence. To prove uniqueness we take in the
definition of weak solution the test function 7 defined by
-n,=U, n(x,T)=0 (U asin (8.6));
this can be justified by approximation, as in §4. Then
n, n, Kg
U, =— . Uy = ——— + ——

(-8 2 (-g) (-&)’
and we can proceed as in §4, making use, in particular, of (4.9). After some
integrations by parts, we end up with an inequality similar to (4.11), with the
second integral on the left-hand side replaced by

1 | Vol g
//{ vnl's [ -8) (—g,)J+g1g2"’+ " Nglgzﬂ’}

where we have made use of the relation z,- N, = g. Since g = g, — g, the

integrand is bounded from below by cntz (¢ > 0), and the proof can now be
completed by using Gronwall’s inequality.

Remark 8.1. In constructing a weak solution we used finite-difference approxi-
mation for both the parabolic equation and the boundary conditions. Actually
one can use another scheme whereby the finite differencing is performed only
with respect to the boundary condition on I';.. Then, for the one-phase problem
we define the approximating solution by

(X, )=ul(x, 1),  (k—=Dh<t<kh,

and replace a ¢ by

%(auk)(z(s, 0, 1) - —;;a(z(s, £y, Dul(z(s, t—h), t—h),
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and thus solve a parabolic equation in each interval (k —1)h <t < kh with u'
continuous across ¢ = k4, for each k. The same procedure can be used for the
two-phase problem, finite differencing only (8.5), and applying [13, Chapter IV,
§61-8] to prove that the corresponding parabolic system has a unique solution.

9. THE EFFECT OF SURFACE TENSION ON THE INTERFACE

We shall consider in this section the effect of small surface tension on the
free boundary. As we shall see, in contrast to the facts established in §§6, 7 for
the one-phase Stefan problem, small surface tension, for the two-phase Stefan
problem, decreases the water region for all time provided the data are radial or
“close” to radial.

Let K, be a solution of

8,K,~AK,>0 on Gy,
(9-1) K,=1 ondD,u(G,x{0}),
K,=x onl,,
and set U, = u; — K;. Then
8,U,—AU, <0 in Gy,
U,=—l, ondDyU(G, x{0}),
(9.2) &U =8U, only,
20
dt
=(VK,-VK,)-N, onIl,
where a, b ;, € are easily determined by comparing with (8.3); in particular,
a>0.

Lemma 9.1. If k > 0 and, for some [, >0,

du
+ ijd—sj‘ +cU, +(VU, = VU,) - N,

(9.3) (VK, —VK|)- N, <0 onT,,
and if u; is in C'(GiT), then
(9.4) u;<x onl,.

Proof. It suffices to prove that
U, <0 inGj.

If the assertion is not true then, since U, <0 in Gf if ¢, is small, there exists

a f, > 0 such that U; <0 in Ej for all 1 < ¢, but U(x,, t,) = 0 for some

(x5, ) € Gfo where [ = 1 or i = 2. By the maximum principle we deduce
that (x,, ¢,) must belong to I';., and

Ul(xoa lo) = Uz(xo’ to) =0,

4y o, -(%U, =0, (VU -VU,)-N,>0
J
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at (x,, t,) . But then the last equation in (9.2) implies that (VK —VI("z)-N0 >0
at (x,, ¢,), a contradiction to (9.3).

Consider the radial case where

G={a<|x|<B}, 0O=06(r,1), r=|x|,

with the free boundary condition

£ ds
H—W, _0‘»’-“92”_%’
If n>3 then taking K, = K, = 1/r we have
n-3
0K, —AK, = ~==>0.

r

Since also u; isin C l(G_"T) is in this case (the proof is similar to that of
Theorem 6.1), we conclude

Theorem 9.2. In the radial case, if n > 3, then (9.4) holds, i.e., small surface
tension decreases the water region for all 0 <t<T.

Notice that (still in the radial case), if K? is the solution of (9.1) satisfying
,0 0 i
0,K; —AK, =0 on G,
and | _
0<l =l <~~-3 ondDruU(G,x{0})

where 0 < ¢ is sufficiently small, then, by comparison with K, = } , there exists
e=¢(0, T)> 0 such that
(VK, - VK3)-N,>¢ onT,.

It then follows that for the nonradial case, if n > 3 and the data are “close” to
radial, we can establish (9.4) for a smooth approximation of u; (as constructed
in Remark 8.1). Hence u; <k on FT.

Consider finally the radial case with n = 2; we further specialize to a free
boundary |x| = 12 (t > 1), which corresponds to

_o (XY R P SL
00,i~fi<tlT =q; |x|/;'/2C e dC+;B,'

with appropriate «;, §;.

Introducing
(9.5) Wiy, s)=ye 'K (ve'”, )
we find that the system of equations for the K; becomes
2
ow, 9w, [y 1\oWw, W, N,
. W=—"A- 1 [z -—) —~L_-—L> Q
(9.6) LW, 35 577 (2 y) 3 ) >0 inQ
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with initial and boundary conditions
W=1 fory=1,

(9.7) .. i
W, >0 on the remaining part of 9Q

where

—s/

Qr={(y,s);ae?<y<1,0<s5<T},

er={(y,3); l<y<pBe™, 0<s<T} (0<a<pf<oo).
Let W, be the solution of ZW, =0 in Q} where

-T/

ﬁlrz{(y,s);ae 2<y<l,0<s<T}DQlT,

Q= {(y,s);1<y<B,0<s<T}>Q,
satisfying the initial and boundary conditions:

—

W,=1 fory=1,

/I/I\/l:O ify=ae—T/2,
W,=0 ify=§,
W.=0 ifs=0.

Then, by the maximum principle, w, > VV\I in QiT (if we choose W, = /W. on
the parabolic part of Q) and
oW, oW, oW, oW,
oy oy oy oy
Applying the maximum principle to 8/V17i /0s we deduce that
oW,
—L4>0.

s ~

(9.8) fory=1.

(9.9)
We now integrate by parts in
| . B
[ 2Wosdy =0, [ W 9dy=o0
aé
and add the results; we obtain
— —~ 1 —_ 1~ B —_ 1~
W09 -, 09 = [ (a+3%)+ [* (a7 +37,)

+[W, ,y(ae_T/z, s)— /Wz’y(ﬁ, s)].

Recalling (9.8) and noting that the last expression in brackets is positive (by the
maximum principle), it follows that

W, (1,5)=W, (1,9)>0,

and from (9.8), (9.5) we then deduce that the condition (9.3) is satisfied. There-
fore, by Lemma 9.1:
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Theorem 9.3. If n = 2 and the free boundary is given by |x| = 1'% then (9.4)
holds for all T > 0, i.e., small surface tension decreases the water region for all
t>0.

Remark 9.1. One can extend Theorem 9.3 also to other radial free boundaries.
For instance, if the free boundary has the form

|x| =s(¢) wheres(t) <OforO<t<T

then, by choosing

1 1
K = — = —
(x,0) S0 and K,(x,1) S0
the conditions of Lemma 9.1 are satisfied; consequently (9.4) holds for all 0 <
t<T.
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