
TRANSACTIONS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 329, Number I, January 1992 

THE MODULAR REPRESENTATION THEORY 
OF q-SCHUR ALGEBRAS 

JIEDU 

ABSTRACT. We developed some basic theory of characteristic zero modular rep-
resentations of q-Schur algebras. We described a basis of the q-Schur algebra 
in terms of the relative norm which was first introduced by P. Hoefsmit and 
L. Scott, and studied the product of two such basis elements. We also defined 
the defect group of a primitive idempotent in a q-Schur algebra and showed 
that such a defect group is just the vertex of the corresponding indecomposable 
2p-module. 

INTRODUCTION 

The representation theory of classical Schur algebra is equivalent to the theory 
of polynomial representations of general linear groups (see Green's book [G 1]). 
In [DJ4], q-analogues of classical Schur algebras are defined and the main results 
which appear in [Gl] are generalized. On the other hand, there are some q-
analogues of universal enveloping algebra of complex semisimple Lie algebras, 
called quantum groups (see [Dr, L] and the bibliography therein). It is natural 
to ask what relations between the representation theory of q-Schur algebras 
and the representation theory of quantum groups. It is also natural to compare 
the characteristic 0 modular representation theory of q-Schur algebras with the 
characteristic p modular representation theory of the classical Schur algebras. 

In this paper we laid a foundation for the characteristic 0 modular represen-
tation theory of q-Schur algebras and generalized some interesting results in 
characteristic p situation (see [F, S]). For example, the defect group of a primi-
tive idempotent and the vertex of an indecomposable module are discussed. In 
a future paper, we will generalize a fundamental result of Scott in 1973 (see 
[S]). 
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1. PRELIMINARIES 

Let Q[U I / 2 ] be the polynomial ring of the indeterminate U I / 2 over Q. 
Let R be a Q[u l / 2]-algebra, possibly of infinite rank, in which U I / 2 is in-

vertible. Let (W, S) be the symmetric group on r letters where S is the set 
of basic transpositions. Then the Hecke algebra /fR corresponding to W is a 
free R-module with basis {Tw; w E W} and the multiplication is defined by 
the rules: 

TwTs = { Tws , 
(u - l)Tw + uTws , 

if I(ws) > I(w), 
otherwise. 

Here I(x) denotes the length of the permutation x E Wand s E S. 
Let 

Tw = (-U- I / 2 )/(w)Tw . 

Obviously, {Tw; w E W} is a basis of /fR and 

if I(ws) > I(w), 

otherwise. 

Let A be a composition of r. (A composition A of r, denoted A F r, is 
a finite sequence (AI, A2, ... ,An) of nonnegative integers whose sum is r.) 
Then the standard Young (or the parabolic) subgroups Ul of W consists of 
those permutations of {I , 2, ... , r} which leave invariant the following sets of 
integers {I, 2, ... ,Ad, {AI+l,AI+2, ... ,AI+A2}, {AI+A2+1, ... }, .... If 
H is a parabolic subgroup of W, we denote by gH the set of all distinguished 
coset representatives of right co sets of H in Wand set g). = gH if H = Ul. 
Let g).)1 = g). n g)1-1 . Then g).)1 is the set of distinguished Ul - W)1 double 
coset representatives. 

If W' is a parabolic subgroup of W, then R-module L:wEwl RTw is a 
subalgebra of /fR, which is called the parabolic subalgebra of /fR, denoted by 
.;f"w' . We will use the abbreviation Jfi instead of .;f"w, . 

Let H be a parabolic subgroup of Wand let dH denote the Poincare poly-
nomial of H, i.e. 

If H = W, then 

( l.a) 
r-I 

dw = II (1 + u + ... + ui ) . 
i=1 

Let be a positive number and I ::; r. Let CI>/ = CI>/(u) denote the Ith 
cyclotomic polynomial. A parabolic subgroup Ul is called I-parabolic if all 
parts Ai of A are 1 or I. In other words, dw, = (d/)m where m is the number 
of parts I of A and 

/-1 

d/ = II (1 + u + ... + ui ) . 
i=1 

Let P). denote the maximal I-parabolic subgroup of Ul. 
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1.1 Lemma. Let A be a composition of r and x E W. Then 
(a) If Jt).x is parabolic then dw/ = dw. . 
(b) cf)d(dw./dp.). 

Proof. (a) Let Jt).x = W,u for some f1 and write 

W;.x W,u = W;. d W,u where d E g;.,u . 

Then x = ydz for some YEw;', z E W,u and so Jt).d = W,u. 
Let w = d-1vd E W,u where v E W;.. Then dw = vd and 

I(d) + I(w) = I(dw) = I(vd) = I(d) + I(v) 
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since dE g;.,u and v E W;.. Hence, I(w) = I(v) and consequently dw. = dw~ . 
(b) It suffices to prove the case when W;. = W . Let r = k I + s, s < I . Then 

dp• = (d,)k. We claim that cf),I(1 + u + ... + Ui- 1) if and only if Iii. 
Indeed, if Iii then i = Ii' for some i' . Thus 

ui -1 = (U')i' - 1 = (u' - l)(ul(i'-I) + ... + u' + 1). 

Hence cf),11 + u + ... + U i - 1 • Conversely, let w be an Ith primitive root of 
unity, then cf),(w) = 0 and hence 1 + w + ... + W i - 1 = 0, i.e., Wi = 1. This 
implies that Iii. 

By the claim and (La) we have cf)7ldw but cJ>f+l rdw. Hence cf)d(dw/dpJ 
as desired. D 

1.2 Corollary. Let W;., W,u, We be parabolic subgroups of W such that 

We ~ w; , W,u ~ W! 

where W:' W! are parabolic and x, YEW. Assume that dp8 =1= dp •. Then 
cf),I(dw./dw8 ) . 
Proof. By Lemma 1.1(a) we have 

dw. = (dw./dw8)(dw8/dP8)dP8· 
Let dp8 = (d,)m, dp• = (d,)n. Then n > m and, by 1.1(b), cf)d(dw8 /dp8 ) 
and cf)d(dp8 /cf)i) , but cf),I(dw./cJ>i). Since cf), is irreducible, it follows that 
cf),I(dw./dwe). Hence the result. D 

The following fact is worth noting. 
(1.b) Suppose that P, Q are I-parabolic. Then dpldQ if and only if 

P~wQ. 
The notation P ~ w Q means that there is w E W such that pw ~ Q and 

pw is parabolic. 

1.3 Lemma. Let f(u) be a polynomial. If I is an odd number then 

cf),(u)lf(u) if and only if cf),(u)lf(u2). 
Proof. We claim that 

cJ>,(u2) = cf),(U)cf)2'(U) . 
Indeed, if w is a primitive Ith root of unity then so is w2 and -w is a 21th 
primitive root of unity since I is an odd number. Thus we have 

cf),(u)Icf),(u2) and cf)2,(u)Icf),(u2). 



256 JIEDU 

Hence 
<1>[( U )<I>2[ (u) 1<1>[( U2) • 

It is clear that <1>21 (u) can be obtained by changing the sign of the coefficients of 
the terms in <I>[(u) with odd degree. Therefore deg<l>[(u) = deg<l>2[(u). Since 
deg<l>[(u2) = 2deg<l>[(u) the claim follows. 

By the claim it is clear that <I>[(u)lf(u) implies that <I>[(u)lf(u2). Conversely, 
it is easy to see that <I>[(u)lf(u2) implies that <l>2[(u)lf(u2) , hence <I>[(u2)lf(u2) 
by the claim. Therefore <I>[(u)lf(u). 0 

1.4 Definition. Let A., f.l be compositions of r such that ~ ~ W,u. Let M 
be an ~-~ bimodule and b EM. Define the relative norm 

Nwp , W;.(b) = L TW-lbTw • 
wE9J'.InWp 

Note that if ~ = {I} we will write Nwp , 1 (b). 
Let M be an ~-~ bimodule. We define 

ZM(~) = {mE Mlhm = mh for all h E ~} . 

It is easy to see that Z~(~) is the center of ~ and, for M = HomR(N, N) 
where N is a right ~-module, 

ZM(~) = Hom~(N, N) . 

The following material is from the unpublished work of P. Hoefsmit and L. 
Scott in 1977. The proof can be found in [Jo]. 

1.5 Theorem. Let M be an .2R-.2R bimodule and let ~ and ~ be parabolic 
subgroups of W. 

(a) (Transitivity) If ~ ~ W,u and bE M then 

Nw,wp(Nwp , W;.(b)) = Nw,W;.(b). 

(b) Nw, W.l (ZM(~)) ~ ZM(.2R) . 
(c) If N is an .2R-~ bisubmodule of M such that M ~ N ®~.2R. Then 

ZM(.2R) = Nw , W;. (ZN(~)). 

Moreover, if W,u = W;.d for some d E g).,u then there exists an .2R-~ bisub-
module N' ~ N ®~ Td of M such that 

Nw , W;.(ZN(~)) = Nw, Wp(ZNI(~)). 

(d) (Mackey decomposition) If N is an .2R-~ bimodule then 

N ®~.2R ~ E9 [(N ®~ Td) ®;r.;(d)~], 
dE9J'.Ip 

where v (d) is defined by Wv(d) = W;.d n W,u for all d E g).,u . 
(e) Let bE ZM(Jr;:). Then 

NW,w.l(b) = L NWP,WV(d)(Td-lbTd). 0 
dE9J'.Ip 
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1.6 Definition. A right ~-module M is projective relative to ~ or simply 
~-projective if for every pair of right ~-modules M' , Mil the exact sequence 

o ~ M' ~ Mil ~ M ~ 0 
splits provided it is a split exact sequence as ~ -modules. 

The following result is also due to P. Hoefsmit and L. Scott. The notation 
XI Y means that X is isomorphic to a direct summand of Y. 

1. 7 Theorem (Higman's criterion). Let M be a right ~-module. Then the 
follOWing are equivalent: 

(a) M is ~-projective; 
(b) MIM®~~; 
(c) MIU ®~ ~ for some right ~-module U; 
(d) Nw, W;. (Hom~(M, M)) = Hom-fR(M, M). 0 

Let M be a finitely generated indecomposable right ~-module. Then, by 
[Jo, 3.35], there exists a parabolic subgroup ~ of W unique up to conjugation 
such that M is ~ -projective and such that ~ is W -conjugate to a parabolic 
subgroup of any parabolic subgroup W/l of W for which M is ~-projective. 

We call ~ the vertex of M. 

2. q-SCHUR ALGEBRAS 

Let A(n, r) be the set of all compositions A = (AI, ... ,An) of r into n 
parts (each part Ai being nonnegative). For any A E A(n, r), we define 

Xl = L Tw and Yl = L (_u)-l(w) Tw . 
WEw;' WEw;' 

Thus the external direct sum 

EB Xl~ 
lEA(n,r) 

( resp. EB Yl~) 
lEA(n,r) 

of the right ideals Xl~ (resp. Yl~) is a right ~-module. Let 

(2.a) SR(n, r) = End-fR ( EB Xl~) 
lEA(n,r) 

SR(n, r) is called the q -Schur algebra (see [DJ4]). 
Let 

(s E S). 
# induces an automorphism of ~ such that x! = rYl for some unit r of 
R, hence an isomorphism between SR(n, r) and End-fR(E9lEA(n,r)Yl~) (see 
[DJ3, 2.1, 2.9]). Thus we have the following identification 

(2.b) SR(n, r) = End-fR ( EB Yl~)' 
lEA(n,r) 

The classical Schur algebra, as defined in Green's book [G 1], is described as 
the centralizer ring of certain permutation representations. There is an analogue 
of such a description for the q-Schur algebra. 
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Let V be a free R-module of rank n with basis XI, X2, ... , Xn . Then 
the tensor product v®r of n copies of V is also a free R-module with basis 
{XIII E I(n, r)} where 

I(n, r) = {I = UI' i2, ... , ir)lit E [1, n], 1 S t S r} 

and, for 1= UI , i2, ... , ir) E I(n, r), XI denotes the tensor Xii ® Xiz ® ... ® 
Xi, , or briefly, XI = Xii Xiz ... Xi, . 

For A = (AI, A2, ... , An) E A(n, r) we let 

I). = (1 , ... , 1, 2, ... , 2, ... , n, ... , n), ------- ------- '-.--' ~ ~ ~ 

X). = XI. , Xu = XI.d if d E 9). . 

where Iw is the natural action of W on I(n, r), called place permutation, 

Iw = U(1)w, i(2)w, ... , i(r)w) 
for 1= UI, i2, ... , ir) E I(n, r), WE W. We define for s = (a, a + 1) E S, 

(2.c) 
if ia = ia+1 ; 
if ia < ia+1 ; 

if ia > ia+1 • 

It is easy to see that this action gives rise to an ~-module structure on v®r 
(see [J, §4]). 

2.1 Lemma. v®r is isomorphic to EB).EA(n,r)Y).~ as ~-modules. 

Proof. There is a bijection between A(n, r) and the set of all W-orbits on 
I(n, r). Let &'). be the orbit corresponding to A E A(n, r) . Then 1&').1 = 19).1. 
Therefore, the map 

rp : ffiY).~ -+ V®r 
). 

defined by rp(y/fd) = Xu = X/fd for dE 9). is a linear isomorphism. 
By [DJ2, 3.1] we have for dE 9)., s E S, 

{ 

U- I/2y/id , if ds > d, ds i. 9).; 
(y/id)t = y/ids. if ds > d, ds E 9).; 

(u- I/2 - UI/2)y/fd + y/ids , otherwise. 

Now, one can check easily by (2.c) that rp(y/i/is) = rp(y/id)t for any s E S. 
Hence rp is an ~-isomorphism. 0 

Combining this lemma with (2.b) we get 

(2.d) SR(n, r) ~ End~(V®r) = ffi Hom~(XJl~' X).~). 
)., JlEA(n , r) 

We are going to describe a basis of the q-Schur algebra in terms of relative 
norm which is defined in previous section. We make W act also on the set 
I(n, r) x I(n, r) by (I, J)w = (Iw, Jw). Obviously, the orbits are indexed 
by the triples (Ji, A, d) with A, Ji E A(n, r), dE 9).Jl . 
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For I, J E I(n , r) we define eIJ E HomR(V®r, v®r) to be the linear map: 

{ Xl, if I = I' ; 
(Xl' )eIJ = o , otherwise. 

If (l, J) = (Ill' l;.d) with d E 9;'11' we use the abbreviation ellM instead of 
eI#hd· 
2.2 Lemma. Let I, J E I(n, r). Assume that ~ is a parabolic subgroup of 
Stabw(I, J). Then 

eIJ E End~(V®r). 

Proof. Let s E ~ n S, s = (a, a + 1). Since Is = I and J s = J where 
I = (iI, i2, ... , ir) and J = (h, h, ... , jr) , we have ia = ia+l, ja = ja+1 . 
For any I' E I(n, r) we have, by (2.c), Xl' (TseIJ) =f. 0 if and only if I' = I or 
l's = I . But Is = I , hence I' = I . Thus if I' =f. I then 

(XII)TseIJ = 0 = (XI')eIJTs 
and 

- 1/2 1/2 -(X1)TseIJ = u- X1eIJ = u- Xl = (XI)eIJTs . 
Hence TseIJ = eIJ Ts for all s E ~ n S . This proves the lemma. 0 

2.3 Corollary. Let A, f.l E A(n, r), d E 9;'11 and Wv = Wf n WIl . Then 
ellM E End)f',;(V®r). 0 

2.4 Lemma. Let A, f.l, v be as in 2.3 and f E Hom)f',; (XIl~ , X;.~). Then 
(a) Nw, w.(f) E Hom.1'R(XIl~' X;.~); 
(b) If bE v®r then (b)Nw, wv(f) = 0 if the projection of b on XIl~ is O. 
In particular, Nw , w# (ellll ) is identity on XIl~' and 0 elsewhere. 

Proof. By (2.c) the space spanned by all XI where I goes through one orbit is 
an ~-submodule of v®r. The first assertion follows from 1.5(b). Note that if 
x E 9 11 , x =f. 1 , then X-I ¢. 9 11 , hence (XIl)Nw , w# (ellll ) = XII. This implies 
the last assertion. 0 

It is well known that the induction is left adjoint to the restriction. The next 
lemma relates Frobenius reciprocity to the relative norm. 

2.5 Lemma. The natural isomorphism 

rp : Hom"fj; (RXII , X;.~) -. Hom.1'R (XIl~ , X;.~) 

is the restriction of Nw, w# ( - ) . 

Proof. Let f E Hom"fj; (RXII , X;.~). We view f as an element of EndR ( v®r) . 
Then rp(f) is determined by the image (XIl)rp(f) = (XIl)f. Since 

Nw,w#(f) E Hom.1'R(XIl~' X;.~) 

by 2.4, Nw, w# (f) is also determined by the image (XIl)Nw, w~ (f). Since 

(XIl)Nw, Wp (f) = (XII) L Tx-dTx = (XIl)f = (XIl)rp(f) , 
XErg~ 

we have N w , Wp (f) = rp (f) , hence the lemma. 0 
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Let A~.l. = NW,Wy(d)(eJlU) where v(d) is defined by w",(d) = n;.d n WJl and 
let 
(2.e) 

By 2.3 and l.S(b) we have Be SR(n, r). When U I / 2 = 1, Blu1/2=1 is the basis 
of the classical Schur algebra as described in [G 1]. Now we have 
2.6 Theorem. B is a basis of the q-Schur algebra SR(n, r). 

Proof. Consider the ~-~ bimodule 
M = HomR(RXJl , Xu ®~(d)~) where d E g.l.Jl' 

M contains an ~-/?v(d) bimodule N = HomR(RXJl , RXu ) and we have 
M ~ N ®~(d) ~. Thus, by l.S(c), we have 

NwJl , Wy(d) (Hom~(d) (RXJl ' RXu » = Hom~ (RXJl' X.l.d ®~(d) ~) , 
and by applying the Mackey decomposition theorem, 

Hom~ (RXJl , X.l.~) = E9 Hom~ (RXJl ' Xu ®~(d) ~) 
dE£iJlp 

= E9 NWP,WY(d)(Hom~(d)(RXJl' RXu»· 
dE£iJlp 

By 2.5 and the transitivity of relative norm we have 

HomXR(XJl~' X.l.~) = Nw,wJl(Hom~(RXJl' X.l.~» 

Therefore 

= E9 Nw , Wy(d) (Hom~(d) (RXJl ' RXu » . 
dE£iJlp 

{Nw , WY(d) (eJl.l.d) Id E g.l.Jl} 
is a basis of HomXR(XJl~' X.l.~)' Hence B is a basis of SR(n, r) by 
(2.d). 0 

Note that there is another basis of SR(n, r) described in terms of x;.'s in 
[DJ4]. It is easy to check by using 2.1 that the basis B is not the image of the 
basis in [DJ4] under the isomorphism (2.d). For example, assume that r = 3, 
A = p = (1 , 2) , and d = (12). Then the basis element qJ~.l. in the sense of [DJ 4] 

d - -maps xJl to xJlTdxJl and AJl.l. maps YJl to YJlTdYJl· But (xJlTd)#YJl "# YJlTdYJl' 
hence (qJ~J# "# A~.l. . 

We may describe a basis for End;re(V®r) , 0 F r, in a similar way. 
Let d E gJl(}' d' E g.l.(} and Wo: = WJld n W(}, Wp = n;.d' n W(} . By the proof 

of 2.6 we have immediately 

2.7 Corollary. Hom;re(XJld €Ix:; Ko, Xu' ®~ Ko) has a basis of the form 

B(p, A, d, d') = {NW9 , w;nwJeJldu'y)ly E gpo: n W(}}. 0 

Let 
B(O) = u 

.l., JlEA(n, r) 
dE£iJp9 , d' E£iJ19 

B(p, A, d, d'). 
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2.8 Theorem. B«(}) is a basis of End.Jf/l(V®r). 
Proof. By (2.1) and [Jo, (3.22)] we have 

End.Jf/l(V®r) = EB Hom.Jf/l(Xtt~, X;.~) 
;., ttEA(n, r) 

= 
;., ttEA(n, r) 

dEfg",o, d' EfglO 

The theorem follows from 2.7. 0 

3. DEFECT GROUPS 
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From now on we assume that I is an odd number. Let R[ be the com-
pletion of the polynomial ring in the indeterminate U I / 2 over Q localized at 
the maximal ideal generated by <I>[(U I / 2). Let K be the quotient field of R[ 
and F is the residue class field RdnR[ where n is the generator of the max-
imal ideal of R[. Thus (K, R[, F) is a characteristic 0 modular system. Let 
R E {K, R[, F}. 

Let A~;.= Nw, wv(ettu) be a standard basis element as described in (2.e). 
We define the defect group D~;. of A~;. to be the maximal I-parabolic subgroup 
of w". We are going to study the coefficients of the product of two standard 
basis elements. First of all we need some lemmas. 
3.1 Lemma. Let A, J.l EA(n, r) and d Eg;'tt. Then 

Nw wdnw. (ettu) = Nw wnwd-l (ettd-q)· 
'l P. ,1 J.l 

Proof. Let 
d d- l Wy = W;. n Wtt , Wy' = W;. n Wtt . 

We claim that f:gy' n dWtt = d(gy n Wtt ). Indeed, let y = dw E gy' n dWtt 
for w E Wtt . Then /(V'y) = I(V') + /(y) for any v' E Wy'. For any v E 
Wy , v = d-1V'd for some v' E Wy' , and we have I(v) = /(V'). Thus 

/(d) + /(vw) = /(dvw) = /(V' dw) = /(V') + /(d) + I(w). 
Hence, I(vw) = /(V') + /(w) = /(v) + /(w). This implies w E f:gy, and so 
y E d(f:gy n Wtt ) . 

Conversely, let w E f:gy n Wtt . For any v' E w"" v' = dvd- I for some 
v E Wy , we have [(v') = /(v), and 

/(V' dw) = I(dvw) = /(d) + I(v) + /(w) = I(V') + I(dw). 
Hence dw E f:gy' n dWtt . So our claim is proved. 

Obviously, by 2.4, it suffices to check that 

Since 
(Xtt)Nw,wv(ettu) = (Xtt)Nw,Wv,(ettd-I;'). 

= L u-[(x)/2 XAdx 

XE9"v nW", 
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and 

R.H.S.= 

JIEDU 

L (Xp.)Ty-Iep.d-I).Ty , by the claim, 
YEd(g-vnWp) 

= L u- l (x)/2 X)'dx 

xEg-vnwl' 

so the lemma follows. 0 

We now fix the following notation: Let It, Il, P be compositions of r, 

d E 9).p. , d' E 9 p). , 
d ,- I 

Wyl = Wp n ~ , Wr = Wr(y) = W; n Wp. , 

where y E 9 pp. . 

3.2 Lemma. Let y E 9 pp.. Then 

WpyWp. n9yly = {hiykj l1 ~ i ~ ny, 1 ~ j ~ my} 

where ykj E 9 py , k j E 9 w n Wp. and hi E 9 yl n Wp for all i, j. 

Proof. By [DJ1, 1.6] we have 

WpyWp. = Wpy(9r n Wp.) and Wp. = (9y n Wp.)-I WY ' 

We may write the element of 9 r n Wp. in the form: kw where k E 9 y- 1 n Wp., 
w E WY ' It is clear that k E 9 r (see [DJ1, 1.4]), hence k E 9 ry n Wp. and 
yk E 9 p since 

9 p = U y(9r (y) n Wp.) . 
yEg-PI' 

Since y E 9p.-1, k E 9 y- 1 n Wp. we have yk E 9 y- 1 , hence yk E 9 py . Thus 
we may express WPy Wp. as a disjoint union of the double cosets of the form: 

(3.a) WpykWv where yk E 9 py and k E 9 ry n Wp.. 

Also, each Wpyk Wy is a disjoint union of the double cosets of the form: 

(3.b) WylhykWy where h E f:gyl n Wp, 

Hence the lemma follows. 0 

3.3 Lemma. Let y, k be as in (3.a) and let z = yk. Then 

NW,we(ep. pz ) = NW,wel(cep. py ) 

where We = W; n Wyand Wei = W; n Wyk- I and c E R. 

Proof. Since W; n Wy = (W; n Wp.)k n Wyand k E 9 ry n Wp. by 3.2, we have 
both We and Wei parabolic subgroups of Wp. . By transitivity of relative norm 
(Theorem 1.5) it is enough to show that 

(3.c) 
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To do this we consider the ~-~ bimodule 

M = HomR(RX/l ' Xpy ®JPij, ~) . 
It is clear that there exist an ~-JlfJ' bisubmodule N = HomR(RX/l, RXpy) 
and an ~-7tO bisubmodule N ' = HomR(RX/l, RXpz ) such that 

M ~ N ®JPij, ~ and M ~ N' ®;p;; ~ . 
By 1.5(c) we get 

Nwp,w9,(HomJPij, (RX/l , RXpy)) = Nwp,W9 (Hom;p;; (RX/l , RXpz )). 
Therefore there exists c E R such that (3.c) holds. 0 

In 3.4 and 3.5 we assume that R = R[. 

3.4 Lemma. Let hyk E 9 v 'v be as in (3.b) and let 

dWYk w: 
( ) p n v g U = , 

dwhyknw: 
v' v 

Then 

for some C E R. 
Moreover, if Prey) iw D~). or Prey) iw Df~ then <I>[(u)lf(u)g(u). 

Proof. By 1.5, 2.2, 2.4(a) and 3.3 we have 

Nw whyknW: (e/lpyd = Nw wyknw: (NwYknW: whyknw: (e/lpyk)) 
'v' II 'p " p v, v' v 

= Nw wyknw: (Nwyknw: whyknw: (i\)e/lpyd 
'p II P II, v' II 

= Nw wyknw: (g(u-1)e/lpyk) 
'p v 

= Nw wYnw:k-1 (g(u-1)ce/l py ) 
'p v 

= cg(u-1)Nw WYnW: (Nwynw: wYnwk-1 (e/l py )) 
'P Jl P JJ' P " 

= cf(u-l)g(u-l)Nw,w/nwp(e/lpy) 

as desired. 
We now assume that dpv Idpt(y) but dpv -:j:. dpt(y)' Let P be the maximal 1-

parabolic subgroup of Wyk n Wv , then dpldpt(y) and dp -:j:. dpt(y) . Applying 1.2 
we obtain <I>[(u)lf(u)g(u). The lemma is proved. 0 

We now prove the following theorem which is a natural generalization of the 
classical situation (see [F, S]). 

where ay E R. If ay ~ 0 mod(<I>/(u)) , then 
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Proof. By 3.1 and I.S(e) we have 
d d' A/llAlp = NW,wv(e/lu)Nw,wv,(eU'-lp) 

= NW,wv(e/luNw,wv,(eU'-lp)) 

= Nw,wv (e/lU 2: Nwv,w;,nwv(irleU'_l/ix)) 
xE~v'v 

For x E £gIl'1I there exist y E £gP/l and hi, k j as in 3.2 such that x = hiykj 

and ykj E £gPII' hi E £gil' n Wp, By a direct computation we have 

for some bijy E R. Thus by 3.4, 

Therefore, we get 
ny my 

ay = 2: 2: Njyfiy(u)gjy(U) . 
i=l j=l 

If PT(y) %w DZl or PT(y) %w D1; then <I>[(u)lfiy(u)gjy(u) for all i, j by 3.4. 
Hence ay == 0 mod(<I>[(u)). This completes the proof of the theorem. 0 

Let P be an I-parabolic subgroup of W. We define h(P) to be the subspace 
of SF(n, r) spanned by all A~l satisfying D~l ~w P. By the above theorem 
and 1.3 we immediately have 

3.6 Corollary. h(P) is an ideal of SF(n, r). 0 

Let H be a parabolic subgroup of W. Define v[(dH ) to be the largest 
power of <I>[(u) which divides dH . That is, if <l>rldH but <l>r+1 fdH then 
v/(dH ) = m. Let r = kl + s, s < I. For each m, 0 ~ m ~ k, we choose an 
I-parabolic subgroup Pm of W such that v[(dpm ) = m. Thus, by (1.b), we 
have a chain of ideals in SF (n, r) 

(3.d) 

Given a primitive idempotent e E SF(n, r), there is a number n(e) such 
that e E h(Pn(e)), e ft h(Pn(e)-d. We set D(e) = Pn(e) and call D(e) the 
defect group of e. If F is a splitting field for SF(n, r), then there is a unique 
irreducible modular character ~ of SF(n, r) satisfying ~(e) = 1. 

The following characterization of defect groups for the q-Schur algebra holds 
(see [S]). 
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3.7 Proposition. Assume that F is a splitting field of SF(n, r). Let e, e' E 
SF(n, r) be primitive idempotents, and let ~,~' be the associated irreducible 
modular characters. Then 

(a) ~(hA~)) = 0 for all h E SF(n, r) unless D(e) <;;;;w D~J.; 
(b) ~(A~J.) =I- 0 for some !l, A, d with D(e) =w D~J.; 
(c) e is equivalent to e' if and only if D(e) =w D(e') and ~(a~J.) = ~'(A~J.) 

for all !l, A, d with D~J. =w D(e). 

Proof. By Corollary 3.6 the arguments in [S, p. 106] are valid. 0 

4. VERTEX 

Let R = R,. If M is a right ~-module then we denote by M the right 
JfP-module M/nM ~ M 0R F . 

Recall from § 1 the definition of the vertex of an indecomposable module. It 
is natural to expect that the vertex is an I-parabolic subgroup. Indeed, we have 
(see [Du, 3.1]). 
4.1 Theorem. Let M be a finitely generated indecomposable ~-module. Then 
the vertex of M is an I-parabolic subgroup of W. 0 

4.2 Proposition. Let M, N be indecomposable direct summands of v®r. Then 
(a) Hom~(M, N) ~ HomJlF(M, N); 
(b) M is indecomposable and has the same vertex as M. 

Proof. (a) Since R is a p.i.d. and M, N are the direct summands of v®r, M 
and N are free R-modules. Thus the natural map 

f: Hom~(M, N) -+ HomJlF(M, N) 
is a monomorphism. Since the Hom is additive and by Theorem 2.6, we have 
SR(n, r) = SF(n , r). Hence f must be an isomorphism. 

(b) By (a) it is easy to see that M is indecomposable since HomJlF(M, M) 
is a local ring. 

Let W;. be vertex of M and let 
L = Nw,~(Hom~(M, M)), N= Hom~(M, M). 

If L = N then by noting 2.8 we have 
HomJlF (M , M) = =H'-om-~-;(--;-M"7,-M~) 

Hence W;. is the vertex of M. 

= Nw,~(Hom~(M, M)) 

= Nw,~(Hom~(M, M)) 
= Nw,~(Hom~(M, M)). 

Conversely, assume that r = N. Then N = L+nN and L is an ideal of N. 
Since N is a local ring and is a free R-module, by [G, 3.3a], we have L = N. 
Hence W;. is the vertex of M. 0 

There is a close relation between the vertex of an indecomposable direct sum-
mand M of v®r and the defect group of the corresponding primitive idempo-
tent of SF(n, r) in classical situation (see [S]). We are going to generalize such 
a relation in the case of q-Schur algebra. 
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Let () F r be such that Wo is an I-parabolic subgroup of W. Let A., f.l E 
A(n, r), dE gJJo and d' E g;,.o. 

4.3 Lemma. Let p F r be such that Wo ~ Wp . Assume that Wo ~ Wi n wt . 
Then 

NWp,we(e}ZiAd') = NWp,We(eJJdO)Nwp,we(eOAd'). 
Proof. By 1.5(a), (b) and (e) we have 

Nwp , We (eJJdo)Nwp , We (eOAd' ) = Nwp, We (eJJdONWp , We (eOAd')) 

= Nwp,we (eJJdO L Nwe,w:nWe(Tw-1eOAd,Tw)) 
wE9'eenWp 

= L Nwp , wewnWe(eJJdoTw-leOAd' Tw) 
wE9'eenWp 

= Nwp , We (eJJdAd') 
since evdO TW-l eOAd' Tw f= 0 if and only if W E goo n Wo = {I}. 0 

In particular, we have for Wp = W , 
(4.a) Nw, we (eJJdAd' ) = Nw, we (eJJdo)Nw , we (eOAd' ). 
4.4 Lemma. Let z E g;,.o and k E gW{nWe n gWpinwe n Wo. Then there 
are z' E g;"JJ and k' E gwz'nw: n gw.inw: n WJJ such that zk = z'k' and 

• p p e 
z'k' E g;,. ngwpinWe. 

Moreover, we have 
(Jf;,z' n WJJ)k' n (Wo n WJJ ) = (~Z n Wo)k n (WJJ n Wo). 

Proof. Consider 
W;.zWO = W;.z(gw.znWe n Wo). 

The elements in gw.znWe n Wo can be written in the form kw where k E 

gweinwp n Wo , WE Wo n WJJ . Since l(kw) = l(k) + l(w), it follows that 

(4.b) k E gw.znwe ngwpinwe n Wo. 

Also, we have zk E g;,.. On the other hand, since z E go-i and k E gWpinwe n 
Wo , we have zk E gw.inw: . Hence zk E g;,. ngw.inw: . pep e 

Thus the elements in g;,. ngwpinwe n W;.zWo have the form zk where k as 
described in (4.b). Therefore 

g;,. ngwpinwe = {zklz E g;,.o, k E gw.znwe ngwpinwe n Wo}. 
By a similar argument we have 

g;,.ngw.inw: = {z'k'lz' Eg;"JJ' k' Egwz'nw: ngw.inW: n WJJ }. p e • p p e 
So the first assertion follows. 

Now, 
(~Z' n WJJ)k' n (Wo n WJJ ) = ~z'k' n Wo n WJJ = ~zk n WJJ n Wo 

= (~z n WO)k n (WJJ n Wo) 
as desired. 0 



THE MODULAR REPRESENTATION THEORY 

4.5 Lemma. Let z, k be as in 4.4. Then 

Nw,(W).znWt/lkn(W#nWt/l(eJlAZk) E lp(Wo). 
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Proof. By 4.4 there exist z' E 9 AJl and k' E 9 wz1nw, n9w.1nw. n WJl such that 
• # # 0 

zk = z'k' and 

Nw , (W).Znwolkn(W#nwol(eJlAZk) 

= Nw (WZlnw.lkln(w.nw,l(eJlAZlkl) ';' IJ. 8 JJ 

= cNw (wZlnw.ln(w.nw,lk'- 1(eJlAzI), for some c E F by 3.3, 
'A JJ 8 JJ 

where d1(u) = dwz1nw. and d2(u) = d(wz1nw,ln(w.nw,lkl-1. 
• # • # 0 # 

If the maximal I-parabolic subgroup P of Jt).Z' n WJl satisfies dp =f. dwo and 
dWoldp , then 

d1(u) _ 
d2(u) = 0 mod(<I>/(u)) 

since d2(u)ldwo ' Hence our result follows. 0 

4.6 Lemma. We have 

Proof. Clearly, 

{eJldUI lA., J.l E A(n, r), d E 9Jl' d' E 9 A} 

is a basis of Endp(V®r). By 1.5 and 2.4 we have 

NW,l(eJldUI) = Nw , w#(eJlJl)Nw , 1 (eJldUI) 

Let 

where ay E F . Then 

= Nw, w#(eJlJlNW, 1 (eJldUI)) 

= Nw , w# (eJlJl L Nw#, 1 (TX-leJldu/ix)) 
XEg#-l 

= 
xEg#-lnd- 1 w# 

= Nw , 1 (eJlJl TdeJldUI Td-l) . 

eJlJlTdeJldUI Td-l = L ayeJlAY 
yEg. 

NW,l(eJldU') = L ayNW,l(eJlAY)' 
yEg. 
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By Lemma 4.5 we have 
Nw, I (eJlAy ) E h( {I}). 

Hence, 

Thus we have proved that 

N w , I (EndF(V®r)) ~ h( {I}). 

The proof of the other direction is obvious (see the proof of [Du, 3.1]). 0 

4.7 Proposition. Let Wo be an I-parabolic subgroup of W. Then 

IF(Wo) = N w , w9 ( End.:re(V®r)). 

Proof. We first show that 

Nw , W9 (End.:re (V®')) ~ h(Wo)· 
By 2.8 it is enough to prove that 

(4.c) 

for all f.i" A, d, d' , y as described in 2.7. 
To do this we proceed induction on v/(dW9 ) (see the definition after 3.6). If 

v/(dW9 ) = 0 i.e. Wo = {I}, (4.c) follows from 4.6. Assume that Wo =I- {I}. Let 
Wy = W; n Wa. If v/(dp) < v/(dW9 ) then 

Nw , wy(eJldAdly) = (dwy/dpy)-I Nw ,py(eJldAd'Y) E h(Py) 

by induction. Hence, by (3.d), 

NW,Wy(eJldAdly) E h(Wo). 

Thus, we may assume that Wy = Wo, that is 

Wo = (Wl n Wo)Y n (WJld n Wo) = ~dly n W; n We. 
Since y E :;gpan Wo and a = P = () we have y = 1 and hence Wo ~ ~dl n W; . 
Since d E :;gJlO , d' E :;gAo, by 3.1 and 4.5, we have 

Nw , W9 (eJl dO) = Nw Wd-I (eJlOd-I) E h(Wo) 
, 9 

and 

By (4.a) and 3.6 we obtain 

Nw , W9(eJldAdI) = Nw , W9(eJl dO)Nw , W9(eOAdI) E h(Wo)· 

Hence (4.c) holds. 
We next prove that 

Let 
Nw , w.(eJlAd) E h(Wo) n B 

where W/I = ~d n WJl, dE :;gAJl' Then dp.'dw9 . 
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Let z be a distinguished representative of the Pv - We double coset such 
that P; ~ We and P; is also parabolic (of course i-parabolic, see (l.b». z is 
also a distinguished representative of the double coset Pv - P;. Let r, r' be 
the compositions of r such that ~ = Pv , ~, = P; . 

We consider JIlF-JIlF bimodule 

M = HomF(X/lJllF , Xu i8l.,:p; JIlF) . 
M has an JIlF-~ bisubmodule 

N = HomF(X/lJllF, Xu) 

and an JIlF-~, bisubmodule 

N' = HomF(X/lJllF, Xu i8l.,:p; Tz ). 

Since 

~ N i8l.,:p; JIlF 
as JIlF-JIlF bimodules and similarly, 

M ~ N' i8l2-, JIlF, 
T 

it follows from 1.5 that 

Nw , WT (Hom.,:p; (X/lJllF , Xu» = Nw,~, (Hom~, (X/lJllF, Xu i8l.,:p; Tz». 

Thus, there exists h E Hom~, (X/lJllF, Xu i8l.,:p; Tz ) such that 

Nw,pv(e/lu) = Nw ,p:(h). 

Hence, 

we have 
NW,wv(e/lu) E Nw,we(EndKo(V®'». 

The proposition is proved. 0 

Let A be a ring and M a right A-module. Then M is also a right EndA(M)-
module in a natural way. If e is an idempotent of EndA(M) we have obviously, 

(4.d) 

Let e be a primitive idempotent of SF(n, r). Then V®'e is an indecom-
posable JIlF-submodule of v®r. Let D(e) denote the defect group of e. We 
can now prove the following result (see [S, Proposition 2]). 
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4.8 Theorem. D(e) is the vertex of v®re. 

Proof. Let W;. be the vertex of M = v®re. Then by 4.1, W;. is an I-parabolic 
subgroup of W. By Higman's criterion we have 

End~(M) = Nw, W;. (Endx:;(M)). 

Thus, by 4.7 and (4.d), 

eSF(n, r)e = End~(M) 
= Nw,W;.(Endx:;(M)) 
= Nw,W;.(eEndx:;(V®r)e) 
= eNw , W;.(Endx:;(V®r))e 

= eh(W;.)e. 

Therefore, e E h(W;.) and hence, dD(e)ldW;.. 
On the other hand, we have 

eSF(n, r)e = eh(D(e))e 

since e E h(D(e)) and h(D(e)) is an ideal. Similar reasoning as above shows 
that 

End~(M) = N w ,D(e)(EndKv(e) (M)) . 

By Higman's criterion again, we see that M is ~(e)-projective. Therefore, 
dW;.ldD(e) and hence dW;. = dD(e) , as desired. 0 

4.9 Corollary. Let eo be a primitive idempotent of S R, (n , r) such that eo = e . 
Then D( e) is also a vertex of v®r eo . 

Proof. This follows from the above theorem and 4.2. 
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