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THE MODULAR REPRESENTATION THEORY
OF ¢-SCHUR ALGEBRAS

JIE DU

ABSTRACT. We developed some basic theory of characteristic zero modular rep-
resentations of ¢-Schur algebras. We described a basis of the g-Schur algebra
in terms of the relative norm which was first introduced by P. Hoefsmit and
L. Scott, and studied the product of two such basis elements. We also defined
the defect group of a primitive idempotent in a g-Schur algebra and showed
that such a defect group is just the vertex of the corresponding indecomposable
Zr-module.

INTRODUCTION

The representation theory of classical Schur algebra is equivalent to the theory
of polynomial representations of general linear groups (see Green’s book [G1]).
In [DJ4], g-analogues of classical Schur algebras are defined and the main results
which appear in [G1] are generalized. On the other hand, there are some g-
analogues of universal enveloping algebra of complex semisimple Lie algebras,
called quantum groups (see [Dr, L] and the bibliography therein). It is natural
to ask what relations between the representation theory of g-Schur algebras
and the representation theory of quantum groups. It is also natural to compare
the characteristic 0 modular representation theory of g-Schur algebras with the
characteristic p modular representation theory of the classical Schur algebras.

In this paper we laid a foundation for the characteristic 0 modular represen-
tation theory of ¢-Schur algebras and generalized some interesting results in
characteristic p situation (see [F, S]). For example, the defect group of a primi-
tive idempotent and the vertex of an indecomposable module are discussed. In
a future paper, we will generalize a fundamental result of Scott in 1973 (see
[S]).
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1. PRELIMINARIES

Let Q[u'/2] be the polynomial ring of the indeterminate u!'/? over Q.

Let R be a Q[u'/?]-algebra, possibly of infinite rank, in which u!/? is in-
vertible. Let (W, S) be the symmetric group on r letters where .S is the set
of basic transpositions. Then the Hecke algebra #% corresponding to W is a
free R-module with basis {T,,; w € W} and the multiplication is defined by
the rules:

Tws» if [(ws) > [(w),

T,T, =
wes {(u—l)Tw+uTws, otherwise .

Here /(x) denotes the length of the permutation x € W and s € S.
Let

Ty = (—u~ 2T, .
Obviously, {Tw; w € W} is a basis of # and

~ =~ _{ Tws, if [(ws) > [(w),

v (u=Y2 — y'2)T,, + Tps, otherwise.

Let 4 be a composition of r. (A composition 4 of r, denoted A F r, is
a finite sequence (A;, 4, ..., 4,) of nonnegative integers whose sum is r.)
Then the standard Young (or the parabolic) subgroups W, of W consists of
those permutations of {1, 2, ..., r} which leave invariant the following sets of
integers {1, 2, ..., A1}, {Ai+1, A1+2, ..., Ai+A2}, {Ai+4+1, .0}, oL I
H is a parabolic subgroup of W , we denote by &y the set of all distinguished
coset representatives of right cosets of H in W andset 9, =9y if H=W,.
Let 9, =9, ﬂ@,{‘ . Then Z,, is the set of distinguished W, — W, double
coset representatives.

If W’ is a parabolic subgroup of W, then R-module ) ., RT, is a
subalgebra of #% , which is called the parabolic subalgebra of #z, denoted by
Ay . We will use the abbreviation 7, instead of #y, .

Let H be a parabolic subgroup of W and let dy denote the Poincaré poly-

nomial of H, i.e.
d}{ = Z u’(w) .
If H= W, then

r—1
(1.a) dw =[O0 +u+---+u).

i=1

Let / be a positive number and / < r. Let ®; = ®d;(u) denote the /th
cyclotomic polynomial. A parabolic subgroup W, is called [-parabolic if all
parts 4; of A are 1 or /. In other words, dw, = (d;)” where m is the number
of parts / of A and

-1
a’1=H(1+u+~~+u").

i=1

Let P, denote the maximal /-parabolic subgroup of W).
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1.1 Lemma. Let A be a composition of r and x € W . Then
(a) If W is parabolic then dwx = dw, .
(b) @, (dw,/dp,).

Proof. (a) Let W* = W, for some u and write
W xW, =W,dW, whered € Z,.

Then x = ydz forsome y e W;, z€ W, andso W2 =W,.
Let w =d~'vd € W, where v € W,. Then dw = vd and
I(d) + l(w) = [(dw) = I(vd) = I(d) + (v)

since d € <, and v € W, . Hence, /(w) = [(v) and consequently dw, = dw, .

(b) It suffices to prove the case when W; = W . Let r =kl +s, s <[. Then
dp, = (d))¥ . We claim that ®;|(1 + u +---+ ") if and only if /|i.

Indeed, if /|i then i = /i’ for some i'. Thus

w—1=wH" 1= =DV +...+u +1).

Hence @|1 +u +---+u'~'. Conversely, let @ be an /th primitive root of
unity, then ®;(w) =0 and hence 1 +w+---+ 0! =0, ie., @ = 1. This
implies that /|i.

By the claim and (1.a) we have ®¥|dy but ®f*'tdy . Hence ®;{(dw/dp,)
as desired. O
1.2 Corollary. Let W,, W,, Wy be parabolic subgroups of W such that

W C W, w,cw}

where W, W} are parabolic and x,y € W. Assume that dp, # dp,. Then
)|(dw,/dw,) -
Proof. By Lemma 1.1(a) we have

dw, = (dw,/dw,)(dw,/dp,)dp, .

Let dp, = (d;)",dp, = (d;)". Then n > m and, by 1.1(b), ®;t(dw,/dp,)
and ®;1(dp,/P}"), but ®|(dw,/P}*). Since ®; is irreducible, it follows that
®,|(dw,/dw,) . Hence the result. O

The following fact is worth noting.
(1.b)  Suppose that P, Q are /-parabolic. Then dp|dy if and only if

PCw Q.
The notation P Cy Q means that there is w € W such that P¥ C Q and
PY 1is parabolic.

1.3 Lemma. Let f(u) be a polynomial. If | is an odd number then
@ (u)| f(u) if and only if ®(u)|f(u?).

Proof. We claim that
D (u?) = @) (1) Dy (u).

Indeed, if w is a primitive /th root of unity then so is w? and —w is a 2/th
primitive root of unity since / is an odd number. Thus we have

D;(u)|®;(u?) and Dy (u)|Py(u?).
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Hence
@ (1) Dy (1) | D (1) .

It is clear that ®,;(u) can be obtained by changing the sign of the coefficients of
the terms in ®;(u) with odd degree. Therefore deg®;(u) = deg®,;(u). Since
deg @;(u?) = 2deg®;(u) the claim follows.

By the claim it is clear that ®;(u)|f(«) implies that ®;(u)|f(u?). Conversely,
it is easy to see that ®;(u)|f(u?) implies that ®,;(u)|f(u?), hence ®;(u?)|f(u?)
by the claim. Therefore ®,;(u)|f(u). O

1.4 Definition. Let A, u be compositions of r such that W; C W,. Let M
be an #;-#, bimodule and b € M . Define the relative norm

N, w(d) = Y T,.bT,.
we.@lﬂW,,

Note that if W, = {1} we will write Ny, ((b).
Let M be an #;-#, bimodule. We define

Zy(A) ={me€ M|hm =mh for all h € Z}.
It is easy to see that Z(#]) is the center of ] and, for M = Homg(N, N)
where N is a right #-module,
Zy(#) =Homg(N, N).

The following material is from the unpublished work of P. Hoefsmit and L.
Scott in 1977. The proof can be found in [Jo].

1.5 Theorem. Let M be an Zr-#% bimodule and let W, and W, be parabolic
subgroups of W .
(a) (Transitivity) If W) C W, and b € M then

Nw w,(Nw, w,(b)) = Nw w,(b).

() Nw w,(Zm(#)) C Zmu(ZR) -
(c) If N is an Zg-#, bisubmodule of M such that M = N @4 #&. Then

Zy(ZR) = Nw w,(Zn(A77)) -

Moreover, if W, = Wf for some d € 2, then there exists an #Az-#, bisub-
module N' = N Q4 T; of M such that

Nw w,(Zn(#)) = Nw w,(Zn(Z))) .
(d) (Mackey decomposition) If N is an #x-#, bimodule then

N @z #r = @ [(N & Ty) O Zul
ez,

where v(d) is defined by W, g = WENW, forall d € Z,.
(e) Let b € Zy(#). Then

NW,%(b)= Z NWM)u/ll(d)(Td_led)' 0
deD,
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1.6 Definition. A right #z-module M is projective relative to #, or simply
Z-projective if for every pair of right #z-modules M’', M" the exact sequence

O- M -M -M-0
splits provided it is a split exact sequence as #;-modules.

The following result is also due to P. Hoefsmit and L. Scott. The notation
X|Y means that X is isomorphic to a direct summand of Y.

1.7 Theorem (Higman’s criterion). Let M be a right #Zz-module. Then the
Sfollowing are equivalent:

(a) M is A -projective,

(b) M|M % 7 ;

(c) M|\U @4 #& for some right #;-module U ;

(d) Nw, w,(Homg (M, M)) = Homg (M, M). O

Let M be a finitely generated indecomposable right #z-module. Then, by
[Jo, 3.35], there exists a parabolic subgroup W, of W unique up to conjugation
such that M is /] -projective and such that W, is W-conjugate to a parabolic
subgroup of any parabolic subgroup W, of W for which M is #,-projective.

We call W, the vertex of M .

2. g-SCHUR ALGEBRAS

Let A(n, r) be the set of all compositions 4 = (4;,...,4,) of r into n
parts (each part 4; being nonnegative). For any A € A(n, r), we define

X; = E T, and y; = Z (—u)~)T, .
weW,; weW;
Thus the external direct sum

P % (resp. D ya%)

AEA(n,r) AEA(n,r)
of the right ideals x;#z (resp. y;#Zz) is a right Zz-module. Let

(2.a) Sg(n,r)=Endg | @ x| .
AEA(n,r)
Sr(n, r) is called the g -Schur algebra (see [DJ4]).
Let

=u-1)T-T; (s€S8).
# induces an automorphism of # such that x! = ry; for some unit r of
R, hence an isomorphism between Sg(n, r) and Endg (@D;en(n, ) VaZr) (see
[DJ3, 2.1, 2.9]). Thus we have the following identification

(2.b) Sg(n, r) End%( D y,w%).

A€A(n,r)

The classical Schur algebra, as defined in Green’s book [G1], is described as
the centralizer ring of certain permutation representations. There is an analogue
of such a description for the g-Schur algebra.
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Let V be a free R-module of rank n with basis X;, X;,..., X,. Then
the tensor product V®" of n copies of V is also a free R-module with basis
{Xi|I € I(n, r)} where

In,r)y={I=(i1,0,...,0)liell,n],1<t<r}

and, for I = (iy, i, ..., i) € I(n,r), X; denotes the tensor X; @ X;, ®---®
X,'r, or brieﬂy, X] =XilX,'2-'-X,',.
For A= (A1, 42,...,4s) € A(n, r) welet
L=1,...,1,2,...,2,...,n,...,n),
e N
A A An
X1=X11, X3d=X11d ifd € 9.

where Iw is the natural action of W on I(n, r), called place permutation,

Tw = (iyw, iQuws -+ » iryw)

for I'=(iy,i2,...,0,)€l(n,r), weW. Wedefine for s=(a,a+1)€eS,
u_l/zXla if g =1i441;

(2.c) X T, = Xi,, if g <igyrs

=12 — w2 Xy + Xig,  if i > layr .

It is easy to see that this action gives rise to an #z-module structure on V&’
(see [J, §4]).

2.1 Lemma. V® is isomorphic to @;cp, ., Vi#R as Zr-modules.

Proof. There is a bijection between A(n,r) and the set of all W-orbits on
I(n, r). Let &, be the orbit corresponding to A € A(n, r). Then |&;| = |Z;|.

Therefore, the map
0:Prite — Ve
A

defined by ¢(y,Ty) = Xig = X;T; for d € D, is a linear isomorphism.
By [DJ2, 3.1] we have for d € Z;, s€ S,

u=12y, Ty, ifds>d, ds ¢ 2;;
WaT)Ts = yiTys, ifds>d, dse2;;
(=12 — 42y, Ty + y;Tys, otherwise.

Now, one can check easily by (2.c) that ¢(y;T,;Ts) = p(y;T)T, forany s€ S.
Hence ¢ is an #z-isomorphism. O

Combining this lemma with (2.b) we get

(2.d) Sg(n,r) 2 Endg(V®)= @ Homug (X, 7k, Xik).
A,u€AN(n,r)

We are going to describe a basis of the g-Schur algebra in terms of relative
norm which is defined in previous section. We make W act also on the set
I(n,ryxI(n,r) by (I, J)w = ({w, Jw). Obviously, the orbits are indexed
by the triples (4,4, d) with A, ueA(n,r), de€Z,.
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For I, J € I(n, r) we define e;; € Homg(V®", V®") to be the linear map:
Xy, ifI=1I;
0, otherwise.

(Xr)ers = {

If (1,J)= (I, I;d) with d € Z,,, we use the abbreviation e,;; instead of
ernd -

2.2 Lemma. Let I,J € I(n,r). Assume that W, is a parabolic subgroup of
Stabw (I, J). Then
ery € End,y;(V®’) .

Proof. Let s € W, NS, s=(a,a+1). Since Is =1 and Js = J where
I= (ils iZs ceey lr) and J = (jlajZa e ’jL), we haVe ia = ia+1aja = ja+l-
Forany I' € I(n, r) we have, by (2.c), X (Tsery) #0 if and only if I’ =1 or
I's=1.But Is=1,hence I'=1. Thusif I’ #1 then
(Xr)Tsers =0 = (Xp)ers T,

and _ .

(X)) Tsery = u= " Xpery = u™ 12X, = (Xp)ers T .
Hence Tye;; = ery Ty forall s € W, NS . This proves the lemma. O

2.3 Corollary. Let A, pu € A(n,r), d € D, and W, = WENW,. Then
eud €Endg (V®). O

2.4 Lemma. Let A, u,v beasin2.3 and f € Homg (X, Zz, X;#Z%). Then
(@) Nw,w,(f) € Homg, (X, #r, X;#R);
(b) If b € V® then (b)Nw w,(f) =0 ifthe projection of b on X, #z is 0.
In particular, Nw w,(eu,) is identity on X,Zz, and O elsewhere.

Proof. By (2.c) the space spanned by all X; where I goes through one orbit is
an #g-submodule of V®" . The first assertion follows from 1.5(b). Note that if
X€D,, x#1,then x~! ¢ Z,, hence (X,)Nw w,(eu) = X, . This implies
the last assertion. O

It is well known that the induction is left adjoint to the restriction. The next
lemma relates Frobenius reciprocity to the relative norm.

2.5 Lemma. The natural isomorphism
¢ : Homg (RX), , X;#%) — Homg (X, 2R , X;7#R)
is the restriction of Nw w,(—).

Proof. Let f € Homg (RX,, X;#z). Weview f as an element of Endg(V®").
Then ¢(f) is determined by the image (X,)¢(f) = (X,)f . Since

Nw w,(f) € Homg (X, #r , X37#R)
by 2.4, Nw w,(f) is also determined by the image (X,)Nw w,(f). Since
(X)Nw w, () = (X2) Y Tomr f T = (X) f = (X)o(f),
XEDy

we have Nw w,(f) = ¢(f), hence the lemma. O
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Let AZ’/1 = Nw w,, (€u:a) Where v(d) is defined by W, = W N W, and

let

(2.e) B = {AZA/I, ueANn,r),de2,}.

By 2.3 and 1.5(b) we have B C Sg(n, r). When u!'/2 =1, B|,»_, is the basis
of the classical Schur algebra as described in [G1]. Now we have

2.6 Theorem. B is a basis of the q-Schur algebra Sg(n, r).
Proof. Consider the #,- 7, bimodule
M = Homg(RX,, X4 ®, #,) whered € Zj,.

M contains an #;- %, bimodule N = Homg(RX,, RX,;) and we have
M= N@®gz, #, . Thus, by 1.5(c), we have

(RX;t i Rde)) = Hom% (RX,M 5 de ®Z}(d) %) »
and by applying the Mackey decomposition theorem,

NW/: Wy (Hom%(d)

Homy, (RX,, X;7%) = P Homg (RX,, X4 ®z,, 7Z,)
deg;.”
= @D Nw,.w,,(Homg, (RX,, RX;;)).
deZ;,

By 2.5 and the transitivity of relative norm we have
HOII‘I;/&(X”% , XA%) = NW’ W, (Hom% (RX” , XA%))

= @ NW N W,,(d) (Hom%(,j) (RX# s Rde)) *
deg;,

Therefore
{Nw . w,, (eua)ld € Dy}

is a basis of Homg (X, #Zr, X;/#z). Hence B is a basis of Sg(n,r) by
(2.d). O

Note that there is another basis of Sg(n, r) described in terms of X;’s in
[DJ4]. It is easy to check by using 2.1 that the basis B is not the image of the
basis in [DJ4] under the isomorphism (2.d). For example, assume that r = 3,
A=u=(1,2),and d = (12). Then the basis element q)z’/1 in the sense of [DJ4]

maps x, to x,T;x, and AZA maps v, t0 v, Ty, . But (. T)*vu # VuTaVu
hence (pf))s # AZ,.

We may describe a basis for Endg (V'®"), 6 F r, in a similar way.

Let d€ Dy, d € Dy and W, = Wﬂdn Wy, Wp = Wf' N Wy . By the proof
of 2.6 we have immediately

2.7 Corollary. Homy(X,q ®% #4, Xiar ®# #5) has a basis of the form
B(u, 4, d, d") = {Ny, wrow,€udrary)ly € Zga N Wp}. O

Let
B(0) = U B(u,r,d,d).

A, UuEA(n,r)
d€Dyg,d' €D
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2.8 Theorem. B(0) is a basis of Endg (V®").
Proof. By (2.1) and [Jo, (3.22)] we have

Endgz(V®)= € Homg (X, 7, X))
A,u€A(n,r)
= €B Homg; (X4 ®#,, #o, Xia» @2, #p) -

A uEA(n,r)
dE.@”g ,d’G.@w

The theorem follows from 2.7. 0O

3. DEFECT GROUPS

From now on we assume that / is an odd number. Let R; be the com-
pletion of the polynomial ring in the indeterminate u!/2 over Q localized at
the maximal ideal generated by ®;(u!/2). Let K be the quotient field of R;
and F is the residue class field R;/nR; where 7 is the generator of the max-
imal ideal of R;. Thus (K, R;, F) is a characteristic 0 modular system. Let
Re{K,R,, F}.

Let A;“L1 ‘= Nw,w,(euq) be a standard basis element as described in (2.e).
We define the defect group Dz . of AZ . to be the maximal /-parabolic subgroup
of W, . We are going to study the coeflicients of the product of two standard
basis elements. First of all we need some lemmas.

3.1 Lemma. Let A, u€ A(n, r) and d € 2, . Then

NW, VVldﬁW,‘(e,uld) = NW, u/lan#d_l (e[ld_ll) .
Proof. Let

W, =Winw,, We=wnwi .

We claim that &, NdW, = d(Z, N W,). Indeed, let y =dw € &, NndW,
for w € W,. Then [(v'y) = [(v') + (y) for any v' € W,.. For any v €
W,,v =d 'w'd for some v’ € W, , and we have /(v) = [(v’). Thus

I(d) + l(vw) = [(dvw) = (v dw) = [(v") + I(d) + [(w).
Hence, [(vw) = [(v') + [(w) = [(v) + [(w). This implies w € &, , and so
yedZ,nw,).

Conversely, let w € 9, N W,. Forany v' € W,,,v' = dvd~! for some
v € W,, wehave [(v')=1(v), and

[(v"dw) = l(dvw) = [(d) + I(v) + [(w) = [(V') + I(dw).
Hence dw € &, NdW, . So our claim is proved.
Obviously, by 2.4, it suffices to check that
(Xu)Nw ,w, (euaa) = (Xu)Nw ,w,, (€ua-13) -
Since
L.H.S. = Z (X”)queﬂidfx
Xe.@u

= Y WK,
XED,NW,
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and
R.H.S. = Z (Xu)f—leﬂd—lfy
ye@,,,ndW,,
= Z (Xﬂ)f"y_le”d_ufy , by the claim,
yEd(D,NW),)
= Y worx,,
XED,NW,

so the lemma follows. O

We now fix the following notation: Let A, u, p be compositions of r,

de2,, d eZ,,
Wo=WanW,,  We=W,n W™, Wo=Wy) =W W,
where y € 9, .
3.2 Lemma. Let y € Z,,. Then
WoyW,nN 2, = {hiykj|1 <i<n,, 1<j<my}
where yk; € D, , kj € 2oy "W, and hi€e D, N W, forall i, j.
Proof. By [DJ1, 1.6] we have
WyW, =W,py(Z:NW,) and W,=(Z,NW,)"'W,.

We may write the element of 2; N W, in the form: kw where k € Z,'nW,,
w € W, . Itis clear that k € Z; (see [DJ1, 1.4]), hence k € <, N W, and
vk € &, since
D, = U V(Do) "W).
YEDy
Since y € 7,7, k € Z,7' nW, we have yk € 2!, hence yk € Z,, . Thus
we may express W,yW, as a disjoint union of the double cosets of the form:

(3.a) W,ykW, where yk € &), and k € Z, "W,
Also, each W,ykW, is a disjoint union of the double cosets of the form:
(3.b) W, hykW, where he Z, NW,.

Hence the lemma follows. O

3.3 Lemma. Let y, k beasin(3.a) and let z=yk. Then
Nw ,w,(eupz) = Nw ,w, (Ceupy)

where Wy = Wi N W, and Wy = W) N Wk and ceR.

Proof. Since W7nW, = (W) nW,)*nW, and k € Z,, "W, by 3.2, we have
both W, and W, parabolic subgroups of W, . By transitivity of relative norm
(Theorem 1.5) it is enough to show that

(3. NW,,,Wg(eupz) = NW,,,Wol(Ce/lﬂ,V)~
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To do this we consider the #,-#, bimodule
M= HOmR(RX” 5 Xpy ®%, %) .

It is clear that there exist an #;-# bisubmodule N = Homg(RX,, RX,,)
and an #;-#j bisubmodule N’ = Homg(RX,, RX,;) such that

M=N®y #, and M=N' @4 Z,.
By 1.5(c) we get
Nw, ,w, (Homgz, (RX,, RX,,)) = Nw, w,(Homg (RX,, RX,.)).
Therefore there exists ¢ € R such that (3.c) holds. O
In 3.4 and 3.5 we assume that R = R, .
3.4 Lemma. Let hyk € ., be as in (3.b) and let

d vk d y
g(u):d_pV."_m/.V_"_, f(u):a_‘v”_w_

WV",”knW,, winwE!
Then
NW’WhIJ’kn[/VV(e/tpyk) = Cf(u)g(u)NW,WpyﬁWu(eﬂﬂy)
for some c € R. ,
Moreover, if Py, Ew D2, or Py Ew D, then @ (u)|f(u)g(u).
Proof. By 1.5, 2.2, 2.4(a) and 3.3 we have

Ny, W,,",Y"nm(eupyk) =Ny wikow, Nypeam, Wy",y"nW,,(e/thk))

NW,,Y"nWV , Wyh,y"mW,,(Tl )€upyk)

W,W;"nm(
= W,W,,yknW,,(g(u_l)eﬂpyk)

= W,W;nka_l(g(u‘l)ce,,py)

=cg(u " )Ny, W}ﬂW,‘(NW,,YnW,,,W;nmk“ (eupy))
=cf(u") g " )Ny, wyow, (€upy)

as desired.
We now assume that dp,|dp,, but dp, # dp,, . Let P be the maximal /-

parabolic subgroup of W,,",y "W, , then dpldp,, and dp # dp,, . Applying 1.2
we obtain ®;(u)|f(«)g(u). The lemma is proved. O

(O

We now prove the following theorem which is a natural generalization of the
classical situation (see [F, S]).
3.5 Theorem. Let A9,, Aj{/', € B. Assume that

d gd _
AMAlp - Z ayAZp
YEDyp

where a, € R. If a, #0 mod(®,(u)), then

Py Cw Djjy and Py Cw D,
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Proof. By 3.1 and 1.5(e) we have

’
A%,4%, = Nw w,(eua)Nw . w,, (€10-1,)
= NW,Wu(eMdNW, W, (e)_dl—lp))

=NW,W}, (eﬂld Z N%’W”’snm(fx‘-leldl—lpfx))

X€D,,

Y Nw,wriow,(€uaTe-€a-1,Tx) -
X€ED,1,

For x € &, there exist y € &,, and h;, k; as in 3.2 such that x = h;yk;
and yk; € 9,,, hi € Z,» N W, . By a direct computation we have

e,,MT -leid/—|pfx = bijye,,,,ykj
for some b;j, € R. Thus by 3.4,

d o
AMAAP - E Z w, Wry"/nW (buyeupy’c)

V€D, 1,J
= Z <Z bz{jyﬁy(u)gjy(“)) Nw wyow,(€upy) -
YEDu, \isJ
Therefore, we get
ny my
ZZ% u)gjy(u).

i=1 j=1

If Py Iw Dl‘j’/1 or Py, E€w D then D (u)| fiy(u)g;y(u) forall i, j by 3.4.
Hence a, = 0 mod(®;(u)). ThlS completes the proof of the theorem. O

Let P be an [-parabolic subgroup of W . We define Ir(P) to be the subspace
of Sg(n, r) spanned by all AZ . satisfying DZ . Cw P. By the above theorem
and 1.3 we immediately have

3.6 Corollary. Iz (P) is an ideal of Sp(n,r). O

Let H be a parabolic subgroup of W . Define v,(dy) to be the largest
power of ®;(u) which divides dy. That is, if ®*|dy but q);”“’fdy then
vidg) =m. Let r=kl+s,s <l. Foreach m,0 < m < k, we choose an
[-parabolic subgroup P, of W such that v;(dp,) = m. Thus, by (1.b), we
have a chain of ideals in Sg(n, r)

(3.d) 0CIp(Py) CIp(P)C - CIp(P)=SF(n,r).

Given a primitive idempotent e € Sg(n, r), there is a number n(e) such
that e € Ir(Pye)), € & Ir(Pue)-1). We set D(e) = Py and call D(e) the
defect group of e . If F is a splitting field for Sg(n, r), then there is a unique
irreducible modular character & of Sr(n, r) satisfying &(e) = 1.

The following characterization of defect groups for the g-Schur algebra holds
(see [S]).
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3.7 Proposition. Assume that F is a splitting field of Sp(n,r). Let e, e’ €
Sr(n, r) be primitive idempotents, and let &, &' be the associated irreducible
modular characters. Then

(a) &(hA%,) =0 forall h € Sp(n, r) unless D(e) Cw D4,

uA?
(b) &(A4)) # 0 for some u, A, d with D(e) =w D%,
(c) e is equivalent to €' if and only if D(e) =w D(e’) and é(a“fl) = é’(AZl)
forall u,A,d with Dﬁl =w D(e).

Proof. By Corollary 3.6 the arguments in [S, p. 106] are valid. O

4. VERTEX

Let R = R;. If M is a right #-module then we denote by M the right
Zr-module M/aM = M Qg F.

Recall from §1 the definition of the vertex of an indecomposable module. It
is natural to expect that the vertex is an /-parabolic subgroup. Indeed, we have
(see [Du, 3.1]).

4.1 Theorem. Let M be a finitely generated indecomposable #x-module. Then
the vertex of M is an [-parabolic subgroup of W . 0O

4.2 Proposition. Let M, N be ig_c_iecgmposable direct summands of V®" . Then
(a) Homg (M, N) =2 Homg (M, N);
(b) M is indecomposable and has the same vertex as M .

Proof. (a) Since R isap.i.d.and M, N are the direct summands of V® , M
and N are free R-modules. Thus the natural map

f :Homg, (M, N) - Homg (M, N)
is a monomorphism. Since the Hom is additive and by Theorem 2.6, we have

Sgr(n, r)=Sg(n,r). Hence f must be an isomorphism.

(b) By (a) it is easy to see that M is indecomposable since Homg, (M, M)
is a local ring.

Let W, be vertex of M and let

L = Ny w,(Homg (M, M)), N = Homy, (M, M).
If L =N then by noting 2.8 we have
Homg, (M , M) = Homy, (M, M)
= Nw ,w,(Homg (M, M))
= Nw ,w,(Homg (M, M))
= Nw ,w,(Homg (M, M)).

Hence W, is the vertex of M .

Conversely, assume that L = N. Then N = L+nNand L is an ideal of N.
Since N is a local ring and is a free R-module, by [G, 3.3a], we have L= N.
Hence W), is the vertexof M. O

There is a close relation between the vertex of an indecomposable direct sum-
mand M of V® and the defect group of the corresponding primitive idempo-
tent of Sr(n, r) in classical situation (see [S]). We are going to generalize such
a relation in the case of g-Schur algebra.
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Let 6 E r be such that W, is an /-parabolic subgroup of W . Let A, u €
A(n, r), dG.@”g and d’ Ggw.

4.3 Lemma. Let pF r be such that Wy C W,. Assume that Wy C WdnWg .
Then

Nw, w,(euia’) = Nw, w,(€.a0)Nw, w,(€s1a') -
Proof. By 1.5(a), (b) and (e) we have

Nw, w,(€ua0)Nw, w,(€osa') = Nw, w,(€uao Nw, ,w,(€g1a'))

=Nw,.wy {€waso D Nwywoow,(Ty-1€g1a Tw)
WEDggNW,

= > Nu, wpow(uaoTw-1€00a Tw)
wEDpyNW),
= Nw, , w,(€udiar)
since €,407T5-1€030: Tw # 0 if and only if w € Dy N Wy = {1}. O
In particular, we have for W, =W,
(4.2) Nw w,(euazar) = Nw w,(€uao) Nw w,(€s:a') -
4.4 Lemma. Let z € Dy and k € Dw:rw, n@u‘,“‘n% N W,. Then there
are z' € 9, and k' € 9W;’n% ﬂ@,{,ﬂlnwe N W, such that zk = z'k’ and
z’k' € 2, ﬂ.@u',ﬂln%.
Moreover, we have
(WE N W)X 0 (Wy n W) = (WE 0 We)kn (W0 W),

Proof. Consider
WizWo = Wiz(Dwznw, N We) .

The elements in Zy:aw, N Wy can be written in the form kw where k €
9"—/9%% NWy, we WynW,. Since /(kw) = I(k)+ [(w), it follows that

(4.b) k € Dw:om, N Dy oy, " Wa.

Also, we have zk € ;. On the other hand, since z € Z; ! and k € @,{,ﬂln% n
Wy, we have zk € Dy, . Hence zk € 2,0 Dy, -

Thus the elements in 2, Ny, N W3z W, have the form zk where k as
described in (4.b). Therefore

, ﬂgu_/ﬂln% = {ZklZ €D, ke QW}ZQWG ngl;/,‘lﬂWo N %} .
By a similar argument we have
DN Dy, = {2'K12 € Dy, k' € Doy N Dby, "W}
So the first assertion follows.
Now,
(W W) n(WynW,) = Wik nWyn W, = Wknw,n W,
= (W7 0 Wy)k 0 (W, 1 Wy)
as desired. O
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4.5 Lemma. Let z, k be as in 4.4. Then
Ny | wzawyyow,nwy) (€uizk) € Ir(Wp) .
. -1
Proof. By 4.4 there exist z' € &, and k' € &, W, Ny, w, "Wy such that
zk = z'k’ and
NW,(Wfﬁ%)"ﬁ(W,mWe)(eﬂlzk)
= NW,(W;'nW”)k’n(%ﬂW;,)(eﬂlz’k’)
= cNW’(%z,nW”)n(WgnW”)k,_l (euizr), for somec € F by 3.3,
=cNy, W"nW,,(N ;’nW,‘,(W{'OW,‘)O(W‘,OW,,)’("'(eﬂlz'))
bty
= Ca Ty o
where d;(u) = de:nW# and ds(u) = d(ugfnm)n(w,,nm)k’-‘ .

If the maximal /-parabolic subgroup P of Wf' NW, satisfies dp # dw, and
dW‘,‘d p, then

di(u)

dy(u)

since d,(u)|dw, . Hence our result follows. 0O

4.6 Lemma. We have

=0 mod(®;(u))

Ir({1}) = Nw 1(Endp(V®)).
Proof. Clearly,
{eyara|A, peAn,r),d e D,,d € 2}
is a basis of Endr(V®"). By 1.5 and 2.4 we have

Nw 1(euaza’) = Nw w,(euu) Nw  1(€udzrar)
= Nw ,w,(euuNw 1(€ugrar))

= Nw.w, | e Z Nw, 1((Ti-1€uq5a' Tx)
xez; !

= Z NW,I(euuTx-'e,udld'Tx)
x€Z,'nd='W,
= Nw 1(euuTaeuaia Ty-1) .
Let

eupTae aua Tag-1 = Z ay€uiy
YED,

where a, € F. Then

Nw 1(euaar) = D ayNw 1(€uny).
YED;



268 JIE DU

By Lemma 4.5 we have

NW, I(e;t).y) € IF({I}) .
Hence,

Nw 1(euqiar) € IF({1}).
Thus we have proved that

Nw ,((Endp(V®")) C Ip({1}).

The proof of the other direction is obvious (see the proof of {Du, 3.1]). O

4.7 Proposition. Let Wy be an [-parabolic subgroup of W . Then
Ir(Wy) = Nw w,(Endz (V®")).

Proof. We first show that
Nw ,w,(Endz(V®")) C Ir(Ws).

By 2.8 it is enough to prove that

(4.c) NW,W;nWa(eudAd'y) € Ir(Wp)

forall u,A,d,d',y as described in 2.7.

To do this we proceed induction on v;(dw,) (see the definition after 3.6). If
vi(dw,) =0 i.e. Wy = {1}, (4.c) follows from 4.6. Assume that Wy # {1}. Let
W, = W; nw,.If V[(dpy) < vi(dw,) then

Nw ,w,(euarary) = (dw,/dp,) ' Nw p,(€ugiary) € Ir(P))
by induction. Hence, by (3.d),

Nw  w,(€udrary) € Ir(Wp) .

Thus, we may assume that W, = W, that is

Wy = (W nWe) N (WE W)= WY nWinwy.
Since y € Pp,NWp and a = p =6 wehave y = 1 and hence Wy C W nW2.
Since d € Y9, d’' € D)y, by 3.1 and 4.5, we have

Nw,wy(€ua0) = Ny ya-1(€uga-1) € Ir(Wp)
and
Nw ,w,(€paar) € Ir(Wp) .

By (4.a) and 3.6 we obtain

Nw w,(€uasa’) = Nw w,(€,a0)Nw w,(€a1a') € Ir(Wp).

Hence (4.c) holds.
We next prove that

IF(WQ) c NW,W,,(End,%(V@’)) .

Let
Nw . w,(euq) € IF(Wy) N B

where W, = W nNW,, d € Z,,. Then dp,|dw, .
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Let z be a distinguished representative of the P, — W, double coset such
that P? C W, and P? is also parabolic (of course /-parabolic, see (1.b)). z is
also a distinguished representative of the double coset P, — PZ. Let 7, 7' be
the compositions of r such that W, =P,, W, = PZ.

We consider #-#+ bimodule

M =Homp (X, Zr , X3a @ ZF).
M has an #-/#, bisubmodule
N = Homp (X, Zr , Xya)
and an #7-#;, bisubmodule
N' = Homp(X, % , X;q 02 T;).
Since

M= P Homp(X, %, X3y ® Tw)
weD,

~ P Homr(X, % , X3a) ® Tw
weZ,
=N Q@ #r

as #7-#r bimodules and similarly,
M =N Qu, #,
it follows from 1.5 that
Nw w,(Homz (X, % , X34)) = Nw w, (Homg, (X, % , X;q 8% T2)).
Thus, there exists 2 € Homy, (X, #r , X1y ® Tz) such that
Nw .p,(euia) = Nw p:(h).

Hence,
dw,\ " dw,\ !
Nw ., w,(eua) = (dW> Nw ,p,(€ua) = (dW) Nw, p:(h)
dow \ !
= Nw.w, (NWO,,,V, ((qu) Iz)) ,
P,
we have

Nw w,(eua) € Nw . w,(Endg; (V®)).
The proposition is proved. O

Let A bearingand M aright A-module. Then M is also a right End 4(M)-
module in a natural way. If e is an idempotent of End4(M) we have obviously,

(4.d) End(Me) = e End «(M)e .

Let e be a primitive idempotent of Sg(n, r). Then V®e is an indecom-
posable #Zz-submodule of V®". Let D(e) denote the defect group of e. We
can now prove the following result (see [S, Proposition 2]).
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4.8 Theorem. D(e) is the vertex of V®e.

Proof. Let W, be the vertex of M = V®"¢ . Then by 4.1, W, is an [-parabolic
subgroup of W . By Higman’s criterion we have

End%(M) = NW,m(End,ﬁ(M)) .
Thus, by 4.7 and (4.4d),
eSr(n, r)e = Endg (M)
= Nw,w,(Endg(M))
= Nw,m(e End,y;(V@’)e)
= eNW,M(End,%(V@’))e
=elp(W))e.

Therefore, e € Ir(W,) and hence, dpe)|dw, .
On the other hand, we have

eSr(n, rie=elr(D(e))e

since e € Ir(D(e)) and Ir(D(e)) is an ideal. Similar reasoning as above shows
that
End,% (M) = NW,D(e)(End%(e) (M)) .

By Higman’s criterion again, we see that M is #p)-projective. Therefore,
dm|d1_)(e) and hence dW} = dD(e) , as desired. 0O

4.9 Corollary. Let ey be a primitive idempotent of Sg,(n, r) such that &y =e.
Then D(e) is also a vertex of V®ey.

Proof. This follows from the above theorem and 4.2.
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