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CESARO SUMMABILITY OF DOUBLE WALSH-FOURIER SERIES

F. MORICZ, F. SCHIPP AND W. R. WADE

ABSTRACT. We introduce quasi-local operators (these include operators of
Calderén-Zygmund type), a hybrid Hardy space H! of functions of two vari-
ables, and we obtain sufficient conditions for a quasi-local maximal operator
to be of weak type (f, 1). As an application, we show that Cesaro means of
the double Walsh-Fourier series of a function f converge a.e. when f belongs
to H!. We also obtain the dyadic analogue of a summability result of Mar-
cienkiewicz and Zygmund valid for all f € L! provided summability takes
place in some positive cone.

1. INTRODUCTION

The problem of a.e. Cesaro summability is “quite delicate” in any local field
setting (Taibleson [8, p. 114]). The dyadic case is no exception (see Fine [3]).

For double trigonometric Fourier series, Marcinkiewicz and Zygmund [4]
proved that g, ,(f) — f a.e.as m, n — oo provided the integral lattice points
(m, n) remain in some positive cone, i.e., provided m/n < f and n/m <
for some fixed parameter § > 1.

During the last decade several attempts have been made to obtain a Walsh
analogue of this result. Apart from growth estimates in [9] and the almost trivial
fact that double Walsh-Fourier series of L? functions are Cesaro summable in
L? norm for 1 < p < oo, little is yet known. Part of the problem is that the
classical Fejér kernels are dominated by decreasing functions whose integrals
are bounded but this property fails to hold for the one-dimensional Walsh-Fejér
kernels. This growth difference is exacerbated in higher dimensions so that the
trigonometric techniques are not powerful enough for the Walsh case.

We obtain positive results concerning a.e. Cesaro summability of double
Walsh-Fourier series. For f € Llog* L we show that Cesaro summability
holds with no restriction on the order (m, n) other than min{m, n} — oc.
For f € L' we obtain an analogue of the Marcinkiewicz result for Cesaro
means of order (2™, 2"). Precise statements appear in §3.

In §2 we introduce quasi-local operators and show that a large class of quasi-
local maximal operators are of type (L', H) and of weak-type (1, 1). Here
H represents a dyadic Hardy space on [0, 1). These estimates are iterated
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to obtain similar inequalities for a class of two-dimensional operators which
includes Cesaro means of double Walsh-Fourier series. The iteration is effected
by introducing hybrid Hardy spaces of two-variables (“dyadic Hardy” in one
variable and integrable in the other). For nonnegative functions, these hybrid
Hardy spaces reduce to Llog* L.

2. HARDY SPACES AND QUASI-LOCAL OPERATORS

Let P denote the positive integers, N = PU {0}, and Q = [0, 1). For any
set E, let E? denote the cartesian product E x E . Thus N? is the collection
of integral lattice points in the first quadrant and Q? is the unit square.

Let Q! = Q and fix j = 1 or 2. Denote the j-dimensional Lebesgue
measure of any subset £ of Q/ by |E|. If F is measurable on Q’/ and 4 >0
let

{(|IF| >4} ={x€ Q:|F(x)|>A}.

Denote the L?(Q’) norm of any function F by ||F|,.

By a dyadic interval we mean one of the form [p/2™, (p+ 1)/2™) for some
p.,meN, 0<p< 2™, Given m € N and x € [0, 1) let I,,(x) denote
the dyadic interval of length 2~ which contains x . Denote the collection of
dyadic intervals by #!.

Let .#2 denote the collection of dyadic squares, i.e., sets of the form

I=IxI

where I}, I, € #! and |I}]| = |I|. Clearly, given x = (x;, x2) € Q% and
m € N the dyadic square of area 272" containing (x;, X;) is given by

In(x1) X I;m(X2).

We will also denote this set by I,,(x).
The dyadic maximal function of an f € L'(Q/) is defined by

Jo”

Recall that the dyadic Hardy space H(Q’) is the collection of f € L'(Q’) such
that

£ (x) = sup (x € Q).

meN |Im(x)|

I/l = I1f "l < oo

In the classical proof that Calderén-Zygmund integral operators 7' are of
type (p,p) for 1 < p < oo (see [7, p. 44], for example), a key step involves
showing there is an absolute constant C and an expansion factor r such that
if f is a function of mean zero supported on a cube I, and if I* is a cube
centered where I is but expanded by the factor r, then

/ Tf<Clflh.
Q3~I*

Using this as motivation, we make the following definitions. For each I € ¥/
and each r € N let I” € ¥/ be defined by I C I” and

|| = 271].
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Let L%(Q’) represent the collection of functions measurable and a.e. finite on
Q/. An operator T: L'(Q/) — L°(Q/) will be called quasi-local if there exist
constants C >0 and r € N that

1 T C
(1 L =i
forall f € L'(Q’) and I € #/ which satisfy
(2) {f#0rc1
and
3) f=0.

Q/

The following gives sufficient conditions for a maximal operator to be of type
(H(QY), L'(QY)) and of weak-type (1, 1).

Theorem 1. Let (T,,y € I') be a collection of bounded sublinear operators on
LY(Q)) and set 4
Tf=Sl§3ITyf| (f e LY(Q%).
?

If T is quasi-local and bounded as an operator on L>(Q’) then there is a
constant B > 0 (depending only on the operator norm ||T ||« and the constants
of quasi-locality C and r) such that

(4) IT 11l < Bl flluos
and

B
(5) HTf >4} < -/1-||f||1

forall fe L'Y(Q/) and A >0.

Proof. A function a € L>(QV) is called a dyadic atom if either a = 1 or if
there is an I € @/ such that

(6) la| < xs 117!

and

(7 /Qja=o,

where y; represents the characteristic function of 7. Recall (see Coifman
and Weiss [1]) that an f € L'(Q’) belongs to H(Q’) if and only if there is
a sequence of dyadic atoms (a,, n € N) and a sequence of numbers A =
(An, n € N) such that

(8) £=3" Aty
n=0
and
9 Al =" 1Anl < 0.

n=0
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Also recall that A can be chosen so that

|All; =~ ||f||H(Qf)~

Suppose a satisfies (6) and (7) for some I € /. By quasi-locality and L
boundedness of 7" we have

Ta= / Ta+/ Ta
QJ r Qi~Ir
< Tllollalleo I + Cllally

<M T)|w+C=A4.
Consequently, if f has atomic decomposition (8) then

IT Al <3 1Al [ Tanll < AjlAll
n=0
for A= (4,, n € N). Thus (4) holds for all e H(Q’).
To prove (5) fix f € L'(Q’) and A > ||f]l:. Apply the Calderén-Zygmund
decomposition (see [7], for example) to choose nonoverlapping sets I, € %/
(n € N) and functions g, 2 € L'(Q/) such that

(10) f=g+h,
(11) gl < 44,
(12) 1Q[ < [[f1l1/4
for Q=J;2, I, such that
(13) h, =0
Qj
and
(14) lhnlly < 8A|1
for h, = x;,h and neN.
Set -
Q = U I
n=0

where r € N is the parameter given by the quasi-locality of 7. Notice by
construction and (12) that

r 2]’
(15) Q] < ==/l -
Notice also by (13) and quasi-locality that

Th < / Thy < CS s -
/Qf~9’ ,,2:?: oty 2

n=0
Therefore, it follows from (10), (11), (15), and (14) that

HTf>(1+A)AY <|{Th > 2}

2] T
STy [ Ths B +80)
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for A =4|T|« - Since this inequality also holds for A < ||f]|; we conclude by
a change of variables that (5) holds and the proof of Theorem 1 is complete.
Define a hybrid dyadic maximal function for each f € L!(Q?) by

, V)= 1) dt

£ = |, 1

for (x,y) € Q?. A function f € L'(Q?) is said to belong to H*(Q?) if
1Al = 1/ < oo

Notice that H(Q?) c H}(Q?) ¢ L'(Q?). Also notice that if Llog" L(Q?) rep-
resents the collection of f € L!(Q?) which satisfy

/ |f]10g" |f] < o
Q2

then f € Llog" L(Q?) if and only if |f] € H}(Q?).
Given functions V;, V; defined on Q define the Kronecker product of 1
and V] on Q! by
(Mo x N)(x, y) = V(x)N(y).

Let * denote the dyadic convolution on L!(Q/), for example,
(g*h)(t /g(z+s)h (s)ds

for g, h € L'(Q) and t € Q (see Fine [2]). The following result shows that
a Kronecker product of a maximal convolution operator of weak-type (1, 1)
with one of type (H(Q), L'(Q)) is an operator of weak type (f, 1) on Q7
provided one of the kernels is nonnegative.

Theorem 2. Let (Vi,n € N), i = 0,1, be sequences of L'(Q) functions.
Define one-dimensional operators

T'h = sup |h* V)|
meN

for h € LY(Q), i = 0, 1, and suppose there exist absolute constants Ay, A,
such that

A
(16) {T%h > A} < =2 ll
and
(17) 1T Al < Auliklle)

Jorall he L'Y(Q) and A>0. If V) >0 forall me N and

Tf= sup |f*(V) xV,)
(ny,ny)EN?

then

(18) T > 23 < 20

171l
for all f € HYQ?) and 2> 0.
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Proof. Fix f € HY(Q?) and A > 0. Consider the function

(19) F,(u)=F(u,y) = sup /fu )V, (y-i—'v)dv

nyEN

defined for all u, y € Q. Since Lebesgue measure is translation invariant with
respect to dyadic addition + (see Fine [2]) and V,,? is nonnegative it is easy to
check that

I(f * W“xV»qu<gg/wa+wywwu

for n, € N. Consequently,
(20) (Tf)(x,y) <(T°F)(x)
for (x,y) € Q2.

Let m(y) be the (one-dimensional) Lebesgue measure of {x € Q : (T f)(x, y)
> A} . Notice by (16) and (20) that

A
m(y) < {T°F, > A}| < —fIIFlel-
Also notice by (17) and (19) that
/ F(u,y)dy < A1/ M, v)dv
Qg Q
for all u € Q. Therefore,

_ Ao Ao
wrr>a= [ myay< P [ [ Fo,vavay s

I/

and the proof of Theorem 2 is complete.

3. CESARO SUMMABILITY OF DOUBLE WALSH-FOURIER SERIES

Let (w,, n € N) represent the one-dimensional Walsh-Paley system, recall
that

Wn(t)wn(s) = wu(t+s) (s,t€Q,neN)
and that the Walsh-Dirichlet kernels

n—1
D,=) w, (neP)
k=0

satisfy
2m, tel0,27m),
0, te[27m, 1),

for m € N (see Fine [2]). Also recall that the Walsh-Fejér kernels

1 m
n=1

1) mww{
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satisfy
n—1 ) n—1 )
(22) |Km(1)] <2777 (Dyi(t) + Dy(t +27771))
Jj=0 i=j

forteQ, n,meP,2" ' <m<2" and

(23) Kn(t) = % (2‘”Dzn(t) + zn: 2Dt + 2-1-1))

j=0
for t € Q, n € N (see [6]). Notice by changing the order of summation in (22)
that (23) implies

n—1 i

IKm(0)] <277 > "2/ (Dyi(t 4+ 27771 + Dau(2))
i=0 j=0
n—1
=27 (2 Ky (t) + (27! = 2)Dy(1))
i=0
n—1

<277 2N (Ky(t) + Da(t))
i=0

for t€ Q, n,meP,and 2"! < m < 2". Since Dy < 2K, for i € N it
follows that

6 n-1
(24) K| < 57 > 2Ky
i=0

forn, meP,2" 1 <m<2".
For m = (m;, my) € N> and f € L!(Q?) the Cesaro mean of order m of
the double Walsh-Paley-Fourier series of f is given by

(25) O'mf = f* (Km| X sz) .
We shall examine the maximal functions

o"f = sup omf], of= sup |ogn,xmf]
mePp? (1, n2)EN?
and
o.,f = sup |6(2"1 ,2"z)f|

|ny—nz|<e

for a>0.
In the next section we prove

Theorem 3. There is an absolute constant A > 0 such that

(26) af > 11 < 11
and
1) o > 1< 221110

for every f € H(Q?) and A > 0.
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It is easy to see that the two-dimensional Walsh polynomials are dense in
H!(Q?), for by (21) the dyadic square partial sums of the double Walsh-Paley-
Fourier series of an f € L'(Q?) satisfy

(Sam,2m M), v) = (f * (Dam x Dom))(u, v)
1

B |Im(u’ U)l Iy(u,v)

for any m € N and (u,v) € Q*. Consequently, Theorem 3 and the usual
density argument (see Marcinkiewicz and Zygmund [4]) imply

Corollary 1. If |f| € HY(Q?) (in particular, if f € Llog" L(Q?)) then
O, ,m)f — [ ae
as min{n;, ny} — co.
Concerning the operators g, we will prove

Theorem 4. For each « > 0 there is an absolute constant B, > 0 such that

(28) oo S < Ballflluco?)
and

B,
(29) loaf > A < =11 flIi

for every f e L'(Q?) and A>0.
Hence we get
Corollary 2. If f € L'(Q?) and a >0 then
oom ooy f = f  ae
as min{n;, n,} — oo and |n; —m| < ca.
In particular, the Walsh analogue of the Marcinkiewicz-Zygmund result holds
for Cesaro means of dyadic orders. The original problem (see [9]) of whether
O ,myf — f ae

as min{n;, vy} — oo and 27 < n;/n, < 2¢ is still open.

4. PROOFs OF THEOREM 3 AND 4
By (24)
o*f < 36a(lf]).
By Theorem 1 for j = 1 and Theorem 2, the proof of Theorem 3 will be
complete if we show

Th = sup |h+ Kom|  (he LY(Q))
meN

is bounded on L°°(Q) and quasi-local.
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Boundedness is easy, since ||Ka=||; = 1 (see (21) and (23)). To show 70 is
quasi-local (with r = 0) fix A € L'(Q) with

30 h=0
(30) /Q

and

(31) {h#0}yC1

for some I € #!. Choose / € N such that |I| =27/, Fix 0 < j < n and for
each x € Q define

7(j, X)Dan(t) = Dy (t +x+ 27771 (1€ Q).

By (21) the function 7(j, x)D,. is supported on a dyadic interval of length
27", Consequently, for any x € Q if n </ then we have by (30) and (31) that

/h‘T(j,x)DZn =0.
Qo

Also, if n>1[ but / < j and x ¢ I then we have by (31) that
h 'T(ja -X)D.?" =0.
Therefore, it follows from (23) that
-1

(h+ Kan)(x)| < 3 277 /Q IAl2(j , x)Dy

Jj=0

-1
<> 27 [ Jhie(j, x)D
j=0 Q

for all x € Q ~ I. Since this last sum is independent of n we conclude that
-1

/Q (Th)(x)dx < 3" 2 |lhly < Al
~1

J=0

i.e., T is quasi-local.

To prove Theorem 4 we apply Theorem 1 to o, for j =2. Since g,f <of
it is clear that o, is bounded on L>(Q?). To show g, is quasi-local choose
reN suchthat r— 1 <a<r. Let fe L'(Q?) satisfy

(32) " f=0

and

(33) {f#0}cI

?rom some I € #2. Choose / € N such that |I| = 2=% and proceed as we did
or j=1.

Namely, fix n = (n;, n;) € N2, 0< j; < ny, 0< j, < ny, and notice by
(21), (32) and (33) that

/Qf' T(Jj1, X1)Dom - 1(J2, X2)Dyna =0
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for (x;,x2) € Q%, n; <! and ny <. On the other hand, if n, >/ or ny > 1
then the condition |n; — n;| < o implies
(34) n,m>l—-a>l-r.
Let j, >1—r or j,>[—r. If (34) holds and if x = (x;, x3) € Q> ~ I" then
by (21) and (33) we have
S 11, x2)Dam + T(j2, X2)Domy = 0.

Hence it follows from (23) that

|(f * (Kam x Kama))(x)]

I—r—1
< Z 211+jz—(n|+nz)/ |f| ’T(jl , Xl)DZ"l 'T(jZ, xZ)D2"2
Ji2 =0 o
for x = (x2,x3) € Q* ~ I' and (n;, ny) € N? satisfying |n; — n;| < a.
Therefore,

(35) (0u)X) < G(x)  (xe@~T)
where
I—r—1
Gx)= Y 2mhm2n /Q A1+ TG, X1)Dyr - 7(j2, X2) Doy -
J15J2=0

But
NGl < 111
by (21). Consequently, (35) implies

[ ar<ifi
QZN Ir
and we conclude that g, is quasi-local.
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