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ABSTRACT. We prove that a symmetric split local algebra whose center is 5-
dimensional has dimension 5 or 8. This implies that the defect groups of a
block of a finite group containing exactly five irreducible Frobenius characters
and exactly one irreducible Brauer character have order 5 or are nonabelian of
order 8.

Let F be a field, and let 4 be a finite-dimensional associative unitary F-
algebra with center Z and radical J. Then A is called split local if dimA/J =
1, and A4 is called symmetric if there is a linear map A : A — F whose kernel
contains all Lie commutators [x, y] ;= xy —yx (x,y € A) but no nonzero
ideal of A. Suppose now that A4 is symmetric and split local. In [6] the
second author proved that A4 is necessarily commutative if dimZ < 4. This
incorporated earlier results by R. Brauer and J. Brandt [1]. In this paper we are
dealing with the next case.

Theorem. Let F be a field, and let A be a symmetric split local F-algebra with
center Z. If dimZ =5 then dimA4 € {5, 8}.

The group algebra of a group of order 5 over a field of characteristic 5 is an
example for the case dimA = 5, and the group algebra of a nonabelian group
of order 8 over a field of characteristic 2 is an example for the case dimA4 = 8.

Corollary. Let F be an algebraically closed field, let G be a finite group, let P
be an indecomposable projective FG-module, and set A := Endgpg(P). If the
center of A has dimension 5 then dimA4 € {5, 8}.

Proof. We choose a primitive idempotent { in FG such that P is isomorphic
to FGi. Then A isisomorphicto iFGi. Since FG is a symmetric F-algebra,
so are iFGi and A4. Since P is indecomposable and F is algebraically closed,
A is split local. Hence the corollary follows from the theorem.

We have the following application to block theory.

Proposition. Let F be an algebraically closed field, let G be a finite group, and
let B be a block of FG containing exactly 5 irreducible complex characters
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and exactly one irreducible Brauer character. Then the defect groups of B have
order 5 or are nonabelian of order 8.

Proof. Let P denote the only indecomposable projective FG-module in B,
and set 4 := Endpg(P). By Lemma B in [4], B is isomorphic to a complete
matrix algebra over A4; in particular, 4 and B have isomorphic centers. By
(2G) in [2], the dimension of the center of B coincides with the number of
irreducible complex characters in B, so the center of 4 has dimension 5. By
the corollary, 4 has dimension 5 or 8. On the other hand, Lemma B in [4]
shows that the dimension of A4 coincides with the order of a defect group D
of B. Hence D has order 5 or 8. Assume now that D is abelian of order 8.
Then B cannot be nilpotent in the sense of [3]; for otherwise B would contain
8 irreducible complex characters by the main result of [3]. Thus D must be
elementary abelian. But in this case we obtain a contradiction using the results
in [7].

The remainder of this paper consists of a proof of the theorem. Let 4 be
a symmetric split local algebra over a field F and denote by Z the center
and by J the radical of 4. We may and do assume that F is algebraically
closed. For a subset X of A, we denote by FX the linear subspace of A
spanned by X . The subspace K := F{[x, y]: x,y € A} will be particularly
important for us. Since 4 = F1+J we have K = [J,J] Cc J2. We fix a
linear map A : A — F the kernel of which contains K but no nonzero ideal
of A. Then 0 is the only ideal of A contained in K . For any linear subspace
U of A, Ut := {a € A: AMaU) = 0} is a linear subspace of 4 such that
dim4 = dimU + dim U+ and (Ut)* = U. We have Z+ = K (see [5]); in
particular, dim Z = dim 4/K . Moreover,

I*={acAd:al=0}={a€Ad:Ia=0}

for any ideal I of A4; in particular, I+ is an ideal of 4. Furthermore,
dimJ+ = dimA4/J = 1. Hence, if J" = 0 for some positive integer n then
Jn—t < J+: in particular, dimJ"~! < dimJ{ = 1. We will often use this fact
without special reference.

1. PRELIMINARY RESULTS

From now on we suppose that dimZ = 5. We may and will assume that
dim 4 > 6; for otherwise we are done.

(1.1) Lemma. We have dimA4 > 8.

Proof. Assume that dim 4 < 7. Then there are elements a, b € A such that
A=Z+Fa+Fb. Therefore K = Fla, b]; in particular, dimKNZ < dimK <
1. Now Lemma D in [6] implies that 4 is commutative, so dimA4 =dimZ =
5, a contradiction.

If dim A = 8, then the theorem is proved, so we may and will assume that
dim 4 > 9. We are then looking for a contradiction.

(1.2) Lemma. We have dim A/K + J3 = 4, and one of the following occurs:
(1.3) dimJ/J? = 2, dimJ?/J3 = 2, dimJ3/J* > 2,dimJ%/J5 > 1,
K+J3=K+J%



SYMMETRIC LOCAL ALGEBRAS 717

(1.4) dimJ/J? = 3, dimJ2/J3 = 2, dimJ3/J* > 2,dimJ%/J5 > 1,
JEP=K+J}=K+J4
(1.5) dimJ/J? = 3, dimJ?/J3 = 3, dimJ3/J* > 2,dimJ4/J5 > 1,

JP=K+J3=K+J*.

Proof. Since dimJ > 8 we have J? # 0. Thus Nakayama’s Lemma implies
that J2 # J?. Furthermore, J ¢ Z, so dimJ2/J3 > 2 by Lemma G in [6];
in particular, dim J/J2 > 2 by Lemma E in [6], and J3 # 0. Hence J3 # J*
by Nakayama’s Lemma, and J3 ¢ K. Thus

dimA4/J? < dimA/K + J?> <dim4/K =dimZ = 5;

in particular, dimJ/J? € {2, 3}, so dimJ? > 5. This means that J2 ¢ Z
which implies by Lemma G in [6] that dimJ3/J* > 2. Hence J* # 0, and
J4 3 J3 by Nakayama’s Lemma again. Moreover, J* ¢ K ,so dimA/K+J3 <
dimA/K + J* < dimA/K = 5.

Suppose first that dim J/J? = 2 and write J = Fa+ Fb+ J? with elements
a,beJ. Then A= F{l,a,b}+J? and K C Fl[a, b] + J3; in particular,
dimK+J3/J3<1,s0 dimA/J? <5 and dimJ?/J? =2. Thus dimA4/J3 =5
and dim A/K + J3 = 4. Hence also dim A/K + J* =4.

Finally, suppose that dimJ/J? = 3 and write J = F{a, b, ¢} + J* with
elements a, b, c€ J. Then K C F{[a, b], [a, c], [b, c]} + J3?; in particular,
dimK + J3/J3 < 3. Thus dim4/J3 < 7 and dimJ?/J3 € {2, 3}. Since
4=dimA4/J? <dimA/K + J3 < dim A/K + J* < 4 the result follows.

We will deal with these cases in §§2, 3 and 4, respectively. The following
results will be useful later on.

(1.6) Lemma. There is an element x € J such that x> ¢ J3.

Proof. By (1.2) we have dimJ/J? < 3. We write J = F{a, b, c} + J* with
elements a, b, ce J. If x2 € J3 for x € J then ab+ba = (a+b)>—a?—b2 €
J3. Thus ba = —ab (modJ3). Similarly, ca = —ac (modJ3) and cb = —bc
(mod J3). Therefore

J*=F{a®,ab, ac, ba, b*, bc,ca,ch,c?}+J*=F{ab, ac, bc} + J;

in particular, dim J2/J3 < 3. Now we apply Lemma E in [6] to obtain
J3 = F{a®b, a*c, abc, bab, bac, b*c} + J* = Fabc + J*
and J* = Fa?bc+ J3 = J° contradicting (1.2).

(1.7) Lemma. There are elements a,b € J such that a*> + J3, ab + J3 or
a*+J3, ba+ J? are linearly independent in J2/J3.

Proof. By (1.6), there is an element a € J such that a2 ¢ J3; in partic-
ular, a ¢ J?. By (1.2) there are therefore elements b,c € J such that
J=F{a,b,c}+J* We may assume that ab, ba, ac, ca € Fa* + J3; for
otherwise the result is proved. Then K + J3 = F{[a, b], [a, c], [b, c]} +J3 C
F{a?,[b,c]} + J3; in particular, dimK + J3/J3 < 2. Hence, by (1.2),
dimJ?/J3=2.

Now consider the case where b2 ¢ Fa? + J3; in particular, b2 ¢ J3.
Then we can interchange the roles of a and » and therefore assume that
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ab, ba,bc,chb € Fb* + J3. Since a* + J3 and b2 + J? form a basis of
J?/J3 this implies that ab, ba € J3. Thus (a+ b)? + J3 =a?>+ b*+ J3 and
(a+b)b+ J3=0b2+J3 are linearly independent, and the result follows in this
case.

Therefore we may also assume that b2 € Fa? + J3 and, similarly, ¢ €
Fa?+ J3. Then

J2=F{a*, ab, ac, ba, b*, bc, ca,ch, c*}+J* = F{a®, bc, cb} + J>.
Thus J2? = F{a?, bc} + J? or J? = F{a?, cb} + J3; we may assume that
J? = F{a?, bc} + J3. Then Lemma E in [6] implies that

J3=F{a®, abc, ba?, b*c} + J* = F{a®, a’c} + J* = Fa’ + J*,;
in particular, dim J3/J* < 1 contradicting (1.2).

We now choose elements a, b € J as in (1.7). By symmetry we may assume

that ab ¢ Fa®>+ J3; in particular, a ¢ J> and b ¢ Fa+ J?>. Thus a+

J?, b+ J? are linearly independent in J/J2. By (1.2), we can find an element
ce€J suchthat J =F{a,b,c}+J2.

2. THE caAsE (1.3)

In this section we use the same hypothesis and notation as before, but we
assume in addition that (1.3) holds. Then J = Fa + Fb+ J? and J? =
Fa? + Fab + J?. Thus Lemma E in [6] implies that J3 = Fa3 + Fa?b + J*,
J*=Fa*+Fa3b+J® and J° = Fa’+Fa*b+J%; in particular, dim J3/J% = 2.
Thus a3 + J* and a?b + J* form a basis of J3/J*. Moreover, dimJ* > 2;
in particular, J3> # 0. Thus J5 ¢ K and 4 = dimA4/K + J* < dimA4/K +
J’ < dimA/K = dimZ = 5 by (1.2). We conclude that dim4/K + J3 = 4.
Furthermore, 4 = F{l,a, b, a%, ab, a, a*b} + J*, so

K C F{la, b, [a, ab], [a, a®b], [b, a*],

(b, ab), [b, @’], [b, a’b], [a®, ab]} + J°.

Since J? = F{a?, ab, a®, a*b} + J* there are elements «;, Bi, yi, ;i € F
(i=1, 2) such that

ba = a1a® + prab + ya® +6,a’b (mod J*4),

b% = aza® + Prab + y2a’ + 5,a*h  (mod J*).
We have to distinguish between two cases.
Case 1. By # 1. In this case we set £ := a;/(1 — f1) and b’ := b —&a. Then
J=Fa+Fb +J?, J?=Fa*+ Fab' +J? and

b'a=ba-Ea® = (a) —E)a*+ prab

= (ay — &+ pi&)a® + prab’ = rab’ (mod J3).

Thus we may replace b by b’ and therefore assume that a; = 0. Then
0= (b2)a — b(ba) = aza® + Praba — pibab = aya® + By fa’b — Biab?
= (ay — azf})a’ + (B1 B2 — BEB2)a*b  (mod J*)
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and, similarly,
0= (b)b—b(b?) = (22— 21 B2)a@> + (e + B — it — B1 B3)a’b  (mod J*).
Since a3 + J* and a?b + J* form a basis of J3/J* we conclude that

(2.1) 0 =a; — e B, (2.2) 0= BB — BiB,
(2.3) 0=apr—wfifr, (24) 0=+ B} —a2ff — B1B;.

Subtracting (2.1) from (2.4) we obtain B? = ;B3 . Since B # 1 this implies
B2 =0. From (2.1) we also conclude that a; =0 or 7 = 1. We assume first
that a; = 0. Then

[a, ab] = a’b — aba = (1 — B))a*h (modJ*),

[b, a*] = ba® — a®b = Biaba — a*b = (B} — 1)a*b (mod J*),

[b, ab] = bab — ab? = B1ab* =0 (modJ*).
This shows that K C Fla, b]+ Fa*b + J*; in particular, dimK + J4/J4 < 2.
Thus dim A/J* < 6 by (1.2), a contradiction.

Hence we must have a; # 0 and B? = 1. Since f; # 1 this implies g; = —1
and char F # 2. It is now easy to check that

[a, a’b] =24a%h (modJ?), [b, a’] = —26,a*h (mod J?),

[b, a’l= -2a°h (modJ?), [b, a*b] =[a®, ab]=0 (modJ?).
Thus K C F{[a, b}, [a, ab], [b, ab], a’b}+ J’ ; in particular, dim K + J3/J3
< 4. Hence dimA4/J3 < 8 and dimJ*/J° = 1. By Lemma G in [6], this
implies that J3 C Z; in particular, a?b € Z. Thus a3b = a?ba = —a3b
(mod J3). Since char F # 2 this implies a3b € J3. Therefore

K c F{la, b], [a, ab), [b, abl} + J;
in particular, dimK + J3/J° < 3. Hence dim A4/J° < 7, a contradiction.

Case 2. B = 1. Assume first that a; = 0. Then [a, bl € J3 and K c J3, so

dim4/K+J3 =dim A4/J3 = 5 contradicting (1.2). Thus we must have a; # 0.

Now we set @' := aja. Then J = Fa'+ Fb+J?, J? = F(a’)>+ Fa'b+J? and
ba' = ajba = o}a® + ayab = (a')* +a'b (mod J?3).

Hence we may replace a by a’ and therefore assume that a; = 1. As in Case
1 we compute

0= (b%)a — b(ba) = (B2 — 2)a’> — 2a’b (mod J*).
Since a3+J* and a?b+J* form a basis of J3/J* this implies that char F = 2
and B, =0. Hence
[a, a*bl=a* (modJ?), [b, a’] = 6,a* (modJ?),
[b,a’]=a* (modJ?), [b, a’b] =[a?, ab]=0 (modJ?).

Therefore K C F{[a, b], [a, ab], [b, ab], a*} + J; in particular, dimK +
J3/J% < 4. Hence dimA4/J5 < 8 and dimJ*/J°> = 1. By Lemma G in [6],
this implies that J3 C Z ; in particular, a?b € Z . Thus a3b = a?ba = a*+a3b
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(mod J3) . Therefore a* € J° and J° = Fa®+ Fa*b+J® = J¢. Hence J° =0
by Nakayama’s Lemma, a contradiction.

3. THE casE (1.4)

In this section we assume hypothesis and notation from §1. In addition, we
assume that (1.4) holds. Then J? = Fa?+Fab+J3 and J3? = Fa3+ Fa?b+J*
by Lemma E in [6]; in particular, dim J3/J4 = 2. Hence a*+J*, a?b+J* form
a basis of J3/J*. There are elements a, f € F such that ac = aa® + Bab
(mod J3). Setting ¢’ := ¢ — aa — Bb we then have J = F{a, b, c'} + J?2
and ac’ = ac — aa® — fab = 0 (modJ3?). Hence we may replace ¢ by ¢’
and therefore assume that ac € J3. We choose elements «;, f; € F (i =
1,2, 3,4) such that

bc =aja* + Brab (modJ3),  ca=aya®+ frab (modJ?),
cb =aza® + Biab (modJ3),  ¢? = a4a’+ Biab (modJ3).
Then
0 = (ac)a = a(ca) = aza® + pra’b (modJ?),
0 = (ac)b = a(ch) = aza® + B3a’*b (modJ*),

0= (ac)c=a(c?) = a4a3 + Baa*b (modJ?).
Hence a; = B2 = a3 = f3 = ag = B4 = 0; in particular, ca, cb, ¢* € J3. Thus
0 = b(c?) = (bc)c = aya’c + Blabc = a1 $1a’ + B?a*b (mod J4),

and we obtain B = 0. Thus 0 = b(cb) = (bc)b = aya’*b (modJ*). There-
fore a; = 0; in particular, bc € J3. Thus [a,c],[b,c] € J? and K C
F{[a, b, [a, c], [b, c]}+J3 C Fla, b]+J?; in particular, dimK+J3/J3< 1.
Thus dim 4/J3 < 5 by (1.2), a contradiction.

4. THE caAsE (1.5)

In this section we assume hypothesis and notation from §1. In addition,
we assume that (1.5) holds. Since J = F{a,b,c} + J? we have J? =
F{a?, ab, ac, ba, b*, bc, ca, cb, c*} + J*. Since dimJ?/J3 = 3 we must
have J2? = F{a?, ab, d}+ J? for some element d € {ac, ba, b?, bc, ca, cb,
c?}. Since J? =K + J* we obtain

= F{la, b), [a, ], [a, ab], [a,d], [b, c],
[b,a%],[b, ab], [b, d], [c, a®], [c, ab], [c, d]} + J*.

We choose elements «a;, 8,7, € F (i=1,2,...,7) such that

ac =a,a* + Brab + yid (mod J3), ba=aya’+ Prab+y,d (modJ3),
b =a3a’® + B3ab+y3d (modJ?), bc=asa’+ Paab + ysd (mod J3),
ca=asa’® + Bsab +ysd (modJ3), cb=asa®+ Bsab+y6d (modJ?),
c? =asa* + prab + y2d (mod J3).

(4.1) Lemma. We may assume that d = ac or d = ba.

Proof. Case 1. d = ac. In this case there is nothing to prove.
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Case 2. d = ba. In this case there is nothing to prove either.

Case 3. d = b?. In this case we may assume that ba € Fa? + Fab + J?; for
otherwise we are in Case 2. Similarly, we may assume that ba € Fb*+Fab+J3;
for otherwise we interchange a and b and are in Case 2 again. Hence ba €
Fab + J3, and we may write ba = aab (modJ3) for some element a € F .
Now we set b’ :=a+ b. Then we have

ab' =a*+ab, (") =a*+ (1 +a)ab+b* (modJ3);
in particular, J = F{a, b’, ¢} + J?> and J? = F{a?, ab’, (b’)?} + J?. Hence
we may similarly assume that b’a € Fab'+J3. We write b'a = fab’ (mod J3)
with some element B € F. Then
Ba® + Bab= pab' =b'a=(a+bla=a’+ba=a*>+aab (modJ?).

Since a?+J3 and ab+J3 are linearly independent this means that o = 8 = 1;
in particular, [a, b] € J?, and J? = Fla, c] + F[b, c] + J3 contradicting the
fact that dimJ2?/J3 =3.

Cased. d = bc. In this case we may assume that ac, ba, b*> € Fa’+Fab+J3;
for otherwise we are in Cases 1, 2 or 3 again. Then we replace ¢ by c—aja— b
and may therefore assume that 0 = a; = ;. Moreover, we may assume that

J2#(a+Eb)J +J? = F{(a+¢b)a, (a+Eb)b, (a+Eb)c}+ J°
= F{(1 + m¢)a’ + Boéab, aséa® + (1 + Bsé)ab, Ebc} + J°

for ¢ € F; for otherwise we replace a by a + éb and are in Case 1. Since
a*+J3,ab+ J3, bc + J3 form a basis of J2/J3 this implies that

l+a$ B 0
0= 835 (1) + B3¢ g =&+ (a2 + B3)E% + (B3 — a3 ) &3

for £ € F. Since F is infinite this is impossible.

Case 5. d =ca,ie., as = f5 =0, ys = 1. We may assume that y; = 0 for
i=1,2,3,4; for otherwise we are in Cases 1, 2, 3, 4, respectively. Then
we replace ¢ by ¢ — aja — f1b and may therefore assume that 0 = a; = f; .
Moreover, B, = 0; for otherwise we are in Case 1. Similarly, we may assume
that a3 = 0; for otherwise we interchange a and b and are then in Case 4
for the opposite algebra of 4. Now we replace b by b — ysa and may then
assume that ys = 0. Furthermore, we may assume that a; = 0; for otherwise
we replace (a, b, c) by (b, c,a) and are then in Case 4 again. Finally, we
may assume that #; = 0; for otherwise we interchange » and c¢ and are then
in Case 3 for the opposite algebra of 4. As in Case 4, we may assume

JE#F{(a+nb+c)a, (Ea+nb+c)b, (Ea+nb+c)c}+J3
= F{({ + aan)a’ + ca, aga® + (& + B3n + Be)ab,
a4na® + Banab + yica} + J3
for &, ne F. Since a®?+J3, ab+J3, ca+J> form a basis of J2/J3 we may
compute the corresponding determinant and obtain
0 = 9782 + (B3y1 + a2y — ag)én + Byl + (a2B377 — aafs)n?
+ (028677 + agBa — asfe)n
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for £, n € F. Since F is infinite this implies that all coefficients on the right-
hand side vanish; in particular, 0 = y; = a4 . Then, similarly, we may assume
that

J2#F{a(a+nb+c),bla+nb+c),cla+nb+c)}+J>
= F{a® + nab, aza* + (Bsn + Bs)ab, agna* + fsnab + ca} + J>
for n € F. Computing the corresponding determinant we obtain 0 =
(B3 — az)n + B4 for n € F. As before this implies that f3 = a; and B, =0.
Finally, we may assume that
J2#F{(a+b+c)?, (Ea+b+c)a,ala+b+c)}+J°
= F{(&* + ¢ + ag)a* + (€ + ay + fs)ab + &ca,
(¢ + ay)a® +ca, Ea® + ab} + J?

for £ € F; for otherwise we replace (a, b) by (£a + b + c, a) and are in
Case 2 again. Computing the corresponding determinant we obtain 0 = &2 +
(ag + B6)E — ag for & € F which is impossible.

Case 6. d =cb,ie. ag= Ps =0,y = 1. We may assume that y; = 0 for
i=1,2,...,5; for otherwise we are in Cases 1, 2, ..., 5, respectively. Then
we replace ¢ by ¢ — aja — b and may therefore assume that 0 = a; = f; .
We may also assume that f, = 0; for otherwise we are in Case 4 for the
opposite algebra of 4. Similarly, we may assume that a3 = 0; for otherwise
we interchange a and b and are then in Case 1. As in the previous cases we
may assume

J*# F{Ea+nb+c)a, (Ea+nb+c)b, (Ea+nb+c)c}+ J°
= F{(& + aan + as)a® + Bsab, (& + Bsn)ab + cb,
(aan + a7)a® + (Ban + Br)ab + yocb} + J*
for £, n € F. We work out the corresponding determinant and obtain
0 = p7E + (B3y7 + a2p7 — Ba)en + (asys — B7)¢ + (a2 Bayr — aa Ba)n?
+ (asB3y7 — a2 B — asBa + s fs)n + (a7 Bs — asBr)

for &, n € F. Therefore all coefficients on the right-hand side vanish; in par-
ticular, 0 = y; = B4 = B7. Similarly, we have

J?# F{a(a+b+c),bla+b+c),cEa+b+c)}+J°

= F{éa® + ab, (ax¢ + as)a® + Bsab, (asé + aq)a® + Bs€ab + cb} + J°
for £ € F. Computing the corresponding determinant we obtain 0 =
(B3 — az)¢ — ay4 for & € F which again implies that f3 = a; and a4 = 0.
We may also assume that

J2 £ F{(a+nb+c), Ea+nb+c)a,ala+nb+c)}+J3

= F{(& + axén + asé + a7)a® + (&N + BsE + aan)ab + b,
(& + axn + as)a® + Bsab, Ea® + nab} + J*

for &, n € F; for otherwise we replace (a, b, c) by ((a+nb+c,a,b) and
are then in Case 2 again. Working out the corresponding determinant we obtain
0 =¢&n% 4 an’ — Bsén + asn? for &, n € F which is impossible.
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Case 7. d = c*. In this case we may assume that ac, ba, b2, bc, ca,ch €
Fa? + Fab + J3?; for otherwise we are in Cases 1,2, ..., 6, respectively.
Then J? = F{[a, b], [a, c], [b,c]} + J? C Fa? + Fab + J3; in particular,
dim J2/J3 < 2 contradicting (1.5).

(4.2) Lemma. We may assume that d = ac.

Proof. We assume the contrary. Then we may assume that d = ba, by (4.1);
in particular, ay = 8, = 0, 7, = 1. We have y; = 0. After replacing ¢ by
¢ —aja — B1b we may even assume 0 = a; = f,. Similarly, we may assume
Bs = 0. Moreover, after replacing b by b — y3a we may also assume that
y3 = 0. We then have

J2# Ea+nb+ o) +J°
=F{(a+nb+{c)a, (Ea+nb+{c)b, (Ea+nb+Lc)c}+J3
= F{(¢ + as{)a® + (n+ ys{)ba, (a3n + asl)a® + (& + Ban + Bel)ab
+76¢ba, (aan + ar0)a* + (Ban + B10)ab + (van + y10)ba} + J*

for &, n,¢ € F. Since a*+ J3, ab+ J3?, ba+ J3 form a basis of J2/J3 this
implies that

E+as{ O n+7s¢
0= |asn+asl &+ Pan+ Bsl vel
as +arl  Ban+ Brl Yan + 778

= 74820 + 782 + (B3ys — a)én?
+ (B3y1 + Beva + asys — Bays — a7 — cays)énd
+ (Bsy1 + asyr — Brvs — a75)EL? + (03B — auBa)n®
+ (asBays + asPr + agBs + azPays — aafs — 7 B3 — aaP3ys)n*l
+ (asB3y7 + asPeva — asPavs + asfr + a3 Brys + asPays
— a7 86 — aaBeys — azB3ys)ne>

+ (asBsyr — asPrve + asBrys — arBeys) (>

for £,n,{ € F. Since F is infinite this implies that all coefficients on the
right-hand side have to vanish; in particular, 0 = y4 = 7 = a4 = a3f4 and
a7 = — B4y . Then, similarly, we have

J?2# F{a(a+nb+Cc), bEa+nb+Lc), c(Ea+nb+Lc)} + J3
= F{¢a® + nab, azna® + (B3n + Pal)ab + &ba,
(asé + agn + a70)a® + (Ben + Brl)ab + (vs¢ + ysn)ba} + J>

for £, n,{ € F. As before, we work out the corresponding determinant and
obtain

0 = (Bsys — Bo + as)E2n + (Bays — B1)E2 + (B3vs — azps + ag)én® — aszysn’®

for £, n,{ € F. Again, this implies that B¢ = B3ys + as, B7 = Pays, as =
a3Ps — 376, 0 = azps. On the other hand,

J*=F{la,b],[a,c], [b,cl}+J°
= F{ab - ba, asa® + ysha, (Bsys — asys)a’
+ (Bs — as — B3ys)ab — ygba} + J3.
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Since a2+ J3, ab+ J? and ba + J? form a basis of J2/J3 a computation of
the corresponding determinant yields

0 # asys + B3vsve — a3y? — asPs + a3 + asPays.
Moreover, since J2 = F{a?, ab, ba} + J3, Lemma E in [6] implies that
J3 = F{a®, a’b, aba, ba®, bab, b*a}+J* = F{a®, a*b, aba, ba*, bab}+J*.
Now we distinguish two cases.

Case 1. as # 0. In this case we replace a by asa and may then assume that
as = 1. Thus

0=a(ca) — (ac)a = a’® + ysaba (modJ*%),
0= b(ca) — (bc)a = (B3ys — azy? — By)aba + ba* (mod J*).
Now we distinguish two more cases.
Case 1.1. B4 #0. In this case we have a3 =0 since 0 = a3f4. Moreover,
0 = (b?)c — b(bc) = B3fsa’b — Bsbab (mod J*),
0 = a(c?) — (ac)c = Baysa’b + Paysysaba (mod J*);

in particular, J3 = Fa?b + Faba + J*. Hence a’b + J* and aba + J* are
linearly independent. Then ys = 0, and we obtain the contradiction

0 = a(ch) — (ac)b = a*b + ysaba (mod J*).
Case 1.2. B4 = 0. Here we have to distinguish two more cases.

Case 1.2.1. B3 #0. In this case we replace b by f; 'p and may then assume
that f3 = 1. Then

0= (b%)b - b(b?) = (1 + a3)a’b — a3y?aba — bab (modJ*),
0 = a(ch) — (ac)b = (1 + y5)a®b + (ysys — a3y + yg)aba (modJ*);

in particular, J3 = Fa?b+Faba+J*. Thus a’?b+J* and aba+J* are linearly
independent. Then ys = —1 and a3 = 0. But now we obtain the contradiction

asys + B3ysys — a3y — asBs+ af +asPays = 0.
Case 1.2.2. B3 =0. Here we have
0= a(ch) — (ac)b = a®b + (ys — azy?)aba (mod J*),
0 = b(ch) — (bc)b = a3yiaba + bab (mod J*);
in particular, J3 = Faba + J*, a contradiction.
Case2. as=0. Then
0 # asys + Baysvs — a3y} — asPa + al + asPyys = B3ysys — a3d;

in particular, ys # 0. Now we replace b by ysb and may therefore assume
that ys = 1. Hence

0 = a(ca) — (ac)a = aba (modJ*).

We distinguish two more cases.
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Case 2.1. a3 # 0. In this case f; = y¢ = 0 since 0 = a3f4 = azys. We now
replace a by ,/aza and may therefore assume that a3 = 1. Then

0=b(ca)— (bc)a=a®> (modJ?%),
0 = b(ch) — (bc)b = ba* + Bsbab (mod J*),
0 = a(ch) — (ac)b = B3a*b (mod J*),
0= (b?)b—b(b?) =a’h (modJ%);
in particular, J3 = Fbab + J*, a contradiction.

Case 2.2. a3 =0. In this case we have 0 # 376 — a3 = B3¥s,1.e. B3 # 0 # ps.
We now replace a by f3a and may then assume that f3 = 1. We compute

0 = a(ch) — (ac)b = a’b — ysa® (mod J*),
0= (b*)b — b(b?) = ysa — bab (mod J*),
0 = (bc)c — b(c?) = (Bfys — Bave)a® + Baveba® (mod J*);

in particular, J? = Fa®+ Fba?+ J*. Thus a3+ J* and ba®+ J* are linearly
independent. Then S =0 since ys # 0. But now we obtain the contradiction

0 = b(ch) — (bc)b = yga’® — ysba* (mod J*).

In the remainder of this paper we may and will assume that J2 = F{a?, ab, ac}
+ J3. Then J3 = F{d?, a®b, a’c} + J* and J* = F{a*, a®b, a’c} + J® by
Lemma E in [6]; in particular, dimJ3/J* € {2, 3}. Since J* # J°> we have
a’ ¢ Jb.

(4.3) Lemma. The elements a, b, ¢ can be chosen such that one of the follow-
ing holds:

(44) O=ax=Pr=as, n=1l,a6=as—1; Bs+ys#1;

(45) O=ax=fy,2=as=1, ys=1-fs, Bs—Pa+7s—74#0;

(46) O=ax =y =as=Ps, ys=Pr#1, ag=1#0s.

Proof. We distinguish between two cases.

Case 1. y; # 0. In this case we replace ¢ by aya+ B,b+7,c and may therefore
assume that 0 = a; = §, and y, = 1. Now we distinguish two more cases.

Case 1.1. Bs+ys # 1. In this case we set £ := as/(B5+ ys — 1) and replace b
by b+ ¢&a and ¢ by ¢ +&a. Then we have as = 0. Hence

J?=F{[a, b}, [a,c], b, c]} + J?
= F{ab —ac, Bsab + (ys — 1)ac, (a4 — ag)a’
+ (Ba — Bo)ab + (v4 — ye)ac} + J*;

in particular, a4 # ag. Now we replace a by (a4 — ag)/2a and may then
assume that ag =a4 — 1.

Case 1.2. Bs+ ys = 1. In this case we have
J?=F{la,bl,[a,cl,[b,cl}+J°
= F{ab — ac, asa® + Bsab — Bsac, (as — ag)a®
+(Ba— Bs)ab + (va — ys)ac} + J>.
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Since a* + J3,ab + J3, ac + J? form a basis of J2/J? we work out the
corresponding determinant and obtain 0 # as(8¢ — Ba + Y6 — 74), SO B¢ — Ba +
v6 — Y4 # 0 # as. Then we replace a by asa and may therefore assume that
a5 = 1.

Case 2. y = 0. In this case we may assume that S5 = 0; for otherwise we
interchange b and ¢ and are then in Case 1 again. Similarly, we may assume
that ys = f#,; otherwise we replace b by b+ ¢ and are then in Case 1 again.
Hence

J? = F{la, b], [a, c], [b, C]}+J3
= F{aa® + (B2 — 1)ab, asa® + (B, — 1)ac, (as — ag)a
+ (Ba — Bo)ab + (s — ye)ac} + J>.

Since dimJ?/J3 = 3 this implies that B, # 1. Now we replace b by b +
az(B2—1)"'a and ¢ by c+as(f,—1)"'a and may then assume that 0 = a; =
as . In this situation we have a4 # 0 or ag # 0. If necessary, we interchange
b and ¢ and may then assume that a4 # 0. Finally we replace b by o;'b
and may therefore assume that a4 = 1.

Now we treat the cases above separately.

(4.7) Lemma. The case (4.4) does not occur.
Proof. We assume the contrary and distinguish two cases.

Case 1. dimJ3/J* = 3. In this case the elements a3+ J*, a?b+J*, a?c+J*
form a basis of J3/J*. Since

0 = (b%)a — b(ba) = (a3 — a7)a® + (Bsys — B7)a’b
+ (B3 + 7375 — y7)a’c  (mod J*)

we conclude that a7 = a3, f7 = Bsy; and y; = B3 + y3ys. Similarly, using
the fact that 0 = (bc)a — b(ca) + c(ba) — (cb)a + J* we obtain fs = —1, so
ys # 2. This also shows that ys = B4 — fs + 4 and 0 = (2 — y5)(Bs — Ps) -
Since ys # 2 this implies that B¢ = B4 and y¢ = y4. Then, using the fact
that 0 = (b%)b — b(b?) + J* and 0 = (bc)b — b(ch) + J* we see that 0 =
(a3 —asg+ 1)(B3 — y3) = (a3 — ag + 1)(Bs — y4) . Now we distinguish two cases.

Case 1.1. ag # a3+ 1. Then y; = B3 and ys = B4. Moreover, the fact that
0 = (bc)a — b(ca) + J* implies that 0 = B3ys. We distinguish two more cases.

Case 1.1.1. y5 # 0,s0 B3 = 0. In this case we use the fact that 0 = (bc)b —
b(cb)+J* to obtain 0 = ys(1—a4), so a4 = 1. But this leads to a contradiction
using the fact that 0 = (bc)b — b(cb) + J* again.

Case 1.1.2. ys = 0. In this case we use the fact that 0 = (bc)b — b(cb) + J*
to obtain 2a4 = 1; in particular, charF # 2. Then we use the fact that
0 = (bc)a—b(ca)+J* to conclude that B4 = 0, we use the fact that 0 = (c?)a—
c(ca) + J* to see that B3 = 0, and we use the fact that 0 = (bc)c — b(c?) + J*
to show that a4 = 0. But this contradicts the fact that 0 = (bc)b — b(ch) + J*.

Case 1.2. a4 = a3+ 1. In this case the fact that 0 = (bc)a—b(ca) +J* implies
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that 0 = 2a3 + 1 — a3ys. Thus
J*=F{la,bl,[a,cl,I[b,cl,la, ab], [a, acl, [b, a?],
[b, ab], [b, acl, [c, a*1, [c, ab], [c, ac]} + J*
C F{la, b, [a, c], [b, c], a*b, a®c} + J*
as is easily checked. But this is a contradiction since dim J?/J% =6.
Case 2. dimJ3/J* = 2. Here we distinguish two more cases.

Case 2.1. a’b € Fa®+ J*. In this case we have J3 = F{a?, a%b, a’c} + J* =
F{a?®, a*c} + J* and write a?b = da® (modJ*) with some element J € F .
Then a’c = a?ba = da* (modJd), so J* = F{a*, a3c} + J5 = Fa* + J5.
Since J* # J3 this implies that dimJ*/J5 = 1. By Lemma G in [6], J3C Z;
in particular, a%c € Z . Hence

0= (a’c)a — a(a’c) = a*(ca) — a’c = (Bs + s — 1)6a® (mod J*).
Since Bs+ps# 1 and a® ¢ J* we conclude that 6 = 0. But now

0 = a?(bc) — (a’b)c = aga® (mod J?),

0 = a*(b?) — (a’b)b = aza® (mod J),

0= (b%)a - b(ba) = (a3 — a7)a® + (B3 + y3ps — y7)a’c  (mod J*),

0= (ch)a—c(ba) = (ag — 1 — ayfs — arps)a’

+ (Bs + 75¥6 — Bsva — ysy7)a*c (mod J*).

This leads to the contradiction 0 =as =a3 =a; = —1.

Case 2.2. a?b ¢ Fa®+ J*. Since a3 ¢ J* and dimJ3/J% =2 the elements
a®*+ J* and a’b + J* form a basis of J3/J* in this case. We write a?c =
da*+ea’b (mod J*) with elements &, & € F . Since J* = Fa*+Fa3b+J’ and
J* # J° we have dimJ*/J5 € {1, 2}. Let us distinguish the corresponding
cases.

Case 2.2.1. dimJ*/J5 = 1. In this case J3 ¢ Z by Lemma G in [6]; in
particular, a2b, a?c € Z . Hence

0 = (a®b)a — a(a®b) = a*(ba) — a’b
=a’c-a’b=6a*+ (e - 1)a*h (modJ%),

0 = (a*c)a — a(a’c) = a®(ca) — a’c = (ys — 1)da* + (Bs + yse — £)adh
= (Bs+ys—1)a’*b (modJ?).

Since Bs + ys # 1 this implies that a3h € J°. Hence J* = Fa* + J5 and
da* e J3. Since dimJ*/J® =1 we must have 6 = 0. Therefore

0= (b¥)a - b(ba) = (a3 — a7)a’
+ (Bsys — B1+ Bse + y3se — y7e)a’h  (mod J*);
in particular, a7 = a3 . Similarly, using the fact that 0 = (bc)a—b(ca)+c(ba)—
(cb)a + J* we see that Bs = —1; in particular, ys # 2. Hence
0 = a*(ch) — (a%c)b = (a4 — 1 — aze)a* (mod J®),
0= d*(c?) - (a%c)c = (a3 — ase)a* (modJ®).
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Since a* ¢ J° this implies that a3 = a4¢ and a4 — ase? = 1; in particular,
as #0 and €% # 1. But since a’c € Z we have

0 = (a%c)b — b(a*c) = (a’c)b — (ba)(ac)
= (&2 + 1 —pse)asa® (mod Jd),
0 = (a%c)b — b(a®c) = (2 — yse)ase’a® (mod J?).
Hence ys¢ =2 and ¢ = 1, a contradiction.
Case 2.2.2. dimJ*%/J% =2. In this case
0 = (a’c)a —a*(ca) = (6 + de — ysd)a* + (e2 — Bs — yse)a’h (mod J),
0 = (a®c)b — a®(ch) = (aze + 7306 — ag + 1 — y¢d)a*
+ (0 + Bse + y38% — Bs — ys€)a’b  (mod J°),
0= (a’c)c—a*c® = (a4£ + y40€ — a7 — y70 + 0%)a*
+ (0& + s + y4&* — B7 — y7€)a’h  (mod J°).

Since a* + J3 and a?b + J3 form a basis of J*/J3 this implies that all

coefficients on the right-hand side vanish; in particular, 0 = J + de — psd .

Assume that 6 # 0. Then ¢ = ps — 1 and we obtain the contradiction
=¢2— Bs—yse = 1 — Bs — ys. Hence we must have 6 = 0. Therefore

0= (b¥)a - b(ba) = (a3 — ar)a’
+ (Bsys — B1 + Bse + y3se — yre)a’h  (mod J*4);

in particular, a7 = o3 . Similarly, using the fact that 0 = (bc)a—b(ca)+c(ba)—
(ch)a + J* we see that fs = —1. Hence &2 — ys¢ = —1; in particular, ¢ # 0.
Therefore 0 = a3e + 7306 —as+ 1 —y60 = aze —ag+1,and ag = aze + 1.
Hence 0 = a4 + y40€ — a7 — 70 + 62 = a3e? + &€ — a3 ; in particular, a3 # 0
and &2 # 1. But this leads to the contradiction

0= b(azc) (ba)ac
= —g2a® + (Bsyse — Ba& + ysv6€> — v3€> — Brvs + Ba — ysy1€ + vag)ah
(mod J?).

(4.8) Lemma. The case (4.5) does not occur.
Proof. We assume the contrary and distinguish two cases.
Case 1. dimJ3/J* = 3. In this case we have
0= (bc)a - b(ca)
= (a4 + 74— 1 — agfs — a7 + a1B5)a® + (Bsya — Bs — BsBs — Br + BsBr)a’b
+ (Ba+7a— Bsya— 1 + Bs — Bsys — 77+ Bsyr)a’c  (mod J*).
Since a3 + J4, a’b+ J*, a*c + J* form a basis of J3/J* we obtain

(4.9) O=o4+ys—1—asfs—ar+arps,
(4.10) 0= Bsya— Bs — BsPs — B1+ BsB1,
(4.11) 0=pBs+ys—Bsva— 1+ Bs— Bsvs — v1+ Bsyr.
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Similarly, using the fact that 0 = (ca)b — c(ab) (modJ*) we obtain the fol-
lowing equations:

(4.12) 0=oa6+ 76— asfs — a7+ afs,
(4.13) 0= Bsys — BaBs — B+ Bsp1,
(4.14) 0= B+ 76— Bsvs— 1 — Bsya— 1+ Bsyr.

Now we add (4.10) and (4.11) and subtract (4.13) and (4.14) from the result to
obtain 0 = (fs+1)(Bs— Bs+7a—ys). Hence Bs = —1. Then we subtract (4.12)
from (4.9) and obtain 0 = y4 — ys — 1. Hence ys = y4 — 1. Next we subtract
(4.14) from (4.11) and obtain 0 = B4 — Bs. Hence Bs = B4. Then we use the
fact that b(ba) = (b*)a (modJ*) to obtain that a7 = a3 + 73, f7 = —y3 and
77 = B3+ 2y3. Now (4.10) implies that 4 = y4 — 1 — 2y3. Using the fact that
0 =(c?)a—c(ca) (modJ?%) we obtain the following equations:

(4.15) 0=ﬂ3—y3—3—4a3+2a4+205,
(4.16) 0=4y,—-283—1—673;

in particular, char F # 2. Now (4.11) forces 0 = 4 + 283 + 6y; — 474, so
B3 = 2y4 — 3y3 — 2. Next we multiply (4.9) by 2 and subtract (4.15) to obtain
0=3,s0 charF = 3. Thus

J*=F{la,b],[a,cl,[b,cl,[a, abl, [a, ac], [b, a*],
[b, ab], [b, acl, [c, a*1, [c, ab], [c, ac]} + J*
C F{la, b], [a,cl], [b, c], a*, a®b — a*c} + J*

as is easily checked. But this contradicts the fact that dim J2/J4=6.
Case 2. dimJ3/J* = 2. We distinguish two more cases.

Case2.1. a’h e Fa’+J*. Inthiscase J3 = F{a?, a?b, a’c}+J* = F{a®, a’c}
+J*, and a%b = da® (mod J?) for some element & € F . Since a3c = a?ba =
da* (modJ3) we see that J* = Fa* + Fa’c+J% = Fa* + J5. Since J4 # JS
this implies that dim J4/J° = 1. Now Lemma G in [6] shows that J3 C Z ; in
particular, a’c € Z . But this leads to the contradiction 0 = (a2c)a — a(a?c) =
a*(ca) —a’c=a* (modJd).

Case 2.2. a’b ¢ Fa®+ J*. Since a® ¢ J* and dimJ3/J% = 2 the elements
a®*+ J* and a®b + J* form a basis of J3/J* in this case. We write a?c =
da*+ea’b (modJ*) with elements J, & € F . Since J* = Fa*+Fa3b+J° and
J* # J5 we have dimJ*/J5 € {1, 2}. Let us distinguish the corresponding
cases.

Case 2.2.1. dimJ*/J3 = 2. In this case the elements a* + J° and a3b + J°
form a basis of J*4/J3. Since

0 = (a’c)a — a*(ca) = (de + Bsd — 1)a* + (e — 1)(e + B5)a’b (mod J°)

this implies that de + 50 — 1 =0 and (e — 1)(¢ + Bs) = 0. The first equation
forces ¢ # —Bs, so ¢ = 1 by the second equation. Then, using the fact that
0 = (bc)a — b(ca) + c(ba) — (cb)a (mod J*) we obtain the contradiction 0 =

(14 Bs)(Ba— Bs + 74 — 76) -
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Case 2.2.2. dimJ*/J3 = 1. In this case J> C Z by Lemma G in [6]; in par-
ticular, a?b, a*c € Z . Hence a®bh = a’ba = a’c (modJ?) and a3b = a3c =
a’ca = a*+a*bh (modJ?), so a* € J° and J* = Fa3b + J°. Furthermore,
since a3b = a3c = ea*b (mod J3) we must have ¢ = 1. Using the fact that 0 =
(bc)a—b(ca)+c(ba)—(cb)a (modJ*) we obtain 0 = (1+85)(Bs—Bs+ya—7Vs) »
so Bs = —1. Similarly, using the fact that 0 = (b%)a — b(ba) (modJ*) we
obtain y; = B3+73—B7. Then 0 = (a®c)b—b(a’c) = (a*c)b—(ba)ac (mod J3)
implies that § = 1+ B3+ y3 — B4 — 74 . But now the fact that 0 = a?(c?) — (a’c)c
(mod J?) leads to a contradiction.

(4.17) Lemma. The case (4.6) does not occur.
Proof. We assume the contrary and distinguish two cases.

Case 1. dimJ3/J% = 3. In this case the elements a®+ J*, a?b + J*, a’c+ J*
form a basis of J3/J*. Since #, # 1 and

0= (bc)a—b(ca) = (1 = B3)a’ + Ba(B> — B3)a’b + y4(Br — B3)a’c (modJ*)

this implies that #, = —1; in particular, char F # 2. Hence 0 =284 = 2y,, so
0 = B4 = y4. Then, using similarly the fact that 0 = c(ba) — (chb)a (mod J*)
we obtain 0 = f¢ = ys. But now the fact that 0 = (bc)b — b(cbh) (mod J*)
leads to a contradiction.

Case 2. dimJ3/J* = 2. We distinguish two more cases.

Case 2.1. a*b € Fa®+ J*. In this case we have J? = F{a3, a%b, a’c} + J* =
Fa’ + Fa*c+J* and J* = Fa* + Fa’c + J3. Assume that a* € J5. Then
J* = Fa3c + J3; in particular, dimJ*/J% = 1 since J* # J3. Hence Lemma
G in [6] implies that J3 C Z; in particular, a’c € Z . But this leads to the
contradiction a3c = a?ca = pra3c (mod J3).

We write a?b = da® (modJ*) with some element 6 € F. Then da* =
a’ba = Bra’b = Prda* (modJ?). Since a* ¢ J3 and B, # 1 this implies
that § = 0. As in Case 1, we now use the fact that 0 = (bc)a—b(ca) (mod J*)
to obtain that B, = —1, charF # 2 and y4 = 0. Similarly, using the fact
that 0 = (cb)a — c(ba) = (b?)a — b(ba) (modJ*) we obtain 0 = 2ys = 2y;, s0
0 = y¢ = 73 . But this yields a contradiction using the fact that 0 = (bc)c—b(c?)
(mod J*4).

Case 2.2. a®b ¢ Fa®+ J*. Since a® ¢ J* and dimJ3/J* = 2 the elements
a+J* and a%b+J* form a basis of J3/J* in this case, and J* = Fa*+Fa’b+
J35 . Assume that a* € J5. Then J* = Fa3b+J%;in particular, dim J*/J> = 1
since J* # J5. Hence Lemma G in [6] implies that J3> C Z ; in particular,
a’b € Z . But now we obtain the contradiction a3b = a?ba = pra’b (mod J).

Hence a* ¢ J°, and we write a’c = da’ + ea’h (mod J*) with elements
d,e€ F. Then 0= (a’c)a — a*(ca) = (1 — B)da* (modJ?), so d =0 since
B2 #1 and a* ¢ J3. Asin Case 1, we now use the fact that 0 = (bc)a — b(ca)
(mod J4) to obtain B, = —1 and char F # 2. Then we distinguish two more
cases.

Case 2.2.1. dimJ*/J3 = 2. In this case the elements a*+ J> and a3b + J°
form a basis of J4/J5. Using the fact that 0 = b(a’c) — (ba)ac (modJ?)
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we obtain a3e = 1. But this leads to a contradiction using the fact that 0 =
(a%c)b — a*(ch) (modJ*).

Case 2.2.2. dimJ*/J3 = 1. In this case we have J* = Fa* + J> since a* ¢
J3 . Moreover, Lemma G in [6] implies that J3 c Z ; in particular, a?b € Z .
Thus a3b = a’ba = —a’h (modJ?), so a3b € J° since char F # 2. This,
however, leads to a contradiction using the fact that 0 = (a%c)b — b(a’c) =
a*(cb) — (ba)ac (mod J3).
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