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THE EQUIVARIANT HUREWICZ MAP

L. GAUNCE LEWIS, JR.

ABSTRACT. Let G be a compact Lie group, Y be a based G-space, and V
be a G-representation. If n,@( Y) is the equivariant homotopy group of Y in

dimension ¥V and H,‘,; (Y) is the equivariant ordinary homology group of Y
with Burnside ring coefficients in dimension V , then there is an equivariant
Hurewicz map

h: nG(Y) — HE(Y).
One should not expect this map to be an isomorphism, since H,? (Y) must be
a module over the Burnside ring, but n,c,;(Y) need not be. However, here it is

shown that, under the obvious connectivity conditions on Y , this map induces
an isomorphism between H,‘,; (Y) and an algebraically defined modification of
n%(Y).

The equivariant Freudenthal Suspension Theorem contains a technical hy-
pothesis that has no nonequivariant analog. Our results shed some light on the
behavior of the suspension map when this rather undesirable technical hypoth-
esis is not satisfied.

INTRODUCTION

Let G be a compact Lie group and Y be a based G-space. One obvious way
to form an equivariant analog of the homotopy groups of a space is to assign to
each G-representation V' the set n,‘i(Y) of based G-homotopy classes of G-
maps from the one-point compactification S¥ of V to Y [4, 7, 8, 21]. These
equivariant homotopy sets are certainly of interest in the study of G-spaces,
but they are rather hard to compute. Perhaps the most basic tools available
for analyzing the nonequivariant homotopy groups of spaces are the Hurewicz
map, the associated isomorphism theorem, and Whitehead’s extension of that
theorem to an epimorphism result in the next higher dimension [23]. To obtain
an equivariant analog of these tools, one must first define the homology of a G-
space Y in dimension V. By introducing RO(G)-graded equivariant ordinary
cohomology and homology in [14], May, McClure, and the author have provided
this definition. In this paper, the equivariant Hurewicz map

h: nG(Y) —» HS(Y)
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is defined and, for representations V' with the real dimension of V¢ greater
than or equal to 2, analogs of the Hurewicz Isomorphism Theorem and White-
head’s extension are proved.

Since RO(G)-graded equivariant homology is defined by producing a rep-
resenting spectrum, the natural route to these results is to first prove a sta-
ble Hurewicz theorem and then derive the unstable results via an equivariant
Freudenthal Suspension Theorem. Our work on the stable Hurewicz theorem
(Theorem 2.1) is contained in §2. This theorem is an example of those pleasant
equivariant results which seem to be proved simply by inserting G’s in all the
right places. The details provided are only those necessary to accomplish two
goals. The first is to make clear the reason for our choice of the Burnside ring
as the coeflicients for our homology groups. It seems that the introduction to
G-spectra given in the first two chapters of [15] is more demanding than had
been intended. Thus, the second goal is to provide a simple example of an
application of this material.

The second step in our approach to the unstable equivariant Hurewicz theo-
rem, that of deriving unstable results from stable ones, is an example of exactly
the opposite sort of result in equivariant homotopy theory. All sorts of dif-
ficulties arise which one might not expect based on the nonequivariant case.
Fundamentally, the problem here is simply that the gap between stable and un-
stable homotopy theory in the equivariant context is vastly wider than it is in
the nonequivariant context. The most obvious sign of this is the fact that, in the
nonequivariant context, the unstable homotopy groups 7n,(X) and the homol-
ogy groups H,(X) of a space X are the same sort of objects—that is, abelian
groups—as long as n > 2. In the equivariant context, the homology groups
HE(Y) of a G-space Y always carry the structure of Mackey functors, while
for G compact and Y not highly connected, the G-homotopy groups n,‘i(Y)
need not have such a structure in any dimension V. Of course, by imposing
extremely strict connectivity conditions on Y and choosing V' very carefully,
one may ensure that the group n¢(Y) carries the structure of a Mackey functor.
Under such very strict conditions, one obtains exact analogs of the nonequivari-
ant Hurewicz and Whitehead results (Theorem 1.3). As indicated in Remarks
2.2, these results provide some information about the equivariant homotopy
groups of spheres. Nevertheless, the required conditions on Y and V are
simply too strict for most applications.

The increased gap between stable and unstable homotopy theory is reflected
in the equivariant Freudenthal Suspension Theorem by the presence of an un-
expected restriction (conditions (b) of Theorem 3.3) on the relations among the
dimensions of the fixed point sets VX of V for certain subgroups K of G
and the connectivity of the fixed point subsets Y/ of Y with respect to certain
subgroups J of the subgroups K. As we explain in §3, these relations may
be regarded as gap conditions on the dimensions of the fixed point sets of V.
The primary purpose of this paper is to show that, at least in the dimensions
appropriate to the Hurewicz Isomorphism Theorem, one can very precisely de-
scribe the consequences of the failure of V' to satisfy these gap hypotheses. If
V' does not satisfy them, then the Hurewicz map

h: 28(Y) — HZ(Y)

need not be an isomorphism. However, even in the nonequivariant context, we
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encounter a dimension, namely »n = 1, in which the Hurewicz map
h: e(X) — Hu(X)

need not be an isomorphism. We all know what to do; by abelianizing 7;(X),
we obtain an isomorphism. Our main results, Theorems 1.7 and 1.8, have a
similar form; that is, if the dimension of V¢ is greater than or equal to 2 and
Y is G-(V — 1)-connected, then

h: nG(Y) — HE(Y)

becomes an isomorphism after n{(Y) is altered in an appropriate way. Our
results have, however, one very big advantage over the nonequivariant result
on 7(X). The existence of nontrivial perfect groups implies that H;(X) can
vanish when 7;(X) does not. No such undetectable homotopy groups occur in
our context.

Previous versions of the equivariant Freudenthal Suspension Theorem have
imposed unexpected and unwelcome extra hypotheses to obtain the result that
the suspension map is an isomorphism. Two of our intermediate results, Theo-
rem 5.1 and Proposition 6.1, may be regarded as suspension theorems of a more
sophisticated sort. Instead of imposing these extra conditions, they explain pre-
cisely how the domain of the suspension map ¢ must be modified so that &
becomes an isomorphism. Even though these results apply only to a rather lim-
ited range of dimensions, they should be of independent interest. Proposition
6.1 should be of special interest since it sheds a bit of light on the behavior of the
change of universe functors [15, §I1.1] which appear ubiquitously in equivariant
stable homotopy theory.

Two other results should be of independent interest. One, Theorem 1.11,
is an equivariant version of Whitehead’s result relating the behavior in homol-
ogy and homotopy of a map f:Y — Z. The other, Lemma 1.2, relates two
measures of the connectivity of a G-space Y. One measure is in terms of the
connectivity of the various fixed point subspaces of Y. The other is in terms
of the vanishing of certain homotopy groups 7n#/(Y), where K ranges over the
subgroups of G and W over certain nontrivial K-representations. Much of the
force of the equivariant Hurewicz theorem should come out of the connection
between these two measures of connectivity.

A few remarks are appropriate about the relation of the results here to pre-
vious work. Our debt to Waner [21] is deep. He proves, for finite groups, a
Whitehead theorem like Theorem 1.11, a Hurewicz theorem like Theorem 1.3,
and Lemma 1.2. Waner uses rather sophisticated geometric techniques, based
on his notion of a V-CW complex for a representation V , to prove his results.
Our search for homotopy-theoretic variants of his tools led us to the proof of
Theorem 5.1. Hauschild proves a Hurewicz Isomorphism Theorem [7], but
for an equivariant homology theory that does not satisfy the dimension axiom.
Also, he was aware of some form of Lemma 1.2. Liick [16] proves an equivari-
ant Hurewicz Isomorphism Theorem, but his result is of an essentially different
nature. It deals with the homotopy and homology groups of the various fixed
point subspaces of a G-space Y , assembled into functors designed for the study
of non-simply-connected G-spaces.

This paper is organized so that all the basic definitions and the main results
on unstable homotopy groups appear in §1. All the work on the stable Hurewicz
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map and theorem is in §2. Our simplest unstable Hurewicz theorem is derived in
§3 from Namboodiri’s equivariant Freudenthal Suspension Theorem. Various
other technical results related to the suspension map also appear there. §4 is
devoted to the functors which modify the homotopy groups n%(Y) so that
they become isomorphic to the corresponding homology groups. One of our
delicate equivariant suspension theorems, describing the extent to which the
suspension map fails to be an isomorphism, is stated and proved in §5. A
second such theorem, describing the behavior in low dimensions of the change
of universe functors of [15], is given in §6. Also a preliminary version of our
more sophisticated unstable Hurewicz theorem is stated and proved there. §7
is devoted to proving the connection between our two measures of equivariant
connectivity. The absolute version of our stronger unstable Hurewicz theorem
is proved there using this connection. The final section is devoted to the proofs
of the relative unstable Hurewicz theorem and Whitehead’s theorem.

This paper is, of course, based on the approach to equivariant stable homo-
topy theory developed in [15]. However, potential readers should be comforted
to know that extensive knowledge of [15] is really not demanded. We employ
the properties of G-CW spectra developed in [15, Chapter 1]. The statements
of these properties are merely the obvious simultaneous generalization of the
properties of G-CW complexes and nonequivariant CW spectra. Minimal use
is made of the change of universe functors from [15, §II.1]. The generalization
of Wirthmiiller’s isomorphism described in [15, §I1.6] is used extensively, but
anyone interested in equivariant homotopy theory and unfamiliar with his result
will find it well worth learning. The basic definition of the transfer for bundles
of the form G/H — G/K is used, together with the double coset formula for
such bundles and one other nontrivial property from [15, §I1.5]. Finally, basic
information from [15, §V.9] about the Burnside category is used. This cate-
gory is an obvious generalization of the Burnside ring; the results used are all
extensions of familiar facts about the Burnside ring.

1. THE UNSTABLE HUREWICZ ISOMORPHISM

We begin by reviewing some basic concepts of equivariant homotopy theory
in order to fix our notation. By group, we mean a compact Lie group; by
subgroup, we mean a closed subgroup. The notation K < G indicates that X is
a subgroup of the group G. All G-spaces are left G-spaces. Whenever possible,
the prefix G is omitted from our notations, so that by spaces, subspaces, maps,
etc., we mean G-spaces, G-subspaces, G-maps, etc. If K is a subgroup of G
and Y isa G-space, then YX isthe K-fixed subspace of Y. A based G-space
is a G-space Y together with a specified basepoint, which is required to be in
Y¢. If X is any G-space, then X* denotes the disjoint union of X and a
G-trivial basepoint. For based G-spaces X and Y, [X, Y]s denotes the set
of based G-homotopy classes of based G-maps from X to Y.

All G-representations are assumed to have a G-invariant inner product. If
V is a G-representation, then DV , SV, and SV denote its unit disk, its unit
sphere, and its one-point compactification, respectively. The basepoint of S”
is the point at infinity. The dimension of ¥ over the real numbers is denoted
|V|; similarly, the real virtual dimension of a virtual representation « is de-
noted |a|. For each nonnegative integer n, the trivial G representation of real
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dimension # is denoted by n. If V and W are two G-representations, then
V + W denotes their direct sum. The orthogonal complement of a subrepre-
sentation W of a representation V is denoted by ¥ — W . Notice that, in the
absence of an explicit remark to the contrary, ¥ — W in this article denotes
an actual representation rather than a virtual representation. The direct sum
of m copies of V is denoted mV . If V is a G-representation and Y is a
based G-space, then the set [S”, Y]s is denoted #{(Y) and called the Vth
homotopy group (or set) of Y . Recall that, if K < G and n >0, then

nx(Y)=[S", Y]k 2 [G/K* AS", Y] = m,(YK).

Let i: B — Y be the inclusion of a G-subspace B of Y and let Fi be the
homotopy fiber of i. For any G-representation ¥ containing at least one copy
of the trivial representation, the relative homotopy set ng(Y , B) is defined to
be n¥_,(Fi). The set z%(Y, B) may be identified with the set

[(DV,SV,x), (Y, B, %)

of G-homotopy classes of G-maps of triples.

If Y is a G-space, then HZ(Y) denotes the reduced, RO(G)-graded equi-
variant ordinary homology of Y with Burnside ring coefficients. If B is a
G-subspace of Y, then HP(Y, B) denotes the RO(G)-graded equivariant or-
dinary homology of the pair (Y, B) with Burnside ring coefficients. For any
G-representation V', there are natural Hurewicz maps

h:a%(Y)— HF(Y) and h:za$(Y, B)— HE(Y, B).

In §3, we describe these maps as the composite of a stable Hurewicz map and
the stabilization map from the unstable ¥'th homotopy group of Y (or the pair
(Y, B)) to the stable V'th homotopy group of Y (or (Y, B)).

There are two ways to measure the equivariant connectivity of a G-space
Y . The most common measure defines the equivariant connectivity of Y in
terms of the nonequivariant connectivity of the fixed subspaces YX for the
various subgroups K of Y. A more general measure of the equivariant con-
nectivity of Y can be defined by considering the subgroups K of G and the
K-representations W for which 7 (Y) is zero. Waner has described the re-
lation between these two measures when the group G is finite [21]. Here, we
recall both measures and extend Waner’s results on the relation between them
to compact Lie groups. This relationship is the source of much of the power of
the equivariant Hurewicz Isomorphism Theorem.

Definition 1.1. (i) A dimension function n* is a function from the set of con-
Jjugacy classes of subgroups of G to the integers. The value of n* on the
conjugacy class of K < G is denoted nKX. If n* and m* are two dimension
functions, then n* > m* if nK > mK for every subgroup K. Associated to
any G-representation V' is the dimension function |V*| whose value at K is
the real dimension of the K-fixed subspace VX of V. The dimension function
with constant value 2 is denoted 2*, and similarly for any other integer.

(ii)) Let n* be a nonnegative dimension function. Then a G-space Y is
G-n*-connected if, for each subgroup K of G, the fixed point space YX is
nX-connected. A G-space Y is G -connected if it is G-0*-connected. Also, a
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G-space is simply G-connected if it is G-1*-connected. A space Y is homo-
logically G-n* -connected if, for every subgroup K of G and every integer m
with 0 < m < nk | the homology group HX(Y) is zero.

(iii) Let n* be a nonnegative dimension function and let f: Y — Z be a
G-map. Then f is a G-n*-equivalence if, for every subgroup K of G,

(fK)*: 7rm(YK) - nm(ZK)

is an isomorphism for every integer m with 0 < m < nX and an epimorphism
for m = nK. A G-pair (Y, B) is said to be G-n* -connected if the inclusion of
B into Y is a G-n*-equivalence. The notions of homology G-n*-equivalence
and of homology G-n*-connectedness for pairs are defined similarly, but with
homotopy groups replaced by homology groups.

(iv) Let V be a G-representation. For each subgroup K of G, let V(K)
be the orthogonal complement of VX ; then V(K) is a K-representation. The
G-space Y is G-V -connected if n’,f(K) +m(Y) is zero for each subgroup K of
G and each integer m with 0 < m < |VK|. Similarly, the G-space Y is
homologically G-V -connected if Hg( Kx)+m(Y) is zero for each subgroup K of

G and each integer m with 0 < m < |VX].
(v) Let V be a G-representation. A G-0*-equivalence f:Y — Z is said to
be a G-V-equivalence if, for every subgroup K of G, the map

St gy em(Y) = T k) om(Z)

is an isomorphism for every integer m with 0 < m < |VX| and an epimorphism
for m = |VK|. A homology G-V-equivalence is defined similarly. A G-pair
(Y, B) is G-V-connected (or homologically G-V -connected) if the inclusion
of B into Y is a G-V-equivalence (or a homology G-V -equivalence).

(vi) Let B be a G-subspace of Y and let K be a subgroup of G. If the
inclusion of B into Y is a K-0*-equivalence but not a weak K-equivalence,
then the K-connectivity ¢c®(Y, B) of the pair (Y, B) is the largest integer n
such that, for every subgroup J of K,

(fj)*: nm(BJ) - nm(YJ)

is an isomorphism for every integer m with 0 < m < n and an epimorphism
for m = n. If the inclusion of B in Y isa weak K-equivalence, then cX(Y, B)
is oco. If the inclusion of B in Y is not a K-O*-equivalence, then ¢X(Y, B)
is —1. The K-connectivity ¢KY of a based G-space Y is cX(Y, ), where *
is the basepoint of Y . Note that if Fi is the homotopy fiber of the inclusion
i:B— Y, then cX(Y, B) is 1 + cXFi. The dimension functions with values
cK(Y, B) and ¢XY at K are denoted ¢*(Y, B) and ¢*Y.

The prefix “G-" is deleted from all of our notations for connectivity and
equivalence whenever the omission should not lead to confusion.

Waner’s result, which we extend to compact Lie groups, equates } -connecti-
vity and |V*|-connectivity. This equation suggests the possibility of using a
multitude of representations to obtain bounds for ¢*Y . Any one representation
might provide a good estimate of ¢XY for only a few subgroups K, but a
collection of representations might together provide a complete picture of c*Y .
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Lemma 1.2. Let Y and Z be G-spaces, (Y, B) bea G-pair, f:Y - Z bea
G-map, and V be a G-representation. Then the following assertions are true:

(i) The space Y is V-connected if and only if it is |V*|-connected.
(ii) The G-pair (Y, B) is V-connected if and only if it is |V*|-connected.
(iii) The map f is a V-equivalence if and only if it is a |V *|-equivalence.

Hereafter, we make constant implicit use of this lemma by employing the
notions of V- and |V*|-connectivity interchangeably.

Our first form of the unstable equivariant Hurewicz Isomorphism Theorem
relates the unmodified equivariant homotopy groups of a G-space Y to the
equivariant homology of Y . The proof of this theorem, given in §3, can easily
be extended to give the obvious relative version of the theorem.

Theorem 1.3. Let Y be a simply G-connected based G-CW complex and V be
a G-representation with |V¢| > 2.
@A) If forall J< K <G,
(@) |(V-1)K| < XY and
) 1+ |VE| <Y,
then the Hurewicz map h: n¢(Y) — HZ(Y) is an isomorphism. Moreover, if all
the inequalities in (a) are strict, then both groups are zero.
(i) If, forall J < K < G,
(@) |(V —-2)X| < XY and
(b) V¥ <Y,
then the Hurewicz map h: n¥(Y) — HG(Y) is an epimorphism.

Condition (a) in each part of this theorem is exactly the condition that one
would expect from the nonequivariant Hurewicz theorem. However, condition
(b) in both parts is extremely restrictive. It is necessary because the group
H,? (Y) is stable with respect to suspension by every G-representation W ;
whereas condition (a) can, at best, only ensure that the group n%(Y) is sta-
ble with respect to suspension by the representation ¥ . To eliminate condition
(b), we must give up the epimorphism half of the theorem. Moreover, for the
first half of the theorem, we must accept a comparison of a modification of the
equivariant homotopy groups with the equivariant homology groups. In order
to describe the required modifications to the homotopy groups, we must first
describe the full structure of the equivariant homotopy and homology groups
of Y . These groups are actually contravariant functors from certain categories
whose objects are the orbits G/K for the group G.

Definition 1.4. (i) The orbit category @ has as objects the orbits G/K . The
set of morphisms in &; from G/K to G/J is the set of G-homotopy classes
of G-maps from G/K to G/J.

(ii) Let V be a finite- or countably infinite-dimensional G-representation.
The V-Burnside category %s(V) has as its objects the orbits G/K. If V
is finite dimensional, then the set of morphisms from G/K to G/J is
[ZYG/K*,ZYG/J*)g. If V is infinite dimensional, then the set of morphisms
is the colimit of the sets [E¥ G/K*, ¥ G/J*]s , where W runs over the finite-
dimensional G-invariant subspaces of V. If |G| > 2, then the morphism
sets of %;(V) are abelian groups. Recall from [15, p. 11] that a G -universe
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is a countably infinite-dimensional G-representation which contains the triv-
ial G-representation and which contains infinitely many copies of each of its
finite-dimensional subrepresentations. Also recall that a complete G-universe
is just a G-universe that contains infinitely many copies of every irreducible
G-representation. When V' is a G-universe, the set of morphisms in ZBg(V)
from G/K to G/J is just the set of V-stable G-maps from the V-suspension
spectrum of G/K™* to that of G/J*. We write %; for Zs(V) when V isa
complete G-universe.

(iii) Stabilization gives a functor s: @; — %Bs(V) for any G-representation
V. If W CV, then stabilization gives a functor s: Bg(W) — ZB;(V).

In §3 it will be shown that this second functor is often an isomorphism of
categories. In particular, if |V'¥| > 2, then s: Bg(V) — Bg(V + n) is an
isomorphism.

The orbit category &, for finite groups G, appears in Bredon’s work [1]
on equivariant ordinary cohomology theories. Illman introduces @; for any
compact Lie group G in his extension [9, 10] of Bredon’s work. The Burnside
category % is an elementary extension of the Burnside ring and is described
in §V.9 of [15].

Definition 1.5. (i) A coefficient system is a contravariant functor from &; to
the category Ab of abelian groups. The category of all such functors (together
with the natural transformations among these functors) is denoted % .

(ii) If V isa G-representation with |V'¥| > 2, then a V-Mackey functor is a
contravariant additive functor from the category %s(V) to Ab. The category
of all such functors is denoted .#;(V). If V is a complete G-universe, then
such functors are called Mackey functors and the category is denoted .#; . When
G is finite, this definition of a Mackey functor is equivalent to that normally
given in representation theory [5, 11, 14, 15]. If R” is the n-dimensional triv-
ial G-representation, then R”-Mackey functors are simply coefficient systems
because the morphism sets of Z;(R") are the free abelian groups generated by
the corresponding morphism sets of @; [18, 22]. Thus, coefficient systems are
a particular type of V'-Mackey functors.

(ii1) Precomposition by the functors s of Definition 1.4(iii) gives functors

T Mg(V) > g, st M(V) - Mg(W)

for any G-representation V' and any inclusion W c V of G-representations.
The first functor is the special case of the second in which W is taken to be
a copy of R? in V. Whenever s: Bs(W) — Bg(V) is an isomorphism, we
identify V- and W-Mackey functors via the induced isomorphism s*.

Examples 1.6. (i) For any G-representation V' and any based G-space Y, the
homotopy set z%(Y) may be converted into a contravariant functor from the
orbit category &; to the category Sets. of pointed sets by defining its value
on the object G/K to be

[G/K*ASY, Y] =[SV, Yk = nk(Y).

The effect of a morphism f: G/K — G/J in &g is simply that of precomposi-
tion by the suspension of f regarded as a map between G-spaces. We denote
this functor by #{(Y). If || > 2, then this functor is a V-Mackey functor.
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Unfortunately, if [V =1, af(Y) is not necessarily a functor from Z;(V)
to the category Grp of groups. The value of ug(Y) at any orbit G/K is a
group. However, some of the maps in %;(V) are not suspensions of maps and
so need not induce group homomorphisms between the values of #(Y). Note
that cCY is the largest integer n such that #(Y) vanishes forall m <n.

(i) Similarly, if V' is a G-representation that contains at least one copy of
the trivial representation and (Y, B) isa G-pair, then the set n,?(Y , B) canbe
converted into a contravariant functor #y(Y, B) into Sets,. Unfortunately,
since n¥(Y, B) is defined in terms of n$_,(Fi), its natural domain category
is B(V — 1) instead of %B(V). This would be a real inconvenience if these
two categories were not isomorphic when |V'¢| > 3. Notice that, if |VC¢| =2
and #n{_,(B) is zero, then n%(Y, B) is a V-Mackey functor because it is the
cokernel of the natural transformation #{(B) — #$(Y) between V-Mackey
functors.

(iii) The equivariant ordinary homology groups with Burnside ring coeffi-
cients of a G-space Y or a G-pair (Y, B) may be converted into Mackey
functors by assigning to the orbit G/K the homology of the space Y (or the
pair (Y, B)) with respect to the subgroup K. We denote these functors by
HY(Y) and HS(Y, B).

(iv) Recall that Mackey functors are U-Mackey functors for a complete G-
universe U . Such a universe contains any G-representation ¥ . Thus, choosing
acopy of V in U gives a functor s* from the category of Mackey functors
to the category of V'-Mackey functors. Via s*, HE(Y) and H$(Y, B) may
be regarded as V-Mackey functors. Then the absolute and relative Hurewicz
maps are the natural transformations

h:®3(Y) - s*HE(Y) and h:al(Y, B) - s*HS(Y, B).

The functor s* has a left adjoint s. which converts V-Mackey functors into
Mackey functors (see Lemma 4.5). There are adjoint Hurewicz maps

h:saaf(Y) - HE(Y) and h:s.al(Y, B) - HS(Y, B).

The second form of the unstable Hurewicz Isomorphism Theorem gives con-
ditions under which these adjoint Hurewicz maps are isomorphisms.

Theorem 1.7. Let Y be a based G-CW complex andlet V be a G-representation
such that VG| > 2. Then the following two conditions are equivalent:

(a) Y is (V — 1)-connected.

(b) Y issimply G-connected and homologically (V — 1)-connected.
Moreover, either of these conditions implies that the map

h: s.a$(Y) - HG(Y)

is an isomorphism for any G-representation W with 2* < |W*| < |V*|. If W
is any G-representation with |W*| < |V*|, then either of the conditions above
implies that both ®§,(Y) and HS,(Y) are zero.

Theorem 1.8. Let (Y, B) be a based G-CW pair with both Y and B simply
G-connected and let V be a G-representation such that V| > 2. Then the
Jollowing two conditions are equivalent:

(a) (Y, B) is (V — 1)-connected.
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(b) (Y, B) is homologically (V — 1)-connected.

Moreover, either of these conditions implies that, for any G-representation W
with 2* < |W*| < |V*|, a§(Y, B) is a W-Mackey functor (instead of just a
(W — 1)-Mackey functor) and the map

h:s.x$ (Y, B) > H$(Y, B)

is an isomorphism, where s, is the functor associated to an inclusion of W into
a complete G-universe. If |W*| < |V*| and (Y, B) is (V — 1)-connected, then
both =§,(Y, B) and HS,(Y, B) are zero.

The nonequivariant Hurewicz theorem is often used to argue that, because
the homology groups of a space vanish in a certain range, the homotopy groups
must also vanish in that range. The presence of s,.#§,(Y) instead of #{,(Y)
in Theorem 1.7 might seem to preclude similar arguments in the equivariant
context, since the obvious conclusion would be only that s.z$,(Y) vanishes
when H,(Y) does. The following result, equating the vanishing of s,z (Y)
and zn§,(Y), eliminates this difficulty.

Proposition 1.9. Let W C V be G-representations with |WS%| > 2, N be a
W -Mackey functor, and s.: MG(W) — Ms(V) be the functor associated to the
inclusion of W in V. If K is a subgroup of G such that N(G/J) = 0 for
every proper subgroup J of K, then

(5«N)(G/K) = N(G/K).
In particular, (s.N)(G/{e}) = N(G/{e}). Also, if suN =0, then N =0.

The following homological criterion for contractibility is an obvious conse-
quence of our absolute Hurewicz theorem.

Proposition 1.10. Let Y be a simply G-connected G-CW complex. If there is a
G-representation V such that HE_, (Y) = 0 for every subgroup K of G and

every integer m, then Y is G-contractible.

There is, of course, an equivariant Whitehead theorem corresponding to our
equivariant Hurewicz theorems.

Theorem 1.11. Let Y and Z be G-connected G-CW complexes, f:Y — Z
be a G-map, and V and W be G-representations with |W*| < |V*|. If
f is a V-equivalence, then f is also a W-equivalence and a homology W-
equivalence. Moreover, if Y and Z are simply G-connected and f is a homol-
ogy V-equivalence, then f is a V-equivalence.

The two real disappointments in our results are the lack of any analog of
Whitehead’s epimorphism result [23] in Theorems 1.7 and 1.8 and the lack of
any results for representations ¥ with |F¢| < 1. We conclude this section
with a counterexample and some remarks related to these disappointments.

Example 1.12. Let p be a prime and n > 3. Let G =Z/p, V be a nontrivial
irreducible complex representation of G, and Y be X"SV*. An equivariant
analog of Whitehead’s result would require that the map

h: s, (Y) — HS, ()
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be an epimorphism. Since G acts freely off the basepoint of Y, it is easy to
check that, for ¢ = 0 or 1, the value of the coefficient system #¢,,(Y) at the
orbit G/K is given by

0, ifK =6,
ng, . (Y)(G/K) = { , if K={e}ande=0,
Ze®Z/2, ifK={e}ande=1.

For ¢ = 0 or 1, the Mackey functor HS,,(Y) can be computed using the cofiber
sequence
Gt - SVt - IGt - IGT,
in which the first map is the inclusion of an orbit and the third map is the
difference of the identity map and the G-map sending ¢ € G to some generator
7 € G [12, 13]. For either value of ¢, the value of HY ,(Y) at both the
orbit G/e and the orbit G/G is Z. If ¢ = 0, then the transfer map from
,, +£(Y)(G/e) to HS . (Y)(G/G) is the identity and the restriction map from
HS, ,(Y)(G/G) to HS,,(Y)(G/e) is multiplication by p. On the other hand,
if & = 1, the transfer map is multiplication by p and the restriction map is the
identity. Note that ¢ .1(Y) may be regarded as the direct sum of the coefficient
system #¢(Y) and a 2-torsion coefficient system. Since the Hurewicz theorem
says that s,aJ(Y) is isomorphic to the Mackey functor HS(Y), s.xl,  (Y)
must be isomorphic to the direct sum of the Mackey functor HY(Y) and a
2-torsion Mackey functor. It follows by an easy computation that there is no
epimorphic natural transformation from s,z¢,,(Y) to HY (Y). Thus, there
can be no analog of Whitehead’s result for Theorem 1.7.

Remarks 1.13. The nonequivariant analog of the Hurewicz Isomorphism The-
orem for a representation ¥ with || = 0 is, of course, the assertion that
Hy(X) is the free abelian group generated by the set of path components of X .
The analog for |V'¢| = 1 is the assertion that, for a path connected space X,
the map
h: mi(X) — Hi(X)

is just the projection of a group onto its abelianization. The proofs of these two
results are rather different from the proof of the Hurewicz theorem for higher
dimensions; they depend very heavily on the geometric simplicity of 0- and
1-simplices. A G-representation V' with |9 <1 certainly need not share in
this simplicity. Thus, it seems that the proof of an unstable Hurewicz theorem
applicable to a general representation V' of this form may be quite difficult. On
the other hand, we may regard #§(Y) and #{(Y) as functors from & to the
categories Sets. of pointed sets and Grp of groups, respectively. There are
then suspension natural transformations

oo: n§(Y) — ryn§ (Z*Y), o: al(Y) = rinf(ZY),

where r; and r} are the obvious forgetful functors. The behavior of these two
natural transformation, which describe the effect of suspension on the homotopy
sets of the various fixed point subspaces of Y, is quite obvious. At each orbit
G/H, oy simply injects a pointed set into the free abelian group it generates
(the basepoint of the pointed set is sent to the zero of the group). Similarly, if
Y is G-connected, then, at each orbit, g; is just the projection of a group onto
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its abelianization. Theorem 1.7 applies to #$(2?Y) and, if Y is G-connected,
to #$(XY). From this, we obtain Hurewicz isomorphisms

h:s.r"§(Y) - HS(Y)
and, if Y is G-connected,
h: s*riu,G(Y) — H,G(Y).

Here, s, is the functor arising from an inclusion of R? into a complete G-
universe, and r0 and r! are the left adjoints of r} and r}.

2. THE STABLE HUREWICZ ISOMORPHISM

Our unstable equivariant Hurewicz isomorphism theorems are derived from a
stable equivariant Hurewicz isomorphism theorem and an equivariant Freuden-
thal Suspension Theorem. Recall that RO(G)-graded equivariant ordinary co-
homology with Mackey functor coefficients was defined in [14] by constructing a
representing Eilenberg-Mac Lane G-spectrum. This spectrum must be indexed
on a complete G-universe U . Thus, throughout this section, we assume that
all spectra are indexed on this complete G-universe. Roughly speaking, this is
just the assumption that our G-spectra are indexed on all G-representations. If
Burnside ring coefficients are used in our ordinary theory, then the represent-
ing G-spectrum HA is a commutative ring spectrum, whose unit S° — HA
induces the stable Hurewicz map

h: n%(D) — HY(D).

The equivariant stable Hurewicz isomorphism theorem specifies the dimensions
in which this map is an isomorphism between the equivariant stable homotopy
and homology of a (—1)-connected G-spectrum.

Theorem 2.1. Let D bea G-CW spectrum such that nX (D) = 0 for all subgroups
K of G and all n < 0. Let o be an element of RO(G). Then the following
assertions are true.
() If |oX| < 0 for all subgroups K of G, then nS(D) and HZ(D) are
both zero.
(ii) If |oX| < O for all subgroups K of G, then the stable Hurewicz map
h: n8(D) — HS(D) is an isomorphism.
(iii) If |oX| < 1 for all subgroups K of G, then the stable Hurewicz map h
is an epimorphism.

Remarks 2.2. The epimorphism portion of this theorem has a curious implica-
tion for the equivariant stable homotopy groups of spheres. Let G be a finite
group, 7 be a nontrivial complex one-dimensional representation of G, and B
be a virtual representation of G such that |fX| =0 for every subgroup K of
G . The Hurewicz map

7, (Z°S°) — HE,,_,(S°)
is onto by Theorem 2.1(iii). Thus, any nonvanishing result for HﬂG+,7_l(S°)

implies the existence of nonzero elements in ng =1 (£°S%) . The methods used
in [13] to compute H(S°) for G =Z/p can be applied to the computation of
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HgM_I(SO) for any finite group G. Let J be the kernel of 7. Then there is

an exact sequence

Hf(S%) L hg, HG(S?) - HS,, (5% -0,
where hg,;HG(S?), Dress’s zero-dimensional cohomology of Hg(So) with re-
spect to G/J [5, 11], is the equalizer of the pair of transfers

HS(G/J*) = HY(G/J* A G/J*).
T2
The map y is the unique map arising from the fact that the transfer
7 H§(S®) - HY(G/J*)
equalizes 7; and 7,. Since |fX| =0 forall K < G, Hg(SO) and ng(Z“So)
are isomorphic by Theorem 2.1(ii). The description of ug(}:°°S°) given in [4]

may be used to compute Hg +,]_I(So). If J is not the trivial subgroup {e},

then Hg +"_1(S°) is nonzero under fairly general conditions. In particular, if
G is abelian, then H¢ (S9) is the cokernel of the map

B+n—1

T HJ(S%) — H§(G/JY).
For example, if G = Z/p? and J = Z/p, then Hf,, _ (S°) is Z/p . Thus, there
are nonzero elements in the equivariant stable homotopy groups of spheres in
this generalized dimension one. More surprising, these elements are detected
by homology. The epimorphism result (Theorem 1.3(ii)) in our first unstable
Hurewicz theorem gives some indication of when these elements in the equivari-
ant stable stems actually appear in the unstable equivariant homotopy groups
of spheres.

In Theorem 2.6 of [13], it was shown that, if G =Z/p and Y is a generalized
G-CW complex constructed from the unit disks of complex G-representations
satisfying certain dimensional restrictions, then the equivariant ordinary coho-
mology of Y is free as an RO(G)-graded algebra over HY(S°) . The proof turns
on the failure of equivariant ordinary cohomology to detect the attaching maps
of the cells of Y. The fact that, for G = Z/p?, the Hurewicz map is nonzero
in dimensions of the form f+7—1 indicates that this freeness result from [13]
cannot be generalized beyond the groups Z/p. Preliminary calculations even
suggest that the attaching maps of the cells of certain complex projective spaces
with linear Z/p? actions are detected by homology groups in dimensions of the
form B+ n — 1. Thus, Proposition 3.1 of [13], which asserts the freeness of
the cohomology of complex projective spaces with linear Z/p actions, may not
generalize to groups other than Z/p .

The remainder of this section is devoted to the proof of Theorem 2.1. The
two technical results below establish the behavior of the Hurewicz map in im-
portant special cases. If G is finite, then the first result is a trivial consequence
of the dimension axiom and the generalization of Wirthmiiller’s isomorphism
given in Corollary I1.6.5 of [15]. More effort is required when G is not finite.

Lemma 2.3. Let K and L be subgroups of G and let n be a positive integer.
Then the following assertions are true:

(i) [Z*°G/K*, Z"E°G/L* ] =0.
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(il) [E°G/KT, Z"E°G/Lt* NAHAlg =0.
(iil) The map

[Z°G/K*, Z°G/L*]g — [E°G/K*, Z°G/L* A HA)g,
induced by the unit e: S — HA, is an isomorphism.

Proof. Part (i) is a special case of Proposition 3.2. For the rest, recall that
the spectrum HA was obtained in [14] as the spectrum representing zero-
dimensional equivariant ordinary cohomology with Burnside ring coefficients.
The dimension axiom implies that HA is G-(—1)-connected. Thus, HA may
be assumed to be a G-CW spectrum whose bottom cells are in dimension zero
by Proposition 1.7.14 of [15]. Since H2(S°) is the Burnside ring, which is the
stable zero stem, the zero skeleton of HA may be taken to be S°. With this
choice, no 1-cells are required to form HA and the unit S — HA is the inclu-
sion of the 1-skeleton into H A . Parts (ii) and (iii) follow from this observation
and part (i) by an induction argument over the skeleton of HA.

Proposition 2.4. Let X and Y be based G-CW complexes such that X is finite
dimensional. Let € be 0, 1, or 2 and assume that, for each subgroup K of G,
the dimension of each G/K-cell of X is less than or equal to cXY +¢. Then
the following assertions are true:
(i) If e =0, then [Z°X, X°Y]g and [E°X , X°Y AN HA]g are both zero.
(ii) If e =1, then the map

hi[E°X, I%Y]g — [E°X, Z°Y A HAlg,

induced by the unit of HA, is an isomorphism.
(iii) If € = 2, then the map h is an epimorphism.

Proof. Part (i) follows from an induction argument on the skeleton of X . For
part (ii), observe that 4 induces a map of the long exact sequences obtained by
applying the functors [?, £*Y]s and [?, Z*°Y A HA]g to the cofiber sequence

)& —»X"+1 —»XnH/X",

where X" is the n-skeleton of X . An induction argument on the skeleton of
X reduces the proof to the case X = G/K+* AS", with n < ¢cKY + 1. The
isomorphism
[Z°G/KT AS", Z°Y A HA)g = [E°S", Z°Y A HAlk

and the corresponding isomorphism with HA replaced by S further reduce
the proof to the case K = G. We may assume that the space Y isa G-CW
complex whose cells are all of dimension greater than or equal to %Y +1.
Arguing inductively over the skeleton of Y, we obtain part (ii) from Lemma
2.3. For part (iii), we proceed exactly as in part (ii) to reduce the proof to the
case X =S" and Y = X"~'G/J*. In the event that J = G or G = {e}, h
is trivially an epimorphism because, by the cohomology dimension axiom, its
range vanishes. Otherwise, Wirthmiiller’s isomorphism [15] identifies

h: [Z°8", 205G/ I g — [E°S", T2 G/J* A HAlg
with the map
h: [ZOOS" , zoosT+n—l]J N [zoosn , ZoosT+n—1 A HA]] ,
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where T is the J-representation given by the tangent space of G/J at the
identity coset eJ . This reduces the proof of part (iii) to an instance of part
(iii) for a proper subgroup of G . Since we have observed that part (iii) holds
for G = {e}, an inductive argument using the descending chain condition for
subgroups completes the proof.

The equivariant stable Hurewicz isomorphism theorem follows easily from
this proposition.

Proof of Theorem 2.1. Since D is G-(—1)-connected, we may assume that it is
a G-CW spectrum whose lowest-dimensional cells are in dimension zero (see
Proposition 1.7.14 of [15]). Arguing inductively over the skeleton of D, we can
reduce to the case D = Z°G/K* AS", where n > 0. If « is represented by
the formal difference ¥V — W of G-representations V' and W, then this case
follows from the proposition above with X =S¥ and Y = G/K+* A S¥*",

3. THE STABILIZATION OF HOMOTOPY GROUPS

Here we discuss the passage from unstable to stable equivariant homotopy
groups. Out of this discussion, we obtain the promised generalization of Lemma
2.3(i), two observations about the functors s of Definition 1.4(iii), the proof
of the first version of our unstable Hurewicz theorem (Theorem 1.3), and the
intuition behind the proof of the second form of our unstable Hurewicz theo-
rem.

If X and Y are based G-spaces and W is a G-representation, then suspen-
sion by W induces a map

o:[X,Ylg—-[Z"X,2"Y);.

Moreover, for any G-universe U, there is an “infinite” suspension, or stabiliza-
tion, map '

o:[X,Y]g— [E°X, Z°Y].
The following definition of the unstable Hurewicz maps explains a part of our
interest in these suspension maps.

Definition 3.1. (i) Let Y be a based G-space and V' be a G-representation.
The absolute unstable Hurewicz map is the composite
h:af(Y) =[S, Y]g -5 [E°SY, 2°Y]g = n§(EZ°Y) 2 HE(Y).

Here, n$(Z*Y) is to be computed with respect to a complete G-universe
U and the last map is just the stable Hurewicz map induced by the unit
e: S® —» HA of the Eilenberg-Mac Lane spectrum HA. Due to its natural-
ity, the unstable Hurewicz map may be regarded as a natural transformation

h: &(Y) — s"H(Y),

where s* is the functor induced by an inclusion of V into U.

(i) Let (Y, B) be a G-pair and V' be a G-representation with |V'G| > 1.
Let Fi and Ci be the homotopy fiber and cofiber of the inclusion i: B — Y.
The relative unstable Hurewicz map is the composite

h: m§(Y, V) =nl_ (Fi) % HF_,(Fi)
~ HE(ZFi) — HZ(Ci) = HS(Y, B).



448 L. G. LEWIS, JR.

Here, the first map is the absolute unstable Hurewicz map and the last map is
induced by the canonical comparison map between XFi and Ci. The rela-
tive Hurewicz map may, of course, be regarded as the natural transformation
between the (V — 1)-Mackey functors #&(Y, B) and s*H%(Y, B), where the
functor s* comes from an inclusion of V' — 1 into U.

Obviously, to prove our unstable Hurewicz theorems, we must study the
stabilization map o¢. Recall from [15, p. 11] that an indexing sequence for a
G-universe U is a sequence {A,}m>0 of G-subspaces of U with 4y = 0,
Am C Ams1, and U the union of the 4,,. If X and Y are based G-CW
complexes and X is finite, then

[E°X, E°Y]s = colim[Z*" X , T4 ¥]s,

where the colimit is taken over the maps induced by suspension by the orthog-
onal complement of A4,, in A, (see Lemma 1.4.8 of [15]). The stabilization
map o is the inclusion of the first term in the colimit system. To show that
the map ¢ is an isomorphism or an epimorphism, it suffices to show that the
stabilization map

[Z4m X, Z4nY]g — [T X, T Y ]G

is an isomorphism or epimorphism for m > 0. Also, to show that the group
[E*°X, Z*Y]s vanishes, it suffices to show that the groups [Z4nX, ZnY]s
vanish for all large m .

This observation about [E*X, £°Y]s suffices for the proof of the general-
ization of Lemma 2.3(i) promised in §2.

Proposition 3.2. Let K and L be subgroups of G, and let U be any G-universe.
If n> 0, then the group [X°G/K*, X"E°G /L] is zero.

Proof. This group is the colimit of the sets
[Z4"G/K*, Z"EAG/L*]g = [S4m, Z"EAmG /LY ]k .

The K-space S4= hasa K-CW structure in which, for each subgroup J of K,
the K/J cells of S4~ all have dimension no more than ¢/(Z"X4=G/L*). It
follows by an induction on the K-skeleton of S4~ that [S4~, X"Z4=G/L*]k
is trivial.

The key to the more difficult process of describing when the stabilization
map ¢ is an isomorphism or an epimorphism is an equivariant version of
the Freudenthal Suspension Theorem. This theorem also provides insight into
the behavior of the functors s of Definition 1.4(iii). We employ Namboodiri’s
version [19] of the equivariant suspension theorem, which we restate here in our
notation. Recall that, for a G-space X, the set Iso(X) is the set of subgroups
of G which are isotropy subgroups of points in X .

Theorem 3.3 (Namboodiri). Let W be a G-representation and Y be a based
G-CW complex such that cXY > 1 whenever |WX| > 0. Then the suspension
map
o:[X,Ylg—[E¥X,Z"Y]s
is an isomorphism if, forall J < K < G,
(a) dim XX < 2¢KY when K € Iso(X) and
(b) 1+dim XX <c’Y when K € Iso(X) and |W’| > |WK|.
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Moreover, o is an epimorphism if, forall J <K <G,

(a) dim XX <1+ 2cXY when K € Iso(X) and
(b) dim XX < ¢’Y when K €Iso(X) and |W/| > |WK|.

Condition (b) in both of these assertions corrects an obvious misprint in
Theorem 2.3 of [19]. These conditions (b) are vacuously satisfied if the repre-
sentation W is a trivial G-representation. This observation suffices to establish
the claim in Definition 1.4(iii) that the functor s: %;(V) — %s(V +n) is usu-
ally an isomorphism.

Lemma 3.4. If V is a G-representation with |V°| > 2, then the functor
s: Bg(V)— Bs(V + n)
is an isomorphism of categories.

When W is not a trivial representation, the (b) conditions in Namboodiri’s
theorem are rather strong. The need to satisfy them accounts for the very strin-
gent and unsatisfactory conditions (b) in our first unstable Hurewicz theorem
(Theorem 1.3).

Proof of Theorem 1.3. Note that the hypotheses of this theorem are stable in the
sense that, if they are satisfied by V' and Y, then they are satisfied by V + W
and XY for any G-representation W . The isotropy subgroup restrictions
present in conditions (a) and (b) of Namboodiri’s theorem have been omitted
in the hypotheses of Theorem 1.3 to ensure this stability. Thus the conditions
in part (i) of Theorem 1.3 imply that the stabilization map

o: 1%(Y) - nG(Z®Y)

is an isomorphism. Here the stable group is computed with respect to a complete
G-universe. Similarly, the conditions in part (ii) imply that this stabilization
map o is an epimorphism. In both parts of Theorem 1.3, condition (a) ensures
that the hypotheses of the appropriate part of Proposition 2.4 are satisfied so
that the stable Hurewicz map

h: 2(Z®Y) — HY(Y)

is an isomorphism or epimorphism. The unstable Hurewicz map is the com-
posite of o and the stable Hurewicz map 4.

In the proof of an unstable Hurewicz theorem, the suspension theorem is
applied to the group
2 (Y) =S¥, Ylg

under the assumption that, for every subgroup K of G, [VK| < 1+ cKY.
The key to our proof of the second type of the unstable Hurewicz theorem
is the observation that, in this context, it is much easier to satisfy condition
(b) of the suspension theorem if W is a subrepresentation of nV , for some
n > 1. Thus, the proof of the second form of the isomorphism theorem is in
two steps. In the first step, which is carried out in this section and in §5, we
study the stabilization of n%(Y) with respect to V. In the second step, which
is carried out in §6, we study the stabilization with respect to all the irreducible
representations of G missing from V.
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To understand why it is easier to deal with the suspension of n¥(Y) by a
subrepresentation W of nV , notice that, if J < K < G and |W/| > |WK|,
then |V’| > |VX| and

1+ V&<V <1+cy.
This inequality fails to imply condition (b) of the isomorphism part of the
suspension theorem (applied to #%(Y)) only because of the 1 on the right-

hand side. Moreover, if all the gaps in the fixed point dimensions of V are at
least 2, then the inequality above becomes

1+VK <-14+ V<Y,
and condition (b) of the isomorphism part of the suspension theorem is auto-

matically satisfied. We formalize these observations in the following definition
and proposition.

Definition 3.5. (i) If V' is a G-representation, then let V> be the direct sum
of countably many copies of ¥ . Note that V> is a G-universe in the sense of
[15, p. 11] whenever V' contains a copy of the trivial representation.

(ii) A G-representation V is sufficiently large if |V¢| > 2 and, whenever
J <K <G and |V’| > |VX|, then |V’/| > |VK|+2. Observe that if V isa
complex G-representation that contains a trivial representation, then V is suf-
ficiently large. Also, if V' is a G-representation containing at least two copies
of each of its irreducible subrepresentations and containing a trivial represen-
tation, then ¥V is sufficiently large. In particular, if V is the sum of two copies
of a representation containing a trivial representation, then V is sufficiently
large.

Proposition 3.6. Let V' be a G-representation with |VCY| > 2 and Y be a
(V — 1)-connected, based G-CW complex. Let W be a subrepresentation of
nV, for some n > 1. Then the following assertions are true:

() If 1 +|VK| < /Y for every subgroup K of 1so(SY) and every subgroup
J of K with |V7/| > |VX|, then the maps

0: 1Y) = 2l w(E¥Y),  o:(Y) - nf(EXY)

are isomorphisms, provided that the stable homotopy group n$(Z*°Y) is com-
puted with respect to the universe V> .

(ii) If V is sufficiently large, then both of the maps o in part (i) are isomor-
phisms.

Our observations about suspending } -homotopy groups by subrepresenta-
tions of nV also suffice to prove the following result about the functors s of
Definition 1.4(iii).

Lemma 3.7. Let V be a G-representation with |V6| > 2. Then the functor
5: Be(V) — Be(V™),

is an epimorphism on morphism sets. Moreover, if V is sufficiently large, then
this functor s is an isomorphism.

4. THE CATEGORIES %;(V) AND THE FUNCTORS $* AND S,

The remainder of this article focuses on cases where the suspension map
o1 2(Y) — 1§, (EY)
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and the stabilization map

o: nS(Y) - n§(Z®Y)
are not isomorphisms, but induce isomorphisms from a modification s, (Y)
of #f(Y) to &, ,(E"Y) or af(£*Y). In this section, we give an explicit
method for computing the functors s, and sum:marize the properties of both
the functors s, and their adjoints s*. To do this, we must first give an explicit
description of the structure of the categories Z;(V).

The category % is, by definition, isomorphic to the full subcategory of the
equivariant stable category whose objects are the suspension spectra £°G/K+
of the orbits of G . Recall from [15, §V.9] that, for any two subgroups K and
H of G, the set of morphisms in %; from G/K to G/H is the free abelian
group whose generators correspond, under the isomorphism, to composites of
the form

I°G/K* S 320G/t Z2, soG/H,

where J < K, 7 is the transfer associated to the equivariant bundle projection
q: G/J - G/K, and p is a space-level G-map from G/J to G/H. When
G is not finite, we must impose the restriction that the index of J in its K-
normalizer NxJ is finite. If J = K, then the composite (£®°p*)7 = Z®p* is
called a restriction map; it is denoted by p.

The composite (Z*°p*)7 is equal to the composite

oG Kt < 3°G LY 24, 3G/ H*

if and only if there is a G-homeomorphism a: G/J — G/L such that p is
G-homotopic (on the space-level) to ua and the bundle projection

q:G/J - G/K

is equal (on the space-level) to the composite of the bundle projection r: G/L —
G/K and the map «.

Any G-map p: G/J — G/H is, of course, determined by the image of
the identity coset eJ of G/J. If this image is the coset gH of G/H, then
g~ !Jg < H. Moreover, p isa G-homeomorphism if and only if g=!Jg = H .
Hereafter, we denote the G-map p such that p(eJ) = gH by 2.

The morphisms in the category %;(V) may be computed using results from
[3, 8]. If V is sufficiently large (in the sense of Definition 3.5(ii)), then the
results of this computation have a particularly nice description.

Proposition 4.1. Let V be a sufficiently large G-representation. Then the sta-
bilization functor s: Bg(V) — B is injective on morphism sets. The set
Bs(V)(G/K, G/H) of morphisms in Bg(V) from G/K to G/H is isomorphic
to the subgroup of B;(G/K , G/H) generated by the composites of the form

IoG/KY 530G/ Jt 2L soG HY
Jor which K/J is embeddable as a K-space in V .

In order to describe the results of this computation when V is not suffi-
ciently large, we must reiterate the definition of the transfer maps (see Remarks
IV.2.4(ii) and 1V.3.3(i) of [15]), but without invoking any of the usual stability
assumptions.



452 L. G. LEWIS, JR.

Definition 4.2. (i) Let V' be a G-representation and let J < K < G. The Weyl
group NgJ/J of J isdenoted WxJ. Let V; g be the subset of V' consisting
of those points whose K-isotropy subgroup is J, and let n}V; g denote the
set of path components of V; x. The points in V; g are in a one-to-one
correspondence with the K-equivariant embeddings of K/J in V. The group
WxJ acts on both V; ¢ and nV; g . By Theorem IV.3.1 of [2] applied to the
action of WxJ on V7/, WxJ acts transitively on nVj .
(ii) We want to associate to each x € V; g an unstable transfer map
. ZVG/KT -2V G/J*.

Let i,: K/J — V be the K-embedding of K/J in V sending eJ to x. The
tangent space L of K/J at eJ isa J-subrepresentation of V. Let N be its
orthogonal complement. There is a K-equivariant neighborhood of i, (K/J)
in V of the form K x; N. Let f: SV — K* A; SV be the K-map collapsing
out the complement of this tubular neighborhood. The unstable pretransfer
associated to x is the composite

208V Lokt Ay SV S Kt Ay SV =KJJHASY,

in which the second map is induced by the inclusion of SV into SV . The
unstable transfer associated to x is the composite

1. ZVG/K 2 G A S 285 G Ag (KJTHASYY 23V Gl
If the index of J in NgJ is not finite, then this map will be G-nullhomotopic.

The unstable transfers 7, and 7, coming from two points in V; g are G-
homotopic if and only if x and y are in the same path component of V' g .
The real significance of V' being sufficiently large is that then, for each pair
J and K, the set V; g is path connected, so there is, up to G-homotopy,
a unique unstable transfer from XV G/K* to XVG/J*. The multiplicity of
unstable transfers (indexed on 7V ) is the phenomenon which distinguishes
the morphism sets of Z;(V) for nonsufficiently large V' from those for suffi-
ciently large V. The action of NxJ on V, g provides a simple mechanism
for keeping track of these multiple transfers. Each g in NxJ induces a G-
homeomorphism g: G/J — G/J such that, for each x € V; g,

(Zy(g_l)+)rx =Tgx-
Thus, NgJ acts transitively, by composition, on the set of G-homotopy classes
of unstable transfers.
Proposition 4.3. Let V be any G-representation with |V¢| > 2. The set
[ZYG/K*, LY G/H*)g, which is the set of morphisms in Bg(V) from G/K
to G/H, is a free abelian group whose generators are equivalence classes of
composites of the form

TV G/Kt 2 3V GIt 2L SV GIH”

where p: G/J — G/H is a G-map, J has finite index in NgxJ, and tx is
the transfer associated to a point x in V; k. This composite is equal to the
composite

SVGIKt a5V G/LY 2L sV G HY
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if and only if there is a G-homeomorphism g: G|J — G|L such that the fol-
lowing hold:
(a) p is G-homotopic (on the space-level) to ug,
(b) the bundle projection q: G|/J — G/K is equal (on the space-level) to the
composite of the bundle projection r: G/L — G/K and the map g, and
(c) x and gy are in the same path component of Vy k.

Example 4.4. Let G be the group Z/2, W be the real one-dimensional sign
representation of G, and V be 3+ W . The morphism sets of Z;(V) are, of
course, described by the proposition, but they may also be obtained easily using
the cofiber sequence

Gt2SW* > DWt~80 %,

The direct computation has the advantage that it clearly displays the connec-
tion between the path components of V., ¢ and the corresponding unstable
transfers. The results of the computation are:

Be(V)(G/{e}, G/{e}) =ZoZ, Zs(V)(G/{e},G/G)=1,
Bs(V)(G/G,G/{e}) =2aZ, Bz(V)G/G,G/G)=L®L.

The suspension functor s: %;(V) — % maps each of these morphism sets
except Bs(V)(G/G, G/{e}) isomorphically to the corresponding morphism set
for % . The two unstable transfers which generate %;(V)(G/G, G/{e}) are
identified to a single stable transfer by this suspension functor. Other examples
of multiple transfers may be obtained by taking G to be a dihedral group or
O(2) and W to be the obvious 2-dimensional irreducible real G-representation.

If V and W are G-representations with W C V and |W¢| > 2, then
the categories .#;(V) and .#;(W) and the functor s*: #;(V) — AG(W)
are nicely behaved in almost every possible way. The category #g(V), be-
ing a category of additive functors into the category of abelian groups, is an
abelian category satisfying all the axioms needed for homological algebra [6,
20]. All small limits and colimits exist in .#3(V) and are computed term-
wise. A morphism (natural transformation) f: M — N in #g(V) is an
epimorphism, monomorphism, or isomorphism if and only if all of its values
f(G/H): M(G/H) — N(G/H) are such. The representable functors in .Z;(V)
are just the V'-Mackey functors & (Z¥ G/K™); these functors are projective in
MG(V). The functor s*: #;(V) — #z(W), being a forgetful functor, is the
identity on both objects and morphisms. It identifies .#;(V) with a subcategory
of Mg(W). If s: Bsg(W) — Bs(V) is an epimorphism on morphism sets, then
so is s*. In this case, .#;(V) is isomorphic to a full subcategory of #;(W).
In any case, s* preserves and reflects all limits, colimits, monomorphisms, and
epimorphisms.

The functors s, are not so nicely behaved. We begin with their formal
definition and the properties that follow trivially from it.

Lemma 4.5. Let W C V C U be G-representations with |WS| > 2 and let
s: B(W) - %e(V), ' B(V)— Bs(U)

be the associated suspension functors. Then the following assertions are true:
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(1) The functor
$*: M(V) — MG(W)
has a left adjoint
Se: MG(W) — M(V).
Being a left adjoint, s. is right exact and preserves all colimits.

(ii) The functor s. preserves representable functors in the sense that the sus-

pension map
6: 5.5 (EYG/KY) - al(ZVG/K)
is an isomorphism.

(iii) If the functor s: Bg(W) — Bs(V) is an epimorphism on morphism sets,
then, for any V-Mackey functor M, the counit ¢: s,s*M — M of the (s., s*)
adjunction is an isomorphism.

(iv) Let M € #(V) and N € M(W). Let f: N — s*M be a mor-
phism in MG(W) and let f:s.N — M be its adjoint. If the component
f(G/K): N(G/K) — (s*M)(G/K) of f at an orbit G/K is an epimorphism,
then so is the component f(G/K) of f. If s: Bs(W) — Bs(V) is an epimor-
phism on morphism sets and f is an isomorphism, then f is also an isomor-
phism.

(v) The functors (s's). and (s').s. are naturally isomorphic.

Proof. Since #g(W) and .#;(V) are functor categories and s* is given by
precomposition, the left adjoint is given by left Kan extension [17, Corollary 2,
p. 235]. As a left adjoint functor between abelian categories, s, must be right
exact and preserve all colimits. The preservation of representables follows from
an easy Yoneda lemma argument. Part (iii) follows from [17, Theorem 1, p.
88] since s* is full and faithful. For the epimorphism assertion in the fourth
part, consider the diagram
N(G/K)
S(G/K)
n(G/K )l

(s*s.N)(G/K) L5, (5 h1)(G/K)

in which # is the unit of the (s., s*) adjunction. If f(G/K) is an epimor-
phism, then so is s* f (G/K). But as a homomorphism of abelian groups,
s*f(G/K) is just f(G/K). Thus, f(G/K) is an epimorphism. For the isomor-
phism assertion in (iv), apply (iii) and the observation that f is the composite

s N L st M M,
where ¢ is the counit of the adjunction. Part (v) follows by adjunction from
the obvious equality of (s's)* and s*(s')*.
Warning 4.6. The functor s.: .ZG(W) — #z(V) is not exact unless
s: Bo(W) — %6(V)

is an isomorphism (so that s, is also an isomorphism).
Arguments about equivariant homotopy groups which employ induction over
the subgroups of G often rely heavily on the fact that the value of .&,(Y) at the
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orbit G/H is just n#,(Y), which depends only on H and not on the ambient
group G . It is very important for our inductive arguments in later sections that
the functor s.#§,(Y) have a similar property. If G is a finite group, then this
aspect of the behavior of s, can be derived formally from a dual property of
the adjoint functor s*. For arbitrary compact Lie groups, this property must
be derived from the construction of s,. Thus we state this property precisely
now, but delay its proof until after the construction of s, .

For any subgroup H of G and any G-representation V', there is a functor
ry: By(V) — Bs(V) which takes the H-orbit H/K to the G-orbit G/K and
the H-map f:XVH/J* — ZVH/K* to the composite

SV G/Jt = Gt Ay TVH]J S04 G oAy SVHIKT =3V G/KT .
The functor ry induces a functor
ry: Me(V) — My(V)

that restricts G-V-Mackey functors down to H-V-Mackey functors. As an
example of the effect of r} , notice that, for any G-space Y, ryz¥%(Y) is just
m(Y). Let

V .

5O MGW) — M(V), sl Mg(W) — My (V)

be the functors associated to the inclusion of W into V' as a G-representation.
Precisely stated, the property of the functors s, which is critical for induction
arguments is their relation to the functors r*.

Proposition4.7. Let H be a subgroup of G andlet W C V be G-representations
with |WS| > 2. Then the composite functors r},s¢ and sHry, from MG(W) to
My (V') are naturally isomorphic.

The intuition behind our construction of the functor s, associated to the
inclusion of W in V is very straightforward. The two possible differences
between the categories Bs(W) and F;(V) are that Z;(V) may contain some
transfers that are not in %g(W) and that, if W is not sufficiently large, then
there may be multiple transfers in %(W) from G/K to G/H which are
identified to a single transfer in %g(V). Let N be a W-Mackey functor.
To allow for a transfer t© from G/K to G/H which appears in %;(V), but
not in %s(W), we must provide each element of N(G/H) with an image
under 7 in (s.N)(G/K). To cope with the identification of multiple transfers
from %;(W) into a single transfer in %;(V), we must impose relations on
(«N)(G/K) identifying the images of each element of N(G/H) under the
multiple transfers.

The description of the behavior of s.N on the morphisms of %;(V) is
simplified by the fact that every map in %;(V) is the composite of a transfer
and the suspension by V' of some G-map &: G/K; — G/K;. Thus, it suffices
to describe the behavior of s.N with respect to transfers and the maps coming
from the g.

Full details of this construction are given only for the special case in which
V is sufficiently large. The modifications needed to handle the general case are
then sketched in Remarks 4.9(iii).
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Construction 4.8. Let W C V be G-representations with |[WC¢| > 2 and V
sufficiently large. Let N be a W-Mackey functor and s: Bs(W) — Bs(V) be
the suspension functor.

(i) Let K < G. Then

(8« N)(G/K) = coker(6; — 0,),

for two maps O, and O,. Let l~"(K ) be the set of subgroups J of K such that
WxJ is finite and K/J embeds as a K-space in V. Let I'(K) be a subset of
1:(K~) consisting of one representative of each K-conjugacy class of subgroups
in I'(K). Notice that K is in I'(K). Let A(K) be the set of quadruples
(g, H,Jy, Jo) with ge K, H<K,and J;, J; € ['(K) such that:

(a) H< Jy and Ji/H embeds in W as a J;-space, and

(b) gHg ' < J, and J,/(gHg™') embeds in W asa J,-space.
For each pair of subgroups H < J in G such that J/H embeds in W as a

J-space, pick a transfer 7(H, J) from G/J to G/H in %g(W). Define the
map
;: > N(G/H)— > N(G/J)/WxJ
(g,H,Ji,)EAK) JET(K)

by requiring that its restriction to the summand N(G/H) of its domain indexed
n (g, H, J1, J2) € A(K) be the map

NG/H) 2D NG ) wrd S N(GIT) Wi
JeI(K)

The restriction of the map

8;: > N(G/H)— Y N(G/J)/WxJ
(8,H,J1,12)EA(K) JeT(K)
to the summand N(G/H) of its domain indexed on (g, H, J;, J) € A(K) is
0 if WgH is not finite. Otherwise, it is the map

N(G/H) —E N(G/h)[Weh Y. N(G/T)[ Wil ,
JEI(K)

where 1 =1t(gHg ', J»).
(i1) To describe the behavior of s.N on the transfer 7 from G/K, to G/K,
in %;(V), we construct a map

o: Z N(G/ 1) /Wi Jy = > N(G/ L)Wk, Ja
Ji€T(K) J,eT(Ky)
which induces the map (s.N)(7): (s+N)(G/K;) — (s.N)(G/K;) on the coker-
nels. Let J; be an element of the indexing set I'(K;). If Wg,J; is not finite,
then the restriction of ® to the summand indexed on J; is 0. Assume Wkg,J;
is finite. Since K;/J; embeds in ¥ as a K;-space and K,/K; embeds in V'
as a Kj-space, K,/J; embeds in V' as a K,-space. Thus, a K,-conjugate J,
of J, isin I'(K;). Pick g € K, such that gJ;g~! = J,. Define ® on the
summand of its domain indexed by J; to be the composite

N(GII) /Wi, i 284 N(GI 1) Wi, o € Y. N(G/J) Wiy o
JET(K3)
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(ii1) To describe the behavior of s.N on the restriction g: G/K; — G/K;
in %;(V), we construct a map

A: ) N(G/H)/W,H— > N(G/J)/WkJ
HeI(K,) Jer(K;)

which induces the map (s.N)(£): (s.N)(G/K3) — (s+.N)(G/K;) on the coker-
nels. Let H be an element of the indexing set I'(K;) and

7: Z°G/Kf - Z*°G/H*

be the transfer in %;. The double coset formula provides a decomposition
m
TEXgT =) gt
i=1

where the 7;: Z°G/K| — Z°G/J;* are the transfers associated to certain sub-
groups J; of K, the g; are elements of G inducing G-maps

&:G/Ji— G/H,

and the n; are integers. For every i, the orbit K;/J; embeds as a K;-space
in V since K;/H embeds as a K,-space in V' and the subgroup J; is the
intersection of K; with some conjugate of H . Moreover, for each i, Wg,J; is
finite. Thus, some conjugate of J; must be in I'(K;). By adjusting the g;, we
may assume that each J; is in I'(K;). The restriction of A to the summand
of its domain indexed on H is then the composite

niN(&

N(G/H) Wi H =240 SN NGy Wi S N(GLI) W J

i=1 JeI(Ky)

Remarks 4.9. (i) Let N be a W-Mackey functor. Since s, is the left adjoint
to s*, the functor s,N is a left Kan extension. Thus, its value at an orbit G/K

is
GJJ

(s« N)(G/K) = Zs(V)(G/K, G/J)® N(G/J),

where the coend is taken over the category %s(W) [17, Theorem 1, p. 236]. To
verify that Construction 4.8 actually produces (s.N)(G/K), it suffices to show
that it produces the coend. This verification is not difficult since the morphism
sets Bs(V)(G/K, G/J) are free abelian groups.

(i1) The indexing sets for the sums giving the domain and range of the maps
©; are, unfortunately, rather large. In some cases, they may be trimmed. An
element J in the indexing set I'(K) of the construction really should be re-
garded as representing the corresponding transfer 7: G/K — G/J in Bs(V).
If this transfer factors as a composite

G/K =5 G/L 2 GJJ

with J < L, 7; in %(V), and 15 in Bg(W), then deleting the single element
J from I'(K) and the associated elements from A(K) does not affect the
cokernel of ©; — ©,. If G is finite, then all of these extraneous elements of
I'(K) and A(K) may be deleted simultaneously without affecting the cokernel.
This can significantly simplify the description of s,. If G is not finite, then
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there may be infinite increasing sequences of these extraneous subgroups. The
cokernel will be unchanged if any finite subset of such a sequence is deleted,
but it may be changed by deleting the whole sequence.

(iii) Three changes must be made to our description of (s.N)(G/K) if V
is not sufficiently large. Let J be an element of I'(K) and select a path com-
ponent P of V; g. Let WxP be the subgroup of WxJ that fixes P in the
action of WxJ on nV; g . The first change is that the J-indexed summand
N(G/J)/WkJ of the range of the ©; must be replaced by N(G/J)/WxP.

To understand the second change, think of each element (g, H, J;, J,) of
A(K) as a commuting diagram of the form

T

G/K G/Jy
G/ " G/(gHg™") — " O/H

in %Bs(V), where the transfers 73 and t4 are required to be the suspensions of
transfers in Bg(W). If V is sufficiently large and W is not sufficiently large,
then the various possible choices of the element g account for the effect on
(s«N)(G/K) of any collapsing of several transfers in %;(W) into one transfer
in %s(V). If V is not sufficiently large, then there may be several choices
in (V) for each of the transfers that appear in this diagram. The second
change in the definition of s,N is that the indexing set A(K) for the domain
of the ©; should be the set of all commuting diagrams in %;(V) of the form
above, subject to the additional condition that the transfers t; and 7, must
correspond to the path components of V), x and Vj, x selected as a part of the
first change. The third change is that the transfers 7(H, J;) and 1(gHg™!, J,)
used in defining the maps ©; and ©, on each summand of their domain should
be preimages in %;(W) of the transfers 73 and 74 appearing in the indexing
diagram for that summand.

We conclude this section with the proofs of Propositions 4.7 and 1.9.

Proof of Proposition 4.7. Let N be a G-W-Mackey functor and let K be a
subgroup of H . Observe that the construction of (s N)(G/K) depends on the
values of N on the orbits G/J associated to the subgroups J of K, the be-
havior of V' as a K-representation, and the K-conjugacy classes of subgroups
of K. Thus, the construction depends only on K and not on the ambient
group G. The abelian groups (r;s¢N)(G/K) and (sfr}, N)(G/K) are there-
fore identical. The same observation applies to the construction of (s N)(f)
for any map f: G/J — G/K in the image of the functor ry .

Proof of Proposition 1.9. Assume that N(G/J) = 0 for every proper subgroup
J of K. Then all of the summands in the domain of the maps 6, and 6,
used to define (s.N)(G/K) vanish. The only summand of the range of these
maps that need not vanish is N(G/K). Thus, the cokernel must be N(G/K).
If N # 0, then using the descending chain condition on the subgroups of G,
it is possible to pick a minimal subgroup K of G on which N is nonzero. By
the first part of the proposition,

(ss N)(G/K) = N(G/K) # 0.
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5. A LOW-DIMENSIONAL SUSPENSION THEOREM

Propositions 3.6 and 6.1 and the stable Hurewicz theorem suffice to prove a
variant of the second version of the unstable Hurewicz theorem applicable only
to representations that are sufficiently large in the sense of Definition 3.5(ii). A
more specialized suspension theorem is needed to remove this restriction. Let
V be a G-representation with |V'¢| > 2 and let Y be a based G-space. Let

sy MG(2V) = Mo(V), sl Ma(V) — Ms(2V)

be the functors associated to the inclusion of ¥ into 2V as the first summand.
The suspension map induces a natural transformation

oy af(Y) - spaS,(ZVY)
of V-Mackey functors and there is an adjoint natural transformation

ay: sl af(Y) - a5, (ZVY).
Our more specialized suspension theorem gives conditions under which &y is
an isomorphism.

Theorem 5.1. Let V be a G-representation with |VC| > 2 andlet Y be a based,
(V — 1)-connected G-CW complex. Then

oy sV a(Y) - a§,(ZVY)
is an isomorphism.

Proof. If G is the trivial group, the theorem follows from the nonequivariant
suspension theorem. Thus, we may prove the theorem by induction over the
subgroups of G .

Let W be the orthogonal complement of ¥ in V and let r = |[VO|. If
W = 0, then our theorem follows from Namboodiri’s result. Thus, we assume
that W # 0. The map &y is the composite

v sV aG(Y) = sis¥ (V) 22 sinf,, (EVY) 20 Al 2V Y),

where the maps Gy and &, are the obvious adjoint suspension maps and s?
and s, are the functors associated to the inclusions of V' into ¥V + W and
V + W into 2V, respectively. Since the map &, is an isomorphism by Nam-
boodiri’s theorem, to prove that &y is an isomorphism, it suffices to prove
that
ow: s a(Y) - af, y(EVY)

is an isomorphism. Proposition 4.7 and our inductive hypothesis, that the the-
orem holds for all proper subgroups of G, allow us to assume that

ow(G/K): s¥ af(Y)(G/K) - afl (¥ Y)(G/K)
is an isomorphism for every proper subgroup K of G.

Our assumptions on |V*| and ¢*Y imply that c*Y > 1*. However, z¥(Y)
is stable with respect to suspension by the trivial representation. Thus, we may
assume, by replacing ¥ by V' +1 and Y by XY if necessary, that ¢*Y > 2*.

We will prove that

dw: s¥aG(Y) - nd,,, (EY)
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is an isomorphism by using a second induction to prove that, for every subgroup
H in Iso(W®), the map

o sV al(G/H* NY) - al,,E¥YG/HY AY)

is an isomorphism. Taking H = G then gives that Gy = 65 is an isomorphism.
Let L be the tangent space of G/H at eH regarded as an H-representation
(L =0 if G/H is finite). The proof that &f is an isomorphism breaks into
three cases, depending on whether or not W is trivial as an H-representation,
and if W is not H-trivial, on whether or not L is zero. The first case, that W
is trivial as an H-representation, applies whenever H is a minimal subgroup in
Iso(W). Thus, in the other two cases, we may employ our second inductive
assumption, which is that &;, is an isomorphism for every proper subgroup J
of H in Iso(W).

For any subgroup H of G, the G-space G/H* AY is G-homeomorphic to
G* Ay Y, the free G-space generated by Y considered as an H-space. We may
assume (if necessary, by replacing Y by a based H-homotopy equivalent H-
space) that Y is a based H-CW complex with H-skeleton Y¢. Moreover, our
connectivity hypothesis allows us to assume that the bottom H-cells of Y are
in a dimension no lower than m = |VH|. The H-CW structure of Y induces
a G-CW structure on G* Ay Y with G-skeleton Gt Ay Y9.

Now assume that H € Iso(W>) and that W istrivial as a H-representation.
By Namboodiri’s theorem, al(G* Ay Y9) and af(G* Ay Y) are stable
with respect to the trivial representation. Thus, we may argue inductively
on the H-skeleton of Y to show that zn{(G* Ay Y) is isomorphic to
nG(G* Ay Y™'). Similarly, =y ,(Z¥G* Ay Y) is isomorphic to
nl o (EVGT Ay Y™+!). The H-m-skeleton Y™ of Y is \/,(H/K;)* AS™
for some collection K; of subgroups of H. The H-(m + 1)-skeleton Y™*! is
obtained from Y™ by attaching a collection {(H/J;)* Ae™*1}; of (m+1)-cells
along based attaching maps. Thus, there is an H-equivariant cofiber sequence

ViH/J)*AST = Y™ — ym+l,
This cofiber sequence induces the diagram

sWag (vj(G/Jj)+ A S’") — a8, (v I (G/J;)* A Sm)

l l

SWRG(GH Ay Y™ —— &l ,(EYGT Ay Y™

l !

SfVﬂ(J(G'*' AH Ym+1) _ ﬂg+W(ZWG+ Ay Ym+1)

l !

st ay (V (G/Jj)* A Sm+') —— aS., (VjZW(G/J,-)“ A Sm+l)

0 0
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in which all the horizontal arrows are suspension maps. The morphism sets
at the bottom of each column vanish by a simple connectivity argument since
m = |VH| = |V|. By Namboodiri’s theorem, all of the morphism sets in the
diagram are stable with respect to suspension by the trivial representation. Thus,
the right column is exact, and the left column would be exact if the s were
omitted. Since the functor s” , being a left adjoint, is right exact, the left
column is exact. It follows by a diagram chase that 6§ will be an isomorphism
if

Giy: sV aG(G)JH AS™) — 1:,,+W():WG/J+ AS™)
is an isomorphism for every subgroup J of H. The space G/J* A S™ may

be replaced by G/J* A SV since the triviality of W as an H-representation
provides G-homeomorphisms

G/JtAS" =G Ay S"2GY Ay SV 2GITHASY.
By Lemma 4.5(ii), the map
iy sV al(G/H* ASY) - ol (EV G/t ASY)

is an isomorphism.
Now assume that W is not a trivial H-representation. In this situation, it
is necessary to consider the maps

Gupp: STV AY(GIHY NY) > ] (2" G/H A Y)

describing suspension by n copies of W, for n > 1. By Proposition 3.6(ii),
the functors

Se: MgV + W) — Ms(V +nW)

are isomorphisms. Also, by this result, z{ +W():.WG/H‘r A Y) is stable with
respect to suspension by W . Thus, if there is an n > 2 for which 6%, is an
isomorphism, then a{,i must also be an isomorphism.

Since G/H* AY is at least as connected as Y, our inductive assumption

gives that the map
68 (G/K): st” &l (G/H* AY)(G/K) — aG,,w (" G/H* AY)(G/K)

is an isomorphism for every n > 1 and every proper subgroup K of G. Thus, it
suffices to show that there is an n > 2 for which 6%,(G/G) is an isomorphism.

Let Z be the orthogonal complement of WH in W . From the cofiber
sequence

SZ* - DZ*~8°— S%Z - 387+,
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we obtain the diagram

sWal (Gt Ay ZZY) 2 @l (G Ay Z7Y)

l l

SV RG(G* Ay (SZHAY)) —Ps G, W (E G Ay (SZFAY))

l l

s rG(G* Ay Y) i, G, w(EY G Ay Y)
ST RG(G Ay Z2Y)  —2 Al (Z" Gt Ay ZZY)

l l

S aG(G* Ay (ESZHAY)) —— w8, (EW G Ay (ESZFAY))

0 0

in which all the horizontal arrows are suspension maps. The bottom morphism
set in each column vanishes by a simple connectivity argument. All the mor-
phism sets in this diagram are stable with respect to suspension by the trivial
representation. Our arrangement that ¢*Y > 2* was made to ensure this stabil-
ity for the top row of this dlagram The exactness of the right column follows
immediately. The left column is exact at and below s"WnG(G‘r Ag Y) by sta-
bility and the right exactness of s”? . In order to show that the map 6B, (G/G)
is an isomorphism, we must first show that the maps ﬂ,, and §, are isomor-
phisms.

An induction argument on the skeleton of the H-CW complex SZ indi-
cates that the equivariant 1-skeleton of SZ determines #$(G* Ay (SZ*AY))
and n¥,,, (Z"WG* Ay (SZ* AY)). Therefore, B, is an isomorphism if the
suspension map

Glw: ST a(G Ag (HITYAY)) = &l w(E" G A (H]JT NY)

is an isomorphism for every subgroup J of H which is an H-isotropy sub-
group of SZ . All of these subgroups J are proper subgroups of H. Since
G* Ay (H/J* AY) is G-homeomorphic to G/J* AY, this map 4, will
be an isomorphism by our second induction hypothesis if we can show that
J € Iso(W™). Let x be a point in SZ with H-isotropy subgroup J. Let K
be the G-isotropy subgroup of x regarded as a point of W via the inclusions
SZcZcW. Then J =KnH. Since H € Iso(W®), there is a positive
integer j and a point y in W/ such that H is the G-isotropy subgroup of
y. The G-1sotropy subgroup of the point (x,y) of W x W/ = Witl is J.
Therefore, B, is an isomorphism.

The argument showing that 0, is an isomorphism parallels that used to show
that ¢f/ is an isomorphism when W is a trivial H -representation. Filter
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G* Ay Z?Y using the H-skeleton of Y and argue that #$(G+ Ay Z2Y) is
isomorphic to #%(G* Ay ZZY™+!). Using the H-equivariant cofiber sequence

V(HJ)* AS™ = Ym - ymet
argue that 8, is an isomorphism if
Gy S RG(GY Ay SZ(H/J* A S™)
o 2l (B G Ay SZ(H/J* AS™))

is an isomorphism for every subgroup J of H. The spaces SZ+™ and SV are
H-homeomorphic. Thus, there are G-homeomorphisms

Gt Ay ZE(H|JYAS™) = Gt Ay §Ztm 2 Gt Ay, SY G/JtASY,
which allow us to replace G* Ay XZ(H/J* AS™) by G/J* ASY . The map
Gw: st G (GII*ASY) - nG W (EG/IT ASY)
is an isomorphism by Lemma 4.5(ii). Therefore, 3, is an isomorphism.
If &,(G/G) were an epimorphism for some 7, then a simple chase of the
diagram above would imply that 6%,,(G/G) was an isomorphism for that n R

completing the proof. Note that, by Lemma 4.5(iv), d,(G/G) is an epimor-
phism if the suspension homomorphism

an(G/G): ngﬂ(G* A ZZY)(G/G)
- "I(/;+nW+1()-:nWGJr An T# Y)(G/G)
is an epimorphism. If H = G, then W = Z and Namboodiri’s theorem gives
that a,(G/G) is an epimorphism. Therefore, we assume that H # G.

Recall that L is the tangent space of G/H at eH. We must consider two
cases depending on whether or not L¥ is zero. Assume first that L# # 0. The
orbit G/H embeds as a G-space into nW for some n > 1. Also, the groups

1 oaw (TG Ay (SZYAY)), 2w (E G Ay Y),
TG oo (Z G* Ay 22Y)
are all stable with respect to suspension by both W and the trivial representa-

tion. Thus, we may apply Wirthmiiller’s isomorphism [15, Corollary I1.6.5] to
these groups and obtain that, for all n > 1, there are isomorphisms

25w (E G Ay (SZ* AY))(G/G) = 2, (E GF Ay (SZ* AY))
= aw(E"ESZEAY),
5w (E" Gt Ay Y)(G/G) 2 1y (E™ G* Ayt Y)
> 1lf o (LY,
afaw (E" Gt Ay Z2Y)(G/G) = 18, (E G* Ay T2Y)
o~ nf/1+,,W(Z"W+L+Z Y).

By easy connectivity arguments, the groups on the right-hand sides of each of
these equations vanish. Since the maps f, and §, are isomorphisms in the
diagram above, the groups

s¥RG(G* Ay (SZ*AY))(G/G) and s¥al(G* Ay Z2Y)(G/G)
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also vanish. Therefore, s?#%(G* Ay Y)(G/G) vanishes, 6H,(G/G) is an
isomorphism, and we do not need to prove that a,(G/G) is an epimorphism.
Now assume that L# = 0. Let p = |W¥|. Since the groups

7l (G* Ay Z2Y)(G/G) and af, ., (Z"" Gt Ay ZXY)(G/G)

are stable with respect to suspension by the trivial representation, we can sus-
pend both p-times and use the G-homeomorphisms

PGt Ay IZY = G* Ay ZEPY = G Ay VY 2 S¥(G/HT AY)

to convert the problem of showing that a,(G/G) is an epimorphism to that of
showing that the suspension homomorphism

0a(G/G): mf, .\ (E¥ (G/H* NY))(G/G)
— S w1t EY(G/HT NY))(G/G)
is an epimorphism. By Namboodiri’s Theorem,
0n(G/H): 1., (Z (G/H* AY))(G/H)
- s’*ngMWﬂ,H(Z(”‘L”W(G/H‘r AY)NG/H)
is an epimorphism. We want to use transfer maps to exploit the fact that

0,(G/H) is an epimorphism. Select n > 2 such that G/H embeds as a G-
space in nW . Then, by Definition 4.2(ii), there is an unstable transfer map

15 SV+nW+p+1 N ZV+"W+p+1G/H+

in Bs(V + nW + p + 1). The suspension factor
s:B(V+p+1)>Bs(V+nW+p+1)

is an epimorphism on morphism sets, so we can pick a map 7, in %Bg(V +p+1)
which suspends to 1. Since 7, suspends to 7, the diagram

n(G/H
nG, 1 (Z¥ (G/H* AY))(G/H) ICLIN G i apt ETHOW (G/H A Y))(G/H)

g, (¥ (G/H* AY))(G/G) n(G/G), G e wapt ETOY (G/HY AY))(G/G)

commutes. From the diagram, it follows that g,(G/G) must be an epimorphism
if 7, is. If G were a finite group and @, . (Z"*VY(G/H* AY)) were a
stable morphism set, then Wirthmiiller’s isomorphism [15] would imply that

”g+nW+p+l (Z(n+1)W(G/H+ A Y))

was a G/H-projective Mackey functor [5, 11]. This would force 7, to be
an epimorphism. The remainder of the proof of the theorem consists of the
introduction of a trick for bypassing the problems that G may not be finite and
that the morphism sets are unstable. Since we have chosen n > 2, Namboodiri’s
theorem indicates that &, ., (Z"*D¥(G/H* AY)) is stable with respect to
suspension by W . Thus, Wirthmiiller’s isomorphism may be applied to obtain
isomorphisms

ug+nw+p+l(z(n+l)W(G/H+ A Y))(G/G) ~ [SV+nW+p+l , Z(n+l)W+LY]H
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and
A awpt ETTY(G/HY AY))(G/H)
o~ [ZV+"W+p+lG/H+ , 2(n+l)W+LY]H .
Recall from Definition 4.2(ii) that the unstable transfer 7, is the suspension of
the composite
r: 8" L G* Ay S¥ 5 G Ay S 2 3WG/H,

where the H-representation N is the orthogonal complement of L in nW .
The first map f in this composite is obtained by collapsing out a G-equivariant
tubular neighborhood of G/H in nW . The second map e is derived from the
inclusion of N into nW . Under the identifications obtained from Wirth-
miiller’s isomorphism, 7, becomes the map

(2V+p+l.t)-

[ZV+"W+"+1G/H+ , S(n+)W+L Ylu [SV+nW+p+1 , S (n+)W+L Yly.

Thus, to show that 7, is an epimorphism, it suffices to show that
(ZV+p+1f)*: [ZV+p+1G+ AH SN, Z(n+1)W+LY]H
N [SV+nW+p+l , Z(n+l)W+LY]H
and
(ZV+p+le)* . [ZV+"W+p+lG/H+ , z(n+l)W+L Y]H
- [ZV+p+lG+ AH SN , Z(n+l)W+LY]H
are epimorphisms.

To see that (ZV*+7*+!f)* is an epimorphism, recall from Construction ILS5.5
and Lemma I1.5.9 of [15] that collapsing out an equivariant neighborhood of
{e}* Ay SV in G* Ay SN gives an H-map

u: Gt Ay SN — sV
such that the composite #f is H-homotopic to the identity map. It follows

that (ZV+P+1f)* is a split epimorphism.
The map (XV+P+le)* is derived from the second map in the cofiber sequence

SLt - DL* ~ 8% - S,
Thus, to show that (X£V*+P*le)* is an epimorphism, it suffices to show that the

group
[2V+p+lG+ Ag ZNSL+ , Z(n+l)W+LY]H

is zero. The group
[ZV+p+lG+ AH ZNSL+ , z(n+l)W(G/H+ A Y)]G

is stable with respect to suspension by both W and the trivial representation.
Thus, Wirthmiiller’s result gives the first of the following two isomorphisms:

[ZV+p+1G+ Al ZNSL+ , Z(n+l)W+LY]H
o [ZV+p+lG+ Al NG+ , Z("+I)W(G/H+ A Y)]G
~ [ZV+p+1+NSL+ , 2("+I)W(G/H+ AY)]x.
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The second isomorphism holds since TV+7*+1G* Ay TVNSL* is the free G-space
generated by the H-space XV+P*1+NS[+ By an elementary connectivity argu-
ment,

[ZV+p+l+NSL+ , Z("+1)W(G/H+ A H

is zero. It follows that (£V+P*le)*, and therefore 7, and &,(G/G), are epi-
morphisms.

6. CHANGE OF UNIVERSE AND HOMOTOPY GROUPS

The passage from stable homotopy groups computed with respect to the G-
universe V> to those computed with respect to a complete G-universe U
is made using the change of universe functors of [15, §II.1]. Recall that if
i: U — U istheinclusion of a G-subuniverse, then there is a change of universe
functor i, taking spectra indexed on U’ to spectra indexed on U. Let s* be
the forgetful functor that converts U-Mackey functors to U’-Mackey functors.
Then for any G-spectrum D indexed on U’, the functor i, induces a natural
transformation of U’-Mackey functors

o:a%(D) - s*a%(i.D)

which we think of as a stabilization of the U’-stable homotopy groups of D.
The following proposition gives conditions under which the adjoint of this map
is an isomorphism.

Proposition 6.1. Let i: U' — U be the inclusion of a G-subuniverse and D be a
(=1)-connected G-CW spectrum indexed on U'. Then i.D isa (—1)-connected
G-CW spectrum indexed on U and the stabilization map

6: s.a§ (D) — n§(i.D)
is an isomorphism.

Proof. That i,D isa G-CW spectrum follows from the colimit-preserving prop-
erties of i, [15, Proposition II.1.4]. Moreover, i, takes the skeletal filtration
of D to that of i.D. We may assume that the (—1)-skeleton of D is the point
spectrum and the O-skeleton D° is a wedge of U’-suspension spectra of orbits.
The 1-skeleton of D is then described by a cofiber sequence

V,Z*G/K} — DO — D'

The 1-skeleton of i,D is described by the cofiber sequence obtained by applying
i, to this sequence. Thus, the sequences

a§(V,Z°G/K}) - a§(D°) — n§(D') — 0
and
a§(V,Z°G/K}) - af(i.D°) — nf(i.D') — 0,

in which the zeros on the right come from Proposition 3.2, display #§(D!) and
n§(i.D') as cokernels. The first two terms in each of these exact sequences
are direct sums of representable functors. Therefore, by Lemma 4.5(ii), the
stabilization maps

: s.a5(\ ,Z2G/K}) — af(V ,Z°G/K})
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and

: s.m§ (D) — mf (i D°)
are isomorphisms. Since s, preserves cokernels and & is a map of sequences,
the stabilization map

¢: s.m§(D') — &S (i.D")
is an isomorphism. The conclusion of the lemma follows because the inclusions
D' c D and i.D' C i,D induce isomorphisms on z§ .

Propositions 3.6(ii) and 6.1 and Theorems 2.1 and 5.1 combine to give a
preliminary version of the second form of the unstable isomorphism theorem.

Proposition 6.2. Let Y be a based G-CW complex and V be a G-representation
with |V >2. If Y is (V — 1)-connected, then
h: s.mG(Y) - H(Y)
is an isomorphism.
Proof. By Theorem 5.1 and Proposition 3.6(ii), the stabilization map
G1: (51).mE(Y) = mG(ZY)

is an isomorphism if the stable group is computed with respect to the universe
V> and (s1). is the functor associated to the inclusion of V' into V'*° as the
first summand. Taking D = X-VXZ*Y in Proposition 6.1, we obtain that the
map

621 (52).AE(TPY) = wY(EXY)
is an isomorphism if the group on the left is computed with respect to the G-
universe V°°, the group on the right is computed with respect to a complete G-
universe U, and the functor (s;). is that associated to an inclusion V>*° Cc U.
By Theorem 2.1, for each subgroup K of G, the map

h: i (Z>°Y) - HE(Y)
is an isomorphism if the group n¥(X*Y) is computed with respect to a com-

plete G-universe U. Thus 4, regarded as a natural transformation between
Mackey functors, is an isomorphism:

h: n(Z*°Y) - HY(Y).
Combining these isomorphisms, we obtain the unstable Hurewicz isomorphism
h: samf(Y) 2 (s2)u(51)umf(Y) = HE(Y).

Here s, is the functor derived from an inclusion of V¥ in a complete universe
U and Lemma 4.5(v) is used to identify s.z2%(Y) and (s2).(s1).®wG(Y).

7. V- AND |V*|-CONNECTIVITY

In this section, we prove our extension of Waner’s result on the relation
between V- and |V*|-connectivity. The absolute version of the second form of
the unstable Hurewicz theorem (Theorem 1.7) is then proved using this relation.

Proof of Lemma 1.2. Let K be a subgroup of G. If K = {e}, then the K-V-
and K-|V*|-conditions in all three parts of the lemma are equivalent. Thus,
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the lemma may be proved inductively using the descending chain condition on
the subgroups K of G. Our inductive assumption for each of the three parts
of the lemma will be that, for each proper subgroup J of K, the J-V- and
J-|V*|-conditions are equivalent. Let W be the orthogonal complement of VX
in V' and consider the cofiber sequence

SWH -80S L zswt - St

For part (i), let m be an integer with 0 < m < |VX|. Assume first that Y
is G-|V*|-connected. From the middle three terms of our cofiber sequence, we
obtain the exact sequence

™IS, Yk — afym(Y) = mp(Y)

of homotopy sets. The right-most term in this sequence vanishes since YX is
|V K|-connected by assumption. The left-most term in this sequence vanishes
because T"+*!SW+ isa K-CW complex whose equivariant cells have the form
K/J* Ae", where J is a proper subgroup of K and n < [W/|+m < |V/|.
Thus, 7, (Y) vanishes as required.

Now assume that Y is V-connected. The three left-most terms of our cofiber
sequence yield the exact sequence

T em(Y) = wp(Y) — [Z"SW*, Yk

of homotopy sets. The left-most term in this sequence vanishes by our as-
sumption that Y is V-connected. The right-most term vanishes because, by
induction, Y is J-|V*|-connected for every proper subgroup J of K. Thus,
nX(Y) vanishes as required.

Part (ii) is a special case of part (iii). For part (iii), let f: Y — Z be a
G-map and m be a nonnegative integer.

S (NS ETHSWE Yk —nf,  (Y) =k (V)= [E"SW*, Yik—

l 1 | el

—»7t,’fH_|(Z)—»[Z"“"SW+ s Z]K—vn’,§,+m(Z)—>nﬁ(Z)—»[Z"’SW+ , Zlk—

obtained by applying the functors [?, Y]k and [?, Z]k to our cofiber sequence.
The vertical arrows are all induced by f. By our inductive hypothesis, f is
J-|V*|-connected for every proper subgroup J of K . It follows by an induction
on the K-skeleton of SW that the map y is an injection for 0 < m < |VX|
and a surjection for 0 < m < |VX| 4+ 1. This observation and standard five
lemma arguments suffice to show that « is an isomorphism/epimorphism for
the appropriate values of m if and only if # is. Note that, since a G-V-
equivalence is required to be a G-0*-equivalence, we need not show that o being
an epimorphism for m = 0 implies that § is also. Of course, when m =1,
the usual precautions must be taken since the groups may be nonabelian. Also,
when m = 0, the action of the groups [E™+*!SW*, Y]k and [E™SW+ Z]k
on the sets 7%, (Y) and n¥,,(Z) must be used to make up for the lack of
a multiplication on =%, (Y) and n¥ (Z).

Remarks 7.1. The proof of the equivalence of the V- and |V*|-connectivity
of a G-space Y can easily be altered to show that Y is homologically V-
connected if and only if it is homologically |V*|-connected. The equivalence of
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homological V'-connectedness and homological |V'*|-connectedness for a pair
(Y, B) follows from the equivalence of the two conditions for spaces applied
to the cofiber of the inclusion of B into Y.

We can now prove the absolute version of our second type of an unstable
Hurewicz Isomorphism Theorem.

Proof of Theorem 1.7. Throughout this proof, we freely use Lemma 1.2 and
Remarks 7.1 to equate (V' — 1)- and |(V — 1)*|-connectivity in both homotopy
and homology. To see that condition (a) implies condition (b), note that, if
Y is G-|(V — 1)*|-connected, then it must be G-1*-connected. Also, by Propo-
sition 2.4(i), it must be homologically (¥ — 1)-connected. To show that (b)
implies (a), it suffices to show that, if Y is simply G-connected and homolog-
ically G-|(V — 1)*|-connected, then it is G-|(V — 1)*|-connected. That is, we
must show that zX(Y) = 0 for every subgroup K of G and every integer m
with 0 < m < |(V — 1)K|. The cases m = 0 and m = 1 follow from the
assumption of simple G-connectivity. The remaining cases may be handled by
an induction over K and m . In this induction, Propositions 1.9 and 6.2 allow
us to derive the vanishing of #X(Y) from the assumed vanishing of HX(Y).
Proposition 6.2 and Lemma 1.2 indicate that condition (a) implies that A is
an isomorphism. The vanishing of the homology groups in the required dimen-
sions follows from Proposition 2.4(i). The vanishing of the homotopy groups
in the required dimensions follows from Lemma 1.2.

8. THE RELATIVE HUREWICZ THEOREM AND THE WHITEHEAD THEOREM

Here we prove both the relative Hurewicz Isomorphism Theorem (Theorem
1.8) and the Whitehead theorem (Theorem 1.11). The following relative version
of Proposition 6.2 is the key to our proof of the relative Hurewicz theorem.

Proposition 8.1. Let (Y, B) be a based G-CW pair with Y and B both simply
G-connected and V be a G-representation with |V >2. If (Y, B) is (V —1)-
connected, then ={(Y , B) is a V-Mackey functor and

h:s.m$(Y, B) - HS(Y, B)

is an isomorphism, where s, is the functor derived from the inclusion of V into
a complete G-universe U .

Proof. By attaching G-cells to B, one may form a G-pair (Z, C) which con-
tains (Y, B) as a subpair and such that Z and C are |(V — 1)*|-connected.
The pair (Z, C) mustbe |(V'—1)*|-connected since both Z and C are. Let Ci
and C;j be the homotopy cofibers of the inclusions i: B —Y and j: C — Z.
Since all the G-cells were added to B, the inclusion of Ci in Cj is a ho-
motopy equivalence. By the equivariant Homotopy Excision Theorem [7, Satz
(2.2)], the natural maps

ny(Y, B) = nf(Ci),  =f(Z, C) - =f(C))
are isomorphisms for every subgroup K of G. Thus, the map
ny (Y, B) —» nf(Z, C)
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is an isomorphism for every subgroup K. As noted in Examples 1.6(ii),
n%(Z, C) is a V-Mackey functor instead of just a (¥ — 1)-Mackey functor.
Therefore, so is #%(Y, B). To complete the proof, it suffices to show that the
map

h:s.a8(Z,C)—-HY(Z,C)

is an isomorphism. This follows from the absolute Hurewicz Isomorphism
Theorem (Theorem 1.7) and the following commuting diagram whose rows are
exact:

5w (C) — s, wG(Z2) —— s,w(Z,C) —— 0

L 1

HY(C) —— HE(Z) —— HY(Z,C) — 0.

Proof of Theorem 1.8. Let Ci be the homotopy cofiber of the inclusion
i:B—-Y.

Note that Ci is simply G-connected since Y and B are. Assume that (Y, B)
is |(V — 1)*|-connected. Then by the equivariant Homotopy Excision Theorem
[7, Satz (2.2)], Ci is |(V — 1)*|-connected. It follows by Proposition 2.4(i)
and Remarks 7.1 that (Y, B) is homologically G-(V — 1)-connected. Thus,
condition (a) implies condition (b). The proof of the remainder of the theorem
parallels the analogous part of the proof of Theorem 1.7. The only required
changes are that Proposition 8.1 is used in the place of Proposition 6.2 and
that, when Proposition 2.4(i) is used, it is applied to Ci instead of Y .

In order to obtain a Whitehead theorem applicable to (G-spaces that are not
simply G-connected, we adopt a method of proof more complicated than simply
deriving the Whitehead result from our Hurewicz theorems. The proof of the
following lemma is an obvious extension of the proof that any G-space is weakly
G-equivalent to a G-CW complex.

Lemma 8.2. Let f: Y — Z be a G-map between G-CW complexes with
c9f > 0. Then there exists G-CW complexes Y' and Z' and G-maps f': Y' —
Z', g:Y' = Y,and h: Z' — Z such that the following hold:

(i) g and h are G-homotopy equivalences,
(i) f' is cellular and restricts to a homeomorphism from the G-n-skeleton
of Y' tothat of Z' forall n <cCf, and
(iii) the diagram

vy Lz

R

y_f__,

commutes up to G-homotopy.

Proof of Theorem 1.11. If f:Y — Z is a G-V-equivalence and W is a G-
representation with |W*| < |V*|, then f isa G-W-equivalence by Lemma 1.2.
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To show that f is also a homology G-V -equivalence, it suffices, by Remarks
7.1, to show that, for each subgroup K of G, the map

foer HY(Y) — H{(Z)

is an isomorphism if 0 < n < |VX| and an epimorphism if n = |V'X|. For
each subgroup K, by applying Lemma 8.2 to f, regarded as a K-map, we
may assume that f is cellular with respect to the K-skeleton of ¥ and Z
and that it restricts to a K-homeomorphism from the K-n-skeleton of Y to
the K-n-skeleton of Z for all n < |VK|. Since HZ(Y) is determined by the
K-(n+ 1)-skeleton of Y, it follows immediately that f, is an isomorphism for
0 < n < |VK|. Moreover, since the inclusion of the K-n-skeleton Y” of Y
induces an epimorphism

fo: HE(Y™) - HE(Y),

it follows that f, is an epimorphism for n = |V'K|.

If Y and Z are simply G-connected and f:Y — Z is a homology G-V-
equivalence, then to show that f is also a G-V -equivalence, it suffices to show
that, for each subgroup K of G, the map

fernf(Y) = mi(Z)

is an isomorphism if 0 < n < |VK| and an epimorphism if n = |VK|. The
cases n =0 and n =1 are immediate because of our assumption of simple G-
connectivity. Thus we have nothing to prove for a particular subgroup K unless
|VK| > 2. For those subgroups K of G with |V'X| > 2, we may convert f
into an inclusion with the usual mapping cylinder construction. The relative
Hurewicz theorem (Theorem 1.8) and Proposition 1.9 then indicate that the
appropriate relative homotopy groups vanish.
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