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A BOUNDED MOUNTAIN PASS LEMMA
WITHOUT THE (PS) CONDITION AND APPLICATIONS

MARTIN SCHECHTER

ABSTRACT. We present a version of the mountain pass lemma which does not
require the (PS) condition. We apply this version to problems where the (PS)
condition is not satisfied.

1. INTRODUCTION

The mountain pass lemma has been a very interesting tool in solving vari-
ational problems (cf., e.g., [4, 6, 7, 8, 9, 10]). It concerns a real-valued C’
functional G(u) defined on a real Banach space X for which one desires to
find a critical point, i.e., a point where G’(u) = 0. In the simplest version one
finds two points e;, e; which are separated by a set M such that for some
number a

G(e) < a, Gu)>a, ueM.

This resembles the situation of a traveler trying to cross a mountain range with-
out climbing higher than necessary. If we can find a continuous path connecting
the two points which does not take the traveler higher than any other such path,
it is expected that this path will produce a critical point.

However, there is a difficulty which must be addressed. One must allow the
competing paths to roam freely, and conceivably they can take the traveler to
infinity while he is trying to cross some local mountains. For the mathemati-
cian this can make it extremely difficult for him to locate critical points. To
deal with this problem most researchers use the Palais-Smale (PS) condition
which requires the sequences {u;} satisfying |G(uy)| < C, G'(ux) — 0 to
have convergent subsequences. This has the effect of allowing one to deal with
unbounded regions in a uniform way. However, there are many problems for
which the (PS) condition is not satisfied. One approach is to require (PS) on
bounded regions and control the growth of ||G’(u)||~! near infinity (cf. [9, 7]).
This has the same effect in that it allows one to deal with unbounded regions in
a uniform way.

In this paper we consider some problems that do not yield to either approach.
Our method is to restrict the competing paths to a bounded region. This can
be done only if one can be assured that the paths will not leave the region as
they approach the optimal one. We accomplish this by imposing a boundary
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condition. For the cases considered here we take the region to be the ball
llull < R and require that there be a ® < 1 such that

(L.1) G'(w)u > =BG @)|llul,
whenever u satisfies
(1.2) c—-0<Gu)<c+o, llul| = R.

(The constants ¢ and ¢ depend on the problem.) If (1.1) holds for such u, we
will be guaranteed that competing paths will remain in the ball if they are close
to the optimal path. In order to apply (1.1) we were required to generalize the
concept of pseudogradient (cf., e.g., [2, 3]). We need a mapping Y (u), locally
Lipschitz, such that for some a > 0

(1.3) Y@l <1, GwYw)>alGWl, ueX,
and
(1.4) (Y(u),u)>0, lul=R, u satisfies (1.2).

(A Hilbert space framework is used.) We prove this under assumption (1.1)
provided o < 1 —©. It is property (1.4) that keeps the competing paths inside
the ball |ul| < R.

As an application for which the (PS) condition does not apply, we have

Theorem 1. Let Q be a smooth bounded domain in R", and let f(x,t) be a
Carathéodory function satisfying |f(x, t)] < Vi(x), |t| £ 1, V(x) € LY(Q),
and

(1.5) F(x,t):= /Otf(x,s)dsséb(x)t2+W(x), teR,

where b(x) < b= — 4, W(x) >0 isin L'(Q). Here 4, is an eigenvalue
of the Dirichlet problem
(1.6) —Au=Au inQ, u=0 onoQ,

with eigenspace E;, and A, is the next larger eigenvalue. Let

(1.7) H(x,t):=F(x,t)~%tf(x,t),

and assume that |H(x, t)| < Wi(x) € LY(Q) and

(1.8) H(x,t)— Hi(x) ast— o< ae.,

with

(1.9) H,(x)dx + H_(x)dx > B := / W(x)dx,
v>0 v<0

for all solutions v #0 of

(1.10) ~Au—-Au=byu, —b_u_ inQ, u=0 ondQ,

where

bi(x) :=limsup 2072F(x,1) >0,

t—to0

and

uy(x) = maxfu(x), 0], Uu_(x)=us(x)—u(x).
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Finally, assume that there does not exist a w € E;,(\{0} such that
(1.11) bi(x)=b, H,(x)=W(x) whenw >0,
b_(x)=b, H_(x)=W(x) whenw <0.
Then the nonlinear Dirichlet problem
(1.12) —Au—Au=f(x,u) inQ, u=0 ondQ,
has a solution.
Another application is

Theorem 2. Let Q be a smooth bounded domain in R" and let f(x,t) be a
Carathéodory function such that

|f(.x,t)|SC|t|y+k|(X), tER,

with 1 <q=1+4y<2, ky € LY(Q). Let 4, be an eigenvalue of the problem
(1.6) with eigenspace E;. Assume that

(1.13) [t|77 f(x,t) = he(x) ae ast— too,
and
(1.14) B(v)B(-v) >0, v € E\{0},
where
B(v) = v>oh+(X)|v(x)|" dx — Moh-(x)lv(X)l" dx.

Then the problem (1.12) has a solution.

Remark 1. One might be tempted to replace (1.14) by the seemingly weaker
assumption

(1.15) B(v) # —uB(-v), veE\N0},0<pu<l
We shall show in §4 that this implies (1.14).
Remark 2. Hypothesis (1.14) implies that either

(1.16) B(v)>0, veE\0},
or
(1.17) B(v)<0, veE\0}.

That is, B(v) does not change sign on E;. For B(v) is a continuous function
of v on E;, and if B(v,) > 0, B(v;) < 0, then (1 — 8)v, + 8vy, # 0 for
0 < 6 < 1. Otherwise there would be a 6 such that v, = —6v,/(1 — 8). By
(1.14)

B(v;)B(0vy/(1 - 8)) > 0.

Consequently
(69/(1 - 6))B(v,) <0,

a contradiction. But B([1 — f]v, + 6v,) is positive for § = 0 and negative for
6 = 1. This would imply that B(v) =0 for some v # 0.
As another application we have
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Theorem 3. Let Q be a bounded smooth domain in R", and let A;, b be as
above. Let f(x,t) be a Carathéodory function such that

(1.18) W) < Flx, 1) < 3b8 + W(x),
(1.19) If(x, DI S V(x) € LA(Q), tf(x, 1) < W(x),
where W, Wy, W, are in L'(Q). Assume also that

(1.20) F(x,t)— Fi(x) ae ast— too,

and

(1.21) />0F+(x)dx+

Then the problem (1.12) has a solution.

F_ (x)dx > B := / Wi(x)dx, v € E;\{0}.

v<0

The roots of the mountain pass lemma go back to the “method of steepest
descent”, the “deformation theorem” and the “minimax principle” (cf. [1-3]).
It was formulated in the present context by Ambrosetti and Rabinowitz [4] bas-
ing it on a proof by Clark [5]. Since then there have been several generalizations
(cf. [6] for a survey). To the best of the author’s knowledge, they all use either
the (PS) condition or an estimate of the growth of ||G’(u)||~! near infinity.

Some of our applications have been considered by others using different meth-
ods. In particular we mention Landesman and Lazer [1], De Figueiredo [14],
Gaines and Mawhin [15], Tarafdar [16].

Our mountain pass lemma is stated and proved in §3. Applications are stated
in §§1 and 2 and proved in §4.

We give two more applications of the method. Let

(1.22) fx, 1) = fr(0)te = fo()- + W(x)y'(1),

where W (x) > 0 is a function in L'(Q) and w(z) € C!(R) satisfies
(1.23) lwI+1¥'() < C, () <1, w(0)=0,
(1.24) o) =y — %tu/’ — 1 as|t|— oo.

We let A; be an eigenvalue of the Dirichlet problem (1.6) with eigenspace E;.
We have

Theorem 4. Assume in addition that 0 < fi(x) < A1 — 4;, and that

(1.25) fr(x)v(x)*dx +/ fo(x)v(x)*dx >0, veE\{0}.
v<0

v>0
Then (1.12) has a solution.

In our next theorem we do not require (1.25) to hold on the whole of E;.
We can allow E; to be split up into the direct sum of two orthogonal subspaces
with (1.25) holding on one of them and the opposite inequality holding on the
other. We can do this in the following way. Let E; = Ny @ N;, where the N;
are orthogonal subspaces. Let

N =@E, N=NoN.

j<l
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Theorem 5. Under hypotheses (1.22)-(1.24) assume that Aj_; — A} < fr(x) <
Aly1 — A, and that

(1.26) —([A+ Alv, v) < / Lo (x)w(x)* + / L@, ve N0},
>0 v<0
and

(1.27) —([A+ AJw, w) > / fr0w(x)* + fo(x)w(x)?, w L N.

w>0 w<0
Then (1.12) has a solution.

I would like to thank Louis Nirenberg for interesting conversations.
2. SEMILINEAR EQUATIONS

Let A be a selfadjoint operator on L?(Q), and let f(x, ) be a function
from Q x R to R. We are concerned with finding solutions to the equation

(2.1) Au= f(x, u), u € D(A).
A function u € D := D(|A|'/?) will be called a semistrong solution of (2.1) if
(2.2) 2a(u, v) = (f(x,u),v), veD,
where
a(u,v)=%(Au,v), a(u)=a(u, u),
and

(U, v) = /Q uxwx)dx,  lul? = (u, w).

It is clear that any semistrong solution u for which f(x, u) isin L%(Q) is
an actual (strong) solution. We call a semistrong solution a solution.
We make the following assumptions.

I. The essential spectrum o.(A4) of A, if any, is positive. Thus any non-
positive point of the spectrum a(A4) of A is an isolated eigenvalue of finite
multiplicity.

II. We assume that f(x, ¢) is a Carathéodory function. This means that it
is measurable in x for every ¢ and continuous in ¢ for almost every x. Also
for some g > 1 such that

(2.3) I3 < Ciath) + Co|l0)*,  heD,

we assume that
|f(x, 0] < Vo)1 + Vo(x)k (x)

where ¥,(x) > 0 is a compact operator from D to LI(Q) and k, isin L7 (Q).
Here ¢’ :==q/(q¢ — 1) and

il = ([ |h<x>|qu)'/q.

III. We assume that there is a subspace Ny of N(A4) (possibly empty or the
whole of N(A4)) such that

(2.4) ¢ :=1nfG > —o0,
M

(2.5) ¢o := limsup{G(v), ||[v|| = o0, v € N} <,
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where
N:=N@&Ny, N:=@N4-1), M:=DnN*,
A<0
(2.6) G(u) := a(u) —/ F(x,u)dx
Q
(2.7) F(x,t) :=/tf(x,s)ds
0

IV. Foreach ¢ > ¢; for which the set ¢ < G(u) < c+1 is unbounded, there
isa © < 1 such that

(2.8)  b(c):= liminf { /Q H(x,u)dx+%|c;'(u)||||u||}>—c,

llufl—oc0
¢c<G(u)<c+1
where
(2.9) H(x,t):=F(x,t) - %tf(x, t).

Theorem 6. Under hypotheses 1-1V, equation (2.1) has a solution.

Theorem 7. Hypothesis IV can be replaced by

IV'. Assume that q < 2 and that functions in N(A) are either nonzero a.e.,
or vanish identically. Assume also that there are functions Wy(x), Wi(x) in
LY(Q) such that

(2.10) l}ﬂlng(X t) > Wo(x) ae.,
(2.11) H(x,t) > Wi(x) ae, teR,
and

(2.12) bo+c >0,

where

(2.13) b,-:=/QW,~(x)dx, i=0,1,

and H(x,t) is given by (2.9).
Proposition 1. Hypothesis 111 will be fulfilled if Ny = N(A),

(2.14) Flx, ) < %wz + Wy(x), (ER,
and
(2.15) lltrlnmfF(x t) > Wh(x), F(x,t) > Wi(x) ae,

where A, is the smallest positive point in a(A), the Wi(x) are in L'(Q) with

(2.16) b, :=/ Wh(x)dx > —by := /Wo Ydx,
Q

and functions in N which vanish on a set of positive measure vanish identically.
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Theorem 8. If there is a function Vi(x) in L*(Q) such that
(2.17) |f(x, )] < N(x) ae, teR,

then hypothesis IV can be replaced by
IV" . Functions in N(A) not identically zero are nonzero a.e. There is a real
number ©, |8| < 1, and functions Wy(x), Ws(x) in L'(Q) such that

(2.18) l}ﬂiollfHe(x, t) > Wy(x), Hg(x,t) > Ws(x) ae.,
and

(2.19) by+c; >0,

where

(2.20) He(x, t) = F(x,t)—%(1+8)tf(x,t),

and

(2.21) b = /Q Wi(x)dx.

Theorem 9. If f(x,t) satisfies (2.17) for some V| € L*(Q), then (2.4) and
(2.5) are implied by

(2.22) /F(x,v)dx—-»oo as ||v|| — oo, v € Ny,
Q
and
(2.23) ) = sup/ F(x,v)dx < o,
N JQ

where N(A) = No & N, .

3. THE MOUNTAIN PASS WITHOUT THE PALAIS-SMALE CONDITION

In this section we prove a version of the mountain pass lemma in which
the competing curves or surfaces are restricted to a bounded region. We do
this by imposing “boundary conditions”. In order to obtain the most general
boundary conditions, we generalize the notion of pseudogradient (cf. [3]). For
this purpose we have:

Theorem 10. Let # be a Hilbert space, and let X(u) be a continuous mapping
of #Z into itself such that X(u) #0 forall u. Let v;(u) be continuous mappings
such that v;(u) does not vanish on a closed set Q;. Assume that

(3.1) (vi(u), vj(w) =0,  i#],
and that there are numbers ©; > 0 such that

(3.2) e’=) e,

and

(3.3) (X(u), vi(u)) < Ol X@)lllvi(w)ll,  ueQ
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If a < 1— O, then there is a locally Lipschitz map Y (u) such that ||Y (u)|| <1
and

(3.4) X(w), Y(u)) 2o X()ll, ued,

(3.5) (Y(u), vi(u)) <0,  ueQ

We shall give the proof of Theorem 10 at the end of this section. Now we
shall use it in proving

Theorem 11. Let G(u) € C'(# , R) satisfy
(3.6) u, —u weakly, |G(uy)| < C,
G'(ug) — 0 imply that G'(u) = 0.

assume that # = NoM , where N, M are orthogonal subspaces with dim N <
oo . Assume that there are constants R > Ry > 0 such that

(3.7 co:=maxG < ¢ :=infG <¢; :=max (G,
330 B BO
where
(38)  Bo:i={veN|vl <R}, B:={we Mllw|<R},

and that for each ¢ satisfying ¢, < ¢ < ¢, there are constants ¢ >0, © < 1
such that

(3.9) (G'(u), u) > —OR||G"(u)|,
holds for all u satisfying
(3.10) c-0<Gu)<c+o, llu|l = R.

Then there is a u € Z satisfying G'(u) =0.

Proof. Let Q be the ball |u|]| < R, and assume that G’(u) # 0 for all u. Let
% denote the set of all continuous mappings ¢(v) of By into Q such that

(3.11) p(v)="v, v € dBy.

It is clear that

(3.12) 9(By) NB # ¢, peZ.

Let

(3.13) ¢ = inf sup G(p(v)).
vE€Z veB,

Then ¢; < ¢ < ¢;, and there exist constants g > 0, © < 1 such that (3.9) holds
for all u satisfying (3.10). Let ¢ > O be such that 3¢ < ¢, — ¢ and 3e <.
Let

Qi={u€eQlc-e<Gu) <c+e},

0> ={ue€ Q|G(u) <c—-2o0r Gu)>c+2}.
There is a constant a > 0 such that |G'(u)|| > a for all u € Q satisfying
(3.10). For otherwise there would be a sequence {u;} of such elements such

that G'(u;) — 0. A subsequence would converge weakly to an element u € Q,
and (3.6) would imply that G'(u) =0. Let

n(u) =d(u, Q2)/ld(u, Q1) +d(u, Q)]
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Then 7 is a Lipschitz continuous function which equals 1 on Q) , vanishes on
Q> and satisfies

(3.14) nu)#0 foru ¢ @, 0<n(u) <L

By Theorem 10 there is a locally Lipschitz continuous mapping Y (u) such that
(3.15) (G'(w), Y) 2 ellG'Wll, YW <1, ued,

and

(3.16) (Y(u), u) >0, u satisfies (3.10),

where a < 1 —©. (Here there is only one v;(u), which we take to be —u. Q;
is taken as the set of those u satisfying (3.10).) By (3.13) thereisa ¢ € &
such that

(3.17) Glp(v))<c+e, v € By.
We let p(t) = p(t, v) be the solution of

(3.18) dp/dt=—n(p®)Y (p(O)/IIY (p(O)II,
(3.19) P(0) = p(v).

Since Y(u) is Lipschitz continuous and does not vanish, p(z, v) exists for all
t>0 and v € By. Note that 8By C ;. Then p(t,v) =v forall v € 9By.
We claim that p(¢) never leaves Q. p(f) cannot leave via a point which is
in 0, because 1 =0 in Q,. Moreover, p(t) cannot approach points of 8Q
which are not in Q, because n > 0 at such points and p(¢) is directed inward
at them and consequently in the neighborhood of such points by (3.15) and
(3.18). Now
dllp(t) —p()ll/dt < |ldp/dt] < 1,

and consequently

(3.20) lp(t) —p(v)l| <t
Moreover
(3.21) d(G(p())/dt = —n(p()G'(p(t))Y (p()/IIY (p(1))

< = n(p())allG' (p())]-

Thus we have

(3.22) G(p(t2)) < G(p(t)) < G(p(v)), n<t.

Let T satisfy 2e < aaT . If p(t) does not leave Q; for 0 <t < T, then

T
(3.23) G(p(T)) - G(p(v) < o /0 IG'(p(0))]] dt

< —aaT < —2¢.

On the other hand, if there is a #; such that 0 < ¢, < T and p(¢) is not in
0, , then we must have

Gp(t1)) <c—e,
since we cannot have G(p(t;)) < c+ €. Thus
(3.24) G(p(T)) < G(p(n)) <c—e.
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Let ¢,(v) = p(T,v). Since p(t) never leaves Q, we see that ¢; is in .
Moreover, (3.23) and (3.24) show that

G(g(v)) <c—g, v € By.
This contradicts (3.13), showing that the assumption G’'(u) # 0 is incorrect. O
In proving Theorem 10 we shall make use of
Lemma 1. Let ©; > 0 be such that
(3.25) e=) 6l<1,

and let o > 0 satisfy a < 1 —0. Then for any elements u # 0, v; # 0, such
that

(3.26) (u, v;) < Ollull||vill, (vi,vj)=0, i# 7,
there is an element h such that
(3.27) (u, h) > allull||hll, (h,v;) <0 for each i.

Proof. We may assume that u and the v; are unit vectors. We take A of the

form
h=u“2ﬂivi, Bi > 0.
If B2=3% BZ, then
”h”31+ﬂﬁ (h,vi)sai_ﬂi3
and
(, 1) >1-3 fi6; > 1- .

If we take B; > ©; such that o(1+ ) <1 - 6, (3.27) will be satisfied. This
can be done because of the assumptionson © and o. O

Proof of Theorem 10. Let o' be any number satisfying a < o/ < 1 -6©. By
Lemma 1 for each u there is an element A(u) such that

(3.28) (X (u), h(w)) =2 | X ()], Al =1, ue,

(3.29) (h(u), vi(u)) <0, ucQ,.

(If u is not in @Q;, (3.3) does not hold and (3.29) is not needed. We merely
take B, = 0 in the construction of # in Lemma 1.) By the continuity of X (u)
and the v;(u), there is a neighborhood N(u) of each u such that

(3.30) (X(g), h(u)) Z ol X(g)l, g€ N,
(3.31) (h(u), vi(g)) <0,  ueQi, geNu).

If u is not in Q;, we require that N(u) not intersect Q. The set of all such
neighborhoods covers # . There is a locally finite, locally Lipschitz partition
of unity {y,} subordinate to a refinement of this covering (cf., e.g., [3]). Let

Y(8) =) wil(&)he(uy).

Y(g) is locally Lipschitz continuous since u, is constant on the support of ;.
Now

1Y (@Il <> wel@lhdl < 1,
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and for g € Q;

(Y(8), vi(8)) = 3 wel(8)(heluz) , vi(g)) < 0.
Also for any g

(X(8), Y(2) = we(8)(X(g), he(ur)) > Z v (&)allX(g)ll = all X ()]l
Thus (3.4) and (3.5) hold. O

4. THE REDUCTION

Now we show how the mountain pass lemma (Theorem 11) can be used to
prove the theorems of §2. First we give the

Proof of Theorem 6. We apply Theorem 11 to G(u) given by (2.6). We take
# = D with norm

(4.1) el = [a(u) + K |ul*1/? 2 ||ull,

where K is sufficiently large. We must show that G has a continuous derivative.
Let u, h be any two functions in D. Then

4.2) t"/Q[F(x,u+th)—F(x,u)]dx=/Q/olf(x,u+8th)hd8dx.

The integrand converges a.e. to f(x, u)h(x) as ¢t — 0. By hypothesis II, it is
bounded in absolute value by

(4.3) (CVoR VS (=" + A7) + Ky

Since u, h are in D, the second factor is in L9 (Q) while the first is in
L9(Q). Thus the expression (4.3) is in L'(Q) and majorizes the integrand of
(4.2). Hence the right-hand side of (4.2) converges to

/ f(x, wh(x)dx.
Q

This shows that

(4.4) (G'(u), h) =2a(u, h) —/ f(x, u)hdx.

Q
Next we check that (3.6) holds. If u; converges weakly to u in D, then
(4.5) a(ug —u, h) -0, heD,

and there is a subsequence for which Vyu, converges strongly in L9(QQ) and
another which converges a.e. But

(4.6) £ Cx s wi)h(x)] < [Vourl ™" [Voh| + ki [Voh,

and Vouy convergesto Vou in LI(Q). Thus |Voue|?~! convergesto |Voul?~! in
L7 (Q), and consequently the right-hand side of (4.6) converges to |Vou|9~!|Voh|
+ ki|Voh| in L'(Q). Hence

(4.7) /Qf(x, uh(x)dx — /Qf(x, u)h(x)dx.
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By (4.5) and (4.6)
(4.8) (G'(ux), h) — (G'(u), h).
Thus if G'(u;) — 0, we must have G'(u) =0.
Next we take Ry so large that
(4.9) max{G(v), ||v] = Ry, v € N} <.

This is possible by (2.5). Next, let ¢ be any number satisfying ¢; < ¢, and let
¢’ =max(c;,c—0),where 0<o < 1. Let b=>b(c'),and take e < b +c. If
G(u) satisfies (3.10), then

1

(4.10) >

(G'(u), u) > +/ H(x, u)dx.
Q
Take R so large that
@1 [ He wdx+ SIGW@I > b-z, a2 R,
Q

and R > Ry. Then for u satisfying (3.10) we have

(4.12) %(G’(u), u)+g||G’(u)||||u|| >c'+b-¢e>0.

Thus (3.9) holds. Theorem 11 tells us that thereisa u € D such that G'(u) =0.
This is precisely what we want in view of (4.4). O

Proof of Theorem 7. We shall show that for any © > 0 and ¢ < by + ¢, there
is an R such that
(4.13) (G'(u), u) +OG"(W)||f|ull > O

holds for all u satisfying (3.10). If this were not so, there would be a sequence
{ur} € D such that

(4.14) lugll — oo, G (wi)llllukll < C,
and
(4.15) klim (G'(uy), ug) <0.

(Recall that %(G’(u), u) > c— o+ b, when (3.10) holds by (4.10) and (2.11).)
Let M’ =[N'®N(A)]*ND. We write uy = vgx + Uy +wy , where v, € N(A4),
vy € N' and wy € M’ . In view of (4.14) we have

(4.16) 12a(ve) = (f(ux), v)l < €, 12a(wi) = (f(uk), wi)| < C.
Now by (4.6), (4.1) and hypothesis II

|(f(w), B) < (Voulld™" + llkillg ) klly < Cullllulll?=" + DIl
Thus if we put ¢, = |||ukll|, (4.16) implies
(4.17) la(vi)| + a(wy) < C + Ci (1] + 1).
Let i1, = uy/t, . Then |||éig]]] = | and (4.17) implies

|9k + @il = O.
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Hence
I1Pok Il = KDk |l — 1.

Thus there is a subsequence for which @y, — 9, ¥y — 0, W, — 0 in L*(Q)
and a.e. Since 7y Z0, 7y #0 a.e., and

lurl/tk = |Box + Ty + Wi | — |To| a.e.

Hence |uy| — oo a.e. This implies
liminf H(x, u) = Wo(x),  H(x,u) > Wi(x),
—00

and consequently

liI:n inf(G'(u), ux) >c—0+by >0,

—00

contradicting (4.15). The result now follows from Theorem 11. O

Proof of Proposition 1. If w isin M,
Gw) > shlwl? - [ Flx, w)dx > -y,
Q
Thus (2.4) holds with ¢; > —by. On the other hand for v € N

G(v) < —/ F(x,v)dx.
Q
But
(4.18) liminf [ F(x,v)dx > b,.

[lvll—o< Jo

For otherwise there would be a sequence {v;} C N and an ¢ > 0 such that
Vel = oo and

(4.19) /F(x,vk)dx—»bz—s.
Q

Let t;, = ||vkll and ¥ = v, /t,. Then ||9g]| = 1, and consequently there is a
subsequence which converges to some ¥ € N. Thus ¥ # 0 and hence ¥ # 0
a.e. This means that |vy| = #;|Ux| — oo a.e. From this we see that

liminf/ F(x,v.)dx > b,
Q

contradicting (4.19). O
In proving Theorem 8 we shall make use of

Lemma 2. Suppose there are functions Ws(x), Wi(x) in LY(Q) such that

(4.20) l}tl'ninfM(x, 1) > Wg(x), M(x,t) > Wi(x) ae.
Then
(4.21) liminf/ M(x, u)dx > b :=/ We(x)dx,

Q Q

as ||ull — oo provided a(u) = L(|Alu, u) < C.

Before proving the lemma we show how it can be used in giving the
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Proof of Theorem 8. Let R, be chosen as in the proof of Theorem 6. For u € D
we write ¥ = vgp+ v +w, where vy € N(4), v € N’ and w € M’'. We note
that

(4.22) |8|(G' (1), w — v + (sgn O)vy)
= |8|(2a(w) — 2a(v) - (sgn©)(f, o))
f

( 0
= |0|(2a(w) — 2a(v) — (sgnO)(f, u) + (sgnO)(f, v + w))
=-0(f, u) +|8|(2a(w) — 2a(v) + (sgnO)(f, v + w)).
Since
1A < Inll,
(4.23) K(u) := a(w) — a(v) + 3(sgn®)(f, v + w) - oo,

as a(u) = a(w) —a(v) — oo. By (4.10) and (4.22)

(424) (G0, )+ 3ONG Wl 2 c =0+ [ Holx.wdx +OIK(w)

N —

>c—0+bs+|O|K(u).

We take 0 < by + ¢, and take C, so large that the right-hand side of (4.24)
and K(u) are positive for a(u) > C,. This can be done by (4.23). We can now
apply Lemma 2 to conclude that

lim inf/ He(x, u)dx > by,
Q

as |lu]| — oo provided a(u) < C,. Thus we can take R so large that the left-
hand side of (4.24) is positive when ||u|| > R and a(u) < C,. We see that the
left-hand side of (4.24) is positive when |u|| = R. The conclusion now follows
from Theorem 11. O

Proof of Lemma 2. We shall show that for each ¢, ¢ > 0 thereisan R > 0
such that

(4.25) /QM(x,u)a’x>b(,—a

holds whenever a(u) < c¢ and |ju|]| > R. If (4.25) did not hold, there would be
constants, C, ¢ > 0 and a sequence {u;} such that a(u;) < C, |lux|] — oo
and

(4.26) / M(x, u,)dx < bs—¢ for each k.
Q

We write uy = vg; + vy + Wy, where vo, € N(A), vy € N', wy € M'. By
hypothesis I, there is a subsequence (also denoted {uy}) such that Vv, — Wyv,
VWowy — Vyw in L91(Q), and we may assume that v, — v, w, — w a.e. Thus
tx = |lvokll — oo. Put vy, = vor/t, . Then |y, || = 1. Since dim N(4) < oo,
there is a subsequence (renamed) such that vy, — v, in norm and a.e. Since
vy # 0, we have vy # 0 a.e. Consequently, |vgx| = fx|vy, | — oo a.e. Since v
and w are finite a.e., we see that |u;| — oo a.e. Thus

likminfM(x, ug) > We(x), M(x, uy) > Wh(x), ae.
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This implies

liminf | M(x, u)dx > bg,
k—oo Jo

contradicting (4.26). O

Proof of Theorem 9. For w € M , write w = w’' + v;, where w’ € M’ and
v; € N, . Then we have

1
G(w) =a(w) - [ F(x, 0 +v)dx 2 32wl - [Vl w'] - ay
> — (IVilI*/244) — ay.
This gives (2.4). For v € N, we write v =v' + vy, v' € N', v9 € Ny. Then
Gw)=a(v') - /F(x, v +vy)dx
<a@) - [ F(x,w)dx + Al

1
< Al + I - [ Fx, v)dx,
where A_ is the largest negative point in o(A4). By (2.22),
Ky = i}rvlf/F(x, V) dx > —oc.
0

Thus I
G(v) < Ezl-llv’ll2 +[Mlllv'|| - Ko.

On the other hand
G(v) < (IViIP/22-) - [ F(x, wo)dx.

Thus there is an R such that G(v) < ¢; will hold if either 2|jv’|| > R or
2||vg]l = R. It will therefore hold if ||v’ + vg|| > R. This proves (2.5). O

Proof of Theorem 1. We apply Theorem 6. Hypothesis I is satisfied with 4 =
—A —A;. We take Ny = N(A) = E; and note that by (1.5)

G(w) > a(w) — %b“w”2 -B>-B, weM.

Hence ¢; > —B. Thus (2.4) holds. Next we note that if u = 0 is not a solution
of (1.12), then ¢; > —B. To see this we make use of the formulas

(4.27) F(x,t) = %b+(x)tz + Fy(x, 1), t>0,

= %b_ (x)t? + Fy(x, 1), t<0.

(4.28) Fo(x, 1) =2t2/ sTH(x, s)ds, >0,

t

t
=—2t2/ sT3H(x,s)ds, t<0O.
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These formulas are easily derived from the fact that
O(Ft™2)/ot = =2t 3H(x, t).

Now suppose ¢; = —B. Then there is a sequence {w,} C M such that
G(wy) — —B. If the a(wy) are bounded, then there is a subsequence (renamed)
which converges weakly in D, wy, — w in L? and a.e. in Q. Thus

(Q)
/Q F(x, wy)dx = % / b, (xX)wi, (x) dx + % / b (x)wp_(x)? dx
+ /QFo(x, wy)dx
- %/b+w+(x)2dx+ %/b_w_(x)2 dx+/QF0(x, w)dx.
Since a(w) < liminfa(w,), we have G(w) = c;. Thus
a(w)+ B < /F(x, w)dx < %b”wllz + B <a(w)+B.
Thus a(w) = $b||lw||?, implying that w € E;;; . Also
F(x,w)= %bwz + W (x).

In view of (1.5), this implies [b—b(x)]w(x)? < 0. By hypothesis, b(x) < b and
b(x) # b. The only way we can obtain <0 isif w(x) =0 on a set of positive
measure. But then w(x) = 0. This implies W (x) = 0, F(x,?) < 1bt?,
f(x,0)=0. On the other hand, if ¢} = a(wy) — oo, let W = wi/t; . Again
there is a subsequence (renamed) such that W, — W weakly in D, W, — W
in L?(Q) and a.e. in Q. Thus

(4.29) / bl + / b — / bow? + b_w? < bl

If this limit does not equal 2, then

G(wy) = 1} [1 -3 /b+wk+ Z/b_w,f_] —/Fo(x, L) dx

will converge to oo as kK — oo. Thus we must have equality in (4.29). In
particular, we see that @ # 0. Thus w # 0 a.e. (the unique continuation
property). Consequently

(4.30) b,(x)=b whenw >0, b_(x)=b whenw <0.
Since by (1.15)

2.

IN

lbw,f + W(x),

1
§b+w,§ + Folx, wi) < 5

we have
Fo(x, w) < W(x) when wy >0, w > 0.

Consequently H,(x) < W(x) when w > 0. Similar reasoning gives H_(x) <
W(x) when w < 0. But

—B — G(wy) > /Fo (x, ey )dx — —/ H,(x)dx — H_(x)dx.
w>0

w<0
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Thus

Bg/ H+(x)dx+/ H_(x)dx < B.
w>0 w<0
This means that

(4.31) Hy(x)=W(x) whenw >0, H_(x)=W(x) whenw <0.

But (4.30) and (4.31) contradict the hypotheses of the theorem. Thus ¢, > —B.

Next we show that ¢o < —B. Let {vy} C N be such that G(vx) — ¢,
te = ||vg|l = oo . Let O = vi/ty. Then ||17k|| =1, and consequently there is a
subsequence (renamed) such that ¥ — ¥ in N. Slnce

G(vk)—tk[ ——/b+ dx—-/b_@g_dx] —/Fo(x,tkﬁk)dx,
2 Q Q
and a(?) — a(?), we will have G(vi) — —oo unless
a(®) =0, b= b_i2 =0.

This implies ¥ € E;, and it is a solution of (1.10). By unique continuation
9 #0 a.e. Thus |v,| — o a.e., and we have

limsup G(v;) < —liminf/ Fy(x, t;0,)dx
Q

-—/ H+(x)dx—/ H_(x)dx < -B,
>0 <0

by hypothesis. Thus (2.5) holds. Finally we verify (2.8). An examination of
(4.27) (4.28) shows that

(4.32) If (e, < C(lt+ W)™,

and
f(x,t)/t— bi(x) ast— too a.e.

Thus f(x, t) satisfies hypothesis I with ¢ = 2. Let {u;} be a sequence such
that (4.14) holds. Let #; = ||{uy|| and i, = uy/tx . Then (4.16) holds. By (4.32)
we have

a(wi) < Clllulllwiell + 1), lae)l < Clllullllviell + 1).

This shows that |||itx]|| < C. Since the embedding of D into L*(Q) is com-
pact, there is a subsequence (renamed) such that i, — @ weakly in D, strongly
in L*(Q) and a.e. in Q. Since

la(ie, ) = 17 (f(x, we), b)| < Cl|hll/tx VYheD,

we have in the limit

a, 2/ hdx, heD.

Thus # 1is a solution of
(4.33) Au=b,u, —b_u_ inQ, u=0 onoQ.

By the unique continuation property, # cannot vanish on a set of positive
measure since ||#|| = 1. Thus |uy| = t;|itx| — oo ae., as k — o0.
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Now suppose {u,} is a sequence satisfying G(uy) > ¢;, ||ux|| — oo. Then
we claim that for any © > 0

(4.34) Hm inf[(G" (uy ) , uye) + O G' (wie) [l ux 11 > O

k—o0
For
1
3G/ we). ue) = Gl + [ Hx, wdx,

is bounded from below. The only way (4.34) can fail to hold is if (4.14) holds.
But then |u;| — oo a.e. In this case

/H(x, uk)a’x—»/ﬁ>0H+(x)dx+/ﬁ<0H_(x)dx.

(4.35)

Hence

liminf%(G’(uk), u)>c+B>0. O

Remark. Note that if there exists a w € E;\{0} satisfying (1.11), then
G(tw) = —/ Fo(x, tw)dx - —B ast— oo.
Q

In this case we have ¢, = —B . Instead of assuming b(x) Z b we can assume
that there does not exist a w € E;,;\{0} such that

1
F(x,w)= Ebwz + W (x).
If we insist on a strict inequality in (1.9) we can dispense with the assumptions
b(x) # b and the nonexistence of a w € E;,;\{0} satisfying (1.11).

Proof of Theorem 2. Clearly hypotheses I and II of Theorem 6 are satisfied.
Note also that

|F(x, 0 <q~'Clt|? + kilel.
Assume first that (1.16) holds. We take 4 = A—-4;,, Ny= N(4A) = E;, b =
'{l+l - ).[ . Thus
q 2 q
4G(w) > / (Zbw? - Clwp - ghiul) dx,  we M.
Q

Thus G(w) — o as ||lw]| — oo, w € M. This shows that (2.4) holds. On the
other hand

(4.36) qt|79F(x,t) —» +hy(x) ae., ast— toc,
(4.37) qlt|™¥H(x, t) > (1 —q/2)hs(x) ae., ast— +oo,
by (1.13). Let {v,} C N be such that ¢, = ||vi|| — oc. Let 9y = v/t . Then

||kl =1 and there is a renamed subsequence such that ¢, — 9 as kK — oo. If
a(ty) < —c <0, then

G(vy) = 12 [a(vk)—z,;z/F(x, vk)dx] — —00.
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If a(d,) — O, then a(9) =0 and ¢ € E;. Since 0 # 0, 0 # 0 a.e., and
[ue (x)| = te|Uk(x)] — oo a.e. But by (4.36)
ql,:q/F(X, V) dx = Q/IF(X, L) [ 6|0k 71| O |9 d x
— B(0) ask — oc.
Thus

/F(x,vk)dx—mo as k — oo,
by (1.16). Hence
G(vk)s—/F(x,vk)dxa—oo as k — oo.

This shows that ¢ = —oo and (2.5) is satisfied. Finally, suppose {u;} is a
sequence such that
(4.38) Gl <C,  t = lugll — oo.

The only way (4.34) can fail to hold is if (4.14) holds. But this implies |u(x)| —
oo a.e. (see the proof of Theorem 7). But then (4.37) implies

qt, /Hx u)dx — (1 —-q/2)B(t) as k — oo,
(see (4.38)). Hence
/H(x, U )dx — oo as k — oo.

If we now make use of (4.35) and (4.38), we see that
(G’(uk), uk) — 00 ask — oo,

and the proof for this case is complete. If (1.17) holds, we take Ny = {0}.
Thus E; Cc M. Let {w;} be a sequence in M such that #; = ||wi| — 0. If
a(wy) > c >0, then

G(wy) = 1} [a(wk) - t;Z/F(x, wk)dx} — 0.
Otherwise a(w,) — 0. There is a w € M such that W, — W weakly in D,
strongly in L?(Q) and a.e. in Q. Thus w € E;. Since |[w| =1, @ # 0 a..
Consequently, |wy(x)| — oo a.e. In view of (4.36)
altl* [ Flx, wy)dx
—q [IF(x. ) /g Nl dx = B(w) s k = oo,
Consequently

G(wk)z—/F(x,wk)dx—»oo as k — oo,

and (2.4) holds. On the other hand, if {v,} C N and # = ||vk|| — oo, then
a(¥;) < —c <0 and

G(vy) = 1} [a(f)k) - tk‘Z/F(x, vk)dx] — —00,
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as k — oo. Thus (2.5) holds. Finally, if the sequence {u,} satisfies (4.38) and
(4.14) holds, then |u(x)] — oo a.e., as before, and (4.37) implies

/H(x,uk)dx—+ —oo as k — oo.

It then follows from (4.35) and (4.38) that

(G (k) , uge)| — o0,
contradicting (4.14). Thus (4.38) implies

IG" (i) 1l || — o0,
and the result follows. O

Proof of Remark 1. Assumption (1.15) says that for each v € E;\{0} we have
either

B(v) B(v)
(4.39) (a) — B(—v) <0, or (b) - B(—) > 1.
If B(v) > 0, this implies either
(4.40) (a) B(-v) >0, or

(b) B(-v) <0, and B(v)> —-B(-v).
If B(v) <0, (4.39) implies either
(4.41) (a) B(-v) <0, or

(b) B(-v) >0, and - B(v)> B(-v).

In particular, if B(v)B(-v) < 0, then we must have |B(v)| > |B(-v)|. By
symmetry, we must also have |B(—v)| > |B(v)|, which is a contradiction. Thus
only option (a) is possible.

Proof of Theorem 3. We apply Theorems 6 and 8. Hypotheses I and II are
clearly satisfied. In view of (1.18) we see that ¢, > —B. If {vx} C N and
e = vkl — oo, let ¥y = vi/ty. Then ||U|| = 1 and there is a renamed
subsequence such that 9, — ¥ in N. If a(9) # 0, then

G(’Uk) = t,% |:a('l7k) — tEZ/F(x, Uk)d-x] — —00.
If a(9) =0, 9 € E;\{0}. Hence 9(x) # 0 a.e. Thus |v,(x)| — oo a.e., and

G(vk)g—/F(x,vk)dxﬁ—/. 0F+(x)afx—/~ 0F_(x)dx<—B,

by (1.21). Let ¢ > 0 be so small that
28b2</ F+(x)dx+/ f(x)dx—B, veE\O},
v>0 v<0

where b, := [Wy(x)dx. If {u} is a sequence satisfying (4.14), we have
shown that |u,(x)| — oo a.e. If ® < 1 is such that 1 — 6 < 2¢, then

H9=F—%(l—e)lf2F—8W2.
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Thus
liminf Hg > Fi(x) — eW;,

t—to0
and
lim inf/He(x, uy)dx > B + ¢b,.
We can now apply Theorem 8 to conclude that hypothesis IV is satisfied. O
Proof of Theorem 5. We apply Theorem 6 taking ¢ =2, A =-A - 4;, and

Flx, )= 3 fu(02 + 3 /- (2 + W)y ().
By (1.27), for w L N

> - [ Wiw(w)dx > -] -

Thus ¢; > —B. On the other hand we claim
(4.42) G(v) —» —o0  as ||v]| — oo, v EN.
To see this let {vy} € N be a sequence such that ¢, = {v,} — oo. Let
Uy = Ux/ti . Then ||U;|| = 1 and there is a subsequence (renamed) for which
U — ¥ in N. Thus

- " 1 "

thG(vk)=a(vk)—5 (f+'Uk++f 'Uk _tk /W

— a(®) —% (fi02 + f92)dx <0,

by (1 26) since ¥ # 0. Thus G(v;) — —oo and (4.42) holds. Hence hypothesis
III is verified. We now turn to (2.8). Let {u,} be a sequence such that (4.14)
holds. Let i, = u,/t, where t;, = ||u,||. Then (4.16) holds. Since

IfOe, D1 < Cld+ 1), a(wy) < C(llugel lweell + 1),
la(ui)] < C(llugll lviell + 1).

This shows that |||i]|| < C. Since the embedding of H{(Q) = D(|4|'/?) into
L?(Q) is compact, there is a subsequence (renamed) such that i1, — &t weakly
in H)(Q), strongly in L*(Q) and a.e. in Q. Since

|a(ak s h) - %t]:l(f(xa uk) > h)' < C”h”/tk Vh

for each &k, we have in the limit

alit, h) = %/[m+ _ fa_thdx Vh.

Hence # is a solution of (4.33). By the unique continuation property i # 0
a.e., since ||it|| = 1. Consequently, |uy| = t;|itx| — 0o a.e.
Now suppose {ux} is a sequence such that

Glu) 2 e, ull — oo

Then we claim that for any © > 0
(4.43) lim inf[(G" (ux) , wx) + O G (i) ill] > 0.
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For
(4.44) 3G ), 1) = Glw) + [ Wx)p(u) .

which is bounded from below. Thus the only way (4.43) can fail to hold is if
(4.14) holds. But then we showed that |u;| — oo a.e. In this case by (1.24)

li]fninf%(G’(uk), u)>c+B. O
Proof of Theorem 4. This is a special case of Theorem 5. We have Ny = E;,
N = N' @ E;. Inequality (1.27) clearly holds since the left-hand side is >
(141 — A)||lw||* while the right-hand side is bounded above by this quantity.
Inequality (1.26) also holds. For the right-hand side is never negative. If v € N
is not in E;, then the left-hand side of (1.26) is negative. Thus (1.26) holds for
such v. On the other hand, if v # 0 is in E;, then the left-hand side vanishes
and the right-hand side is positive by (1.25). Thus all of the hypotheses of
Theorem 5 are satisfied.
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