TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 331, Number 2, June 1992

ISOPARAMETRIC SUBMANIFOLDS
OF HYPERBOLIC SPACES

BINGLE WU

ABSTRACT. In this paper we prove a decomposition theorem for isoparametric
submanifolds of hyperbolic spaces. And as a consequence we obtain all polar
actions on hyperbolic spaces. We also prove that any isoparametric submani-
fold of infinite dimensional hyperbolic space is either totally geodesic, or finite
dimensional.

0. INTRODUCTION

In the late 1930s Elie Cartan defined the notion of isoparametric hypersurface
of a space form, and he proved that an isoparametric hypersurface of Euclidean
space is a totally umbilic hypersurface; an isoparametric hypersurface of a hy-
perbolic space is either a totally umbilic hypersurface, or the standard product
Sk x H"=k in H"+!. But for the sphere case, isoparametric hypersurfaces turn
out to be very complicated [Cal-4]. In the last ten years many people carried
forward this research, see [Ab, FKM, Mii, OT], but the complete classification
is still not known. Recently, the general theory of higher codimensional isopara-
metric submanifolds of Euclidean space and Hilbert space has been studied in
[Ha, CW1-3, Tel-4, HPT, PT2].

Let R™*:! be the Lorentz space with the nondegenerate symmetric bilinear
form (x,y) = YK xiyi = Xppks1Vnsnsr » and H' = {x € R | (x| x) =
—1, X,4k41 > 0}, the standard isometric embedding of hyperbolic space with
sectional curvature —1 into R"k-!_ It is well known that any totally umbilic
complete submanifold of H"** is L(V, u) = H"**N(V +u), where V isa lin-
ear subspace of R"*k:! and u € R"*%-1 In fact, if V ¢ R"*k-! is a Euclidean
subspace, i.e., ( , )|V is positive definite, then L(V', u) is a sphere with sec-
tional curvature —1/((u, u) + 1), where u L V; if V c R*k.! is a Lorentz
subspace, i.e., { , )|V isanondegenerate symmetric bilinear form with index 1,
then L(V, u) is a hyperbolic space with sectional curvature —1/((u, u) + 1),
where u L V; if V C R" .1 is degenerate, i.e., ( , )|V is a degenerate
symmetric bilinear form, then L(V, u) is flat and isometric to a Euclidean
space. We will call L(V, u) spherical if V c R"*%:! is a Euclidean subspace,
hyperbolic if V c R"tk.! is a Lorentz subspace, and flat if V c R+ .1 is
degenerate.
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A submanifold M" of H"** is called isoparametric if it has a globally flat
normal bundle and the principal curvatures along any parallel normal vector
field are constant. In this paper we study isoparametric submanifolds of hy-
perbolic space and show that any isoparametric submanifold M" of H"+k is
either an isoparametric submanifold of a totally umbilic hypersurface of H"tk
or a standard product of an isoparametric submanifold of a spherical umbilic
submanifold and a hyperbolic umbilic submanifold in H"*k . As a consequence
we are able to classify all polar actions of connected, closed Lie subgroups of
O(n,1) on H". B

Let V be a separable Hilbert space. Let V' = R @ V' with the inner product

(s, x),(t,y))=-st+(x,y) wheres,teR, x,yelV.

Then V is a Lorentz Hilbert space. Let H(V) = {(s, x) € V| -2 4 (x, x) =
—1,s > 0}. It is well known that H(}') is a Riemannian Hilbert hyperbolic
space with constant sectional curvature —1. In this paper we prove that if M
is a submanifold of a Hilbert hyperbolic space H(}') with finite codimension,
and M satisfies: (1) v(M), the normal bundle of M in H(V), is globally
flat, (2) for any parallel normal vector field v, the shape operator A, is
orthogonally equivalent to the shape operator A,y for all x,y € M, (3)
the shape operator A4, is a compact operator for any v € v(M),, then M
is either of finite dimension, or a totally geodesic submanifold of H (?) , L.e.,
M=H (I~/) NV, , where V, is a Lorentz Hilbert subspace of V .

This paper is organized as follows: in §1 we prove the basic properties of
isoparametric submanifolds of hyperbolic space, and the decomposition theo-
rem is given in §2. In §3 we obtain all polar actions of connected closed Lie
subgroups of O(n, 1) on H" , and in §4, we study the infinite dimensional case.

The author would like to thank Professor R. S. Palais and Professor C. L.
Terng for their encouragement and many valuable suggestions.

1. BASIC PROPERTIES

Suppose a submanifold M” of H"*k is isoparametric, i.e., the normal bun-
dle of M in H"*k is globally flat and the principal curvatures along any par-
allel normal vector field are constant. Let v(AM) be the normal bundle of M
in R"k.1 Then v(M) is globally flat, hence {4, | v € v(M),} is a fam-
ily of commuting selfadjoint operators on TM, for any ¢ € M. So, there
exists a common eigendecomposition TM, = @’_, Ei(q), at ¢g. Since the
principal curvatures along any parallel normal vector field are constant, the E;,
i=1,2,..., p are smooth distributions and there exist v;, v3, ..., vp, par-
allel normal vector fields, such that for any normal vector v € v(M),, we have

Ale,‘ = (’U s ’U,’)idE, .

The E; are called the curvature distributions of M , and the v; are called the
curvature normals of M in R"k.1 .

1.1. We will make the following standing assumptions:

(1) M has p curvature distributions, E;, E,, ..., E,, and rank(E;) =
mi.
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(2) Let {¢; | 1 < j < n} be a local orthonormal tangent frame fpr M,
such that E; is spanned by {e; | pi—1 < j < p;}, where pu; =Y, mq,
#o=0.

(3) Let {e, | n+1 <a<n+k+1} be alocal orthonormal parallel normal
frame for M in R"+%.! where e, ,1,1(x) = x for x € M .

Remark. (a) Since M" C H"** | we have A, = —I on T,M . Hence there is a
smooth vector field u; on M, such that v;(q) = u;(q) + ¢ .
(b) Since the orthonormal frame field {e,} for M is parallel, we have

wap =0 foralla, f, and
Waj = —(V;, €a)w; Where u; 1 < j < ;.

1.2 Definition. A submanifold M of H"** is called full if M is not included
in any totally umbilic hypersurface of H"+k .

1.3 Proposition. Let L(V , u) C H"* be a totally umbilic hypersurface and
suppose M C L(V ,u) C H"* . Then M is isoparametric in L(V , u) iff M
is isoparametric in H"tk .

Proof. If M is isoparametric in H"*X | then it is obvious that M is isopara-
metric in L(V, u).

Suppose M isisoparametricin L(V, u). If V = {x € R*-! | (x, v) = 0},
then L(V,u) = {x € H"** | (x,v) = a}, where a = (u, v). Suppose e,
is a normal vector field of L(V, u) in H"tk and X: H"tk — Rm+k.1 js the
standard isometric embedding. Then v = —aX + be, i, so 0 = —adX +
bde,,; . For any tangent vector field Z on M, we have, bde, x(Z) = aZ.
Since b # 0, e, is a parallel normal vector field and 4., has constant
eigenvalues on M . Therefore the normal bundle of M in H"** is flat and the
principal curvatures along any parallel normal vector field are constant, i.e., M
is isoparametric in H"tk. O

1.4 Proposition. M is full in H"™* iff v;, vy, ..., v, span v(M).

Proof. If M is not full in H"*K then M is included in a totally umbilic
hypersurface of H"*k | i.e., there exists v € R"tk:1 v # 0, such that (v, x) is
constant on M . Hence v is a constant normal field on M, we have A4, =0.
On the other hand we know A,|E; = (v, v;)idg,. Therefore (v, v;) = 0,

i=1,2,...,p. Since v#0, vy, vy, ..., v, donotspan v(M).

If v;,v,,...,v, donot span v(M), then there exists a normal field v on
M ,suchthat (v,v;)=0, i=1,2,...,p,and we have 4,|E; = (v, v,)idg, =
0,i=1,2,...,p, A, =0;1e., v is constant on M . Then

d{v, x)=(v,dx) = Zw,v e)=0,

hence (v, x) = ¢ is constant, i.e., M is mcluded in a totally umbilic hypersur-
face of H™tk. 0O

1.5 Lemma. If w;j =Y, yfwy then

Wi —vjr) = v (i — o) = vk (Ve — vj1)

where pp_y < i< i, pjroy <Jj <y, ooy <k <, and j#k.
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Proof. Suppose p;—; < i < u;. Then we have w,; = —(v;r, €,)w; for all «,
and because dw,; = w,; A wj; , we have

Wej N Wj; = —(U,'I s €a) dw; = —(’U,'l s €a)w,'j Nwj,

wjj A (Ujf s ea)wj = <’U,‘I s €a)a),‘j ANwj,

k
Y v e Aw; =" vk, ek Ao
k k

Comparing coefficients of wy A w; for j # k, if wp_; <k < wy we have

ViU, €a) = Vi (Vi s €a) = Vi (i, €a) — Vi (vir, €4) Ve,

Vi — v, ea) = V) (Vi — v, &) Ve,
hence, y¥(vir —vj0) = 7) (vir — V) = V4O —vj). O

1.6 Corollary. Suppose p;_y < i< pjr, pj—y <j<pj,and i' #j'. Then

(1) 75 =00 wjoy <k <pj.
(2) If 7K #0, where pp_y <k < o, then

v = (1 —af;)vs +af vy, whereal, #0, 1,

k _ i k' _ i k'
yij—yikai,j,—ykj(l—a,»,j,).

1.7 Proposition. Each curvature distribution E; is integrable.

Proof. For simplicity, we consider the case i = 1. Since E, is defined by the
1-form equationson M: w; =0, m; <i<n,and

n
dw; = Ew,-j/\wj = Z wij \Nwj
Jj=1 Jj<m

=Y ko hw;=0 by (1.6).
Jj<m,
kSml

It follows that E| is integrable. 0O
1.8. Recall that the endpoint map Y: v(M) — R**.! is defined by Y(v) =

x +v for v € v(M),, and that a singular value of Y is called a focal point of
M.

1.9 Proposition. Ler M be an isoparametric submanifold of H"tk c Rn+k.!
and T its focal point set. For each q € M, let T, denote the intersection of T
with the normal plane v(M), to M at q. Then

p
I'= UI",, and Fq=Ul,-(q),

qgeEM i=1
where li(qg) = {v € v(M), | (v, v;) = 0}. These li(q) are called the focal
hyperplanes associated to E; at q.
Proof. Let Y be the endpoint map,

Y:v(M)— Rk (x,v)—~Xx+v,
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so, we have
Y=Y(x, z) =x+Zzae,,
dY =dx + Z dzaes + Z Zqde,
=I-Ay ., + Z dzee,
p
=P (1 - <Z Z0o s 'Ui>) idg, + Y dzee,.
i=1 a a
Then
r=yr,
qeEM
and

where /i(q) ={vev(M),|(v,v;)=0}. O

1.10 Proposition. Let X: M" c H"tk c R"%.1 be an isoparametric subman-
ifold, and v a parallel normal vector field on M .

Then X +v: M — R™*.1 s an immersion if and only if (v,v;) # 1 for
i=1,2,...,p. Moreover, if X +v is an immersion, then

(i) The parallel set M, = {x+v | x € M} is an isoparametric submanifold
of R™k:V je, M, is a space-like submanifold of R"+*-', the normal
bundle of M, in R"k-! is globally flat, and the principal curvatures
along any parallel normal field are constant.

(ii) Let g* =q+v(q), then

TM; = T(My)-, v(M,)=v(M),,
g+v(M)y =q" +v(M,),-

(iit) If {es} is a local parallel normal frame on M, then {e,} is a local
parallel normal frame on M, , where €,(q*) = e,(q).

(iv) E}(q*) = Ei(q) are the curvature distributions of M, , and the corre-
sponding curvature normals are given by

*(q*) _ Uj(q)

vi _1—'<'U,'Ui>.

(v) The focal hyperplane I*(q*) of M, associated to E;} is the same as the
Jocal hyperplane [;(q) of M associated to E; .
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Proof. The same proof as for Euclidean space works here. For details see [PT2,
Tel]. O

1.11 Theorem. Let M be a complete isoparametric submanifold of H"*k c
Rm+k.1 " E; the curvature distributions, v; the curvature normals, and 1;(q) the
focal hyperplanes associated to E; at q € M. Let S;(q) denote the leaf of E;
through q .

(1) If (vi,v;) >0, then
(i) Ei(x)®v(M), isafixed m;+k+1 Lorentz subspace n; in R"*-!
forall x € Si(q).
(ii) Ei(x)® Rvi(x) is a fixed m;+ 1 Euclidean subspace &; in R"k:!
Jor all x € Si(q).
(iii) li(x) =1li(q) for all x € Si(q).
(iv) x +v;(x)/(v:i, v;) = ¢; is a constant for all x € Si(q).
(v) Si(q) is the standard sphere of & + c;, with radius 1/|v;| and
centered at c;.
(2) If (v, v;) <0, then
(i) Ei(x)®v(M)y isa fixed m;+k+1 Lorentz subspace n; in R"1
Sorall x € Si(q).
(ii) Ei(x) ® Rvi(x) is a fixed m; + 1 Lorentz subspace &; in R"k.!
for all x € Si(q).
(iii) li(x) = li(q) for all x € Si(q).
(iv) x +vi(x)/(vi, v;) = ¢; is a constant for all x € Si(q).
(v) Si(q) is the standard hyperbolic space of &; + c;, with radius 1/|v;]|
and centered at c;, i.e.,

Si(q) ={xeci+&|(x—ci,x—c)=1/(vi, vi)}.

(3) If (v, v;) =0, then
(1) vi(x) =c¢; is a constant on Si(q) .
(i) Ei(x) ® Rv;i(x) + Rx is a fixed m; + 2 Lorentz subspace {; for
x € Si(q).
(iii) Si(q) is a flat umbilic hypersurface of the hyperbolic space H"** N

I

Proof. The proof for (1) and (2) is the same as for Euclidean space. For details
see [PT2, Tel].

Proof of (3). For simplicity, we assume [ = 1.

(i) Since Vv, = Ay e; = (v, v) =0, if e; € Ey, s0o vi(x) = ¢ is
constant on S;(q).
(i1) Let v;(x) = u;(x) + x. Then, we have

Ei(x)® Rv,+ Rx = E\(x)® Ru, & Rx,
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d(el/\m/\em,/\u,/\x)=Ze1/\~~~/\dej/\---/\em,/\u1/\x
J

=) e A A (ijkek+2a)jaea) Ao Nem ANy AX
j P a

=) e A Awjaea A AUy AX
Jja

=) e AN D Wl A AU AX
J a<n+k

=Zw,~e1/\---/\ Z (U1, €a)ea A+~ AUy A X
J alnt+k

=0.
So {; = E;(x) ® Rv; + Rx 1is a fixed m, + 2 Lorentz subspace for all x €
S1(q) -
(ii1) For any x € S|(gq), we have
(x,x)=-1, (x,c)=-1and x € {y,

so S;(g) is a flat umbilic hypersurface in the hyperbolic space of H"+kn
6. O

1.12 Definition. If v € R*™*-1 | (v, v) #0, then R,(x) = x-2(x, v)v/{v, v)
€ O(n +k, 1) is called the linear reflection along v .

1.13. Suppose M" C H"** is an isoparametric submanifold with curvature
normals v;, vy, ..., v,, where (v;,v;) <0 if i =1,2,...,/ and where
(vi,vi)>0if i=Il+1,...,p.
Some notations:
(1) R? denotes the linear reflection of v (M), along vi(q), i=I[+1,...,p.
(2) Let ¢; be the diffecomorphism of M defined by ¢;(q) = the antipodal
point of ¢ in the leaf sphere S;(q) of E; for i=I1+1,...,p.
(3) S, denotes the group of permutations of {1,2,..., p}.
It follows from (1) of (1.11) that
v,
=X +2—— i=l+1,...,p,
b (vi, v;) 4
and ¢;(q) = R!(q). Since g, is a diffeomorphism, it follows from (1.10) that
1.14 Proposition. If i > [+ 1, then 2(v;/(vi, v;), v;) #1 forall j, ie,
L= 2(v;, v))/{vi, v) 0 forall j.
1.15 Theorem. There exist permutations ., ..., 6, €S, such that

(1) Ej(9i(q)) = Eq(j(q), iLe, ¢F(Ej)=Eqsy.
In particular, m; = mg, .

2) va,<,~)(q)=(1—2W)v,(¢iw)> and
) ) —1
3) R?(m(q))=(1—2%) Vo),

where i >1+1, 1<j<p.
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Proof. The same proof as for Euclidean space with trivial modifications. 0O

1.16 Corollary. The subgroup W9 of O(v(M)), generated by R}, i =1+
1,...,p, is a finite group.

2. THE DECOMPOSITION THEOREM

Suppose M" C H"tk c R"+k.l js a full isoparametric submanifold with
curvature normals vy, vz, ..., v, such that

(vi,v)<0 fori=1,...,/ and (v;,v;)>0 fori=I[+1,...,p.

2.1 Lemma. Suppose p;y_y < i< pj, pjp—y <j<uj,and i’ #j then

_ k2 1
K , Bt <k <ppr A
vk,:(l—af,j,)v,,+a:‘,j,vj,

a:‘,'j, #0,1
Proof. By the Gauss equation
—d(l),’j + Wi AWy + Z Wip N Wyj = —W; N ;.
a<n+k

We have
=Y dhwr) + Y vkox Ayiom
k

ktm

— Z (vi:,ea)(v,-:,ea)wi/\wj=—w,~/\wj,

a<n+k
k k k
k kt ktm

= Z (Vir, €)(V, ) =1 | wi Awj = (v, vj)w; N wj.
a<n+k
Comparing the coefficients of w; A w;, we have,

= vk D VKL A D VL = Y vhvk = (e, vy),
k k k k

S vl = vEvk; = vk = (v, vp) (by (1.6)).

k
ex¢E; ,Ej/
By (2) of (1.6), we have
k\2 k\2 k\2
Z z {_(yij) _ (yij) B (yij) }
k' _ Ak’ k' _ Ak’
,k’ , /‘k'_l(ksﬂk/ ailj' 1 ailjl ailjl(l al’jl)
vk1=(l—af.‘,j,)v,»:+a,’.‘,j,vj/
ak,#0,1

= (vir, V1),
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k2 1 _
(YU) k' k' = <vi’ 5 Ujl>. O
2k W
vk1=(l—af.‘,j,)v,~;+af.‘,j,vj, Myt <K<y
af.‘,lj,;éo,l

2.2 Lemma. Suppose 1 <i,j<I. Then,

(1) (vi,v;) <0 ifi#],
(2) (i, v))* > (v, vi){v;, v;) and (vi, v)* = (v, v)(v;,v;) iffi=].
Proof. (1) Suppose ¢ € M, then v;,(q) = u; + q, where (q,u;) =0, i =
1,...,/. So we have (v;,v;) = (u;,u;)—1, Vi, j. Since (v;,v;) <0,
(u;, u;) <1, and (1) follows from the Schwarz inequality.

(2) If (v;, v;) = 0, then by (1) we have (v;, v;)? > 0 = (v;, v;){(v;, vj) if
i#j.1If (v;, v;) <0, then, since

_{w vy N
<’v, (vi,v;)v”v’ =0,

Vi, VU v;, Uj
(o= 2t o, 220, 5

it follows that

(vi, v;) (vi, v;)
hence
o _(Ut,vj)2_< vy o (i, ) >
;i vj) (i, v;) Y (i, v;) (’Ui,vi)v' 20.

Therefore we have
(vi, v))* > (v, vi) (v, v))
and ( \
) Vi, U
(i, v))? = (vi, vi){v;, v;) iffv; = mvi-
Since (vi(q), q) = (v;(q), q) =-1,
(i, vj)t = (v, vi)(v;,v)) ifi=j. O
2.3 Theorem. Suppose v, ..., v, are the curvature normals of M, where
(vi,v;)<0, i=1,...,1, (vi,vy>0, i=1+1,...,p,
then [ <1.

Proof. Suppose [ > 1. Then we can choose v;, v;; ', j' <[ and i’ # j' such
that

(vir, Vi) > (v, ve) forall k' <1,
(i, vjr) > (v, vp) forall k' <, k' #1i'.
Claim. If k' <1, v =(1 —af‘,'j,)'u,-/ +af~‘,'j, then, either af‘,'j, <0, or, af.‘,'j, >1.
Otherwise, suppose 0 < af;, < 1. Then, we have
<'U,‘r , ’Ukn) = (1 - a,‘ﬁj,)(vi: y ’U,‘I) + af‘,j,(v,v , ’Ujl)
> (1—ak; )y, vjr) +af (v, vjr) by (2.2)

= (’U,’l . ’Ujl).

Contradiction.
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If k' >1 and vy = (1 —ak,)vs +ak),, then either a&), <0, or ak;, > 1
because (vy:, vg/) > 0.
By (2.1) we have

k)2 !
(Vir, vjr) = Z Z (7i7) 2 dE — 1D >0.
X ;Mo <kSmy @iy =1
Uyt =(1 —a:(/j/ )U,l +a:(ljl vy
at, #0,1

Contradiction. So, /<1. O

2.4 Theorem. Suppose M" is a full isoparametric submanifold of H"*k C

R,V with curvature normals v, , v, ..., v,, where (v;,v;) <0, i=1,
l,and (v;,v;)>0, i=1l+1,...,p.

Then | =1, and (v, v;)=0, i>1.
Proof. Since M is full in H™* | v(q), ..., v,(q) span v(M)g. Suppose

there is no curvature normal with negative length. Then, by (2.3), there are two
cases:

(1) (vi,v)= O and (v,-,v,«)>0, i1>1,or

(i) (vi,v:) >0, i=1,2,

Case (i). Since R" (1) = cva(l) , where c € R,and R} € O(v(M),), we
have vg,) =v;. Hence

Rz,(vl) =y, v —

This implies that (v;, v;) =0, i > 1,50, v;,..., v, do not span v(M),, a
contradiction.

Case (ii). Let u = ) ..y, 7(q). Then u € v(M), is invariant under W9.
In particular R? (u) =u so (v;, u) =0.

Claim. 1(q), YT € W4, are in the same component of the interior of the light
cone, so (u, u) <O0.

Proof of the claim. Since W4 is generated by RY , so we only have to prove
that for any v, (v, v) <0, then R,,(v) and v are in the same component of
the interior of the light cone. Suppose

v=v'+aq, a>0, (g,v)=0,
vi=u+4q, (g, u)=0,
then ( ) ( )
_ o) __ u;,v'")—a
Rufv), 4) = -a 2(vi,vi>(v,,q) a+2(ui, i)—1
2a|u;| . ,
< —-a+-————— since |v'|<a
(ui, u;) — 1
<0.

So, R,,(v), v are in the same component of the interior of the light cone.
Hence (v;, u) =0, and u # 0. Contradiction.
Therefore M has one and only one curvature normal with negative length.
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Since Rf (vi) = cvg, 1), where ¢ € R, and RY € O(v(M),), so we have
oi(1)=1 and ¢ =+1.

Since R (v;), vy are in the same component of the interior of the light cone,
c=1.1e,

Ri(v))=wv, fori=2,...,p.

So, (vy,v;)=0for i=2,...,p. O
2.5 Corollary. Suppose M" C H"** s a full isoparametric submanifold,
Uy, ..., Up arethe curvature normals, where (v;, v1) <0, (vi, v;) >0 ifi>1,

E; the corresponding curvature distributions.
IfejeEl, e,€E;, i>1, then wjk=0.

Proof. Let wj, =Y, yj.kw,. By (1.6), we know that if ¢; € E;, or E;, then
P =0.
Suppose i, #0 and ¢ € Ey, s # 1, i, then
vy = (1 —aj;)v; +aj;vi by (1.6).

By (2.4) we have (v, v5) =0, (v;,v;) =0. So, aj, =1, vs =v;, a contra-
diction. Hence we have yj.k = 0, and therefore

— ! _
Wji = Z Vikwr =0. O
I

2.6 Corollary. Suppose M" c H"* c R*k.1 s a full isoparametric subman-

ifold, vy, vy, ..., v, curvature normals, such that |vi| <0, |v;| >0 for i > 1,
E\, Ey, ..., E, are the corresponding curvature distributions and dimE, = m.
Then there exists a Lorentz subspace V™' of R"™ .1 such that
M=H’"( : >><M1”"”
(vi, vr)
where
() fre e

(vi, vy) (vi, vy)

and
Mr—m - Sn+k—m—l (—l _ 1 ) C VJ.

: (vi, vr)
is an isoparametric submanifold.
Proof. Let

X* =X+ 2 M RRL
(vi, vr)

Then

* _ 7 (Ul,'U,’) : _ .
=P (1 - m) idg, = @Pide, .

i=1 i>1

So, X*(M) = M, is a submanifold, and X*: M — M, is a Riemannian sub-
mersion, E; is the vertical distribution, and
bution.

i>1 Ei 1s the horizontal distri-
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From (2.5), we have
(7 =0 ife,- eE,, e G@Ei.
i>1
So, the O’Neil tensor 4 [O’N1] is zero, therefore the horizontal distribution
@, E: is integrable. Let N(q) denote the leaf ,., E; through ¢, g€ M.
Claim. E\(x) ® Rvi(x) is a fixed m + 1 plane in R"**-! for x in N(q).

Proof of the claim. If e; € E;, i > 1, then Ve,u1 = —(vr, v;)e; = 0. So,
egN---Ney, ANdy; =0.
Suppose ¢, ..., e, € E,, then

die;A---Aewm ANvy)

M=

eqN---NdejA---Ney Avi+e A Ney Adyy

~.
]
—_

I
(=
o
>

A (E wjkek+2w,kea) Ao Aem AU

k>m a

.
Il
—_

I
()=
o
>

A <ijaea> A---Nemw Avp by (2.5)

.
Il

I

(1=
>
>

A ( Z <vlaea)ea+en+k+1) AN~ ANey AUy

a<n+k

~.
Il
—

I
(=
o
>

AULAC A Aem AU

Il
5

So, E(x)® Rv,(x) is constant for x in N(q).
From (1.11) we know that E;(x) @ Rv,(x) is also fixed on any fiber of X*,
so V™l = E|(x) ® Rv(x) is a fixed m + 1 Lorentz subspace of R"+k:! .
Since

v1(x) > . vy (x) n
X+ ,01(x))=0, X*x)=x+—"Y eV
< (v, vr) 1) x) (vi, vy)
forany x € M, ie., X*(M) = M; c V1. Moreover, by direct computation
we see that X*(M) = M, is isoparametric in the sphere of V1 with radius
(=1 —=1/{vy, v{))"/2, centered at the origin.
Suppose P is the orthogonal projection of R"*%-! onto V. Then

1 __ulx)
(v1, Ul)) ’ PIM(x) = (v, vy)

is surjective, and X* =1 — P|M . Therefore M = H™ x M,. O

P|M: M—»H"’(

3. POLAR ACTIONS ON H"

Suppose G is a connected, closed Lie subgroup of O(n, 1), and the iso-
metric action of G on H" is polar (see [PT1]), i.e, H" has a connected,
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closed submanifold which meets all orbits orthogonally. Any such submanifold
is called a section of H". Suppose g € H" is a regular point, H(Z;) is the
unique section through ¢ . Since sections are totally geodesic submanifolds of
H", therefore H(X;) = £,N H", where X, is a (m, 1) Lorentz subspace of
R™1,

3.1 Theorem. Suppose q € H" is a regular point and Gq C I, where | is a
hyperplane of R"'. Then

GH(Z,)Nnl)=InH",
in particular G(INH") C INH". Moreover, the action of G on INH" is polar.

Proof. Suppose v is a normal vector of /, where / = {x € R®! | (x, v) =c}.
Then v € v44(Gq), the normal space of Gg in R™! at gg,forall geG.

() If x e HZ;) NI, then (¢gx,v) =0 forall g € G, £ € g, the Lie
algebra of G, hence, (gx, v) is constant on G. Therefore, we have

(gx,v)=(x,v)=c VgeQU,

ie., Gxcl.So, GHZ,)Nnl)cInH".

(2) Since H" = GH(Z,;), forany y € H"N[ there exist h € G, x € H(Z,)
such that y = hx. Because (gx,v) is constant on G we have (x, v)
(hx,v)=(y,v)=c,ie, xel.So, G(H(Z,)NI)DINH".

From (1) and (2) we have

GH(E,)Nl)=InH",

so G actson /N H" and the action is polar. O

-

3.2. Suppose some principal orbit of G is not included in any hyperplane.
Then all principal orbits of G in H" are full isoparametric submanifolds of
H".

3.3 Theorem. Suppose Gq is a principal orbit of G, q € H", v, is the cur-
vature normal of Gq in R™! such that (v,,v,) <0, E| is the corresponding
curvature distribution, V = E\(q) ® Rv,(q), dim(E,) = m. Then

(1) V is G-invariant (m, 1) subspace of R"', and

p:G— SO(V), pt:G - Sowv?)

are polar representations.

(2) There exists a polar representation G, C SO(VL) such that the orbits of
G in H" coincide with the orbits
{SO(m, DuyxGuy |uy €V, up e V>, (uy, uy) < -1, and |u,*+|uz)? = —1}.
Proof. (1) From the proof of (2.6) we know,

V(gq) = Ei(gq) ® Rvi(gq) = E1(q) ® Ru(q) = V.

So gV =V forall g€ G,ie., V isinvariant under G. Moreover p, p* are
clearly polar.
(2) Let g, = —vi(q)/|vi| € H". Then from (2.6) we know

Gqr={xeV|({x,x)=-1},
so V =T, Gq, & Rq, , hence the normal space of Gg, at ¢ in H" is V1.
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Let G, be the identity component of G, . Then G; C O(V') is a slice
representation of H”", so it is a polar representation and T, H(Z,;) is a section
of G] .

Let g = —vi(q)/(vi, v1), g3 = g +vi(q)/(vi, v1). Then g =g, + g3, and
g2 €V, g3 € VL. Since g is a regular point of G, so g3 is a regular point of
pt:G—-SO(VL).

Denote the identity component of G, by K. Then K fixes every vector in
T, H(Z;) c V+. Since

Gq=Gq, x Ggs,

)
Gig3 = Gqs, Kq = Gg,.

Suppose g, g;, k are the Lie algebras of G, G;, K respectively. Then g;q; =
803, ka2 =gq>.

Claim. g=k+g; and G= G K = KG, .
Proof of the claim.

gI=8n+tep=kp+g1gs=(k+g)p+(k+g)g3=(k+g))q,

andif Xg=0, Xeg,then Xg, =Xq3=0,s0 X ekng;, hence g=k+g
and G=G1K=KG|.

Now consider the K x G, action on V @ V+. For any u; + u € H(Z,),
where u; € Rvy, u; € T, HZ,),

G(u; + uy) C Kuy x Gius,
and, because g = k + g;, by dimension and connectedness we have

G(uy + u) = Kuy x Gu,.
By (2.6) we know

Ko = 1€V 1009 = o |
so, the orbits of G in H" coincide with the orbits
{SO(m, Duy x Gyug |uy €V, ua € V- (uy, uy) < -1,
and |u; > + |up)? = -1}. O

4. ISOPARAMETRIC SUBMANIFOLD OF
RIEMANNIAN HILBERT HYPERBOLIC SPACE

Suppose V is a separable Hilbert space. Let V = R® V with the inner
product

((s,x), (t,y))=-st+(x,y) wheres,teR, x,yeV.

Then V isa Lorentz Hilbert space. Let HV)={(s,x)eV|-st+(x,x)=
—1, s >0}, then H(V) is a Riemannian Hilbert hyperbolic space with constant
sectional curvature —1.
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4.1 Definition. A Hilbert submanifold M of H(V) is called isoparametric if
M satisfies the following conditions:
(1) Codim(M) < oco. B
(2) v(M), the normal bundle of M in H(V), is globally flat.
(3) If v is a parallel normal vector field on M, then Ay (), Ay(y) are or-
thogonally equivalent for all x,y € M.
(4) A, is compact for any v € v(M), .

4.2 Proposition. Suppose M is not a full isoparametric Hilbert submanifold of
H(V), i.e., there is a nonzero vector v in V, such that (x,v) is a constant on
M, then (v,v)>0,and (x,v)=0 on M.
Proof. Suppose X: M C H(I~/) c V, then we have (X,v)=a, (dX,v)=0.
So, there exists a normal vector field Z of M in H(V),suchthat v = aX+bZ,
where b # 0. Hence we have
0=adX +bdZ, Az = %idTM.

Since Az is a compact operator, a = 0.

Therefore (v, v) >0 and (x,v) =0 forall xe M.

4.3 Theorem. If M Cc H (V) is a full isoparametric submanifold, then dim(M)
< o00.

In order to prove Theorem 4.3, we need the following lemmas, in which we
will always assume that M is a full isoparametric in H(V) and v(M) is the

normal bundle of M in H(V).

4.4 Lemma. There exist smooth distributions E;, i € I, and smooth parallel
normal fields v; € v(M), i €1, such that

™ = PE;
iel
and for any v € v(M),
Av | E,’ = <’U , 'l),')idEI .
Moreover, if we suppose vg = 0, then dim(E;) < oo, for i #0.
Proof. The same proof as for the finite dimension case works here, because A,
is compact and selfadjoint. O

E; are called curvature distributions, v; are called curvature normals. We

will assume that {e; | i € N} is an orthonormal frame for H(V'), such that
{e; | i > k} is an orthonormal tangent frame for M, where e; is in some
curvature distribution, and {e, | | < a < k} is an orthogonal normal frame of

M in H(V).

4.5 Lemma. M is fullin HV) iff v;, i €1, span v(M).
Proof. The same proof as for (1.4). O

4.6 Lemma. For ¢ >0, I, = {i € I | |v;|* > &} is finite.
Proof. Since A,, is compact

{i el (v, e)| > \/;i:} is finite,
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Lc | {ie1||(v,~,ea)|>\/§} is finite. O

1<a<k

hence

4.7 Lemma. Let w;j =3, 7iw;. Then

Ve —vp) = Vi(ve —vp) = vl (op —vp),  j#L

where e; € E;, e; € Eji, ¢ € E.
Proof. The same proof as for (1.5). 0O
4.8 Corollary. Suppose e; € E;, ej € Eji, i' # j', then

(1) yz{j’_'o if e €Ej.

(2) If v}, #0, where e, € E;r, I' # j, then

vp = (1—db; vy +al vy, whereal, #0, 1
and A
vl = vhaly = vi(1 = ).

4.9 Lemma. Suppose v; # v;, then

(’U,‘,’Uj)-—1= Z Z j m

v=(1— a )v,+a iU e,eE,
a{j;eo,l
Proof. The same proof as for (2.1). O
4.10 Lemma. (1) M has at most one curvature normal whose length < 1.
(2) If v; is a curvature normal of M, then v; # 0.

Proof. (1) Suppose there are at least two curvature normals whose length < 1.
Then, by (4.6), we can choose v;, vj, i # j, such that |v;| <1, |vj| <1, and
if |yl <1, then |v;| > |v| and (v;, v;) > (v;, v)), for [ #1i.

By (4.9)

. 1
(vi,vj) - 1= > Z (yij)zafj(afj -1

t
u=(1-a))v,+av, a€k)

afj;éo,l

and (v;, vj) < (v;, v;) <1, we have

Z Z(VU a’—(a’——l)<0'

v=(1-a )1) +a! Y "'EEI
a{j;eo,n

On the other hand, if |v;| <1, and v, = afjv,» + (1 - a,’.j)vj, 0< afj < 1, then

(vi, v) = al; (v, v;) + (1 - afj)(vi, v;)
>a[ (vl’vj>+(l )(’U,,'U])

= (vi, vj),
J
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a contradiction. So, if |y < 1, and v; = a’ +(1-d ;)vj, then, either
al;<0,0r a;>1.
If |v| > 1, and v; = alv; + (1 — al;)v;, then, either a/; <0, or a; > 1.

So, we have
; ” a’ (a’ -1

vy=(1— a,])v,+a v, @€E

afj;éO,l

a contradiction. Thus M has at most one curvature normal whose length < 1.

(2) Suppose vy =0 is a curvature normal of M . By (1) and (4.6) we know
that M has only finitely many curvature normals, and M has at least one
nonzero curvature normal, since M is full. Hence we can choose v;, such that
|v;| < ||, forall /#0. Then, by (4.9) we have

1
(vo, vj) = 1= Z Z (yfj)zl_l_ 1
! ! a;;(aj; — 1)
v=(-al,)vo+al,v; e€E;

al;#0,1

12 1
Z Xt: ) azl'j(axl'j -1y

e;EEl

v,—a iVj
a ;£0 1
On the other hand, if 0 < a’ <1l,and v, =adl Ui, then |y = al ;lvj| < v,
a contradiction. So, if v; = a;v;, then either a’ <0, or al; > 1. Hence we

have
Z Z yl_] WZO’

v,—al v; e,EE/
al;#0,1
a contradiction. Therefore M has no zero curvature normal. 0O

4.11  Proof of Theorem 4.3. By (4.6) and (4.10), we know that M has only a
finite number of curvature normals and none of them is zero. Therefore, by
(4.4), M is of finite dimension. O

4.12 Theorem. Suppose M is an isoparametric Hilbert submanifold of H (I:/),
then M is eitfter of finite dimension, or a totally geodesic submani[gld of HV),
i.e, M=H(V)NV,, where V| is a Lorentz Hilbert subspace of V .

Proof. The direct corollary of (4.2) and (4.3). O

REFERENCES

[Ab]  U. Abresch, Isoparametric hypersurfaces with four or six distinct principal curvatures, Math.
Ann. 264 (1983), 283-302.

[Be] C.T. Benson and L. C. Grove, Finite reflection groups, Bogden & Quigley, 1971.

[Cal] E. Cartan, Familles de surface isoparametrique dans les space a courbure constante, Ann. of
Math. (2) 17 (1938), 177-191.




626
[Ca2]
[Ca3]
[Cad]
[Col]
[Co2]
[CR]
[CW1]
[CW2]

[CW3]
[Da]

[FKM]

[Ha]
[HL]

[HPT]

[La]
[Mii]

[No]
[O’N1]

[O'N2]
[OT]

[PTI]
[PT2]
[Tel]

[Te2]
[Te3]
[Ted]
[Th]

BINGLE WU

—, Sur des familles remarquables d’hypersurfaces isoparametriques dans les espaces
spheriques, Math. Z. 45 (1939), 335-367.

—, Sur quelques familles remarquables d’hypersurfaces, C. R. Congres. Math. Liege, 1939,
pp. 30-41.

—, Sur des familles d’hypersurfaces isoparametriques des espaces spheriques a 5 et a 9
dimension, Univ. Nac. Tucuman Rev. Ser. A 1 (1940), 5-22.

L. Conlon, 4 class of variationally complete representations, J. Differential Geom. 7 (1972),
149-160.

—, Variational completeness and K-transversal domains, J. Differential Geom. 7 (1972),
135-147.

T. E. Cecil and P. J. Ryan, Tight and taut immersions of manifolds, Research Notes in
Math., vol. 107, Pitman, Boston, Mass., 1985.

S. Carter and A. West, Generalized Cartan polynomials, J. London Math. Soc. (2) 32 (1984),
305-316.

—, Isoparametric systems and transnormality, Proc. London Math. Soc. (3) 51 (1985),
520-542.

—, Isoparametric and totally focal submanifolds, Preprint, University of Leeds, 1988.

J. Dadok, Polar coordinates induced by actions of compact Lie groups, Trans. Amer. Math.
Soc. 288 (1985), 479-502.

D. Ferus, H. Kacher and H. F. Miinzner, Cliffordalgebren and neue isoparametische hy-
perflachen, Math. Z. 177 (1981), 479-502.

C. E. Harle, Isoparametric families of submanifolds, Bol. Soc. Brasil. Mat. 13 (1982), 35-48.

W. Y. Hsiang and B. H. Lawson, Jr., Minimal submanifolds of low cohomogeneity, J. Dif-
ferential Geom. 5 (1971), 1-38.

W. Y. Hsiang, R. S. Palais and C. L. Terng, The topology of isoparametric submanifolds, J.
Differential Geom. 27 (1988), 423-460.

S. Lang, Introduction to differentiable manifolds, Interscience, New York, 1966.

H. F. Miinzner, Isoparametrische hyperflichen in spharen. 1, 11, Math. Ann. 251 (1980),
57-71; 256 (1981), 215-232.

K. Nomizu, Elie Cartan’s work on isoparametric families of hypersurfaces, Proc. Sympos.
Pure Math., vol. 27, Amer. Math. Soc., Providence, R.1., 1975, pp. 191-200.

B. O’Neill, The fundamental equations of a submersion, Michigan Math. J. 13 (1966), 459-
469.

—, Semi-Riemannian geometry with applications to relativity, Academic Press, 1983.

H. Ozeki and M. Takeuchi, On some types of isoparametric hypersurfaces in spheres. 1, 11,
Tohoku Math. J. 27 (1975), 515-559 and 28 (1976), 7-55.

R. S. Palais and C. L. Terng, 4 general canonical form theory, Trans. Amer. Math. Soc. 300
(1987), 771-789.

—, Critical point theory and submanifold geometry, Lecture Notes in Math., vol. 1353,
Springer-Verlag, 1988.

C. L. Terng, Isoparametric submanifolds and their Coxeter groups, J. Differential Geom. 21
(1985), 79-107.

—, Convexity theorem for isoparametric submanifolds, Invent. Math. 85 (1986), 487-492.
—, Submanifolds with flat normal bundle, Math. Ann. 277 (1987), 95-111.

—, Proper Fredholm submanifolds of Hilbert space, J. Differential Geom. 29 (1989), 9-47.
G. Thorbergsson, Isoparametric foliations and their buildings, preprint.

DEPARTMENT OF MATHEMATICS, BRANDEIS UNIVERSITY, WALTHAM, MASSACHUSETTS 02254

Current address: Department of Mathematics, University of Pennsylvania, Philadelphia, Penn-
sylvania 19104-6395

E-mail address: wu@math.upenn.edu




