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Abstract. It is shown that if M is a closed orientable irreducible 3-manifold

and n is a nonnegative integer, and if HX(M, Zp) has rank > n + 2 for

some prime p , then every «-generator subgroup of nx(M) has infinite index

in nx(M), and is in fact contained in infinitely many finite-index subgroups

of 7tx(M). This result is used to estimate the growth rates of the fundamental

group of a 3-manifold in terms of the rank of the Zp-homology. In particular it

is used to show that the fundamental group of any closed hyperbolic 3-manifold

has uniformly exponential growth, in the sense that there is a lower bound for

the exponential growth rate that depends only on the manifold and not on the

choice of a finite generating set. The result also gives volume estimates for

hyperbolic 3-manifolds with enough Zp -homology, and a sufficient condition

for an irreducible 3-manifold to be almost sufficiently large.

This paper addresses several different problems in the geometric and topolog-

ical theory of 3-manifolds. In particular, we obtain new results on the problem

of estimating the growth rate of the fundamental group of a 3-manifold (§4);

on the problem of estimating numerical invariants of a hyperbolic 3-manifold,

such as its volume or its maximal injectivity radius (§5); and on certain older

problems in the topological theory, such as when a 3-manifold A7 is almost

sufficiently large, and when nx (M) contains a free subgroup of rank 2 (§2). All

these problems will be seen to be related to a circle of intriguing questions about

3-manifold groups which are treated in § 1.

In the following discussion we shall let M denote a closed, orientable 3-
manifold with a smooth or piecewise-linear structure. (The results of the paper

can be adapted to nonclosed 3-manifolds, but we have concentrated on the

closed case as it is the most interesting.) We shall assume that A7 is irreducible:

this means that A7 is connected and that every (smooth or PL) 2-sphere in

A7 bounds a 3-ball. (According to the prime decomposition theorem for 3-

manifolds [Mil], this is not a serious restriction. Furthermore, any hyperbolic

3-manifold is irreducible since it is covered by E3 : see [Mil, proof of Theorem

2]-)
In §1 we exploit the idea that the presence of "enough" first homology in

the 3-manifold A7 can be helpful in studying 7ix(M). For rational homology
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this idea was extensively developed by F. Waldhausen; for homology modulo a

prime p , it seems to have been first successfully used by V. G. Turaev. Turaev

showed [Tur, Remark l.II, p. 359] that if rankTFtAf; Zp) > 3, then 7t,(A7)
contains infinitely many subgroups of finite index. (In this paper Zp will always

mean Z/pZ.)
In §1 we give a refined version of [Tur, Remark l.II]; this is our Proposition

1.1. It asserts that if HX(M; Zp) has rank at least n + 2 for a given integer

n > 1, then every «-generator subgroup of 7tx(M) is contained in infinitely

many different finite-index subgroups. Our proof of 1.1 is similar in spirit to

Turaev's arguments. The statement of 1.1 is also very similar in flavor to a result

of Lubotzky's [L, Theorem 5.4]; the two results are compared in the discussion

in 1.6 below. Much of the present paper is inspired by Lubotzky's work.

In the remainder of §1, we combine 1.1 with results from [JaS], [Tue], and

[BaS] to obtain criteria for subgroups of nx(M) to be free. A group G is said

to be k-free, where A: is a nonnegative integer, if every subgroup of G which

can be generated by k elements is a free group (of some rank < k). In 1.9

we show that if nx(M) has no free abelian subgroup of rank 2, and if either

rank77](A7; Q) > 3 or rank7F¡(A7; Zp) > 4 for some prime p , then nx(M) is
2-free.

More generally according to Proposition 1.8, if ni(M) contains no isomor-

phic copy of a genus-g surface group for any positive integer g < k, and if

either rank7F¡(A7; Q) > k + 1 or rank77. (A7; Zp) > k + 2 for some prime

p, then 7i\(M) is k-free.x The latter result is used, in 1.13, to prove that if

G is the fundamental group of any closed hyperbolic 3-manifold, then for any

k , the group G is virtually k-free in the sense that it has a subgroup of finite

index which is k-free. It would be interesting to know which groups besides

hyperbolic 3-manifold groups have the property of being virtually A>free for

every k .

Some of the results of § 1 have recently been improved on by Mess [Mes2]

and [Parry P]. Their proofs involve quoting the results proved in §1.

In §2 we apply the results of §1 to some classical problems in 3-dimensional

topology. Generally speaking, the strongest known results in 3-manifold theory

apply to the case where the manifold A7 is "sufficiently large." This means that

A7 contains an embedded closed, connected, orientable surface F of positive

genus which is incompressible in the sense that the inclusion homomorphism

maps nx(F) injectively to nx(M). It is a consequence of the loop theorem

of Papakyriakopoulos that if Hi(M; Q) # 0 then A7 is sufficiently large (see

[He, Lemma 6.6].) In §2 we show that certain results that are known in the

sufficiently large case are true under the assumption that HX(M; Zp) has big

enough rank for some prime p .

For example, Evans and Moser ([EM]; see also [Wa]) show that when A7

is sufficiently large, nx(M) usually contains a free subgroup of rank 2; they

classify all the exceptions, which in particular turn out to have fundamental
groups generated by at most three elements. In 2.9 we prove, without assuming

M sufficiently large, that if rank 77, (M; Zp) > 4 for some prime p then nx(M)

always contains a free subgroup of rank 2.

'This is a much stronger result than the one announced in [BaS], where rank//](M; Z/pZ)

> k + 2 was replaced by a considerably more restrictive condition. A suggestion of Marc Culler's

was crucial in arriving at the present version of Proposition 1.8.
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One of the fundamental conjectures in 3-manifold theory is that whenever

7ii(M) is infinite, A7 is almost sufficiently large in the sense that it has a suffi-

ciently large finite-sheeted covering. (According to [MeeSY], any finite-sheeted

covering of the irreducible 3-manifold A7 is itself irreducible.) An obvious nec-

essary condition for A7 to be almost sufficiently large is that nx(M) contain

a surface group, i.e. a subgroup isomorphic to the fundamental group of some

closed, connected, orientable surface Sg of genus g > 0. It is natural to ask

whether this condition is also sufficient. In 2.5 we show that if nx(M) contains

an isomorphic copy of nx(Sg) for some g > 0, and if 7F¡(A7; Zp) has rank at

least 2 g + 2, then some finite-sheeted cover of A7 contains an incompressible

surface.

The proof of Proposition 2.4 depends on combining Proposition 1.1 with a

theorem of Jaco's which has not been previously published; we give a proof of

Jaco's theorem in 2.1-2.3.

Another basic result in the sufficiently large case is Waldhausen's torus theo-

rem, which asserts (in the refined version proved in [Jo and JaS]) that if nx (M)

contains a free abelian subgroup of rank 2 then either A7 contains an incom-

pressible torus or A7 is a Seifert fibered space. (For an account of the theory of

Seifert fibered spaces, see [He, Chapter 12].) In [Tur], Turaev points out that the

results of his paper, combined with those of [Sh], imply that the torus theorem

remains true if the assumption that A7 is sufficiently large is replaced by the

assumption that rank7F¡(A7; Zp) > 3. In §2 we give a self-contained proof of

this case of the torus theorem (Corollary 2.8), including a self-contained proof

of the relevant result from [Sh]; the main reason for doing this is to point out

explicitly the connection between the results of [Sh] and Jaco's Corollary 2.3.

Turaev's Corollary 2.8 can also be deduced from a theorem proved by G

Mess in [Mesl], using entirely different methods. Furthermore, A. Casson and

D. Gabai have recently announced proofs that the torus theorem remains true

for an arbitrary closed, orientable, irreducible 3-manifold. We emphasize that

the arguments of §2 are much more elementary than those used by Mess, Casson

and Gabai.
Our proof of Theorem 2.9, on the existence of free subgroups, combines

Corollary 2.8 with the results from §1.
Recent work by Cannon and others has stimulated interest in growth func-

tions of finitely generated groups, and in particular of fundamental groups of

hyperbolic manifolds. Let G be a group and let S be a finite generating set.

For any integer n > 0, let b„ denote the number of elements of G that can be

expressed as words of length < n in the generating set S. The formal power

series g(x) — ̂ bnxn turns out to reflect interesting properties of the group

G ; for example, Cannon has shown [C] that if G is the fundamental group of

a closed hyperbolic «-manifold then g(x) is a rational function.

We say that G has exponential growth if there is a constant B > 1 such that

bn > Bn for all sufficiently large « . The supremum of all such B will be called

the growth rate of C7 with respect to S and denoted co(S). Equivalently, co

is the reciprocal of the radius of convergence of g(x).

The condition that G have exponential growth, i.e. that co(S) be > 1, is

independent of the generating set S (see [Mi2]); but the value of co depends

on S. We define the minimal growth rate of G to be co(G) - inf co(S'), where

the infimum is taken over all finite generating sets S. If co(G) > I we shall say
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that G has uniformly exponential growth. It is an intriguing question whether

every finitely generated group G of exponential growth is in fact of uniformly

exponential growth. The question seems particularly interesting for the case of

fundamental groups of closed hyperbolic «-manifolds, which are known always

to have exponential growth.

Section 3 contains a brief introduction to the theory of growth of groups and

proofs of some general results that are used elsewhere in the paper. Some of

these results may be of independent interest, particularly Proposition 3.1, which

describes the growth of a free product, and Corollary 3.6, which asserts that

virtually 2-free groups that are not cyclic-by-finite have uniformly exponential

growth.

In §4 we show that the fundamental group of a hyperbolic 3-manifold A7

always has uniformly exponential growth. In fact, this follows easily from the

results of §1 and the elementary Corollary 3.6. Again using the results of §1,

we obtain explicit lower bounds for the minimal growth rate of 7t.(A7) in the

case where A7 has enough homology: for example, if rank77i(A7; Q) > 3, or

if rank77. (A7; Zp) > 4 for some prime p , then co(ni(M)) > 3. Likewise, we

obtain explicit estimates if rank 77] (A7; Q) is 1 or 2. However, we have not

been able to determine whether there is a uniform lower bound for co(ni(M))

if A7 ranges over all hyperbolic 3-manifolds.

If the closed, orientable, irreducible 3-manifold A7 is not assumed to be hy-

perbolic, it is not obvious whether 7r. (A7) has exponential growth at all. Indeed,

some restriction on A7 is obviously needed to ensure exponential growth, since

there are examples in which nx (M) is finite or nilpotent. In [Tur], Turaev gives

a lower bound for the growth under the assumption that rank77! (A7; Zp) > 3

for some prime p and that nx(M) has no nilpotent subgroup of finite index;

however, this lower bound is subexponential, being of the form CnlXo%n , where

C is a constant > 1.

In 4.1 we point out that if rank7F¡(A7; Zp) > 4 for some prime p, then

7Ti(A7) has exponential growth. In fact, this is an immediate consequence of

Theorem 2.9, which guarantees the existence of free subgroups of rank 2.

In §5 we study the geometry of hyperbolic 3-manifolds. If the closed 3-

manifold A7 has a hyperbolic metric (i.e. a Riemannian metric of constant

curvature -1 ), there is a number s such that any two smooth loops of length

< s based at an arbitrary point of A7 define commuting elements of 7ti(A7).

We call the largest such e the Margulis number of A7 and denote it p(M).

The Margulis number plays a key role in studying the geometry of A7. For

example, it is easy to show that A7 always contains an isometric copy of a ball

B of radius e/2 in hyperbolic 3-space. (This argument is reviewed in §5.) This

gives an obvious estimate for the volume of A7, namely that vol(A7) > vol(F).

This estimate can be improved using the methods developed by Meyerhoff in

[Mey2].
In [Meyl], Meyerhoff shows that p(M) > .104 for any closed hyperbolic

3-manifold A7. In [Mey2] he uses this to obtain a lower bound of .00082 for

the volume of A7.

There is a general method, essentially due to Gromov [Gr], for estimating

the Margulis number of a hyperbolic «-manifold in terms of the growth rates

of 2-generator subgroups. We give an explicit statement and proof in 5.2. This
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implies in particular (see 5.3) that if the hyperbolic 3-manifold M has a 2-free

fundamental group then2 p(M) > ^ . This gives vol A7 > 0.1124. (Through-
out this paper all logarithms are understood to be taken to the base e.)

In particular the lower bound ^ is valid if rank Hx (M ; Q) > 3, or if

rank77i(A7; Zp) > 4 for some prime p (see 5.4).3 Likewise, in 5.4 we get new

estimates if rank 77! (A7; Q) is 1 or 2.
We are indebted to Alex Lubotzky for his suggestion that his result cited

above may have applications to 3-manifold theory; although this result is not

used in the final versions of our proofs, it was crucial in developing the ideas

that we use in this paper. We are grateful to Marc Culler for the computer

calculations that yield the lower bounds for volumes given in 5.5 and, especially,

for helping us find the right statement and proof of Proposition 1.1; the latter

is a much stronger result than our original version (which was announced in

[BaS]). Finally, we thank Cameron Gordon for telling us about Turaev's paper

[Tur], and Craig Hodgson, Bob Brooks and Marc Culler for telling us about

Gromov's book [Gr].

1. Free subgroups of 3-manifold groups

Let k be a nonnegative integer. A group G is k-free if every subset of G

with cardinality < k generates a free subgroup (of some rank < k).

Our first result, Proposition 1.1, gives a sufficient condition for a finitely gen-

erated subgroup of a closed 3-manifold group to be of infinite index (and, what

is stronger, to be contained in infinitely many different finite-index subgroups).

We combine this with a result from [BaS] to obtain, in Proposition 1.8 and its

Corollary 1.9, sufficient conditions for a closed 3-manifold group to be A:-free.

Some variants of the latter results, which will be used in §§4 and 5, are given

in 1.11 and 1.12. Finally, we use 1.8, together with a result from [We], to show

(Proposition 1.13) that if G is the fundamental group of any closed hyperbolic

3-manifold, then for every k there is a subgroup of finite index in G which is

k-free.

Proposition 1.1. Let p be a prime and let M be a closed 3-manifold. If p

is odd assume that M is orientable. Let « > 1 be an integer, and let E be

a subgroup generated by n elements of nx(M). If rankHX(M, Zp) > n + 2,

then E has infinite index in 7ix(M). In fact, E is contained in infinitely many

distinct subgroups of finite index.

The proof of 1.1 depends on several lemmas. In 1.2-1.5, we fix an arbitrary

prime p . Whenever A is a subgroup of a group G, we let G#A denote the

subgroup of G generated by all elements of the form gag~xa~xbp with g £ G

and a , b £ A . Thus if A is any normal subgroup of G, the group G#A is a

normal subgroup of A , and A/G#A is an elementary abelian p-group. We shall

denote by (G,),>o the sequence of characteristic subgroups defined recursively

by Go = G and G¡+x = C7#C7,. This is the modp lower central series of G.

2Recent work by Culler and Shalen [CS] gives strong evidence that it should be possible to

replace the estimate (log3)/2 by log 3.

3In the case where rank Hx (M ; Q) > 3 , Culler and Shalen [CS] have proved that p(M) > log 3 .

(See the previous footnote and the remark following the statement of Proposition 5.4.) This gives

a lower bound of about .92 for the volume.
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We shall regard any elementary abelian p-group as a Zp vector space; in

particular such a group has a well-defined rank. Furthermore, all homology

groups of groups and spaces will be understood to be taken with Zp coefficients.

If G is a group and i > 0 is an integer, we shall write h¡(G) for the rank of

H(G).

1.2. It was shown by Stallings in [St2] that if A is a normal subgroup of a group

G and Q = G/N, then there is an exact sequence

H2(G) - H2(Q) -» N/(G#N) -» 77,(G) - 77,(ß) -» 0.

Lemma 1.3. Let M be a closed 3-manifold. If p is odd suppose that M is

orientable. Set Y = nx(M) and r = rank(r/Ti). Then

rankr,/r2> \r(r - 1).

Proof. We apply 1.2 with G = Y and A = T, , so that Q = T/T, is an
elementary p-group of rank r, and N/(G#N) = r,/r2. This gives an exact
sequence

772(r) -. 772(r/r,) -» r,/r2 - 77,(r) -» 77,(r/r,) -» o.

Hence we have

rank(r,/r2) -«2(r/r,) + «,(r/r,) > A,(r)-A2(r).

Now for any space X there is a natural surjective homomorphism from

H2(X; Zp) to 772(re,(yV), Zp). (Indeed, a F(7T,(X), 1 )-space can be construct-

ed from X by adding cells of dimension > 3 to kill the higher homotopy

groups.) Applying this to X = M we conclude that h2(Y) < rankH2(M; Zp).

Moreover, we have MO = rank77, (A7; Zp) = rank772(A7; Zp) by Poincaré
duality. Thus «i(T) > h2(T). We therefore conclude that

rank(r,/r2) > «2(r/r,) - A,(r/r,).

Using the Künneth formula to compute H¡(Y/rx) = H¡(Zpr)), we find that

h2(T/Tx) - hx(T/rx) = r(r + l)/2 - r = r(r - l)/2.

This gives the desired result.   □

Lemma 1.4. Let n > 0 bean integer. Let F be a group and let E be a subgroup

generated by n elements of T. Then

hx(EYx) > rank(r,/r2) - \n(n - 1).

Proof. We apply 1.2, taking G = Fr, and A = T, , so that Q = ETX/TX . This
gives (ignoring the term H2(G) in 1.2) an exact sequence

772(Fr,/r,) - r,/(Fr,#r,) -> 77,(Fr,) -» 77,(Fr,/r,) - o.

Hence

/2l(Fr,)>rank(r,/(Fr,#r,)) + «,(Fr,/r,)-«2(Fr,/r,).

Since F is generated by « elements, FT, /T, is an elementary abelian p-group

of some rank r < n . Hence «,(Fr,/r,) = r ; and the Künneth formula gives

rank«2(Fr,/r,) — jr(r + 1). On the other hand, since the subgroup T2 of Y

contains Fr,#r, , we have

rank(r,/(Fr,#r,)) > rank(r,/r2).
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Hence

hi(EYi) > rank(r,/r2) + r - \r(r + 1)

= rank(r,/r2) - \r(r - 1) > rank(r,/r2) - \n(n - 1).   D

Lemma 1.5. Let M be a closed 3-manifold. If p is odd assume that M is

orientable. Let « > 0 be an integer, and let E be a subgroup generated by n

elements ofY=ni (M). Suppose that rank 77, (A7) > « + 2. Then D = FT, is
a proper subgroup of finite index in Y, and rank 77, (D) >2n+ I.

Proof. Since Y is finitely generated, Yx has finite index in Y, and hence so

does D. Furthermore, we have rank Y/Yx — rank 77, (A7) > « + 2, and so the

quotient homomorphism Y —► T/T, cannot map the «-generator group F onto

T/r, ; hence D is a proper subgroup of Y.

By Lemma 1.3 we have rank(r,/r2) > \(n + 2)(« + 1). By Lemma 1.4 we
have

rank77,(7)) > rank(r,/T2) - \n(n - 1)

>\(n + 2)(n+\)-\n(n-\) = 2n + \.   u

Proof of Proposition 1.1. Let <¥ denote the set of all subgroups A of Y = ni (M)

such that

(i) A has finite index in Y.
(ii) rank 77, (A) > « + 2, and

(iii) ADF.

We shall prove the result by showing that the set S? is infinite. Clearly

r € S?, so that S? t¿ 0 . Hence it suffices to show that for any A £ S? there is
a proper subgroup D of A such that D £ S?.

Let A e 5? be given. Since A has finite index in Y, we may identify A

with 7ii(M), where A7 is a finite-sheeted covering space of A7; in particular,

A7 is a closed 3-manifold, and is orientable if p is odd. Since Ae^ we have

rank 77, (A7) = rank 77, (A) > « + 2, and A contains the «-generator subgroup
F. Now set D = FA,. By Lemma 1.5, D is a proper subgroup of A. Again by

Lemma 1.5, D has finite index in A and hence in Y; and rank 77, (D) >2n +

1 > n + 2 . Moreover, D clearly contains F. Hence D £ 5* as required.   □

1.6. An argument due to Lubotzky [L, proof of Theorem 5.4] shows that if

rank 77, (A7; Zp) is large enough in comparison to k , then the normal closure

of any A:-element subset of it\(M) has infinite index in 7t,(A7). To obtain this

conclusion, which is stronger than the conclusion of 1.1, one needs a stronger hy-

pothesis: for example, when k = 2, Proposition 1.1 requires rank 77, (A7; Zp) >

4, whereas the argument of [L] seems to require rank 77, (A7 ; Zp) to be at least

10. Note that the proof of 1.1 is quite elementary, whereas the proof in [L] de-

pends on the Golod-Shafarevich theorem and theory of p-adic analytic groups.

Setting k = 1 in 1.1, we obtain the following result which sharpens a result

of Turaev's [Tur, Remark l.II, p. 359].

Corollary 1.7. Let p be a prime and let M be a closed 3-manifold. If p is

odd assume that M is orientable. Suppose that rank 77, (A7, Zp) > 3. Then

any element of 7ti(M) lies in infinitely many distinct finite-index subgroups of

7ii(M).    D
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For any nonnegative integer g, let Sg denote the closed orientable surface

of genus g.

Proposition 1.8. Let M be an irreducible, closed orientable 3-manifold, and let

k be a nonnegative integer. Suppose that nx(M) has no subgroup isomorphic to

Tii(Sg) for any g with 0 < g < k. Suppose furthermore that either

(a) rank77,(A7;Q) > Â: + 1, or
(b) rank 77, ( A7 ; Zp) > k + 2 for some prime p.

Then nx(M) is k-free.

Proof. First note that every k-generator subgroup of %i (M) has infinite index;

indeed, if (a) holds this is clear, and if (b) holds then it follows from Proposition

1.1. Now according to [BaS, Corollary Al], if G is the fundamental group of

an irreducible, orientable 3-manifold, if k is a positive integer and if G has

no subgroup isomorphic to nx(Sg) for any g with 0 < g < k, then any

infinite-index subgroup of G generated by at most k elements is free (of some

rank < k). The assertion follows.   D

Corollary 1.9. Let M be a closed, orientable hyperbolic 3-manifold. If either

(b) rank HX(M;Q)> 3, or
(a) rankF/", (A7 ; Zp) > 4 for some prime p ,

then any two noncommuting elements of nx(M) generate a free subgroup of

rank 2.

Proof. Since A7 is hyperbolic, its universal cover is homeomorphic to E3, and

it follows from the proof of [Mil, Theorem 2] that A7 is irreducible. It is

shown in [F] that 7t,(A7) contains no free abelian subgroup of rank 2 ; that is,

nx(M) has no subgroup isomorphic to 7ix(Sx). Thus the hypotheses of 1.8 hold

with k = 2. Hence 7Ti(A7) is 2-free.    G

In later sections we shall need two variants of Corollary 1.9, Propositions

1.11 and 1.2 below. The proofs depend on the following elementary fact.

Lemma 1.10. Let x and y be elements of the fundamental group of a closed,

orientable hyperbolic 3-manifold. If x and yxy~x commute, so do x and y.

Proof. Since A7 is hyperbolic, we may regard G as a torsion-free subgroup of

PSL2(C). Since A7 is closed, G contains no parabolic elements; hence after

a conjugation we may assume that x is represented by a diagonal matrix with

distinct diagonal entries. The hypothesis that x and yxy~x commute implies

that yxy~x is also represented by a diagonal matrix. Hence y is represented

either by a diagonal matrix or a matrix with zeros on the diagonal. If y has zeros

on the diagonal, then since it is unimodular it must have order 2 in PSL2(C).

This is impossible since G is torsion-free. Hence y must be diagonal, so that

x and y commute.   G

Propositionl.il. Let M be a closed, orientable hyperbolic 3-manifold such that

rank 77, (A7, Q) > 2. Then for any two noncommuting elements x, y of nx(M),

the elements x and yxy~x generate a rank-2 free subgroup of G.

Proof. The subgroup Y generated by x and yxy~x has infinite index in G,

since x and yxy~x have the same image in HX(M, Q) = (G/G') ® Q, where

G' denotes the commutator subgroup of G.   It therefore follows from [JaS,
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Theorem VI.4.1] or [BaS, Corollary Al] that T is a free group of some rank <

2. But since x and y do not commute, it follows from Lemma 1.10 that x

and yxy~x do not commute. Hence Y must have rank 2.   G

Proposition 1.12. Let M be a closed, orientable hyperbolic 3-manifold with

77, (A7, Q) ^ 0. Then for any two noncommuting elements x, y of %x (M), the
elements xyx~xy~x and yx~xy~xx generate a rank-2 free subgroup of G.

Proof. The subgroup Y generated by xyx~]y~x and yx~xy~xx is contained

in the commutator subgroup (7 of G; since HX(M, Q) ^ 0, it follows that

T has infinite index in G. It therefore follows from [JaS, Theorem VI.4.1]

or [BaS, Corollary Al] that Y is a free group of some rank < 2. In order

to complete the proof we must show that xyx~xy~x and yx~xy~xx do not

commute. Suppose that they do. Applying Lemma 1.10 with xyx~xy~x and

x~x playing the roles of x and y respectively, we conclude that xyx~xy~x

and x~x commute. Hence x and yx~xy~x commute. By Lemma 1.10 it

therefore follows that x and y commute. This contradicts the hypothesis.   G

A group is said to be virtually k-free, for a given integer k > 0, if it has a
subgroup of finite index which is ft-free.

Proposition 1.13. Let M be a closed hyperbolic 3-manifold. Then for every

nonnegative integer k the group nx(M) is virtually k-free.

Proof. After possibly replacing A7 by a two-sheeted covering we may assume

that A7 is orientable. It follows from [Th, Corollary 8.8.6(a)] that up to con-

jugacy, nx(M) has only finitely many subgroups isomorphic to nx(Sg) for any

fixed integer g > 0. Thus there is a finite family of subgroups Lx, ... , Ln,

where « is a nonnegative integer, such that a subgroup of nx(M) is isomorphic

to nx(Sg) for some g with 0 < g < k if and only if it is conjugate to one of

the Li. For i = 1,...,«, fix an element /, ^ 1 in F,.

Since A7 is hyperbolic, 7ii(A7) is isomorphic to a subgroup of PSL2(C). In

particular 7T,(A7) is a linear group, and is therefore residually finite by [Mai].

Thus for i = 1, ... , n there is a normal subgroup A, of finite index in nx(M)

such that /, ^ A,. Set r = A, n ■ • • n N„. Then Y has no subgroup isomorphic

to nx(Sg) for any g with 0 < g < k .
Since M is closed and hyperbolic, nx(M) has no solvable subgroup of fi-

nite index. Hence Y has no solvable subgroup of finite index. It follows from

[We, Corollary 10.6 and Example 10.1, p. 139] that if Y is any finitely gen-
erated linear group which has no solvable subgroup of finite index, then for

every positive integer m , there is a subgroup A of finite index in Y such that

rank77,(A; Z2) > m . Applying this with m = k + 2, we obtain a finite-index
subgroup A of T which satisfies the hypotheses of Proposition 1.8 and is there-

fore fc-free.   a

Our original proof of Proposition 1.13 used [L, proof of Theorem 5.4] in

place of 1.8; cf. our remark 1.6 above.

2. Topological applications

In this section we use the results of § 1 to show that a number of long-standing

questions in 3-manifold theory have affirmative answers for the case of a (closed,

irreducible, orientable) 3-manifold M whose mod/? first homology has large
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enough rank for some prime p . In 2.8 we prove a torus theorem for the case

where rank77,(A7; Zp) > 3 ; in 2.9 we show that nx(M) contains a rank-2

free subgroup whenever rank 77, (A7; Zp) > 4. In 2.5 we address the problem

of whether a 3-manifold A7, whose fundamental group containing a surface

group 7Ci(Sg), is almost sufficiently large; we obtain an affirmative answer when

rank 77, (A7; Zp) is large in comparison with g.

The proofs of these results combine the results of § 1 with a result due to

Jaco; since Jaco's result has not been published, we shall state and prove it in

2.1-2.3 below.
In this section we shall work in the piecewise-linear category.

Let A7 be a closed, orientable, irreducible (PL) 3-manifold. Recall that A7
is said to be sufficiently large if it contains a closed, orientable (PL) surface

F which has genus > 0 and is incompressible in the sense that the inclusion

homomorphism nx(F) —► nx(M) is injective. We shall say that A7 is almost

sufficiently large if some finite-sheeted cover of A7 is sufficiently large. (Accord-

ing to [MeeSY], any covering space of A7 is irreducible.) One of the central

conjectures in 3-manifold theory asserts that if 7r,(A7) is infinite then A7 is al-

most sufficiently large. An obvious necessary condition for A7 to be sufficiently

large is that iti(M) contain the fundamental group of the closed, orientable

surface Sg of some genus > 0.

Jaco's theorem addresses the question of whether this necessary condition is

also sufficient: that is, if 7t,(A7) has a subgroup Y isomorphic to iti(Sg) for

some g > 0, is A7 almost sufficiently large? It provides an affirmative answer

under the additional assumption that Y is contained in infinitely many distinct

subgroups of finite index in 7t,(A7). Actually the argument does not require

that T be a surface group, but only that it be freely indecomposable. A group

is said to be freely indecomposable if it is neither trivial, nor infinite cyclic, nor
isomorphic to the free product of two nontrivial groups.

Theorem 2.1 (Jaco). Let M be an irreducible, closed, orientable 3-manifold.

Suppose that 7r,(A7) has a freely indecomposable subgroup Y which is contained

in infinitely many distinct subgroups of finite index in tt, (A7). Then M is almost

sufficiently large.

The proof of the theorem uses the following lemma. Recall that a path-

connected subset y of a path-connected space X is said to carry nx(X) if

the inclusion homomorphism 71,(7) —> nx(X) is surjective. (This condition is

independent of the choice of base points.)

Lemma 2.2. Let M be a closed, orientable, irreducible 3-manifold. Suppose

that there is a compact, connected 3-manifold-with-boundary A c A7 such that

(i) N does not carry nx(M), and (ii) 7r,(A) has a freely indecomposable

subgroup Y such that 7r,(A) —► Tti(M) maps Y injectively into nx(M). Then

M is sufficiently large.

Proof. For any closed, orientable 2-manifold F we shall denote by k(N) the

sum of the squares of the genera of the components of F .

Let JV denote the set of all compact, connected 3-manifolds-with-boundary

A c A7 that satisfy conditions (i) and (ii) of the hypothesis of the lemma.

Let iV0e/ be chosen so that k(dN0) = min^e^r k(dN). We shall prove the
lemma by showing that (a) the inclusion homomorphism nx(F) —> 7r,(A7) is
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injective for every component F of dNo, and (b) some component of dNo

has positive genus.

To prove (a), suppose that J is a component of dNo for which nx(J) —>

7t,(A7) has nontrivial kernel. It follows from the loop theorem [He, Chapter

4] that there is a disk D c M such that D n J = dD, and such that dD is
homotopically nontrivial in J. Let A be an annulus neighborhood of dD in

/, and let F c A7 be a 3-ball such that FndAo = A c dE. The surface
F = (dNolídE) - (int.4) is obtained from dNo by replacing the homotopically
nontrivial annulus A by two disks; it follows that k(F) < k(dN0). (Indeed,
the component J of 9A0 is replaced in F either by a single component whose

genus is one less than that of J , or by two components whose genera are strictly

positive and add up to the genus of J.)

We have either F n A0 = A or F c A0. If E n No — A then we set
A, = An U F. Note that ô A, = F . We have A, e JV . Indeed, A, satisfies
(i) because Ao carries 7r,(A,) ; and if Y is a freely indecomposable subgroup

of 7t,(Ao) which is mapped injectively into 7t,(A7), then the image of Y in
7r,(A,) is isomorphic to Y and is again mapped injectively into 7T,(A7). Now

since k(dNi) = k(F) < k(dNo), we have a contradiction to our choice of Ao .

Now suppose that E c No, and set Q = No- E. Note that dQ = F, and

that Q has either one or two connected components. Consider the case where

it has two components, say A, and A2. Using van Kampen's theorem, we

identify 7t,(Ao) with the free product 7t,(A,) * 7t,(A2). Since Ao€^,some

indecomposable subgroup Y of ft, (An) is mapped injectively into 7t,(A7). But

it follows from the Kurosh subgroup theorem [K] that a freely indecomposable

subgroup of a free product is contained in a conjugate of a factor. Thus we

may assume that Y is contained in a conjugate of 7i,(A,). It follows that A,

satisfies condition (ii). But A, certainly satisfies (i) since A, C A0. Hence

A, £jf. On the other hand, since d A, is a union of components of F — dQ,

we have k(dNx) < k(F) < k(dN0), and again we have a contradiction to our

choice of Ao.
In the case where Q is connected we set A, = Q and use van Kampen's

theorem to identify nx ( Ao) with the free product nx (A, ) * Z ; the same method

again shows that A, £ Jf and k(dNx) < k(dNo), giving a contradiction. This

completes the proof of (a).

To prove (b), assume that the components 7,, ... , Jn of <9Ao are all 2-

spheres. Since A7 is irreducible, each F must bound a 3-ball 5, c A7 ; and

for each i with 1 < i < n , we must have either Ao c B¡ or Ao D B¡ = J¡. If

some Bj contains A0 then 7r,(A0) maps trivially to 7r,(A7) ; this contradicts

condition (ii), since a freely indecomposable group is by definition nontrivial.

On the other hand, if A0n5, = /, for every i, we must have A7 = A0U|J"=1 5, ;

hence in this case Ao carries n\(M), and we have a contradiction to condition

(i).    G

Proof of Theorem 2.1. Let us fix a base point y £ M, and regard T as a

subgroup of 7ti(M, y). By [Sel], Y is finitely presented; hence it is isomorphic
to the fundamental group of a finite, connected simplicial 2-complex F. We

fix a base point x £ K and an isomorphism j: nx(K, x) —► Y. Since K is

2-dimensional, j is induced by a base point-preserving map f:K^>M. We

may take / to be piecewise-linear; let us fix triangulations of K and M for

which / is a simplicial map.
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By hypothesis there is an infinite sequence A0, A,, ... of distinct subgroups

of 7ti(M, y) which all contain Y. We may clearly choose the A, so that

A0 = iti(M, y) and A,_, ^ A, for every /' > 1 . Let (M¡, y¡) denote the based

covering space of A7 determined by A,. Each A7, is a closed 3-manifold and

inherits a triangulation from A7. For / > 1, since A,_, ^ A,, we may regard

A7, as a covering space of A7,_, in a natural way; we write p¡: M¡ —► A7,_,

for the covering projection. Since all the A, contain Y, the map / has a

unique base point-preserving lift fi : (F, x) —► (M¡, y¡) for each i. We have

Pi ° f = 7/-1 whenever i > 1.

The Pi and the f are simplicial maps. In particular, F, = f(K) is a

subcomplex of A7; for each i.

We claim that for for some « > 1 the subcomplex K„ fails to carry 7i,(A7„).

The claim will be proved by assigning a "complexity" c, to each simplicial map

f as in Stallings's proof [Stl] of the loop theorem. We define c¡ to be the

number of ordered pairs (a, a') of simplices of K for which f(a) = fi(cr').

For / > 1, since p¡ of — f¡_, where », is simplicial, it is clear that c, < c,_,

Since the c, are positive integers we must have cn = c„+, for some «. This

means that pn+x induces a bijection between the simplices of Kn+X and those

of Kn. Thus pn+x maps Kn+X homeomorphically onto F„ . If K„ were to

carry nx(M„) it would follow that pn+x induced a surjective homomorphism

from %i(Mn+i) to 7t,(A7„). This is impossible since A„+, / A„. This proves

the claim. ___
We shall now apply Lemma 2.2 with A7„ in place of A7. Since A7 is

irreducible, so is A7„ [MeeSY]. Let A be a regular neighborhood of K„ in

A7„ . By the claim just proved, A satisfies condition (i) of 2.2, i.e. it does not

carry 7ii(Mn). Condition (ii) also holds, with (fn)#(nx(K, x)) playing the role

of Ê (since nx(K, x) is freely indecomposable and is mapped injectively by

fit : 7ti(K, x) —> 7T,(A/, y)). Thus Lemma 2.2 guarantees that A7„ is sufficiently

large; hence A7 is almost sufficiently large.   G

Corollary 2.3 (Jaco). Let M be an irreducible, closed, orientable 3-manifold.

Suppose that 7t,(A7) has a subgroup Y which is isomorphic to 7ti(Sg) for some

g > 0, and is contained in infinitely many distinct subgroups of finite index in

ni(M). Then M is almost sufficiently large.   G

Combining Theorem 2.1 with Proposition 1.1, we obtain

Proposition 2.4. Let M be an irreducible, closed, orientable 3-manifold. Let k

be a positive integer, and let Y be a freely indecomposable subgroup generated

by k elements of ui(M). Suppose that for some prime p we have

rank77,(A7, Zp) > k + 2.

Then M is almost sufficiently large.   G

Corollary 2.5. Let M be an irreducible, closed, orientable 3-manifold. Let g

be a nonnegative integer. Suppose that nx(M) has a subgroup isomorphic to

nx(Sg), and that for some prime p we have

rank 77, (A7, Zp) > 2g + 2.

Then M is almost sufficiently large.   D
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The torus theorem [Jo, JaS] asserts that for a sufficiently large, closed, ir-

reducible, orientable 3-manifold A7, if 7t,(A7) has a rank-two free abelian

subgroup, then either A7 contains an incompressible torus or A7 is a Seifert

fibered space. The result is conjectured to remain true if we remove the hypoth-

esis that A7 is sufficiently large. It is shown in [Sh, Theorem 3.1] that this is

true if we assume that 7t,(A7) has infinitely many distinct subgroups of finite

index. We shall reprove this fact in order to clarify the connection with Jaco's

Theorem 2.1 above.

Proposition 2.6. Let M be a closed, irreducible, orientable 3-manifold. Suppose

that nx(M) has a free abelian subgroup of rank 2. Suppose in addition that

nx(M) has infinitely many distinct subgroups of finite index. Then either M

contains an incompressible torus or M is a Seifert fibered space.

The proof uses

Lemma 2.7. Under the hypotheses of 2.6, A7 is almost sufficiently large.

Proof. We fix a rank-2 free abelian subgroup A of 7r,(A7). If A is contained

in infinitely many distinct finite-index subgroups of 7i,(A7), then by Corollary

2.3, A7 is almost sufficiently large. Now suppose that A is contained in only

finitely many distinct finite-index subgroups of nx(M). Then the intersection

of all finite-index subgroups of 7i,(A7) which contain A is itself a finite-index

subgroup A of 7r,(A7).

The hypothesis of the theorem implies that A has infinitely many distinct

finite-index subgroups; since A must be finitely generated, it has finite quotients

of arbitrarily large order. On the other hand the construction of A gives that

no proper finite-index subgroup of A contains A . Hence any homomorphism

of A onto a finite group G must map A onto G. Thus all finite quotients of

A are abelian. In particular, A has finite abelian quotients of arbitrarily large

order and hence it has infinite commutator quotient. Thus if A7A denotes the

covering space of A7 corresponding to A, we have 77, (A ; Q) ^ 0. By [He,

Lemma 6.6] this means that A7A is sufficiently large, and hence A7 is almost
sufficiently large.    G

Proof of'2.6. By [Sc2], either M is sufficiently large or 7t,(A7) has an infinite

cyclic normal subgroup. Assume that the second alternative holds. By Lemma

2.7, A7 has a sufficiently large finite-sheeted cover A7. Now 7r,(A7) itself

has an infinite cyclic normal subgroup, and by [MeeSY, Theorem 3], A7 is

irreducible. So by [JaS, Corollary II.6.4], A7 is a Seifert fibered space. It now

follows from [Sc3] that M is also a Seifert fibered space.   G

Combining Proposition 2.6 with Corollary 1.7, we obtain the following result,

which was first proved in [Tur] and can also be deduced from the results of

[Mesl].

Proposition 2.8 (Turaev). Let M be a closed, irreducible, orientable 3-manifold.

Suppose that nx (M) has a free abelian subgroup of rank 2. Suppose in addition

that rank HX(M; Zp) > 3 for some prime p. Then either M contains an

incompressible torus or M is a Seifert fibered space.   G

In [EM], Evans and Moser address the question of when a 3-manifold group

contains a free subgroup of rank 2.   If the closed, orientable 3-manifold A7
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is irreducible and sufficiently large they show that nx(M) usually contains a

rank-2 free subgroup; in fact they classify all the exceptions. (For some closely

related results treated from a different point of view, see [Wa].) If one drops

the hypothesis that A7 is sufficiently large, it is not known when such a free

subgroup exists. The following result gives the answer when M has enough

modo homology.

Theorem 2.9. Let M be a closed, orientable, irreducible 3-manifold such that

rank77, (A7, Zp) > 4 for some prime p . Then nx(M) has a free subgroup of
rank 2.

Proof. We write Y — n, (A7), and we set r = rank 77, (A7 ; Zp ) = rank 77, (Y ; Zp ).
The hypothesis rank Hx (M, Zp) > 4 implies first of all that Y is nonabelian;

we shall prove this well-known fact by the following argument due to Turaev

[Tur]. If T, denotes the subgroup of Y generated by all commutators and p th

powers, it follows from Lemma 1.3 that rank77,(Yx ; Zp) > \r(r - 1). Since

r > 4 it follows that rank 77, (Yx ; Zp) > r. But if Y were abelian we would

have rank77,(A; Zp) < r for every subgroup A of T.

To show that 7r,(A7) actually has a free subgroup of rank 2, we distinguish

two cases. First suppose that 7r,(A7) has no free abelian subgroup of rank

2. Then Corollary 1.9 guarantees that any two noncommuting elements of Y

generate a free group of rank 2; and two such elements do exist since Y is

nonabelian.
Now suppose that Y has a free abelian subgroup of rank 2. By Proposition

2.8, A7 is either a sufficiently large manifold or a Seifert fibered space.

If A7 is sufficiently large then according to [EM, Corollary 4.10], Y has a

rank-2 free subgroup unless it is solvable. Furthermore, in [EM] a complete list

is given of those solvable groups that occur as fundamental groups of sufficiently

large 3-manifolds; an examination of the list reveals that all these groups are

generated by at most three elements. Hence if A7 is sufficiently large and

rank 77, (A7; Zp) > 4 for some prime p then Y has a free subgroup of rank 2.

If A7 is Seifert fibered, then according to [He, p. 118], Y has a normal cyclic

subgroup (/) suchthat <D = Y/(t) is a Fuchsian group. If <P is hyperbolic then

<í> has a rank-2 free subgroup, and hence so does Y. If O is not hyperbolic

then it is generated by at most two elements; in this case, Y is generated by at

most three elements, so that rank77,(M; Zp) < 3 .   G

3. Some remarks on growth series of groups

Let G be a finitely generated group. By a weighted (finite) generating set for

G we mean a pair (S, W), where S is a finite generating set for G and W is

a function that assigns a positive integer to each element of S. We call such a

function W a weight system.

If (S, W) is a weighted finite generating set, we define the (S, W)-length of

an element y of G to be the smallest integer « such that y can be expressed

in the form s\x -• • sf?, where s¡ £ S and £, = ± 1  for i = I, ... , m, and

W(sx)-\-h W(sm) = n . The growth power series of C7 with respect to (S, W)

is defined to be the formal power series J27=o a»tn > wriere an is the number of

elements of G having (S, W/)-length equal to « . We shall denote this series

by Ps,w(t) ■ Note that ps,w(t) = ( 1 - t) ZZobntn . where bn = £-=oa> is the

number of elements of G having (S, W)-lengXn at most « .
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Proposition 3.1. Suppose Gx and G2 are groups with weighted generating sets

(Si, Wx) and (S2, W2). Let G denote the free product Gx * G2 and S the
generating set S = Sx U S2. Let W be the weight system for S defined by

W\Si = Wt. Then

1        '   +—U.,.
Ps,w(t)     Ps,,w,(t)    Ps2,w2(t)

Proof. Let Ps¡,w¡(t) = Z^oa< V" • Any element of G can be written uniquely
as an alternating product of elements in Gx and elements in C72. For « > 0 and

for i = l,2, define c,,„ to be the number of elements of G of (S, W)-lengXh

« that end (on the right) with an element of C7,. Then

C%,n =Ci,„_iÛ2,l +Ci,n_2Û2,2 + • • ■ + CX, ,tf2)„-i + 0-1,n ,

Cl,n=C2,n-lCll,l + C2,n-2«1,2 + • • • + ¿2,1Ö1 ,n-l + ^1 ,n

for n > 1. Define c,,o = ^2,0 = 1 and let f(t) = Y^o0',»*" ■ Then the
equations above imply that

Á(t) = f2(t)(PSi,Wl(t)-l)+l,

f2(t) = Á(t)(Ps2,w2(t)-l) + L

This gives us two linear equations in two unknowns, /, and f2, with coefficients

in the power series ring in one variable. Using Cramer's rule to solve, we get

r _  _PSj , W,_

As,, w, + Ps2, w2 - Ps{, w{Ps2, w2

Now ps, w = fi + h - 1 , which gives us the desired result.   G

Example 3.2. Let G be the free group on two generators sx and s2. Set S =

{sx, s2}, and let W be a weight system that assigns weight «, to s¡. Then

;i + rB')(l +i"2)
Ps,w(t) =

1 -tn< - t"i - 3í"'+"2'

Given a finite generating set S for the group G, we may consider the stan-

dard weight system W defined by W(s) = 1 for all 5 £ S. In this case we

write ps for ps,w ■ We have ps(t) = (\-t) Y^=Q bntn , where b„ = £"=0 a¡ is

the number elements of G that can be expressed as words of length at most «

in the generating set S.

It is clear from the definition of the bn that bm+„ < bmb„ for any m,

« > 0. Hence the numbers c„ — logOm form a subadditive sequence, i.e. we

have cm+n <cm + cn whenever m , « > 0. It is a standard exercise to show that

limn^ooCn/n exists for any subadditive sequence (cn). Hence limo,/" exists.

This limit is called the exponential growth rate of the group G with respect to

(S, W), and is denoted co(s, W). In the case where W is the standard weight

system we write co(S) for co(S, W).

Note that co(S, W) can be interpreted as the reciprocal of the radius of

convergence of Y^n^o^nf = (1 - t)~lPs,w(t) ■ It follows that if G is infinite

then co(S, W) is also the reciprocal of the radius of convergence of Ps,w(t) ■

Alternatively we may think of co(S, W) as the supremum of all numbers B

such that bn > B" for all large enough positive integers n. We say that C7

has exponential growth if co(S, W) > 1 ; this condition is easily seen to be



910 P. B. SHALEN AND PHILIP WAGREICH

independent of the generating set S and the weight system W (cf. [Mi2,

Lemma 1]).

If G is a finitely generated group, we set co(G) = infco(S), where the infi-

mum is taken over all finite generating sets 5 for the group G. We call &>((?)

the minimal growth rate of G, and we say that G has uniformly exponential

growth if co(G) > 1.
The following result will be useful.

Proposition 3.3. Let G be a finitely generated group, and let H be a subgroup
of index d < oo. Then co(G) > co(H)xK2d-V .

The proof of Proposition 3.3 will depend on the following elementary fact,

for which we have included a proof because we do not know a reference.

Lemma 3.4. Let G be a group with a finite generating set S. Let H be a

subgroup of index d in 77. Then 77 has a generating set consisting of elements

which can be expressed as words of length at most 2d - 1 in the generating set
S.

Proof. We may assume without loss of generality that G is free on the gener-

ating set S. We identify G with nx(X, x), where X is a graph with a single

vertex x ; let us make the identification in such a way that each element of X is

represented by a loop that traverses a single edge once in some direction. Then

77 has the form p#(ni(X, x)) where X is some ¿/-sheeted covering graph of

X and x is some base vertex of X. The graph X has d vertices, and hence

a maximal tree F in X also has d vertices.

Let F denote the set of all edges of X that are not contained in F. For

each e £ E, let ße be a path that traverses e once in some direction. For

each vertex ï of I, let av denote the embedded edge path in F that begins

at x and ends at v . For each e £ E let ye denote the loop av * ße * c^jj,

where v and w denote the initial and terminal points of ße. The elements of

tci(X, x) defined by the ye constitute a generating set for ni(X, x). But each

av is an embedded edge path in a tree with d vertices and hence has length at

most d - 1 ; hence each ye is an edge path of length at most 2d - I . It follows

that the image of ye in G — nx (X, x) is a word of length at most 2d - 1.   G

Remark 3.5. The estimate 2d - 1 in the statement of Lemma 3.4 is sharp.

Indeed, let X be a grapji with one vertex x and two edges s and t. For

any integer d > 1, let X be a graph with d vertices vx, ... , vd and edges

e0,e{,... ,ed-i, fi,..., fd-i, fd, where e¡ and f each join v, to vi+x
for / = I,..., d - I, while e0 has both endpoints at vx and fd has both
endpoints at vd . Lex us assign, arbitrarily, a preferred orientation to each of

the edges s, t, eo and fd ; and for i = 1, ... , d - 1, let us assign to e¡ the
preferred orientation for which v¡ is the initial point, and to f the preferred

orientation for which w, is the terminal point. Let p : X —> X be the map

that sends each v¡ to x, sends e¡ and f to 5 when i is odd and to t when

i is even, and maps the preferred orientations of the e¡ and f tc^ those of s

and /. Then p is a ¿/-sheeted covering map and hence maps nx(X, vx) onto

an index-d subgroup H of G = tix(X, x). Any edge path in X that begins

and ends at vx and traverses f¿ at least once must clearly have length at least
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2d - 1 ; it follows that some element of any generating set for 77 must have

length > 2d - 1 in the natural generators of G.

Proof of Proposition 3.3. Let S be any finite generating set for G. Let F

denote the set of all elements of 77 that are expressible as words of length

< 2d - 1 in S. It follows from Lemma 3.4 that F is a finite generating set

for 77. Any element of H that can be expressed as a word of length « in

F can clearly be expressed as a word of length < (2d - l)n in S. Hence

if we write (1 - t)~xps(t) = £~0o„i" and (1 - t)~xpT(t) = £~0c„r", we

have 0(2d-i)« > cn for any nonnegative integer «. It follows that co(S) >

co(T)xl{-2d~X) > co(H)xl{'2d~x"1. Since S was an arbitrary finite generating set for

G, this implies that co(G) > co(H)x¡<-2d-V .   G

Proposition 3.3 immediately implies

Corollary 3.6. If a finitely generated group G has a finite-index subgroup of uni-

formly exponential growth, then G itself has uniformly exponential growth.   G

The next result shows how the property of being k-free influences the mini-

mal growth rate of a group.

Proposition 3.7. Let k be a positive integer, and let G be a finitely generated

group which is k-free. Then either

(i) G is a free group of rank < k, or

(ii) for every generating set S of G there are elements yx, ... , yk £ S which

freely generate a rank-k free subgroup of G.

If (ii) holds then co(G) >2k-l.

Proof. Let 5 be a finite generating set. Let us say that a set F c S is small

if the subgroup generated by F is free of some rank < k . The empty set is

of course small. Let Fo be a maximal small subset of S ; that is, Fo is small

but there is no small F with F0 c¿ T c S. If F0 = S then (i) obviously holds.
Now suppose that T0 ̂  S ; we shall show that (ii) holds.

Choose an element y £ S - To . Set F, = Fo U {y}, and let G¡ denote the

subgroup of G generated by F, for i = 1,2. Since Fq is small, Co is free on

a generating set {xx, ... , xt}, where t < k . Thus Gx is generated by t+1 < k

elements; since C7 is k-free, Gx is free. The maximality of Fo implies that

Gx has rank k.
Now since F, generates Gx there are elements y,, ... , yk £ To whose im-

ages generate 77, (G, ; Q) = (Gi/G[) ® Q. (Here G[ denotes the commutator

subgroup of C7, .) Thus the group 77 generated by the y¿, which is free by the

Nielsen-Schreier theorem, has rank k . By [K, p. 59], H is freely generated by

the y i. Thus (ii) holds.
To prove the last assertion, note that if S is any generating set for G, and if

y i, ... , yk £ S freely generate a free subgroup of G, then for any « > 1, the

(2k)-(2k-l)n~x reduced words of length « in the y, represent distinct elements

of G. It follows at once that co(S) > 2k — 1. Thus condition (ii) implies that

co(S) > 2k - 1 for any generating set S, and hence that co(G) > 2k - 1 .   G

Corollary 3.8. Let G be a finitely generated group which is virtually 2-free. Then

either G has a cyclic subgroup of finite index, or G has uniformly exponential

growth.
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Proof. Let 77 be a finite-index subgroup of G which is 2-free. By Proposition

3.7, 77 is either free of rank < 2 (and hence cyclic) or of uniformly exponential

growth. The conclusion now follows from Corollary 3.6.    G

4. Growth rates of 3-manifold groups

In this section we apply the material from §§1-3 to study the growth rate of

a 3-manifold group. Our first result is an easy consequence of Theorem 2.9.

Proposition 4.1. Let M be a closed, orientable, irreducible 3-manifold such that

rank77,(M, Zp) > 4 for some prime p. Then nx(M) has exponential growth.

Proof. By 2.9, 7t,(A7) has a free subgroup F of rank 2. Since F has expo-

nential growth, it follows from [Mi2, proof of Lemma 1] that 7ti(M) does as

well.    G

The above result should be compared with the result on growth of 3-manifold

groups stated by Turaev in [Tur]: if rank77, (A7, Zp) > 3 for some prime p

then either 7r,(A7) has a nilpotent subgroup of finite index, or for any set of

generators of fti(A7) there is a constant C > 1 such that the «th term of the

growth power series is at least C"lXo%n. Our methods do not give Turaev's

result when rank77, (A7, Zp) = 3, but for rank 77, (A7, Zp) > 4 our conclusion

is much stronger.

For hyperbolic 3-manifolds we obtain a stronger result than 4.1.

Theorem 4.2. The fundamental group of any closed hyperbolic 3-manifold has

uniformly exponential growth.

Proof. Let A7 be a closed hyperbolic 3-manifold. By Proposition 1.13, G =
Tii(M) is virtually 2-free; thus by Corollary 3.8, either G has uniformly ex-

ponential growth, or there is a cyclic subgroup 77 of finite index in G. But

the latter alternative is impossible, for 77 would be the fundamental group of

a finite-sheeted covering of A7 ; and the quotient of 773 by a discrete cyclic

group cannot be closed.   G

With suitable restrictions on the homology of A7 we get explicit estimates

for co(nx(M)).

Proposition 4.3. Let M be an irreducible, closed, orientable 3-manifold, and

let k be a nonnegative integer. Suppose that G = nx(M) has no subgroup

isomorphic to nx(Sg) for any g with 0 < g < k. Suppose furthermore that

either

(a) rank77,(A7; Q) > k + 1, or
(b) rank 77, (A7 ; Zp) > k + 2 for some prime p.

Then co(G) >2k-l.

Proof. By Proposition 1.8, G is rc-free. Furthermore, since (a) or (b) holds, G

is certainly not free of rank < k . Hence the conclusion follows from Proposi-

tion 3.7.   G

Proposition 4.4. Let M be a closed, orientable, hyperbolic 3-manifold. Set G —

nx(M).

(i) If rank(77,(A7, Zp) > 4 for some prime p, or rank 77, (A7, Q) > 3,
then co(G) > 3.
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(ii) If rank77,(A7, Q) > 2, then co(G) > I/o = 1.8105... , where p is the
unique real root of 3r3 - 2t2 + 2t - 1.

(iii) If rank77,(A/, Q) > 1, then co(G) > 31/4.

Proof. Since A7 is closed and hyperbolic, G = nx(M) has no subgroup iso-

morphic to Z©Z = 7ti(Si). Thus assertion (i) is included in the case k = 2 of

Proposition 4.3.

To prove (ii) and (iii), first note that a closed hyperbolic 3-manifold A7

cannot have an abelian fundamental group. Hence an arbitrary generating set

S for G contains noncommuting elements x and y.

Suppose that rank77,(A7, Q) > 2. In this case it follows from Proposition

1.11 that x and z = yxy~x freely generate a rank-2 free subgroup F of

G. The generating set T - {x, z} of F has a weight system W defined by

W(x) = 1, W(z) = 3. If an element y of F has (F, W)-length «, it is
clear that y, regarded as an element of G, has 5-length < « . In particular we

have co(S) > co(T, W). But by Example 3.2, Pr,w(t) is a rational function

with denominator 3i3 - 2t2 + 2/ - 1 , and therefore co(T, W) = I/o. Thus

0}(S) > I/o, and (ii) is proved.
If rank 77, (A7, Q) > 1, then by Proposition 1.12 the elements u = xyx~xy~x

and v = yx~xy~xx freely generate a rank-2 free subgroup F of G. The

generating set F = {u, v} for F has a weight system W defined by W(u) =

W(v) = 4, and arguing as in the proof of (ii) we see that co(S) > co(T, W).

But an application of 3.1, or an easy direct argument, shows that co(T, W) =
3'/4.   G

Remark. If in the argument used to prove 4.4(a) one uses the elements xy

and yx in place of x and yxy~x , then in place of the estimate co(G) > I/o

one obtains the somewhat weaker estimate co(G) > 31/2. The same comment

applies to Proposition 5.4(ii) below.

5. Margulis numbers, injectivity radii and volumes

In this section we shall give applications of the results and methods of the

previous sections to the study of the geometry of closed hyperbolic 3-manifolds.

The arguments can be adapted to more general classes of Riemannian 3-mani-

fold, but we have concentrated on the hyperbolic case as it seems to be the most

interesting.

Let A7 be a closed hyperbolic «-manifold. We regard M as the quotient of

77" by a discrete, torsion-free group Y of isometries. We define the Margulis

number of M to be the supremum p = pm of all nonnegative numbers e

which satisfy the following condition:

(*) If x and y are elements of Y, and if there is a point p £ H" such that

d(x • p, p) < e and d(y • p, p) < e , then xy = yx .
(It is known that for any positive integer « there is a number e > 0 which

satisfies (*) for all closed hyperbolic «-manifolds. Thus p(n) = inf pm , where

A7 ranges over all «-manifolds of curvature < -1, is a strictly positive con-

stant. For proofs and explicit estimates when « = 3, see [Meyl]. We will not

use these results.)

The Margulis number of a closed hyperbolic manifold plays a key role in

studying its geometry. We shall illustrate this by giving a proof of the following

well-known fact.
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Proposition 5.1. If M is a closed hyperbolic n-manifold then some point of M

has a neighborhood which is isometric to a hyperbolic ball of radius pm/2 .

Proof. Set r = 7ti(M); we identify Y with a discrete torsion-free group of

isometries of 77" . Every element x £ Y - {1} has a well-defined axis Ax c

77". The centralizer C(x) leaves Ax invariant; thus C(x) is isomorphic to

a discrete torsion-free group of isometries of a line, and is therefore cyclic. It

follows that C(x) is the unique maximal cyclic subgroup containing x . Thus

each nontrivial element of Y lies in a unique maximal cyclic subgroup C(x),

and two nontrivial elements x and y commute if and only if C(x) = C(y).

For each x £ Y - 1 and each e > 0, define T(x, e) to be the open subset

of H" consisting of all points p such that d(p, x • p) < e. Set T(C) =

Ui^ec T(x, e). It is an exercise in hyperbolic geometry to show that T(C) ^

F7".
(In general we do not have T(xm , e) c T(x, e) for m > 0. For example,

if x is the composition of a 180° rotation about its axis A with a sufficiently

small translation along A then T(x2, e) is not contained in T(x, e).)

The definition of p = pm implies that whenever x and y are noncommut-

ing elements of Y we have T(x, p) n T(y, p.) = </>. If C, and C2 are distinct

maximal cyclic subgroups, and if x¡ is a nontrivial element of C,, then by the

above discussion x, and x2 do not commute, and so F(x,, p)f)T(x2, p) = 4>.

Hence we have T(Ci, p) n F(C2, p) = <t> ■
Thus the sets of the the form T(C), where C ranges over the maximal cyclic

subgroups of T, are pairwise disjoint. Since these sets are proper open subsets

of the connected space H" , they cannot cover 77" . Let p be a point of 77"

which does not lie in any of the sets T(C). Then for any x £ Y - {1} we have

p i T(x,p).
Thus for every x £ Y - {1} we have d(p, x • p) > p . Hence if B denotes

the ball of radius p/2 about p , we have x • B n B = <p for every x £ Y - {1} .

It follows that B is embedded in A7 via the covering projection 77" —> A7.   G

Margulis numbers are related to growth rates via the following result. The

proof of this result is essentially due to Gromov [Gr].

Proposition 5.2. Let c be a positive real number, and let M be a closed hyper-

bolic manifold of dimension « > 2. Suppose that for any two noncommuting

elements x, y of Y - 7r,(A7), the group generated by S = {x, y} has expo-

nential growth rate co(S) > c with respect to the generating set S. Then

Proof. We must show that if x, y £ Y and p £ 77" satisfy d(xp, p) <

(logc)/(« - 1) and d(yp, p) < (logc)/(n - 1) then xy - yx. Assume to the

contrary that x and y do not commute. Then by the hypothesis, if f(m)
denotes the number of elements of Y that can be expressed as words of length

< m in x and y, the function f(m) has exponential growth rate at least c ;

that is, for any constant c' < c, there is a constant F such that

(5.2.1) f(m)>K-(c')m

for all sufficiently large m .
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Choose e < (logc)/(n-1) so that d(xp, p) < e and d(yp, p) < s . Choose a

neighborhood U of p suchthat U has a finite, positive volume and yUnU =

0 for all y £ Y - {1} . Set v = vol U. If y £ Y is expressible as a word of

length < m in x and y then d(yp, p) < me. Thus for any m there are f(m)

elements y £ Y such that y -p lies in the ball of radius me about p . Hence if

A = diam U, there are f(m) disjoint sets of the form y • U, y £ Y, in a ball

of radius me + A about p .

There is a constant F' depending on the dimension « such that the volume

of any ball of sufficiently large radius r in hyperbolic «-space is bounded above

by FV"_1'r. Hence for large m we have

(5.2.2) f(m)-v <F'-exp((«- l)(me+A)).

From (5.2.1) and (5.2.2) we have

(5.2.3) vK • (c')m < K' • exp((« - l)(me + A))

for large m . Now taking logarithms of both sides of (5.2.3), dividing by m

and taking the limit as m —> oo we get

(« - l)e > loge'

for any c' < c.   Hence (« - l)e > loge.   But this is a contradiction, since

e < (logc)/(« - 1). Hence x and y must commute.   G

Corollary 5.3. Let M be a closed hyperbolic manifold of dimension « > 2.

Suppose that nx(M) is 2-free. Then

In particular, a 2-free closed hyperbolic 3-manifold group has Margulis num-

ber at least i2il.

Proposition 5.4. Let M be a closed, orientable hyperbolic 3-manifold.

(i) If rank77,(A7, Zp) > 4 or rank77,(A/, Q) > 3, then pM > (log3)/2.
(ii) If rank77,(A7, Q) > 2, then pM > jlog(l/p) = 0.2968...   where p is

the unique real root of 3t3 - 2t2 + 2/ - 1.

(iii) If rank77, (A7, Q) > 1, then pM > (log3)/8.

Remark. In the case where 77, ( A7, Q) > 3, Culler and Shalen [CS] have re-

cently shown that pm > log 3 . Unlike the rather simple and elementary argu-

ments used here, their arguments are involved and use some very heavy ma-

chinery.

Proof of 5 A. Assertion (i) follows from Corollaries 1.9 and 5.3. To prove asser-

tions (ii) and (iii), set Y = nx(M). Let x and y be noncommuting elements

of T. Set S = {x, y} ; let G denote the subgroup of Y generated by x and

y, and as usual let co(S) denote the growth rate of G with respect to the gener-

ating set S. If the hypothesis of (ii) holds then the proof of Proposition 4.4(ii)

shows that co(S) > l/p ; thus the conclusion of (ii) follows from 5.2. Similarly,

assertion (iii) follows from 5.2 and the proof of 4.4(iii).   G

It follows from Propositions 5.1 and 5.4 that a hyperbolic 3-manifold which

satisfies the hypothesis of 5.4(i), (ii) or (iii) contains an isometric copy of a
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hyperbolic ball of radius (log3)/4, ± log(I/o) = 0.1484... or (log3)/16, re-
spectively. Meyerhoff [Mey2] shows how, using work by Böröczky [Bö], one can

obtain a lower bound for the volume of a hyperbolic manifold which is known

to contain a hyperbolic ball of a given radius. The relevant calculations have

been carried out by Marc Culler and yield the following corollary.

Corollary 5.5. Let M be a closed, orientable hyperbolic 3-manifold.

(i) If rank77,(A7, Zp) > 4 or rank77,(M, Q) > 3, then M has volume at
least 0.1124.

(ii) If rankHX(M, Q) >2, then M has volume at least 0.0176.
(iii) 7/rank 77, (A7, Q) > 1, then M has volume at least 0.0017.
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