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RATIONAL FIBRATIONS IN DIFFERENTIAL
HOMOLOGICAL ALGEBRA

ANICETO MURILLO

ABSTRACT. In this paper, a result of [6] is generalized as follows: Given a

fibration F — E 2 B of simply connected spaces in which either, the fibre
has finite dimensional rational cohomology, or, it has finite dimensional rational
homotopy and p induces a surjection in rational homotopy, we construct an
explicit isomorphism,

9:Extce(,0)(Q, C*(B; Q))®Extc+(r,q)(Q, C*(F; Q)

E) Extc'(E;Q)(Q, C*(E; Q))

This is deduced from its “algebraic translation,” a more general result in the
environment of graded differential homological algebra.

INTRODUCTION

For 1-connected topological spaces S, Extc.(s.x)(K, C*(S; K)) turns out to
be a nice homotopy invariant whose study was developed from the analogous
concept in local algebra, Extg(K, R) for a local commutative ring R [2]. This
invariant can be thought as the reduced homology of a “virtual Spivak fibre”
and is a key notion in the establishment of interesting results on others, more
classical, homotopy invariants [6].

Given a fibration F — E — B of simply connected spaces in which
H*(B; Q) has finite type (i.e., it is finite dimensional in each degree) and
H*(F; Q) is finite dimensional, a result of Y. Felix, S. Halperin and J. C.
Thomas [6, Theorem 4.3] asserts that

Extc.(r,0)(Q, C*(F; Q))® Extc.(3,0)(Q, C*(B; Q))
= Exte-(£,0)(Q, C*(E; Q).

This statement was proved via duality and, since it is the result of composing
several isomorphisms, it is not easy to work with to develop explicit applications.
The purpose of this paper is to generalize this result and give a natural and
explicit way of constructing this isomorphism. We begin by stating two algebraic
facts (see §1 for notation and definitions):

1. Let R beaDGA andlet M, N, U be R-modules. Define a natural map,

w:Extg(M, N) ® Extz(U, M) — Extg(U, N),
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as follows: choose semifree resolutions P = M and Q > U of M and U
respectively and let /:Q — M, g:P — N represent [f] € Extg(U, M) and
[g] € Extg(M, N). Then, define

v(lgle[f1) =[g0 f1,
in which f is the homotopy lifting of f to P:
P

/ =
o— . Mm
2. On the other hand, given a sequence of DGA morphisms, R - S — T,
there are two natural transformations, defined in the classical way:
n:Extg(--, —) — Extg(—®r S5 —®r §), v:Extr(—, =) — Extg(—, -).

Next, we combine 1 and 2 as follows: Let 4 —» (A ® AY,d) — (AY,d)
be a KS-extension of the commutative differential graded algebra (CDGA) A4
defined over a field K of characteristic zero. Given an 4-module N and a
(AY, d)-module U, we define a map

0:Ext4(K, N)@Extry(U, AY) — Extygay(U, N ® AY)

by ¢(372, i ® Bi) = 2, w(n(a:) @ v(Bi)).

Observe that ¢ is well defined. In fact, by definition of semicomplete tensor
product (see §1 for notation and definitions), the degree of B; is bounded above,
so is the degree of v(B;). Therefore, since (AY, d) is positively graded, given
P 3 U a semifree resolution of U, fi:P — (AY, d) representing v(f;) and
® c P, there is only a finite number of i for which f;(®)#0.

Our aim is to prove
Theorem A. Let (A® AY, d) be a KS-extension of th_e connected CDGA A.
Let N be an A-module and let U = U 2r be a (AY, d)-module of finite type
for some r € Z. If H*(AY , d) is finite dimensional, then

9:Ext (K, N)®Extyy (U, AY) 5 Ext oay (U, N @ AY)
is an isomorphism. !

We prove that there is another set of conditions which makes ¢ an isomor-
phism: _

For any minimal KS-extension (4 ® AY, d) in which 4 or (AY, d) is
1-connected and H*(AY, d) has ﬁni_te type, there is another KS-extension
(AX,d) - (A X ® AY,d) — (AY,d) and “quisms” (morphisms inducing
cohomology isomorphisms) « and y, such that the diagram

A —— (A®AY,d) —— (AY,d)

o= /|- ll
(AX,d) —— (AX®AY,d) —2— (AY,d)

! In this case and as we shall prove
Ext, (K, N)®Extyy (U, AY) = Exty(K. N)@ Extay (U, AY).
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commutes, and (AX, d) is the minimal model of A4 [7, §6]. If (AX®AY , d) is
minimal, we shall say that (4®AY , d) is a intrinsic KS-extension [9, Definition
4.13].

Then, we prove

Theorem B. Let (Ax AY, d) be an intrinsic KS-extension and let N = N2’ be
an A-module. If Y is finite dimensional, then

9:Extz(Q, N) ® Extsy(Q, AY) 5 Extgry(Q, N ® AY)
is an isomorphism. ?

Now, given a fibration F — E L E of simply connected spaces, we can
consider its associated sequence of differential forms A(B) — A(E) — A(F),
[12] or [8, Chapter 20]. A classical result on Sullivan’s theory of minimal models
[9, §4] asserts the existence of a KS-extension A4(B) — (A(B) ® AY,d) —
(AY, d) and quisms ¢ and «, such that the following diagram commutes:

A(B) —— A(E) ——  A(F)

| ‘|- =[-
A(B) —— (A(B)® AY ,d) —— (AY,d)

This KS-extension is intrinsic if and only if 7.(p) ® Q is surjective [9, §4].
It is also known [3, Chapter 11] that the vector space Y can be identified to the
rational homotopy of the fibre, 7n.(F) ® Q. On the other hand, for any space
S, the DGAs A(S) and C*(S; Q) have the same weak homotopy type.

Considering these facts, and applying Theorems A and B to the KS-extension
A(B) — (A(B)® AY ,d) — (AY, d), we deduce

Theorem C. Let F — E 2 B be a fibration of simply connected spaces in which
B has finite Q-type, and where either (i) H*(F ; Q) is finite dimensional or (ii)
n.(F) ® Q is finite dimensional and m.(p) ® Q is surjective. Then, there exists
an isomorphism

9:Extc.(3,0)(Q, C*(B; Q)R Exte-(r.q)(Q, C*(F; Q))

= Exte5,0/(Q, C*(E; Q).
Example. Consider the fibration
Q(S3) -+ — S
A model for this map is given by
(Ax,0) = (A(x, y),d) - (Ay, 0),
where x has degree 3, y has degree 2 and dy = x .

On the other hand Ext,,(Q, Ax) and Ext,,(Q, Ay) are 1-dimensional vec-
tor spaces [6, §3] and basis for such spaces are represented respectively by the
morphisms

g (Alx,X),d) - (Ax,0), g(l)=x, g(Ex")=0, n>1(dx=x),

2 Observe that via [6, §3] and since Y is finite dimensional, (AY, d) is Gorenstein, i.c.,
Extyy (K, AY) is a one dimensional K-vector space. Hence the semicomplete tensor product
coincides with the classical one.
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A short computation shows that in this case ¢ = 0, even though (see [6, §3]),

Extax(Q, Ax) ® Exty,(Q, Ay) = Extpr ,)(Q, Alx, »)) = Q.

Observe that in this example the rational cohomology of the fiber is not
finite dimensional and, although the rational homotopy of the fibre is finite
dimensional, this fibration is not intrinsic, i.e. it does not induce a surjection in
homotopy.

This paper is organized as follows: In the next section we give notation,
definitions and some basic facts. §2 is devoted to the proof of Theorem A; in
§3, we shall prove Theorem B. We finish with a remark where we give a slight
generalization of Theorems A and B.

This paper is part of my thesis, carried out under the supervision of Professor
Stephen Halperin of the University of Toronto whom I would like to express
my gratitude for his infinite patience and help.

Also, I would like to thank the referee for his helpful comments.

1. ALGEBRAIC PRELIMINARIES

For definitions and basic facts from Sullivan’s theory of minimal models and
its connection with rational homotopy theory, standard references are [12, 8
and 5]. The notation we shall use is the one in [8] or [5] where a very good and
brief algebraic summary can be found.

We shall work over a field K of characteristic O unless explicitly stated oth-
erwise. In a graded object, the degree of an element x will be denoted by
|x] .

Given two differential graded vector spaces V' and W , we define their com-
plete tensor product V& W as follows:

Vowy =IL(V'eWr™),  (d®);=dy®i_i +dw®;,
Q= {D;} € (VOW).
Observe that an element @ € (V& W)P can be written as

oC
o= Z Vi ® Wi,
i=—o00
where |v;| + |w;| = p, |vi] < |viy1], and for each g € Z the set {v;, |v;| = g}
is finite. Also we can define the semicomplete tensor product V& W as the sub-
space of V'® W of the elements ®, in the form just described, satisfying: ® =
e Vi ® w;, for some ng € Z. In both cases, H(V&W) = H(V)& H(W),
HVeW)=H{V)® HW).

Observe that the semicomplete tensor product is not a symmetric object:
V&W is not isomorphic to W& V!

A KS-extension of a CDGA (commutative differential graded algebra) A is
aCDGA (A®AX, d) where AX is the free commutative graded algebra over
the graded vector space X , satisfying:

(i) The inclusion idy® 1: 4 — (4 ® AX, d) is a morphism of CDGAs.
(i) X admits a well-ordered basis {x,} such that dx, € AX.,.

We usually write a KS-extension as a sequence

A— (A®AX,d) 5 (AX, d),
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with p:A® AX — A® AX/A* ® AX = (AX, d), the projection.

If dX c At® AX+K®AZ2X we shall say that the KS-extension is minimal.

A KS-complex (resp. minimal KS-complex) is a KS-extension (resp. minimal
KS-extension of K.

Given a space S and its associated CDGA consisting of the polynomials
forms on S, A(S) [12, §7], the minimal model of S is a minimal KS-complex
(AX, d) together with a morphism y:(AX, d) 5 A(S), inducing homology
isomorphism. Any space .S admits a minimal model unique up to isomorphism
[8, Chapter 6].

With respect to basic facts we need in the context of differential homological
algebra, introduced by Eilenberg and J. C. Moore [11], we shall follow literally
the approach in [6, Appendix] or [1]:

1.1. Definition [6, A.2]. Let A be a DGA and let M be an A-module.

(i) M is A-semifree if there exists a filtration of A-submodules 0 = F_; C
Fy C Fy C -+ such that M = |J, F; and for each i, F;/F; is A*-free on
a basis of cycles. If the differential in K®,4 M = 0 we shall say that M is
minimal.

(ii) A quism of A-modules P 5 M is called a semifree resolution (resp.
minimal resolution) of M if P is semifree (resp. minimal and semifree).

1.2. Example. Let y: 4 — B be a morphism of augmented c-connected CDGAs.
Observe that a Sullivan model for y, y: (4 ® AX,d) S B, is a semifree res-
olution of B (as A-modules) [6, A.9]. In particular, a sullivan model of the
augmentation 4 — (K, 0), (4® AX,d) S (K, 0), is a semifree resolution of
K. We shall say that (4 ® AX, d) is an acyclic closure of A.

1.3. Proposition [6, A.3]. (i) Any A module M, has semifree resolutions and,

if A is 1-connected and M = M2", M has minimal resolutions.
(ii) Given a diagram of A-modules

Q

‘=

f
P— M
where P is semifree and g is a quism, there exists a homomorphism h:P — Q,
unique up to homotopy, such that goh ~ f. In particular, H(g)oH(h) = H(f).

Let M, N, P be A-modules. Define a morphism of differential vector
spaces,
w:Hom4(M, N)& P — Hom,(M , N® P)

by
7 ( > fi®Pi) (m)="Y_ (=DlP" fi(m) @ p:,
i=—o00 i=—o00
with Y7°_ fi® p; € Hom,(M , N)®P and me M.

Then we have

1.4. Proposition. If M* is A*-free and P or M has finite type,
w:Hom (M, N)® P 5 Hom (M, N& P)
is an isomorphism.
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Proof. First, it is easy to check that in fact ¥ commutes with the differentials
so it is a map of differential vector spaces.
Next, observe that since M* is A*-free, it is of the form,

Mt =AYV
for some vector space V. Then, as vector spaces, we have
[Hom, (M, N)& P} = IT;(Hom’, (M, N) ® P')
= I1;(Hom’ '(4® V', N) ® P')
= I1;(Hom} '(V, N) ® P')
=1I1; j(Homg(V’/, N°*™") @ P)

2 I1; ;Homg(V/, NS+~ ® P')

= II;Homk(V/ , TI(N*+~ @ PT))

= II;Homg (V7 , (N& P)*))

= Homg(V, N® P) = Hom%,(M, N& P).

Now, it is a straightforward computation to prove that this chain of isomor-
phisms coincides with . O

1.5. Definition [6, A.2]. Let M, N be A-modules and P 5 M a semifree
resolution. Define Ext (M, N) = H(Hom,(P, N)).

1.6. Remarks. (1) This definition is independent of the particular resolution
chosen because of Proposition 1.3.

(2) Ext4(M, N) is a covariant functor in N and contravariant in the vari-
ables 4 and M .

(3) Moreover, if 9p: 4 S B is a quism of DGAs, M and N A-modules, M’
and N’ B-modules and f:M S M’, g:N S N’ are quisms of A-modules
(M'’, N’ regarded as A-modules via ¢), we have the following natural isomor-
phisms,

Ext (M, N) 2% Ext (M, N') &2 Ext, (M, N') && Extg(M', N').
More explicitly, if P = M is a semifree resolution,
a: H(Homy(P, N)) 5 H(Hom,(P, N')),  alh]=[gohl.

On the other hand, note that P = M 5 M’ is a semifree resolution of M’ as
A-modules and thus, # can be regarded as the identity in H(Hom,(P, N')).

Finally, consider P’ 5 M’ a semifree resolution of M’ as B-module (which
is also a quism of A-modules!) and apply Proposition 1.3 to get the following
homotopy commutative diagram of A-modules:

P/

/i

P = M.

3 Either, V/ or P! is finite dimensional.
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Then,
y: H(Homp(P', N')) 5 H(Homy(P, N')),  y[h]=[hon).

2. @ AT THE Hom LEVEL

This section is devoted to the proof of Theorem A, so from now on, fix a
KS-extension 4 —» (A® AY,d) — (AY,d), an A-module N and a (AY, d)-
module U = U2, for some r € Z. Also, choose an A-semifree resolution of
K, (A®AX, d) S K, given by Example 1.2, and a (AY , d)-semifree resolution
of U, M 5 U. Observe that, since U = U2", M can be also chosen bounded

below.
2.1. Lemma. The inclusion,
i:Hom,(A® AX, N)@ Hom,y (M, AY)
S Homy(A® AX, N)@ Hompy (M, AY)

is a quism.
Proof. Let n be an integer such that H>"(AY ,d) = 0. Consider the finite
dimensional CDGA, B = (AY, d)/I, where I = (AY)>" @ J, with J a com-
plement of the cocycles in degree n. Clearly, I is acyclic so the projection
AY 5 B is a quism.

Next, consider the diagram

Hom (4 ® AX, N)&Homyy (M, AY) <> Hom4(4 ® AX, N)& Homyy (M, AY)

o~ ~

Hom (4 ® AX, N)& Homyy (M, B) <> Homy(4 ® AX, N) & Hompy(M, B)

Observe that because M is semifree, the vertical arrows are quisms. Also,
since B is finite dimensional and M = M2, [Hom,y(M, B)>"" = 0.
Hence,

Hom,(A® AX, N)® Hom,y (M, B) = Homy4(4 ® AX, N)® Hom,y(M, B),
and j is the identity. Therefore, i is a quism. O

Next, consider the CDGA (A®AX,d)®4(A®QAY ,d)=(A®AXQ®AY ,d).
Since A(A®AX, d) is acyclic, the projection p:(A® AX®AY , d) 2 (AY, d)
is a quism, so there exists a section o:(AY,d) S (A AX ® AY ,d) of p,

which is also a quism.
Observe that, since

Homy(A® AX, N®4(A®AY)) = Hom4(A® AX, N®AY)

has structures of (4 ® AX, d)- and (4 ® AY, d)-modules, it is also a (4 ®
AX ® AY , d)-module and therefore we can regard it as (AY, d)-module via
the section o .

On the other hand, a homomorphism g € Hom4(4 ® AX, N) can be iden-
tified to £ € Hom4(A®AX, N®AY) by g(¥)=¢g(¥)x 1.

Then, the key fact in the proof of Theorem A is the following lemma:
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2.2. Lemma. A quism of (AY , d)-modules,

a:AY @ Hom,(A ® AX, N) S Hom,4(A® AX, N®AY),

is given by a(P® g)=®- g.

Proof. Since A is 1-connected, by Proposition 1.3.(i), we can build a minimal
resolution of (4®AY ,d), w:P = (A® AY, d). The procedure to get such a
resolution is similar to the construction of the minimal model of a CDGA, that
is to say, we build a graded vector space V', a differential d in 4 ® V' which
extends the one in A, and a quism w:(4®V ,d) S (A®AY, d), such that the
differential induced by d in K®,4 (4 ® V) is zero. Then, y induces a quism

K@ (AR V), 0 = (V,0) 5 (AY, d).

Therefore for certain differential d , P=(A®H(AY), d).
Write AY = C@®dC ® H where dH = 0. Then, an A-linear isomorphism

Lw

72AQ(C®dC o H) = (A AY, d)

is given by y(c) = ¢, y(dc) = dc, y(h) = h. Since C @ dC is acyclic, the
projection
1 (A® (CodCao H),d) S (A’ HAY), d)

is a quism. Consider the quism ¢ = 7o y~1 and observe that, given a P
cycle of degree p in (AY,d), y~'(®) = y~Ydc+ h) = dc + h + ¥, with
Y e A® (AY)<P . Therefore,

(1) P(a®@P)=ax[P]+Q, Qe Ax HP(AY).
Now, since ¢ is a quism of A4-semifree modules,
19 NQAY =N®,(A®AY) S N®,(A® HAY)) = N® H(AY)

is a quism of 4-modules. Therefore, since 4 ® AX is A-semifree, it induces a
quism

(2) Hom,(A® AX, N®AY) S Hom,(4A® AX, N® H(AY)).

Composing (2) with a and the quism Hom,(4 ® AX, N) @ H(AY) =
Hom, (A® AX, A) ® AY we have

Hom, (A ® AX, N)® H(AY) S Hom4(4A ® AX, N)® AY
3) < Homy(A® AX, N®AY)
= Homy(A® AX, N® H(AY)).

To show that a is a quism it is sufficient to prove that (3) is an isomor-
phism. On the other hand, since H*(AY , d) is finite dimensional, we have an
isomorphism of graded vector spaces

(4)  Homy(A®AX, N® H(AY)) = Hom4(A® AX, N)® H(AY).

Composing (3) and (4), we get a morphism @,
a:Hom(A® AX, N)® H(AY) - Hom4(4A® AX, N) @ H(AY).
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Finally, in view of equation (1), @ maps f@® to fP®P+Q, Q €
Hom, (A ® AX, N)® HP(AY), p = |®|, and hence, since H*(AY) is finite
dimensional, is an isomorphism.

Therefore, (3) is an isomorphism and then, « is a quism. O

Proof of Theorem A. The inclusion i of Lemma 2.1 composed with the isomor-
phism S of Proposition 1.5, gives a quism

Boi:Homy(4A®AX, N)@Hom,y(M, AY)
S Homyy (M, AY® Homy(4 ® AX , N)).

Explicitly, [(8 0 i)(32, & ® fi)l(m) = XZo(=D)&iml fi(m) © g; .
Since |fi| = —oo as i — oo, we have fi(m) € (A® AX)<® =0, for i large.
This shows that f o i factors as

2oL, Hompy(M, AY@Homy(4® AX, N))

A p=Hi (M,y)
x y=Hom,y T

Hom,y(M, AY ® Hom,(4® AX, N))

Hom,(4 ® AX, N)@Hom,y (M , AY)

where N
y:AY ® Hom4(4® AX, N) = AY®Hom,4(4 ® AX, N)
is the canonical inclusion and, since H(AY , 3) is finite dimensional, is a quism.

Hence, because M is AY-semifree, 7 is also a quism so is B . For the same
reason, o of Lemma 2.2 induces a quism & = Homypy (M, ).
Therefore, we have the following chain of quisms:

Hom,(4A® AX, N)®Hom,y (M, AY)
%, Homyy (M, AY ® Hom4(4 @ AX, N))
(5) % Hompy(M, Homy (A ® AX, N® AY))
= Hompy(M, Hom4gpy (A @ AX @ AY , N ® AY))
= Homgry(A®AX ® AY @,y M, N® AY)
Since M is AY-semifree, the projection (4 ® AX ® AY,:i) 5 (AY, d)
induces a quism of (A®AY , d)-modules AQAX @AY @y M > AY @py M =

M . This map composed with M 5 U gives a 4 ® AY-semifree resolution of
U . Hence, the sequence (5) induces an isomorphism:

Ext4(K, N)®Extay (U, AY) S Extyery(U, N®AY).

Finally, it is a straightforward computation to see that this isomorphism is
the map ¢ of the theorem. O

2.3. Remark. In the case that (4 ® AY ,d) = A® (AY,d) is a trivial KS-
extension and N = N25, for some s € Z, Theorem A also holds even without
assuming H*(AY, d) finite dimensional.

In fact, in this special case, N ® (AY, d) = N&(AY , d), and so, by Propo-
sition 1.4,

AY&Hom (A ® AX, N) S Hom4(A® AX, N®AY).
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Again, the composition,
¢:Hom (A ® AX, N)®@Hom,y (M, AY)
= Hompy(M, AY&Hom, (A ® AX, N))
= Hompy (M, Homy(A® AX, N®AY))
= Hompy(M , Homgay(4 @ AX ® AY, N ® AY))
= Homgry(A®AX @ AY @,y M, N® AY),
induces in homology the map ¢ of Theorem A and therefore, it is an isomor-
phism.
3. ASSOCIATIVITY OF ¢

Theorem B will be established once we prove

3.1. Theorem. Let (AX,d) —» (AX ® AY ,d) — (AY, d) be a minimal KS-
extension of the minimal KS-complex (AX , d) in which (AX ® AY , d) is also
minimal. Let N = N2' be an (AX, d)-module for some r € Z. If Y is finite
dimensional, then

9:Extyx(Q, N) ® Extzy(Q, AY) = Extaxear(Q, N ® AY)
is an isomorphism.
For that, we need the following resulit.

3.2. Proposition. Let (AX, d) be a 1-connected KS-complex of finite type and
let ¥ € A22X be a decomposable cycle. Then, there exists a KS-extension of
(AX,d), (AX,d)—> (AX®AY,d)— (AY,d) such that:

(i) Y is finite dimensional and oddly graded.
(i) In (AX ® AY,d), ¥ is a boundary, that is to say, for some ® €
AXQAY, ¥=do.

Proof. Let |¥| = n+ 1. Consider the projection of (AX, d) onto its space of
odd indecomposables

n(AX, d) — (K& X°4, 0).
Then take the minimal model for n:
(AX,d) —— (AX®AY', d) —— (AY', d)

NG

(K& X°dd | 0)

Next, we consider the linear part d,: Y’ — X of the differential d in AX®AY'.
If di(y) # 0, then d,(y) belongs to X" and the degree of y is odd. If
di(y) = 0, then y defines an element in the minimal model of (K & X°d¢, 0)
and therefore the degree of y is also odd.

On the other hand, since ¢ is a quism, there exists an element ® € AX®AY’
such that d® =Y.

To finish define Y =Y'S". O
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We also need to prove, and this is the key fact in the proof of Theorem 3.1,
that ¢ is “associative” Consider KS-extensions, A — (AQAY , d) — (AY , d),
A— (A®AZ,d) — (AZ,d) of the connected CDGA A. Let N be an A-
module. Then, we have

3.3. Propesition. The following diagram commutes:

EXIA(K, N) ® EXlAy(K, AY) [o2] EXtAz(K, AZ) L@l' EXtA®Ay(K, N®AY) ® EXtAz(K, AZ)

oot | e

Extyonz(K, N® AZ) @ Extpy(K, AY) —%—  Extygaygaz(K, N® AY ® AZ)

Notes. (1) In this case, ¢ is the restriction to the classical tensor product.
(2) By the left vertical arrow we mean

Ext4(K, N) @ Extry(K, AY) ® Extyz (K, AZ)
~ Ext (K, N) @ Extpz (K, AZ) @ Extpy (K, AY)

8} Extenz(K, N ® AZ) ® Extyy (K, AY).
Proof. Consider a Sullivan model of the projection (AQAY®AZ , d) — (K, 0),

(ARAXQAY @ AY®AZQAZ,d)S (K, 0),

which constitutes a (4 ® AY ® AZ , d)-semifree resolution of (K, 0). Observe
that, for example, (AY ® AY , d), (A AX®AY , d) are resolution of (K, 0)
and (AY,d) as (AY,d)-and (4® AY, d)-modules respectively.

Choosing those particular resolutions, it is a straightforward computation to
show that the diagram above commutes. 0O

Proof of Theorem 3.1. We shall proceed by induction on n =dimY .
Suppose first n = 1. Then (AY,d) = (Ay, 0). If |y| is odd H*(AY) is
finite dimensional so we apply Theorem A and therefore ¢ is an isomorphism.
Suppose |y| even. Then, by Proposition 3.2, there exists a KS-extension
(AX ® AZ, d) such that Z is finite dimensional and oddly graded, and dy =
d® for some ® € AX®AZ . Then, we “redefine” y by u—® in AQAZ @ Ay
to get an isomorphism

(1) (AX®AZ®Ay,d)= (AX ® AZ,d)® (Ay, 0).

Now, apply Proposition 3.3 to the KS-extensions (AX ® AZ,d) and
(AX ® Ay, d) to obtain the following diagram:

EXtAx(K, N) ® EXtAy(K, Ay) ® EX‘Az(K, AZ) —?& EXtAX®Ay(K7 N®Ay) ® EXtAz(K, AZ)

| |

Extaxgaz(K, N® AZ) ® Exty, (K, Ay) —2—  Extaxgazory(K, N® AZ ® Ay).

Since Z is oddly graded, H*(AZ) is finite dimensional. Hence, by Theorem
A, the two vertical arrows are isomorphisms. On the other hand, considering
(1) and Remark 2.3, the bottom map is also an isomorphism and therefore,

¢:Extyx (K, N) ® Extp, (K, Ay) 3 Extaxeay (K, N® Ay)

is an isomorphism.
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Let dimY = n and suppose that our assertion is true for dimY <n-—1.
Write (AY,d)=(A(y, ..., yn),d) and choose a model for the projection
(A1y ..., ¥Vn),d)— (K, 0) of the form
(A(yl, e 5yna.)_)l, ... ,)_)n)’ d) 5 (K, O)’

with dy, = y; + Q, w € AY,; ® AY ;. Note that the KS-complexes
(AY<n ®A?<n,d):(A(yl’ ,yn—l,j’—l, ,J_)n—l)’d)7 (A(yn>7n))3)a

are semifree resolution of K as A(y;, ..., y,_1)- and Ay,-modules respec-
tively.

Choosing those particular resolutions, it is straightforward to verify that the
diagram

pR1

Extpy (K, N) ® Ext(AY<n) ® Ext(Ayn) Extaxgay., (K, N ® AY<n) ® Ext(Ayn)

ll@rp l(/’
Extay(K, N)® Extyy(K, AY) —2 Extaxgay(K, N ® AY)
where Ext(AY.,) and Ext(Ay,) denote Ext,y_ (K, AY.,) and Ext,), (K, Ay,)
respectively, commutes.

By induction hypothesis, the top arrows and the two vertical arrows are iso-
morphisms. Hence,

0:Extayx(K, N) ® Extay (K, AY) 5 Extaygay(K, N @ AY)

is an isomorphism. O

4. A FINAL REMARK

Theorems A and B can be generalized as follows:
Let (A®AX,d) and (A®AY, d) be two KS-extensions of the 1-connected
CDGA A. Suppose that the projection, (A ®AX)®4 (ARAY)=(AQAX ®

AY,d) % (AY, d), admits a section o:(AY,d) - (A® AX ® AY, d). Then
the map,
(1) (AQAX,d)®(AY,d)S (ARAX®AY,d), ®3¥~¥-o(¥)

is an isomorphism.
Then we define two functors (which depend on ¢!),

A-modules - A4 ® AY-modules, N =N®,; (A9 AY)=NQAY,

AY-modules > 4 ® AX ® AY-modules, M'=(A®AX)® M

(M" with the structure of an (4 ® AX ® AY)-module induced by the isomor-
phism (1)).

Both functors preserve semifree modules and quisms. Then, given an A-
module N and a (AY, d)-module M , we can define a map

0:Ext (A ® AX, N)®Extay(M, AY) = Extygry(4® AX @ M, N ® AY)
by o(X il ® i) = Sicolgl o fi'].

Then, we have
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4.1. Theorem A’. Let N be an A-module and let M = M2" be a (AY , d)-

module of finite type for some r € Z. If H*(AY,d) is finite dimensional,
then

9:Ext(A® AX, N)®Extyy(M, AY) 5 Extyory(A®AX @ M, N @ AY)
is an isomorphism.

4.2. Theorem B'. Let N = N2" be an A-module for some r € Z. If the
KS-extension (A® AY , d) is intrinsic and Y is finite dimensional, then

9:Ext(A® AX, N) @ Extpy (K, AY) 5 Extgry(4 ® AX, N ® AY)
is an isomorphism.
Proofs for those results are analogous to the ones of Theorems A and B.

Note. In the work Bass series of local ring homomorphisms of finite flat dimen-
sion, a preprint by L. L. Avramov, H. Foxby and J. Lescot, Theorem 4.1 seems
to be the analogue of Theorem A of this paper, in the environment of local
algebra.
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