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THE STRUCTURE OF SOLUTIONS
OF A SEMILINEAR ELLIPTIC EQUATION

KUO-SHUNG CHENG AND TAI-CHIA LIN

ABSTRACT. We give a complete classification of solutions of the elliptic equation
Au+ K(x)e? =0 in R", n > 3, for some interesting cases of K .

1. INTRODUCTION

In this paper we shall investigate the structure of the set of all entire solutions
of the equation

(1.1) Au+ Ke* =0

in R", n>3,where A=3Y" 0%/0x? and K # 0 is a given locally Holder
continuous function on R”. We shall consider mainly two types of solutions:
uc(x) denotes a solution of (1.1) satisfying

(1.2) Uc(x)—c as|x|— o0
and U(x) denotes the “maximal solution”
(1.3) U(x) = sup{u(x)|u is a solution of (1.1)}.

In this paper we shall consider mainly three questions:

(a) When do solutions %, and U exist?

(b) What are the relations between K and U?

(c) When do we have u =u, or u = U for every solution u of (1.1)?

Equations (1.1) arises from physics and geometry. When » = 3 and K(x) =
1/1 4+ |x|?, (1.1) is known as Eddington’s equation, which was used to model
globular clusters of stars. When n = 2, (1.1) is known as the conformal
Gaussian curvature equation on R2. Let (M, g) be a Riemannian manifold
of dimension 2 and K be a given function on M . The following question has
been raised: can we find a new metric g on M such that K is a Gaussian
curvature of g, and g, is conformal to g (thatis, g, = ¢g for some positive
function ¢ on M)? If we write ¢ = e?*, then this is equivalent to the problem
of solving the elliptic equation

(1.4) Agu—k + Ke* =0
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on M, where A, and k are the Laplace-Betrami operator and the Gaussian
curvature on M in the g-metric respectively. In case M is compact, equa-
tion (1.4) has been considered by many authors and we refer the reader to the
monograph by Kazdan [K] for details and references. In case M is complete
and noncompact, the first natural case seems to be M = R? and g is the usual
Euclidean metric. In this case, equation (1.4) reduces to equation (1.1) with
n = 2. We refer the reader to Cheng and Ni [CN1] for details and references
about equation (1.1) when n=2.

The first nonexistence result concerning equation (1.1) seems due to Oleinik
[O]. She proved

Theorem A. Suppose that K <0 on R" and |K(x)| > C|x|™? for |x| large for
some constant p < 2 and sone constant C > 0. Then (1.1) possesses no entire
solution.

The first existence result concerning equation (1.1) seems due to Ni [N1]. He
obtained

Theorem B. Suppose that |K(x)| < C|x,|™? for |x,| large and uniformly in x,
for some p > 2, where x = (X, x;) and x, € R™, x, e R""™, m > 3. Then
(1.1) possesses infinitely many bounded solutions.

Later on, Kusano and Oharu [KO] slightly extended Ni’s result. They ob-
tained

Theorem C. Suppose that |K(x)| < K(|xi|) on R* and I tK(t)dt < oo, where
X = (xy, x3) is as in Theorem B. Then (1.1) possesses infinitely many bounded
solutions.

For a nonexistence result, Cheng and Lin [CL, Theorem 5.3] improved
Oleinik’s result. They proved

Theorem D. Suppose that K < 0 on R" and |K(x)| > C|x|~%(log|x|)~" for
|x| large for some constant C > 0. Then (1.1) possesses no entire solution.

From the results of Theorems C and D, it seems natural to conjecture that if
K <0 on R", |K(x)| > K(|x]) and f0°° tK(t)dt = 0o, then (1.1) possesses no
entire solution. Interestingly enough, this conjecture is not true. Lin and Cheng
[LC] constructed a solution for equation (1.1) with K = K(|x|) < 0 satisfying

/OOIK(t)dt=—oo.
0

If we try to investigate the structure of the set of solutions for equation (1.1),
then Theorems B and C are not enough. Thus along this direction, we try first
to find the type of solution u. satisfying (1.2). The following theorem answers
parts of the existence question of the type of solution u..

Theorem 1.1. Suppose that K satisfies one of the following conditions:

(i) Jx| < K(|x]) on R" and [;°tK(t)dt < o,
(ii) [z IKO)I/I¥I""2dy < 00 and

M(x)|x*(g(x))*"=P -~ 0 as|x| — oo,
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where
(1.5) Mx)= sup |K(y)]
ly—x|<|x|/2
and
IK(y)|
1.6 =
(1.6) st /|y—x|<|x1/2 |y|"_2dy

Then we have

(a) There exists a constant cy € R, such that for every ¢ € (—, cp], (1.1)
possesses a solution u. satisfying (1.2).

(B) If, in addition, K < 0 on R", then for every ¢ € (—o0, o), (1.1)
possesses a unique solution u. satisfying (1.2).

(y) If, in addition, K > 0 on R", then there exists a constant ¢y € R, such
that for every ¢ € (—oo, ¢y), (1.1) possesses a solution u, satisfying
(1.2) and (1.1) possesses no solution u. satisfying (1.2) for ¢ > cy.

(0) Let u be a bounded solution of (1.1). Then there exists a constant ¢ € R
such that u = u., that is, u(x) — c as |x| - o©.

A few words about this long theorem are in order. First of all, we do not
divide R” into R™ x R"~™ as in Theorems B and C. But from the proof of
Theorem (1.1) in §3 it is easy to see that some of the results can be formulated
in this form. Next, we note that condition (i) is the same as in Theorem C. But
even in this case, our conclusions are much more clear and complete than that
of Theorem C. Finally, we need to give some explanation about condition (ii).
From a slightly deep inspection of condition (i), it would be very nice if the
condition

K ()|
(1.7) dy <
re Y|P 2
could imply the existence of the type of solution u.. Unfortunately, this is
not necessarily true. Qur proof can not be carried out if K concentrates on a
sequence of points which tends to infinity. The other condition in (ii),

(1.8) M(x)|x*(g(x)*"=P - 0 as |x| — oo,

is a way to prevent such a concentration of K . On the other hand, in condition
(i), since |K(x)| < K(|x|), K can concentrate only on a sequence of spheres,
not on a sequence of points. This “spread” of K is enough to guarantee the
existence of solution u, .

Are the solutions of (1.1) all of the type u.? The answer is in general no.
For some K, there is another type of solution U, the “maximal solution.” The
following theorem gives a fairly complete answer to the existence question of
the maximal solution U of (1.1).

Theorem 1.2. Suppose that

(i) K <0 on R" and there exists a sequence of bounded smooth simply
connected domains {Q;} such that R* = U2, Q;, Q; C Qiy1, and
K<O0OonoQ;, i=1,2,...,and

(ii) equation (1.1) possess a solution, say v, on R".
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Then the function U(x) (the maximal solution) defined by (1.3) is well defined
on R" and is a solution of (1.1) on R".

In view of Theorem 1.1, the conditions in Theorem 1.2 are quite mild. For
example, if K < 0 on R"” and C/|x|?P > |K(x)| > 0 for |x| large for some
constant p > 2, then condition (i) of Theorem 1.2 holds trivially and condition
(ii) also holds due to Theorem 1.1. Is condition (i) necessary for the existence
of the maximal solution U ? We do not know the answer to this question. But
we conjecture that if K(x) > 0 somewhere or there exists a curve extending to
infinity such that K =0 on this curve, then the maximal solution U does not
exist.

Since the type of solution u, has nice asymptotic behavior (1.2), we are
inclined to find the asymptotic behavior of the maximal solution U. If we
can find some explicit relations between the functions K and U, then we can
easily obtain the asymptotic behavior of U from that of K. Unfortunately,
we obtain no such explicit relation.

In the following we use the notation “f ~ g at oo” to denote that “there
exist two positive constants C; and C, such that C,f > g > C,f at c0.”

We shall consider the following possible asymptotics for K and U .

(1.9) K(x) ~—|x|"P(log|x|)™# atoo, p>2,B€R,
(1.10) K(x) ~ —|x|"%(log|x|)~# * at oo, B>1,
(1.11) K(x) ~ —|x|79(log |x|}*~* exp[-2(log |x|)"] at oc,

p>1, geR, keR,
(1.12) K(x) ~ —|x|*"Pexp(—2|x|*) at oo, a>0, peR,

(1.13) U(x)=p;210g|x|+glog(log|x|)+0(1) at oo,
(1.14) U(x)=ﬁ;llog(log|x|)+0(l) at oo,
p—2
U(x) = (log|x])” + —— log|x|

(1.15) 1

+ > log(log |x|) + O(1) at oo,

p—2

(1.16) Ux) = |x|*+ log|x|+ O(1) atoo.

2

The following theorem answers only parts of the question (b) in the beginning
of this section.

Theorem 1.3. Suppose that K < 0 on R" and has one of the asymptotic be-
haviors (1.9), (1.10), (1.11) and (1.12). Then the maximal solution of U of
(1.1) exists and has the asymptotic behaviors (1.13), (1.14), (1.15) and (1.16)
respectively.

Now we come to the question (c) in the beginning of this section. In other
words, can we classify all the solutions of equation (1.1)? If K(x) > 0 some-
where, then we do not know whether the type of solution #, is unique or not for
a given ¢ and whether the maximal solution U exists or not. Thus if K(x) >0
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somewhere, we are still very far from the complete classification of all solutions
for equation (1.1).

If K <0 on R”, for some K, we can find other types of solutions besides
the two types u, and U. For example, let K(x) = —2ne~2*" . Let h(x) be
any harmonic function satisfying A(x) < }|x|? forall x e R". Let u=h+w.
Then w satisfies

(1.17) Aw + K(x)e?tX)e?v = 0.

Since K(x)e?"*) satisfies any one of the two conditions in Theorem 1.1, we
conclude that there exists a unique solution w, of (1.17) satisfying w.(x) — ¢
as |x| — oo for every real ¢. Thus for this K, we have a family of solutions
u=h+w,, ceR.

If K has some symmetry properties, for example, K is radially symmetric,
from the above example, we can not expect that all solutions of (1.1) also have
the same symmetry in general. But if we consider only symmetric solutions,
then maybe we can classify all symmetric solutions.

Suppose now that K < 0 on R", K is radially symmetric and K has
one of the asymptotics (1.9), (1.10), (1.11) and (1.12). Then from Theorem
1.1, equation (1.1) possesses a unique solution u. satisfying (1.2) for every
¢ € R. Since K is radially symmetric, u.(Qx) is also a solution of (1.1)
satisfying (1.2), where Q € O(n) is a rotation of R”. From uniqueness, we
have u.(Qx) = u.(x) for any Q € O(n). Hence u, must be also radially
symmetric. Also, from Theorem 1.2, the maximal solution U exists and U is
radially symmetric by the same arguments as above. It is natural to ask: Are
u. and U the only radial solutions for equation (1.1)? The following theorem
answers this question.

Theorem 1.4. Suppose that K <0 on R", K is radially symmetric and K has
one of the asymptotics (1.9), (1.10), (1.11) and (1.12). Let u be a radial solution
of equation (1.1). Then either u = u. for some ce R or u="U.

Suppose now that K < 0 and K has one of the asymptotics (1.9), (1.10),
(1.11) and (1.12). Then from Theorems 1.1, 1.2 and 1.3, we know that (1.1)
possesses a unique solution u,. satisfying (1.2) for every ¢ € R and that the
maximal solution U also exists and has the asymptotics (1.13), (1.14), (1.15)
and (1.16) respectively. Are u, and U the only solutions for (1.1)? For K
satisfying (1.9) and (1.10), the answer is yes.

Theorem 1.5. Suppose that K < 0 on R" and K has one of the asymptotics
(1.9) and (1.10). Let u be a solution of (1.1). Then either u = u,. for some
ceRoru="U.

If K decays fast, for example, K(x) = —2ne~2"  then as we already noted,
equation (1.1) possesses another family of solutions u = & + w.. But we know
that if A is a nonconstant harmonic function on R”, then 4 has no lower
bound. Thus if we only consider solutions which have a lower bound, then
maybe u. and U are again the only solutions. We have

Theorem 1.6. Suppose that K < 0 on R" and K has one of the asymptotics
(1.11) and (1.12). Let u be a solution of (1.1) with a lower bound. Then either
u=u. forsome ccR or u=U.
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Finally, we shall consider the case K has compact support. The following
theorem is interesting.

Theorem 1.7. Suppose that K < 0 on R* and K has compact support. Then
we have

(i) For every harmonic function h on R" and every constant c € R, (1.1)
possesses a unique solution satisfying

(1.18) ux)—h(x)—c—0 as|x|—oc.

(ii) Let u be a solution of (1.1). Then there exist a harmonic function h
and a constant ¢ such that u satisfies (1.18).

Our main method of proofs is similar to that of Cheng and Ni [CN1, CN2].
For more background material, we refer the reader to Ni [N1, N2].

The organization of this paper is as follows. In §2, we shall sketch the proof
of Theorem 1.2. We do not give a complete proof of Theorem 1.2 here because
it is almost the same as in Cheng and Ni [CN1]. In §3, we shall give a detailed
proof of Thecorem 1.1. We shall prove Theorems 1.5, 1.6 and 1.7 in §5.

We would like to thank the referee for his constructive suggestion about the
exposition of this paper.

2. EXISTENCE OF MAXIMAL SOLUTIONS

We refer the reader to Cheng and Ni [CN1] for details of the proof. We only
sketch the proof here.

Sketch of the proof of Theorem 1.2. First we consider the following boundary
value problem

2.1) {Au+Ke2“=0 in Q;,

u(x) — oo as x — 0Q;.

We use barrier method to prove the existence of a solution u; of (2.1) for each
i=1,2,.... Here the assumptions (i) and (ii) of Theorem 1.2 are crucial.
By the maximum principle, we prove that {u;} is a monotonically decreasing
sequence of functions. Hence by usual elliptic regularity arguments, we prove
that u; converges monotonically to a solution U of (1.2) which is the maximal
solution. Q.E.D.

We also list some important and useful properties of the maximal solutions
here. We refer the reader to Cheng and Ni [CN1] for details of the proofs.

Theorem 2.1. Suppose that the hypothesis of Theorem 1.2 hold and that K < K <
OonR'. La U (U respectively) be the m~aximal solution of Au + Ke? =0
(Au + Ke* = 0 respectively) on R". Then U< U.

Theorem 2.2. Suppose that K is radially symmetric. Then the maximal solution
U (if exists) is also radially symmetric.

Theorem 2.3. Suppose that K < 0 in R" and that U is the maximal solution
of (1.1) on R*. Let u be an arbitrary solution of (1.1) on R". Then either
u < U everywhere on R" or u=U on R".
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3. EXISTENCE OF SOLUTIONS OF THE TYPE U,

In this section we shall give a detailed proof of Theorem 1.1. We decompose
the proof into several lemmas.

Lemma 3.1. Suppose that K satisfies the hypothesis (ii) of Theorem 1.1. Then
the function v defined by

(3.1) o(x) = o / ko) 4

2(2 - nywp Jgn |x —y|=2

is well defined on R" and satisfies

(3.2) v(x) =0 as|x| - o0
and
(3.3) Av(x) = K(x), xeR”,
where
Wy =/ dy.
lyl<1

Proof. We write

v(x) = G, K(y) dy+C,,/ K(y)

T 4y
vi<2ix X =y 2l X =y

where C, = 1/n(2 - n)w, . Now

o KoL dy‘ <ol [ TOAKON
[

Jisal 1X = y[n=2 piz2x Y2

Hence v is well defined on R”. Equation (3.3) is a consequence of (3.1) and
the assumption that K is Holder continuous. Thus it remains to prove (3.2).
Let € > 0 be given. Choose N and R, > 2N, such that

_ K(y)|
3.4 4n—2 / | <e,
(34) N "2 @
2N)"—2 K(y
(3.5) (|x|3—2 . ||y|n 2' dy <e¢ for|x|>R,,
n [ 3\ 24/
(36) 2 (5) WM M) Pg ()Y -D)-Dn < ¢ (x| > R,.

Then for |x| > R, , we have

IK(y)I _
x—y = /|y|<|x|/2 +/

Ix]/2<|y|<2]x|
ly=x|>|x|/2

A
ly=xI<|xl/2 Jlyl>2|x|

=Ii(x) + I(x) + Is(x) + L4(x).
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We now estimate I, , I,, I3 and I4

y
yi<ixl2 1X = yl" 2

_ K(y)l
B (/|y|<N /N<|y|<|x|/2) ly — x|n= poxp2 ¥

2" 2K (y)| / 2" 21K (y)|
< ——dy+ —dy
/|y|<N |x|n=2 Nelyl<ixlz 1X]" 2

2N)-2 |K(»)| Kl
< |x|n=2 /]y|<1v y|n=2 D+ /N<|y|<|x|/2 |y|n=2

< @2N)"” [ 1KW) +/ K
I P L [ VT Lo >N P2
< 2¢ (from (3.4) and (3.5)).

Iz(x)=/ KO &

_ Ty — yln=2
l/2<pl<als] X 7Y
—xl>}x1/2

<[ 2K

||n2

lxl/2<|y|<2|x|
ly—xI>|x]/2

S4n—2/ |K(y)| dy

n-2
xl/2<yi<zel Y1
y—x|>|xI/2

< 4"-2/ KD 4 < & (from (3.4)).
|

yI>N ly|n—2

14(x)=/| KON,

yis2ix) [X = y["~ |x —y|n-2

< 2n—2/ IK(y)l dy
|

yi>2x YIP2

_ KWl
< 4n 2/ l <¢ (from (3.4)).
o D2 dy ( (3.4))

Finally we estimate I3(x). The estimate of I3(x) is much more involved.
It is here we have to use (1.8). For p € [0, |x|/2], we define the function
n =n(p) by the following ordinary differential equation

n—1
(3.7) { ()" 22 = 5 fopes st |K Cx + p2)] dS:
n(0) =0

Here we of course assume that M(x) > 0. If M(x) =0, then I =0. We
do not have to estimate I3(x).

From (1.5), since
1

as. =1,
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we have |
n(p)\"" dn(p) x|
< ==,
(p> dp b 0sr=5
Hence we have
(3.8) n(p)<p for0<p< "2‘|
Let
X
(3.9) ex)=n (%) .
Then from (3.7) we have
1 n ?) n—1
Sty = [ rtay
0
[x1/2 - 1 X( ds.
= - +
/0 A v |z|1M( | x+pz)| dp
(3.10)

),
= K(y)|d
nw, M (x) |y—x|<|xl/2| W)l dy

1 3 n-2
< o, M%) (§|x|) 8(x).

Now we can estimate I3(x).

L(x) = /| _IKD) &y

y—xl<ixlj2 IV = x[n=2

|x1/2
= / pr! [pz_"/ |K(x+pz)|dSz] d
0 |z|=1

€(x)
= nw,,M(x)/ p¥ "y ~'dn (from (3.7))
0

&(x)
< nw,,M(x)/ ndn (from (3.8))
0

g M (x)(e(x))?
<3 (%)Hm LM (x) | x g () 22
< ¢ (from (3.6)).

Hence we have

[ BB dr = 1) + 1) + 1) + L) < 56

y xln -2

for |x| > R, . Since ¢ > 0 is arbitrary, this proves that

/ KDL 4y 0 as x| = oo
R

"y —x|n=2

Thus (3.2) is proved. Q.E.D.
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Lemma 3.2. Suppose that K = K (r) >0 on 0 <r < oo and satisfies f0°° rK dr <
oo. Then the function

1 K
(31D V) = = o
is well defined on R" and satisfies
(3.12) v(x) >0 as|x| — oo
and
(3.13) Av(x) = K(|x|) onR".

Proof. From the proof of Lemma 3.1, the only thing we have to check is
_K(y)
(3.14 I(x)=/ d—0 as|x| - oo.
) } ly—x|<|x|/2 |x yln [x —y[*=2 | ’

We use spherical coordinates. Let x = |x|zp and y = |y|z, where |z| =1 =
|zo|. Let |y| =r. Then

I(x) = /| ('yl',,) &y

y—xl<lxlj2 1X =¥

/%le n—lk( ) / 1 s |
= r r —dS,| dr,
Ix1/2 1zlea(r) |72 — |x|zo|"2

where ®(r) C {z||z| = 1}. itis not difficult to prove that there exists a constant
C > 0 such that for |y — x| < |x|/2,

ly = x| = |rz = |x|z0| > C||x|z — |x| 20| = Clx||z - zo|.

Hence,
Cr25(x) < /I%llzl 1R (r) l / con) ,x|,._2|is_z ZO|,._2] dr
< ([ xot=) (. =5)
n=2 [ roo
- (%) (/lxwrl?(r)a'r) (/|z|=l Vifl%)
Now,

/ dSz
zl=1 |2 = Zo|"~2

/ rK(r)ydr — 0 as |x| — oo.
Ixl/2

is a finite number and

Thus I3(x) — 0 as |x] - . Q.E.D.

Lemma 3.3. Suppose that K, > K, > 0 on R” and K, satisfies the hypotheses
in Theorem 1.1. Suppose that the equation Au + K,e?* = 0 has a solution u
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satisfying u(x) — ¢ as |x| — oo. Then the equation Av + Kye* = 0 also
possesses a solution v satisfying v(x) — ¢ as |x| — oo.

Proof. Since u(x) — ¢ as |x| - oo, u is a bounded super harmonic function.
On the other hand, K, satisfies the hypotheses in Theorem 1.1. Hence

! Ky (x)e*¥) dx < 0.

R | X["2
From [HK, Theorem 3.20], we have
1
(3.15) u(x) =c-Cy /R oy (»)e* ) dy,

where C, = 1/n(2 — n)w,. Let ug=c and

Lk e Ndy,  m=0,1,2,....

(3.16)  umy1 =c—Cy an 1

Then it is easy to see that

(3.17) Ume1 > Um ON R" m=0,1,2,...,
and
(3.18) Uy <uonR*, m=0,1,2,....

Now let vg =c¢ and
_ 1 20m() _
Umy1 =C CnA" Ix_yln_zKZ(y)e aj"a m—09l’2,""

From the assumption K; > K; >0 on R”, we have

Up >VvponR"® forallm=0,1,2,....
and

Ums1 > Uy on R? | m=0,1,2,....

Hence {vn,} is a monotonically increasing sequence of functions which is
bounded by u on R". Hence {v,} converges to a function v on R"” and
v satisfies

(3.19) v(x)=c—-C !

"o e I

This proves that v is a solution of the equation Au + K>e?’ =0 on R” and
v(x) —c as |x| - . Q.E.D.

Lemma 3.4. Let
v(r) =y — Llog(1 + ar?), r>0.

Then v satisfies

n-1

(3.20) v'(r) + v'(r)+K(r)e?® =0,

where K(r) = e=¥a[(n - 2) + 2(1 + ar?)~'].
Proof. Direct calculation yields the lemma. Q.E.D.
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Lemma 3.5. Suppose that K > 0 on R" and that (1.1) has a solution uy with
up(x) — co as |x| — oo, for some cy € R. Then for every ¢ < cg, (1.1) possesses
a solution with u(x) — ¢ as |x| - oo.

Proof. ug is a superharmonic function with u#g(x) — ¢y as |x| — oo. By the
maximum principle, uo(x) > ¢y forall x € R". Let ¢ < ¢y, u—_(x) = ¢ and
Uy (x) =up(x) — (co— ¢). Then

Au, + Ke?+ = Aug + K eX(Ho—co)+2¢
— _KeZuo +Ke2uo—2(co—c)
= Ke?™ (-1 +e7%@79) <0,
and
Au_ + Ke*- = Ke* > 0.

Hence u,. and u_ are respectively a supersolution and subsolution of (1.1)
satisfying u, > u_ on R”. Hence there exists a solution u of (1.1) satisfying
uy > u>u_ on R". Since u,(x) —» ¢ and u_(x) — c as |x| — oo, we
conclude that u(x) — ¢ as |x| - oc. Q.E.D.

Lemma 3.6. Suppose that K > 0 on R" and that (1.1) possesses a solution u
with u(x) — ¢ as |x| — oo. Then there exists a constant ¢, depending only on
K, such that ¢ < cy.

Proof. Without loss of generality, we assume that K(0) > 0. Since K is locally
Holder continuous, there exist constants ¢ > 0 and ¢ > 0 such that

(3.21) K(x)>e¢ for|x|<9d.
Now choose ay >0 and 7 > 0 such that
(3.22) K (r)=nl(n-2)+2(1+ar) 11 <e
for all a > ap and r € [0, d]. Let
(3.23) e ¥.a=y, a>ap.
Consider the following ordinary differential equation
u'+ 2=y 4 K (re* =0, 0<r<d,
(3.24) w'+ 2=y =0, 0 <r<oo,
u(0)=y, u(0)=0, a>ag.

From Lemma 3.4, the solution u, of (3.24) is
y—3log(l +ar?) for0<r<d,
(3.25)  ua(r)=4¢ y- %log(l + ad?) — n—lzaé"(l + ad?)~ (62" — r¥ )
ford <r< oo.

Hence

(3.26)  ug(c0) = lim ug(r) =y — llog(l + ad?) - nl_z 03 (1 + ad?)7!.

r—oo 2

Using (3.23), we have

L _1

! 2052(1 +ad?)!.

(327)  ua(o0) = 3 log (%) 5 log(1 + ad?) -
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Let

Co = max {ao , sup ua(oo)} .
aZao

Then from Lemma 3.3, we conclude that ¢ <¢,. Q.E.D.
Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. First we shall prove that there exists a function v satis-
fying

(3.28) Av =|K| onR",
(3.29) v(x) >0 as|x| —o0.

But from Lemma 3.1, the existence of v is assured if K satisfies the hypothese
(ii). Thus it remains to prove (3.28) and (3.29) if K satisfies the hypothese
(i). But from Lemma 3.2, there exists a function 9, such that, A9 (x) = K(|x|)
and 9(x) — 0 as |x| —» oo. From the maximum principle, 9(x) < 0 for all
r € R". Thus 5

A (x) - |K(x)| = K(|x]) - |K(x)| 2 0.
Hence ¥ and 0 are respectively a subsolution and a supersolution of (3.28).
Thus there exists a function v satisfying (3.28) and (3.29). Thus under the
hypotheses of Theorem 1.1, we can find a function v satisfying (3.28) and
(3.29). By the maximum principle, v(x) <0 on R". Let

¢o = Inf v(x).
0 xeRn()

For c € (—o0, co], let uy = —v+c and u_ = v +c, B > e*. Then we have

Au, + Ke* = — Av + Ke 2% = _|K| 4+ Ke~2e¥
<IK|[-1+€*2] <0
and
Au_ + Ke?- = BIK| + Ke*e?#? > B|K| — |K|e*e?Pv
> |K|(B —e*) > 0.
Since uy > u_, uy(x) — c as |x| » oo and u_(x) — ¢ as |x| — oo, we
conclude that there exists a solution u. of (1.1) satisfying u, > u. > u_ and
hence u.(x) — ¢ as |x| — oo. This proves (o).

Now suppose that in addition K < 0 on R"”. Then as above, there exists a
function v satisfying

(3.30) Av=-K, v<0 onR".
and
(3.31) v(x)—0 as|x|—o0.

Let ¢ € (—oco0, co0) be a given number. Let u,(x) =c and u_(x) = av+c¢ with
a>e¥*. Then u, >u_ on R” and

Au, + Ke? = Ke¥* <0,
Au_ + Ke? - = a(—K) + Ke?+2¢ > (=K)(a — %) > 0.
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Thus there exists a solution u, of (1.1) satisfying u, > u. > u_ and u.(x) — ¢
as |x| — oco. We shall leave the proof of uniqueness of u. to a general theorem
in §4. This proves (f).

Suppose now that K > 0 on R". Then from part (a), there exists a con-
stant c; , such that, for every ¢ € (-0, c1], (1.1) possesses a solution u. with
us(x) —c as |x| — oo. Let

A = {c| (1.1) possesses a solution u, with u.(x) —c as |x| - o0}.

Then (—o00, ¢;] C A. From Lemma 3.6, A is bounded from above. Let ¢y =
sup 4. Then from Lemma 3.5, we have 4 = (—o0, ¢p] or A = (-0, ¢p). This
proves (7).

Finally let # be a bounded solution of (1.1). As in the beginning of this
proof, there exists a function v satisfying Av = —Ke?* on R" and v(x) — 0
as |x| - oo. Let w =u—-v. We have Aw = 0. Hence w is a bounded
harmonic function on R”. Hence w = constant = ¢ for some ¢ € R. This
proves (). Q.E.D.

4. PROOFs OF THEOREMS 1.3 AND 1.4

In this section we shall prove Theorems 1.3 and 1.4. But first we give a
uniqueness theorem as promised in the proof of Theorem 1.1(8) in §3.

Theorem 4.1. Suppose that K < 0 on R*. Let u and v be two solutions of
(1.1) satisfying |u(x) —v(x)| — 0 as |x| - oo. Then u=v on R".
Proof. Let w = (u—v)%. Then
Aw =2D(u—v) - D(u—v)+ 2(u — v)(Au — Av)
>2(u—v)(-K)(e* —e?) > 0.
Thus w is a nonnegative subharmonic function on R” satisfying w(x) — 0
as |x| - oo. Hence w =0 on R". Q.E.D.
Now we prove Theorem 1.3 first.

Proof of Theorem 1.3. Suppose that K satisfies equation (1.9). Then we can
find K; = K;(|x|) such that K(x) < K;(]x]) <0 forall x € R” and K(r) =
—Cr~P(logr)~# for r > Ry for some large Ry. Let U; be the maximal
solution of Au + K;e** = 0 on R"”. Then from Theorems 1.1 and 1.2, U,
exists and U < U; on R” from Theorem 2.1. Furthermore, U, is a radial
function from Theorem 2.2.

So now let
- p-2 B
Ur(r) = w(r) + —5—logr + 5 loglogr  for r > Ry.
Then w satisfies
1z n—1 !
w"+ ; w
(4.1) Y P ((p—Z)(n—2)+ﬂ(n—2)_ B
' ! 2 2logr _ 2(logr)? )|
We can choose R, so large that
(4.2) G2z frn2 P 5o,

2 2 logr 2(logr)?
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for r > Ry for some constants C, and C;. Let w, = %log(Cz/Cl). We shall
prove that there exists a constant R; > Ry, such that, w(r) < w; + 1 for all
r > R;. Suppose that this is not true. Then either (a) w(r) > w;, + 1 and
w'(r) < 0 forall r > Ry or (b) there exists R, > Ry such that w(R;) > w; +1
and w’'(R,) > 0. If (a) holds, then from (4.1), we have

C
(rn—l,wl(r))/ > rzl rn—I[eZ(w1+1) e2w.]'
Hence we have

() 2 Ry~ ! (Ro) + il (e — 1))

"2 Rg_z) .
Thus
w'(r) > Car~' + O(1)r="=D
for some c4 > 0. This contradicts to the fact that w'(r) < 0 forall r > Ry.
Hence (a) does not hold.
Suppose that (b) holds. Then for r > R, and (r — R,) small, we have
w(r) > w; +  and hence

(rn—lw/(r))/ > Clrn—3[e2(wl+%) _ eZwl] — C5r"‘3 >0
Hence
w'(r) > w' (R R r= "= 4 Co(r"=2 = Ry~ H)r~("=D > 0.

This proves that w’(r) > 0 for r > R, and (r — R;) small. Hence w'(r) > 0
forall r > Ry and w(r) > w; +1 for all r > R,. From (4.1), we have
1z n—1 ’ Q 2w
(4.3) w +—r wzrze , r>R;,
w(Ry)) >w+1, w'(Ry)>0.

From Cheng and Lin [CL], (4.3) possesses no solution w on [R;, oo). Hence
(b) does not hold also. Thus w(r) < w; + 1 for r large. This proves that

(4.4) V() < Uil < 25 2 10g 121 + & togloglx| + €
for |x| large for some C.
Now let
Uy(r) =2 ; 2 log(1 + r?) + gloglog(a +r)—b,

where a and b are two positive constants to be determined later. U,(|x|)
satisfies

(4.5) AU, + K»,e?"> =0 onR",
where K;,(r) = —F(r)G(r) and

F(r)=(1+r2)~®=92[log(a + r*)] Pe?,
— _ 2 _ 2 2\ _ 2
G(r)={p 2n+ (n—2)r 8 (n+(n-2)r*)log(a +r?) Zr]}‘

2 (1+7r2)? (a + r?)2(log(a + r2))?
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It is easy to see that K,(r) ~ —r?(logr)~# at oco. We choose a so large that
K5(r) < 0 for all r > 0 and then choose b so large that K>(|x|) < K(x) for
all x € R*. From Theorem 2.1, U,(|x|) < U(x). Thus

(4.6) b - 2 Jog |x| + gloglog}x| ~C < Uy(x) < U(x)
for |x| large for some C.

Combing (4.4) and (4.6) we prove (1.13).

Now suppose that K satisfies (1.10). We shall prove that U satisfies (1.14).
Since the method of the proof is similar to that of (1.13), we shall only indicate
the corresponding choices of K, U;, K,, U,. We can choose

K\(r)=—-Cir~*(logr)™#, for |x| large.
Then
-1
2

U(x) < Up(|x]) < loglog(|x|) + C

for |x| large. We choose

g1

5— loglog(a + )b,

Uy(r) =

Ka(r)= — (B —1)(a+r*)""(log(a + r?))~Fe?
) {na +(n-2)r? 2r2 }

a+r? (a +r?)log(a + r?)

We can choose a so large that K,(r) < 0 for all » > 0 and choose b so large
that K,(]x|) < K(x) for all x € R". Then

B—1
2
This proves (1.14). Suppose now that K satisfies (1.11). We choose

K\(r) = =Cyr~9(logr)?*e=20¢""  for r large.

loglog|x| — C < Uy(|x]) < U(x) for |x| large.

Then

U(x) < Ui(]x]) < (log |x])? +

qu k-1 loglog|x| + C

log |x| + >

for |x| large. We choose

{ar2+brl’+‘+c—d for r < Ry,

Uy(r) =
2(r) (logry” + 452 logr + 55t loglogr—d  if r > Ry,

where R, is properly chosen, a, b, c, are chosen so that U, isa C2-function
on (0, ). Now U,(|x|) satisfies AU, + K»e?%2 = 0, where K, is a negative
function which can be calculated. Choose the constant d so that K)(|x|) <
K(x) on R". Thus U,(|x|) < U(x). This proves (1.15).

Finally suppose that K satisfies equation (1.12). Then we choose Ki(r) =
—Cire=Pe=2" for r large. Then

p—2
2

Ullx]) < Ui(x]) < [x]|* +

log|x|+ C for |x| large.
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Let
ar? +brett yc—d if r<Ry,

r*+22%logr—d ifr> Ry,

Us(r) ={

where a, b, c, are chosen such that U, is a C2-functions on [0, oo). Then
U,(|x|) satisfies AU, + K,e2V2 = 0 for some negative function K, . Choose d
so large that K>(|x|) < K(x) Vx € R". Then U,(|x|) < U(x). This proves
(1.16). Q.E.D.

Next we prove Theorem 1.4.

Proof of Theorem 1.4. Let u = u(r) be a radial solution of (1.1). Then u
satisfies

(4.7) u(r) = u(0) + n—if /0 s [1 _ (;)_2] [—K(s5)]e2) ds .

Let U be the maximal solution of (1.1). Then U = U(r) satisfies

48)  U(r)=U(0) + n—_l—_i /0 s [1 - (;)"_2] [—K (5)]e2V) ds .

It is easy to see that u(0) < U(0). If u(0) = U(0), then u = U on R" by

the uniqueness of ordinary differential equation satisfied by #. Suppose that
u(0) < U(0). Then u(r) < U(r) and we have from (4.7) and (4.8)

u(r) <u(0) + ;2—1—2 /Ors [1 - (;)n_z] [—K(5)]e2Y® ds
=u(0)+ U(r) - U(0).

Hence again from (4.7) and (4.8) we have

u(r) < u(0) + 1 /O’S [1 B ({)n—Z] [—K(s)]ew(s)”z(v(o)_“(o))d9

- n-2 r
= u(0) + e~ 2V Oy (r) — U(0)]
< O(1) + e~ HVO==O Y (ry .

(4.9)

From Theorem 1.3, we know the asymptotic behaviors of these U’s. Thus from
(4.9), we can show that

/oo s[-K(5)1e®) ds < co.
0

From (4.7), we have u(r) —» ¢ as r — oo for some c. From Theorem 4.1, we
conclude that u = u, for some c. Q.E.D.

5. CLASSIFICATION OF SOLUTIONS
In this section we shall prove Theorems 1.5, 1.6 and 1.7.

Proof of Theorem 1.5. Let u be a solution of (1.1). Suppose that ¥ # U on
R”. Then from Theorem 2.3, u < U on R". Let w = U—u. Then w satisfies

(5.1 Aw —-d(x)w =0,
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where

4 e2U(x) _ eZu(x)
(5.2) )= = KT —um

< —K(x)-2e?Y™ < C|x| 2
for |x| large. Let |y| = R and R be large. Consider (5.1) in the ball Bg/,(y) =
{x € R"||x — y| < R/2}. Using the Harnack inequality [GT, p. 199], we have

(5.3) sup w(x)<C inf w(x)
x€EBgrss(y) X€EBgrss(y)

where C is a constant independent of R. Thus there exists a constant C > 1
such that

(5.4) sup w(x) < Clinf w(x)

x|=r x|=r

for r large.
Now suppose that w > 0 is bounded. We have

2U(x) _ p2u(x)
(55)  Aw(x) = K[V - 2] = K0y
Let M be a bound of w. Then
€2U _ eZu 5 €2w _1
_K(x)_wz— = — K(x)e™ [ 3 ]

_ e2w -1

> C[-K(x)]e?V™
for some constant C > 0. Thus
(5.6) Aw > C[-K(x)]e?Y®w?  on R".

Since —K(x)e2V™) ~ |x|~2(log|x|)~"' at oo, we conclude from [CL] that (5.6)
does not possess any solution on R”. Hence w is unbounded. Let {x,} be
a sequence such that |x,,| — oo as m — oo and w(x) — o0 as m — oo.
From (5.4), we conclude that infj_ ., w(x) — oo. Let w(r) be the spherical
mean of w on |x| = r. Then since w is a subharmonic function on R", w
is a convex function of r2~". Hence we conclude that W(r) — co as r — oco.
Again from (5.4), we conclude that w(x) — oo as |x| — oo.
Now w satisfies Aw = —K[e2U — ¢?¥]. Hence W(r) satisfies

(5.7) W'+ ”—:—lw' = —K[e2U — ¢24] = —Ke2U[1 — e-2v] > C[-Ke?U],

where “—” means the spherical average on |x| =r.
From the assumptions of K and the asymptotic behaviors of U, we have

—Ke2U > Cr=% or —Ke?U > Cr=%(logr)~! for r large. Hence we conclude
that w(r) > Clogr or w(r) > Cloglogr for r large. By (5.4) again, we
have w(x) > Clog|x| or w(x) > Cloglog|x| for |x| large. Thus u(x) <
U(x) - Clog|x| or ulx] < Ulx| — Cloglog|x| for |x| large. Thus

/ ——_K(y)ez“(” dy < .
R

n |y|n—2
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From [HK], u is bounded and hence by Theorem 1.1(d), u = u. for some
ceR. QE.D.

Proof of Theorem 1.6. Let u be a solution of (1.1) with a lower bound (—M).
Let v=u+ M+ 1. Then v > 1 and satisfies

Av = — K(x)ez“ - [_K(x)]e—2(M+l)e21;

2
= (x)]e_z M+l)evv’v =d(x)’v’

where d(x) = [-K(x)le"M+De /y . For |x| large, if 1 < v(x) < 1U(x),
then

U(x)
d(x) < [-K(x)]e2 M e < €
1 x|
If v(x)>1U(x), then
2(U(x)+M+1) C
dx) <[-K(x)e~2M+n€ " o &
(x) —[ ( )]e ;U(X) — |x|2

Thus as in the proof of (5.4), we conclude that

(5.8) supv(x) < C mf v(x)
|x|=r x|=r
for r large for some constant C > 1.

Now suppose that u is bounded also from above. Then from Theorem
1.1(B), (), u = u, for some ¢ € R. If u is not bounded from above, then
there exists a sequence {x,} such that |x,,| — co as m — oo and u(xm,) — o
as m — oo . Hence v(x,,) — oo. From (5.8) and the same arguments as in the
proof of Theorem 1.5, we conclude that lim,_,., ¥(x) = co. Hence u(x) — oo
as |x| — oo.

Let K, = K»(r) be a function such that K,(|x|) < K(x) for all x € R* and
|K>(]x])| ~ |K(x)| for |x| large. Let v.(r) and V(r) be the solution of

(5.9) an ”—:—lv' +Ky(r)e? =0

satisfying v.(r) —» ¢ as r — oo and v.(r) — V(r) as ¢ — oo. From Theorem
1.4, these are the radial solutions of Av + K;e?’ =0 on R”".

Now by the maximum principle, it is easy to see that v (|x|) < u(x), x € R".
Hence V(|x|) < u(x), x € R". This proves that u(x) > U(x)-C, x € R", for
some C. As in the proof of Theorem 1.5, we conclude that u=U. Q.E.D.

Finally, we give the proof of Theorem 1.7.

Proof of Theorem 1.7. Let h be a harmonic function on R"”. Consider the
problem

(5.10) Aw + (Ke?™e®™ =0 onR".

From Theorem 1.1(8), (5.10) possesses a unique solution w, with w.(x) — ¢
as |x| — oo for every ¢. Hence u = h + w, is the unique solution satisfying
(1.18). This proves (i).
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Now let u be a solution of (1.1). Then since K < 0 and K has compact
support, # is a subharmonic function such that

Ay, [ KO,
1+ 24 gy [ D o) gy o
/. oz VT f e W

From [HK], we conclude that there exist a harmonic function /4 and a constant
¢ such that (1.18) holds. This proves (ii). Q.E.D.
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