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EXAMPLES OF CAPACITY FOR SOME ELLIPTIC OPERATORS

JANG-MEI WU

ABSTRACT. We study L-capacities for uniformly elliptic operators of nondiver-
gence form

0
L= (X)—
Zau ax’ax] + ;a,(x)axj s

and construct examples of large sets having zero L-capacity for some L, and
small sets having positive L-capacity. The relations between ellipticity con-
stants of the coefficients and the sizes of these sets are also considered.

A compact set S C {|x| < 1} CR", n > 2, has zero capacity for the Lapla-
cian if and only if it is a removable set for the class of bounded subharmonic
functions on {|x| < 1}; equivalently, there exists a positive superharmonic
function (# +o00) on {|x| < 1}\S which approaches +oco continuously on S.

In this note, we study L-capacities for uniformly elliptic operators of nondi-
vergence form

0
L= ZaU axlax] +Zj:aj(x)a_xj9

and construct examples of large sets having zero L-capacity for some L, and
small sets having positive L-capacity. We also study the relations between
ellipticity constants of the coefficients and the sizes of these sets.

When (a;;) are Dini continuous and (a;) are bounded, sets of L-capacity
zero are precisely those of capacity zero for the Laplacian; this follows from the
growth of the Green function for these operators. (See [1] and [7].) In general,
there are elliptic operators L with continuous coefficients for n = 2, bounded
coefficients for n > 3, for which a single point has positive L-capacity; again
this reflects the behavior of the Green function. (See [2, 4, 5 and 12].)

For uniformly elliptic operators of divergence form, the growth of Green
function near its pole is comparable to that for the Laplacian [10]. Therefore
sets of capacity zero are exactly those for the Laplacian.

Let L be the above operator and coefficients of L be continuous in a do-
main Q C R”. We consider strong solutions of L = 0 in ngc’"(Q) and call
them L-solutions. The maximum principle, the existence and uniqueness of the
solution to the Dirichlet problem and the Harnack principle are well known. A
lower semicontinuous function v is called an L-supersolution on Q, if for any
closed ball B C Q and any L-solution # in B with u continuous on B, the
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inequality v > u on B implies that v > u in B. A function v € C?(Q) is an
L-supersolution if and only if Lv < 0. A function v is called an L-subsolution
if —v is an L-supersolution. (See [6, Chapter 9].)

Let D={|x| <1}, ¥X=(},0,0,...0) and S be a compact set in {|x| <
1}. We define the L-capacity of S as

L-cap S = inf{v(X): v is a positive L -supersolution on Dand v > 1 on S},

when the coefficients of L are bounded continuous in D. When the coefficients
of L are only known to be bounded continuous on D\S, we say L-cap S =0
provided that

inf {v(f): v is a positive L-supersolution on D\S,
(0.1)

and limixnfv(x) > 1 at each xp € S} =0;

X—Xp

otherwise we say L-cap S > 0. Both definitions of L-capacity zero agree
when the coefficients of L are continuous on D . We note that if there exists a
positive L-supersolution on D\S which approaches +oco continuously on §,
then L-cap S = 0; and that if there exists a bounded positive L-subsolution
on D\S which approaches 0 continuously on 9D, then L-cap S > 0.

We recall that for the Laplacian, a set has positive capacity if it has positive
h-Hausdorff measure for some 4 > 0 satisfying fol h(r)/r"~'dr < oo ; and a set
has zero capacity if it has finite (n — 2)-dimensional Hausdorff measure when
n > 3, or finite logarithmic measure when n = 2. Therefore n — 2 is the
critical dimension for studying sets of capacity zero.

We shall prove the following:

Theorem 1. Let n > 2 and n—2 < a < n. Then there exist a constant
An.o > 1, a compact set S C D of Hausdorff dimension o, an operator L =
Y- a;j0%/8x;0x; with coefficients bounded smooth in D\S, satisfying

(0.2) €2 < S ai(x)EE; < Anolé?, x,E€R”,

so that S has zero L-capacity in the sense (0.1). In fact, there is a positive L-
supersolution v (# +oo) in D\S approaching +oo continuously on S. More-
over,

(0.3) A o=1+01)(a—n+2) asa—n-2,
and
(0.4) Ana=01)(n—a)"! asa—n,

with the O(1) terms positive and independent of n and «.

We believe that (0.3) is sharp, and do not know whether (0.4) can be im-
proved.

Theorem 2. Let n>2, a >0, and h(r) = r"~%(log1)=1=9. Then there exist a
constant B > 0, a compact set S C D of dimension n — 2, positive Hausdorff
h-measure, an operator L = Y" a;;0%/9x,0x; with coefficients continuous in R",
smooth off S satisfying

-1
(0.5) €17 <D ay(x)&g; < {1 +B <10g dl—St(—%F)) } 4k
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for all x,& € R", and a positive L-supersolution v on D, which is an L-
solution on D\S and approaches +oco continuously on S . In particular, S has
zero L-capacity, and positive capacity for the Laplacian.

Theorem 3. Let n > 3, a > 0, and h(r) = r"~2(log1)2. Then there exist a
compact set S C D of dimension n—2, vanishing h-measure, a constant 8 > 0,
an operator L = ¥ a;;0%/0x,0x; with coefficients continuous in R", smooth off
S and satisfying

1
{‘ 4 o) [ < Stk <k

for x,& € R", and a bounded positive L-supersolution w on D, which is an
L-solution on D\S. Thus S has zero capacity for the Laplacian, and positive
capacity for the operator L.

Theorem 4. Let n > 3 and 0 < a < n— 2. Then there exist a positive con-
stant A, o < 1, a compact set S C D of dimension o, an operator L =
Y a;j0%/0x;0x; with a;; bounded smooth off S, satisfying

Inal? < Sap(0EE <R, x,EER,

so that S has positive L-capacity. In fact, there exists a bounded positive L-
subsolution w on D\S which vanishes continuously on 8D . Moreover

(0.6) Ana=(1=2a)(n-1)7", O<a<l/4,
and
(0.7) Ana=1-0(1)(n-2—-a) asa—n-2,

with the O(1) term positive and independent of n and «o.

Since it is known that a point can have positive L-capacity, the only new part
of Theorem 4 is the relation between the ellipticity constants and the dimension.

In the proofs of all four theorems, we start with the Laplace operator, then
modify the coefficients on a sequence of rings, accumulating on a Cantor set S,
so that on the rings all eigenvalues are greater than 1 (or less than 1). When all
are chosen properly, it will produce an L-supersolution which grows faster than
(or slower than) the fundamental solution of the Laplacian near each point
in S. This explains the relation between the normalization of the ellipticity
constants and the size of the set S.

A related subject, the boundary regularity problem for the operator L, has
been studied by many. A partial list includes [4, 7, 8, 9. 10, 11, 12, and 13].

1. PRELIMINARY LEMMAS

Let A be the Laplace’s operator and r = |x| for x € R".

Lemma 1. Let B(x) be positive continuous in a domain Q, and let

_ B(x) 0?2 B(x) XiX;j
L“n—lz:axi2 (n—l Z:lxlzax,ax,
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on Q\{0}. Then the coefficients a;; of L are continuous, symmetric on Q\{0},
satisfying

(1.1) |é|2<zau )i < —lélz when B(x) >n—1,
and
(1-2) |é|2 < Zau ‘fzé} < |€|2 when B( ) <n-1.

The coejﬁczents of L can be extended to be continuous on Q if B(0)=n—-1.
Moreover, |x|~8+! is a solution of L = O(x # 0), when B(x) = a constant B .

The characteristic values of (a;;(x)) are 1, B(x)/(n—1), B(x)/(n—-1), ...,
B(x)/(n—1); and for x #0,

[ B, (B(x) _1> 82 9 B(x)d . B(x) 25,

o2~ or? r or n-—1

where ¢ is the Beltrami operator in the spherical coordinates. Whence the
lemma follows.

Denote by D(x, a) the closed ball centered at x of radius a, and recall
that D = D(0, 1). When U is a ball, denote by cU the ball concentric to U
of radius ¢ times that of U.

Lemma 2. Let 0< 6 < 16 and D(a,r) C D(0, 8). Then there exists a diffeo-
morphism y = Tx from R" onto R", which fixes every point in R"\D(0, 16)
maps each point x in D(a,r) to x — a, and satisfies on D(0, 16)

bl (e ar T

0yi
(1.3) a){j — 8 = c(x)ai(x; - a;),
92 y,
(1.4) ‘Z x| < 2720k,

where 0 < c(x) < 32, 6;j=1 when i=j and 6, =0 when i # j. Moreover
if (aij(x)) is symmetric positive definite with all its eigenvalues bounded above

by A, and v 8
bij(x) = Zalm(x Ayl

0X;0xm’
I,m
then
(1.5) i — Y ai&ig;| < 1288 A1),
ij i,j
and
(1.6) |Zb,~,~ - 2a,»,-| < 1285A.
Proof. Let
10s3 — 155% + 657, 0<s<l1,

v(s)=14¢ 0, s<0,
1, s>1;
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and note that y is C?, 0<y <1, 0<y’'<15/8 and |y"| < 10/v/3. Let

Thus 9 =0 for t > 4, p=1for 1 <d2,0<p <1, -8<¢' <0 and
|@"”| < 160. Then Tx = x—(o(|x—a|2)a is a diffeomorphism on R™ that fixes
every point in R™\D(0, 16) and maps x € D(a, r) to x —a. Moreover, on
D(0, 16) T satisfies (1.3) and (1.4) with ¢(x) = =2¢'(|x — a|?)

To show (1.5), we let x € D(0, l6) and note that

bij— aij =Y amldy + c(x)ai(x; = @))[6jm + ¢(X)a;(Xm — am)] — aij

I,m

= c(x) Zaimaj(xm = am) + ¢(x) Z ajjai(x; — aj)
m /
)" aimaiaj(X; — a5)(Xm — am).-

Thus

Z bij&i&i — Z a;i¢i&;
i,j i,Jj

<)Y timéi(Xm — am)ajéj| +c(x (X1 — ap)aig;
j i,m i _] )
x)2 Ezalm(xl al )alajéléj
i,jl,m

Since |a| <, |x —a| <1 and eigenvalues of (a;;) are bounded above by A,
we conclude that

|3 bi6E = 3 aiidits| < 2e(x)Ad + ¢(x)*A0? < 128A9.

Similarly,

Z bii — Z aii

<c(x +c(x) Zal,a, (X1 —ay)

il

_.am

+ c(x)? < 128A0.

D al > aim(xi — ar)(Xm — am)
i I,m

2. THE CONSTRUCTION

Given B* > n—1, integer ko > 0, let {dx}, {rk} and {N,} be sequences
satisfying 0 < Jk < (2400B*)7!, 0 < re <re—y <n <3 and 16y/n/d, < Ny <
e—1/1k, for k > ky. Then riyy < 01 NesiZier1 < NiwrTier < 1 for k> ko
Let [ ] be the greatest integer function, I;, =1 and I} = Hf=k0[6jN 1/164/n]"
for k> kqy.
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Denote by Dy, | = D(0, ry,). After {Dy ;: 1 <[ < I} are selected for some
k > ko welet D ; be the ball 6y Ny irisiry ‘D, of radius ey i Nyilier s
and choose from each & ; a number of [Jx,Niy1/164/n]" balls of radius
rv;1 to form the collection {Dy,, ;: 1 < I < I;,;}. Moreover, we require
their doublings {2Dy,; ;} to be mutually disjoint and contained in |J; Z ;.

Let S be the Cantor set defined by S = N2, (Ujk, Di,;). And let u be

the continuous measure on S, defined by u(Dy ;) = I, ! for all kK > ky and
1 <I<I. For k > ky, denote by Py ; the center of Dy ;,

Ri.1 = {Nis1tes1 <1x = Pe il <1}y
and
R;(’I = {%Nk+lrk+l S |x - Pk,[' S %rk},

and note that {R; ;: k>ky,1<I<I} are mutually disjoint.
Let B(r) be a smooth function for r > 0, satisfying n — 1 < B(r) < B*,
with

(2.1) B(r)=n—1 on{r>3n}u J3r, INnd,
k=ko

B(ry>n—-1 on U [Neri, re-1],
k>ko

and B(r) monotone in each of the remaining intervals. Define on R” an elliptic
operator

A, onR"\UR;(,,,
G2 B, (B )2 k’l

r "_ /

n—lA (n—l 1) EToR atx+Pk,leRk,,,

where r = |x|. Rewrite L in the standard form 3 a;;0%/0x;0x;. We note
from Lemma 1 and properties of B(r) that the coefficients a;; are symmetric
and are smooth off S; and that a;; are continuous on R” if lim,_oB(r) =
n—1. Let

(2.3) By =sup{B(r): 0 < r < Nyri},
from (1.1) it follows that

B
— I on R .

(2.4) €17 <) @i <

Next, we construct positive L-supersolutions.
Fix a point xy € S and rearrange the indices if necessary, we may assume
that xo € N, D1 . Let

Dy ={lx— P 1l < 3nets
DYy ={lx =P 1| < %Nk+lrk+l},
Sk.1 =DII<'—1,1\D;<,1§
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and note that D;(”l €Dy, C D;(,l - D;{’_l’1 and D;(’l C D(Pi_y,1, Ok Nire) .
Observe also that
R'\{xo} = |J R ;U U Sk U{lx] > 3re}s
k>ko k>ko+1
and that |J, R} | and {J, Sk, meet on the boundaries only. Denote by

k k k k
a=(a1,a2a°'-’an):Pk,l—Pk—l,la
k k Lk k
X =(x1,%, ..., X)) =x =Py 1,

then |a*| < 8y Nyry and |xK —ak| < Nyry if xK € S, .

Applying Lemma 2 to D} | | and D; , instead of D(0, 3) and D(a,r)
for each k > 1 + ky in succession, we obtain, after a scale change, a dif-
feomorphism 7 from R"\{xp} onto R"\{0} so that T fixes every point in
{Ix] > 3 Niy+17k,+1} » and is a translation on R} | for each k > 1+ ko with

TR ()= (3N <Y1 < 30k
and that for x € Sy |,

(2.5) 1%_5,, < 320k |k — ak|(Ner) ™2 < 326,
82 J’J L

(2.6) O o B L

and

T(Sk,1) ={3r <yl < 3Neri}.

Let T(xp) =0 and note that 7 is homeomorphic on R”.
Let M be the operator on R"”\{0} defined by Mv(y) = L(v o T)(x) when
y = Tx ; that is,

82 8
M= b+ b2,
; Y dyidy, 2}: 0y,

with

dy; 0y, 0%y,
zj—z Imaxla - and bjzzalmaxla:,xm'
I,m
Thus M is the Laplac1an on {|y| > %rko} . Since T is a translation on R} |,
B(p) , _ (B(p) o’ ,
(2.7) M_n—l pa— 1 3,2 on T(Ry )

where p = |y|. In view of (1.5) and (2.5), we obtain after a scale change that
for x € S 1,

’Z bij(Tx)éE — Zaij(x)fifj|
< 1286 Sup Z al](x)éléj

(2.8) 128

Bkdklfl2
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The last inequality follows from (2.3) and the fact that S, ; contains rings
from {R;c’ ;11 but none from the larger ones {R) _, ,,}1. Similarly it follows
from (1.6) and (2.5) that

(2.9) |3 0u(Tx) = Y aulx)| < ==

Let f be a smooth function on r > 0, bounded above by B(r), with values
f(r)=0 for r>3r, f(r)=B(r) on Upsi[Nis17ks1> Tl

(2.10) fr) = (n—2+”

for each k > 1 + kg, and monotone in each of the remaining intervals. Define
for p=|y| <1,

128

Bkék on Sk 1.

1) (1 -1200B*6;) on [3rc, 3Neril,
X

- _ [ 0
(2.11) u(y) = u(p) —_-/p exp/t Tdsdt,
and claim that
(2.12) Mu <0 in D\{0}.

The idea of defining a radial M-supersolution in the form (2.11) comes from
Gilbarg and Serrin [5] and Bauman [4]. It follows from (2.7) and the fact that
f(r) < B(r) that Mu <0 on {%rk0 <yl < 1}ulUy T(R;c,l)‘ On T(Sk,1), we
note that

u/ . . i .
Mu(y) = ‘% !—Zbij%f(ﬂ) +) bii— Zbij% +ijJ’j] :
i i i j

Eigenvalues of (a;;(x)) are in the form 1, A(x), A(x), ..., A(x), with

(2.13) 1 <Ax) < ntf‘ on S 1.

1
We obtain from (2.6) that

lzbj}"}l— zal’”Za YJ

on T(Sk,). For x € S ,, y=Tx,and p=|y|, we obtain from (2.8), (2.9),
(2.10), (2.13) and the assumptions B(r) < B* and J; < (2400B*)~! that

< 2725kBk 1

Zbii + ijyj 1> Sai— —Bkdk - 272 Bkék 1
Zbijy—;};l - Zaz_;&“ti'" 138 Bkak

1+ (n— DA(x) - ('28+272 )Bkak
A( )+%Bk6k

- :
5+ ) (1= 12008°60) 2 Fly).

(2.14)

> -1

2<n—2+

Hence Mu <0 on T(Sk, ), and (2.12) is proved.
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Let Hy,(xp) = 400 and
(2.15) Hy,(x)=u(Tx) on D\{xp}.

Since LHy, <0 on D\{xo} and the coefficients of L are smooth off S, H,,
is an L-supersolution in D\S. We shall estimate the growth of H, (x) near
X0 -

In the rest of the paper, C denotes positive constants depending at most on
n, a and a in the theorems; its value may vary from line to line.

3. PROOF OF THEOREM 1

Let
B_2(n—1)+2n(a+2—n)
B n-o ’
and note that B>a+1>n—-1, B—-n—-1as a—n-2,and
a B—(1+a)
(31) Z<B—(n—2)—(n—1)/B<l'
Choose o', a < a’ < n, so that
a_ B-(1+4d) <1
n B-(n-2)-(n-1)/B ’

and denote by

/
=35 (nB—_z()l—jL(;o;i nyp 24 E=4- "

Let

(3.2) O = 16]2/5, Ny =kYE and r, = (k!)~VE

and note that Ny <ry_;/rx for k > 1. To specify B(r) in (2.1), we let

(3.3) B(r)=B on |J [Nes1risr el

k>ko

and note that n — 1 < B(r) < B. Choose and fix integer ko > 10°B\/n.
It is clear that

(3.4) klim (KNYE(G Nere)! =0 if y > a;
and that
(3.5) Jlim 27 (k = 1))~ E (6 Nere)" =0, if < a.
Note that there are I = Hf=k0[ JAE=11" balls in {Dy ;}, and that
k! \*/E o/

when k is large. And recall that u is the continuous measure on S defined by
3.7 u(Dy ) = Ik_l for each [ and k > k.
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The smallest balls that carry a u-measure Ik‘_‘l have radii proportional to
O Niry. . Using (3.5) and (3.6) one may check that foreach n < a, u(D(x, r)) <
Cyr" forall x € R” and r > 0. Hence S has positive #-dimensional measure
for all n < a. In view of (3.4), S has Hausdorff dimension «.

For 0 <t < ry, let K = K(t) be the largest integer so that ry > t. We
deduce from (2.10), (2.11), and (3.3) that, for 0 < p <1y,

T 14¢
u(p)Z/KOexp {f "B ds
p t N

K Nire _
—Z/ B-<n-2+” 1)(1—12()019(5k)5"E di.
eI B s

And note from the choices of 4 and J; that

K Nr _
E/“B-(n-2+”Bl>(1—120035k)@
k=ko ¥ Tk §
K
n-1 A
< [(B—n+2— B )+120035k(n—1)]ilogk
k=ky
K
(B—a'-1) logk
sgl;o———E logk + C—~

2
=C+(B-a - l)log%+C(loglog%> .

Therefore, for 0 < p <1y,

rko 2
up)2 [ exp{—C + (o' + iog { - C (toglog ;) } dt> Cp
p

for some y satisfying a < y < o’ . From the property (2.5) of the transforma-
tion T, it follows that

(3.8) Hy(x) > Clx — xo|™7 when |x| < r,.

Let v(x) = [g H:(x)du(z), where u is the measure defined in (3.7). Clearly v
is an L-supersolution on D\S . In view of (3.4), (3.6), and (3.8), v approaches
+o00 as x — xo for every xo € S. Since f(r) is bounded, v < +00 on D\S.
Clearly (0.2) holds with A, ,=B/(n—1).
The number B was chosen so that among other properties, (3.1) holds. As
a consequence, (0.3) and (0.4) follow.

4. PROOF OF THEOREM 2 (n > 3)

Let
(4.1) O = 1%//2'5, Ny = k=372
and

re = (k!)—2n+(4+(2+a)/(n—2))/k
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for k > 1. Choose an integer kg > 105(1 + a)n, so that Ny < re_;/rc for
k > kg . It is easy to check that

(4.2) lim (k))*""=2r! =0 ify>n-2,

k—oo

—00

1 —l-a
: _ 1\1—2n(n-2) n—-2 =
(4.3) khm (k=1) /(Or Niri) (log (Skark) 0,

1 —3—-a
: _ 1\1—2n(n-2) n-2 —
(4.4) kl:rglo(k ! [ (Ok Nierye) (log 5kark) 0.
There are (k!/ko!)>""=? balls in {Dy ;};, and that

(4.5) H(Dy 1) = (ko!/k)2rin=2)

for k > ky. In view of (4.2) and (4.3), S has Hausdorff dimension n — 2 and
positive h-measure, where h(r) = r"~2(logi)=!-2.

Let
(4.6) B =12n(1 +a),
and B(r) be the function described in §2, with
B(r)=n—1+: /31 on |J [Nestrests Tl
r

k>ko

Clearly n— 1 < B(r)<n—-1+ B/ko=B*, and d; < (2400B*)~! for k > ky.
Stirling’s formula shows that

1\ 1 ¢
(4.7) (1°g P 1) = Znklogk (l i logk> ’

when k is sufficiently large. Since (log%)“1 is an increasing function of s
(0<s<1),and ry_; > Niri, we obtain from (4.7) that
n—l_Bk—(n——l)< B

B, By ~ (n-1)logl/r_,

1-—

(4.8)

B C
s 2n(n - 1)klogk (1 + logk)

for large k, here B; is the number defined in (2.3).
Thus, for 0 < p <ry,,

(4.9)
u( )>/rkoe /rkon_l ds Z/Nk"k
x p—
pr= » P ¢S slog— " slogs
K Ner,
—Z/ -1y - (n 247 1)(1—1200B*6k)ds}dt,
r Bk
K=k 7T

where K = k(t) is the largest integer satisfying rx > t. We deduce from (4.8)
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that
K Nkrk
Z/ (n—1)— (n—2+ 1)(1—12003*5k)ds
kmky I By
K B C
< [ (1 + — ) + Ck~ 3/2] log N,
(4.10) k=Zk0 2n(n — 1)klogk logk
B(2n-3)
<C+ (= 1) log K + Cloglog K
B(2n - 3) 1 1
<C+ (= 1) loglog + Clogloglog—

Again, from (4.7) and monotonicity of (log —)‘ it follows that

> [ < PR (1) e

(4.11) k=ko

Bn-3)
2n
We conclude from (4.6), (4.9), (4.10) and (4.11) that

u(p) > /koexp{—C+(n - l)log%
p

2n -3 1 1
1- o <l+n_ 1>]loglog7

(4.12) —Clogloglog%} dt

Ty 1 B/4(n—1) 1 -C
> C/ ¢t (log 7) (loglog ?> dt
p

l 3+a
> Cp—n+2 (log ;)

for 0 < p < ry, . Therefore,

<C+ loglog% + Clogloglog%.

+B

3+a
(4.13) Hy(x) > Clx - Xo|~"+? (log ) for |x| < ry,.

|x — xo

2n -3 1
(L)

used in (4.12) is prepared in the choices of 7, and N, .

The ellipticity of a;;, (0.5), follows from the choice of B(r); and the con-
tinuity of a;; in R”" follows from lim,_,o B(r) = n — 1. Recall that LH,, <0
on D\{xp}; it follows from the maximum principle and the solvability of the
Dirichlet problem for operators with continuous coefficients [5, pp. 220 and
252) and H,, is L-supersolution in D.

Again, because a;; are continuous, Green functions G(x, xp) existin D (see
Bauman [3, 4]). In fact, for each xo € D, G(-, Xg) is a pesitive L-solution

The relation
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in D\{xp} with boundary value vanishing continuously on |x| = 1. Let X =
(% ,0,0,0,...0) and assume that G is normalized so that G(X, xo) = 1. We
claim that for each xp € S,

) 1 3+a
4.14 G(x, x9) > Clx — xo|™"F (lo )
(4.14) (x, x0) > C| of 8 o)
whenever 0 < |x — x| <7y, .
Let g(r) = sup{G(x, xo): |x — xo| = r} for 0 < r < ry,. Applying (4.13)
and the maximum principle to the region D\{|x — xo| < r}, we obtain

1 =G(X, x0) < Cg(r)r"*(log 1)~ Hy, ().

Because f(r) is bounded and |xo — X| > &, Hy,(¥) < C < co forall xo € S.
Hence g(r) > Cr="*%(logl)3*2 for 0 < r < ry,. Thus (4.14) follows from the
Harnack principle.

In view of (4.14), the maximum principle and the solvability of the Dirichlet
problem, G(-, xp) is actually an L-supersolution on D . The function v(x) =
fs G(x, z)du(z) approaches +oco on S in view of (4.4) and (4.14), and it is
the function desired.

5. PROOF OF THEOREM 2 (n = 2)

Let & = 6 = [50000(1 + @))]', N, = N = 1600000v3(1 + a)?, r, =
e=4""*" 1324/2 for k > 1. Choose integers ko > 1 +a so that

(5.1) Feei/re > N* when k > k.
Note that
' l+a

We note that there are 4<% disks in {Dy ;},, and that u(Dy ;) = 4~ *+k
In view of (5.2), S has positive finite 4-measure for 4(r) = (logl)=!-2.
Choose
2 AN
(5.3) B(r) =1+20(1 +a)* (log on | J [Nesirier» 1l
k>ko

Clearly 1 < B(r) < 6(1+a)?. Let f(r) be the function in §2, satisfying all the
properties there except (2.10); instead, let f(r) = 0 on U[%rk , %Nkrk]. The
fact that Mu <0 in D\{0} is not affected by the change of f(r) due to the
estimate (2.14).

For 0<p<ry,

r 1 2
u(P)Z/koexp{/kol+2()(l—+‘z)ds
p t

s slogl

K

Nir, 2
_Z/kkl+20(1+a) ds}dt,

Zod 5T Siog!
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where K = K(t) is the largest integer so that rx > ¢. We deduce from (5.1)
that

K Nry r
Z/ ;ldssC+l/ko—l—lds§C+lloglogl,
I slog 5 4J, slogs 4 t
and that
K Nrkl 1
Z/ —ds = (K - Ko)logN < C + 14(1 + a)*loglog —.
S s !

Combining the above estimates, we obtain

1 1 1 14+(1+a)?
u(p) > / exp{C+log7 +(1 +a)2loglog7} dt>C (log;)
p

for 0<p<ry.
In view of (5.3), a;; are continuous in D. Thus the normalized Green
function exists on D and satisfies
1
|x — xol

1+(1+a)?
G(x,xy)>C (log ) for |x — xo| < rg,.

The function v(x) = [{G(x, y)du(y) has all the properties in the theorem.

6. PROOFs OF THEOREMS 3 AND 4

We follow the constructions in §2 and indicate the necessary changes.
Given B*=n-1, ko, {0}, {rx} and {Ni}, let S be the Cantor set and
1 be the measure on S defined in §2.
Let B(r) be a new function, smooth on r > 0, with values % <B(r)y<n-1,
satisfying (2.1),
(6.1) B(ry<n—1 on |J[Netiresr> 1l
k>ko

and monotone in each of the remaining intervals. Define an operator L asso-
ciated with this B(r) asin (2.2). Let

Br = 1inf{B(r): 0 < r < Nyri},
then 8
n—_kllfl2 <Y aiEl <EF on R .

Fix xo € S, let y = Tx be the diffeomorphism and M be the operator
defined before. Clearly (2.5) ~(2.7) are retained; and (2.8) and (2.9) can be
replaced respectively by

|Z bij(Tx)Ei& — Zaij(x)fiéjl <1286 [¢]* on Sy,
and
|3 bu(Tx)&E = 3 au(x)ég;| < 1288 on Si ..

Suppose that F is a smooth function on r > 0, with values F(r) > B(r),
F(ry=n—1 for r>3r,, F(r)=B(r) on Uys [Nes17ks15 7],

n-1

Bx

F(r)= (n-—2+

) (1 + 50006k) on [%rk s %Nkrk],
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for each k > 1+kg, and that F is monotone in each of the remaining intervals.
Define for p=|y| <1,

Uy)=U =/ep/ ddt

Arguing as in §2, we conclude that for x € Sy ;,and y =Tx,
Y bt by,
S £
From this, we may deduce that MU(y) >0 on {|y| < 1}\{0}. Thus,

Quy(x) = U(Tx) on D\{xo}
is an L-subsolution in D\S'.

To complete the proof of Theorem 3, we let 6, and N, be the numbers
defined in (4.1), let © > a/(n —2) and r, = (k!)~2"~7/k | Fix an integer ko >
20(n? +12), so that Ny < r_;/rx and J; < (2400n)~! for k > k. It is ready
to check that

a

(6.2) Jim (k122 2 (log ‘) -0,

—00 k
(6.3) klim (k= )™ 2=D(§Ner) "=0 ifp<n—2,
and

1 —2n(n+1)

_ 1\ —2n(n=2),—n+2 =

(6.4) > (k-1 ; (log rk> < 0.

k>ko

There are (k!/ko!)2""=2) balls in {Dy ,}, for each k > ko, and u(Dy ) =
(ko!/k")?("=2) | From (6.2) and (6.3) it follows that S has Hausdorff dimension
n—2, and zero h-measure for h(r) = r"~2(log })" .

Let
(6.5) B=16n*(n+1),
and
B(r)=n—1- % on | Newier» el

k>ko
Thus, for 0< p <1y,

1 ln_l ﬂ Nkrk
U(p) < d C
(p) < /p exp{/t S STog! s + +Z/ slog

K

+ ’Z;O/r:v"k [—(n S+ (n—2+ Tl>( +5000(5k)]ds} dt,

where K = K(¢) is the largest integer satisfying rx > ¢. Note that for large &,
inequality (4.7) still holds and
n-—1 1 98

< .
B ~ 16n(n - l)klogk
Thus U(p) < Cp"‘*z(log%)—ﬂ/sn .
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Let G( , xp) be the normalized Green function on D with
G((3,0,0,...0), x) = 1.

Arguing as in §4, we obtain

1 —B/8n
6.6 G(x, x) < Clx — x, ‘"+2<lo )
(6.6) (x, x0) < C| ol vy

for all xo € S and |x — x| < ri,. We may also prove that
G(x, x9) = +oo as x — X

for each xg € S, by constructing a positive L-supersolution approaching +oo
at xo. Thus G(-, xo) is an L-supersolution on D. In view of (6.4), (6.5), and
(6.6),

w(x) = /S G(x, y)du(y)

has all the properties stated in Theorem 3.
To prove Theorem 4, we need only to verify that the coefficients of L can
be chosen so that (0.6) and (0.7) are fulfilled. Let

b

b=
(,,_1)<1_”_“§:_‘1), ifn-2<ca<n—2,
n—§°a 4

B —

1 -2a, if0<a<

and note that 1 <b<1+a<n—1 and that
g< l+a-b <1
n n-2+n-1)/b-> ’
Choose o', 0 < o’ < a so that

a_ l+a -b <1
n n-2+m-1)/b->b ’

and denote by
l+a —b a
A= iZvmoop-p ETAw

Let d;, N, and r; be defined according to (3.2), associated with the current
choices of A and E; and let the function B(r) in (6.1) be chosen so that

B(r)=b on |J [Nis1rists 1l
k>kq

It is ready to check that S has dimension o and that the L-subsolution Qy (x)
satisfies

Ox,(x) < Clx —x0|77, when |x — xp| < ri

for some y with o’ < y < a. The rest of the proof is routine and follows from
the observation

> (k=) EGN)T <00 ify<a
k>ko
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