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NUMBER OF ORBITS OF BRANCH POINTS OF R-TREES

RENFANG JIANG

ABSTRACT. An R-tree is a metric space in which any two points are joined by
a unique arc. Every arc is isometric to a closed interval of R. When a group
G acts on a tree (Z-tree) X without inversion, then X/G is a graph. One
gets a presentation of G from the quotient graph X/G with vertex and edge
stabilizers attached. For a general R-tree X, there is no such combinatorial
structure on X/G . But we can still ask what the maximum number of orbits
of branch points of free actions on R-trees is. We prove the finiteness of the
maximum number for a family of groups, which contains free products of free
abelian groups and surface groups, and this family is closed under taking free
products with amalgamation.

INTRODUCTION

Various geometric constructions have been introduced to build a more com-
prehensive theory of the structure of infinite groups. Among them, Bass-Serre
theory [15] has become a standard tool in the study of infinite groups. It says
that each nontrivial action of a group on a tree “is equal to” a combinatorial
presentation of the group. There are two natural sources of group actions on
trees, one is algebraic, the other is geometric. From the algebraic source [15],
given a discrete valuation on a field k, one gets a tree and a GL,(k)-action
on it. From the geometric source [11], given a codimension-1 submanifold of
an n-manifold M, one gets a tree and a 7;(M)-action on it. In the algebraic
case (Morgan and Shalen [12]), replacing “discrete valuation” by “nondiscrete
valuation” produces a “ A-tree” rather than an ordinary tree, where A is an
ordered abelian group. If the valuation takes values in R, the result is an R-
tree. In the geometric case (Morgan and Shalen [13]), replacing codimension-1
submanifold by “codimension-1 measured lamination” results in a A-tree. If
the measure takes values in R, one gets an R-tree. An R-tree is a metric space
in which any two points are joined by a unique arc. Every arc is isometric to a
closed interval of R.

Alperin and Bass [1] asked the following questions. What group-theoretic
information about G can be drawn from its action on a A-tree? In particular,
how much of Bass-Serre theory goes over for R-tree actions? The first natural
case to consider is that of free actions. Morgan [11] and Shalen [6] conjectured
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that the only finitely presented groups which admit free actions on R-trees are
those free products of surface groups and free abelian groups. The conjecture
is confirmed in several special cases by Morgan and Shalen [13], Morgan [10],
Gillet and Shalen [6], Morgan and Skora [14], and Jiang [8]. The conjecture is
proved completely by E. Rips.

Following Bass [3], a graph I" consists of a vertex set V'(I'), an edge set E(I"),
endpoint maps &y, 0 : E(I'’) — V(I'), and a map of reversal of orientation
e — ¢ of E(I') such that §;¢ = 9,_,e. An edge path of length n > 0 is a
sequence of edges e, e;, ..., e,, with d1e; = 6pe;y1, i=1,...,n—1. The
path is called closed if dpe; = 01e, and reduced if e;;1 #¢& (1 <i<n). A
forest is a graph without closed reduced path. A tree (Z-tree) is a connected
forest.

When a group G acts on a Z-tree X without inversion, then X/G is a
graph. One gets a presentation of G from the quotient graph X/G with vertex
and edge stabilizers attached. For a general R-tree X, there is no such com-
binatorial structure on X/G . But there are nevertheless some useful finiteness
properties for the orbit structure. Let indy(x) = Card(no — {x})) for all
x € X. Given a point x of X, the set mo(X — {x}) is called the set of the
directions of x in X . A point x is called a branch point of X if indy(x) > 2.
Let BP(X) = {x € X|indx(x) > 2}. We are interested in the number of G-
orbits of branch points, and also in the maximum number of directions of a
branch point. A G-action on X is called minimal if there is no proper G-
invariant subtree of X . Since one can attach arbitrarily complicated R-trees
to X, it is reasonable to restrict our attention to minimal actions. We make
the following conjecture.

Conjecture 1. Let G be a group with n generators. Suppose that G acts freely
and minimally on an R-tree X . Then

> (indx(x) —2) <2n-2.

X€EX/G

Conjecture 1 implies that the number of G-orbits of branch points is less
than or equal to 2n — 2, and that the maximum number of directions of a
branch point is less than or equal to 2n.

In support of Conjecture 1 we prove

Main Theorem. Let G = G, x4 G, be a free product with amalgamation. Sup-
pose that G acts freely and minimally on an R-tree X . Let X; be the minimal
Gi-invariant subtree of X , and suppose that

ai= Y (indy(x)-2)<oc, i=1,2.
XEX,‘/G,
Then

Z (indy(x)—-2)<a, +a+2.
x€X/G

The following is an obvious consequence of the Main Theorem and Rips’
Theorem.
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Corollary 1. Let G be a finitely presented group. Let G act freely and minimally
on an R-tree X . Then

> (indx(x)-2) < 2n-2,
x€X/G

where n is the number of generators of G .

The Main Theorem says that if two groups G, and G, act “nicely” (namely,
>xex,6,(indx,(x) — 2) < oo for i =1, 2), then their free product with amal-
gamation G acts “nicely” also (namely, 3, ¢y c(indx(x) —2) < o0).

A group action on an R-tree is called small if the stabilizer of each arc does
not contain a free group of rank two. Let S be a compact 2-manifold without
boundary and with Euler characteristic y(S) < 0. Skora [17] proves that if the
m1(S)-action on an R-tree X is small, then >,y s(indx(x) —2) < 2n—4,
where n is the number of generators of 7;(.S).
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times, and who provided me with corrections and many very useful comments.
I also wish to thank John W. Morgan, Peter B. Shalen, Richard K. Skora, and
Mark Feighn for their help.

1. DEFINITIONS

Let G=G,*4 G,. Since G actson an R-tree X ,sodo G; and G,. Let X,
and X; be G,-invariant and (,-invariant subtrees of X respectively. Then

X = | (span{X;, X2})g = |J (span{X;, X2}) G1G,G) --- G ,
N e/
g€eG m=1 m

where i =1 if m is odd, and i = 2 otherwise. (See Figures 0, 1, and 2.) This
gives us a way to prove the Main Theorem by induction on m. Let G; = G;
if i=j mod 2 and GGy -Gy = {10z amla; € Gi,i=1,2,..., m}.
Recall that X; is the minimal G;-invariant subtreeof X, i=1,2. Let X(0) =
span{X;, X»}, and let

X(m) = X(0)G1Gy -G = {xa; - am|x € X(0), a; € Gj}.

FIGURE O
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X,

XZ
FIGURE 1
X2

X2
FIGURE 2

It is easy to see that X(m) is a G,-invariant subtree of X, and X(m — 1)

C X(m) for all m. Note that |J,,_, X(m) = X. Thus we find a natural

decomposition
o0

Xm-1)cX(m)c |J X(m)=X.
m=1

We want to show the Main Theorem for each X (m). The first problem is to
find an analogous statement of the Main Theorem for each X(m). To do this
we need to define analogues of a G-orbit and the index of a G-orbit in each
X (m), which we denote by [x], and ind[x], respectively. Then let f(m) =
Y (ind[x]» — 2) . We prove that f(m) is bounded uniformly by a; +a, + 2.
(Recall that a; = 3, . /Gi(indxi(x) —2),i=1,2.) Finally we prove that the
uniform bound is an upper bound of f(cc) = 3, ¢ x/c(indx(x) - 2). The Main
Theorem will follow immediately.

To get an intuitive picture of X (m), let us consider a simple example. Let
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G be arank 2 free group generated by a and b. Let X; and X, be two lines
intersecting at a point. So X(0) = X; U X, X(1) = X; U (U X2a"), and

n=—o00
X(2) = (UpZ_oo X1b™) U (U, %5-_oo X2a7b?) . They are presented in Figures 0,
1 and 2 respectively.

What is a proper analogue of a G-orbit in X(m)? Recall that X(m) =
X(0)G,Gy--- Gy, . Since GG, --- Gy, is just a subset rather than a subgroup of
G, thus we cannot discuss “(G,G; - - - Gny)-orbits” in X(m). Although G,, acts
on X(m), if we let the G,,-orbits be the analogues of the G-orbits in X(m),
when m goes to infinity, the Gp,-orbits will never get close to the G-orbits.
Then there is no hope to get a bound for f(oco) from the uniform bound (if
we can find one) of f(m). We define an “m-equivalence relation” among the
points of X(m), and let [x],, be the m-equivalence class containing x. For
a G-orbit in X, its analogue in X(m) is [x],. The ideal “m-equivalence
relation” should satisfy the following conditions:

(1) For u,ve X; (1<i<2),if u and v are in the same G;-orbit, then
u and v are 0-equivalent.

(2) For u,v € X(m) (m>0),if u and v are in the same G,-orbit, then
they are m-equivalent.

(3)For u,ve X(m—-1)C X(m), if u and v are (m — 1)-equivalent, then
they are m-equivalent.

We call the smallest equivalence relation generated by the above three con-
ditions the m-equivalence relation.

Definition 1.1. For u, v € X; (1 <i <2), if there exists an a € G; such that
ua = v, then u and v are called O-related.
For u,v € X(m) (m > 0), if there exists an a € G,, such that ua = v,
then u and v are called m-related. )
For u,v € X(m) (m > 0), if there exist u; € X(m), i=0,1,...,k,
such that uo = u, uy =v, and u;_; and u; are j;-related for some j; < m,
i=1,...,k,then u and v are said to be m-equivalent.

Lemma 1.1. Suppose that u;_, and u; are j;-related, j; < m. Then there exists
a unique o; € G\ U Gy, such that u;_o; = u;.
If ji >0, then a; € Gj, and u;_y, u; € X(ji).
If ji=0, then a; € G, and ui_,,u; € X;, t=1 or 2.
Ifm>1,andif a; ¢ Gp,then ji<m-1 and u;_,, u; € X(j;) C X(m-1).
Ifm=1,andif o; ¢ Gy, then ji=0 and a; € G, and u;_,, u; € X;.
If m=0,then j,=0.If a;, € G,— A, then u;_,, u; € X;.

Proof. The proof is left to the reader.
If u and v are m-equivalent, the relation between u and v is denoted by

_ aj a) (4773 _
U=Uy— U — - — U =1,

where u;_; and u; are j;-related for some j; < m. When m goes to infinity,
[x]m will “approach” the G-orbit xG in the following sense: If ¥ and v are
in the same m-equivalence class then they are in the same G-orbit; conversely
if they are in the same G-orbit then there exists m > 0 such that u and v are
m-equivalent.

The next step is to define “index” for [x],. For the G-orbit, the problem
is simple, because indy(#) = indx(v) for all u, v € xG. We let the index
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of xG be indy(u) for any u in xG. But the story is different for X(m),
that u, v € [x]», does not necessarily imply that indy(m)(#) = indx(m)(v) . We
define an “ m-equivalence relation” among the directions of the points of [x],,
and let ind[x], be the cardinality of the m-equivalence class of the directions,
namely

ind[x],, = Card({C € no(X(m) — {u})|u € [x]m}/m-relation).

The “m-equivalence relation” among directions should satisfy the following
conditions:

(1) For u,ve X;, C € mp(X; —{u}),and C' e mo(X; —{v}) (1<i<2),
if there exists an a € G;, so that ua =v and Ca = C’, then C and C’ are
0-equivalent.

(2) For u,v € X(m), C € no(X(m) — {u}), and C’ € no(X(m) — {v})
(m > 0), if there exists an a € Gy, , such that ua =v and Ca = C’, then C
and C’ are m-equivalent.

3)If CnX(m—-1) and C'NX(m—1) are (m— 1)-equivalent, then C and
C’ are m-equivalent.

Let the m-equivalence relation among directions be the smallest equivalence
relation generated by the three conditions above.

Definition 1.2. For u,v € X; (1 < i <2), C € nyp(X; — {u}), and C’ €
mo(X; — {v}), if there exists an « € G, so that ua =v and Ca = C’ ,then C
and C’ are called O-related.

For u,v e X(m), (m>0), C € np(X(m)—{u}),and C’' € no(X(m)—{v}),
if there exists an a € G,,, such that ua = v and Ca = C’, then C and ('
are called m-related.

Let u,v € X(m) C € np(X(m) — {u}), and C’ € no(X(m) — {v}) (m
0). We call C and C’' m-equivalent if there exist u; € X (m) and C;
no(X(m) —{u;}), i =0,1, ,n,such that uo = u, w, = v, Co = C,
Cv=C', u;_, and u; are J,-related, CiinX(y)#o, CinX(j;) #9,and
Ci_1NnX(j;) and C;n X(j;) are j;-related, for some j;<m, i=1,...,k.

2
€

Lemma 1.2. Suppose that u;,_, and u; are j;-related, and suppose that C;_; N
X(j;) and C; N X(j;) are ji-related for some j; < m. Then there exists a
unique a; € Gy U Gy, so that u;_ a; = u; and (Ci_; N X(j))a; = CiNX(J;).
In particular, Ci_1a; NC; £ 2.

If m>1and o;j ¢ Gy, then ji <m-1, Ci.yNX(m-1) # @, and
CnNX(m-1)#2.

Ifm= 1 and o; ¢ Gy, then j; =0, Ci.iNX,# 2, and CinX, £o.

Ifm=0and a;€ G,— A, then j;=0, Ci,)NX,#2,and CiNX, # 2.

Proof. The proof is left to the reader.
We denote the m-equivalence relation between C and C’ by

C=Co25C 2% ... 2 ¢ =C.

Given x,y € X, let [x, y] be the closed segment in X between x and y
and let (x, y] =[x, y]—{x}. Given a point x in X and a closed subtree X'
of X, let [x, X'] be the closed segment in X between X’ and x. Following
Alperin and Bass [1], we write w = Y(x, y, z) if, for x,y,z€e X, [x, y]Nn
[x, z] = [x, w] for a unique w. For any x € X, if indy(x) = 1, then
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x 1is called a closed end point of X. For any x € X(m), let [x], be the
m-equivalence class containing x . Let

ind[x],, = Card({C € no(X(m) — {y})|y € [x]m}/m-relation),

and let
f(m) = (ind[x]n - 2),
[x]m

where [x], € X(m)/m-relation. The theorem says that

floo)= )" (indx(x)-2) < ay+ar+2.
X€EX|G

In the next section, we prove that f(m) < k for all k implies that f(o0) < k.
In §§3 and 4, we shall prove that f(m) <a, +a;+2 forall m.

2. REDUCING THE PROOF OF THE THEOREM TO PROVING
fim)<a;+a,+2

To show that a uniform bound for f(m) is a bound for f(oo), we need to
prove ind[x]n, > indy(m)(x). We say that a product a = ajaz - an € Gy x4 Gy
is a reduced word if either n =1 and a € 4 orelse n > 1, each a; € G, — 4
for some ¢, (1<t;<2),andno ¢ =t;y;.

Lemma 2.1. (1) If u and v are m-equivalent, and k is the minimal number
such that

u:uo—a—l)ulﬂ)‘..—a-k—)ukzv’
then o --- oy is a reduced word of G = Gy %4 G, .
(2) Let C € np(X(m) — {x}) and C' € no(X(m) —{y}). If C and C’
are m-equivalent, and k is the minimal number such that C = Cy -5 C; -
25 Co=C', then ay---ay is a reduced word of Gy 4 G, .
Proof. (1) Suppose that we have u = uy ~5 u; ~% .- 2%y, =v. If o; and

it}

a;;1 are both in G, or both in G, , then we can replace u;_; —5 u; =% u;,y
by w1 “*3' u;,;, and we get a shorter chain. We need to check that u;_, and
u;,1 are j-related for some j < m. This is easy, and it is left to the reader.

(2) If (2) is not the case, without loss of generality, we can assume that

ajaiy; € Gy — A and m is an even number (thus G,,_; = G;). By (1) we can
replace u;_; —5 u; 225 w0y by wimy 25" uy,,, and assume that u;_;, U, €
X(m — 1). We will prove that

C=C % .- B ™M, 2.2 0=C

satisfies the conditions of Definition 1.2. Since this is a shorter chain, we get
a contradiction. To check Definition 1.2, we need to show that C;_ja;a;;1 N
Cin1#292, CioinX(m—-1)#o2,and C;yyNX(m—-1)#2.

Claim 1. If C; € mo(X(m;)—{u}),i=1,2,3, CiNC; # @,and C,NC3 # @,
then C\NC3 £ 9.

First suppose m; < m, > m3. m; < m, implies that X(m,) C X(m,),
which together with C; N C; # @ implies C; c C,. Thus C; c C; D C3. If
CiNnCy=@,let x € C; and y € C;; then there is a path [x, y] in X joining
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x and y. Since C, is connected and x, y € (C;UC;) C C,, then this implies
that [x, y] C C; € mo(X(my) — {u}), thus u ¢ [x, y]. On the other hand,
combining C; € mo(X(m;) — {u}), Cs € mo(X(m3)—{u}),and C,NC; =2
yields that u € [x, y], a contradiction. The proofs for the other cases are the
same. This proves Claim 1.

By Claim 1, we have that C;,_,a;a;y; N Ciyy # @. Next we prove that
CioinX(m—-1)#@ and CiyyNX(m—-1)#2. If o;, aj11 € Gy — A4, then this
follows from Lemma 1.2. If a; € 4 and ;4 € Gi—4, then Cia;'NX(m-1) =
(C,' ﬂX(m - 1))0,_1 # @ and C;_ N C,-ai_l = (C,'_la,‘ n Ci)ai_l # @ . Thus
Ci-inNX(m—-1) # @ follows from an argument similar to the one given in
Claim 1. The case of a; € G; — A and «;;; € A can be treated in the same
way. This completes the proof of Lemma 2.1. O

Lemma 2.2. If C, C’' € ng(X(m)—{x}) and C and C' are m-equivalent, then
c=C.
Proof. By Definition 1.2

C=C3C5%...5%c=C.

Since
Xy O = UgQy Q) = U = X

and the action is free, thus a;---axy =1.So k=0and C=C'. O
Corollary 2.3. ind[x]» > indy(,(x). O

If f(m)<k forall m>1,andif f(co)>k,thenlet xy, ..., x, € BP(X)
such that Y7_ (indx(x;) — 2) > k, and x;G # x;G for all i # j. Since
Uy X(m) = X then there exists m such that x; € X(m) and indy(m)(x;) =
indx(x;) for all i. Since x;G # x;G, x; and x; are not m-equivalent for
i # j. Therefore,

=

p
f(m) > Z(ind[xi]m Z (ind g () (x:) = 2) > k,
i=1

which is a contradiction. Thus f(m) < m for all m > 1 implies that f(oo) <
k.

Now we have reduced the proof of the theorem to proving that f(m) <
ay+ax+2 forall m.

3. A BOUND FOR f(0)

We prove that f(m) < a; + a; + 2 by induction on m. This section is
devoted to the initial case m = 0. First we rule out two trivial cases.

Casel. X;nX;=2. Let[X;, X,] =[x, X2 ] be the bridge between X; and
X5 . Then

indy, (x) if x € X; — {x,G,},

1ndX2(x) if xe X, — {X2G2} ,
ind[x]o = { indy,(x)+1 if x € x,Gy,

indxz(x) +1 if x € Gy,

2 if x € (x1, x2).
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Case 2. X, N X, ={z}. Then

indX,(x) if x € X; - zGy,
ind[x]o = { indy, (x) if x € Xy — zGy,
indy,(x) +indy,(x) if x € zG, U zGy,

Remark. Cases 1 and 2 do not use the freeness hypothesis.

From now on we can assume that X;NX, contains more than one point. We
sketch the basic idea of the proof first. Recall that a; =3y s6,(indy, (x) = 2),
i=1,2,and f(0) = 3} cx(0)/0relation(id[X]o —2) . To show f(0) < a;i+ax+
2, let us consider [x]o first. We want to know the difference between indy,(x)
and ind[x]o. Let u € X; and v € X;, and suppose # and v are 0-equivalent.
Then by Lemma 1.1,

Qa
U=uy 5 u 5.y =v,

where a; € Gi— A4 and u;_y,u; € X;, i=1,..., k. Since u;a;' =u;_;, the
point u;_; € u;_;G;,_, Nu;G; # @ for all i. The inverse is also true. If there
are u; € X;,such that u;_1G;_ Nu;G; # @ forall i and u € u;G,, v € u, Gy,
then u and v are O-equivalent. This associates a graph I' with X(0). The
vertices of I" are G-orbits and G,-orbits. If xG; NyG, # @, then xG; and
yG, are adjacent vertices, and they correspond to an edge of I". Note that [x],
is a connected component of I". For a graph I', let V(I') be the set of vertices
of I.

Note that
aitay= Y (indy,(x)=2)+ Y (indy,(x)-2)
x€X, /Gy XEX2/G,
=Z( > <indx,<y>—2>) ;
[xlo \YGi€V[xlo)

the last summation is over all connected components [x]y of I". To show
f(0) = Y (indx}o-2)<ar+ar+2,
[x]o€ X (0)/0-relation

it is equivalent to showing that

> ((ind[x]o -2)— ) (indy(x)- 2)) <2.

[xJo xG;€V[x]o)

Lemma 3.1 shows that I'" is a forest. So each connected component of I is a
tree. Suppose x € X;, then xG; is a vertex of I', and [x]y is a connected
component containing xG; . Let Ty, T, ... be an ascending sequence of sub-
trees of I'. Let T be the single vertex xG, . Suppose 7, C T; and T;—T;_,
is a single vertex for all i. Recall that

ind[x]o = Card({C € no(X(0) — {¥})|y € [x]o}/O-relation).
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Here we denote y € U,g.epx,) 20i by ¥ € [x]o. We think of [x]o as a
connected component of I". We can define “index” for subtrees of [x]y in a
similar way. Let ind(7,) = Card({C € mo(X(0) — {¥})|y € T,}/O-relation).
Lemma 3.2 shows that

(ind(T,) - 2) - z (indy,(y) - 2) < E (2 —indx,nx,(2))
yGi€V(Ty) 2€y1G,Ny, G,
(1G1,y2G2)EE(T,)

for all ». Lemma 3.5 shows that

fO) = (a1 +a) <) > (2 —indx,nx,(2))
[x]o 2€y1G1Ny2 G,
("G, y2G2)EE[x]o)

Lemmas 3.3 and 3.4 show that

> (2 - indx,nx,(2)) = > (2 — indyx,nx,(2)).
2€y1G\Ny, Gy z2€y1G1Ny, G,
(11G1,y2G2)EE(Ty) (11G1,y2G2)€E[x]o)

Since a; = ¥, ex,/q,(indx,() = 2), i =1,2, then ¥, cppay (indx,(v) - 2) <

oo. Thus
Y (indg(»)-2)= > (indy(»)-2)
yGi€V[xlo) yGieV(Ty)
for large n. Therefore

(ind[x]o) —2)— ) (indy(y)-2)

yGi€VIx]o)

Y. (2-indyax(2).
2€y1G1Ny2 G,
(1G1 ,72G2)E€ETx]o)

Summing over both sides of the above inequality, we get

f(0) = (a1 +a3) =) (ind[x]o—2) = > ( > (indx,(y) - 2))

[xTo [xlo \yGi€VIxlo)

IN

=Y ((ind[x]o —-2)— ) (indx(y)-— 2))

[xJo yGi€V([x]o)

<y Y. (2-indgnx(2)
[x]o 2€y1G1Ny, G,
(11 G1,y2G2)€E[x]p)

Lemma 3.6 shows that

> > 2-indxnx,(2) [ = > (2-indxax(2)).
[x]o z€y1G1Ny2G2 Z€(X1NX,)/A
(1 G1,y2G2)€E[x]o)

Lemma 3.7 shows that 3°.c y nyx,)4(2 — indx,nx,(z)) < 2. This proves that
fO)<a;+ay+2.
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Definition 3.1. Let I' be a graph. It is defined by the following:

V() = (X1/G1) U (X2/Ga),
E() = {(xGy, yG2)|xG, NyG, # @}.

A connected component of I" is exactly a O-class of X(0).

Lemma 3.1. T is a forest.

Proof. 1If this is not the case, let u; Gy, UG, ..., Uy Gy be vertices of a min-
imal circle in I". Let uy;, Gy = 41 Gy and suppose u;_1G,_Nu;G; # @ for
all i. Let x; € u;—1G;_; Nu;G; for all i. Since x;, x;;1 € u;G;, there exists
an «; € G; such that x;a; = x;;; . Since the circle is minimal, we can assume
that u;,_G,—; Nu;;1Giy; = 2. Note that G;,_; = G;;; and x; € u;_1G;_,. If
a; € A, it follows that x;a; = x;41 € u;—1G;,a;NU;+1Giy # @, a contradiction.
So a; ¢ A for all i. Since xja;- -, = X1, it follows that a;---ay = 1.
But «a; € G; — A for all i, which contradicts G = G| x4 G, . Therefore, I is a
forest. O

Lemma 3.2. For any finite subtree T, of T,
(ind(T,) -2)- Y (ndx(»)-2)< Y. (2-indynx(2).

YGieV(T,) z2€y1G1Ny2 Gy
(1G1,y2G2)€EE(Ty)

Proof. We prove this lemma by induction on n. The case n = 1 is trivial.
Suppose the lemma holds for a finite tree 7, . We consider a finite tree T, =
T, U {v}, where v is a vertex adjacent to 7, . There exists a unique edge e
joining v and 7,. Suppose e = (y,Gy, y2G2) and z € y;G; N y,G,. Note
that v = zG; has indy,(z) directions, but at least indy,nx,(z) of them are
equivalent to the directions in {C € mo(X(0) — {y})ly € T,}. Therefore, v
brings in at most indy,(z) — indy,nx,(z) many new directions. Then

ind(T,) — 2 + indy, (z) — indyx,nx,(2) > ind(Tps ) — 2.

Note that
> (indy,(y) - 2)+(indy,(2) -2)= > (indx,(¥)-2),
yGieV(T,) YGi€V(Thyt)

thus

(ind(Tre)-2) - 3 (indy,(y) - 2)

YGi€V(Th1)
< (ind(Ty) — 2 + indy, (z) — 2 + 2 — indx,nx, (2))

— ) (indx,(») - 2) + (indx,(2) - 2)
VG €V(Ty)

< > (2 —indy,nx,(2)).
z2€y1G1NY, G,
1 G1,02G)EE(Ty41)

This proves Lemma 3.2. O

Lemma 3.3. Suppose that a group H acts freely on an R-tree X. Let H; be
subgroups of H, let Y; be H;-invariant subtrees of Y, and put
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ai=) (indy(x)-2) <o, i=1,2

x€Y;
Then

Card(BP(Y; N Y;)/H; N Hy) < .
Proof. If this is not the case, suppose that there exist x; € BP(Y; N Y,), i =
1,2,..., such that x;(Hy N H)) N x;(H N H;) = @ for all i # j. Since
er}’. JH, (indy, (x) — 2) = a;, there are only finitely many H;-orbit of branch
points. We can assume that all points x; are in the same H;-orbit. By the same
token, all points x; are in the same H-orbit. Then for any i # j there exist
an a; j € H; and ﬂi’j € H, such that Xioj, j = Xj and xiﬂ,-,j = Xj. Hence
aj,j = Pi,j € HHN H,, and x;(H; N Hy) = x;j(H, N H,), which contradicts
xi(Hy N Hy) nx,-(Hl NH)=2. O

Lemma 3.4. Let agroup H act freely on an R-tree Y . Suppose Card(BP(Y)/H)
< oo and indy(x) < oo forall x € Y. Then

Card({x € Y|indy(x) = 1}/H) < oo.

Proof. Lemma 3.4 says that there are only finitely many H-orbits of closed end
points. If H = {1}, it follows that Card(BP(Y)) = Card(BP(Y)/H) < oo. For
each x € {y € Y|indy(y) = 1} there exists a unique branch point s(x) € BP(Y)
such that d(x, s(x)) = min{d(x, y)|y € BP(Y)}. There are only finitely many
different s(x). If x #y € {z € Y|indy(z) = 1} and s(x) = s(y), then x and
y are in the different components of Y — {s(x)}. Since indy(s(x)) < oo, then
Card{x € Y|indy(x) = 1} < 0.

Suppose H # {1} and let Yy be the minimal H-invariant subtree of Y .
First we prove that Card(no(Y —Yy)/H) < co. Foreach C € ny(Y —Yy) there
exists a unique base point x, € Yy such that C € no(Y — {x.}). In particular,
X, € BP(Y). Since Card(BP(Y)/H) < oo, it follows that

Card({x;|C € mo(Y — Yg)}/H) < co.

Since indy(x.) < oo for all x., it follows that Card(no(Y — Yy)/H) < oo.
Since Yy is a minimal H-invariant subtree, it follows that indy, (x) > 2 for all
x € Yy. Thus {x € Y|indy(x) =1} C Y-Yy. Forany C € np(Y —Yy), since
Card(BP(Y)/H) < o0 and CNC(H —-{1}) =2, we have Card(BP(C)) < co.
We have already shown that the lemma is valid when H = {1} . Applying this
result to C shows that

Card{x € Clindy(x) = 1} = Card{x € Clind¢(x) = 1} < o0.

Therefore, Card({x € CH|indy(x) = 1}/H) < co. Since Card(no(Y — Yy)/H)
< 00, it follows that

Card({x € Yl|indy(x)=1}/H) < c0. O

Lemma 3.5.

f(O)—(al +(12) < E E (2—indxln,\f2(z))
[xlo z2€y1G1NY2G)
(1G1,»2G2)€EE[x]o)
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Proof. Applying Lemma 3.4 to X; and G; for i = 1,2, we get that
Card(BP(X; N X3)/A) < co. Applying Lemma 3.5 to 4 and X; N X, we
get that Card({x € X, N X,|indx,nx,(x) = 1}/4) < oo . Therefore

Z (2—indX,nX2(z)) = Z (2_indX|nX2(Z))
z2€y1G1Ny, G, z2€y1G1Ny, Gy
(11 G1,y2G2)EE(T,) (711G, y2G1)€E[x]o)

for large n: Since aq; = EyGX,-/Gi(indXi(y) —-2), i =1,2, it follows that
2566V (I0dx, (¥) — 2) < co. Thus
Y. (indy(»)-2)= Y (indy(»)-2)
yGi€V[x]o) YGieV(Ty)

for large n. Therefore

(indxlo) -2) - ¥ (indx,(y)-2)

yGi€Vx]o)
< Z (2 = indx,nx,(2)).
2€y1G1Ny, G,

"Gy, y2G2)EE[x]o)

Summing over both sides of the above inequality, we get

f(0)— (a1 +ay) = Z(ind[x]o -2)- Z ( Z (indy,(y) — 2))

[xJo [xlo \yG:€VI[xlo)

—Z(nnd{xlo— -y (indx,-(J’)—z))

[x]o yGi€V([x]o)

<) > (2 —indy,nx,(2))|. O

[xJo 2€y1G1Ny2G,
(711G, y2G2)€E[x]o)

Lemma 3.6.

) Y. Q-indyng(2) | = ). @-indyax(2)).
[x]o z2€y1G1NY, G z€(X\NX,)/A4
"Gy, y2G2)EE[x]o)

Proof. Let y : E(I) — (X; N X;)/A be defined as follows: for each e =
(uGy, vGy) € E(I), if x € uGy NvG,, then let w(e) = xA. First we prove
that y is well defined. Suppose x, y € uG,NvG, . Then there exist an a € G,
anda f € G, such that xa =y and xf =y. Therefore, a =B € G;NG, = A
and xA=yA.

Next we prove that y is injective. Suppose x4 = (4G, v,G;) =
v (urG,, v2G) =yA. Then x € u; G NV G,, y € u,GNv,G,, and x4 = yA.
Thus there exists an o € 4 such that xa = y. This implies that

xa=y euGiaNu,Gy = u;GyNuG, # 2

and u,G, = u,G, . Similarly v,G, = v,G, . Therefore, v is injective.
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Finally we prove that y is surjective. For all x € X; N X,, let e =
(xGy, xG,). Then e € E(I') and w(e) = xA. So y is bijective. There-
fore

> > (2-indynx,(2) [ = D). (2-indxnx(2).
[x]o 2€y1G1Ny2 Gy z€(X1NX,)/A
(31 G1,y2G2)EE[x])o)

This proves Lemma 3.6. O

Lemma 3.7. Let a group H act freely on an R-tree Y . Suppose Card(BP(Y)/H)
< oo and indy(x) < oo forall x € Y. Then erY/H(z —indy(x)) < 2.

Proof. Note that indy(x) > 1 for all x € Y. By Lemma 3.4 we can assume
that
{x € Y|indy(x)=1}/H ={y1H, ...,y H}.

If k <2, then we are done. Suppose k > 2 and let
Y(p) =span{y;H|i=1,...,p} forallp.
Note that Y(p) is a H-invariant subtree and
Card(BP(Y(p))/H) < 00 forall p.
We first prove that 3, .y, n(2 — indy(y)(x)) < 2 by induction on p. Since

{yiH|i = 1, ..., p} are the only closed end points of Y(p), it follows that
Yps1 € Y(p). Let [ypy1, Y(P)] = ps1» ¥']. Then

1 if x € yp+1Ha

0 if x € (Yp+1, Y)H,

2—ind =
indy (p+1)(X) 2—indyp(x)—-1 ifxey'H,

2 — indyp)(x) if xeY(p)-yH.
Thus
> (2-indypen(x))

x€Y(p+1)/H
= > (2 —indy(y)(x)) + (2 — indy((¥) = 1) + 1
XE(Y (p)/H)—{y'H}
= Y (2-indyp(x) <2.
X€Y(p)/H

The inequality follows from induction. Thus 3 cy (2 — indy)(x)) < 2.
Since Y (k) contains all closed end points of Y,

Y @2-indr(x) < Y (2-indyg(x)) <2
x€Y/H x€Y(k)/H
This proves Lemma 3.7. O
Lemmas 3.5, 3.6, and 3.7 yield that f(0) —a; +a, <2.

4. A UNIFORM UPPER BOUND OF f(m)

We prove that f(m) < f(m—1) by induction on m . The following example
shows when and where the increase of index occurs. Let G = (a) = (b) be a
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free group of rank two. Let X; = X, and X, = X, . Suppose that X; N X, =
[u,v]. Let X(0) = X; UX, and let X(0) — X; = X5 —[u,v] = CuC.
Suppose that ua =v and CanC’ = (v, v’]. Note that ¥ and v are O-related.
Since CNX; =2 and C'NX, =2, C and C’' are not 0-equivalent. Thus
ind[v]p = 4. Note that indX(o)(’U) =3= indX(O)(u) . Since CanC' #2, C
and C' are l-equivalent. Thus ind[v]; = 3. So the index is decreased at v .
On the other hand, ind[v']p = 2, and ind[v’]; = 3. The index is increased
here. If we consider v and v’ together, then (ind[v]y — 2) + (ind[v']p — 2) =
(4-2)+(2-2)=2 and (ind[v]; — 2) + (ind[v']; -2)=3-1)+(3-1)=2.
Thus the sum of weighted indices stays the same. This is the basic idea for the
theorem. (See Figure 3.)

We sketch the idea of the proof first. The basic idea is similar to the one in
the proof of f(0) — (a; + a). Since the situation is more complicated here,
several changes must be made. Lemma 4.1 shows that to compare f(m — 1)
and f(m) it is enough to consider X(m — 1). Then we study where the index
will increase. Lemma 4.2 shows that the increase of index only occurs in a
finite subset of (7mo(X(m — 1) — X(m — 2))/A) . Suppose this finite set contains
k elements. Next we insert k equivalent relations, called the (m — 1, p)-
relations, p =1, 2, ..., k, between the (m — 1)-equivalence relation and the
m-equivalence relation. We define f(m — 1, p) to be the analogue of f(m)
for (m — 1, p)-relations. Lemma 4.3 shows that to prove f(m) < f(m—1) it
is enough to prove f(m—1,p) < f(m—1,p—1) forall p. The rest of §4 is
quite similar to §3. We define a graph I'(p), which is an analogue of I' in §3.
Lemma 4.5 shows that I'(p) is a forest, so each component of I'(p) is a tree.
Each connected component of I'(p) is an (m— 1)-equivalent class of X(m—1).
We define an index for a subtree of I'(p) in the same way we defined ind[x],, .
Lemma 4.7 shows that

(ind(U) - 2) — > (ind[Y]m-1.p-1) — 2)
Wlm=1.p-nEV(U)

< 3 (2-Bye)

ecE(U)
X,
u v
X(0) X(1)
u v u v
X,

FIGURE 3




356 RENFANG JIANG

for any finite subtree U. Definitions of f and y are given in Definitions
4.6 and 4.7. This is an analogue of Lemma 3.2. Lemma 4.8 shows that
fm—=1,p)=f(m—1,p—-1)< 3, cprp)(2— By(e)). Thisis an analogue of
Lemma 3.5. Lemma 4.4 shows that y is bijective, thus

Y @e-Buley= Y 2-Bw),

e€E(I'(p)) XECH NP Clay)

J=t

which is an analogue of Lemma 3.6. Lemma 4.9 shows that

Y @-Bw)<l,
xec,;'n(U‘;;' Cl'aj)
which is an analogue of Lemma 3.7. This will complete the proof of the Main

Theorem. Suppose that m > 1 and f(m—1) <a;+a,+2. Lemma 4.1 shows
that we can restrict our attention to X(m —1).

Lemma 4.1.
Card({C € no(X(m) — {v})|v e [u]ln, N X(m -1),
CnNX(m-—1)# @}/ m-relation)
= Card({C € no(X(m) — {v})|v € [u]n}/m-relation)
forany ue X(m).
Proof. Lemma 4.1 says that for any u € X(m) and C € no(X(m) — {u}),
there exist a v € [u]l, N X(m — 1) and a C’ € mo(X(m) — {v}) such that

C'NnX(m-1)#2 and C and C’' are m-equivalent. It suffices to show that
there is an h € G,, such that ChNC' # 2 and uh=v.

Case 1. There exists u; € C such that u € [u;, X(m - 2)].

Let [u,, X(m—2)] =[u, u}]. Since X(m) = X(m—1)G,, and u, € X(m),
there exists an h € G, such that u;h € X(m —1). Since ujh € X(m — 2)h
=X(m—-2)C X(m-1), it follows that

uh € [uy, ujlh =[uh, uth) C X(m - 1).

Let v = uh and C’ € mo(X(m) — {v}) such that (v, uh] = (u, u;Jh C C'.
Then uh=v and @ # (u, yyJhc ChnC'.

Case 2. There does not exist u; € C such that u € [u;, X(m —2)].
Suppose [u, X(m —2)] =[u, u}]. Let u; € C and uy = Y(uy, u, uy). If
uy = u, then
ue€[u, uyl=[u, X(m-=2),
which contradicts the above assumption. So u; # u and u; € (u, u;] C C.
Since u € X(m) = X(m - 1)G,,, there exists an h € G,, such that uh €
X(m —1). Thus

urhefu, X(m-2)lh=[uh, X(m-2)]C X(m—-1).

Let v = uh and C’ € mo(X(m — 1) — {v}) such that (v, uph] Cc C’. Then
uh = v and @ # (u,uzlJh ¢ Chn C’'. For the case m = 1, we replace
X(m — 1) by X;. The rest of the proof remains unchanged. O

From the example given in the beginning of this section we can see that the
increase of the index only occurs in X(m — 1) — X(m — 2), thus we focus on
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X(m—-1)-X(m-2). Note that X(m—1)—X(m-2) is A-invariant. If C, C' €
To(X(m-1)—X(m-2)),and CanC’ # @ forsome a € A, then C =C’. So
the increase of the index only occurs in those C, C’' € mp(X(m—1)—X(m—2))
where there is g € G,, — A such that CgNC’ # @ . Furthermore, we only need
to consider (X(m—1)—X(m—-2))/A. Forany C € np(X(m—-1)=X(m-2)),
let CA denote the A-orbit containing C.

Definition 4.1. For any C, C' € no(X(m —1) - X(m —2)), CA and C'A are
called G,-equivalent if there exists an o € G, such that CAaNC'A# 2.

Note that the index increases only in those G,,-equivalence classes which con-
tain more than one element. Lemma 4.2 shows the finiteness of G,,-equivalence
classes.

Lemma 4.2. (a) There are only finitely many G,,-equivalence classes containing
more than one element.
(b) Each G-class contains only finitely many elements.
Proof. (a) If this is not the case, let S; be G,,-classes such that Card(S;) > 2,
j =1,2,.... Let C;4 € S; and suppose that C; € no(X(m — 1) — {v;})
and v; € X(m —2) for all i. Since X(m — 2) has no closed end point, then
vi € BP(X(m-1)). If
Card({Cili=1, 2, ...}/(m — 1)-relation) < oo,

then it contradicts the hypothesis f (m—-1)<a;+a+2. So without loss of
generality, we can assume that C; and C; are (m — 1)-equivalent for all ; and
Jj. Then choose C/A € S; — {C;A} for all i. We can also assume that all C;
and C; are (m — 1)-equivalent. Then we get C;, C|, C,, and C;. They are
distinct. Note that C; and C] are Gy-equivalent for i =1,2, C, and G,
are (m— 1)-equivalent, and C| and Cj are (m — 1)-equivalent. Thus we have
the following diagram:

o b A o
B B
c o Log

Note that C; € np(X(m—1)—X(m-2)) and ClﬂX(m 2) = @. Recall that C,
and C, are (m—1)-equivalent. If g € G,,—A4 = G,—2—A, then C;NX(Mm-2) #
2 by Lemma 1.2, a contradiction. So by the same reasoning, Bi.Bo, 7,7 ¢
Gm — A. On the other hand, a;, 2 € G, —A4,and B;--- B, and p;---y, are
reduced words of G by Lemma 2.1. Therefore, oy - y,05 ' ;71 1!

But viay;---y0;5 'ﬂ;‘ e Br I = v, which contradicts that the G-action is
free. This proves (a).

For the proof of (b) we need Claim 1.

Claim 1. Let C,C' e iog(X(m — 1) — X(m —2)). If CA # C'A and they are
Gny-equivalent, then C and C’ are not (m — 1)-equivalent.

Suppose that C € ng(X(m —{v}), C'emp(X(m—-1)—{v'}), CanC" #
@, and va =9’ for some a € G —A. If C and C' are (m — 1)-equivalent,
then

C=C =% ... 2% =C.
By Lemma 2.1, we can assume that a; -, is a reduced word. On the other
hand, va;---ay = v' and va = v’, hence a;---ax = a. So kK =1 and
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a=a € Gy,—A. By Lemma 1.2, a« € G, — 4 = G,,_, — A implies that
CNX(m-2) # @ and C' N X(m — 2) # @, which contradicts C, C' €
no(X(m — 1) — X(m — 2)). This proves Claim 1.

(b) For any C € no(X(m — 1) — X(m —2)) there is a v € X(m — 2) such
that C € no(X(m — 1) — {v}). Since X(m —2) has no closed end point, thus
v € BP(X(m — 1)). If there are infinitely many elements in a G,,-class, then
they are in distinct (m — 1)-classes by Claim 1. This contradicts the hypothesis
f(m—1) < a;+a+2. This proves (b) and completes the proof of Lemma
42. O

Let S, S, ..., S, all be G,-classes containing more than one element. Let
Sj={C;’A|ij_1 <p§ij}, j=1,...,¢t, 0=iy<i <---<it=k.

So Ui, Sj ={Ci4, ..., CcA}. We divide the proof of f(m) < f(m—1) into
k steps. At each step we just consider one more C;’4. We insert k equivalent

relations, called (m — 1, p)-relations, p =1, 2, ..., k, between the (m — 1)-
equivalence relation and the m-equivalence relation. The (m — 1, p)-relations
involve only C{4, ..., C/A. The reason for defining (m — 1, p)-relations is

to make I'(p) a forest (see Definition 4.5). We have the following definitions.

Definition 4.2. For any u,v € X(m — 1), u and v are called (m — 1, p)-
equivalent if the following conditions hold.

(1) u and v are m-equivalent.

(2) Suppose u = uy —5 - 25w, =v. If w;_, and u; are not (m — 1)-
equivalent, then u;_;, u; € Jf_, C/'4.

Definition 4.3. Suppose that ¥ and v are (m — 1, p)-equivalent, C €
no(X(m)—{u}), C' € mo(X(m)—{u}), CNX(m—1)#@,and C'NX(m—1) #
@. Then C and C’ arecalled (m—1, p)-equivalent if the following conditions
hold.

(1) C and C' are m-equivalent.

(2) Suppose C = Cy =% ... 25 G =C'. If Ci_ynX(m—1) and C; N
X(m —1) are not (m — 1)-equivalent, then u;_, u; € Uﬁ;, 6}’A , where f}’ =
C/u{v;} if Cf € mo(X(m —1)—{v;}).

Lemma 4.3. (1) The (m — 1, 1)-relation is the same as the (m — 1)-relation.

(2) The (m — 1, k)-relation is the same as the m-relation.

Proof. Claim 1. If u and v are (m — 1, 1)-equivalent, then they are (m — 1)-
equivalent.

By Definition 4.2, u and v are m-equivalent. Suppose that

) 3 _
U=Ug— - — U =T.

If Claim 1 is not true, suppose that u;,_; and u; are not (m — 1)-equivalent
for some /. By Lemma 2.1, if k > 1, we can assume that a; ¢ A for all
j. If k=1 and a; € 4, then uy and u,; are (m — l)-equivalent, which
contradicts the assumption that u,_; and u; are not (m — l)-equivalent for
some i. So we can assume that a; ¢ A forall j. If o; € G,_; — 4, then by
Lemma 1.1, u;,_;, u; € X(m —1). Thus u;,_; and u; are (m — l)-equivalent,
which contradicts the assumption. So «; € G,, — A. Since u and v are
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(m — 1, 1)-equivalent, by part (2) of Definition 4.2, u;_;, u; € C{'A. Suppose
ui1 € C € Cl'A; then u; = uj_1a; € Ca; ¢ C{A4 since a; € Gy, — A. This
contradicts u;_;, u; € C{'A, and it completes the proof of Claim 1.

Claim 2. If C and C’ are (m — 1, 1)-equivalent, then C N X(m — 1) and
C'NX(m—1) are (m — 1)-equivalent.

The proof is similar to that of Claim 1 and is left to the reader.

Note that (m — 1)-equivalence implies (m — 1, 1)-equivalence, and (m —
1, k)-equivalence implies m-equivalence.

Claim 3. If u,v € X(m—1) and u and v are m-equivalent, then they are
(m -1, k)-equivalent.

Suppose that u = uy =5 --- =% y, = v. If k > 1, we can assume that
a; ¢ Aforall i.If k=1 and a; € 4, then u and v are (m — 1)-equivalent.
Therefore, u and v are (m — 1, k)-equivalent. So we can assume that all
(671 ¢ A.

First we prove that u; € X(m—1) forall i. For any i, either a; or a;;; is
in Gp_;—A. Say a;y) € Gy—) — A, then by Lemma 1.1, u;, u;,; € X(m-1).
So uje X(m—1) forall i.

Next we prove that if u;_; and u; are not (m— 1)-equivalent, then they are
in X(m—1)—-X(m—2). Suppose u;_; and u; are not (m — 1)-equivalent;
then o ¢ Gp_1—A.So a; € Gp—A. Ifoneof u;_; and u; isin X(m-2),
so is the other. Since u;j_ja; =u; and a; € Gn—A=Gp_2—A,if uj_,u; €
X(m-2), then they are (m—1)-equivalent. This contradicts the assumption that
uj_, and u; are not (m — l)-equivalent. So u;_;,u; € X(m—-1)-X(m-2).

Finally we prove that if u;_; and u; are not (m — 1)-equivalent, then they
are in Ule CjA. Suppose u;_1 € C € mo(X(m—1)—X(m-2)) and u; € C' €
no(X(m—1)—X(m—2)). Since u;j_ja; = u; and o € G, — A4, it follows that
CA and C'A are Gp-equivalent. Since a; ¢ A, it follows that CA4 # C'A4
Therefore, CA4,C'4 € {C/'A, ..., C/A} and u;_,, u; € Uj;le’.'A. This
proves Claim 3.

Claim 4. If C € no(X(m) —{u}), C' € mp(X(m) — {v}), CNX(m—-1)# 2,
C'NnX(m-1)# @, and C and C' are m- equlvalent then C and C’ are
(m-1, k)-equivalent.

Suppose C = Cp =5 .. 25 C, = C'. If k > 1,then o; ¢ A and
CinX(m—-1)#@ forall i. If k=1 and o, € 4, then CNX(m —1) and
C'nX(m—1) are (m — 1)-equivalent. Therefore, C and C’' are (m -1, k)-
equivalent. So we can assume that a; ¢ 4 and C;NX(m - 1) # @ for all
i. If CioynX(m—1) and C;N X(m — 1) are not (m — 1)-equivalent, then
a; € G, —A. Since o; € G, — A and u;_jo; = u;, then u;,_; and u; are
either both in X(m — 2) or both in X(m — 1) — X(m — 2). We prove that
Ui—1, U; € U§=| ?7/1 .

First suppose u;_;, u; € X(m—2). Since C,_ja; N C; # &, it follows that
Ci-1NX(m-2) and C;N X(m —2) are either both empty or both nonempty.
Suppose Ci_ 1 NX(m-2)# @ and C;NnX(m—-2)# @. Since C;_1a;NC; # &,
it follows C;_;NX(m —2) and C;N X(m —2) are (m — 2)-equivalent, which
contradicts that C;_;NX(m—1) and C;NX(m—1) are not (m— 1)-equivalent.
If C,inX(m-2)=2 and C;NX(m—2)=@,then C;_yNX(m—1) and
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CinX(m—1) are in np(X(m—1)— X(m —2)). Since Ci_1a; NC; # @,

CioinX(m-1),CinX(m UC”A

and u;_, u; € Uf:l ?;IA .

Now suppose u;_, u;€e X(m—1)—X(m—-2). Let u;_; € C and u; € C’,
where C, C’' € ng(X(m — 1) — X(m — 2)). Since u;_a; = u;, it follows
that CanC’' # @. Since a; € G, — A, it follows that CA # C'A and
CA and C'A are Gp-equivalent. Thus CA4, C'4 € {C/A4, ..., C/4}. So

Ui_1, U; € Ujf:l —C—’;IA . This proves that ¥ and v are (m — 1, k)-equivalent.
Lemma 4.3 follows. O
Definition 4.4. Let [u],—1,,) denote the (m — 1, p)-equivalence class contain-
ing u. Let
ind[ul(m_1, ) = Card({C € (X (m) ~ {v})[v € [Um-1,p)»
CnNnX(m-1)#@}/(m-1, p)-relation).

Let
fim=1,p)= > (ind[u]m-1,p) - 2),
[U)m=1,p)
where [U](m-1,p) € X(m —1)/(m — 1, p)-relation.
To prove that f(m) < f(m — 1), it suffices to prove that f(m — 1, p) <

f(m—1,p—-1) forall p. We prove this by induction on p ; the hypothesis is
that f(m—-1,p-1)<a;+a,+2.

!)eﬁnition 4.5. Let I'(p) be a graph, p=1, 2, ... . It is defined by the follow-
ing:
V(I'(1)) = X(m — 1)/(m — 1)-relation,
EI(1) =2,
V(I'(p)) = {connected components of I'(p — 1)},
E@(p)) = {([ul, [vDI[u] # [v]€ V(I'(P)), Ix € [u], y € [v] and o € G — 4

such that xa =y and x,y € i, C/4}.

Note that a connected component of I'(p) isan (m— 1, p)-equivalence class
of X(m —1). Suppose i; < p < iy, we now use the notation set up in
the paragraph before Definition 4.2. For i, + 1 < j < p — 1, there exists an
@;j € Gm — A such that C/a;NC) # @. If j < i, then there is no such «;
such that Cj’.’a iNC #2.

Suppose p = i;+ 1. We prove that the (m— 1, p)-equivalence relation is the
same as the (m — 1, p — 1)-equivalence relation. Therefore, f(m - 1,p — 1)
= f(m — 1, p). Recall Definitions 4.2 and 4.3. It suffices to prove that if
Uiy, U; € U‘]’_l C"A and u;,_1a; = u; for some a; € G,, — A, then u;,_;, u; €

J_"l' ci4. Smce (CLA(Gm — A)) N (CjA) = 2, it follows that u;_; and u;
are not both in C/A4. Suppose uj€ Cj4 and u;_; € C;’A for j<p=i+1.
Then there exists an a € G, — A such that C]’.’a N Cl’,’ # @, which contradicts

our assumption. Thus u;_;, u; € /-, C/'A.
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In the rest of the paper we assume that i, + 1 < p and we denote i, + 1 by
i for simplicity. Next we define a bijection ¥ between the edges of I'(p) and

-1
crn (P Clay).

Definition 4.6. Let y : E(I'(p)) — C;/'nN (Uﬁ?;.l Cl'aj) be defined as follows: for
all e =([u], [v]) € E(T'(p)), let y(e) ={x,y}nC,, where x € [u], y € [v],
a€Gy, Xa=y,and x,y € U‘Ll C/. Wecall {x, y} a bridge between [u]
and [v].

Lemma 4.4. v is bijective.

Proof. Claim 1. y is well defined. By Definition 4.5, we only know that
x,y € Uj-, C/4. Note that [u] and [v] are (m — 1, p — 1)-equivalence
classes of X(m —1). If x € [u] and oy € 4, then xap and x are (m — 1)-
equivalent. Therefore, they are (m — 1, p — 1)-equivalent. Replacing x and y
by xa¢ and ypfy, where ag, Sy € A, we have that xay € [¥] and yp, € [v].
Since xapep'afo = yBo and aj'afy € G — A, we can assume, without loss
of generality, that x, y € Jf_, C} . Suppose x; € [u], y; € [v], a; € G — 4,
Xx;a;=y;,and x;, y; € U§=, CJ’.’ for i =1, 2. We have the following diagram:

X1 LN Uy - Uk LN X2

I -

A T R
where x;, uy, ..., 4,_, and Xx, are in the same (m— 1, p — 1)-class [u], and
Y1, V1,...,0_1 and y, are in the same (m — 1, p — 1)-class [v]. Note that

[u] # [v]. We prove that {x;, y1}NC) = {x2, »2}NC) . If {x1, }nC) =2,
then x;,y; € U’};ll Cj’.’. Since xja; = y; and «a; € G, — 4, it follows that

x; and y; are (m — 1, p — 1)-equivalent, thus [u] = [v], a contradiction. So
{xi,yi}nCjl#@ for i=1,2.

Case 1. y| # y2, y1, y2 € C, . First we prove that y, € Gy — 4. If =1,
then y;y; =y,. Since y;, y2 € C; and (C,(Gm — {1}))NC, = @, it follows
that y; ¢ G. So 7 € Gy — A. If t > 1, we can assume that y; ¢ A4
for all /. Since y; and v, are (m — 1, p — 1)-equivalent, either y; and v,
are (m — 1)-equivalent, or y;, v € U’;;ll C/A. Since y, € Cy, it follows that
V1 ¢ U‘;;l' C/A4. So y; and v, are (m — 1)-equivalent. But y;y = v;. If
y1 € Gy — A, then y; and v, are (m — 2)-equivalent. In particular, y;, v; €
X(m - 2), which contradicts that y, € C; € mp(X(m — 1) — X(m —2)). So
"€ Gm—l - 4.

Next we prove that B 'a; ¢ A. If B 'a; € A C Gy, then uy B 'y =
y, implies that y; and u, are (m — l)-equivalent. Therefore, [v] = [u], a
contradiction.

By the same reasoning, we have that y, ¢ G, and fra; ¢ A. We can
assume that f,---B; and p;---y, are reduced words by Lemma 2.1. Since
yncney Bt Brlar = o, it follows that yy - yay !Bt Brlay = 1.
A simple inspection finds that this contradicts G = G| x4 G, . So Case | cannot
happen.

Case2. x,y; € C!. As we proved in Case 1, x; € C) implies that 8, ¢ G,
P »
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and ayy;' ¢ A, and y, € C/ implies that y; ¢ Gn and B;'ay ¢ 4. We
still get a contradiction. So Case 2 also cannot happen.

Case3. x1,y,€Cy.

Cased. x# x2, x1, X €Cy.
Cases 3 and 4 also cannot happen; the proofs are the same.
So the only possibilities are:
(@) xy=x,€C) and y;,y2 ¢ C;.
(b) yi=y2€C) and x1, x; ¢ C;.
This shows w 1s well defined.

Claim 2. y is injective. Let e; = ([u;], [v;]) € E(I'(p)) for i =1, 2. Suppose
x; € [ui], yi € [vi], and a; € G — 4 such that x;a; = y; and x;, y; € U7, C}
for i = 1,2. Suppose y; = w(e;) = w(ey). Since y; € [v;] N [v2], it follows
that [v;] = [v;]. Since xlalaz" =x, for ajay; € G, and x|, x; € U‘;;ll Ci,
it follows that x; and x, are (m—1, p— 1)-equivalent. Therefore, [u;] = [u,]
and e; = e,. So v is injective. ‘

Claim 3. y is surjective. For y € C;n(U"Z; 1C”a ;) there existan x € U" 1C"
andan a; € G, — A4 suchthatxa, y. Slnce a€Gu—-A=Gyu_r— A 1fx
and y are (m — 1)-equivalent, then by Lemma 1.1, x,y € X(m - 2), which
contradicts y € C) € mo(X(m—1)—X(m—2)). So x and y are not (m—1)-
equivalent. Combining this fact with that y ¢ U‘;;,‘ C/' A vyields that x and y
are not (m — 1, p — 1)-equivalent. Thus [x] # [y] and ([x], [v]) € E(I'(p)).
Since y([x], [¥]) =, it follows that y is surjective. This completes the proof
of Lemma 4.4. O

Lemma 4.5. I'(p) is a forest.

Proof. If this is not the case, let [u,], [42], ..., [ux] be vertices of a minimal
circle of I'(p). Let [ux,,] = [u;]. Suppose x; ; € [u;]] and a; € G, — 4
such that x; 2a; = Xj41,1 and X; 2, Xiy1,1 € U‘?= C/ for i=1,...,k and

Jj=1,2. Suppose x; LA ﬂ—ﬁ x; 2 for all i. By the argument given in

the proof of Claim 1 of Lemma 4.4, we can prove that

Bii BB Brk ok # 1

On the other hand, since the action is free and

xl,lﬂl,l"‘Bl,k,alﬂ2,l"‘Bz,kz"'ak=xl,l,
we have
Bii-- BB Brg o =1,
a contradiction. O
Lemma 4.6. (1) Card(BP( C” N (U2 Claj))) < 0.
(2) Card{x € C; N (U} C”a,)|B( )— l} < 00,
Proof. (1) If this is not true, then let x, € BP(C, n (U7 lC" ;) for ¢

=1,2,.... Since x; € U” 'C”a,, there exist y, € U” lC” and B € {ai,
,ap_1}, such that y,f, = x;, for all ¢. Since all x, are branch points and
f(m—1,p—1) < a; +a,+2, we can assume that all x;, are in the same
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(m—1, p—1)-equivalence class. On the other hand, since indU,,-. Crra, () >3,
j=i J

it follows that ind[y;]m—1,p-1) > 3. So we can also assume tﬁat all y, are in
the same (m — 1, p — 1)-class. Suppose y;8; = x; for i=1,2, x; and x;
are (m — 1, p — 1)-equivalent, and so are y; and y,. Since ([x;], [V1]) =
([x2], [r2]) , it follows that x; = w[x,], [v1]) = w([x2], [¥2]) = X2, which con-
tradicts that x; # x,. This proves (1).

(2) Suppose f(x;) =1 for t=1,2,.... Since B(x;) = 1, it follows that
Xx ¢ [xi, xj] for i, j, and k distinct, thus

p—1
Y(x;i, xj, xx) € BP (C;,/ﬂ (U C}'aj)) .
J=i

If there are infinitely many x, and there are only finitely many distinct
Y(xi, xj, x¢), then
indcy (Y (xi, Xj, Xx)) = 00

for some i, j, and k, which contradicts that f(m —1) < a; +a, + 2. If there
are infinitely many distinct Y (x;, x;, xx), then it contradicts (1). So there are
only finitely many X, and (2) follows. O

Definition 4.7. Let

-1
B(x) = Card (no (C;,' N (pU Cja ,») - x))
j=i

for x € (Cy n (52 Cla

Put {x,} = Cp - C), and let

_ { 1 if xp € Upeulvls
0 otherwise.

Let U be a subtree of I'(p), and let

ind(U) = Card({C € no(X(m) — {x})|x e U,

CnNnX(m-1)#wo}/(m-1, p)relation).

This is an analogue of ind[x],, .
Lemma 4.7. Let U be a finite subtree of I'(p). Then

(indU)-2)- > (indV)m-1,p-1) = 2)
Wlm-1.p-n€V(U)
< Y 2-Bwle)-
e€E()
Proof. We prove this lemma by induction on Card(V(U)) = k. If k =1, then
U is a single point v. If § =0, then

Card({C € no(X(m) — {x})|x € [v],
CnX(m-1)#@}/(m-1,p— l)relation) — 2
> Card({C € no(X(m) - {x})lx € [v],
CnX(m-1)#@}/(m—1, p)-relation) — 2
and ind(U) — ind[v]m-1,p-1) < 0.
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Suppose d = 1. Recall that _Cj,' = CJU{x,}. Since é =1, it follows that
Xp € [v] and C; € mo(X(m — 1) — {x,}). Note that C; and C,_, are not
(m -1, p — 1)-equivalent, but they are (m — 1, p)-equivalent. Therefore,

Card({C € mo(X(m) — {x})|x € [v],
CnX(m-1)#o}/(m-1,p - 1)-relation)
> Card({C € mo(X(m) — {x})|x € [v],
CnX(m-1)#}/(m-1, p)-relation) + 1.

If k£ > 1, then suppose a subtree U satisfies Lemma 4.7 and Card(V (U)) =
k. We consider a subtree U U {[v]}. There exists a unique e € E(I'(p)) such
that e joining v and U.

Let {#', v'} be abridge between [v] and [u] € V'(U) and ' € C;. Suppose
that By(e) =t. Then

-1
t = Card (7:0 ((CI;’ N (P C,’-’a,)) - {u'})) .
j=i
p—1
Ci,...,Ciem ((C;,'n (U c;.'a,-)) —{u’}) :
j=i

Then there exist 8; € G, — A such that w'B; € |J/Z' C! for j=1,...,¢.
Furthermore, there exist C; € mo(X(m — 1) — {¥'B;}) such that C;8,NC| # @
for j=1,...,¢.

Suppose that

Case 1. 6 =0 By Lemma 2.2, C; and C; are not m-equivalent for i # j.
Since C;B;NCj# @ and u’ € C;/, we have that C; and C; are (m -1, p)-
equivalent but not (m — 1, p — 1)-equivalent. Therefore, C; and CJ’- are not
m-equivalent for i # j, and neither are C; and CJ’.. So

Card({Cy, ..., C, Cy, ..., C/}/(m—1, p — 1)-relation) = 2¢,
Card({Cy, ..., C, Cl, ..., C/}/(m—1, p)-relation) = .

Without loss of generality, we may assume that #’ € [u] and v’ € [v]. Since at
least ¢ representatives (for example C|, ..., C;) of

{C € mp(X(m) —{x})|x € [v], CNX(m—1)# @}/(m—1, p— 1)-relation
are (m — 1, p)-equivalent to ¢ representatives (for example Cy, ..., C;) of

{C € nO(X(m) - {X})|X € [w](m—l,p) n U7
CNnX(m-1)#@}/(m-1, p)-relation,

then [v](m—1,p—1) brings in at most ind[v],m—_1,,—1)—Bw(e) distinct (m—1, p)-
equivalence classes of directions. Therefore

ind(U U {[v]}) < ind(U) + (ind[v)m-1.p-1) — Bw(e)).
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By induction,

(ind(U) - 2) - ( Y- (ind[#]pn-1,p-1) —2)) < Y 2-BylE).

[U]EV (V) e'€E(U)
Thus

ind(U U {[v]}) - 2) - ( Y. (ind[ulm-1,p-1) - 2))

[uleV (UL{[v]})

= (ind(U U {[v]}) = 2) - ( > (ind[u)m—1,p—1) -2))

[uev(U)
= (ind[v]m-1,p-1) — 2)
< (ind(U) + ind[v]m—1,p-1) — Bw(e) — 2)

-( > (ind[ul(m_l,,,_n—z)) — (ind[V]m-1, p-1) — 2)

(uleV(U)
< (ind(U) = 2+ ind[v])(m—1,p-1) — 2+ 2 — By(e

—( Z (ind[u)(m-1,p-1) = 2) | = (ind[V](m-1,p-1) — 2)

eV (U)

< Z (2-Bw(e)+(2-By(e)) < (2-By(e")).
e'€E(U) e eE(Uu{lvl})

Case2. 6 =1.1f C) and C,_ arenot (m— 1, p— 1)-equivalent to any C;
and C/ for i=1,...,¢, then

Card({Cy, ..., C;, C{, ., C,C/,Cl}/(m—1,p— l)relation) = 2t + 2,
Card({Cy, ..., G, C{, ..., C{, C/, C/_|}/(m -1, p)-relation) < ¢ + 1.
Therefore, the contribution of [v] to w(U U {[v]}) is less than or equal to
ind[v] - ((2¢t +2) — (¢ + 1)) = ind[v] — (¢ + 1).

If C; is (m—1,p— 1)-equivalent to some C;, then C,_, cannot be (m —
1, p — 1)-equivalent to any C; or Cj, i # j. Otherwise C; and C; will be
(m—1, p)-equivalent, which contradicts Lemma 2.2. If Cy_yis (m=1,p-1)-
equivalent to C/, then C; and C] are (m — 1, p — 1)-equivalent, which also
gives a contradiction. Thus

Card({C,, ..., G, Cy, ..., C/,C), C)_}/(m—1, p— 1)-relation) = 2 + 1.
Since Cy, ..., C, represent ¢ distinct (m — 1, p)-equivalence classes,
Card({Cy, ..., G, C, ..., C[, C), C)_}/(m =1, p)-relation) = ¢.

Then [v] brings in at most ind[v] — ((2¢ + 1) — ¢) = ind[v] — ¢ — 1 distinct
(m — 1, p)-equivalence classes of directions. Therefore

ind(U U {[v]}) < ind(U) + (ind[v](m—1,p-1) — Bw(e) — 1).
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Thus

(ind(U U {[v]}) - 2) - ( Y. (ind{ulpn-1,p1) - 2))

[uleV (Uu{[v]})

=<ind<U>—2>—( ) (1 -1~ 2)) (ind[v)m—1,p-1) - 2)

[uleV (U
< (ind(U) + ind[v](m—1,p—1) — Bw(e) -1 -2

( Z (lnd[u]m 1,p—1) ) lnd[v]m l,p—1) — 2)

[uleV (V)
S(lnd(U) 2+lnd[’U]m 1,p— 1)—2+2 ﬂl//

- ( Z (ind[u)(m-1,p-1) = 2) | = (ind[v]m-1,p-1)—2) — 1
[uleV(U)
< Y @-BuE)+2-Bue)-1< > (2-Bu(e)) -
' €E(U) ' €E(U)

This proves Lemma 4.7. O
Lemmad48. f(m-1,p)—f(m—-1,p-1)< zeeEl'(p (2-By(e)) - 1.

Proof. Recall that y(e) = {x, y} n(C) n( i C"a,)). Let U be a finite
subtree of I'(p), and let [x];,—1,,) be the connected component of I'(p) con-
taining U . Since by Lemma 4.6,

Card{e € E(T'(p))|2 - By(e) # 0} < o0,

then for U big enough, 2 - fy(e) =0 forall e € E[x]u_1,,)) — E(U). Thus
ind(U) = ind[X](m—1 ) . We think of [x],—1,,) as a connected component of
I'(p) , not a vertex of I'(p + 1). Note that ind[x]m—;, , < oo. If

(ind[x](m-1,p) — 2) — ( Z (ind[v](m-1,p-1) — 2))

WIEV[XIm=1,p-1))

> Y @-pwe)-s,

€€E[X)m-1.p-1))

then there exists a big finite subtree U of [x]m—1,p), such that

(ind(U)—Z)—( Y (ind[U](m—l,p—l)—z)) > ) (2-By(e) -4,

[vleV(U) ecE(U)

which contradicts Lemma 4.7. So

(ind[X](m-1,p) — 2) — ( Z (ind[v]im—1,p-1) — 2))

[WIEVIXIm-1,p-1)

< Y (2-By(e)-a

e€E[X]m—1,p-1))
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Taking the summation over all [x],—1 ) € X(m —1)/(m — 1, p)-relation, we
get

Y (ndX)mo1.p)—2) - D ( > (i“d[”km-l-’l’-”_z))

[X)m-1,p) [X)m=1.p) \[VIEV[X)m—1,p-1))

< ¥ ( ) (2—ﬂw(e)))-5= Y @-pwE)-1,

[X)m-1,p) \€EE[XIm—1,p-1)) ecE(T'(p))
where [X]m-1,p) € X(m —1)/(m — 1, p)-relation. This proves Lemma 4.8. O
Since w is a bijection, then
Y. @-Byen= > 2-BW).
ecE(I'(p)) x€C/ NS Cllay)

To show f(m—1,p) < f(m—1,p—1) and to complete the proof of the
theorem, we only need the following lemma.

Lemma 4.9. erC"ﬂ(Up—l Cf’aj)(z - ﬂ(x)) <lI.
4 j=i

Proof. We prove this lemma by induction on

p—1
Card {x € C;,,n ( C;/aj) B(x) = 1} =k.
Jj=i

If Kk <1, we are done. Suppose kK > 1. Let H = {1} and Y = f:n
(’=! Cja;). Then Lemma 4.6 shows that Card(BP(Y)/H) < oo. Since

1
f(m —-1) < a; + a, + 2, it follows that indy(x) < oo. Applying Lemma
3.7t0 H and Y yields that 3 (2 —indy(x)) < 2. Since

p—1 p—1
Y=C,n (U fjfa,) = (C;,'n ( c;'aj>) U {xp},
j=i j=i

Y 2-B(x)+(2-indy(x)) = S (2 - indy(x)) < 2.

xeC‘;In(UL—il le-laj) x€Y

we have

Since indy(x,) = 1, it follows that ZXGCA'“(UZ c;'a,-)(z — B(x)) < 1. This

proves Lemma 4.9, and completes the proof of the theorem. O
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