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NUMBER OF ORBITS OF BRANCH POINTS OF 7Î-TREES

RENFANG JIANG

Abstract. An A-tree is a metric space in which any two points are joined by

a unique arc. Every arc is isometric to a closed interval of R . When a group

G acts on a tree (Z-tree) X without inversion, then X/G is a graph. One

gets a presentation of G from the quotient graph X/G with vertex and edge

stabilizers attached. For a general R-tree X, there is no such combinatorial

structure on X/G . But we can still ask what the maximum number of orbits

of branch points of free actions on /{-trees is. We prove the finiteness of the

maximum number for a family of groups, which contains free products of free

abelian groups and surface groups, and this family is closed under taking free

products with amalgamation.

INTRODUCTION

Various geometric constructions have been introduced to build a more com-

prehensive theory of the structure of infinite groups. Among them, Bass-Serre

theory [15] has become a standard tool in the study of infinite groups. It says

that each nontrivial action of a group on a tree "is equal to" a combinatorial

presentation of the group. There are two natural sources of group actions on

trees, one is algebraic, the other is geometric. From the algebraic source [15],

given a discrete valuation on a field k, one gets a tree and a GL2(A;)-action

on it. From the geometric source [11], given a codimension-1 submanifold of

an «-manifold M, one gets a tree and a 7ti(Af)-action on it. In the algebraic

case (Morgan and Shalen [12]), replacing "discrete valuation" by "nondiscrete

valuation" produces a " A-tree" rather than an ordinary tree, where A is an
ordered abelian group. If the valuation takes values in 7?, the result is an Ti-

trée. In the geometric case (Morgan and Shalen [13]), replacing codimension-1

submanifold by "codimension-1 measured lamination" results in a A-tree. If

the measure takes values in R, one gets an 7?-tree. An 7?-tree is a metric space

in which any two points are joined by a unique arc. Every arc is isometric to a

closed interval of 7?.
Alperin and Bass [1] asked the following questions. What group-theoretic

information about G can be drawn from its action on a A-tree? In particular,

how much of Bass-Serre theory goes over for 7?-tree actions? The first natural

case to consider is that of free actions. Morgan [11] and Shalen [6] conjectured
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that the only finitely presented groups which admit free actions on 7?-trees are

those free products of surface groups and free abelian groups. The conjecture

is confirmed in several special cases by Morgan and Shalen [13], Morgan [10],

Gillet and Shalen [6], Morgan and Skora [14], and Jiang [8]. The conjecture is

proved completely by E. Rips.
Following Bass [3], a graph T consists of a vertex set V(T), an edge set E(T),

endpoint maps do, dx : E(Y) —> V(T), and a map of reversal of orientation

e h-> ë of E(T) such that d¡e — dX-¡e. An edge path of length n > 0 is a

sequence of edges ex, e2, ... , e„ , with dxe¡ = doe¡+x, i-l,...,n-l. The

path is called closed if doex - dxe„ and reduced if ei+x ̂  ëi (1 < i < n). A

forest is a graph without closed reduced path. A tree (Z-tree) is a connected

forest.
When a group G acts on a Z-tree X without inversion, then X/G is a

graph. One gets a presentation of G from the quotient graph X/G with vertex

and edge stabilizers attached. For a general 7?-tree X, there is no such com-

binatorial structure on X/G. But there are nevertheless some useful finiteness

properties for the orbit structure. Let indx(x) = Card(7tn(^ - {x})) for all

x e X. Given a point x of I, the set no(X - {x}) is called the set of the

directions of x in X. A point x is called a branch point of X if ind^(x) > 2 .

Let BP(X) = {x e X|ind^(x) > 2}. We are interested in the number of G-

orbits of branch points, and also in the maximum number of directions of a

branch point. A t7-action on X is called minimal if there is no proper G-

invariant subtree of X. Since one can attach arbitrarily complicated 7?-trees

to X, it is reasonable to restrict our attention to minimal actions. We make

the following conjecture.

Conjecture 1. Let G be a group with n generators. Suppose that G acts freely

and minimally on an R-tree X. Then

5^ (indjrCx) - 2) < 2« - 2.
xex/G

Conjecture 1 implies that the number of G-orbits of branch points is less

than or equal to 2« - 2, and that the maximum number of directions of a

branch point is less than or equal to 2« .

In support of Conjecture 1 we prove

Main Theorem. Let G = Gx *A G2 be a free product with amalgamation. Sup-

pose that G acts freely and minimally on an R-tree X. Let X, be the minimal

Grinvariant subtree of X, and suppose that

a¡ =    ]T   (indx,(x) - 2) < co,        i = 1, 2.

xtXt/Gi

Then

Y^ (indx(x) - 2) < ax + a2 + 2.
xex/G

The following is an obvious consequence of the Main Theorem and Rips'

Theorem.
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Corollary 1. Let G be a finitely presented group. Let G act freely and minimally
on an R-tree X. Then

Y, (mdx(x)-2)<2n-2,
xex/G

where n is the number of generators of G.

The Main Theorem says that if two groups Gx and G2 act "nicely" (namely,

Y,x€X,G.(indxi(x) - 2) < co for i = 1, 2 ), then their free product with amal-

gamation G acts "nicely" also (namely, Y,x€X,G(indx(x) - 2) < co ).

A group action on an 7?-tree is called small if the stabilizer of each arc does

not contain a free group of rank two. Let S be a compact 2-manifold without

boundary and with Euler characteristic x(S) <0. Skora [17] proves that if the

7ti(S)-action on an 7?-tree X is small, then YJX€X/jt¡^(indx(x) -2) <2n-4,

where n is the number of generators of nx(S).
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1. Definitions

Let G = Gx*aG2. Since G acts on an 7?-tree X, so do Gx and G2. Let Xx

and X2 be Gx -invariant and GVinvariant subtrees of X respectively. Then

X = U (span{X!, X2})g = (J (span!*,, X2}) GXG2GX ■• ■ C7,,,
geG m=\ m

where i = 1 if m is odd, and i = 2 otherwise. (See Figures 0, 1, and 2.) This

gives us a way to prove the Main Theorem by induction on m. Let G¡ - G¡

if i = j mod 2 and GXG2--Gm = {axa2- ■ -am\a¡ e G,, i = 1, 2, ... , m} .
Recall that X¡ is the minimal (7,-invariant subtree of X , i = 1, 2. Let A^(0) =

span{^i, X2}, and let

X(m) = X(0)GxG2---Gm = {xax---am\x e X(0), at eG,}.

x,

Figure 0
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Figure 1

x,

X

x2

Figure 2

It is easy to see that X(m) is a Gm-invariant subtree of X, and X(m - 1)

C X(m) for all m. Note that \J%=xX(m) = X. Thus we find a natural

decomposition

X(m - 1) C X(m) c Q X(w) = X.
m=\

We want to show the Main Theorem for each X(m). The first problem is to

find an analogous statement of the Main Theorem for each X(m). To do this

we need to define analogues of a G-orbit and the index of a G-orbit in each

X(m), which we denote by [x]m and ind[x]m respectively. Then let f(m) -

¿3(ind[x]m - 2). We prove that f(m) is bounded uniformly by ax + a2 + 2 .

(Recall that a¡ = J2xex¡/GMn^x¡(x) - 2), i = 1, 2.) Finally we prove that the

uniform bound is an upper bound of /(co) = Y^xex/G^n<^x(x) - 2). The Main

Theorem will follow immediately.
To get an intuitive picture of X(m), let us consider a simple example. Let
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G be a rank 2 free group generated by a and b . Let Xx and X2 be two lines

intersecting at a point. So X(0) = Xx U X2, X(l) = Xx u (U^T-oc x2a") > and

X(2) = (U^=-oo xibm) U (Up"=_oo X2aPbi). They are presented in Figures 0,

1 and 2 respectively.
What is a proper analogue of a G-orbit in X(m)l Recall that X(m) =

X(0)Gx G2-Gm. Since GXG2-Gm is just a subset rather than a subgroup of

G, thus we cannot discuss "(Gi G2 ■ ■ ■ Gm)-orbits" in X(m). Although Gm acts

on X(m), if we let the Gm-orbits be the analogues of the G-orbits in X(m),

when m goes to infinity, the Gm -orbits will never get close to the G-orbits.

Then there is no hope to get a bound for /(co) from the uniform bound (if

we can find one) of f(m). We define an "/«-equivalence relation" among the

points of X(m), and let [x]m be the m-equivalence class containing x. For

a G-orbit in X, its analogue in X(m) is [x]m. The ideal "m-equivalence

relation" should satisfy the following conditions:

(1) For u, v e Xj (1 < i < 2), if u and v axe in the same G,-orbit, then

u and v axe 0-equivalent.

(2) For u, v e X(m) (m > 0), if u and v axe in the same Gm-orbit, then

they are m-equivalent.

(3) For u, v e X(m - 1) c X(m), if u and v axe (m - 1)-equivalent, then

they are m-equivalent.

We call the smallest equivalence relation generated by the above three con-

ditions the w-equivalence relation.

Definition 1.1. For u, v e X¡ (1 < i < 2), if there exists an a e G, such that

ucx = v , then u and v are called 0-related.

For u, v e X(m) (m > 0), if there exists an a e Gm such that ua = v ,

then u and v axe called m-related.

For u, v e X(m) (m > 0), if there exist u¡ e X(m), i = 0, I, ... , k ,

such that uo = u, uk = v , and m,-_i and u¡ axe /-related for some / < m,
i = I, ... , k, then u and v axe said to be m-equivalent.

Lemma 1.1. Suppose that m,_i and u¡ are j ¡-related, / < m. Then there exists
a unique a, e Gx U G2, such that Ui^xa¡ = u¡.

If ji > 0, then ctj e G7; and h,_i , u¡ e X(ji).
If ji = 0, then a, e Gt and u¡-\, u¡ e Xt, t = 1 or 2.
If m > I, andif on £ Gm, then / < m-1 and k,_i , u¡ e X(ji) c X(m-l).
If m= I, and if a, ^ Gx, then j¡ = 0 and a, e G2 and u¡-X, u¡ e X2.
If m = 0, then / = 0. If a, e G, - A, then «,-_i, w, 6 X,.

Proof. The proof is left to the reader.

If u and v axe m-equivalent, the relation between u and v is denoted by

a i a, oik
u = «o —► «i —► • • • —► uk = V ,

where «,_i and «, are /-related for some / < m. When m goes to infinity,
[x]m will "approach" the G-orbit xG in the following sense: If u and v axe

in the same m-equivalence class then they are in the same G-orbit; conversely

if they are in the same G-orbit then there exists m > 0 such that u and v axe

m-equivalent.
The next step is to define "index" for [x]m . For the G-orbit, the problem

is simple, because indx(u) - indx(w) for all u,v e xG.  We let the index
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of xG be indx(u) for any u in xG. But the story is different for X(m),

that u, v e [x]m does not necessarily imply that indX(m)(u) = indx(m)(v) • We

define an " m-equivalence relation" among the directions of the points of [x]m ,

and let ind[x]m be the cardinality of the m-equivalence class of the directions,

namely

ind[x]m = Card({C e no(X(m) - {u})\u e [x]m}/m-relation).

The "m-equivalence relation" among directions should satisfy the following

conditions:
(1) For u,v eXj, Ce 7i0(X¡ - {«}), and C* e 7i0(Xi - {v}) (I <i<2),

if there exists an a e G,, so that ua = v and Ca — C" , then C and C axe

O-equivalent.

(2) For u, v e X(m), C e n0(X(m) - {u}), and C e n0(X(m) - {v})

(m > 0), if there exists an a e Gm , such that ua - v and Ca = C , then C

and C are m-equivalent.

(3) If CnX(m-l) and C'nX(m-l) axe (m- 1)-equivalent, then C and
C are m-equivalent.

Let the m-equivalence relation among directions be the smallest equivalence

relation generated by the three conditions above.

Definition 1.2. For u, v e X¡ (I < i < 2), C e kq(Xí - {u}), and C e
no(Xj - {v}), if there exists an a e G,, so that ua = v and Ca = C , then C

and C are called 0-related.
For u, v e X(m), (m > 0), Ce n0(X(m)-{u}), and C e n0(X(m)-{v}),

if there exists an a e Gm, such that ua = v and Ca = C, then C and C

axe called m-related.

Let u, v e X(m) C e n0(X(m) - {«}), and C* e n0(X(m) - {v}) (m >
0). We call C and C m-equivalent if there exist u¡ e X(m) and C, e

Ko(X(m) - {«,}), i = 0,l,...,n, such that Uo = u, uk = v , Co = C,
Ck = C , Ui-X and u¡ axe /-related, C,_i n X(j¡) ^ 0 , C, n X(j¡) ^ 0, and
C,_i nX(ji) and C, nX(j¡) axe /-related, for some /■ < m , i = I, ... , k .

Lemma 1.2. Suppose that u,_i and u¡ are j¡-related, and suppose that C,_i n

X(ji) and C¡ n X(j¡) are j ¡-related for some / < m. Then there exists a

unique a¡ e Gx U G2, so that u¡-Xa¡ = u¿ and (C,_1 n X(j¡))a¡ = C¡ n X(j¡).

In particular, C¡-Xa¡ n C¡■ ̂ 0.

If m > 1 and a¿ $. Gm, then j, < m - 1, C,_i n X(m -1)^0, and
C¡f)X(m- l)¿0.

If m = 1 and a¡ fi Gx, then j¡ = 0, C,_i n X2 ¿ 0, and C,■ n X2 ¿ 0.
If m = 0 íwú? a¡e Gt - A, then / = 0, C,-_i n X, ¿ 0, and C¡nXt^0.

Proof. The proof is left to the reader.
We denote the m-equivalence relation between C and C by

C  = Co -► Ci  -> • ■ ■ -► L,k = C   .

Given x, y e X, let [x, y] be the closed segment in X between x and y

and let (x, y] = [x, y] - {x}. Given a point x in X and a closed subtree X'

of X, let [x, X ] be the closed segment in X between X' and x . Following

Alperin and Bass [1], we write w = Y(x, y, z) if,foxx,y,zeX, [x, y] n

[x, z] = [x, w]  for a unique w .   For any x € X, if indx(x) = 1 , then



NUMBER OF ORBITS OF BRANCH POINTS OF R-TREES 347

x is called a closed end point of X. For any x e X(m), let [x]m be the

m-equivalence class containing x. Let

ind[x]w = Card({C e no(X(m) - {y})\y e [x]m}/m-relation),

and let
f(m) = ^(ind[x]m-2),

Mm

where [x]m e X(m)/m-relation. The theorem says that

f{oo) =   Y (ind* W -2)<ax+a2 + 2.
xex/G

In the next section, we prove that f(m) < k for all k implies that /(co) < k .

In §§3 and 4, we shall prove that f(m) < ax + a2 + 2 for all m .

2. Reducing the proof of the theorem to proving

f(m) <ax+a2 + 2

To show that a uniform bound for f(m) is a bound for /(co), we need to

prove ind[x]m > ind^(m)(x). We say that a product a — axa2 ■ ■ ■ a„ e Gx *A G2

is a reduced word if either n = 1 and a e A or else n > 1, each a¡ e Gt¡ - A

for some t,   (1 < t¡ < 2), and no t¡ = t¡+x .

Lemma 2.1. (1) If u and v are m-equivalent, and k is the minimal number

such that
a\             <*2              a;;

U-Uo —► ux -► • • • -> Uk = V ,

then ax---ak is a reduced word of G — Gx *A G2.

(2) Let C e n0(X(m) - {x}) and C e n0(X(m) - {y}). If C and C

are m-equivalent, and k is the minimal number such that C = Q -^-» Ci -^+

• ■ • -^+ Ck = C,  then ax---ak is a reduced word of Gx *A G2.

Proof. (1) Suppose that we have u = u0 -^ ux -^ • • • -^+ uk = v . If a, and

ai+x axe both in Gi or both in G2 , then we can replace u¡-X -^+ u¡ ^* ui+x

by «,_i a-^+' m,+i , and we get a shorter chain. We need to check that u¡-X and

u¡+x axe /related for some j < m . This is easy, and it is left to the reader.

(2) If (2) is not the case, without loss of generality, we can assume that

a¡a¡+x e Gx - A and m is an even number (thus Gm-X = Gx ). By (1) we can

replace u¡-X -^-> u¡ ^ ui+x by w,_i a-^' u¡+x, and assume that w,_i, ui+x e

X(m - 1). We will prove that

y-,       ^     o¡¡            a,_i               a,Q,+i   _,        Q,+2            ak     „ „,

C = Co -> • • • -► C,_i   -»   C/+i -> ■ • • -* L,k — C

satisfies the conditions of Definition 1.2. Since this is a shorter chain, we get

a contradiction. To check Definition 1.2, we need to show that C,_ia,a,+i n

C/+i # 0 , C,_i n X(m - 1) / 0 , and Ci+X n X(m -1)^0.

Claim 1. If C¡e 7i0(X(m¡)-{u}), i =1,2,3, dnC2/0,and C2nC3/0,

then Ci n C3 / 0 .
First suppose mx < m2 > m^. mx < m2 implies that A'(mi) c X(m2),

which together with CxnC2 ^ 0 implies Cx c C2. Thus C|CC2dC3. If
Ci n Ci = 0 , let x e Cx and y e Ct, ; then there is a path [x, y] in X joining
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x and y. Since C2 is connected and x, y e (Ci U C3) c C2, then this implies

that [x, y] c C2 e no(X(m2) - {«}), thus u fi [x, y]. On the other hand,

combining Ci e ito(X(mx) - {«}), C3 e 7t0(X(m3) - {u}), and Ci n C3 = 0
yields that u e[x, y], a contradiction. The proofs for the other cases are the

same. This proves Claim 1.

By Claim 1, we have that C,_ia,a,+1 n C¡+x / 0. Next we prove that

C,_inX(m-l) t¿ 0 and Ci+xnX(m- 1)^0. If a¡, ai+x e Gx-A, then this

follows from Lemma 1.2. If a, e A and a¡+x eGx-A, then C,a~ln.Y(m-l) =

(d n X(m - l))ajl ¿ 0 and Q-\ n C¡afx = (C¡-Xa¡ n C¡)aJl ¿ 0. Thus
C,_i n X(m - 1) t¿ 0 follows from an argument similar to the one given in

Claim 1. The case of a¡ e Gx - A and ai+x e A can be treated in the same

way. This completes the proof of Lemma 2.1.   D

Lemma 2.2. If C, C e no(X(m) - {x}) and C and C are m-equivalent, then
C = C.

Proof. By Definition 1.2

— Co —► Ci —► ■ • • —► c¿. = c .

Since

xai • • • ak = Uoax ■ ■ ■ ak = uk = x

and the action is free, thus ax ■ ■ ■ ak = I. So k = 0 and C = C .   D

Corollary 2.3.  ind[x]m > indx(m)(x).    D

If f(m) < k for all m > 1, and if /(co) > k, then lei xx, ... , xp e BP(X)
such that 5^=i(mdx(*i) - 2) > k, and x,G ^ XjG for all i ^ j. Since
LC=i x(m) = X ■>tnen tnere exists m such that x, e X(m) and ind;r(m)(x,) =

indx(x;) for all i. Since x,G ^ X/G, x, and Xj are not m-equivalent for
i jt j. Therefore,

p p

f(m) > ^(ind[x,]w - 2) > ^(indx(m)(x;) - 2) > k,
i=i i=i

which is a contradiction. Thus f(m) < m for all m > 1 implies that /(co) <

k.
Now we have reduced the proof of the theorem to proving that f(m) <

ax+a2 + 2 for all m .

3. A BOUND FOR  /(0)

We prove that f(m) < ax + a2 + 2 by induction on m. This section is

devoted to the initial case m = 0. First we rule out two trivial cases.

Case 1. Xx n X2 = 0. Let [ Xx, X2 ] = [ xx, x2 ] be the bridge between Xx and
X2. Then

' indXl(x) ifxe Xx -{xjGi},

indx2(x) if x 6 X2 - {x2G2},

ind[x]o = I indx,(x) + l ifxexiGi,

indx2(x) + l ifxex2G2,

.2 if x e (xi, x2).
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Therefore, /(0) = £Mo€X(0)/o-reiation(mdMo - 2) = ax + a2 + 2.

Case 2.  Xx n X2 = {z}. Then

{indx, (x) if x G Xx - zGx,

ind^2(x) if x e X2 - zG2,

indx, (x) + indx2(x)   if x 6 zGi U zG2,

and /(0) = E[x]„6Y(0)/0-relation(md^]0 - 2) = a, + a2 + 2.

Remark. Cases 1 and 2 do not use the freeness hypothesis.

From now on we can assume that Xx C\X2 contains more than one point. We

sketch the basic idea of the proof first. Recall that a¡ = Y,xex,/g, (mdx, (x)-2),

i = 1, 2, and /(0) = £Mo€x(o)/o-reiation(indMo - 2). To show /(0) <ax+a2 +

2, let us consider [x]o first. We want to know the difference between indx,(x)

and ind[x]o . Let u e Xx and v e X2, and suppose u and v axe O-equivalent.

Then by Lemma 1.1,

U = Uo —► ux —^ • • • —% Uk = V ,

where a¡ e G¡ - A and u¡-X ,u¡eX¡, i = I, ... , k . Since u¡aj ' = w,_i , the

point m,_i e u,_iG,-_i n u¡G¡ ^ 0 for all i. The inverse is also true. If there

are u¡ e X¡, such that u¡-XG¡-X nu¡G¡ ^ 0 for all i and u e uxGx, v e ukGk ,
then u and v axe O-equivalent. This associates a graph T with X(0). The

vertices of Y axe Gi-orbits and G2-orbits. If xGi nyG2 ^ 0, then xGi and

yG2 axe adjacent vertices, and they correspond to an edge of T. Note that [x]o

is a connected component of T. For a graph T, let V(T) be the set of vertices

of r.
Note that

ax+a2=    Yl   (ind^ W - 2) +    Y   (ind*2M - 2)
xex¡/G¡ xex2/G2

= £        E     (indx,(y)-2)] ;
[Jrlo   \>-G¡enJclo) /

the last summation is over all connected components [x]o of T. To show

/(O) = Y (indMo - 2) < fli + a2 + 2,
[x]0eY(0)/0-relation

it is equivalent to showing that

Y ( (ind[x]0 - 2) -     Y    (ind*. W - 2) ) < 2.
Mo V *G,eKMo) /

Lemma 3.1 shows that Y is a forest. So each connected component of Y is a

tree. Suppose x e Xx, then xGi is a vertex of Y, and [x]o is a connected

component containing xGi. Let To, Tx, ... be an ascending sequence of sub-

trees of T. Let T0 be the single vertex xGi . Suppose 7/_] c T¡ and T¡-T¡-X

is a single vertex for all /. Recall that

ind[x]0 = Card({C 6 Jr0(*(0) - {y})|y e [x]0}/0-relation).
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Here we denote y e Uzg,6K[x]0) z^' Dv ^ e [x]0. We think of [x]0 as a

connected component of Y. We can define "index" for subtrees of [x]o in a

similar way. Let ind(Tn) = Card({C e n0(X(0) - {y})\y e r„}/0-relation).
Lemma 3.2 shows that

(ind(r„)-2)-    Y    (ind^,.(y)-2)< Y (2 - mdXlnx2(z))
yG¡ev(Tn)

for all n . Lemma 3.5 shows that

zeylGlny2G2
(yiGuy2G2)eE(Tn)

\

f(0)-(ax+a2)<Y
Mo

Y (2-indXlnx2(^))
zeyiGi<-\y2G2

Vt^iG, ,y2G2)eE[x]0) J
Lemmas 3.3 and 3.4 show that

Y (2-ind*,nx2(z))= Y (2-indXlnx2(z)).
z€y,G,n>>2G2

(yiG, ,yiG2)eE(T„)
zey1G,ny2G2

(y\G¡ ,y2G2)eE[x]0)

Since a¡ = Eyexi/G,(ind^0;) - 2) > ¿=1.2, then £,,GjeFMo)(indx,(y) - 2) <
co. Thus

Y    (indx,(y)-2)=     Y    (indx,(y)-2)
yG.evixh) yG,ev(T„)

for large « . Therefore

(ind[x]0) - 2) -     Y    (indx,(y)-2)
yG¡ev[x]0)

< Y (2-indx¡nx2(z)).
z€y¡G¡riy2G2

(y\G, ,y2G2)€£[*]o)

Summing over both sides of the above inequality, we get

/(0) -(ax+a2) = £(ind[x]0 - 2) - W     Y    (ind* M " 2)
Mo Mo VyG.eKixjo)

= 53    (ind[x]0-2)-     53    (indx,(y)-2)
Mo \ yG,evixh)

I \

Mo

53 (2-indjr,nY2(^))
z€>'1Gin>'2G2

\(3'iGi,y2G2)e£Wo)

Lemma 3.6 shows that

£
Mo

\

53 (2-ind^nx2(z))
i        z€y,Giny2G2

\(yiGt,) J

J

53      (2-indXlnx2(z)).
z€(XtnX2)/A

,y2G2)eE[x]0)

Lemma 3.7 shows that ¿3ze(x,nx2)/^(2 _ indx,nx2(^)) < 2.  This proves that

/(0) < a, + a2 + 2.
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Definition 3.1. Let Y be a graph. It is defined by the following:

V(Y) = (Xx/Gx)l)(X2/G2),

E(Y) = {(xGi, yG2)|xG, n yG2 ¿ 0}.

A connected component of Y is exactly a 0-class of X(0).

Lemma 3.1. Y is a forest.

Proof. If this is not the case, let uxGx, u2G2, ... , u2kG2k be vertices of a min-

imal circle in T. Let u2k+xG2k+x = uxGx and suppose u¡^xG¡-XC\u¡G¡ ̂  0 for

all i. Let x, e u¡_xG¡-X n u¡G¡ for all i. Since x¡, x¡+x e u¡G¡, there exists
an a¡ e G, such that x¡a¡ = x,+i . Since the circle is minimal, we can assume

that Ui-\G¡-\ n«,+iG;+i = 0. Note that G,_i = Gi+X and x, g m,_iG,_i . If
a¡ e A, it follows that x¡a¡ = xi+x e «¿-iG^a, n«,+iGi+i ^ 0, a contradiction.

So a¡ fi A for all i. Since Xjai ••■ak = X\, it follows that ax ■■■ak — 1.
But a, G G, - A for all 1, which contradicts G = GX*AG2. Therefore, Y is a
forest.   D

Lemma 3.2. For any finite subtree T„ ofiY,

(ind(Tn)-2)-    53    (hKLy,(y)-2)< 53 (2-indXlnjr,(z)).
yG¡eV(Tn) z6y,G,ny2G2

(y\G\ ,y2G2)eE(T„)

Proof. We prove this lemma by induction on n. The case n = 1 is trivial.

Suppose the lemma holds for a finite tree T„ . We consider a finite tree r„+i =

T„ U {i>} , where u is a vertex adjacent to Tn . There exists a unique edge e

joining v and T„ . Suppose e = (yxGx, y2G2) and z e yxGx C\y2G2. Note

that v = zG¡ has ind^z) directions, but at least ind^r-iY^) of them are

equivalent to the directions in {C G 7to(^(0) - {y})|y G T„}. Therefore, v

brings in at most indXi(z) - ind;r,nx2(z) many new directions. Then

ind(T„) - 2 + indXi(z) - indx¡nX2(z) > ind(r„+,) - 2.

Note that

53    (indx¡(y)-2) + (indx¡(z)-2)=      Y     (^dx¡(y)-2),
yG¡eV(Tn) yG,ev(T„+l)

thus

(ind(r„+i) - 2) -      53     (indXi(y)-2)
yG¡eV(T„+i)

< (ind(Tn) -2 + indx,(z) - 2 + 2 - indx¡nXl(z))

-     53    (indx,(y)-2) + (indXi(z)-2)
yG¡ev(T„)

< 53 (2-indXinXl(z)).
z€yiG,ny2G2

(y¡G, ,y2G2)eE(Tn+])

This proves Lemma 3.2.   □

Lemma 3.3. Suppose that a group 77 acts freely on an R-tree X. Let 77, be

subgroups of 77, let Y¡ be H¡-invariant subtrees of Y, and put
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a¡ = 53 (mdr",(x) - 2) < 00 , 1 = 1,2.
xeY¡

Then

Caxd(BP(Yx n Y2)/Hx n 772) < co.

Proof. If this is not the case, suppose that there exist x, G BP(YX n Y2), i =

1,2,..., such that x¡(Hx n 772) n x;(77i n 772) = 0 for all i"^ 7. Since
^gy/^^indy, (x) — 2) = a\, there are only finitely many 77i-orbit of branch

points. We can assume that all points x, are in the same 77i-orbit. By the same

token, all points x, are in the same 772-orbit. Then for any i ^ j there exist

an c*ij e Hx and ßjj e H2 such that x¡a¡tJ = x, and Xißij = x,. Hence
otij — ßij e Hx n 772, and x¡(Hx n 772) = Xj(Hx n 772), which contradicts

x¡[hx n 772) n Xj(Hx n 772) = 0.   d

Lemma 3.4. Let a group H act freely on an R-tree Y. Suppose Caxd(BP(Y)/H)

< co and indy(x) < 00 for all x e Y. Then

Card({x G F|indv(x) = l}/77) < 00.

Proof. Lemma 3.4 says that there are only finitely many 77-orbits of closed end

points. If 77 = {1} , it follows that Caxd(BP(Y)) = Caxd(BP(Y)/H) < co. For
each x e {y e F|indy(y) = 1} there exists a unique branch point s(x) e BP(Y)

such that d(x, s(x)) = min{úf(x, y)|y G BP(Y)} . There are only finitely many

different s(x). If x ^ y G {z G y~|indy(z) = 1} and s(x) = s (y), then x and

y are in the different components of Y - {s(x)} . Since indy(í(x)) < co, then

Card{x e Y|indy(x) = 1} < 00.
Suppose 77 ^ {1} and let YH be the minimal 77-invariant subtree of Y.

First we prove that Caxd(no(Y- YH)/H) < oc . For each C G no(Y-YH) there

exists a unique base point xc e YH such that C e no(Y - {xc}). In particular,

xc e BP(Y). Since Card(777,(T)/77) < co, it follows that

Card({xc|C e n0(Y - YH)}/H) < 00.

Since indy(xc) < 00 for all xc, it follows that Card(^o(^ - YH)/H) < co.

Since Yfi is a minimal 77-invariant subtree, it follows that indy„(x) > 2 for all

x G YH . Thus {x G y|indy(x) = 1} c Y- YH . For any C e n0(Y-YH), since

Card(777J(y)/77) < 00 and CnC(77- {1}) = 0, we have Card^T^C)) < co .
We have already shown that the lemma is valid when 77 = {1}. Applying this

result to C shows that

Card{x G C|indv(x) = 1} = Card{x G C|indc(x) = 1} < co.

Therefore, Card({x G C77|indv(x) = l}/77) < co . Since Card(7t0(Y - YH)/H)
< co, it follows that

Card({xG r|indr(x)= 1}/77)<oo.   o

Lemma 3.5.

/(O) - (fll + a2) < 53
IJCJO

\

5^ (2-indA:|nY2(z))

ze.viGiny2G2
\(yiGt ,y2G2)e£Wo) /
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Proof. Applying Lemma 3.4 to X¡ and G, for i = 1, 2, we get that
Caxd(BP(Xx n X2)/A) < co. Applying Lemma 3.5 to A and Xx n X2, we
get that Card({x elifl X2\indx¡nx2(x) = I}/A) < co . Therefore

E (2 - indXnX2(z)) E (2-in<tr,n.t,(z))
zeyiGtr\y2G2

(y¡Gi,y2G2)eE(Tn)
z€yiGiny2G2

(yiG,,y2G2)6£Mo)

for large n.   Since a¡ = YiyeX,G¡(indx.(y) -2),  i = 1,2,   it follows that

£yG/6FMo)(mdA',(}') - 2) < co. Thus

53    (indx(y)-2) =     53    (indXl(y)-2)
yG,€V[xh) yG,ev(T„)

for large n . Therefore

(ind[x]0) - 2) -     53    (indXi(y)-2)
yG,ev[xh)

< 53 (2-indXtnX2(z)).
z€yiG,ny2G2

(y\G\ ,y2G2)G£Mo)

Summing over both sides of the above inequality, we get

/(0)-(a,+a2) = 53(ind[x]o-2)-53(     53    (ind*,(y) - 2)
Mo Mo \yG,ev[x]0)

= 53    (ind[x]0-2)-     53    (indx,O0-2)
Mo \ yG,ev[x)0)

( \

Mo

53 (2-indxin^2(z))
I       zeyiGtny2G2
\(yiG,,y2G2)e£Mo

a

;

Lemma 3.6.

i

E
Mo

E
\

(2-indx^X2(z))

z€yiG,ny2G2

\(v,G,,y2G2)€£Mo) /

=      53     (2-ind;
zG(Y|nY2)/^l

X,nx (z)).

Proof. Let y/ : E(Y) -> (Xx n X2)/A be defined as follows: for each e =
(uGx, vG2) e E(Y), if x G mGi n vG2, then let y/(e) - xA . First we prove

that y is well defined. Suppose x, y g wGi ni;G2. Then there exist an a e Gx

and a ß e G2 such that xa = y and xß = y . Therefore, a = ySGGinG2 = ^

and xA = y A .
Next we prove that y/ is injective. Suppose xA = ^(«iGi, ViG2) =

y/(u2Gx, v2G2) = y A . Then x e uxGxnvxG2, y e u2Gx F\v2G2, and xA = yA .
Thus there exists an a e A such that xa—y. This implies that

xa = y e uxGxail u2Gx = W]Gi n u2G2 / 0

and «iGi = m2Gi . Similarly V1G2 = v2G2. Therefore, y/ is injective.
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Finally we prove that y/ is surjective. For all x G Xx n X2, let e =

(xGi, xG2). Then e e E(Y) and y/(e) = xA. So y is bijective. There-

fore

/ \

£
Mo

53 (2-ind^,nx2(^))
z6yiG,ny2G2

\(viG, ,y2G2)6£Mo) /

53      (2-indAr,nx2(z))-
z€(X,nx2)/.4

2 - indy(p+i)(x) = <

This proves Lemma 3.6.   D

Lemma 3.7. Let a group H act freely on an R-tree Y. Suppose Caxd(BP(Y)/H)

< co and indy(x) < co for all x e Y. Then Y^xey/h@ ~ mdi'(-x)) ^ 2.

Proof. Note that indy(x) > 1 for all x G Y. By Lemma 3.4 we can assume

that

{x G y|indy(x) = l}/77 = {yi77, ... , ykH}.

If k < 2, then we are done. Suppose k > 2 and let

Y(p) = span{y,77|/ = I, ... , p}   for allp.

Note that Y(p) is a 77-invariant subtree and

Caxd(BP(Y(p))/H) < co   for all p.

We first prove that YlxeY(p)/H^- ~ ln^Y(p)(x)) < 2 by induction on p . Since

{y,77|/ = I, ... , p} are the only closed end points of Y(p), it follows that

yp+i fi Y(p). Let [yp+x, Y(p)] = [yp+x, y']. Then

'1 if x Gyp+i77,

0 ifxG (yp+x,y')H,

2 - indy(i,)(x) - 1 ifxey'H,

2-indY(P)(x) if x G Y(p) - y'H.

Thus

53     (2-indy(p+i)(x))
xeY(p+l)/H

53 (2-indy(p)(x)) + (2-indy(p)(y')-l)+l
Xe(Y(p)/H)-{y'H}

=     53    (2 - indy(p)(x)) < 2.
xeY(p)/H

The inequality follows from induction. Thus Y,xeY(k)/H^ ~ ^n^Y{k)(x)) < 2.

Since Y(k) contains all closed end points of Y,

53 (2 - indy(x)) <     53    (2-indy(fc)(x))<2.
xEY/H xeY(k)/H

This proves Lemma 3.7.   G

Lemmas 3.5, 3.6, and 3.7 yield that /(0) - ax + a2 < 2.

4. A UNIFORM UPPER BOUND OF  f(m)

We prove that f(m) < f(m-l) by induction on m . The following example

shows when and where the increase of index occurs.  Let G = (a) * (b) be a
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free group of rank two. Let Xx = Xa and X2 = X¡,. Suppose that Xx n X2 =

[u, v]. Let X(0) = XXUX2 and let X(0) - Xx = X2 - [u, v] = C U C.
Suppose that ua = v and CanC = (v , v']. Note that u and v axe 0-related.

Since C n Xx = 0 and C n Xx = 0, C and C axe not O-equivalent. Thus

ind[t;]o = 4. Note that ind^o)^) = 3 = indx(o)(") ■ Since CanC ^ 0, C
and C are 1-equivalent. Thus ind[v]i = 3. So the index is decreased at v .

On the other hand, ind[w']o = 2, and ind[t/]i = 3. The index is increased

here. If we consider v and v' together, then (ind[i>]o -2) + (ind[v']o - 2) =

(4 - 2) + (2 - 2) = 2 and (ind[v]i - 2) + (ind[w']i -2) = (3- 1) + (3- 1) = 2.
Thus the sum of weighted indices stays the same. This is the basic idea for the

theorem. (See Figure 3.)

We sketch the idea of the proof first. The basic idea is similar to the one in

the proof of /(0) - (ax + a2). Since the situation is more complicated here,

several changes must be made. Lemma 4.1 shows that to compare f(m - 1)

and f(m) it is enough to consider X(m - 1). Then we study where the index

will increase. Lemma 4.2 shows that the increase of index only occurs in a

finite subset of (no(X(m - 1) - X(m - 2))/A). Suppose this finite set contains
k elements. Next we insert k equivalent relations, called the (m - 1, p)-

relations, p = 1,2,..., k, between the (m - 1 )-equivalence relation and the

m-equivalence relation. We define f(m - 1, p) to be the analogue of f(m)

for (m - 1, p)-relations. Lemma 4.3 shows that to prove f(m)<f(m-l) it

is enough to prove f(m - 1, p) < f(m - I, p - I) for all p. The rest of §4 is
quite similar to §3. We define a graph Y(p), which is an analogue of Y in §3.

Lemma 4.5 shows that Y(p) is a forest, so each component of Y(p) is a tree.

Each connected component of Y(p) is an (m- 1 )-equivalent class of X(m- 1).

We define an index for a subtree of Y(p) in the same way we defined ind[x]m .

Lemma 4.7 shows that

(ind(C7) - 2) - 53 (ind[y](m_, ,,_„ - 2)
M(m-i.,-i)6K(l/)

<   53  (2-ßy,(e))
eeE(U)

X(0) / \ X(l)
u)-:-(v u )-(v

Figure 3
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for any finite subtree U. Definitions of ß and y/ axe given in Definitions

4.6 and 4.7. This is an analogue of Lemma 3.2. Lemma 4.8 shows that

f(m -l,p)- f(m -l,p-l)< ¿ZeeE(r(p))(2 ~ ßv(e)) ■ This is an analogue of

Lemma 3.5. Lemma 4.4 shows that y/ is bijective, thus

53    (2-ßy,(e))= 53 (2-ß(x)),
eeE(V(p)) xeC^'niu^'C'/a,)

which is an analogue of Lemma 3.6. Lemma 4.9 shows that

53     (2-ß(X))<i,
*ec;'n(U£' c/aj)

which is an analogue of Lemma 3.7. This will complete the proof of the Main

Theorem. Suppose that m > 1 and f(m - 1 ) < ax + a2 + 2. Lemma 4.1 shows

that we can restrict our attention to X(m - 1).

Lemma 4.1.

Card({C G nQ(X(m) - {v})\v e [u]m n X(m -I),

C n X(m - 1) t¿ 0}/m-relation)

= Card({C G 7T0(^(m) - {v})\v e [u]m}/m-relation)

for any u e X(m).

Proof. Lemma 4.1 says that for any u e X(m) and C G no(X(m) - {u}),

there exist a v e [u]m n X(m - 1) and a C e TC0(X(m) - {v}) such that

C n X(m -1)^0 and C and C axe m-equivalent. It suffices to show that

there is an he Gm such that ChnC ^ 0 and uh = v .

Case 1. There exists ux e C such that u e[ux, X(m - 2)].

Let [«i, X(m-2)] = [ux, u\\. Since X(m) = X(m- l)Gm and ux e X(m),

there exists an h e Gm such that uxh e X(m - I). Since u\h e X(m - 2)h
= X(m - 2) c X(m - 1), it follows that

uh e [ux, u\]h = [uxh, u'xh] c X(m - I).

Let v = uh and C G no(X(m) - {v}) such that (v, uxh] = (u, ux]h c C.

Then uh = v and 0 ^ (u, ux]h c C h n C .

Case 2. There does not exist ux e C such that u e[ux, X(m - 2)].

Suppose [u, X(m - 2)] - [u, u\]. Let ux e C and u2 = Y(ux ,u,u\). If
u2 = u, then

u e[ux, u\] = [ux, X(m - 2)],

which contradicts the above assumption. So u2 ^ u and u2 e (u, ux] c C.

Since u G X(m) = X(m - l)Gm, there exists an h e Gm such that uh e

X(m- I). Thus

u2h e [u, X(m - 2)]h = [uh, X(m - 2)] c X(m - I).

Let v = uh and C e 7io(X(m - 1) - {v}) such that (v, u2h] c C. Then

uh = v and 0 ^ (u, u2]h c ChnC. For the case m = 1 , we replace

X(m - 1 ) by Xx . The rest of the proof remains unchanged.    D

From the example given in the beginning of this section we can see that the

increase of the index only occurs in X(m - 1) - X(m - 2), thus we focus on
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X(m-l)-X(m-2). Note that X(m-l)-X(m-2) is ^-invariant. If C, C e
7t0(X(m-l)-X(m-2)),and CanC ¿0 for some a e A, then C = C . So
the increase of the index only occurs in those C, C eno(X(m-l)-X(m-2))

where there is g e Gm-A such that Cg nC'/0. Furthermore, we only need

to consider (X(m-l)-X(m-2))/A . For any C e n0(X(m - I) -X(m -2)),
let CA denote the ^4-orbit containing C.

Definition 4.1. For any C,C e n0(X(m - 1) - X(m - 2)), CA and CA axe
called G m -equivalent if there exists an a e Gm such that CAa nCA^ 0.

Note that the index increases only in those Gm -equivalence classes which con-

tain more than one element. Lemma 4.2 shows the finiteness of Gm-equivalence

classes.

Lemma 4.2. (a) There are only finitely many Gm-equivalence classes containing

more than one element.

(b) Each Gm-class contains only finitely many elements.

Proof, (a) If this is not the case, let S¡ be Gm-classes such that Card(5'!) > 2,

i=l,2,.... Let C¡A e S¡ and suppose that C, G no(X(m - 1) - {v¿})
and v¡ e X(m - 2) for all i. Since X(m - 2) has no closed end point, then

v¡eBP(X(m-l)). If

Card({C,|/ =1,2,... }/(m - l)-relation) < 00,

then it contradicts the hypothesis f(m - 1) < ax + a2 + 2. So without loss of

generality, we can assume that C, and C¡ are (m- 1)-equivalent for all i and

;'. Then choose C\A e S¡ - {CiA} for all /. We can also assume that all C\
and Cj axe (m - l)-equivalent. Then we get Ci, C[, C2, and C2. They are

distinct. Note that C, and C\ are Gm -equivalent for i = 1, 2, Q and C2

are (m- 1)-equivalent, and C[ and C2 are (m - 1)-equivalent. Thus we have

the following diagram: „ „
r     p\ Pp     nci    —►    ••■    —»    c2

Q| Ot2

"-i '" ^2

Note that C, G n0(X(m-l)-X(m-2)) and CinX(m-2) = 0. Recall that Cx
and C2 are (m-l)-equivalent. If ß e Gm-A = Gm_2-^4,then CxnX(m-2) ^
0 by Lemma 1.2, a contradiction. So by the same reasoning, ßx, ßp, yx, yq fi

Gm- A. On the other hand, ax, a2 e Gm - A , and ßx-ßp and yx---yq are

reduced words of G by Lemma 2.1. Therefore, axyx ■ ■ ■ yqa2x ß~x ■ ■ ■ ßx x ̂  1.

But vxaxyx - - ■ yqa2x ß~x ■ ■ ■ ßxx = vx, which contradicts that the G-action is

free. This proves (a).

For the proof of (b) we need Claim 1.

Claim 1. Let C, C e n0(X(m - 1) - X(m - 2)). If CA ¿ C'A and they are
Gm-equivalent, then C and C are not (m - 1 )-equivalent.

Suppose that C e n0(X(m-l)-{v}), C e n0(X(m-l)-{v'}), CanC ¿
0, and va = v' for some a e Gm - A . If C and C are (m - 1 )-equivalent,

then

C = Co -^ • ■ • -^ Ck = C.
By Lemma 2.1, we can assume that ax ■■ ■ ak is a reduced word. On the other

hand, vax---ak = v' and va = v', hence ax---ak — a.   So k = 1  and
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ax = a G Gm - A. By Lemma 1.2, a e Gm - A — Gm-2 - A implies that

C n X(m - 2) 9¿ 0 and C n X(m - 2) ^ 0 , which contradicts C, C' G
7Co(X(m - 1) - X(m - 2)). This proves Claim 1.

(b) For any C G no(X(m - 1) - X(m - 2)) there is a u G X(m - 2) such
that C G 7io(X(m - 1) - {v}). Since X(m - 2) has no closed end point, thus

v G BP(X(m - 1)). If there are infinitely many elements in a Gm-class, then

they are in distinct (m - 1)-classes by Claim 1. This contradicts the hypothesis

f(m - 1) < ax + a2 + 2. This proves (b) and completes the proof of Lemma

4.2.   D

Let Sx, S2, ... , St all be Gm-classes containing more than one element. Let

Sj = {CpA\ij-X <p<ij},       j = 1, ... , t, 0 = i0 < ix < ■ ■ ■ < it = k.

So U;=i Sj = {CXA, ..., CkA} . We divide the proof of f(m) <f(m-l) into
k steps. At each step we just consider one more C"A . We insert k equivalent

relations, called (m - 1, p)-relations, p = 1, 2, ... , k, between the (m - 1)-

equivalence relation and the m-equivalence relation. The (m - 1, p)-relations

involve only C['A, ... , Cp'A . The reason for defining (m - 1, p)-relations is

to make Y(p) a forest (see Definition 4.5). We have the following definitions.

Definition 4.2. For any u, v e X(m - 1), u and v are called (m - 1, p)-

equivalent if the following conditions hold.

(1) u and v axe m-equivalent.

(2) Suppose u = Uo -^-> • • • -^-> uk = v . If u¡-\ and u¡ are not (m - 1)-

equivalent, then w,_i, «, G (fj=\ C'JA .

Definition 4.3. Suppose that   u   and   v   axe   (m - 1, p)-equivalent,   C   e

no(X(m)-{u}), C en0(X(m)-{u}), CnX(m-l) ¿ 0 , and CnX(m-l)^
0. Then C and C are called (m-1, p)-equivalent if the following conditions

hold.
(1) C and C axe m-equivalent.

(2) Suppose C = Co -^ • • • -^ Q = C. If C,-_i n X(m - 1) and C, n

X(m - 1) are not (m - 1 )-equivalent, then u¡-X, u¡ e (fj=\ C ¡A , where C ¡ —

C)' U {vj} if C; e no(X(m - 1) - {vj}).

Lemma 4.3. (1) The (m - 1, l)-relation is the same as the (m - l)-relation.

(2) The (m - 1, k)-relation is the same as the m-relation.

Proof. Claim 1. If m and v axe (m - 1, 1 )-equivalent, then they are (m - 1)-

equivalent.

By Definition 4.2, u and v axe m-equivalent. Suppose that

ttl Oil,

u = uo —-* ■■■ —► uk = V.

If Claim 1 is not true, suppose that w,-_i and w, are not (m - 1 )-equivalent

for some i. By Lemma 2.1, if k > 1, we can assume that a, fi A for all

j. If k = 1 and ax e A, then wo and ux axe (m - 1 )-equivalent, which

contradicts the assumption that u,-_j and u, are not (m - l)-equivalent for

some i. So we can assume that a¡ fi A for all j . If a, G Gm_i - A , then by

Lemma 1.1, u¡-X, u¡ e X(m - 1). Thus «,_i and u¡ axe (m - 1 )-equivalent,

which contradicts the assumption.   So a, G Gm - A.   Since  u  and v  axe
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(m - 1, l)-equivalent, by part (2) of Definition 4.2, u¡-X, u¡ e C"A . Suppose

U/-1 G C G CXA ; then u¡ = u¡-Xa¡ G Ca¡ fi CX'A since a¡ e Gm - A. This
contradicts «,_ x ,u¡ e CXA , and it completes the proof of Claim 1.

Claim 2. If C and C are (m - 1, l)-equivalent, then C n X(m - 1) and
C n X(m - 1) are (m - l)-equivalent.

The proof is similar to that of Claim 1 and is left to the reader.

Note that (m - 1 )-equivalence implies (m - 1, 1 )-equivalence, and (m -

1, k)-equivalence implies m-equivalence.

Claim 3. If u, v e X(m - 1) and u and v axe m-equivalent, then they are

(m - 1, &)-equivalent.

Suppose that u = Uo -^+ • • • -^+ uk = v. If k > 1, we can assume that

a¡ fi A for all i. If k = 1 and ax e A , then u and v axe (m- 1 )-equivalent.

Therefore, u and v are (m - 1, A:)-equivalent. So we can assume that all

a, fi A.
First we prove that u¡ e X(m - 1) for all i. For any i, either a¡ or ai+x is

in Gm_i -A . Say ai+x e Gm-X -A , then by Lemma 1.1, m,-, ui+x e X(m- 1).
So Ui G X(m - 1 ) for all i.

Next we prove that if u¡-X and u¡ are not (m - 1)-equivalent, then they are

in X(m - 1) - X(m - 2). Suppose u¡-\ and u¡ are not (m - l)-equivalent;

then aj fi Gm-X-A. So a¡ eGm- A . If one of w7_i and u¡ is in X(m-2),
so is the other. Since u¡-Xa¡ = u¡ and a¡e Gm -A = GOT_2 - A , if u¡-X, u¡ e

X(m-2), then they are (m-1 )-equivalent. This contradicts the assumption that

Uj-\ and Uj axe not (m - 1 )-equivalent. So u¡-X, u¡ e X(m - 1) - X(m - 2).

Finally we prove that if u¡-X and u¡ are not (m - 1)-equivalent, then they

are in (j)=i C'-A . Suppose Uj-X e C e no(X(m-l)-X(m-2)) and u¡ eC e

7io(X(m- l)-X(m-2)). Since u¡-Xa¡ = u¡ and a¡e Gm - A , it follows that

CA and C',4 are Gw-equivalent. Since aj fi A, it follows that CA ^ CA.

Therefore, CA, C'A e {CX'A, ... , C'¿A) and u}-\, u¡ e \Jjml C'A. This
proves Claim 3.

Claim 4. If C G n0(X(m) - {u}), C G n0(X(m) - {v}), C n X(m - l) ¿ 0,
C nX(m - I) ^ 0, and C and C are m-equivalent, then C and C are

(m - 1, A:)-equivalent.

Suppose C = C0 -^ • • • -^+ Cfc = C. If k > I , then q, fi A and
C, n X(m -l)±0 for all ¿. If k = 1 and a, G ̂  , then C n X(m - 1) and
C nX(m - 1) are (m - l)-equivalent. Therefore, C and C axe (m - 1, /:)-

equivalent. So we can assume that a, fi A and C, n Z(m -1)^0 for all

i. If C/_i n X(m - 1) and C, n X(m - 1) are not (m - 1 )-equivalent, then

a¡ e Gm - A. Since a, eG^-^ and w,_ia, = u,, then M/_i and u¡ are

either both in X(m - 2) or both in X(m - 1) - Z(m - 2).  We prove that

Ui-i, u, e\Jkj=xc"A.

First suppose u¡-X, u¡ e X(m - 2). Since C;_ia, n C, ^ 0, it follows that
C,_i n X(m - 2) and C, n X(m - 2) are either both empty or both nonempty.

Suppose C,_i nX(m - 2) ¿ 0 and C¡nX(m - 2) ¿ 0 . Since C,_ia¿ n C,■ ¿ 0,
it follows C,_i n X(m - 2) and C, n X(m - 2) axe (m - 2)-equivalent, which
contradicts that C,_inX(m-l) and C¡ñX(m-l) are not (m- 1 )-equivalent.

If C/_, n X(m - 2) = 0 and C¡ n X(m - 2) = 0, then Q_j n X(m -I) and
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Ci n X(m - 1) are in n0(X(m - 1) - X(m - 2)). Since C,_ia, nC//0,

k

C,_i n *(m - 1), Ci n aï«! - 1) g (J c;m
7=1

and m,_i , u, G U/=i Cy^l.
Now suppose w,_i, w, G X(m - 1) - X(m - 2). Let u¡-X e C and u¡ e C ,

where C, C G 7to(X(m - 1) - X(m - 2)). Since «,-ia, = w,-, it follows
that Can C ¿ 0. Since a, G Gm - /I, it follows that CA jí C'A and
CA and CM are Gm-equivalent.   Thus CA,CA e {C['A, ... , C'¿A}.   So

m,_i , u¡ G U;=i Cy/4 . This proves that u and v axe (m - 1, &)-equivalent.

Lemma 4.3 follows.   D

Definition 4.4. Let [u\m-X iP) denote the (m - 1, p)-equivalence class contain-

ing u. Let

ind[M](m_ijP) = Card({C G n0(X(m) - {v})\v e [u](m.liP),

C n X(m - 1) ¿ 0}/(m - 1, />)-relation).

Let

f(m-l,p)=    53   (ind["](m-i,p)-2),
[»](m-l ,p)

where [w](W-i ,P) G X(m - l)/(m - 1, p)-relation.

To prove that f(m) < f(m- 1), it suffices to prove that f(m- I, p) <

f(m - 1, p - 1) for all p . We prove this by induction on p ; the hypothesis is

that f(m -l,p-l)<ax+a2 + 2.

Definition 4.5. Let Y(p) be a graph, p = 1, 2.It is defined by the follow-

ing:
K(r(l)) = X(m - l)/(m - l)-relation,
E(Y(l)) = 0,
V(Y(p)) — {connected components of Y(p - 1)} ,

E(Y(p)) = {([«], [v])\[u] ¿ [v] e V(Y(p)), 3x G [u], y e [v] and a e Gm-A

such that xa = y and x, y G \Sj=\ C'jÄ} .

Note that a connected component of Y(p) is an (m - 1, p)-equivalence class

of X(m - 1). Suppose it < p < it+x, we now use the notation set up in

the paragraph before Definition 4.2. For it + I < j < p — 1, there exists an

aj e Gm - A such that C"q; n Cp' ^ 0. If ' < ¿(, then there is no such a¡

such that Cj'aj nC¿±0.
Suppose p — it+l. We prove that the (m - 1, p)-equivalence relation is the

same as the (m - 1, p - 1 )-equivalence relation. Therefore, f(m- 1, p - 1)
= f(m - 1, p). Recall Definitions 4.2 and 4.3. It suffices to prove that if
«,-_i, Uj e [fJ=x C'JA and u¡-Xa¡ = u¡ for some a¡ e Gm - A , then u¡-X, u¡ e

[fjZÎ C'JA . Since (Cp'A(Gm - A)) n (Cp'A) = 0, it follows that u«_1 and u,
axe not both in C'JA . Suppose u¡ e C'JA and u¡-X e C'JA for j < p - i,+ I.
Then there exists an a e Gm - A such that C"a flÇ/0, which contradicts

our assumption. Thus m,_i , u¡ e [fj~¡ C'A .
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In the rest of the paper we assume that it + 1 < p and we denote it + 1 by

i for simplicity. Next we define a bijection y/ between the edges of Y(p) and

cjnar^cjaj).

Definition 4.6. Let y/ : E(Y(p)) -> CJ n ([fjlj C'jaf) be defined as follows: for
all e = ([u], [v]) e E(Y(p)), let y/(e) = {x, y} n CJ, where x e[u], y e [v],

a e Gm, xa = y, and x, y G [fJ=l C'j . We call {x, y} a bridge between [u]

and [v].

Lemma 4.4.   y/ is bijective.

Proof. Claim I.    y/ is well defined.   By Definition 4.5, we only know that
x,y G [fj=xC'j'A.   Note that [u] and [v] axe (m - 1, p - 1 )-equivalence

classes of X(m - 1). If x € [h] and ao G A, then xao and x are (m - 1)-

equivalent. Therefore, they are (m-l, p - 1 )-equivalent. Replacing x and y

by xao and yßo , where qo , ßo € .4 , we have that xao € [w] and y/Jo G [v].

Since xaoaö'a/Jo = yßo and a^'a/Jo G Gm - A, we can assume, without loss

of generality, that x, y G [fj=x C" . Suppose x, G [u], y, G [v], a¡ e Gm- A,

x,a, = y,, and x,, y, G [fj=x C-  for z = 1, 2. We have the following diagram:

ßi ßk
xx    —►   ux    ■ ■ ■    uk-X    —►   x2

yi    —►   vx    -■■    vt-x    —►   y2

where xx, ux, ... , uk_x and x2 are in the same (m-l, p - l)-class [u], and

yx,vx, ... ,vt-X and y2 are in the same (m - 1, p - l)-class [v]. Note that

[u] Í [v]. We prove that {x,, yx} n CJ = {x2, y2} n CJ. If {x,, yx} n CJ = 0,

then Xi, yi G [fjZ\ C" ■ Since Xioi = yi and ai G Gm - A, it follows that

Xi and yi are (m - 1, p - l)-equivalent, thus [u] = [v], a contradiction. So
{xi(y,}nC;^0 for 1 = 1,2.

Case 1. yi ^ y2, yx, y2 e CJ. First we prove that yx e Gm_i -A. If t = 1,
then y^i = y2. Since yi, y2 G CJ and (CJ(Gm - {l}))n CJ = 0, it follows
that /i fi Gm. So yi G GOT_i - A. If Z > 1, we can assume that y¡ fi A
for all z. Since yi and vx axe (m - I, p - 1 )-equivalent, either yi and vx

axe (m - 1 )-equivalent, or yx ,vx e U^i' C'JA . Since yi G CJ , it follows that

yx fi yfjZi C'JA. So yi and vx axe (m - 1 )-equivalent. But yiyi = vx. If

yx e Gm - A, then yi and v x axe (m - 2)-equivalent. In particular, yx,vx e

X(m - 2), which contradicts that yi G CJ e no(X(m - 1) - X(m - 2)). So

yi G Gm-X -A.

Next we prove that ßx~xax fi A. If ^f'ai G A c Gm_i, then uxßxxax =

yx implies that yi and zzi are (m - 1)-equivalent. Therefore, [v] = [u], a

contradiction.

By the same reasoning, we have that y, fi Gm and ßka2 fi A. We can

assume that ßx-ßk and yx---yt axe reduced words by Lemma 2.1. Since

y^i •••yia2"1^1---/if'ai = yi , it follows that y\---yta2x ßkx ■■■ ßxxax = 1.

A simple inspection finds that this contradicts G = GX*AG2. So Case 1 cannot

happen.

Case 2. x2,yx e CJ . As we proved in Case 1, x2 g CJ implies that ßk fi G¡
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and a2yt ' fi A, and yi G CJ implies that yi fi Gm and /J, 'ai fi A. We
still get a contradiction. So Case 2 also cannot happen.

Case 3.  Xi, y2 G C'J .

Case 4. xx ^ x2, xx, x2 e CJ.
Cases 3 and 4 also cannot happen; the proofs are the same.

So the only possibilities are:

(a) x, = x2 G C'J and y,, y2 fi C'J .
(b) yi = y2 g CJ and x,, x2 fi CJ.
This shows y/ is well defined.

Claim 2. y/ is injective. Let e¡ = ([u¡], [v¡]) e E(Y(p)) for 7=1,2. Suppose

x¡ G [u¡], y i G [v¡], and a, e Gm-A such that x,a, = y, and x,, y, G [fj=l C'J

for i — l ,2. Suppose yi = y/(ex) = y/(e2). Since yi G [vx] n [v2], it follows

that [vx] — [v2]. Since xxaxa2x = x2 for aia2 G Gm and Xi, x2 G {fZ\ C",

it follows that Xi and x2 are (m - 1, p - l)-equivalent. Therefore, [ux] = [u2]

and ex = e2. So y/ is injective.

Claim 3. ^ is surjective. For y G C¿'n((Jp/ Cj'a7) there exist an x G \JJZ¡ C'J

and an a7 G Gm - A such that xay = y . Since a G Gm - A = Gm_2 - A , if x

and y are (m - 1 )-equivalent, then by Lemma 1.1, x, y G X(m - 2), which

contradicts y e CJ e no(X(m - 1) - X(m - 2)). So x and y are not (m - 1)-

equivalent. Combining this fact with that y fi [fjl¡ C'JA yields that x and y
are not (m - I, p - l)-equivalent. Thus [x] ^ [y] and ([x], [y]) G E(Y(p)).
Since y([x], [y]) = y, it follows that y/ is surjective. This completes the proof

of Lemma 4.4.   D

Lemma 4.5.  Y(p) is a forest.

Proof. If this is not the case, let [ux], [u2], ... , [uk] be vertices of a minimal

circle of Y(p). Let [m*+i] = ["i]- Suppose x¡j G [u¡] and a¡ e Gm - A

such that x,i2a, = x,+i,i  and x,,2, x,-+i,i G (Jpj=l C'J for i = 1, ... , k and

/?¿ i       Pi *■
/ = 1,2. Suppose x,, i —^ • • • —4 x,, 2 for all z. By the argument given in

the proof of Claim 1 of Lemma 4.4, we can prove that

ß\,\ ■■• ß\,k{ot\ß2,\ ■■■ ß2,k2---<*k 7¿ 1-

On the other hand, since the action is free and

*l,lP°l,l ■•• ß\,kx<*\ß2,\ ■■■ ß2,k2 ■••«** =*1,1>

we have

^1,1   ■■ ßi,klaxß2,x ■■■ ß2,k2---ak = 1,

a contradiction.   D

Lemma 4.6. (1) Caxd(BP(CJ n ([fjlj CJaj))) < co.

(2) Card{x G C'J n (U^I,1 Cj'ay)|/J(x) = 1} < co,

Proo/. (1) If this is not true, then let  x,  e BP(CJ n (U;!/1 Cj'ay))   for  Z

= 1,2,.... Since xt G \J~] CJotj, there exist y, e \J¡Zt c" and ß, e {a,,

... , ap_i} , such that y ißt = x, for all t. Since all x, are branch points and

f(m - 1, p - 1) < ax + a2 + 2, we can assume that all x, are in the same
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(m-l, p- 1)-equivalence class. On the other hand, since ind, ,P-¡  „   (yt) > 3,
U¡=¡ S ai

it follows that ind[y¿](m_i p_i) > 3. So we can also assume that all y, are in

the same (m - 1, p - l)-class. Suppose y,-/?,- = x, for z = 1,2, xi and x2

are (m - I, p - 1 )-equivalent, and so are yx and y2. Since ([xi], [yi]) =

([X2], [V2]), it follows that xi = ^[Xi], [yi]) = ^([x2], [y2]) = x2 , which con-

tradicts that Xi t¿ x2 . This proves (1)-

(2) Suppose ß(xt) = I fox t = 1,2, ... . Since ß(xt) = 1, it follows that
xk fi [x,, Xj] for i, j, and k distinct, thus

Y(x,, Xj, xk) e BP I C'J n m CJaj J J .

If there are infinitely many  x,   and there are only finitely many distinct

Y(x¡, Xj, xk), then

indc>>(Y(x¡, xj,xk)) = oo

for some i, j, and k, which contradicts that f(m - 1) < ax + a2 + 2. If there

are infinitely many distinct Y(x¡, Xj, xk), then it contradicts (1). So there are

only finitely many xt, and (2) follows.   D

Definition 4.7. Let

ß(x) = Card I Tto I C'J n l"\J C'J a, YA]

for x G (Cjn (Up1 CJaj)).

Put {xp} = C"p - C'J , and let

s=íl   i{xpe\Jlv]eU[v],

I 0   otherwise.

Let U be a subtree of Y(p), and let

ind(U) = Card({C G n0(X(m) - {x})|x G U,

C n X(m - l) ¿ 0}/(m - 1, p)-relation).

This is an analogue of ind[x]m .

Lemma 4.7. Let U be a finite subtree of Y(p). Then

(ind(U)-2)- 53 (ind[y](m_,,p_,)-2)
M(m-l.,-l)eK(I/)

<   53  (2-ßy/(e))-o.
eeE(U)

Proof. We prove this lemma by induction on Caxd(V(U)) = k. If k = 1, then

U is a single point v . If ô = 0, then

Card({C G n0(X(m) - {x})|x G [v],

CnX(m- 1) f 0}/(m- I, p- l)-relation) -2

> Card({C G n0(X(m) - {x})|x g [v],

C n X(m - 1 ) 9¿ 0}/(m - 1, p)-relation) - 2

and ind({7) - ind[i;](m_i>p_i) < 0.
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Suppose ô = 1. Recall that c"p = C'J u {xp} . Since ô = 1, it follows that
xp e [v] and C'J e n0(X(m - 1) - {xp}). Note that CJ and C¿'_, are not

(m - 1, p - 1 )-equivalent, but they are (m - 1, p)-equivalent. Therefore,

Card({C e n0(X(m) - {x})|x G [v],

CnX(m- I) ¿0}/(m- l,p- l)-relation)

> Card({C G n0(X(m) - {x})|x G [v],

C n X(m - 1) # 0}/(m - 1, /?)-relation) + 1.

If k > 1, then suppose a subtree U satisfies Lemma 4.7 and Caxd(V(U)) =

k. We consider a subtree U U {[v]} . There exists a unique e G £(r(/?)) such
that e joining v and U.

Let {zz', u'} be a bridge between [v] and [m] g V(U) and w' G Cp . Suppose

that ßy/(e) = t. Then

í = Card L í [cj n IÍjCÍ'a;j ]-{"'}] ) ■

Suppose that

C,, ... , C, G no I I C;n líj Cjaj\ j - {«'} J .

Then there exist ßj e Gm - A such that u'ßj e [fsZ¡[ CJ fox j = I, ... , t.

Furthermore, there exist Cj G 7r0(^(m - 1) - {u'ßj}) such that Cjßj n Cj ^ 0

fox j = I, ... ,t.

Case 1. ô = 0 By Lemma 2.2, C, and C, are not m-equivalent for i ^ j.

Since C//?y- n Cj ^ 0 and w' G CJ , we have that C7 and Cj are (m - 1, p)-

equivalent but not (m - 1, p - l)-equivalent. Therefore, C,' and Cj are not

m-equivalent for i ^ j, and neither are C¡ and Cj. So

Card({Ci,..., Q, C[,... , Cf}/(m -l,p- 1/relation) = 2z,

Card({Ci, ... ,Q, C[,... , Cf}/(m - 1, p)-relation) = t.

Without loss of generality, we may assume that u' e [u] and v' e [v]. Since at

least / representatives (for example C[, ... , Ct) of

{CG7T0Wrz)-{x})|xG[t;], CnX(m- l)^0}/(m- l,p- l)-relation

are (m - 1, />)-equivalent to t representatives (for example Cx, ... , Ct) of

{C e 7t0(X(m) - {x})\x e [w]{m_XtP) n U,

C n X(m - 1 ) # 0}/(m - 1, /?)-relation,

then [i)](ffl.|iP_i) brings in at most ind[v](m-Xp-X)-ßy/(e) distinct (m-l,p)-

equivalence classes of directions. Therefore

ind(U U {[v]}) < ind(U) + (ind[i;](m_, >p_d - ßy/(e)).
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By induction,

(ind(U)-2)-l   53   (indM(B-i,,-i)-2)]<   53  (2-ßy,(e')).
\[u)eV(U) )       e'eE(U)

Thus

ind(£7 U {[v]}) - 2) - (       53       (ind[«](m_, ,,_„ - 2) j
\[u]ev{uu{iv]}) J

= (ind(Uu{[v]})-2)-i   53   (ind[«](m_1,p_1)-2)j

-(ind[u](w_i)iP_i)-2)

< (ind(U) + ind[u](m_i ,p_d - ßy/(e) - 2)

£   (ind[«](m_i iP_d - 2)    - (ind[v](m_i >p_1} - 2)

\Mev(u) )

< (ind(U) -2 + ind[v](m_1 ,p_,) - 2 + 2 - ßy/(e))

£   (ind[MJ(m-i ,p-\) - 2) j - (ind[v](m_i ,p_i) - 2)

\["]€K(Z7) /

< 53   (2-ßyv(e')) + (2-ßy,(e))<       Y      (2 -/W))-
e'eE(U) e'eE(Uu{[v]})

Case 2. S = 1. If CJ and CJ_X axe not (m - 1, p - 1 )-equivalent to any C,
and C\ for i = I, ... , t, then

Card({C,,..., Q, C[,..., C't, CJ, C;_,}/(m - 1, p - l)-relation) = 2z + 2,

Card({d.Ct, C[, ... , C[, CJ, CJ_x}/(m - 1, /?)-relation) < t + 1.

Therefore, the contribution of [v] to w(U U {[v]}) is less than or equal to

ind[z;] - ((2/ + 2)-(t+l)) = ind[v] - (t + 1).

If CJ is (m - 1, /> - 1 )-equivalent to some C,, then CJ_X cannot be (m -

1, p - l)-equivalent to any C¡ or Cj, i / j. Otherwise C, and C¡ will be

(m - 1, /7)-equivalent, which contradicts Lemma 2.2. If CJ_X is (m - 1, p- 1 )-

equivalent to C(', then C, and C;' are (m - 1, p - 1 )-equivalent, which also

gives a contradiction. Thus

Card({Ci, ... , Q, C[,..., C[, CJ, CJ_x}/(m - I, p - l)-xelation) = 2t + I.

Since C\,..., Ct represent t distinct (m - 1, p) -equivalence classes,

Card({C,, ... , C,, C[, ... , C't, CJ, CJ_x}/(m - 1, p/relation) = /.

Then [v] brings in at most ind[v] - ((2t + I) - t) - ind[w] - t - I distinct

(m - 1, p)-equivalence classes of directions. Therefore

ind(U U {[v]}) < ind(U) + (md[v]{m.x tP.x) - ßyy(e) - 1).



366 RENFANG JIANG

Thus

(ind(t/u {[«]})-2)-(       53      (indI«](w_i,p_!)-2)
\[u]ev(uu{[v]})

= (ind(U) - 2) - ¡   53   (ind[M](m_i)P_i)-2)J-(ind[u](w_1>p_i)-2)
\{u]ev(U) )

< (ind(U) + ind[u](M_i ,p_i) - ßy(e) - 1 - 2)

53   (ind[w](m_, >p_i) - 2) I - (ind[u](m_1 iP_d - 2)
U"]€F(r/) /

< (ind(fJ) - 2 + ind[v](w_,,,_,, - 2 + 2 - p>(e))

53   (ind[«](M_i ,p_i) - 2) 1 - (ind[v](m_, >P_D - 2) - 1
yluiev(U) J

< 53   (2-ßy,(e')) + (2-ßy,(e))-l<   Y   (2-pW))-l-
e'€E(U) e'eE{U)

This proves Lemma 4.7.   D

Lemma 4.8.  f(m - 1, p) - f(m - 1, p - 1) < £e6£(r(p))(2 - P>(e)) - 1 •

Proof. Recall that ^(e) = {x, y} n (C;' n (Up1 CJaj)). Let U be a finite
subtree of Y(p), and let [x](m_ip) be the connected component of Y(p) con-

taining U . Since by Lemma 4.6,

Card{e G E(Y(p))\2 - ßy/(e) ¿ 0} < co,

then for U big enough, 2 - ßy/(e) — 0 for all e G £Tx](m_i >p)) - E(U). Thus

ind({7) = ind[x](m_iP). We think of [x](m_i>P) as a connected component of

Y(p), not a vertex of Y(p + 1). Note that ind[x](m_i p) < co. If

(ind[x](m_i,p)-2)- Y (ind[u](w-i,p-i)-2)

\M£V[x\„-x,p-o)

> 53        (2-ßy,(e))-ö,
ee£M(m-i,p-i))

then there exists a big finite subtree U of [x](m_i iP), such that

(ind(C/)-2)-(    53   (ind[zj](m_1,p_i)-2)j >   53 (2-/?^))-5,
\MeF(f7) /        e€E(U)

which contradicts Lemma 4.7. So

(ind[x](m_i,p)-2)- Y        (ind[w](m-i,j»-i)-2)

\W6fM(«-l,p-l))

< 53        (2-/ty(*))-¿
f6£[i](„_i,,-i))
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Taking the summation over all [x](m_iiPj G X(m - l)/(m - 1, p)-relation, we

get

53   (ind[x](m_,;P)-2)-    Y     I £ (indM(m-i.,i>-i)-2)
M(m-l.p) Mfm-l.p)    V'l^Ml«-!,,-!))

*    £    f        £       (2-ßw(e)))-ö=    53   (2-ßy,(e))-l,
M(m-i,p)  \e6£M(m-i,p-i)) / eeE(T{p))

where [x](m_i>P) e X(m - l)/(m - 1, p)-relation. This proves Lemma 4.8.   D

Since y/ is a bijection, then

53    (2-ßy,(e))= 53 (2-ß(x)).
eeE(r(p)) xeQ'níuJ-'Cj'o,)

To show f(m- 1, p) < f(m- I, p - 1) and to complete the proof of the

theorem, we only need the following lemma.

Lemma 4.9.  £,eC,,n(U;-; c,/aß - ß(x)) < 1.

Proof. We prove this lemma by induction on

Card\xeCJn ( |J Cjaj ß(x) = l\=k.

If k < 1, we are done.   Suppose k > 1.   Let 77 = {1} and Y = Cp n

({fjl!~c"(*j)- Then Lemma 4.6 shows that Card(777,(7)/77) < co. Since
f(m - 1) < ax+ a2 + 2, it follows that indy(x) < co. Applying Lemma

3.7 to 77 and Y yields that Exey(2 - indy(x)) < 2. Since

Y = C"pn Í U C"ja\ = icjn Í U Cj'a\ J U{xp},

we have

53 (2 - ß(x)) + (2- indy(xp)) = 53(2 - indy(x)) < 2.
^Cp^'J Cj'oj) xeY

Since indy(xp) = 1, it follows that T,xeCpln(iv>-' c,,a})(2 - ß(x)) < 1. This

proves Lemma 4.9, and completes the proof of the theorem.   D
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