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R. H. GUREVlC

Abstract. We consider algebraic relations between explicitly presented ana-

lytic functions with particular emphasis on Tarski's high school algebra prob-

lem.
The part not related directly to Tarski's high school algebra problem. Let U

be a connected complex-analytic manifold. Denote by ¿?(U) the minimal field

containing all functions meromorphic on U and closed under exponentiation

/ h- ef. Let fj € &~(U),pj e J(U) - {0} for 1 < j < m, and gk 6
&(U), qk £Jt(U)-{0} for 1 < k < n (where Ji(U) is the field of functions

meromorphic on 11). Let f¡ — f¡ $ ß?(U) for i ^ j and gk - g¡ £ ßf(U)
for k ^ / (where £?(U) is the ring of functions holomorphic on U). If all

zeros and singularities of

EL. ftf'*

are contained in an analytic subset of U then m = n and there exists a

permutation o of {1,... , m] such that h = (Pj/qa^)) • e'i~s"^ for 1 <

j < m . When heJf(U), additionally /; - ga{j) £ Jt(U) for all j .

On Tarski's high school algebra problem. Consider L = {terms in variables

and 1, + , •, Î} , where |: a, b >-» ab for positive a, b . Each term t € L

naturally determines a function 7 : (R+)n —» R+ , where n is the number of

variables involved. For S C L put S = (i\t € S} .

(i) We describe the algebraic structure of A and 5C , where A = {t e L\

if u Î v occurs as a subterm of / then either « is a variable or u contains

no variables at all} , and £? = {t e L\ if u î v occurs as a subterm of t

then u 6 A} . Of these, A is a free semiring with respect to addition and

multiplication but JS" is free only as a semigroup with respect to addition. A

function i £ S is called +-prime in 5 if 7 / u~ + v for all u, v e S and

is called multiplicatively prime in 5 if 7 = m • v => « = 1 or v = 1 for

u, v € S . A function is called (+ , -J-prime in S if it is both +-prime and

multiplicatively prime in S . A function in A is said to have content 1 if it

is not divisible by constants in N - {1} or by / 1 (+ , ^-primes of A . The

product of functions of content 1 has content 1 . Let P be the multiplicative

subsemigroup of A of functions of content 1 . Then J' as a semiring is

isomorphic to the semigroup semiring A(®fPf), where each Pf is a copy of

P and / ranges over the ^ 1 +-primes of Sf .
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(ii) We prove that if t, u £ 5? and R+ h t = u (i.e., if 7 = ïï) then

{Tarski's "high school algebra" identities} \- t = u . This result covers a conjec-

ture of C. W. Henson and L. A. Rubel. (Note: this result does not generalize

to arbitrary t,u£ L. Moreover, the equational theory of (R+ ; 1, +, •, T) is

not finitely axiomatizable.)

Notation

N = {1,2,3,...} (the positive integers), N0 = N U {0}, Z = {integers},

Q = {rational numbers} , R = {reals}, R+ = {positive reals}, C = {complex

numbers}, C» = C - {0} .
"J*"' refers to "holomorphic". In particular, ^{U) — { functions holomor-

phic on U} , Jfc = {holomorphic germs at £ £ U} , &*{U) = {/ £ &(U)\1u £

U : f(u) ¿ 0} , and ^ = {f £ ̂ |/(f) + 0} .
""Jf" refers to "meromorphic". In particular, Jf^ = {the germs meromorphic

at Q = the field of quotients of the ring ßfy, and JfiU) = { meromorphic

functions on U} . Note that a meromorphic function on U is a section over

U of the sheaf Jf of the quotient fields of the sheaf of rings X, i.e., is a

quotient of holomorphic functions in a neighborhood of every point, and is not

necessarily a quotient of holomorphic functions on U.

Preface

Our involvement with this topic began in 1981 when Gregory E. Mints at-

tracted our attention to "Tarski's high school algebra problem". Tarski's quan-

tifier elimination for real-closed fields nowadays is used both in pure mathe-

matics, e.g., in semialgebraic geometry and in ordinary differential equations,

(for the latter see [3, §37]), and outside it, e.g., in robotics (see [32] and ref-

erences there). But Alfred Tarski was interested also in the theory of the reals
equipped with a transcendental operation. The most common transcendental

operations are the trigonometric ones and exponentiation. The trigonometric

operations present an unpleasant perspective for a logician: they permit one to

define Z c R by a first-order formula and consequently they prevent decidabil-

ity of the corresponding elementary theories and allow one to define subsets of

R" with rather bad topological structure. So Tarski asked a number of logical,

model-theoretic, real-analytic, etc. questions on exponentiation. "Exponentia-

tion" sometimes refers to the operation exp: z >-> ez for z e C, and sometimes

to the operation \: a, b h-» ab for a, b £ R+. In the former case it is most

natural to consider functions Cm —> C represented by terms in constants, vari-

ables, and operations +,-,-, exp, and in the latter case it is most natural to

consider functions Nm -> N or {R+)m —> R+ represented by terms in posi-

tive (integer) constants, variables, and operations +, •, T ■ The function classes

arising from both exp and { have received significant attention. The former

class is called the (complex) Shanuel class (see, e.g., [8, 19]).1 The latter classes,

we think, have no established names, but their subset consisting of the functions

represented by one-variable terms with positive integer constants is called the

Skolem set (see [7, 11, 12, 15, 18, 29, 34, 36]).

'There is a noninterrupting (since the Ritt times at least) activity on "exponential polynomi-

als" among analysts and number theorists. Exponential polynomials are linear combinations with

constant coefficients of functions of the form e112 with p £ C .
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Another point of view, largely due to V. I. Arnold, is that one should not

worry much about decidability but attempt to find analogues of the "projec-

tion of a semialgebraic set is semialgebraic" result to larger classes of semiana-

lytic (or similar) sets, and that having achieved this the questions of effective-

ness would be easier to approach. And indeed, that was done by L. van den

Dries, see [9, 10]. A number of Muscovites attempted to extend various results

from géométrie algébrique to géométrie analytique: in particular A. G. Hovan-

ski proved magnificent finiteness results (see his contribution "Fewnomials and

Pfaff manifolds" to the International Congress of Mathematicians (Warszawa

1983), and references there).

The topic of this paper is how to detect algebraic and analytic relations be-

tween explicitly presented functions, with particular emphasis on Tarski's high

school algebra problem.

Denote by L the class of terms in variables and  1, +, •, î .  Each t £ L

naturally determines a function 7: (R+)" —► R+, where n is the number of

variables involved. Suppose t, u £ L ; we want to know if 7 = « . This problem

is "solvable", i.e., some badly slow algorithms were published (they are primitive

recursive, but that leaves open the question of whether a computer can answer in
_ •? _

your lifetime "i = m" for a couple of 1000-symbol long terms from L). Further,

let tx, ... , t„£ L. You might want your computer to tell you if lx, ... ,ln are

algebraically dependent, and if they are, then to provide a nontrivial polynomial

/e Z[xx, ... , x„] with f{ii, ... ,t„) = 0. We do not restrict ourselves to L,

e.g., we are interested in effective ways to detect algebraic and analytic relations

between functions presented by expressions like

tanXr^°yV  ,        sin(;tsin('/*>),        {e* + r(tanx))tan*,

but we prefer to use L as our main testing site. The main reason for this is

our far-extending beliefs concerning the algebraic structure of L = {t\t £ L]

without having any idea on how to prove them.

The main results of the paper, (i) A description of algebraic relations between

the functions (on an arbitrary connected complex-analytic manifold) obtained

from the meromorphic functions by operations +,-,-,/, exp, where exp : /
-» ef (§2).

(ii) A study of the class of functions presented by terms in Jz? = {t £ L\ if

a ] b occurs as a subterm of t then a £ A}, where A = {t e L\ if a ] b

occurs as a subterm of / then a is either a variable or contains no variables

at all}. This includes an algebraic description of S? = {l\t £ S?) and the

proof of Tarski's conjecture on 5? : if t, u £ 5? and 7 = ü then the identity

t = u can be derived from "high school algebra" identities; see [18]. The latter is

stronger than the Henson-Rubel conjecture in [19] that Tarski's conjecture holds

on n = {/eL| if alb occurs as a subterm of t then a is a polynomial}.

1. Introduction

1.1. Introductory examples.

Example 1. Let p¡ £ C[z] and pk - p¡ ^ const for k ^ I. Then the functions

{epi(zî}j are linearly independent over Ciz).



4 r. h. gurevic

This is a very special case of the Hiromi-Ozawa lemma (see §1.3) and admits

the following elementary proof.

Let q¡ £ C[z] and £"=1 ?;(z) • ep>(z) =0.1 have to show that q¡ = 0

for j = 1, ... , n. Proceed by induction on n ; the case n = 1 is trivial.

Let n > 1. For the induction step from n - 1 to n proceed by induction

on deg(<7„); the case of deg(<?„) < 0, i.e., of qn = 0 is just the induction

assumption on n - 1. Suppose that qn ^ 0. We have 2^;=/ qreP'~p" +Qn = 0,

whence by differentiation Y^ZliQ'j + Qj • iPj - Pn)')ePj~p" + <fn ~ 0- Since
deg(<7¿) < deg(^„) by the induction assumption on deg(<7„), we have q'n = 0

and q'j = -qj • (pj - p„)' for 1 < j < n — 1. Since {pj - p„)' ^ 0 because

Pj -Pk ¥" const, we have deg(gj) < deg(#/ • (p¡ -pn)') unless qj = 0. Thus

q}-, = 0 for 1 < j < n - 1. Then qn = 0 too.

Example 2. Let px,...,p„ £ R+(x) (i.e., rational functions with positive

real coefficients) and q £ C[x], q ^ const. If Pj ^ pk for j ^ k then

the functions {(/Jy(z))i(z)}; (well-defined on R+) are linearly independent over

C(z).

This is a very special case of other complex-variable results (see §§3 and 4)

and the proof below introduces one of the basic ideas of the paper.

Let Tj £ C[z] and VJ"=1 r, • ipj)q - 0; we have to show that r¡ = 0 for

1 < J < n . Proceed by induction on n . Upon dividing all summands by ipx )q

one can assume that px = 1 . If pi, ... , p„ are all regular, i.e., have neither

zeros nor poles in C, then they are distinct constants and the statement follows

from the result of Example 1.

Suppose that not all of pi, ... , pn are regular. Then for at least one j the

result of the analytic continuation of ipj)i into C is multivalued. Let z £ C
be a zero or a pole of some {Pj}"j=2 ■ The analytic continuation of (j)j)q along a

loop winding counter-clockwise once around z multiplies it by exp(27t/'^_,-^(z)),

where p¡ is the multiplicity of z in Pj, p¡■ £ Z. Such continuation along a

loop winding k times counter-clockwise around z multiplies each r¡ • ÍPj)q

by exp(27r7/z;^(z)/c). However, the total sum must remain zero: £/=i rj '

ÍPj)q • expi2nipjqk) = 0. Consider the set M = {pj\j = 1, ... , n} c Z.
Since some p¡ may coincide, M may contain fewer than n elements but,

by the assumptions made, M contains more than one element: 0 e M and

M - {0} t¿ 0. For each m £ M put gm = YJ{r7 • ÍPj)q\Pj - m}; then
J2meMgm • e\pi2nimqiz)k) = 0 for all k £ Z. Denote / = \M\. One can
regard

s/-..

^2 gm • e\o{2nimqiz)k) = 0 \

meM ) k=o

as a system of linear equations for {gm}m^M ■ The determinant of this system

has the form
1 1      •••      1
U t2     •••      t,

t'Lx    tl~x    ••■    t'Lx
tx       t2 il
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where tk = expi2nimkqiz)), M = {mx, ... , m¡). Since q ^ const all {tk}k

are distinct, and consequently the (Vandermonde) determinant above is not

zero. Hence gm = 0 for all m £ M. Since each gm consists of fewer than n
summands, the induction assumption provides the result.

Example 3. Let X £ C - Q. Then there are no analytic relations between ez

and eXz , i.e., if / is a function holomorphic in a neighborhood of (1, 1) in C2

and f{ez, eXz) = 0 whenever this expression is defined then / = 0 identically.

This statement splits into two totally dissimilar cases: X £ R - Q and X" £

C - R, considered in some detail below. The case of real X can be generalized

as follows.

Example 4. Let {Xj}"=l C R be linearly independent over Q, and / be a

holomorphic function in n variables whose domain contains at least one point

(z,, ... , zn) with \zx\x^ =... = \z„\l'x* #0. If f(e*tZ,... ,ex"z) = 0 when-

ever this expression is defined, then / = 0 identically.

Show first that {exJz}"=1 belongs to the domain of / for at least one z . Let

(zi, ... , z„) £ dom(/) and r = \zx\x/^ = ■•• = ^„l1^" ^ 0. Consider z =

logr+is, s £ R. Then \ex>z\ = \zj\ and the argument of ex>z is XjS (mod27rZ).

Since the Xfs are linearly independent over Q, by a theorem of Kronecker the

set
{ieiX,s,...,ea"s)\s£R}

is dense in the product of n copies of the unit circle. Thus one can approximate
(zj, ... , z„) with points of the form iex'z, ... , eXnZ).

Let z be such that {eXjZ}"=l belongs to the domain of /. Since {A/VL|

are linearly independent over Q, by a theorem of Kronecker for any e e R+

and {ij}"=x C iSx)n (where Sx is the unit circle in C) there exists a real 6

such that maxj \£,j - elX'e\ < e. Since fi{ex>z • eiXJe}"=l) = 0 whenever this

expression is defined, by continuity fi{ex'z •£/}jL1) = 0 whenever all ¿^ have

modulus 1 and are sufficiently close to 1. Since / is holomorphic this implies

that fi{ex'z •í/}?_j) = 0 whenever all Çj are sufficiently close to 1, whence

f({wj}¡=\) — 0 whenever this latter expression is defined.

The second case of Example 3, of nonreal X, cannot be generalized the way

the case of X real was.

Example 5. Let X £ C - R. The mapping h: z ^ iez, eXz) is a proper embed-

ding of C into (C - {0})2 . Since (C - {0})2 is a Stein manifold, A(C) being
a complex-analytic submanifold is also a variety2 in (C - {0})2. Let X, p £C

with reA, rep < 0 and imA < 0 < imp. Then g : z ■-► iez, eXz, e112) is a

proper embedding of C in C3. Thus again g(C) is a variety.

The statement that g(C) is a variety for g : z h-> iez, eXz, e111), reX, rep <

0, imX < 0 < imp, tells us only that there exists an entire function in three

variables which is not identically zero but hie1, eXz, eßZ) = 0. How com-

plicated is it? If 1, X, p are linearly independent over Q, then obviously h

cannot be a polynomial. Moreover, then (we can prove that) h{u, v, w) cannot

be obtained from the variables u, v ,w and constants by means of operations

2"Variety in U" means "the zero set of an ideal in ^(U)".
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+ ,-,-, exp (in other words, h cannot belong to the Schanuel class). It is easy

to see that the mapping z h-> {eXxZ, ... , ex"z) is a proper embedding of C into

C" if and only if 0 belongs to the interior of the convex hull of {Xx, ... , X„}.

This fact provides one more necessary condition for analytic independence of

eXlZ, ... , eXnZ (in addition to the linear independence of Xx, ... , Xn over Q).

We do not know whether these two necessary conditions are sufficient. The

second case of Example 3 is contained in the following.

Example 6. Let Xx, ... , Xn £ R be linearly independent over Q and p £

C- R. If / is holomorphic in a neighborhood of a point w = {wx, ... , w„ , 0)

in C"+1 with \wx\x/x< = ■■■ = \wn\x'x" ¿ 0 and f{ex'z, ... , ex"z, e»2) = 0

whenever this expression is defined, then / = 0 identically.

Suppose the contrary: let / not be identically zero. Without loss of generality

one can assume that the germ of f at w £ C"+1 is irreducible. Besides,

one can assume that imp > 0. Let U be a polydisk centered at w and

contained in the domain of /. As in Example 4 one can easily see that there

exists a z £ C such that i{ex>z}"=x, eßz) £ U. By Kronecker's theorem, for

any e, M £ R+ and any {£;}"=, C iSx)n (where Sx is the unit circle in

C) there exists a real 6 > M such that max; l^- - elX>e\ < e. Note that

\ep(z+id)\ < \epz\.exp(_[mfi.M). Hence by continuity fi{ex'z • ¿;};"=1, 0) = 0

whenever all Çj have modulus 1 and are sufficiently close to 1. Since / is

holomorphic, then fi{eXjZ •Çj}"=l, 0) = 0 whenever all Çj are sufficiently close

to 1, whence fi{Wj}"=l, 0) = 0 whenever this latter expression is defined.

Then / is divisible by w„+x ; and since / is irreducible, / = wn+x- (a unit).

But wn+x does not vanish on z t-> (... , e^z).

The examples below come nearer to what we do in this paper. Their proofs

are also examples—of how to use the technique developed in the paper.

Example 7. Let /, g be meromorphic in a neighborhood of 0 in C, / have

a zero or a pole at 0, and g not be a rational constant. Let /(C) £ C - {0},

giQ £ C; fix a value for XogfiQ. Then fg (a holomorphic germ at Ç) is

analytically transcendental, i.e., if /z(u>, u) is holomorphic in a neighborhood

of {£} x C in C2 and h{w, fiw)g<-w*>) = 0 in a neighborhood of Ç then h is
identically zero.

Consider first the case of g £ R - Q. The analytic continuation along a loop

winding around 0 multiplies fg by e\o{2nigkm), where k is the multiplicity

of / at 0 ik ^ 0) and m is the winding number. However, /z(u>, e2nigkm -fg)

has to remain 0. By Kronecker's theorem the set {e2n,gkm\m £ Z} is dense

in the unit circle, and hence h{w, S, • fg) = 0 whenever |£| = 1. Since h is

holomorphic, hiw , Ç • fg) = 0 for all t, £ C, and thus h - 0 identically.
Let g £ R. Without loss of generality one can assume that h is not divisible

by u, i.e., the zero set of h does not contain Cx {0}. The analytic continuation

along a loop winding around 0 multiplies fg by expi2nigiw)km), where

k is the multiplicity of / at 0 and m is the winding number. Choosing

w with g{w) $l R and a sequence {m„}„ one can make exr){2nig{w)km^)

converge to zero. Thus h{w , 0) = 0 for w with giw) f R, and consequently

h{w , 0) = 0 for all w , the latter contradicting the assumption on h .
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Example 8. Let /, g be holomorphic in a neighborhood of [0, n/2] and not

be rational constants. Then (sinx)^(x) and (cosx)i(jc) are analytically inde-

pendent, viz. if A(z, u, v) is holomorphic in a neighborhood of [0, n/2] x C2

and /z(x, (sinx)-^, (cosx)*) = 0 on (0, n/2) then h is identically 0.

If / and g are real constants then by the same reasoning as in the previous

example /z(x, £ • (sinx/, n • (cosx)g) = 0, where £ and n are new indepen-

dent complex variables (continue analytically (sinx)^ around 0 and (cosx)g

around n/2), and hence h = 0 identically.

Let at least one of f, g not be in R. Without loss of generality one can

assume that hiz,u,v) is not divisible by u or v, i.e., that the zero set

of h contains neither [0, 7r/2] x {0} x C nor [0, n/2] x C x {0}. Let w

be sufficiently close to [0, n/2] and let at least one of im f{w), im g{w) be

nonzero. The analytic continuation along a loop winding around 0 or n/2,

respectively, leaves one of icosw)8 and (sin w Y intact while the other one is

multiplied by exr>i2nif{w)m) or expi2nig{w)m), where m is the winding

number. By choosing a sequence {m„}„ one can make the appropriate one of

ex-pi2nifiw)mv) and exp(27r/'g(u;)m,,) converge to zero. Thus

h(w , {smw)f{w), 0) = 0   or   h{w , 0, (costu)*(u,)) = 0.

By the arbitrariness in the choice of w , at least one of the above "= 0" holds

identically. By the previous example, hiw,0,v) = 0 or h{w,u,f)) = 0

identically, contradicting the assumption on h .

Example 9. Let /, g be nonconstant entire functions such that both /(C), ¿»(C)

£ R+ for some C (to have the exponentiations below defined in the usual way

at C) • If there exists an entire /¡(z, u, v), not identically zero, such that

hiz, (/(z)^+ 1)^, (g(z)^+ 1)^ = 0,

then f=g.

Of course, this is not a statement on mysterious properties of \[2 or +1 .

One possible generalization is

Example 10. Let /, g be nonconstant entire functions, P be a polynomial

in w with coefficients in C(z), degU)(/>) > 0, and P not be divisible by w .

Let X, p £ R - Q. Take a point C € C" and the values of logarithms needed

such that a = (P(z, fx))M and b = (P(z, gx)Y are both well defined in a

neighborhood of C • If there exists an entire h{w , u, v), not identically zero,

such that h{w , a{w), b{w)) = 0 in a neighborhood of C, then f = g .

The proof is analogous to, but is more difficult, than the proofs of the previous

examples. Again, the underlying idea is to continue the germs analytically and

to describe the monodromy, i.e., how the results of the analytic continuation

are related to the original germs.

1.2. On Tarski's high school algebra problem. In this section we discuss briefly

the aspects of Tarski's high school algebra problem dealt with in this paper. We

state several conjectures, present examples, and make some remarks. Then we

present some basic results and prove the "it is easy to see" statements of this

section. Reminder: N does not contain 0, No = N U {0}.
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Let î be the binary operation symbol for a, b >-> ah . For a set V of vari-

ables let LiV) be the set of terms built up from variables in V and constants

for natural numbers with operations +, •, Î . Each a £ LiV) determines nat-

urally a positive real function a~ on the positive orthant {R+)v of Rv .

The following question of A. Tarski was popularized by L. Henkin in [18]: if

two terms from L(K) represent the same function on (R+)F can their identity

then be derived from the high school algebra axioms? The "high school algebra
axioms" are

(1) 1* = 1, x1 = lx = xl =x,
(2) x + y = y + x, xy = yx,
(3) x + {y + z) = (x + y) + z, xiyz) = ixy)z,

(4) x(y + z) = xy + xz,
(5) x^z = x^xz,

(6) xzyz = ixy)z ,

(7) x?z = ixyy.

It is convenient to have the constants for all natural numbers and the defining ax-

ioms for the constants: const„+i = const« -t-1. Then ¿7" = {the axioms (l)-(7)}

U {the defining axioms for the constants} . Terms t,u £ L will be called 3~-

equivalent, written t —^ u, if 3~ Y- t = u. The above question then is: for

t ,u £ L does R+ 1= t = u imply t =$- u ? This question was answered neg-

atively by A. J. Wilkie in [36]; see [18] for earlier results and [15] for some

later results. The assertion that for terms from a particular subclass of L{V)

the functional identity implies the derivability is often referred to as Tarski's

conjecture for that class.

Let L{V) = {ä\a £ LiV)}. What can be said about arithmetic properties of

L{V)1 One of the reasons to ask such a question is the fact that in cases where

Tarski's conjecture was proved it was actually derived from the arithmetic prop-
erties of the classes considered. It is also interesting to compare the arithmetic

properties of L and of the class of polynomials with positive integer coeffi-

cients. The classes of positive integer and real polynomials were considered in

connection with ergodic theory and some other topics; see, e.g., [16].

The functions in L are real-analytic. If in 7 : Nm —» N, ¿_e L, all indeter-

minates except one are fixed then the resulting function is in L (the remaining

indeterminate). The set S?k = £({x}) of functions R+ —> R+ is called the

Skolem set. S?k is contained in every maximal Hardy field3 (see [5] and [6])

and all nonconstant functions in S^k are eventually (i.e., for sufficiently large

values of the variable) increasing. S?k is known to be well ordered by the

relation / -< g o 3x : Vy > x : /(y) < g{y) ; see [12]. The order type of

{S^k, -<) is > £o and is < the first fixed point of the e-function; see [29].4 It

is a common conjecture that eo is actually the order type of {5*k, -<).

Definition. Let $ stand for any of +, •, î . A function / £ LiV) will be called

$ -prime if for any g, h £ L{V) with / = g%h we have / = g or / = h .

3A Hardy field is a differential field £% of C°° function germs at +oo in R+ . If / 6 £% then

f(x) ,¿ 0 for all sufficiently large x (to have \j f £ 3§), and since g' £38 for any g £âS , each

f(x) £ 3§ is monotonie for all sufficiently large x .

AReminder: e0 is the first ordinal number e satisfying e = a>£ ; see [25].
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Since 0 £ LiV) this definition implies that a -(-prime function in LiV) is

one which is not a sum of functions from LiV).

Examples. The constant 1 is additively, multiplicatively, and exponentially

prime or, shorter, (+, •, {)-prime. Let v £ V. Then (for the functions gener-

ated by the terms shown) it is easy to see that:

(i) v is (+, •, T)-prime,
(ii) v + 1 is (•, î)-prime but not -(-prime,

(iii) v • 2V is (+, f)-prime but not multiplicatively prime,
(iv) 2V is (+, -)-prime but not {-prime,
(v) v2 + 3v +2 is {-prime only,

(vi) v2 is -(--prime only,

(vii) v2 + 2v + 1 is not prime with respect to all of +, •, { .

The absence from this list of a function multiplicatively prime only is not an

accident. It is easy to see (Corollary 3 below) that each function in LiV) is a

sum of -i-primes, and that each -(-prime can be presented in the form

(a monic monomial e Z[V]) • Y[(Sj)hj >

j

where each igj)h> is (+,-)-prime, ^ l (then gj is multiplicatively prime and

hj is a +-prime), and hj / 1 for each j.

Conjecture 1. If « is a monic monomial in Z[V], {gj}j C LiV), {hj}j c

LiV) - {1} , and each hj is -(-prime then u-Y[jigj)h' is +-prime.

An immediate consequence of Conjecture 1 would be: if h is multiplica-

tively prime then h is -(-prime or {-prime. Indeed, let h = pq and p / 1 ',
q ^ 1. Then q must be -(-prime (otherwise h would not be multiplicatively

prime) and by the conjecture h will be +-prime.

Conjecture 2. If hx, ... , hm £ L{V) are -(-prime and h¡ ^ hj for /' / j then

{hx, ... ,hm) is linearly independent over R.

_ An immediate consequence of Conjecture 2 would be: every function in

LiV) admits only one decomposition into -(-prime summands.

Whereas uniqueness of decomposition into sums of -(-primes is plausible,

even a polynomial can have more than one decomposition into products of

multiplicatively prime factors in L( V) :

(X + l)(x4 + X2 + 1) = (x3 + l)(x2 + X + 1) .

This example is crucial in Wilkie's counterexample to Tarski's conjecture (see

[15] for some related results).

Conjectures 1 and 2 can be relativized to any subclass S of L by replacing

L{V) with S{V) = {d\a £ 5(F)} in their formulations and in the definition of

$-primality ($ = +,•, Î) • Note that if Conjectures 1 and 2 hold for L({x})

(only one variable) then they hold for any L(K) (a proof is provided below

in this section). L. van den Dries and H. Levitz in [11] (see also [7]) proved

Conjecture 1 for the functions R+ -» R+ represented by terms in {t £ L({x})|

if ab occurs as a subterm of t then b is either x or a constant}. For some

very specific terms Conjectures 1 and 2 were proved by ad hoc methods in [15].
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In [19] C. W. Henson and L. A. Rubel considered two classes of terms of LiV)

in which exponentiation is permitted only for certain bases: Z(K) = {a £ L{V)\

if bc occurs as a subterm of a then b is a constant term} (the Schanuel class),

and A{V) = [a e L{V)\ if bc occurs as a subterm of a then b £ V or b is

a constant term} (the Levitz class). They proved in particular (Conjectures 1

and 2 and as a consequence) Tarski's conjecture for A and asked about that

for the class Yl{V) = {aei(F)| if bc occurs as a subterm of a then b is a

polynomial} . In §4.4 of this paper we prove that Conjectures 1, 2 and Tarski's

conjecture hold not only for n but even for a larger (similar) class. We give

an arithmetic conjecture which explains in much more detail my thoughts on

L and L but before it can be stated some definitions are needed.

Definition. For a polynomial P £ Z[xx, ... , x„]- {0}, the content of P is

the monomial m • x[l • • • x„ , where m £ N is the greatest common divisor

of the coefficients of P and each /, is the minimal degree with which the

indeterminate x, occurs in P.

This definition of content slightly differs from the usual one; see [26]. Clearly

every polynomial in No[{x,},] - {0} can be uniquely presented as the product

of its content and a polynomial in N0[{x,};] - {0} with content = 1 .

Definition. Let Q be a subset of LiV) algebraically independent over Q. For

any function / generated from functions in Q by addition and multiplication

(i.e., for / e N0[Q] - {0}) put the content of / = the function corresponding

to the content of / considered as a polynomial in the set of indeterminates Q.

For any subclass E of L denote 2?iE) = {aeL\ if bc occurs as a subterm

of a then b £ N0[5]} .

Conjecture 3. Let E be a subclass of L such that the set E of functions is
algebraically independent over Q, and such that if a$b £ E for any a, b £ L ,

$€{+,-,{}, then a, be N0[S]. Then

(i) every function in ^(S) can be uniquely decomposed into a sum of

+-primes, _
(ii) every +-prime in S'(E) can be uniquely presented in the form

(a monic monomial   e Z[V])

x JJ(a prime 6 N),- T (a + -prime   £ &(E), / 1),-

(<?=) x J](a variable)^ { (a +-prime   G W{Ëj, ¿ 1);

x JJ(a function   £ N0[H], ̂  1, with content = l)k
k

{(a -r-prime £ ¥{Ë~j, ¿ l)k,

where some (or all) of fl, > Tlj > 11*: may be empty and in each of them all

occurring exponents are distinct, and the content is taken with respect to E,

(iii) the functions in &{E) which can be presented in the form (Ç?=) are

-(-prime.
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Assuming Conjecture 3 for H = {the variables} (then S?{E) = n) one can

derive from it the following:

the -(-primes of A are -(—prime in n,
the multiplicative primes of A are multiplicatively prime in n,

the (+, •)-primes of A (sans 1) are algebraically independent.

The third of these statements was actually proved in [19] but was presented in

another form. We provide a simplified proof of it in §1.4. The first two of

the above statements will be considered in §3.3 (which contains some base-of-

induction lemmas) and then in §4.4 they will be proved together with several

related results. In particular, in §4.4 of_this paper we prove that Conjecture 3

is valid for E = {the (+, -)-primes of A} - {1}.

Proposition 1. Let p £ L and let v be a variable symbol occurring in p. If

Nt= (/) does not depend on v) then one can erase a number of symbols from

p in such a way that the remaining string of symbols will be an L-term q not

containing v and 3* -equivalent to p .

In particular, if N N p = 1 then that q will be 1, // N N p = isome variable
y) then that q will be y.

Let V be a set of variables, t £ L{V), and $ e {+,-,{} • Ift is %-prime

in L{V) then it is %-prime in every L{U), U D V. In particular, if f £ ¿7k is

%-prime in S^k then it is %-prime in any LiV).

Proof. Proceed by induction on the construction of p. Note that p can be

neither a constant symbol (since p contains v) nor a variable symbol (because

then p would be just v , whereas p must not depend on»). The statements

which follow provide the induction steps. They all are immediate consequences

of the fact that the nonconstant elements of S^k are eventually monotonically

increasing. If N 1= {r + s does not depend on v) then N 1= (both r,i do not

depend on «), and the same statements apply about rs in place of r + s. If

N N (r5 does not depend on v) then N t= r = 1 (in this case one can erase the

whole of s) or N 1= (both r, s do not depend on v).

For the second statement of the proposition note that always N 1= r + s ^ 1,

N 1= r + s ^ y, and that N t= rs = 1 implies N 1= r = 5 = 1 (then one

can erase any r, s), N N rs = 1 implies N 1= r = 1 (then one can erase s),

N 1= rs = y implies Nh(r=l&s = y or r = y & s = I), N 1= rs = y implies

Nl=(r = y&s=l).

With each / £ LiV), one can associate /(2) = /(2, 2, ... , 2) e N. This

provides a (+, •, {)-homomorphism L-»N with very nice properties. Some

examples are given in the following propositions.

Proposition 2. Let f £ L.

(i) // /(2) = 1 then / = 1.

(ii) If /(2) = 2 then either / = 2 or f — y for some variable y.

(iii) // /(2) = 3 then either /=3 or / = 1 + y for some variable y.

Of these examples (i) will be used in this paper to prove various statements

about L by induction on /(2) £ N.

Proof, (i) Consider p e L satisfying JJ(2) = 1 and proceed by induction on

the construction of p . The cases of p being a constant or a variable are trivial.
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Further, such p cannot be a sum. Consider p — q • r. Then 7/(2) • r{2) —

1, whence 7/(2) = r(2) = 1, and by the induction assumption q = 7 - 1.

Consider p = q { r. Then 7/(2)r(2) = 1, whence 7/(2) = 1, and by the induction

assumption 7/ = 1 . Hence p = 1.

(ii) Consider p £ L satisfying p{2) = 2 and proceed by induction on the

construction of p. The cases of p being a constant or a variable are trivial.

Consider p — q + r. Then q{2) + r{2) = 2, whence q{2) = 7(2) = 1, and by

(i) q = f = 1, p = 2. Consider p = q • r. Then 77(2) • T{2) = 2, whence

one of 7/(2), r{2) is 1 and the other is 2. Consequently one of q, r is 1

by (i), and the other is 2 or y for a variable y by the induction assumption.

Consider p = q { r. Then 7/(2)r(2) = 2, whence 7/(2) = 2 and r(2) = 1.

Consequently 7=1 by (i), and 7/ is either 2 or y for a variable y by the

induction assumption.

(iii) Consider p £ L satisfying p{l) = 3 and proceed by induction on the

construction of p. The cases of p being a constant or a variable are trivial.

Consider p = q + r. Then 7/(2) + r(2) = 3, whence one of 7/(2), r{2) is 1 and

the other is 2. Then one of q, 1 is 1 by (i), and the other is either 2 or y for

a variable y by (ii). Consider p = q • r. Then 7/(2) • 7(2) = 3, whence one of

7/(2), 7^(2) is 1 and the other is 3 . Consequently one of q, r is 1 by (i), and

the other is either 3 or 1 + y for a variable y by the induction assumption.

Consider p = q { r. Then qi2)rW = 3, whence 7/(2) = 3 and r{2) = 1 .
Consequently r = 1 by (i), and 7/ is either 3 or 1 + y for a variable y by the
induction assumption.

Corollary 3. Let S c L. Then every f £ S is a sum of +-primes of S and a

product of multiplicative primes of S. Ifa]b£S=>a,b£S for any a, b £ L

and S is closed under the multiplication in L then each f £ S can be presented

as pq with p, q £ S and p exponentially prime.

Proof. Proceed by induction on n = f{2). If n = 1 then by the proposition

above /is (+, •, {)-prime. Let n > 1. If / is not -(-prime, / = gx +g2, then

#i(2) < n and g2{2) < n, and by the induction assumption gx and g2 are

sums of -(-primes. If / is not multiplicatively prime, / = gx g2, gx, g2 ^ 1,

then 1 < gi(2) < n and 1 < g2i2) < n, and by the induction assumption

gx and g2 are products of multiplicative primes. If / is not î-prime, / =

Pq > P > Q i1 1, then 1 < p{2) < n and by the induction assumption p = r5 with

r exponentially prime. Then / = rsq .

To prove that the restriction of Conjectures 1 and 2 to S^k imply those on

any L{V) we proceed by induction on the cardinality of V as follows.

Proposition 4. Let V / 0 be a set of variables and y $ V be one more variable.

If Conjectures 1 and 2 hold in L{V) then

(i) for x £ V and /cGN, if f £ L{V\J {y}) is +-prime, then the result of
substituting xk for y in f is +-prime,

(ii) Conjecture 1 holds in L{V\j{y}),

(iii) Conjecture 2 holds in L{V\J{y]).

Proof, (i) Proceed by induction on /(2) ; let / = u{y ,...)• Y\j gjiy, ... )h>^ • - )

where u is a monic monomial in Z[Fu{y}], f ^ \, gj, hj £ L(FU{y})-{l},
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and {hj}j are -l-primes. Since hj(2) </(2) for all 7, also {hjixk, ...)}j are

-(-primes. Besides, uixk, ...) is a monic monomial in Z[V]. So by Conjecture

1 for V the function fixk ,...) = u{xk ,...)♦ ILSj(xk,-••){ hjixk, ■■■) is

a -(-prime of L(F).
(ii) Let /(y, other variables) = u{y, ...) • X[¡gj{y, ...)h'(y'"], where u

is a monic monomial in Z[V U {y}], gv , hj £ L{V U {y}) - {1}, and {hj}j

are -(-primes. Then /(x,...) G LiV) is -(-prime by (i) and so / itself is

-(-prime (recall that substituting a function from LiV) for y is a (+, •, {)-

homomorphism Z(F U {y}) -♦ T{V))^
(iii) Let hjiy, other variables) G L(Fu {y}), 1 < / < m, be additively

prime and h¡ ^ /z7 for / # y . Then for sufficiently large k £ N we have

^•(x* , ... ) t¿ /^(x^, ... ), and {A;(x¿ , ... )}y are still +-primes by (i). Then

by Conjecture 2 for V : {h¡{xk, ...)}j are linearly independent over R, whence

{hj}j are linearly independent over R.

1.3. Hiromi-Ozawa lemma. This section presents some Borel-type arguments.

The Hiromi-Ozawa lemma says that if for some functions {û/}; and {fj}¡

holomorphic on a disk or on the complex plane ax • e^[ + ■ ■ ■ + a„ • e^n = a0

and at least one of e^ , ... , e^n is Nevanlinna-large as compared to all of

ao, ax,... , an then the functions ax • e?1, ... , a„ • e^n are linearly dependent

over C. This result appeared in [21]; then C. W. Henson and L. A. Rubel in

[19] generalized it to functions in several variables (on polydisks and on Cm)

and applied it to Tarski's high school algebra problem. The Hiromi-Ozawa

lemma allowed Henson and Rubel to prove some results that are interesting

from the logical as well as from the analytical point of view for a class of entire

exponential functions (which they call "the Schanuel class") and for a class of
"slightly" multivalued exponential functions (which they call "the Levitz class").

However, the typical exponential functions considered in Tarski's high school

algebra problem are "wildly" multivalued, and so we sought generalizations of

the Hiromi-Ozawa lemma to multivalued exponential functions. And we got

some; but instead of "Nevanlinna-large" we use "more multivalued than" crite-

ria; see §4.1.

In this section we present the Hiromi-Ozawa lemma and several corollaries

frequently used in the paper. A terminological remark: A point C will be called

a zero point of a meromorphic function / if x(£) = 0 for every representation

/ = x/y with x and y holomorphic in a neighborhood of C • Similarly, <J will

be called a polar point of / if y(C) = 0 for every representation / = x/y with

x and y holomorphic in a neighborhood of C • A point may be a zero point

and a polar point at the same time. This definition will be applied to functions

on arbitrary complex-analytic manifolds (not only on C"). Sometimes we shall

abbreviate "zero point" and "polar point" to "zero" and "pole" respectively.

Lemma 1 (Hiromi-Ozawa lemma), (i) Let a¡ £ J'(C), 0 < j < m, and

fj£^iC"),  l<j<m. If

m m / m \

^aj • ef> = ao   and    £ F(r, <?¿) ¿ O   £ T(r, a¡)    ,

j=\ 7=1 \j=0 J
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where Tir, g) is the Nevanlinna characteristic of g, then the functions

{üj • eh}™=x are linearly dependent over C. (ii) Let D be the unit disk in

C. Let aj£JfiDn), 0 < j < m, and /;€/(I)"),  l<j<m. If

m m Im .

Y,aj-efi=ao   and   £ T(r, e¿) + O   £ T(r, aj) + log —

7=1 j=\ \;=0

then the functions {a¡ • eh}J=l are linearly dependent over C.

The Hiromi-Ozawa lemma easily implies many results on linear and algebraic

(in)dependence of exponentials of holomorphic functions.

Examples, (i) Let a¡ £ Jf{Cn) and f £ ßf{Cn) for 1 < j < m. If

(m \ m

r,J2aJef'    +^,T(r,aj) = o(T(r,efk))   for all k = 1, ... , m,

then YfjLx aje^ = 0 • Indeed, suppose the contrary and take the minimal m for

which the statement fails. Then the functions {a,e¿}7 are linearly independent

over C. Put ao = Ylj=\ aje^ and apply Lemma 1.

(ii) Let & = {/ G ̂ (C)|limsuplogr(r, /)/logr < 1} {& is the field of
functions of the growth order < 1, all rational functions belong to J?, cos yfz £

Sf). Let fj £ ¡%?($ln), 1 < j < m . If the functions {e^}j are linearly depen-

dent over 2C then fk-f = const for some k ^ I. Indeed, if Yl%x aje*' = 0

then YlJJi o-j^'~im = —dm and hence am = 0 by (i), because the order of ef

is at least 1 for every nonconstant entire /.

(iii) Let D be the unit disk in C and J? be the subfield of JfiD") consisting
of functions with Nevanlinna characteristic 0(log y^). Let f¡ £ ß^iD"), 1 <

j < m. If Tir, efk~f') £ 2? for k ^ I then the functions {e^}¡ are linearly

independent over Sf.

To prove this, suppose the contrary and take a minimal subset A of {e^}j

linearly dependent over Sf. Without loss of generality one can assume that

A = {efi}pJ=y for some p < m . Let Yfj=x V/j = ° > where ¿y G -S* - {0} . Then

YfjZi Xjeñ~f" = -Xp and by Lemma 1 the functions {Xje^~^}pZ¡ are linearly

dependent over C. Hence the functions {e^}pZ¡ are linearly dependent over

2? contradicting the minimality of A .

(iv) Let fj £ &(Cn), 1 < j < m. If /;(0) = 0 for all ;' and the func-

tions {fj}j are linearly independent over Q then the functions {e^>}¡ are

algebraically independent over C(z). Indeed, a polynomial in {e^}j with co-

efficients in C(z) has the form 2TJL1 akePk. where ak £ C(z) and {pk}k are

distinct linear combinations of {fj)j with coefficients in No . Thus the result
follows from (ii).

§§3 and 4 provide analogues of these statements for multivalued exponential

functions, but they are based on measuring the multivaluedness instead of the

growth of the functions involved.
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Lemma 2. (i) Let t : R+ -> R+ , t(r) -> oo as r -» oo. Let a¡, bk £ JfiC)-{0}

and fj, gk £ X(C") for I <j <p, 1 < k < q . Let

YjTir,aj) + YjTir,bk) = oitir)),
7=1 /c=l

and
&Tir, efi-f<) ± o{t{r)), & Tir, ***-»») ¿ 0(/(r)).
j^l k^m

If Y?j=\ aiefi = YX=\ °keSk  then P = a and there is a permutation a  of

{1,..., p) such that a¡eh = baij) • ega^ for each j.

(ii) Let t: [0, 1) -> R+ . Let D be the unit disk in C. Let a¡, bk g JfiD") -
{0} and fj, gk £ &(Dn) for 1 < j <p, 1 <k <q. Let

YjTir,aj) + YjTir,bk) + log^-r=oitir)),
7=1 k=\

and
&Tir, efi~f>) ¿ oitir)), & T(r, egk~g"<) ¿ o(t(r)).
j¿l k¿m

If Yfj=i ajeh = J2l=i bkegk  then p = q and there is a permutation a of

{I,... , p} such that a ¡eh = ba{j) • e8^ for each j.

Proof. Show that each of the families {ajef'}j and {bkegk}k is linearly inde-

pendent over C. Suppose the contrary; let {a ¡eh}), say, be linearly dependent

over C. Let v g N be the minimal number for which the functions {aje^Yjï\

are linearly dependent over C. Then Yl'jtl ^¡eh = 0 for some Xj £ C with

at least one Xj ^ 0, and hence ¿Z!j=i^jaje^~^+1 — -^v+iav+i ■ By Lemma 1,

the latter identity implies that the functions {a¡ehy.x are linearly dependent

over C, contradicting the choice of v .

Show that there exist j and k such that {a¡eh)/'ibkegk) = const. Recall

that the whole family of functions S = {ajef'}j\J{bkegk)k is linearly dependent

over C. In fact we shall show more. Let A be a minimal linearly dependent

subfamily of S (so that every proper subfamily of A is linearly independent

over C)—then A consists of two elements, some a ¡eh and some bkegk. Upon

a renumbering of the entries one can assume that A = {ajef'Yi=\ u {bkegk}'/c=l

for some p < p, v < q. Both p and v are > 1 because both families

{a¡eh]j and {bkegk)k are linearly independent. Let us show that p = v = 1.

Suppose the contrary, say v > 1. We have Y?¡=\ etjOjeh = Yü=\ ßkbkßgk f°r

some otj, ßk £ C - {0} , and hence

(*) Y, aiajef'-g" - J2 ßkbkegk-g" - ßvbv = 0.
7=1 fe=l

Let E be the set of those summands in (*) above which have Nevanlinna

characteristic ^ o{t{r)). Note that E does not contain every summand of
(*) above since T(r, b„) = o(/(r)). On the other hand, E is nonempty since

ßxbxegx~gv £ E. By Lemma 1 then E is linearly dependent over C. And a
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linear relation between elements of E upon multiplication by egu becomes a

linear relation between elements of {ajeti}f=l u {bke8kYkZ¡, contradicting the

choice of A.
Note that if a ¡eh = const -bke8k then iakefl)/ibke8k) ^ const for / ^ j and

iajeh)/ibme8m) ^ const for m^k (because each of the families {a¡eh]j and

{bke8k}k is linearly independent over C).

Show that for every j, 1 < j < p, there exists a k such that

iajch) j\bke8k) = const.

Suppose the contrary. Upon a renumbering of entries, one can assume that there

exist p, 1 < p < p, and X¡ £ C - {0} , 1 < j < p , such that a ¡eh = Xjbje8'

for I < j < p and iajeh)/{bke8k) ± const forj>p, k > p. Then from

2~3, a¡eh = Y^k bke8k we have

¿ a,e¿ = £{(1 - Xk)bke8k |1 < A: < q, Xk ± 1} + ¿ ¿*e** .

7=í¡ /c=U

The latter identity says that the family of functions {ajehyj=fi u {0/t^}fc=i is

linearly dependent over C and by the previous paragraph there then exist j,

p < j < p and k such that iajeh)/{bke8k) = const.

Now, by symmetry, for each k there exists a j such that

iajef')/ibke8k) = const.

Hence p = q and there exist a permutation a of {I, ... , p} and Xj g C-{0} ,

1 < j <p , such that ba^e8"^ = Xjü¡eh for all j . Then VJ7=1(1 -Xj)a¡eh = 0

whereas the functions {a¡eh}j are linearly independent over C. Thus \-X¡ =

0 for all ;'.

The next corollary is an analogue of the fact that if r, s £ C[z] - {0} and
r/s has neither zeros nor poles in C" then r and 5 can differ by a constant

factor only.

Corollary 3. (i) Let t : R+ —► R+ , tir) —» oo as r -> oo. L^i ay ,bk£,

{0} and" /;, gk £ ^(C") for I < j < p,  I < k < q . Let

J2nr,aj) + Y/Tir,bk) = oitir)),
7=1 A:=l

&Tir, eh-fi) ¿ o{t(r)), & T{r, e8''8™) ¿ o(t(r)).
j4l k+m

EL. hegk
has neither zeros nor poles on C" or Tir, h) = o(í(r)) then p = q and there is

a permutation o of {I, ... , q) such that h = iajeh)/iba^e8"^) for each j.

(ii) Let t: [0, 1) -> R+ . Let D be the unit disk in C. Let a¡, bk £ JfiD") -
{0} and fj, gk £ ß?iDn) for 1 < j <p,  1 < k < q. Let

^T(r,aj) + '¡rT(r,bk) + lo&j±- = o(t(r)),
7=1 k=\
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&T(r, eh-f') ¿ oitir)), & T{r, e8'-8™) # oitir)).
j¿l k¿m

_n a¡ei";
f>

EL. bke**fc=i

has neither zeros nor poles on D" or Tir, h) = oitir)) then p = q and there

exists a permutation a of {I, ... , p} such that h = (djeh) / (ba(j)eg°w) for all

j-

Proof. If h has neither zeros nor poles then h = eu for some u £ %?iCn) in

case (i) or « G ß?iDn) in case (ii). Then

Y,a¡eh = Y,bke8k+«,
7=1 k=\

and one can apply Lemma 2 to the functions {a,}; , {bk)k , {f¡}j , {gk + u)k .

If Tir, h) = oitir)) then

j^a¡eh = j^ibkh)-d8k,

7=1 k=\

and one can apply Lemma 2 to the functions {a¡}j, {bkh}k , {f¡]j, {gk}k ■

Example, (v) Let a,, bk £ C(z) - {0} and f, gk £ ^(C) for 1 < j < p,
1 < k < q . Let f¡ - f ^ const for j ^ / and gk - gm ̂  const for k ± m . If

E?p . a;eh-\"j

ELi bke«

has neither zeros nor poles then p = q  and there is a permutation  a  of

{1, ... ,p\ such that h = iüjeh)/{ba(j)e8°^) for all ;'.  To prove this, take
t{r) = r and apply the above corollary.

Although Nevanlinna theory is not adapted easily to functions meromorphic

on (G»)n = (C —{0})" instead of C" (even for n = 1) extensions of Examples

(ii), (iv), and (v) are easily available.

Corollary 4. Let f £ ß^{C"), 1 < j < m. If the functions {eh]j are linearly

dependent over C(z) then fk-f — const for some k ^ I. If for every a £

Qm - {0} the linear combination J2'JLX Qjfj ¥" const then the functions {eh}¡

are algebraically independent over C(z).

Proof. Consider the first statement. Let Yl7=x Pjeil — 0> where p¡ £ C[z]

and at least one Pj =¡¿ 0. Let {pjt}t be the monomials occurring in p¡. Put

8j({wk}k) = fji{eWk}k) and vjt({wk}k) = pjt{{e^}k). Then ^G^(C) and
each Vjt has the form (the coefficient X¡, G C of p¡,)-exp (a linear form y/jt in

wx, ... ,w„). Since ¿7=i Er A/' ' eV"+g' = ° >there exist U, 0 7e (^ > ") such

that y/jt + gj - y/ku -gk = const, or ipj, - i//ku = gk - g, + const. Since the right-

hand side of the latter identity is periodic in each of {w{\\ while the left-hand

side is a linear form, y/jt = y/ku and gk = g¡ + const. Hence f¡ - fk= const.

The second statement of this corollary follows from the first one by the same

reasoning as that used in Example (iv).
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Corollary 5. Let a¡ G C(z) - {0}, f¡ G ¿F(C) for \ < j < p, and bk G
C(z) - {0}, gk G ¿T(C) for l<k<q. Let f¡ - f¡, ¿ const for j # / and
gk - gk' í const for k^k'. If

TUa¡eh_

2ZUhegk

has neither zeros nor poles in C" then p = q and there is a permutation a of

{I, ... , q} such that h = (ay/^tyy)) • eh-g°u) for each j.

Proof. Without loss of generality one can assume that a¡, bk £ C[z]. Let {Pjt}t

be the monomials occurring in a¡ and {uku}u be the monomials occurring in

bk. Put r{w) = ri{eWl}¡) for each function r occurring. Then h, f, gk £

¿f(C) and pn = ajt-efi', vku = ßku-eVk«, where ajt, ßku G C, and <pjt, y/ku

are linear forms in wx, ... ,w„ . Note that tpj¡ - (pyt> + fj — fj' i1 const unless

U, 0 = (/, f) and y/ku - \i/k,u, + gk - gk> £ const unless (Ac, u) = (fc', u').
By Corollary 3 the set of (J, t) pairs and the set of (/c, u) pairs have the same

cardinality and there exists a bijection x between them such that h = ictjt/ßku)-

expi<pjt - y/ku + fj - a) for (fc, u) = t(; , f). Hence h = ÍPp/vku) • eh>~gk for
ik,u) = xij, t).

Let us show that k in (/c, u) = r(j, t) depends on j only (does not depend

on t). Suppose (fe', «') = xij, t'). Then h = ÍPj,/uku) • eh~gk = ipjt>/i/k,u,) •

efj-8k' and hence egk~gk' = ÍPjtVk'U')/ivkuPjt>) ■ However, egk~gk' is not equal

to a quotient of monomials unless k = k'. Symmetrically, j in (y, /) =
x~x{k, u) depends on k only. Consequently p = q and o: j i-> r(y , any t) is

a permutation of {I, ... , p}. Further, x induces a bijection between {pjt}t

and {vku]u for k = er(y'), and h = ÍPjt/vT(j,t)) • eh~g°u) implies /ijt/vt(j,t) =

Pjt'/^U,!') ■ Thus  Pjt/Vr{j,t) = aj/ba{i) .

The idea in the proofs of Corollaries 4 and 5 will be further exploited in the

next subsection and in §2.

1.4. Some applications to Tarski's high school algebra problem. In this subsec-

tion we explain how the Hiromi-Ozawa lemma is applied to the Schanuel class

£ (mostly following Henson and Rubel [19]) and to the Levitz class A (much

simpler than in [19]). Both X and A happen to be free semirings5 with units,

and their systems of generators are easy to describe. This fact allows one to

prove easily that Tarski's conjecture holds for S and A.

Recall that ~L= {t £ L\ if a] b occurs as a subterm of t then a contains

no variables} . Elements of I are entire functions. By Corollary 3 of §1.2 each

/ G £ is a sum of -(-primes of I and every -(-prime / of I can be presented

5A semiring is an algebraic system with binary operations + and • which are commutative,

associative, and satisfy the distributivity law x-(y + z)=x-y + X'z. In this paper "semiring" will

mean a semiring with the unit, i.e., containing an element 1 satisfying \ • x = x . For a semiring

S with unit and X C 5 - {1} it is said that 5 is free over X if S is generated by X U {1} and

the elements of X are algebraically independent, i.e., for all polynomials P({t¡}¡), ß({/,},) with

positive integer coefficients and every jc, £ X if P({x¿}¡) = Q({x¡}¡) then P = Q. Obviously, if

S is free over X then X is the set of (+, ^-primes of 5 and S is isomorphic to the semiring of

polynomials with positive integer coefficients in the indeterminates corresponding to the elements

of X.
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in the form

(a monic monomial)

(^o) x JJ(a number G N - {1}); { (a +-prime G -I, ^ l)¡■,,

j

perhaps with empty J]y > with all me exponents occurring in f]y distinct.

Proposition 1. (i) Let f, g G X possess representations of the form (Co). If

f/g = const then f = g and their (Co) representations coincide up to a per-

mutation of factors.

(ii) Let {fk}k £ X have the form (C0) ; if fi î fj for i í j then {fk}k are
linearly independent over R.

An immediate consequence of this proposition is that every function which

can be presented in the form (Co) is -(-prime. Indeed, the statement that such

a function is a sum of several others of the (Co) form is a linear relation.

Proof. Proceed by induction on the values at 2 of the functions occurring,

viz. let M £ N and assume that (i) holds whenever all exponents occurring in

(Co) have values < M at 2, and that (ii) holds whenever max{/fe(2)}fc < M.
Consider the induction steps.

(W+i) f = p • e9 and g = v • ev for some monic monomials p, v and

entire functions <p, y/ . Then ip/v) • e'p~v = const and consequently p = v .

Thus one can assume that / and g have no monomial factors in the (Co)

form. Since the values at integral points of functions from X are integral,

f/g = m/n with some m, n £ N. Let a g N be a prime and

f=HiPi)r>   and   g = Y[iqj)\
i j

in the (Co) form. Consider the degrees with which a occurs in the sides

of the identity nf = mg. Let m = aß • m', n = a" • n', p¡ = ak¡ • p\,

q¡ = a1' • q'j , where p, m', v , n', k¡, p'¡, l¡, q'¡ are nonnegative integers and all

of m!, n', p¡, q'j are not divisible by a . Then

(*) u + Yjkiri = p + YJljSj.
i j

Since all r¡{2) and s¡{2) are < M+\ one can apply (ii/^) to 1, r¡ and s¡. The

above identity (*) is a linear relation between 1, r¡ and sy , and hence the sides

of (*) must coincide up to a permutation of summands. (Recall that r¡ ^ r¡i

for i t¿ i' and Sj ^ Sj¡ for j ^ j'.) Consequently p = v and there exists a

bijection aa from Ia = {i\k¡ ^ 0} to Ja = {y \l¡ ± 0} such that r¡ = saat¡) and

k¡ = laa(i). Note that aa is determined uniquely.

Since a is arbitrary, the identity p = u implies that m = n (they have the

same decomposition into primes). Put o = \Jaoa. Since /?, ^ 1 for each i

there exists a prime a such that p¡ is divisible by a, p,■ = aki • p[, k¡, p\ £

N. Thus each i belongs to the domain of some oa . Symmetrically, each y
belongs to the range of some oa . Since r,'s are distinct and sy's are distinct,

if / G dom((7Q) n dom((T^) then aa{i) = Oßii)—because both are the number y
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for which Sj = r,. Thus o is a bijection of the set of /-indices to the set of y-

indices. Now the identity k¡ = /CT(() implies that p¡ = qa^ (they have the same

decomposition into primes) for each i. Thus o is the required permutation of

factors transforming the (Co) form of / into that of g .

(íÍa/+i) Suppose that {/}, are linearly dependent over R. Then by the

Hiromi-Ozawa lemma (see §1.3) there are i ^ j such that f/f¡ = const and

then / = f by (W+i)-

The corollary below is essentially a reformulation of Proposition 1.

Corollary 2. X is a free semiring with unit whose system of generators {the

i+, -)-primes of'X sans 1) is: {the variables} U {ph\p a prime in N and f

a +-prime in X, / ^ 1}.

Proof. We need to show that the above list is indeed the list of all (+, O-priines

of X and that they are algebraically independent.

Each (+, ^-prime t ^ 1 of X, as a +-prime, can be presented in the form

(Co), and (as a multiplicative prime) must have only one factor ^ 1 in it. If

that is the "monic monomial" factor then / isji variable. Otherwise / is pu ,

where p £ N - {1} and « is a -t-prime of X, u ^ 1 . Then p must be a

prime. Thus all (+, ^-primes of X are contained in the list presented, and

Proposition 1 (i) makes sure that a -I—prime can be decomposed into a product

of (+, ^-primes in only one way.

An algebraic dependence between (+, ^-primes {t¡Y=l is a linear relation

between some monomials in them, ta = F["=l(i,)a', a £ (No)". Since each ta

can be presented in the form (Co), Proposition 1 (ii) implies that ta = tf for

some a, ß £ (No)", a ^ ß. But the latter is prohibited by Proposition l(i)

when all t¡■ ̂ 1.
Recall that A = {t £ L\ if a { è occurs as a subterm of / then either a is a

variable or a contains no variables at all} . X c A and A is strictly larger than

X. For example xy £ A and the function it represents is not entire, whence

not in X. By Corollary 3 of § 1.12 each / G A is a sum of -(—primes of A and

every -(-prime of A can be presented in the form

(a monic monomial)

(*o) x JJ(a monomial, ^ \)j ] (a -(—prime G A, =¿ 1),

j

perhaps with empty fTy > with all exponents occurring in fTy distinct. Con-

sequently the (+, ^-primes of A are contained in the set {1} U {the vari-

ables} U{ph\p a prime in N and / a -(-prime in A, /^ l}U{x^|x a variable

and / a +-prime in A}.

Although A contains multivalued functions, it is still very close to X. Con-

sider the transformation x '■ A —► A given by

/({*<}/) ~/({2*}i)-

Note that x preserves operations +, •, { and xif) # X(g) whenever f ^ g .
Consequently, if xif) is $-prime then / is $-prime, $G {+,-,{} (if / =

g%h and / ¿ g, f ¿ h then xif) = Xig)%xW and xif) ï Xig),xif) Ï
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Xih)). It turns out that x transforms A into a subset of X and in a very neat

way.

Proposition 3. x{the (+, -)-primes of A} c {the (+, -)-primes of X} and

X{the +-primes of A} c {the +-primes of X} n {exponentials of entire func-

tions} .

Proof. Proceed by induction on the values at 2 of the functions occurring.

The induction base, /(2) = 1, is trivial in view of Proposition 2 of § 1.2. Let

M £ N and assume that xif) is a (+, O-piirne 0f £ for anv (+ ( .).prime /

of A with /(2) < M, and that xif) is an exponential of an entire function

and a +-prime of X for any -(-prime / of A with /(2) < M. Consider the

induction steps.

Let / be a (+, -)-prime of A and /(2) < M. If / is a variable v then

Xif) = 2V £ X and is a (+, ^-prime by Corollary 2. Consider / = pg , where p

is a prime in N and g is a -(-prime of A. Then xif) = Px^ and g{2) < M.

By the induction assumption xig) is a -(-prime of X and then xif) is a

(+, •)-prime of A by Corollary 2. Consider f = vg , where v is a variable and

g is a +-prime of A. Then xif) = 2V'X^ and g(2) < M. By the induction

assumption xig) is a -(-prime of X and by Corollary 2 then v • xig) is a

-(-prime of X, whence xif) is a (+, O-pnme of X again by Corollary 2.

Let / be a -(-prime but not a (+, -)-Prime of A. Then / is a product of

(+, •)-primes of A by Corollary 3 of §1.2. Each of those has value < M at 2

and by the induction assumption is transformed by x into a (+, ^-prime of

X. By Corollary 2 then xif) is a -(-prime of X.

The above proposition easily implies the following.

Corollary 4. (i) Let f and g possess representations of the form (Ao) • If f/g =

const then f = g and their (Ao) representations coincide up to a permutation

of factors.
(ii) Let {fk}k c A have the form (*0) ; if f^ fj far i ¿ j then {fk}k are

linearly independent over R.

(iii) A is a free semiring with unit, whose system of generators {the (+, •)•

primes of A sans 1) is: {the variables} U{ph\p a prime in N and f a +-prime

of A, / ^ 1} U {vf\v a variable and f a +-prime of A, f ^ 1}.

Proof, (i) Let
m n

f = Po-UiPi)Pi   and   g = i/o-nW'.
(=1 7=1

according to (Ao), and f/g = const. Consider xif) and xig)- Since they

are -(-primes of X and xif)/xig) - const, we have xif) - Xig) and hence
f = g. Let {xk}k be the variables occurring in / and g. Let po = \~[kixk)rk,

Pi = arUkixkYk » »a = n*(**)'* - vi = VIL (•**)"* » where rk,sk,tk,uk£ N0
and a,, b¡■ £ N. Then

xif)=n«2^^ * °} • n^')^'^ /1} • n{i2sk)xk'x{p'% #o,o

and

zu)=n«2* )**i'* * °> • U{(bj)x{gj)\bj * !} • nt(2"')^(?;)iM* ^ °< ;}
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in the (Co) form with the trivial (i.e., empty) "monic monomial" factors.

To prove this, show that xk ¿ xic), xk ¿ x¡ • xic), /(c) ¿ xk • xid), and

xk • Xic) ¥" x¡ • xid) unless k = I and c = d , for any -(-primes c, d of A,

c/ 1, d yí 1. Identity xk = xic) is impossible because xic) is an exponential

of an entire function while xk is not. Identity xk = x¡ • xic) is equivalent

to xk/x¡ = xic) ■ The right-hand side of the latter identity is an exponential
of an entire function and consequently xk/x¡ is an exponential of an entire

function. Hence k = I and xic) = 1, whereas c ^ 1 (a contradiction).

Identity xic) = xk -xid) is impossible because xic)/xid) is an exponential of
an entire function while x*. is not. Identity xk -xic) = x¡-xid) is equivalent to

xk/x¡ = xid)/xic) ■ The right-hand side of the latter identity is an exponential
of an entire function and consequently xk/x¡ must be an exponential of an

entire function. Thus k = I and xic) - xid), whence c = d.
By Proposition 1, the above representations of xif) and xig) must coincide

up to a permutation of factors. In view of the above remarks, such a permuta-

tion must send the factors of each of the products F[{" '} in the representation

of xif) above into the factors of the corresponding Y\{- ■ ■ } of the representa-

tion of xig) ■ Consequently rk = tk for each k (the bases corresponding to the

exponent xk must coincide), m = n (the number of exponentials in the second

]!{•••} must coincide), there exists a permutation o of {I,... , m} such that

XÍPí) — XÍQa(i)) and hence p¡ = qai¡) for each i (the sets of exponents in the

second Y\{•••} must coincide), a¡ = oCT(i) for each i (the bases corresponding

to the exponent xiPi) = XÍQo(i)) must coincide), and sk = uk for each k (the

bases corresponding to the exponent xk • xiPi) = xk • xiQo(i)) must coincide).
Hence the (Ao) representations of / and g coincide up to a permutation of

factors.

(ii) Let ak £ R and Y.k akfk = 0 • Then £* <*k ' Xifk) = 0, and each xifk)
can be presented in a (Co) form. By Proposition 1, all ak = 0 or there exist

k t¿ / such that xifk) = Xifi) ■ But the latter would imply fk = f.

(iii) Together (i) and (ii) obviously imply that the (+, ^-primes of A have

the forms shown, and that the (+, -)-primes of A are algebraically independent.

Proposition 5. Let f, g £ X both have content = \. If f/g has neither zeros

nor poles on C"   (« = the number of variables occurring) then f = g.

Proof. Let us regard the polynomials in the (+, ^-primes of X (sans 1) as

elements of (No[x])[Â*], where the lower case formal variables are the actual

variables occurring and the upper case formula variables stand for the (+, •)-

primes of X of the form (a prime G N) { (a -(-prime of X, ^ 1 ). Each monic

monomial in X is an exponential of an entire function on some C" and each

polynomial in x is indeed a polynomial function on some C". Recall that the

functions represented by distinct monic monomials in X are linearly indepen-

dent over R (the (+, -)-primes of X sans 1 are algebraically independent). For

a multi-index y = iyx, ... ,yk) denote X7 = Yl^Xi)7'.

Let / = \ZaeAPc*xa and g = lZßeB^ßxß ' where P°>Qß e NoW - 1°}
and A, B are some finite sets of multi-indices. Then by Corollary 4 of §1.3

the number of elements in A and B are the same and there exists a bijection

a : A ^ B such that f/g = ipa/qa(a)) ' Xn~"M for each a £ A. Again, since

f/g has neither poles nor zeros, each pa/qa(a) has neither poles nor zeros and
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hence is a constant. Thus f/g = constQ -X0"-0^ for all a £ A. Since {X7}7

are linearly independent, all a - a {oí) coincide. Denote 6 = a - <r(a), 6 not

depending on a. Let us show that 0 = 0 (then we will have o (a) = a for

all a). Note that y,> 0, 1 < /' < k, for each y = iyx, ... , yk) £ Au B. Let
1 < y' < k . Since the content of / is 1, there exists an a = (ai,... , ak) £ A

with a¡■■ = 0. Hence 0, = (a - tr(a)); = -(0(0)); < 0. Since the content

of g is 1, there exists a ß = ißx, ... , ßk) £ B with fi¡- = 0. Hence 0, =

(tr-Hjî) - ß)j = io~xiß))j > 0. Thus A = B and f=g=pjqa = const G Q
for all ael Let //g = l/m, where /, m £ N are mutually prime. Then

each /7Q is divisible by /, contradicting content(/) = 1 unless 1=1. Similarly,
m = 1.

The following is an easy consequence of Proposition 5.

Corollary 6. Let f, g £ A both have content = 1. If for the analytic continu-

ations of f and g along any path in (C,)" beginning in (R+)" the quotients

f/g have neither zeros nor poles then f = g.

Proof. By Proposition 3 then xif), Xig) € X and both have content = 1. Be-

sides, xif) I Xig) bas neither zeros nor poles on C" , and by the above propo-

sition then xif) = Xig) • Hence f=g.

Corollary 7. Tarski's conjecture holds for A, i.e., if t, u £ A and 1 = ü (/«
other words, R+ 1= t = u) then 3~ \-1 = u.

Proof. Let us show that each term t in A is ^-equivalent to a term of the

form

?H:_
there ty £ A and all t¡j are (+, -)-primes in A (the sum may consist of one

summand only, any product may consist of one factor only).

Proceed by induction on the construction of t.  If t is a constant symbol

then / =^- l-i-hi. If í is a variable symbol then it is already in the required
form. Case t = u + v is trivial. In case t = u ■ v apply the distributivity law

to multiply the representations of u and v . Consider / = u { v, let v be

presented as required: v = ELidly^y) with v¡¡ £ A and Wïj (+, ^-prime

in A. To obtain a required representation of t proceed by induction on n .

Note that u is either a constant or a variable symbol.

Let n = 1 . If « is a variable symbol then u { v is (+, -)-prime and thus

has the required form. If u is a constant symbol and ïï = 1 then t =gr 1 . If

w is a constant symbol and w ̂  1 then decompose u~ into a product of primes

Y\[Pi in N ; then t =^ FT/G^/ î v) with the right-hand side having the required
form. Let n > 1 . Denote v¡ = fly^/y • Then t =gr {u { v„) • {u { v'), where

v' = Y1"ZX , and each factor is ^-equivalent to a term of the required form. It

remains then to apply the distributivity law to multiply the representations of
the factors.

Now let t, u £ A ; present both in the above form:

1 =? e (n^) and « =3-e 1 n"7 .
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with tij, Uij G A and ty , u¡j (+, *)-prime in A. Suppose that t = u. Since

the (+, -)-primes of A are algebraically independent, the above representa-

tions of t and u must coincide up to a permutation of summands in J2¡ and

permutations of factors in the corresponding fT/s-

2. On exponential fields of functions

2.0. Preliminary remarks. In this section we consider the exponential field6

generated by the meromorphic functions (on any connected complex-analytic

manifold). Such fields admit analogues of the Hiromi-Ozawa lemma and related

results; see §1.3.

Example. Let I/cC and f £ JfiC) for 1 < j < n. Let fk - f, $ ß?iU)
for k ^ 1. Then functions {eh}"=i are linearly independent over Jf{U).

Proof. Suppose the contrary and take the minimal n for which the statement

fails.   Let g¡ £ JfiU)- {0}  for  1 < j < k and E"=i£/*/j = 0.   Then

EyJi1 Pje9j + 1=0, where p¡ = g¡/gn and <?, = f¡■ - f„ for 1 < j < n - 1.

Note that qk-q¡ = fk-f¡ i X{V). By differentiation \ZnjZ\{Pjq'¡+p'¡)eq> =0,

whence p¡q'j +p'j■. = 0 for 1 < j < n — 1 (by the minimality of n). The latter

identity means that ÍPjeqj)' = 0 and p¡eq> = const for 1 < y < n - 1. However

eqi = eh~f" is not meromorphic (it has an essential singularity since f¡ — fn

has a pole) whereas p¡ is meromorphic. Hence Pje9j = const implies p¡■ = 0.

Thus gj = 0 for 1 < y < « - 1 and then gn = 0 too.

Before we turn to the statements of results we want to make some defini-

tions. Note that the ring of entire functions J"(C) is not a field and its field

of quotients JfiC) consists of some analytic functions defined not on the
whole of C" but only "almost everywhere". Similarly, JfiC") is not closed

under exponentiation exp : f \-* ef, and the analytic functions obtained from

meromorphic ones by iterated field operations and exp are again defined only

almost everywhere, i.e., outside sets which can be regarded as small. We need

a formal definition of a class of analytic functions defined almost everywhere

which will be closed under composition.

Definition. A closed proper subset K of a connected manifold U will be called

exceptional if W - K is connected for every connected open W c U.

It is well known that analytic subsets of complex-analytic manifolds7 are

exceptional (see, e.g., [33]). It is less well known that for n > 1 a closed subset

of R" is exceptional if and only if it has topological dimension < n - 2 ; see

§§4, 5 of [1]. (The "if part is relatively easy, see Theorem IV:4 of [23].) In the
case of n = 2 the dim < n — 2 result mentioned means that a closed subset of

C is exceptional if and only if it is totally disconnected.

6An exponential field is a pair (F, exp), where F is a field and exp is a homomorphism

from the additive group of F into the multiplicative group F - {0} . For fields of complex-valued

functions exp : f >-> ef .

7 A set X c W is called an analytic subset of W if for every i, £ W there exists a neighborhood

U of £ in W and fx, ... , fk £ ßf(U) - {0} such that X n U = f)k=l ffl(0).
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Remarks, (i) If A and B both are exceptional then A U B is exceptional. If

K is exceptional in U and W is a connected open subset of U then iflU7

is exceptional in W. Obvious.

(ii) Let X be a connected manifold, dim(AT) > 1, and K c X. If for every

x G X there exists a neighborhood (7 of x such that K n (7 is exceptional in
£/ then AT is exceptional in X.

Trivially, K is closed. Let Y be an open connected subset of X. For

each x G F fix an open ball neighborhood Ux of x in Y so small that

A" n Ux is exceptional in Ux . Let p, q £ Y - K. Since T is connected, there

exist x0, ... , x„ £ Y such that p £ UXq, q £ UXn, and UXj_i n L7^ ̂  0 for

1 < y < n . Since all K n LVs are nowhere dense, (t/^_, - AT) n (i/Xj. - AT) ̂ 0

for I < j < n, and since each UX - K is connected, p and q belong to the

same connected component of Y - K.

(iii) A subset AT of a connected topological manifold X with dim(A') > 1

is exceptional if and only if dim(AT) < dim^) - 2. This follows immediately

from (ii) and the case of X = R" .
(iv) If AT is an exceptional subset of a connected manifold X with dim(X) >

1 and p, q £ X - K then the set of paths in X - K from p to q is dense (in

the compact-open topology) in the set of all paths in X from p to q .

Let X : [0, 1] —► X, A(0) = p, A(l) = q. Let us take a neighborhood of
X in the space of paths in X and find a path a in X - K from p to q

belonging to that neighborhood of X. Let {£/,}" be open balls in X, let

to = 0 < tx < < t„-X < tn = 1, and X([tj-\, tj]) C U¡ for 1 < j < n.
Then Uj n Uj+X ̂  0 for 1 < y < «. Since AT is nowhere dense, for each j,

1 < j < n , there exists a m, g ([// n c/,+0 - AT. Put also u0 = p, un = q.

Since each C// - AT is connected, it is also arcwise connected. Hence there exist

paths atj : [tj-X, tj] -* Uj-K with a,(fy_i) = m,_i and a,(i;) = m, . Together
{a,}"=1 form a path from p to ? in X-K which belongs to the neighborhood

of X chosen.

(v) If / : U —» W is a holomorphic mapping of connected complex-analytic

manifolds, /(L7) = W, and AT c W is exceptional then f~x(K) is an excep-
tional subset of U.

Note first that if U = V xW for some complex-analytic manifold V and

/ is the projection of the product U onto the second factor then the result is

trivial. Consider the general case. Since / is onto, the set C of critical points

of / (i.e., of those points u £ U at which the differential Tuf : TUU —» TUW
has rank < dim(W/)) is an analytic subset of U and hence is exceptional in

U. Thus it suffices to show that {U - C) n /_1(AT) is exceptional in U - C.

Upon replacing U by U - C and W by f{U — C) one can assume that /

has no critical points. Let V be an open connected subset of U and p, q £
V - f~xiK). Let A be a path in V from p to q. For each v £ A([0, 1]) let
Dv c V be a polydisk neighborhood of v such that the restriction of / to Dv

is isomorphic to a projection D'v x D" -» D'v for some decomposition Dv =

D'v x D" of Dv into a product of polydisks. Since A([0, 1]) is compact, one

can cover it with finitely many such polydisks. Thus one can assume that there

are n such polydisks, {Dj}nj=x, and A([0, 1]) c |Jy=i Dj and Dj n Dj+X ¿ 0

for 1 < j < n. Let u¡ £ (£>;- n Dj+X) - /"'(AT) for 1 < j < n . Such w/s exist
because /" '  (a nowhere dense set) is nowhere dense for every open mapping
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/. Denote also Uo = p, un = q . Since the result is trivial for / a coordinate

projection, for each j, 1 < y < n, there exists a path a.j : [y - 1, y] —>

Dj - f~xiK) with otjij - 1) = «7-1 , otjij) = Uj. Then {ay}; together form a

path [0, n] - F - /-'(A") from /? to « .
Let AT be an exceptional subset of a connected complex-analytic manifold

U (for example, consider U a poly disk), and / G ßf{U - AT). One can say

that AT is a set of singularities of /, but some of these singularities may be

removable.

Proposition. Let U be a connected complex-analytic manifold, K be an excep-

tional subset of U, and f £ %?{U — AT). Let x G AT. If there exists a path X in
U such that A([0, 1)) c U — AT, A(l) = x, and f can be continued analytically
along X then f £ß?iU - AT') for some closed set AT' c K, x $ AT'.

It is important that K is exceptional. For example, log z g J?"(C - (-co, 0])

can be continued analytically along any path not passing through 0 G C, but

cannot be extended to a holomorphic function on a larger subset of C.

Proof. Recall that an analytic continuation of / along a path X : [0, 1] —► U

is a family {(/_,-, Uj, yy)}y=o, where t0 = 0 < tx < ■ ■ ■ < tn-X < tn = I, each

Uj is a connected open neighborhood of X{tj) and f¡ £ ß?(Uj), such that

Uj-\ n Uj t¿ 0 for 1 < j < n, fo = f\u0 and f¡ coincides with f¡_x on
Uj-\ nUj for 1 <j<n.

Let A([0, 1)) C U - K and A(l) G AT. Show that f coincides with / on
Uj - AT (the latter set is nonempty because AT is nowhere dense) for all y .

By the definition, this holds for y = 0. Suppose that f coincides with / on

Uj - K and consider f¡+x . Since AT is nowhere dense, {U¡ n U¡+\) - K ^ 0 ,

and fj+x coincides with f and hence with / on ([/,- n Uj+X) - K. Since

Uj+\ -AT is connected and f+x coincides with / on an open subset of it, f+x
coincides with / on the whole of Uj+ x — K. Thus /„ coincides with / on

U„ - K, and

f(u]=ifiu)    Xu€U-K,
\Mu)    if U£U„,

is a holomorphic function on ([/ - AT) U U„ .

Thus one can consider the set of nonremovable singularities of / ; denote

by Sf the set of points of K to which / cannot be analytically continued.

Then S/ is an exceptional set too. If AT is an analytic subset of U and

f eß^iU -K) then S/ is an analytic subset of U (then Sy is AT minus some

of the components of AT). This fact8 provokes us to state the following.

Conjecture. For any holomorphic mapping h of a connected complex-analytic

manifold W into U either A(ff)cS/ or h~l{Sf) is exceptional in W.

This conjecture is an analogue of the fact that for every holomorphic mapping

h : W —» U of connected complex-analytic manifolds and any analytic subset
Fee/ either hiW) c V or h~x{V) is an analytic subset of W. A particular

case equivalent to the whole of the above conjecture is: if g is a holomorphic

8We do not need this in the sequel. A proof would be a standard exercise in several complex

variables theory.
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mapping on the unit disk D into U then either g(Z>) c Sy or g(D) n Sy is

totally disconnected.

Let S be a proper closed subset of U such that for every holomorphic

mapping g: D -> U either #(£>) c S or giD) n S is totally disconnected.

(Then S is an exceptional subset of U.) The question of whether such S is

actually of the form Sy is an analogue of the classical question of whether a

given analytic subset is a variety. We suspect that each S satisfying the above

conditions is of the form Sy (whereas not every analytic subset is a variety).

Definition. For a connected complex-analytic manifold U put

g'iU) = \J{ß?iU - AT)|A- an exceptional subset of U}.

Functions in !?(£/) will be called almost everywhere (a.e.) holomorphic on U.

Then I? is a sheaf of fields and every meromorphic function is holomorphic

almost everywhere. Each f(L/) obviously admits left composition with mero-

morphic functions: if AT is an exceptional subset of U, f:U-K^>W is

a holomorphic mapping, g £ Jf{W), and f{U - K) is not contained in the

polar set of g then g o / g lf(í/). In particular, each !?(£/) is closed under

exponentiation. Some examples of functions in f(C) are the following:

oo I

IIz,       *»/*« tan(tanz),        E „, (z _ ,„)„ >

where {?„}„ is a dense subset of the Cantor set, and in F(C2) :

sm l^tanttanz)   {  yfZ + W  ] |  ? eV/r(tan z+io) + ^—y/Htan z+u;) _

The following functions, though defined on C - {a very small set}, do not

belong to r (C) :

y/z{z-2), tjziz - l)(z - 2) G ¿T(C - [0,2]).

The reason is that they cannot be extended to holomorphic functions on subsets
of the disk \z\ < 1 containing loops around 0, while every exceptional AT c C

is totally disconnected and hence (the open unit disk) - AT contains loops

around every point of K.

2.1. Lemmata.

Remark. Let U be a real-analytic submanifold of Rm . Then for every u £ U

there exists a neighborhood W of u in Rm such that the function

p:iM (the point of U nearest to x in the Euclidean distance)

is correctly defined and real-analytic on W .

Lemma 1. Let V be a real-analytic manifold. Let tx, ... ,tk £ Sx, where Sx

is the unit circle \z\ = 1 in C, and vx, ... ,vk g V. The set of real-analytic

mappings X : Sx —> V satisfying k{t¡) = v¡, 1 < j < k, is dense for every

I = 1, 2, ... , oc in the set of all Cl ii.e., I times differentiable) mappings

h: Sx -> V satisfying hit¡) = v¡, 1 < y < k, in the usual C'-mappings topology.

This implies in particular that every element of nx {V, a) can be represented

by a real-analytic mapping (51, 1) —► {V, a), since every two sufficiently close
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mappings (S1, 1) —► {V, a) are homotopic. The lemma can be easily general-

ized to mappings X —► V for arbitrary real-analytic manifolds X, but we do

not need this generalization in this paper.

Proof. By [31] one can assume that F is a submanifold of Rm for some m .

Let h: Sx -> V and h{t¡) = Vj for all y. Denote A = hiSx). Since A
is compact there is a neighborhood G of A in Rm such that the function

p : x h-> (the point of V nearest to x) is correctly defined and real-analytic

on G. Approximate h : Sx —> Rw with a sequence of real-analytic functions

gn: Sx —> Rw satisfying g„{tj) = v¡ for all y and converging to h in the Cl-

mappings topology. Then for a sufficiently large n the function pogn : Sx —> V

will be as close to h (in the topology of the space of C'-loops in V) as required.

Lemma 2. Let V be a complex-analytic manifold and h: Sx —> V be a real-

analytic mapping, Sx = {z g C| \z\ = 1}. Then there exists a unique complex-

analytic extension g: {z £ C|l -e < \z\ < 1 +e} -» V of h for sufficiently small
e>0.

Proof. Clearly, for each z £ Sx there exists an ez > 0 such that h can be

analytically continued to a mapping of the disk \w - z\ < ez into V. Since

Sx is compact there is an e > 0 so small that for every u £ Sx the disk

\w - u\ < e is contained in one of the disks \w - z\ < ez . Then one can

continue h analytically to every point of the annulus 1 - e < |iu| < 1 + e

starting at z = w/\w\ and going along the radius {tz}x_£<t<x+e.

2.2. The exponential field generated by meromorphic functions: formulations of

results. Let U be a connected complex-analytic manifold and 3~iU) be the

minimal subfield of ê'iU) containing Jf{U) and closed under exponentiation.

Theorem 1. Let f, gk £ 9riU) and p¡, qk £ JfiU) - {0} for 1 < j < m,
l<k<n. If

Tm   v eh
^f^¡— = h£jfiU),
Efc=i Qkegk

and fj-fj. i ß?iU) for j f / and gk-gk, i &{U) for k£k', then m = n
and there exists a permutation a of {1, ... , m} such that f - ga^ £ %?iU)

and h = ÍPj/qau)) ' eh~8°u) for 1 < j < m.

This theorem admits a strengthening which is most easily formulated for U

being one-dimensional.

Proposition 2. Let U be l-dimensional. Let f,gk £ 3riU) and p¡, qk £
Jf{U)-{0} for \<j<m, \<k<n. Let f - f, g &{U) for j ¿ f and
gk - gk' $■ %*{U) for k ^ k'. If the set of zeros and singularities of

, = E^7fi
ELi^a

is discrete then m = n and there exists a permutation a of {1, ... , m] such

that h = ÍP¡/qa(j)) • eh-s-u) for \<j<m.

For multidimensional  U the analogue of "all singularities are isolated" is

"the set of singularities (if nonempty) is an analytic subset".
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Theorem 3. Let f,gk £ ^{U) and Pj, qk £ Jf{U) - {0} for 1 < j < m,
1 < k < n. Let fj- f¡, i ß?iU) for j ¿ f and gk - gk, i &(U) for
k t¿ k'. If the set {the zeros ofh} U {the singularities ofh} is contained in a

codimension 1 analytic subset of U, where

h = ^kPr±
EL. <Ike8k '

then m = n and there exists a permutation o of {I, ... , m} such that h =

ÍPjlda(j)) • eh-««» for \<j<m.

These results allow one to construct for the exponential field 3~iU) an ana-

logue of the van den Dries normal form for free exponential rings; see [8]. It

is known how to describe in a similar way the algebraic structure of the "free

exponential field" obtained from an exponential field and a number of inde-

terminates; see, e.g., A. Macintyre's notes on exponentiation. Using Theorem

1 one can show immediately that the minimal exponential subfield of f(Cm)

containing all rational functions with coefficients in C is indeed the free expo-

nential field over C generated by indeterminates {zyjyLi : consider the wth

power of the Riemann sphere instead of C" , the meromorphic functions on it

are exactly the rational functions on Cm .

Recall that in analogy with semigroup rings R[S] iR a ring, 5 a semigroup)

one can consider group fields FiG) for fields F and torsion-free Abelian groups

G: put FiG) = the field of quotients of F[G]. Then F is naturally embedded
into FiG), and FiG) is a linear space over F .

Now turn to &ÍU). Put F0 = JfiU) and let So be an additive subgroup of

Jt{U) complementing &{U), i.e., S0r\^iU) = {0} and So+^iU) =JfiU).

For n > 1 put Fn = the minimal subfield of ê'iU) containing F„-X U {ef\f £
F„-X} and let S„ be any additive subgroup of Fn complementing F„_i in F„

(i.e., Fn = Sn © Fn-X). Clearly F(U) = {JnFn.

Theorem 4. In the above notation, each Fn is isomorphic to Fn-XiS„-X), i.e.,

the set exp(iS"„_i) is linearly independent over Fn_x.

It is not an accident that Theorems 1 and 3 resemble the Hiromi-Ozawa

lemma; they are actually its easy corollaries. We would prefer to prove those

theorems in a more differentially algebraic way: we feel that a statement holding

for an arbitrary manifold should admit a proof not based on Nevanlinna theory.

But at present we do not don't have a purely differentially algebraic proof of

the results of this section.

Remark 5. Let 31 c %?{U) be an exponential ring such that f/g £ M when-

ever f,geSV and f/g g JT(U). Then, for every / G JT(U) if / belongs
to the exponential field generated by 31 then / £3$ .

Proof. Denote F0 = the field of quotients of 31, and Fn+X = the field gener-

ated by Fn u {eh\h £ Fn}. Let / G ß?iU) n {the exponential field generated

by 31}, and proceed by induction on k = min{«|/ £ Fn} . The case k = 0 is

trivial. Let k > 0. Then (using the induction assumption) one can present /

in the form

3     EL,^*'
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for some p¡, q¡ G M - {0}, gj, h, G Fk_x with g¡ - gj, £ &{U) for y ¿ j'
and h¡ - h\t £ %?{U) for / # /'. By Theorem 1, m = n and there exists a

permutation er of {1, ... , m} such that gx - /zCT(1) G ß?{U), f = (px/qa(\)) •

eg\-Km   xhen gx - ha<X) £ 31 (by the induction assumption), whence f £31.

Below we provide a nontrivial example of 3ê with the properties required

in Remark 5 (a trivial example would be 31 = ß?(U)) but we want to make a

comment before. It was proved by Ritt that if a¡, X¡■, bk , pk £ C and

E* he**

is entire then A = E/ cie"'z for some q, v¡ g C. We asked L. A. Rubel whether

"if f, gk £ *(C) and
y. ehW

H -      J
Zk*gk{z)

is entire then H = ¿~^¡ eh,{-z) for some h¡ £ J"(C)" and he provided the answer:

no,

sin(7rz2) ,    sin(sinz)
-~—r   and   —^-
sin(7iz) sinz

are entire, but are not sums of exponentials. To prove Rubel's remark one has

to use the Hiromi-Ozawa lemma (see §1.3).

Example 6. The exponential field generated by {ef\f £ <^(C")} contains no

meromorphic functions of order < 1 and no meromorphic functions of order

1 with the minimal type.9

Thus 31 = %?{£.") n (the exponential field generated by {ef\f is entire}) is
an example for Remark 5 above.

Proof. Denote Fq = the field generated by {ef\f is entire}, and Fn+X = the

field generated by Fn U {eh\h £ F„}. Let / G i[jneNFn) r\Jf{Cn) and k =

min{«|/ £ Fn} . To show that / cannot have order < 1 or order 1 with the

minimal type proceed by induction on k. Suppose the contrary: T(r, /) =

oiTir,e8)) for all nonconstant entire g.

Case k = 0. Then /= (EyeiJ)/(E/e*') for some entire g¡-, h¡ with gj-gj- #

const for j ^ / and hi - h^ ^ const for / ^ /'. Since / is Nevanlinna-small
compared to all e8i~8'' (y ^ /) and eh,~hl' il ^ /'), by the Hiromi-Ozawa lemma

(§1.3) functions {e8>}j\J{f-eh,}i are linearly dependent over C. Thus / can be

presented by a fraction with less total number of summands in numerator and

denominator. Iterating this reasoning one arrives at f = e8 , g £ ß?iC) - C,

contradicting the assumption that / is Nevanlinna-small.

Case k > 0. Then (by induction on k)

_ Ef=i 91* '

9For and / to have order < 1 or order 1 with the minimal type is equivalent to T(r, f) =

o(T(r,es)) for all nonconstant entire g.
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for some gj, h¡ £ Fk_x and p¡, q¡ G (the ring generated by {e'\t is entire}) -

{0} , with gj-gj, i ¿T(C) for j ¿ f and h,-hv i X(C) for / ¿ V. Then
by Theorem 3 there are a, ß such that / = ipae8a)/{qpehf) = ipa/q$) • e8a~hK.

If ga-hß £ X(C) then ipa/qß)-e8a~hf has an essential singularity whereas

/ is meromorphic. Thus ga - hß £ ¿F(C") and / = (E^*)/(£„<?'") for

some entire s^, tv . This reduces the situation to the case k = 0.

2.3.   The exponential field generated by meromorphic functions:  proofs.     In

this subsection we prove Theorems 1, 3 and 4 of §2.2. First we shall prove

Proposition 2 of §2.2 (which is a particular case of Theorem 3 of §2.2), and

then we shall use it as a lemma for the more general results. We begin with the

case of U being the unit disk Z) = {zgC||z|<1}. Denote by p the universal
covering D —> D - {0} defined by the formula

z = piu) = e(«+n/(«-i).

Then z —> 0 if u —> 1 nontangentially; in particular,

max    \pire'e)\ -> 0,    as r -* 1.
r-l<0<l-r

Lemma 1. Let f G ̂ (D), /(0) /O.an^eN. Then

e2k/(\-r) . (1 _ r)L5 = 0(r(r > (ef(z)lzk) 0 ß)) >

as r —> 1, w/We 7"(r, •) ¿s i/ze Nevanlinna characteristic.

Proof. In analogy with log+ |-|, denote re+(u;) = max(0, reu;) for w g C and

(x)+ = max(0, x) for x G R. Recall that log+ \ew\ = re+iw) for all w £ C.

So,

Tir, ief{z)/zk)op) = ±- r re+Hf o p)ireie) • ek'(x+re'6)l(x-re^)dd.

We are going to prove that

/■(l-r)'-5

/ re+Hf o p)ireie) • ek'(x+re,e^x-re^)dd > const • (1 - r)15. ^2fc/(i-r)
J-(l-r)l>

as r -> 1. Note first that
1 +rer

1 -re1
<

1

L

whence
|e*-(lW)/(l-re'"8)| < ^/(l-r)

and
r(l-r)15

|efc-(l+re"')/(l-re"')|rfö < 2(1 _ r)L5 . g2k/(l-r) _

/-(l-r)ii

Consequently, for any g £%*iD)

[{l \(g o ̂ (/V0) • i*d+«")/(i-«")| rfö < 2C7(r) • (1 - r)15 • e»/(»-'),
y_(i_r)i.s

where (7(r) is the maximum of \igop)iretd)\ for 0 G [-(1 - r)x-5, (1 - r)1-5],

Put a = /(0) and g(z) = /(z) - a . Then G(r) is not more than

max    \Hf-a)-p)ire'e)\,
r-\<e<\-r
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/:

which tends to 0 as r —> 1, because p{u) tends to 0 when u —► 1 nontangen-

tially. Thus it suffices to estimate from below

re+ia-ek^x+re'e^x-re'^)dd,

-(l-r)«

for arbitrary constant nonzero a £ C. The latter means estimating from below

r(l-r)15
e*:'(l-r2)/(l-2rcosö+r2)

.)1.S

2krsind . 2krsind

L
b • cos

1 - 2r cos 6 + r2

for arbitrary b, c £ R with b2 + c2 7¿ 0, or

+ c • sin

r(l-r)'-' , ,_r2
exp   /c •-r-^-=•

(i_r)i.s       V      1 - 2r cos 0 + r2
cos

1 - 2r cos 6 + r2

2krsind

de,

+ pf
y_(i_r)i.s    FV      1 - 2r cos 0 + r2/"    V      V i ~ 2r cos 0 -(- r2

for arbitrary peR, Since cos0 > 1 - 02/2, for r\ = (1 - r)1-5

e/c-(l-/-2)/(l-2rcos^+/-2) > ek-(\-r2)/(\-r)2(\+r-r2)

_ eí:-(l+/-)/(l-r)(l+r-r2) > g-3 . ¿,2/c/(l-r

and hence it will be enough for any fixed p £ R to show that

r(l-r)'-5

¿0,

/ (C0S (

2krsind

1 - 2r cos 6 + r2
+ p) )   dd > const • ( 1 - r) 1.5

as r -> 1. Since 1 > cos 0 > 1 - 02/2 and 0 > sin 0 > 0 - 03/6 (for 0 > 0),

as r

max
ee[o,(i-r)'-5]

1 and thus

cos

2kr6 2/crsin0

max
ee[0,(i-r)'-5]

1-r)2      l-2rcos0 + r2

2rcr0

< const • ( 1
N.0.5

+ p ) - COS
2krúnd

Kil-r)2'y)     """\l-2rcosd + r2

as r -» 1. Consequently, it suffices to check that

2ÄT0 \    ,. ..        ,, c
+ p) dd > const • (1 -r)15

+ P 0,

IK
as r ^ 1, where /lr = {0 G [0, (1 - r)15]|cos(2r0(l - r)~2 + p) > 1/2}. The

latter estimation follows immediately from the fact that

g: 0H^2Â:r0(l -r)~2 +p

is a linear mapping of [0,(1- r)1-5] onto the segment [p, p + 2A:r(l - r)-05]

whose length tends to oo as r —> 1.

The above estimation is exact: take /(z) = 1 . The universal covering of the

unit disk without zero by the unit disk is given by an easy formula, and this

fact helped very much in proving Lemma 1. Another helpful circumstance was

f/zk £ JfiD). It would be very interesting to find similar estimations for a

universal covering p of S = (Z) or C) - (a discrete set) for T(r, eh op), with

/ G %?iS) having arbitrary singularities. For example, what is the growth order

of Tief o p) for p : D -» D - {0} with arbitrary / G &{D - {0}) ? Or, the

growth order of T(r, ef o p) for p : D -+ C - {0, 1} with / g ,
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Lemma 2. Let U be l-dimensional, f £ 3riU) - {0}, and Yf = {the zeros of

/} U {the singularities off}. Then the Cantor derivative YÍ"' = 0 for some

n £ N.

Recall that the Cantor derivatives of a closed set are defined inductively as
follows: y(°) = Y, Y(a+X) = the set of limit points of y(°>, and Y® =

f)a<i Y^ for X a limit ordinal number.

Proof. Proceed by induction on the construction of/. If f £ JfiU) - {0}

then Yf is discrete and hence YÍl) = 0 . If / = g/h then Yf c Yg U yA and

hence Yfn) = 0 whenever Y¡n) = Y^] = 0. If / = e* then Yf c Yg. If

f = g-h then íy c 7^ U Yh U ̂  , where A (the set of zeros of /) has no limit

points outside Yg U Yh ; then YÍl) cYgUYh and hence Yf"+l) = 0 whenever
y(n) = y(n) = 0 _

Lemma 3. Lei /y, & G ̂ (ö) n ßP(D - {0}) a«äf p,, qk £ Jt(D) - {0} for
l<j<m, l<k<n. Let fj-fj, i &{D) for j ¿ f and gk-gk, i &(D)
for k =¿ k'. Let all p¡, qk be of bounded Nevanlinna characteristic. Denote

Tm   v eh
(*) h=^n=x^      £J-ÍD-{Q}).

(i) If h has neither zeros nor poles on D - {0} then m = n and there exists

a permutation a of {1, ... , m} such that h = ÍPj/qa(j)) • eh~g°w for all j .

(ii) If Tir, h o p) = oie2lx~r -il - r)1-5) os r -» 1 then h£jriD), m = n,

and there exists a permutation a of {I, ... , m] such that f - ga^ £ %f{D)

and h = ÍPj/qa(j)) • eh~8°u) for all j.

Proof. Denote F0 = JfiU) and F„ = the subfield of %{D) generated by

F„-x\J{eh\f e Fn-i} . For f£9riD) denote i/(/) = min{«|/G Fn}. To prove

the results proceed by induction on the maximum of {^(//)}y and {vigk)}k .

Denote t{r) = e2^x-r"> • (1 - r)1-5.

Induction base. Let f¡, gk £ Jf{D). Then all fj—fy for j ■£ j' and gk-gk<

for k t¿ k' have 0 G D as a pole. By Lemma 1, T{r, {eh~h') o p) for y / y'
and T{r, (e*"^') op) for /c ̂  /t' are > const • i(r) as r -* 1 . On the other

hand, all T(r, Pj o /¿) and T(r, qko p) are bounded (since all p¡ and ^¿ are

of bounded Nevanlinna characteristic, they are quotients of bounded analytic

functions, and hence all p¡ o p and qk o p are quotients of bounded analytic

functions). Now Corollary 3 of §1.3 implies that m = n and that there exists

a permutation o of {I, ... ,m} such that h = ÍPj/qa(j)) • eh~g«J\ for all j.

If fj - ga(j) i %*iT>) then T{r, ieh~8°u)) 0 p) > const • i(r) by Lemma 1 and

hence Tir, h o p) > const • í(r) (recall that Tir, ÍPj/qa{j)) ° p) is bounded).

Thus, in case Tir, ho p) = oitir)) we have f - ga(¡) £ JtiD) for all j .

Induction step. Let N = the maximum of {uif¡)}¡ and {u{gk)}k . Then

all those members of the family {/}}; U {gk}k which are not meromorphic on

D can be presented in the form (*) with all exponents occurring belonging

to FN-X . Hence all nonmeromorphic members of the family {/ - //jz/y U

{gk - gi}k¿t can be presented in the form (*) with all exponents occurring

belonging to FN„X .  By the induction assumption then  7(r, (/ - f) o p) ¿
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o{tir)) whenever fi- f¡ £ JfiD) and Tir, igk - g¡) o p) ^ o(i(r)) whenever

gk~ gi £ JfiD) ■ Note that 7T(r, u) = o(T(e")) whenever u is a holomorphic

function of unbounded Nevanlinna characteristic (this is a very special case

of a result of Clunie, see [17]). Hence Tir, (ef'~fj) 0 p) ^ oitir)) whenever

/■ - f¡ i JfiD) and Tir, iegk~g<) o p) ± oi^r)) whenever gk - g, £ JfiD).

Besides, T(r, (e*_/0 o //) > const • i(r) for /■ - f¡ £ JfiD) - ßT{D) and
Tir, iegk~g')op) > const • t(r) for gk - g¡ £ Jt(D)-^{D) by Lemma 1. As

before, all T(r, /?7 o p) and T(r, qko p) are bounded.

Again, Corollary 3 of §1.3 implies that m = n and that there exists a permu-

tation a of {1,... , m} such that h = ÍPj/qa(j)) • eh~g«w for all y . Suppose

that f - gaU) i *{D) for some y . If f - ga(j) £ JfiD) - &(D) then

Tir, ieh-soii)) o p) > const • i(r) by Lemma 1. If f¡ - ga[j) $ JfiD) then

fj - ga(j) can be presented in the form (*) with all exponents occurring belong-

ing to Fff-i, and Tir, ieh~g°w) o p) ^ o^ir)) by the induction assumption.

Consequently Tir, h op) ^ o(f(r)) (recall that each Tir,iPj/qa^)op) is

bounded).

Now we are ready to prove Proposition 2 of the previous section. Consider all

triples iA, B, x), where A and B are partitions of {1, ... , m} and {1, ... ,

n) respectively into the same number of sets (i.e., \A\ = \B\) and x is a

bijection A —> B such that

h_     Hj£qPjef'

Zk£r(a) Qkegk

for each a £ A . We will write (A, B, x) < iA', B', x') if the triple {A', B', x')
is a refinement of the triple iA, B, x), i.e., if every a' £ A' is contained in
some a £ A, every b' £ B' is contained in some b £ B and t(û) = b whenever

t'(û') = b' for some a' c a, b' c b. The relation ^ is an ordering; let
iA, B, x) be a ^-maximal triple. We are going to show that both A and B

consist of one-element sets only.

Suppose the contrary: a £ A, b £ B , t(û) = b, and \a\ + \b\ > 2 . Denote

by Y the set of singularities of all f - f* and gk - gk, for j, j' £ a and
k,k' £b.

By Lemma 2 there exists an isolated point u in Y. Take a closed disk

neighborhood V of u in U so small that (F-{w})nY = 0. One can

identify {V, u) with the closed unit disk and its center (D, 0) in C. Then all

{Pj}jea and {qk}keb are quotients of bounded analytic functions. Let a be

the partition of a into the equivalence classes of the relation j ~ j' defined as

f - f' £ %*iD), and let ß be the partition of b into the equivalence classes

of the relation k « k' defined as gk - gk, £ ß?iD). Note that if |a| > 1 then

|a| > 1, if \b\ > 1 then \ß\ > 1, and consequently \a\ + \ß\ > 2. For each

J £ a let fj be one of {/)}ye/ and for each AT G ß let gK be one of {gk}k(EK .

Put pj = T,j€jPjefi~fj and qK = T,k€KakCgk~gK . Then all pj and qK are

quotients of bounded analytic functions because f-fj, gk~gK G <£"(£>), and

E*€/» tee» '

Now, by Lemma 3, the number of sets in a and ß coincide, \a\ = \ß\, and
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there exists a bijection a : a -* ß such that

h=     PJßfj      =     ^J£jPjefj

&(/)<?*«"      ¿Zk£o(j) Qkegk '

for all J £ a. Thus one can refine iA, B, x) by taking

{{A- {a})Ua, {B - {b})ü ß, {x - {{a, b)})Ucj),

i.e., replacing each a £ A and b £ B with several smaller sets and adding

the correspondence a between the new sets. The latter contradicts the <-

maximality of iA, B, x).

Lemma 4. Let U be a connected complex-analytic manifold and a £ ^{U) -

%?{U). Then there exist a finite set Xa c U and an exceptional set Ea c U

such that a £ %*{U - Ea) and a o y/ g 3riD) - ß^{D) for any holomorphic

embedding y/ : D —> U satisfying y/{D) d Xa and y/iD) - Ea ^ 0.

Proof. Denote F0 = JfiU) and F„ = the subfield of ê'iU) generated by

F„_, U {ef\f £ F„_!}. For / G F(U) denote v{f) = min{n\f £ Fn}. To
prove the result proceed by induction on via).

Induction base. For a g JfiU) - {0} put Ea = the polar set of a; pick

a point t in the polar set but not in the zero set of a and put Xa = {t}.

Let us show that these Xa, Ea satisfy the requirements. Let y/ : D -> U

be a holomorphic embedding and y/iD) D Xa, y/iD) - Ea / 0. Since the
intersection y/iD) n Ea is an analytic subset of y/iD), it is discrete. For every

z £ D there exist functions u, v holomorphic in a neighborhood of y/{z) in

U with the zero set of v contained in Ea such that a = u/v . Since y/iD)f)Ea

is discrete, none of u o y/ and v o y/ is identically zero (in a neighborhood

of z £ D) and a o y/ = {u o y/)/{ü o y/). Thus a o y/ is meromorphic and

not identically zero on D. Let t = y/{w). Since t is a polar point but not
a zero point of a, in a neighborhood of t in U one has a = u/v for some

holomorphic u, v with w(í) ^ 0 and vit) = 0. Then

ia o y/)iz) = iuo y/)iz)/iv o ^)(z) -♦ 00,

as z —> w .

Induction step. Let N > 0 and assume that the statement of the lemma holds

whenever via) < N. Let via) = N. Then

a = ^fff±

for some p¡, qk £ JfiU) - {0} and f,gk£ FN_X such that f- fj $. S^iU)
for i ^ j and gk - g¡ £ ^iU) for k ¿ I.

Consider first the case when each of J2j and E/t consists of one summand

only. Then a = ip/q) -ef~8 , where /- g <£ ̂ {U) because otherwise ef~8 £

%*{U) and a £ JfiU). Put Xa = Xf_g and Ea = Ef_g U {the zero and
polar points of p/q} (recall that f - g £ FN_X ). Let us show that these

Xa, Ea satisfy the requirements. Let y/ : D -» U be a holomorphic embedding

and y/iD) d Xa , y{D) - Ea ¿ 0 . We have p/q, f' - g £ ¿F(t/ - Ea),

whence (p/q) • ef~* £^iU-Ea). Further, {p/q) o y/ g Jf{D) - {0} (see the
reasoning in the induction base), and if - g)° y/ $ %?{D) by the induction
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assumption. Consequently e(f~8'l°i' and a o y/ = {{p/q) o y/) • e(f~gî°i' are not

only nonholomorphic but even nonmeromorphic on D (see, e.g., Lemma 3).

Now consider the case when a cannot be presented as r-es for r£jf{U)-

{0} and s g Fn_x • Then at least one of Y,j > Et above contains more than

one summand, and the zero set of a - {pj/qk) • ef~8' is an analytic subset in

U-ilJjEfj)

and

Ea

Trivially, a £ ß?{U - Ea). Let y/: D —► U be a holomorphic embedding
satisfying y/{D) D Xa , y/{D) - Ea ^ 0 . Then fjoyi, gk o y/ g 9r{D) by the

induction assumption, p¡■ ° y/, qk o y/ g Jf{D) and so a o y/ g «^"(D). Let us

show that ao y/ £ %f{D). By the induction assumption (/ - ff) o y/ £ ßP{D)

for i ¿ j and {gk -g¡)oy/ $ ßT{D) for k ¿ I. By Lemma 3, if a o y/ g &{D)

then there are o and x such that a o y/ = ((pCT/<?T) ■ ef°~gx) o y/ , i.e., ^(Z>) is

contained in the zero set of a - ipa/qx) • ef°~g* (contradicting ^(D) -Ea±z).

Now we are ready to prove Theorems 1 and 3 of the previous section. Note

that for any finite set A c £/ there exists a holomorphic embedding y/ : D ^ U
with y/{D)D A. Indeed, let ^" : [0, I]-* U be a C°°-path through all points
of A without critical points and self-intersections. By Lemma 1 of §2.1 one

can substitute for y/" a real-analytic y/' : [0, I]—> U with the same properties.

Then y/' can be analytically continued to an embedding y/ of a neighborhood

of [0, 1] into c/.
In the notation of Theorems 1 and 3 of §2.2, put X = (Uy^y^y}-//) u

(U,*'***-&.) and E = Ehö {\JjEfj) U (U*£&) u (the union of the zero

and polar sets of all p¡ and <&), where the X°>\ and £?'s are as described in

Lemma 4 above. Consider all holomorphic embeddings y/ of the closed disk

D into U satisfying y/{D) d X and y/{D) - E ^ 0 . For each such ^ the set

of singularities of h o y/ is contained in a proper analytic subset of D, i.e., is

finite. By Proposition 2 of §2.2 (proved above) then m = n and there exists a

permutation a = av of {I, ... , m} such that h o y/ = {{pj/qa{j)) • eh~g°o>) o y/

for all y . Since one can construct such y/ passing through any prescribed point,
for every x £ U - E there exists a permutation ox of {1, ... , m] such that

h{x) = {{Pj/qax(j)) • eh'8"xu)){x) for all j . Since there are only finitely many

permutations of {1, ... , m] whereas U - E is open, there exists a a such

that the identity h{x) = {{Pj/qa(j)) • efi~8o^){x) holds on an open subset of U

and hence on the whole of U . This proves Theorem 3.

-i\JkEgk) for all i,l. Put

{JXf) u (il**) U \{JXf.-h) u (IM
,7 /       V k I       \i+j j       \k#

Sk-gi       '

U £/, J U Í U £& ) U Í the zero set of £ ^ j

U (the union of zero and polar sets of {Pj}j)

U (the union of zero and polar sets of {qk}k)

U (the union of zero sets of {a - {Pj/qk) • eh~8k}jk).
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For Theorem 1 of §2.2 we have to show that f - ga^ £ ^{U). Suppose the

contrary: fj-ga(j) $ ßf{U). Then for an appropriate holomorphic embedding

(see Lemma 4) y/ : D -> U we have (/} - ga{j)) o y/ g 3r{D) - ß?{D) and

{h ' Qa(j)/Pj) ° ¥ 6 Jf{D). Then (/} - ga(j)) ° ^ is a logarithm on D of a

meromorphic function {h • qa(j)/Pj) ° W, whereas log (a meromorphic function

s on D) either does not exist (if s has a zero or a pole on D) or is holomorphic
onD.

Next is the proof of Theorem 4 of §2.2. Proceed by induction on n . The

case n = 1 is almost proved in the example in §2.0 (in that example U c C).

Let {57Jt=o c *So be distinct. Without loss of generality one can assume that

so = 0. Let
m m

1 =es» = Y,PjeSl=Y,PjeSj/1'

7=1 J=l

for some Pj £ Jf{U). By Theorem 1 of §2.2 then m = 1 and sx £ ^{U),
contradicting the assumption on So ■

Consider n > 1. We have to show that for any {Sj}"1^ c F„ satisfying

sk - s¡ £ F„_i for k t¿ /, the functions {eSj}^=<i are linearly independent

over Fn-\. Note that each E„ can be described also as the subfield of W{U)

generated by Jf{U)Uexp{F„_x), where exn{Fn-X) = {ef\f £ F„_i} . Denote by

R„ thesubringof <£{U) generated by Jf{U)llexp(F„-X). To show that {es'}j
are linearly independent over F„_i it suffices to show that they are linearly

independent over Rn_x . Without loss of generality one can assume that so = 0.

Let
m m

l=eso = J2q¡esJ=YlQjeSj/U
7=1 7 = 1

where q¡ G Rn-\ - {0}. Let q¡ = Y!k=xPjkC¡k with pjk g Jf{U) - {0} and
rjk G F„_2 for each y . Without loss of generality one can assume that r¡■ tk -

rj,k' Í- %?{U) for k ^ k'. For j ^ f we have {Sj - Sy) + {rjk - rjlk,) £
F„'_i - F„_2 c F„_i - ^(c/). By Theorem 1 of §2.2 then ¿^L, /y = 1, whence

m = 1 and S( + rxx £ %f{U), contradicting the assumption on {s¡)j.

3. Easy multivalued functions

This is also an introductory section, but it is somewhat less introductory than

§1. Here we consider mostly the rings of analytic germs (for every connected

complex-analytic manifold U and a point Ç £ U) generated by the germs of

the form h = fg , where f, g £ Jf{U)n%ç and /(£) ^ 0. The monodromy of

such multivalued functions, i.e., how the result fix of the analytic continuation

of a germ h along a loop X is related to g , is clear.

Reminders. ^¡-* = {those holomorphic germs at Ç which have value ^ 0 at

Q, %?*{U) = {functions holomorphic on U without zeros}.

H\ {X) = the first homology group of X. Note that (the n = 1 case of)

the Hurewicz homomorphism nx{X) -* HX{X) is onto and its kernel is the

commutant [nx{X), nx{X)]. Thus one can think of Hx as [nx, nx]. For

homomorphisms of groups h : A —> B, we use Bourbaki words "epimorphism"



38 R. H. GUREVIC

(onto), "monomorphism" {h{x) = h{y) =>■ x = y), and the notation imh =

h{A), kerh = h~x{0).

The bar over a field means its algebraic closure; thus Jf{U) = {the alge-

broid functions on Í7} , %{U) = the algebraic closure of the field of functions

holomorphic almost everywhere on U.

3.1. Lemmata. This subsection contains some basics on logarithms of holo-

morphic functions on connected complex-analytic manifolds (to be used in the

sequel).

Lemma 1. Let ßo = P,Q\, ■■■ ,Qk be Weierstrass polynomials10 with re-

spect to zn in a neighborhood U of 0 in C". Let the images of {Qj}j as

germs at 0 be distinct irreducibles in ß% ■ Then there exists a u £ U such

that Q\, ... , Qk £ £?u* and u is an order 1 zero of P {i.e., P{u) = 0 and

{dP/dZj){u) ¿ 0 for at least one j, 1 < j < n).

Proof {following [33]). Put g = \\. Qj. Since g is not divisible by P we have

g = Pq + r, where q £ %o, r is a nonzero polynomial in z„ with coefficients in

<%o on C"~x, and deg(r) < deg(/>). Let d be the resultant of P and dP/dzn .

Since P is irreducible, d (which belongs to %o on C"_1) does not vanish

identically. Let F be a neighborhood of 0 in C_1 such that d and the
coefficients of r are in %?{y), and put V* = {v £ V\d{v) ^ 0 and at least one

of the coefficients of r is ^ 0 at v} . Then V* is open and dense in V and for

any sufficiently small v G V„ the polynomial P{zn) has deg(P) distinct roots

whereas r has < deg(r) < deg(P) roots. So there are v £ Vt and w such that
P{v, w) = 0 t¿ g{v, w). Since it; is a simple root of P{v , •) the order of P

in %{VyW) is 1 and thus P is an irreducible in %¡V,W).

If U is a complex analytic manifold and / G ß?*{U) then the increment of

¿j arg / along a loop (the same as the increment of ¿¿ log / along a loop) is a

homomorphism nx{U) -» Z and hence a homomorphism HX{U) —► Z.

Lemma 2. Let U be a neighborhood of 0 in C", P £ %?{U), and 0 be an
order 1 zero of P. Let Ç £ U, P{Ç) / 0. Then the homomorphism

¿argP ://,(£/-r,C)-Z,

where Y is the zero set of P, is an epimorphism.

Proof. Denote by D the unit disk of C. For v £ C" - {0} denote by y/v the
embedding C —> C given by w *-* vw . Take a v £ C such that y/v{D) c U

and 0 is the only root and a simple root of P o y/v on D. Then

^-arg{Po¥v):Hx{D-{0},C)^Z
¿n

is an isomorphism, whence

^-ar$P:Hl{y/v{D)-{0},Q->Z
Ln

l0A Weierstrass polynomial with respect to z„ around 0 £ C is (z„)k + cx(z„)k~[ + ••■ +

ck-Xz„ + ck , where each c¡ is a function in (zx , ... , z„_x ) holomorphic in a neighborhood of

0 in C"-1  and Ct-(0) = 0.
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is an isomorphism too. The result then follows from y/v{D) - {0} c U - Y.

Lemma 3. Let Qx, ... , Qk £ ß?{U), where U is a neighborhood of 0 in C" ,
C G U - {0}, and Qj{Ç) # 0 for all j. Let the images of {Qj}j be distinct
irreducibles in Jo. Qi/Qm i ^* far I ^ m. Let Y be the union of the zero

sets of {Qj}j ■ Then the family {vj}k=x, where

Uj = ^areQ¡:Hx{U-Y,Q^Z,

maps HX{U -Y ,Q onto Zk .

Proof. By Lemmas 1 and 2 for each j there exists a loop y in {U - Y, Q

such that Vj{y) = 1 while vm{y) = 0 for m ^ j.

Lemma 4. Let U be a connected complex-analytic manifold, K be an excep-

tional subset of U, and C G U - K. Let f g ß?*{U - AT). If ^ arg/ maps
HX{U - AT, O into {0} then there exists a g £^{U - K) such that f = eg .
If, besides that, f £jf{U) then g £%"{U).

Proof. Take for g any branch of log/. For / G Jf{U) it suffices to show that

/ has neither zeros nor poles in U. Suppose the contrary: the germ of / at

some u £ U has the decomposition riy=i (^y)/j » where l¡ £ Z - {0}, k > 0,

and all {y/j}j are distinct irreducibles of ß?u (in particular, y/j/y/y £ <%"u* for

j # /). Then the homomorphism

{±argy/j}¡:Hx{U-Y,O^Zk,

where Y is the zero and pole sets of /, is an epimorphism. Since

nx{U-K,C)^nx{U-Y,C)

is an epimorphism,

1 1    k

2¿&r*f =2n'HlJ- K%Vj ■ HÁV -K,Q^Z
7=1

does not vanish.

Let U be a connected complex-analytic manifold and Ç G U .

Lemma 5. Let f¡ £ Jf{U) n ßT* and g, £ ¥{U) n Jf for 1 < j < k. Fix a

value for log fj{Q for each j. If 1, gx, ... , gk are linearly independent over

Q and the germ Uj=iifj)gJ e F(U) then {logf¡}¡c 2?{U).

Proof. Let an exceptional subset AT c U, Ç ^ AT, and a finite-sheeted cov-

ering {V, Ç) -» {U - K, Q be such that all g¡ £ ß?{V).  The increment of

¿7 logtflJLi (//)*) = 5iïEÎ=i gj log fj along a loop in {V, Ç) is equal to the

increment of ¿ £y=i gj aT&fj along a loop in {V, Q and is a homomorphism

%\iV, C) —» %?{V) with values in Z. The linear independence of {1} U {g¡}¡

over Q implies that all ¿argf map nx(V, Ç) into {0}. Since the index of

nx{V,Q in nx{U-K,Q is finite, all ¿arg/ map nx{U - K, Q into {0},
and Lemma 4 provides the result.
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Lemma 6. Let f £jf{U)n %*£ and gj £ß?{U) for 1 < j < k. Fix a value

for logfjiQ and put h¡ = {f¡)8i for each j. If for some exceptional set K the

increment of ¿ Yl¡ gj arëfj along a loop maps nx{U - K, £) into the copy of

Z in ß^{U - AT) consisting of integer constants then h = T\j hj £ Jf{U).

Proof. Let m and k' < k be such that each gj for k' < j < k is an integer lin-

ear combination of l/m, gi/m, ... , gk3m and I, g\,... , gk> are linearly in-

dependent over Q. Then h = ifo)l/m'UjLiifj)8j,m for some {yy}^l0 C Jt(U),

and the increment of ¿j log A along a loop, £. arg/0 + ^ £y=i gj **&fj>

maps HX{U - K, C) into Z c M?{U - AT) for some exceptional set AT. Since

l, g\, ■■■ , gk' are linearly independent over Q, each ¿ arg/y, 1 < j < k',

maps HX{U-K,Q into {0} and ¿arg/0 maps HX{U - K, Q into mZ.

Hence {log fj}k'=l c *{U) by Lemma 4, and (/0)'/w G Jf{U).

3.2. Examples. Let U be a connected complex-analytic manifold; fix a point

Cet/. Let f £jf{U)n %¡* and ^ g X(l/) for 1 < j < k. Fix a value

for log/(C) and put hj = {f)8' £ %?£ for each j. In this subsection we show

how easy multivaluedness considerations help to detect algebraic or analytic

(in)dependence of {h¡}¡.
Consider first algebraic relations between the h/s. For any multi-index a £

Zk denote ta = riy=i(^y)Qy • ^n algebraic relation between the h/s over a

field y is a linear relation between some iQ's over 9r . The examples below

which concern algebraic dependence of {hj}¡ or linear dependence of {ta}a are

some vague analogues of the Hiromi-Ozawa lemma for "exponentials" {/Q}Q

with "Nevanlinna-small" and "Nevanlinna-large" substituted by "few-valued"

and "many-valued" respectively.

Example 1. Let all / G ̂ *{U). Take a finite family {ta}aeA , and consider

homomorphisms

"° = £ 2l8j mf] :7liiU>0^ *W),
j

for each a£A (each va is "the increment of ^¡logta along a loop"). If there

exists a x £ nx{U, Q such that {vß - vy){x) £ Z for ß ^¿ y, ß, y G A , then

{ta}a€A are linearly independent over !?(£/).

Indeed, suppose that Eag/i cJa = 0 with some ca £W{U). Let AT c U be

an exceptional subset such that all ca g ß?{U - AT). Without loss of generality

one can assume that C ^ AT (otherwise one could substitute C with a point in

U - K sufficiently close to Ç). Let A be a loop in {U - K, Ç) homotopic to x

in {U, C) • The analytic continuation along Xm , m £ N, multiplies each cata

by e2n,mVa^) but the whole sum must remain 0 :

Y,cJae2nimv"(l) = 0.

a£A

These identities forO<m<./V-l {N = the number of elements of A) can be

regarded as a homogenous system of linear equations for the germs {cata}aeA

in Jfr with Vandermonde matrix

{(^n^Lo>
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where {np}p~0l is an enumeration of {e2n,Va^}aeA. By the assumption on

T ̂  e2nivt(x) _¿ ei%wy(x) whenever ß ± y, i.e., all np are distinct. Hence the

determinant

KW/^Lol^o,
and the system considered has unique solution with all "unknowns" equal to 0.

Since each ta £ ßfc* this means that each ca = 0.

In the above example the requirement that a single loop x makes all the dif-

ferences Vß - vy nonintegral is excessively strong. The result can be generalized

as follows.

Example 2. In the notation of Example 1, if im{vß - vy) <£. Z for ß ^ y,

ß, y G A, then {ta}a€A are linearly independent over %{U).

If you dare to take exp (a homomorphism from a group into a function germs

field) then you can delete all occurrences of x from the proof above, and then

regard what will remain as a proof of the current statement. (This idea is not as

wild as it may seem to be; we actually use it in the continuation of this paper.)

Here is a conventional proof of the statement of Example 2.

Let {ca}aeA C £{U) and ¿~^aeAcata = 0. Consider nonempty subsets B c

A minimal with respect to the property ^2aeBcata = 0. It is enough to show

that each such B is a one-point set.

Suppose the contrary: ß, y £ B and ß ^ y . Let AT be an exceptional subset

of U such that all ca £ %f{U - AT). Without loss of generality one can assume

that C $■ K ■ Let x be a loop in {U, Q such that {vß - va){x) £ Z and X
be a loop in {U - AT, Q homotopic to x in ([/,£). Let us break B into the

equivalence classes {Ba}la=Q determined by the relation ~T, where a ~T a' is

defined as {va - va,){x) £ Z. Then / > 1 (there are at least two equivalence

classes: ß ;éT y). Put ua = ^2aeB cata for 0 < o < I ; then

/

^2 uo = o.
(7=0

The analytic continuation along the loop Xm , m £ N, multiplies each ua by
e2mmva(x) s where a £ Ba , but the whole sum must remain zero:

/
^«CT-(^)m = 0,

(7=0

where na - e2niVa(-xX, ae/3ff, for each a. Note that na ^ na< for a # a'.

Now the same Vandermonde matrix argument as before shows that each ua = 0

(contradicting the assumption on B).

One can further refine Example 2 as follows.

Example 3. In the notation of Example 1, break A into the equivalence classes

{Aa}a determined by the relation ~, where a~a' is defined as im{va-vai) c

Z. If {ca}aeA c g(U) and \Za€Acata = 0 then Y,a€Aitcata = 0 for each a;

more precisely, if B is a nonempty subset of A minimal with respect to the

property Eaeß^«^ = ^ then B is contained in some Aa .

The latter statement is proved exactly as in Example 2 (note that the equiv-

alence relation ~ is the intersection of the equivalence relations ~T, t g

*i(E/,0).
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These facts allow one to reduce the questions on algebraic dependence of

{hj}j over W{U) to questions about meromorphic functions on U, via the

following.

Remark 4. If {hj}k=l are algebraically dependent over %{U) then there exists

an a£Zk - {0} such that ta £ Jf{U).

Indeed, let some finite family {ta}aeA be linearly dependent over ïï{U),

i-e-> EaGyi^^a = 0, all ca £ %{U) and at least one ca ^ 0. Then Example 3

says that at least one ~-equivalence class Aa contains more than one element:

ß, y G Aa and ß ^ y . Then Vß_y = Vß-vy maps nx{U, Ç) into Z, and the

statement (with a = ß - y £Z- {0}) follows from Lemma 6 of §3.1.

The above remark says that if there exists a nonzero polynomial P £

%{U)[z\, ... , zk] with P{{hj}kj=l) = 0 then there exists a 2-nomial  Q £

JfiU)[{Zj}k=l] with Qi{hj}k=l) = 0. (A 2-nomial is a polynomial consist-

ing of exactly two monomials.)

Let us consider how it can happen that ta G Jf{U) for some a £ Zk

-{0} . Let I, S\,... ,s¡ be a Q-linear basis for the Q-linear span of I, gx, ... ,

gk, and m £ N be such that each g¡ is an integer linear combination of

{l/m} U {Si/m}li=l (when all functions {gj}j are presented explicitly it is often

easy to find such 1, sx, ... , s¡). Then each ta can be presented as (yo)1/w •

ní=iC/.)íí/m> where all f,£Jf{U) are of the form Y\kj=x{f¡)n> with appropriate

n, £ Z. By Lemma 5 for such ta to be in ê?{U) it is necessary and sufficient

that {log/}|=1 c %?{U). To get ta £ Jf{U) the latter condition has to be

augmented only with {fo)x/m £ Jf{U). In view of this, in the remaining part

of this subsection we shall consider only the case I, gx, ... , gk linearly inde-

pendent over Q. Then the statements in some previously considered examples

can be formulated more strongly.

Example 5. Let 1, gx, ... , gk be linearly independent over Q. If {ta}aeA

are linearly independent over %{U) then \og{tß/ty) £ %?{U) for some ß ^ y,

ß,yeA.

In this example the multivaluedness of the tg's (each of them is either in-

finitely multivalued or possesses a logarithm on U, see Lemma 5 of §3.1) is

compared with that of the coefficients of a linear relation, which are assumed

to be finitely multivalued. Recall also that a t¿ possesses a logarithm on U if

and only if all {yy|¿y ̂  0} possess logarithms on U.

To prove the statement suppose that {ca}a€A c ¡^{U), at least one ca / 0

and Eae/4 c<*ta ~ 0 ■ One can assume (upon changing Ç, if necessary) that there

are an exceptional set AT c U, Ç £ AT, and a finite-sheet covering ( V, Q ->

{U-K,Q such that all ca £ T{V) and all f¡£pf*{U -K). Denote

*» = E ¿n~gj!iTgfj : 7Il(F' ° ~* ̂ {V)-
j

Consider nonempty subsets B c A minimal with respect to the property

EaeßCV" = 0. Since at least one ca / 0, there exists such B containing

more than one element. Let ß, y £ B and ß ^ y . In view of Example 3 then

im{pß-y) c Z. Denote ô = ß - y . Since all ■£ arg/ have integer values and
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1> gi, ••• , gk are linearly independent over Q, all j^arg/ map nx{V, Q

into {0}. Since nx{V, Ç) is of finite index in nx{U-K, Q , all j^arg/ map

nx{U-K, C) into {0}. Hence £*., ^gj&rgf maps nx{U-K, Q into {0}.

Then t0£jf{U) by Lemma 6 of §3.1 and log/,5 G ̂ (t/) by Lemma 5 of §3.1.
The next example is a combination of multivaluedness considerations and

the Hiromi-Ozawa lemma.

Example 6. Let U = C and let \, gx, ... , gk be linearly independent over

Q. If {ta}açA are linearly dependent over C(z) then tß/ty = const for some

ß*y,ß,y£A.

Let all qa £ C(z), at least one qa ^ 0, and Eae^ Ida = 0. In view

of Example 3 there exists B c A containing at least two elements such that

log{tß/ty) £ ¿T(C) for ß, y G B and Eaes^a = °- Let « be one of
{ta}a6B • Then Eae5 °a ' ( WM) = 0 and each ?a/w has the form eVa for

some y/a £ ß?{Cn). Thus it remains only to apply the Hiromi-Ozawa lemma

toEae5^ = o.
The latter example hints at how the multivaluedness considerations can be

applied to Tarski's high school algebra problem.

3.3. An application to Tarski's high school algebra problem. Denote S?x =

the closure of {a { b\a, b £ X} in L under addition and multiplication, and

Sfx = the closure of {a { b\a, b £ A} in L under addition and multiplication.

These 3PX and 2CX are the next (after I and A themselves) slices of the classes

5? = {t £ L\ if a { b occurs as a subterm of / then a £ 1} and 2f? = {t £ L\

if a { b occurs as a subterm of / then a £ A}. Classes I ("the Schanuel

class") and A ("the Levitz class") were considered in [19]; see also §1.4 of this

paper. (Sometimes we shall refer to them as 3% and 3?o respectively.) Later

in this paper we shall consider the whole of the classes S? and SC, but in this

subsection we only want to present an easy example of how multivaluedness

considerations are applied to Tarski's high school algebra problem. Clearly

I    c    A
n n

S"i   c   J25

but no more inclusions hold between these classes.

Examples (in the variables x, y, z ). (i) 222 +y'r +xz £ I. (ii) xyZ £ A-<9\.
(iii) {2x+y)z G^ -A. (iv) {2x + yzYx G-SI -(Au^).

Recall from §1.4 that both I and A are free semirings with respect to addi-

tion and multiplication; their generators (the (+, >)-primes sans 1 ) are described

in Corollary 2 and Corollary 4 of §1.4. Each / g S?\ is a sum of -(-primes of

SPX and every -(--prime of S?\ can be presented in the form (see §1.2)

(a monic monomial)

x JJ(a monomial, / 1), { (a -(--prime G 1,^1),

x JJ(a function G X, ^ 1, with content = l)y

j

Î (a -(-prime G I, ^ l)y,
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perhaps with empty T\¡ or J] ■ (or both), with all exponents occurring in In-

distinct and all exponents occurring in FTy distinct.

Proposition 1. (i) Let f, g possess representations of the form (Ç>i). If f/g =
const then f = g and their (Ç>^-representations coincide up to a permutation

of the factors.
(ii) Let fi, ... , fk G ̂  have the form (<?,). If f ^ fm for I ^ m then

{fi}i is linearly independent over R.

Proof, (i) Let / = u • ftO»/)* ■ Ü/O)'' and * = "' ' UíÍPí)9'' ' Ufá/' as
in {V\). Let {t„}„ be an enumeration of {q¡},-u {a,'}, (without repetitions)

and {AOT}m be an enumeration of {sy}y U {sj}7  (without repetitions).  Then

f/g = {u/u') • Yl„ian/a'nY" ■ \~[mibm/b'm)1- = const, where

( Pi   if q¡ = xn for some i, ( r¡   if s¡ = Xm for some j,

\ 1    otherwise, m     \ 1    otherwise,

and the definitions of a'n , b'm differ from those of an , bm only by the strokes

over q¡,Pi and s¡-, r¡ respectively. Recall that both families {1}U{t„}„ and

{l}u{Xm}m are linearly independent over R (see §1.4).

X (see §1.4) transforms u/u' and all a„/a'n into exponentials of entire func-

tions. Thus

Xif/g) = exp(an entire function) • \\ixibm) I xib'm))x(km) = const.
m

By Lemma 5 of §3.1 then all xibm) I Xib'm) have neither zeros nor poles. Since

all r¡ and rj have content = 1, all bm and b'm have content = 1, and

consequently all xibm) and x{b'm) have content = 1 (see §1.4). By Proposition

5 of §1.4 then x{bm) = x(b'm) (whence bm = b'm) for all m. Thus f/g =
{u/u') • Y\n(a„/a'n)T" = const. Recall that all a„ and a'n are monomials (not

necessarily monic). By Lemma 5 of §3.1 then all a„/a'n have neither zeros nor

poles. Hence a„/a'n = cn £ Q+ for all n , and f/g = {u/u') • n„(0,)T" = const.
Consequently u = u' (they are monic monomials and u/u' has neither zeros

nor poles). Thus f/g = Y[n{c„)T" = const. It remains to show that all cn = 1 .

We have log{f/g) = E«i°g(cn) " T« = const. Since the family {1} U {t„}„ is

linearly independent over R, the latter identity is possible only if all log(c„) =

0.
(ii) For 1 < j < k let u¡ be the "monic monomial" part of / in the ifOx)-

form and Wj = fj/u¡ (the remaining part of / in the (<?i)-form). Partition

{I, ... , k} into the equivalence classes {Av }v of the relation ~, where / ~ m

means w¡ = wm . Let tv £ {w¡\j £ Av} for each v . Suppose that /,..., fk

are linearly dependent over C ; let c¡ £C, at least one c¡■ ̂ 0, and £=, c¡f¡ =

0. Then Ylv lut» - 0' where q„ = Y,j€A¡i CjU¡-. Since the /'s are all distinct,

for each v the monic monomials {u¡}jeAu are distinct. Consequently qv ^ 0

whenever Cj / 0 for at least one j £ Av . Hence at least one qv ± 0, and

the i„'s are linearly dependent over C[z]. In view of Example 6 of §3.2 there

exist v ^ p such that tl//t/i = const. Since each tp has the form {Vx) (with

the trivial "monic monomial" part) by the first part of the proposition tv = t¡,,

contradicting the definition of ~ .
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Remarks, (i) Let g\, ... , g„ be distinct -(-primes of X, all ^ 1. Let bx, ... ,

b„ belong to the group generated by the functions from X of content 1, and

bj ^ 1 for all j. Then {bx)gl, ... , {bn)8n are algebraically independent over

the field of rational functions.

Suppose the contrary. Then by Example 6 of §3.2 there exist ax, ... , an £Z,

at least one of them nonzero, such that Y["=xiibj)g')a> = const. Let E = the

union of the zero and polar sets of the ô/s. Consider

Uj = ^argb¡:nx{Cm-E)^Z.

Each bj is a ^ 1 quotient of functions of content 1 and by the proposition

n

v = Y,<*¡g¡v¡:nx{Cm-E)^^{Cm)

y=i

has im(i/) (Z! Z because 1, gx, ... , g„ are linearly independent and at least

one otj ^ 0. Note that a constant function induces the abovementioned way

the trivial (= 0) homomorphism nx{Cm -E) -* ß?{Cm). Then by Example 1

of §3.2, \Yj=xiibj)gi)a' and 1 are linearly independent.

(ii) The -(-primes of So are -(-prime in S\, and the (+, -)-primes of So

are (+, ^-prime in Sx. Indeed, the (Ç^-form is an instance of the (Ç'ij-form.

The class S[ is similar to the class S7X in the same way as A (= -2o) is

similar to X (= 3%). Each / g S[ is a sum of -(-primes of 3fx and every

+-prime of Sf?x can be presented in the form

(a monic monomial)

x JJ(a monomial, ^ 1), { (a -(--prime G A, ^ 1),-

(*l) T^T
x \\{a function G A, ^ 1, with content = 1);

j

Î (a -(--prime G A, ^ \)j,

perhaps with empty Y\( or U. (or both), with all exponents occurring in In-

distinct and all exponents occurring in IJy distinct. The uniqueness of this

presentation is proved by reduction to that of (<?| ) with the transformation Xy

described in § 1.4.

Proposition 2. (i) x{the +-primes of Sx} c {the +-primes of Sx} and x{the

{+, -)-primes of 3fx} c {the {+, -)-primes of S\}.

(ii) Let f, g possess representations of the form {jtx). If f/g = const then

f = g and their (Ai ̂ representations coincide up to a permutation of multipliers.

(iii) Let / , ... , fk £Sfx have the form (*i). // / £ fm for l ¿ m then
{/}/ is linearly independent over R.

Proof. It suffices to show that x (every (Ai)-form) can be presented by a (Ç"i)-

form and in such a way that the (Ç'i)-forms corresponding to x (distinct (de-
forms) are distinct.

Consider f = u- Ü, (A)*' • Ujirj)Sj in the (AO-form. Let u = xa and p¡ =

m,x^, where x = {x,}, is the family of the variables occurring, m,■ £ N, and
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a, {ßi}i are multi-indices. Then xiu) = Tl{iat)x'\<xt ¥" 0} and XÍUíÍPí)9') =

U{imi)x{qi)\mi # 1} • Y[{ibi,t)X:'x{Q,]\i, t with ßL, ¿ 0}, where a, = 2e" and

bij = 2P'<'. By Proposition 3 of § 1.4 all /(r¡) £ X- {1} and have content = 1,

and {xisj)}j are ¿ 1 distinct -(-primes of X. Thus Yljixirj))*^ makes

up the Ily-Part of the (<?i)-form of xif) ■ To check that x{u • UiiPi)9') =

l\{{at)x<\at ¿ 0} • X[{{miY^\mi ¿ 1} • IJ{(*i.í)*'z(*)IA.< ¿ 0} does make up
the n¡"Part of the (Ç?i)-form of xif) it suffices to show that the -(-primes
{*t}t, {XÍQi)}i, {Xf xÍQi)}i,t are all distinct. Note that all xiQi) are distinct
because the {#,}, are. Since all xiQi) are exponentials of entire functions (see

Proposition 3 of §1.4), if x? • xiQr) = xt • xiQi) then t' = t (compare the zero
sets of both sides). Thus all x, • xiQi) are distinct. xiQi1) ¥" xt ' XÍQ¡) since the
left-hand side does not have zeros whereas the right-hand side does. x¡ ^ xiQi)

for the same reason. x,< ̂  xt • xiQi) : if /' # í then both sides have different

zero sets, and for t' = t the inequality follows from q¡ ^ 1 .

Consider also /' = «'• n,-(P/)*' • Yijir'jY1 in the (*i)-form. If / and /'
differ in the nyParts °f their (Ai )-forms then the same difference occurs in

the II7-parts of the (Ç'i)-forms of xif) > Xif)—see above. Thus it remains to

consider the case when / and /' have only the "monic monomial" and the

n,-parts in their (A^-forms. Let / and /' be such. Then xif) and xif)
have only the ürParts in their (<?i)-forms. Suppose that the ('v'i)-forms of

Xif) and xif) coincide. Then {xt}tU {xiqi)}iU {xt • xÍQi)}i,t and {x,,}t> U
{xia'i')}i' U{x,' • x(.Qi')i',«'} are the same set. The comparison of the zero sets of

its elements shows (as above) that {xiq¡)}i = {xÍQ¡')}i' > {xi}t - {xt'}t', {*t •

XÍQi)}i,t = {xt'-XÍQ'i')}i',t', and x¡-XÍQi) ¿ Xfx{q¡,) unless t' = t and q\, = q¡.
Consequently one can assume without loss of generality that q¡ = q'¡. Then a't =

at, a', = at, m\ = m,-, b\ t = bj,,, ß\ t = £,,,, where a\, a't, m\, b'it, ß\ t

are defined for /' in the same way as at, a,, m¡, o¡;,, ßi<t were defined for
/. So, the (♦[) -forms of / and /' coincide.

Corollary 3. (i) Let gx, ... , gn be distinct +-primes of A, all / 1. Let

b\, ... ,bn belong to the group generated by the functions from A of content

1, and all b¡ ^ 1. Then bf', ... , bg" are algebraically independent over the

field of rational function^

(ii) The + -primes of A and those of S"x are +-prime in S¡, and the {+, ■)-

primes of A and those of Sx are {+, -)-prime in S¡.

4.  MeROMORPHIC AND OTHER FEW-VALUED FUNCTIONS

AS BASES FOR EXPONENTIATION

4.1. Introduction. Let U be a connected complex-analytic manifold. Fix a

point C € U. In this section we consider the germs at Ç obtained from few-

valued functions on U by the ring operations and restricted exponentiation:
/', g h-> fs is permitted only for / few-valued and belonging to ^* and g a

previously obtained germ (or a few-valued function), g £ ß% .

Of course, "multivalued function on Un is not a function on U ; this expres-

sion refers to a holomorphic function on a (perhaps branched) covering of U

or to a germ in ^ satisfying certain conditions.
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Definition. A germ g £ ^ will be called global on U (notation: g£^{U) or,

shorter, g£&r) if the set of paths in {U, Ç) along which g can be analytically

continued is dense in the space of all paths in ([/,£)."

For example, each g £ ^{U) is global trivially, each g g Jf{U) n^ is

global because every path in (£/,() can be approximated by one not passing

through the polar set of g.

Note that the set of paths in {U, Ç) along which a germ g £ ßfy can be

analytically continued is always open. So, for a global germ g g ßfy the set

of paths along which it cannot be analytically continued is closed and nowhere

dense in the space of all paths in {U, Ç). This fact implies easily that the set of
global germs at Ç is closed under many operations. It is obvious that S'r is a

ring, it is easy to see that l/g £ 8?c for g g &çT\S?r. ■ Moreover, ¿% is relatively

algebraically closed in %£ : if g g %[ is algebraic over ^ then g £ ^ (it is still

very easy to prove). It is not difficult to show that ^ is relatively analytically

closed in ^ in the following sense: if / G <%£ and h{u, gx, ... , g„, f) = 0,

where h£<T{Ux C+1) - {0}, g¡ £ fy , then / g &c . In particular, if / G fy,
fiO # 0, then log/ G &r ■ We do not prove these properties of ^ here

because the germs we shall deal with in the sequel will be obviously global.

Informally, a global germ g at Ç is a few-valued function on U if g can

be continued along almost every loop X in (£/,£), not merely along almost

every path ("almost every" means except a closed nowhere dense subset of),

and the set of the results {gf\i£%f\ of those analytic continuations is small in

ásense. For example, (x+1)2* is a global but not a few-valued germ (look at its

analytic continuations around -1 ). If g can be analytically continued along

almost every loop in {U, Ç) and the result of each such continuation coincides

with g then (it is easy to see that) g £<?{U). Another example is: let g £%?£

be algebraic over Jf{U) and P £ {Jf{U))[t] be its minimal polynomial. Then

g can be continued analytically along every loop in {U, Q not passing through

the zero and polar sets of the coefficients and the discriminant of P, and the
total number of germs at £ which can be obtained from g by those analytic

continuations is not more than deg(P).

Let $cf( be some class of few-valued functions on U, such as the field

of algebroid function germs12 of ß%. Let E{U, Ç) be the minimal subring of

%[ containing 4> and closed under the restricted exponentiation: /', g >-> fg

for / g Ofl<^*, g £ E. Germs in E{U, Ç) can be continued analytically

along almost every loop in ( U, Ç) but usually are not few-valued. We analyze

the monodromy phenomena in E (i.e., how the result gx £ ^ of the analytic

continuation of g along X is related to g) in sufficient detail to prove results

on algebraic (in)dependence of the functions mentioned in the Henson-Rubel

conjecture, but not in great detail.

Suppose one is looking for algebraic relations between gx, ... , gm. Since

only finitely many functions were used as bases for exponentiations in the con-

struction of {gy}y one can remove from U the corresponding zero and polar

sets and look for algebraic relations between {gy}y on the remaining part V of

U. Further, one can take a finite-sheet covering 0 :{W, Ç) —> {V, Ç) such that

nA path in (U, Q is a mapping ([0, 1], 0) -> (Í7, Q . The space of paths in (U, Ç) is the
set of all paths in (U, f ) equipped with the compact-open topology.

l2An algebroid function is an element of the algebraic closure Jf(U) of ^(U).
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for each / used in the construction of {gy}y the corresponding /o0 is single-

valued on W. Now one can look for algebraic relations between {g¡ o 6}¡,

and if there are none, then {gy}y were also algebraically independent. Tradi-

tional monodromy considerations are closely related to what we do. Note that

{gj o 9}j are some of the germs at £ on V obtained from functions holo-

morphic on V by the ring operations and exponentiation restricted as follows:

/, g i-> fg is permitted for / G ^*{V) and g a previously obtained germ
(or g £ ^{V)). Let us denote by T the set of all such germs, T C E{V, ().

Each g £ T can be continued analytically along every loop in {V, Ç) and

hence one has a representation of nx{V, Ç) by linear transformations of T.

A traditional complex variable theorist at this moment would ask various alge-

braic questions about this representation. Perhaps, the algebraic investigation

of nx{V, Q —> GL(7T, ß^{V)) would later provide results on algebraic relations

between {gj}j . However we prefer (at least now) to go straight to our target.

The following result is an analogue of Remark 4 of §3.2.

Theorem 1. Put So = %[ nJf{U). For n £ N put Bn = the multiplicative

subgroup of ^* generated by [j{ the set of all branches of fg \f £ %*£ \~]Jf{U)

and g £ %l n Sn-X}, and Sn = the subring of ßt£ generated by Sn-X U B„ .

Let ho, ■■■ , hm£ \J%LX B„ . If {hj}j are linearly dependent over JfçnJf{U)

then there exist j ^ k such that hj/hk £ Jf{U).

Algebroid (vs. meromorphic) functions cannot be avoided in Theorem 1

even if one restricts exponentiation f8 to / G <#£* C\Jf{U).  For example,

1, ez'ß , e~z{'2 are linearly dependent over Jf{C) ,13 while any two of them are

not.

The above theorem can be extended to a larger class of functions. Its proof

(later in this section) is based on the following fact. If a germ g £ ß% n

Jf(U) is continued analytically along loops X in (£/, Ç) not passing through the

branching points of the minimal polynomial of g, then there is n = n{g) £ N

such that the analytic continuation of g along X" yields g again for any X.

The class of germs with this property is already larger than Jf ; consider, e.g.,

oo      .

^_(z_„)l/2e^0

H=l

(this formula represents uncountably many similar germs, for one can choose the

values of the roots arbitrarily). To see that each such germ g is not algebroid

note that g can be continued along every loop in C - N and these analytic

continuations yield infinitely many germs in %o ■ Say, a loop winding once

around n and not winding around other positive integers returns the germ

k£N-{n}

and gn ¥" gm forn^m. However, it is not necessary for the proof of the

theorem to have n depending on g only; one can permit n to depend on X

too.

13Indeed, ez"2 + e~z'/2 = 2cos(/v/z) 6 ¿T(C).
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Definition. Let g £jfç and let X be a loop in {U, £) such that g can be con-

tinued analytically along X" for all n £ Z. Then g will be called (non)periodic

with respect to X if the function Z —> ̂ defined as /c h-> (the analytic con-

tinuation of g along A*1) is (non)periodic.

Definition. Let g eJfç. We shall write g £33{U) or, shorter, g £ 3>, if there

exists an exceptional set AT c U, £ £ A', such that g can be continued along

and is periodic with respect to every loop in ([/ - AT, £).

For example, if g G Jfç is algebraic over Jf{U) then g is periodic with

respect to every loop not passing through the branching points of g. The

following are some germs in ^o on C which belong to 3° - Jf{C):

oo      .

£>-")1/n

(values of the «th roots can be chosen arbitrarily). In this example the periods

of the germs considered depend on the loop while the set of branching points

is discrete. But the presence of "exceptional set" in the definitions implies that

there are more exotic germs in 3>, e.g.,

n=\ v '

For the "periodically multivalued" function germs just introduced, Theorem 1

can be extended as follows.

Theorem 2. Put So = ^^3°. For n £ N put Bn = the multiplicative subgroup

of %*!* generated by [j{the set of all branches of f8\f £ %*£ V\3° and g £

%[ n S„-i}, and S„ = the subring of ß% generated by Sn-X U Bn .
Let ho, ... , hm £ \Jnc=x Bn ■ If {hj}j are linearly dependent over Jfç C)3B

then there exist j ± k such that h¡/hk £ JfçilS1.

The next subsection contains a van den Dries type theorem for exponential

rings, which will be used as a lemma later in this section. Theorems 1 and 2
will be proved in §4.3 together with some other results.

Germs of class 3s resemble algebroid functions very much. What can be

done for larger classes of "few-valued" functions, e.g., for

oo

Y^Cniz - n)r",

n=\

where rn g R, cn are constants, and cn -> 0 sufficiently rapidly? (If at least

one rn is irrational with c„ ^ 0 then such germs are not in 3e .) These germs

are few-valued in the following sense.

Definition. Let g £ Jf^. We shall write g £ s/{U) or, shorter, g £ sí , if

there exists an exceptional set AT c U, £ £ AT, such that for every 1 -periodic

holomorphic mapping p of the strip A = {w £ C\- 1 < imw < 1} into Í7-AT
with p{0) = £ the germ g o p continues analytically to a holomorphic almost

periodic function on A .

Some words in the above definition have to be explained. We consider

the space 38 of holomorphic functions on A bounded on every strip Ae =
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{w £ C\ - l + e < imw < l - e} for e > 0. The topology on 3§ is given by

the family of norms \\h\\£ = supu,64£ \h{w)\. In the above definition, a func-

tion / is called almost periodic on A if / g 3§ and the set of translates

{fx}x> fx{w) = f{w + x) for w £ R, is precompact (= totally bounded) in

the topology of 3§ .
The class sf is much larger than 3a. For example, let K be the Cantor

set in [0, 1] and {tn}n be an enumeration of the rational points of AT. Then

for any {r„}„ c R with either at least one r„ £ Q or {rn}„ c Q having no

common denominator
oo

Y^Cniz - tn)r» £ S/ - 3> ,

n=\

where {cn}n are nonzero constants and cn —» 0 sufficiently rapidly. In partic-

ular,
oo      . oc      ,

E>-M'^   and    Ei(--^)1/2"
n=\ n=\

are "almost periodically multivalued" but not "periodically multivalued". The-

orems 1 and 2 have an analogue for sf .

Theorem 3. Put So = <%¡nsZ . For « g N put Bn = the multiplicative subgroup

of J^-* generated by \J{the set of all branches off8\f£^*nsf and g £ %% n

Sn-X}, and Sn = the subring of ß% generated by Sn-X U Bn.
Let h0, ... , hm £ U^Li Bn . If {hj}j are linearly dependent over Jfç n s/

then there exist j ^ k such that hj/hk £jf^ns/.

For lack of time we present not the proof of this theorem, but only some

hints for it.

4.2. Adjoining an integral to an exponential field. Let S* be a commutative

differential field containing at least one nonconstant and let exp: {S, +) -»
(¿/^-{O}, •) be a group homomorphism such that (exp(a))' = a'-exp{a) forany

aey. Then exp cannot be identically 1 and by a remark of K. Manders (see

the very beginning of [8]) the characteristic of S is 0. Below we frequently

write ea for exp(a).

Let y be a subfield of S containing all constants and closed under expo-

nentiation and differentiation. Let w £ S be such that w' = 1 and w <£. 3r .

Then w is transcendental over 9~, and one can refer to the subring of S

generated by & and w as 9r[w] and to the subfield of S generated by 9*"

and w as ^{w). We consider in this subsection the exponential subring of S7

generated by 3~ and w , and prove a van den Dries type result for it; see [8].

The examples we have in mind are of the form S = % (a domain in C) with

y an exponential subfield of S not containing the identity function (see more

details below). The condition w' = 1 was taken mostly for convenience. It is

less restrictive than it may seem to be; if u' £ & and u £ & then one can take

u instead of w and redefine the differentiation by putting (the new derivative)

= (the old derivative)/«'. Thus the title of this subsection is justified: what we
prove below for w' = 1 will be applicable to any integral adjoined to 9~. (For

more information on differential fields see [24].)

Remark 1. Let p £ 3r[w]. If ep £ ^{w) then p = pxw + po with px = const

and Po£3r.
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Proof. Let p = pnwn -I-1- pxw + p0 with Pj £ 3r  {n > j > 0), pn / 0,

and ep = q/r, where q, r £ 9r[w]. Then {q'r - qr')/r2 = {q/r)' = {ep)' =

p'-ep = p'q/r and p'qr = q'r-qr'. Since deg{p'qr) = deg(/7')-r-deg(ö) + deg(r)

and deg(o'r - qr') < deg(o) + deg(r) the latter identity implies deg{p') < 0.

Consider the case of p„ ^ const. Then p' = p'nw"+ (summands of lower

degree) and deg{p') = n > 0. Consider the case of p„ = const. Then p' =

inPn + P'„-X)w"~l+ (summands of lower degree). If npn + p'n_x = 0 then

i-Pn-i/inPn))' - 1 and w = -pn-X/{npn) + const, contradicting w £ 9~.

Thus npn +p'n_x / 0 and deg{p') = n - 1. Hence n < 1 by deg{p') < 0 and

so n = 1 and p„ = const.

Examples. The following show that the situation epw £ 9r may occur. Let

e G R+ , and let S = %{{w g C| - e < im w < e}).
(i) Put 9r = {/ G S\f is periodic with period 1}; then epw £ S' for

p £ 2niZ and epw i 9r for all other p.

(ii) Put 9? = {/ G S*\f is periodic with an integer period} ; then epw G &

for p £ 2niQ and epw $ 9r for other p .

(iii) Put ^ = the exponential field generated by {/ G S"\f is holomorphic

and almost periodic in it;}; then epw £ 9? for p £ /R and epw £ 3~ for

rep ^ 0. Indeed, if a function / can be built up of almost periodic functions

then there exist w and sequences {x„}„ and {yn}n of reals such that x„ -> oo,

y„ -> oo, and {f{w -pxn)}„, {f{w +py„)}„ are bounded.

(iv) Put 3r = the exponential subfield of S* generated by {ecw\c £ C} .

The fact that w $ & in (iv) follows from the results of §2. In cases (ii) and

(iii) the additive group {p\epw £ 3~) (being a Q-linear subspace of C) can be

complemented in the additive group C of all constants of S. In case (iv) the

complement of {p\epw £ 9r} in C is trivial: {0}.

Whenever the additive group {p\epw £ 3r) can be complemented in the

additive group of all constants of S7, the exponential subring 31 of S9 gen-

erated by S' and w can be described as follows. Fix an additive subgroup

AT of 9r complementing {p\ewp £ 9r}. Then 31 = \X=zRn, where {Rn}„

is an increasing sequence of differential subrings of S9 defined by the initial

conditions

R0 = 3r[w],        Ao = {eqw \q £ F[w] and q{0) £ K},

and induction,

Rn+X = the ring generated by R„UA„,

An+X = the multiplicative group generated by

{era\r £ Rn and a £ An, a ^ 1}.

Note that a'/a £ Rn for each a £ An.

Proposition 2. Each Rn+X is Rn[A„], i.e., for each n the elements of An are

linearly independent over R„ .

As one will see from the proof, this result can be generalized to the "several-

variable" case.

Theorem 3. Let S be a commutative exponential field with a number of differen-

tiations {Dj}j such that Dj{ea) = Dj{a)-ea for each D¡ and each a £S. Let
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9^ be an exponential subfield of S9 closed under all {Dj}j and {wj}j cS*-9r

besuch that D¿{Wj) = S¡¡, where 0¡¡ is the Kronecker symbol. Suppose that each

additive group {p\epw> £9r} has a complement Kj in the additive group of 9*.

Then the exponential subring 31 of S* generated by ^ and {w¡}j is U«*lo-^«>

where {R„}n is an increasing sequence of subrings of S* closed under all Dj

defined by the initial conditions

R0 = 9r[{Wj}j],

Äo = I exp j Ç q¡w¡    \q¡ £ 9r[{wj}j] and q¡(0) £ K, for all j \ ,

and induction,

Rn+X = the ring generated by Rn U An ,

A„+x = the multiplicative group generated by

{era\r £ Rn anda £ Ä„ , a ^ 1},

and each Rn+X is R„[A„], i.e., the elements of A„ are linearly independent over

Rn-

This latter theorem is an exact analogue of the van den Dries theorem on free

exponential ring over an exponential ring in [8]; in the terms of this section,

L. van den Dries was assuming that "3*"" contained only constants. Below we

prove Proposition 2 only (the generalization is obvious). Proposition 2 remains

valid for AT any additive subgroup of 9r such that epw $ 3~ for p G AT- {0}.

However U^0 Rn is not the exponential ring generated by 9? and w unless
A" is a complement of {p\epw £ 9~} in the additive group of 9r .

Proof of Proposition 2. Proceed by induction on w . For each n the proof will
be done in the following three steps:

(i„)  AnnRn = {l},
(ii„)   A„   n (the field of quotients of R„) = {1},
(iii,¡) the elements of An are linearly independent over Rn ,

and we will make use of the van den Dries index ind (described below in the

induction step). The statement (ii„) is equivalent to "any two elements of An

are linearly independent over A'n".

Induction base, (io) and (ho) are contained in Remark 1.

(iiio) Suppose the contrary. Let ax, ... , ak be distinct elements of Aq
linearly dependent over 9r{w). Since Ao is a multiplicative group one can

assume without loss of generality that 1 is among {ûy}y ; let ak = 1. Then

fax + ■ ■ ■ + fk_ xak_x = 1 for some /,..., A-i G 9r{w) with not all of {f¡}j
equal to 0. Take the minimal / for which there are distinct ax, ... , a¡ £

Ao - {1} and /,...,// G 9~{w) - {0} such that fxax + ■ ■ ■ + fat £ 9r{w).
Then / > 1 by (iio). Denote g = fxax H-h fta¡. Then g / 0, for otherwise

fx{ax/a¡) H--)- /_!(o/_i/a/) = -f¡, contradicting the choice of /. Without
loss of generality one can assume that g = 1 . Let a¡ = ewp> for each y . Then

by differentiation Ey=iUy + fjPj + fjP'jW)a¡ = 0 with fj + f¡p¡ + fp'jW =
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ifjüj)'/a¡ t¿ 0, since ifjuj)' = 0 would imply fa¡ = const and a, G 3r{w),

contradicting Remark 1. This contradicts the choice of /.

Induction step. Assume (iii;) for y" = 0, ... , n. Following [8] define an

ordinal-valued function ind on Rn as follows. Put ind(0) = 0 and ind(/) =

deg(/) +1 for / G 9^[w] - {0}. Suppose that ind is already defined on Rn ,

and consider / g Än+1 - Rn . Let / = gxax + ■ ■ ■ + gmam + g, where g £ Rn ,

gx, ... , gm £ Rn -{0}, and ax, ... , am are distinct elements of An -{1}. By

(iii„) this representation of / is unique. Put ind(/) = oj" • m + ind{g). Note

that ind(A) < cok whenever h £ Rk .

Two remarks on ind follow. Let h £ Rn+X -{0} and ind(/z) = E°=« o)k-mk ,

where mo, mx, ... , m„ £ No .

1st. If mo ^ 0 then there exists an / g 9r such that ind{{fh)') < ind{h)

and {fh)' ^ 0. Indeed, mo corresponds to the 9r[w] part of h ; let us present

the ^[w] part of h in the form hmowm° H-h ho , and take / = l/hmo.

2nd. Let k = min{y'|my > 0}, k > 0. Then there exists an a £ Ak such

that ind{ah) < ind{h). Indeed, consider the Ä*. part of h ; let us present it in

the form hxax -\-1- h¡a¡, where ax, ... , a¡ are distinct elements of Ak and

hi,..., h¡ G Rk-X - {0} , and take a = l/a¡.
Further, An+i is a torsion-free Abelian group. If An+X contained an element

of a finite order then for some px, ... , pk g R„ - {0} and distinct ax, ... , ak £

An-{\} there would be (exp^ai-i-—\-pkak))m = exn{mpxax-\—+mpkak) = 1

whence mpxax -\-h mpkak = const for some meN. This is impossible by

(iii«)-
(i„+i) Suppose the contrary. Let ax, ... ,ak be distinct elements of A„ -

{1}, px, ... ,pk £ R„ - {0}, and exp^,^ +---+pkak) = f £ R„+x . Let
f = qxbx + ■ ■ ■ + q¡bi + r, where bx, ... ,b¡ are distinct elements of A„ -

{1} , qx, ... , q¡ £ R„ - {0}, r £ Rn . Then /' = qxbx + • • • + q,b¡ + r', where
qx, ... , q~l £ Rn - {0}, qj = q'j + {b'j/bj), and r' £ Rn . On the other hand,

f = iexp{pxax + - ■ -+pkak))' = {pxax + - ■ -+pkak)'f = {pxax + - ■■+pkak)f, where
px, ... , pk £ R„- {0}. (By (i„) each pjü¡ ^ const and so (/?; + a'j/aj)üj ^ 0,

pj = p'j + a'j/aj # 0.) Thus {pxax + ■■■ + pkak) • {qxbx + ■■■ + q,b¡ + r) =
qxbx H-1- q¡b¡ + r'. The multiplication in the left-hand side yields £  s^c^ =

Ey=i Qjbj + r', where each cß £ An is the product of an element of {a¡}k=l be

an element of {l}U{è,}'=1 and {sß}ß are the corresponding coefficients. Since

An is an Abelian torsion-free group, it can be linearly ordered (see [4]), and one

can assume that ax > ■ ■■ > ak . Let b* be the maximum of {bj}lj=l if r = 0

and the maximum of {1} U {o;}'=1 if r ^ 0. Similarly, let o« be the minimum

of {bj}lj=l if r = 0 and the minimum of {1} U {öy}'=1 if r ^ 0. Then at least

one of c* = axb* and c* = akb* occurs with a nonzero coefficient in V y,,

without occurring in Y,j=\ Qjbj + r' • \. The latter contradicts (iii„).

(ii„+i) Suppose the contrary. Let a £ An+X - {1}, f, g £ Rn+X - {0},
and fa = g. Denote X = ind(g), X > 0. Without loss of generality one can

assume that pa ^ q whenever p, q £ R„+x - {0} and ind(fl) < X. If X = 1

then g G 3~ and {l/a) = f/g £ R„+x contradicting (i„+i). Let X > 1 . Then
either there exists a p G y such that ind{{gp)') < ind(g) and {gp)' ^ 0

with iifp)' + {a'/a))a = {gp)', contradicting the choice of X, or there exists a
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b £ Ak for some k < n such that ind{gb) < ind{g) with {fb)a = gb, again
contradicting the choice of X.

(iii„+i) Suppose the contrary. Take the minimal / for which there exist

distinct ax, ... ,a¡ £ A„+x - {1} and /,...,// G (the field of quotients of

Rn+X - {0}) such that fxax -\-h f¡a¡ G Rn ■ Then / > 1 by (ii„+i). Denote
Q = fxax-\-\- f¡a¡. Then g £ 0, for otherwise there would be / {ax/a¡) +

-1- //_i(o/_i/û/) = -/ , contradicting the minimality of /. Without loss of
generality one can assume that g = 1. By differentiating

/

Y,if¡ + fjia'j/a¡))a¡ = 0
y=i

and hence
/-i

£(/J + fj{a'j/aj)){a¡/a,) = -(/' + Ma',/a,)).
y=i

Each

f; + fj{a'J/aJ) = {fJa¡)'/a¡¿0,

for otherwise there would be f¡a¡ = const with a¡ £ (the field of quotients of

Rn+i), contradicting (ii„+i). The above identity for {fly};"} contradicts the

minimality of /.

4.3. Few-valued functions as bases for exponentiation. As was already men-

tioned, in order to have precise results one has to present all germs considered

in a certain form. The common way to keep track of how some entity was con-

structed is the "proof-theoretic tree". However the logicians' proof-theoretic
"trees" are not exactly trees in graph theory terminology: when some entity is

used more than once in further construction, several edges can have the same

tail vertex. So, we consider finite acyclic14 oriented graphs (without multiple

edges) with some complex-analytic gear attached to them.

Let E be a set of directed edges on a set T of vertices. For e £ E denote

by e. the head of e and by e* the tail of e (all edges are directed downward).

A vertex t £ T will be called a source of {T, E) if t ^ e. for all e £ E, and

a sink of {T, E) if t ^ e* for all e £ E.
Let F be a connected complex-analytic manifold; fix a point £ G V . Let S

be a class of germs (of "few-valued" functions). We shall consider the cases of

€ being Jf ,Jf ,¿P ,sé , and so we assume below that %^ n ¿f is always an

algebra over C.

Definition. A {V, £, d^-system is a quadruple {T, E, b, c), where {T, E) is

a finite acyclic oriented graph and b: E —» J¿ , c: T —> J¿ are such that ebc £ S

for each e £ E and ct£(S for each t £ T.

A couple of {V, £, ^-systems are:

14A sequence ex, ... , em of edges in an oriented graph is called a cycle if the head vertex of

em is the tail vertex of ex and for each j , 1 < j < m , the head vertex of e¡ is the tail vertex of

£/+i . An oriented graph is called acyclic if it contains no cycle.
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Ç4 Ç41 c42

01 kn\      Aj

(a) c, (b) c!

For a {V, £, d^-system {T, E, b, c) assign a germ g,£^ to each í G T

inductively as follows. If í is a source of {T, E) then put g, = c,. If t is

not a source and all ge. for e. = t are already determined then put g, =

Ci-exp{Y,{bEge'\e. = t}).

For the {V, £, éf)-systems shown above (denote by a the sink of (a) and

by ß the sink of (b))

ga = cx-{fr,
and

gß = c, • (/1I)*-tÄ.P-(&)*-«*.'iH-^ . (/12)<22W ,

where each / is e6,.

One can see immediately that these germs g, are exactly of the kind referred

to in Theorems 1,2, 3 of §4.1: for any finite family of germs {Ay}^0 mentioned

in those theorems one can find a {U, £, ¿f )-system

(7\£,o,c),

where ¿f is Jf or ^ or j/ respectively, with {iy}yl0 the sinks of {T, E),

such that gi; = hj for each y . For example,

c\ • (/11)c2'-(/2>)C3,'(/3,)c4,'(/32,C42'l/22|C32 . (/|2)02-(/23f"'l/"'f43

is presented by the following {V, £, d1)-system

where each o? is log/.
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The following is an analogue of the conditions "{1} U {the exponents} linearly

independent over Q" in Examples 5, 6 of §3.2.

Definition (for & c & only). A {V, £, S)-system {T, E, b, c) will be called
proper if the following conditions are satisfied:

(i) If t is a source but not a sink then ct is not a rational constant.

(ii) For each e £ E either be = 1 or bE $ 3s, and only the latter holds

when e* is a source.

(iii) The set {1} U {&. |e. = t] is linearly independent over Q for all t £ T.

The meaning of these conditions can be seen from the following remark and

its proof.

Remark 1. Let <f be J7 or 3°. Then for every family {Ay}yL0 c (J^i B„

(in the notation of Theorems 1 and 2 of §4.1) there exists a proper {U, £, €)-

system {T, E, b,c) with {(/}yL0 the sinks of {T, E) satisfying gt¡ = h¡ for

each j.

Proof. For condition (i) above: if / = ebc £ S has to be raised to a rational

constant power q = c£. • 1 then f" £ (S, and one can change c£. to ce,fq and

drop the edge e from {T, E). For condition (ii) above in the general case:

if be £ S then one can change c£. to c£. • o£ and change be to 1 thereby

making {T, E, b, c) somewhat simpler. In the case of t = e* being a source

in condition (ii) above: if be £ € then one can change c£. to ce, • ec,be and

drop the edge e from {T, E).   For condition (iii) above:  if {fiy}"=1   is an

enumeration of {e|e. = t}, each u¡ = {tf)*, and gUn = r0 + Eyl/ rjgu¡ with

some ro,..., r„_i G Q then one can change ct to ct • exp(r0ô£„), change o£;

to o£j + rjbtn for 1 < j <n, and drop the edge e„ from (7\ £").

We consider first the case when all bases for exponentiation occurring have

no singularities (zeros, poles or branching points) at all. A {V, £, éf)-system

{T, E, b, c) will be called nonsingular if all {bE}eeE and {ct}ter can be an-

alytically continued as holomorphic germs along every loop in {V, £). The

general case will be reduced (soon) to the nonsingular case.

The following result is a further analogue of Corollary 2 of §1.3 (which is an

immediate corollary of the Hiromi-Ozawa lemma) and an improvement of the

linear independence results of §3.2.

Theorem 2. Let {T, E, b, c) be a proper nonsingular {V, £, 3°)-system, let

t, ... , u be the sinks of {T, E) with none of them being a source of {T, E).

Then either gt-\-h gu = 0 or gt-\-\- gu is nonperiodic with respect to some

loop in nx{V, £).

Proof. Let G = {a £nx{V ,Q\ the analytic continuation along o leaves intact

all ebe and ct) . Then G is a subgroup of nx{V, £) and for any X £ nx(V, £)

there exists an n £ N such that X" £ G. Consider

uc = -—:(the increment of be along a loop),
2ni
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for e £ E. Then {ve}e are homomorphisms G —> Z. Let y G (j be such that

for the subgroup F c G generated by y, for every subset J c E the rank of

{v£}s€j : G —> ZJ coincides with the rank of {ve\r}e€J '• T —» ZJ. We shall

show that if gt + ■ ■ ■ + gu is not identically zero then it is nonperiodic with

respect to y.

Let X: {Sx, 1) —> {V, £) realize y . In view of Lemma 1 of §2.1 one can

assume that X is real analytic and one can assume without loss of generality

that {1} U {g£. o X\e, = x} are linearly independent over Q for all x g T. By

Lemma 2 of §2.1 one can continue X analytically to a holomorphic mapping p :

(the annulus 1 - a < \z\ < 1 -I- a) —> V for sufficiently small a £ R+ . Consider

the strip W = {w £ C| log(l - a) < 2n imw < log(l + a)} . Then p o e2nm is a

1-periodic holomorphic mapping W —► V . We are going to apply Proposition

2 of §4.2.
Put S = W{W) and 9r = {f £ S"\f is «-periodic for some seN}. Since

be £ 30 for at least one e £ E, one has y" ^1 for all « G N, and F can be

regarded as a copy of Z. Then to each vt there corresponds mE £ Z such that
vK{a) = mea , each cx o p o e2nm £ &, and b£o p o e2nm = m£w + f , where

fe £9~, and fe = 1 whenever me = 0. Further,

gropo e2mw =Cropo e2niw £ ^ - {0}

for t a source of {T, E) and

gx o p o e2*iw = {cTopo e2niw) ■ exp (^2{{mEw + /) • (&. o /i o e2'"'«')|e. = T})

for t not a source of {T, E). The former factor c,o/¡o e2*"" above belongs

to ^" - {0} ; consider the latter factor:

exp (£{(m£w + /,) • (&. o ^ o e2*'w)\e. = t}) .

It is equal to

exp (5^{/ • ige* °P°e2niw)\e, = x and e* is a source}]

x exp \^2{mew • {gE. opoe2Klw)\e, = x}J

x exp [^2{fe • ige' °P°e2niw)\e, = x and e* is not a source}) ,

where the first factor belongs to 3r - {0} ; denote by qT the product of the

latter two factors. We shall show that in the notation of Proposition 2 of §4.2

qz belongs to (the multiplicative group generated by \J„An) - {1} for each

nonsource x £ T.

Proceed by induction on x. If e* is a source for each e with e. = x then

g£. = c£. and qT = exp{Y^{mew • (c£. opo e2n,w)\e, = x}), where all me ^ 0.

The latter function belongs to Ao - {1} (since {1} U {c£.|e. = t} is linearly

independent over Q on X{SX) C V). Consider the general case. Denote by

Ck the multiplicative group generated by {9r - {0}) U {{J¡<k A¡) for k £ No .



58 R. H. GUREVIC

Let N = max{rc|g£. o p o e2niw = ap for some a G Ak - {1}, p G Ck, and

e £ E with e, = t} (assume max0 = -oc). If AT = -oc then e* is a

source for each e with e. = x. For each n > 0 let Jn = {e|e. = x and
ge o po e2niw = ap for some a G An - {1}, p g C„}. Let g£. o p o e2nm = aEpE

with a£ G An - {1} , pE £ C„ for e £ Jn . In view of Proposition 2 of §4.2 it

suffices to show that Y^{{mEw + /) • pEaE\e £ J„} ^ 0. If w£ ^ 0 for some
e £ Jn then XX^Wál^ g /„, a¿ = a£} ^ 0 (by the linear independence of

{pEaE}Eejn) and this implies the result. If mE = 0 for all e £ Jn then / = 1

for all e £ J„ , n > 0, and £{A;ael£ e -M # 0 implies the result.

Corollary 3. Le? {T, E, b, c) be a proper {V, £, ^-.sj/stem, ¿V? t, ... ,u be

the sinks of {T, E) with none of them a source of {T, E). If gt + ■ ■ ■ + gu is

not identically zero then g,-\-\- gu £ 3s .

Proof. Take an exceptional set K c V, £ ^ AT, such that {T, E, b, c) is a

nonsingular {V - AT, £, ^a)-system and apply Theorem 2.

Now we are ready to prove Theorems 1 and 2 of §4.1. In the notation of

those theorems, suppose the contrary: there exists an m £ N and_/zo, ... , hm £

U^, B„ such that {«y}y are linearly dependent over Jf^ n Jf{U) or over

-#{ n^(C7) but pairwise noncollinear over ^ f\Jf{U) or (respectively) over

Jfr, r\3°{U).  Take the minimal such m. Without loss of generality one can

assume that hm = 1, and then one can assume that «o H-+ hm-X belongs

to JfçnJ7{U) - {0} or (respectively) to Jcr\3>{U) - {0} with h¡ $ J?{U)
or respectively hj <£ SP{U) for 0 < y < m. Let {T, E, b, c) be a proper

{U, £, ^-system with {?7}7=^1 the sinks of {T, E) and such that gt] = hj

for 0 < j < m ; see Remark 1. Since hj $. Jf{U) (respectively hj £ 3?{U))

each tj is not a source of {T, E). Since g!o + ■ ■ ■ + gtm_x £ 30 , Theorem 2

implies g,0 + ■ ■ ■ + g,m_, =0 and «0 + • • • + hm-X = 0.
Now we shall hint at how Theorem 3 of §4.1 is proved.

Definition. A {V, £, j/)-system {T, E, b, c) will be called proper if the fol-

lowing conditions are satisfied.

(i) If t is a source then ct is not a real constant.

(ii) For each e £ E either bE = 1 or be £ sf , and only the latter holds

when e* is a source.

(iii) The set {1} U {gE» |e. = t} is linearly independent over R for all t £ T.

This properness definition differs from the definition of properness of

{V, £, ^-systems for & = Jf, Jf, 3s by the replacement of Q by R. In
analogy with Remark 1 above, there is

Remark 4. For every family {hj)J=Q c U^=i B„ in the notation of Theorem 3

of §4.1 there exists a proper {U, Ç, j/)-system {T, E, b, c) with {iy}yL0 the

sinks of {T, E) satisfying gt] = hj for each j .
The next result is an analogue of Theorem 2 and Corollary 3 (recall that sf

is the class of almost periodically multivalued functions).

Theorem 5. Let {T, E, b, c) be a proper {V, Ç, Sif )-system, let t, ... , u be

the sinks of {T, E) with none of them a source of {T, E). Then either g, +

■■■ + gu = 0 or g, + --- + gu <£ sf .
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For the lack of time we do not present the proof. The lemmas used are those

of §3.1, the argument theorem for almost periodic functions (see [28]), and

Proposition 2 of §4.2 as applied to example (iii) there.

Now, Theorem 3 of §4.1 can be derived from Theorem 5 in the same way as

Theorems 1 and 2 of §4.1 were derived from Corollary 3.

4.4. An application to Tarski's high school algebra problem: proof of the Henson-

Rubel conjecture. Recall that the Schanuel class Z = {t £ L\ if ab occurs as a

subterm of t then a contains no variables}, and the Levitz class A = {t £ L\

if ab occurs as a subterm of t then either a is a variable or a contains no

variables}. Put S% = Z and So = A. For each n £ N put S„ = the closure

of Sn-X U {ab\a £ Z, b £ S'n^} under addition and multiplication in L,

and S'n = the closure of S?n-X U {ab\a g A, b £ Sn-X} under addition and

multiplication in L. Then

Z   =   3%   c   S>x   c   S2   c   Si   c    ■■■
n n n n

A   =   S>0   c   Sx   c   J?2   c   S\   c   ••• ,

and as in §3.3 one can see that not only all inclusions shown are strict, but even

Sn -Sr„-x- Ur=o^ ¿ 0 for each n £ N.

The -(-primes and the (+, •)-primes of Z, A, Sx, S?x were described in

§§1.4 and 3.3.15 In this subsection we provide a similar description (as outlined

in §1.2) of the arithmetic structure of Sn and Sn for all n . This description

will imply the Tarski conjecture for S" = U^to-^" = {' e E\ if ab occurs as

a subterm of / then a £ A] (this class is much larger than Yl = {t £ L\ if ab

occurs as a subterm of t then a is a polynomial} about which C. W. Henson

and L. A. Rubel asked in [19]]^

Clearly, every -{--prime in S"n, n > 0, can be presented in the form

(a monic monomial)

x Y\ia monomial, ^ 1), { (a -(--prime G S„-X, / 1),

i^n) ' —
x J\{a function G Z - {1} with content = 1)7

j

Î (a +-prime G <5^_i, / l)¡,

where FT, or Fly (or both) may be empty, in each of those products all expo-

nents occurring are distinct.

Proposition 1. For every n £ N :

(i„) Let p, p' £S„ possess representations of the form (9„). If p/p' = const

then p = p' and their (9„) representations coincide up to a permutation of

factors.

(ii„) Let {fk}k c Sn possess representations of the form (V„). If f ^ fm

for I =£ m then {fk}k is linearly independent over R.

(iii„) The %-primes of Sn remain %-prime in Sn for $ G {+, •}.

15Recall that the (+, •)-primes of A (and of 2 in particular) are algebraically independent,

and the content of functions in A is taken with respect to the (+ , -J-primes of A .
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An immediate consequence of (ii„) is that the -(-primes of S"n are precisely

the functions which can be presented in the form (<?„). Indeed, let / have

representation of the form (<?„). If / = g + h and g, h G S7n , then upon

a decomposition of g and h into sums of functions of the form ipn) one

has / = (a sum of several functions of the (Ç?„)-form). But this identity

is a nontrivial linear relation between functions in the ((v)„)-form, which is

impossible by (ii«).

Proof. Proceed by joint induction on n together with the following auxiliary

statement.

(a„) For every f £ S^n possessing a representation of the form (<?„) there

exists a proper {Cm, 1, ^-system {T, E, b, c) {where m = the number of

variables involved, and 1 —► Cm has all coordinates = 1 ) with unique sink t of

{T, E) such that f = gt, ct is a +-prime of Z, and cT is a +-prime of Z for

each source x of {T, E).
The case n = 1 is contained in §3.3. Consider the induction step. In order

to prove (a„+i) and (iB+i), for each p, p' £ Spn+X and possessing (Ç>„+i)

representations, we shall construct a (Cm, 1, Jf)-system {T, E,b,c) in a

certain way.

Let p = p • n,(«. Î ßt) ■ Ujiïj î àj) and p' = p' ■ F]^, { ß'v) • \\r (yj, { S),)
according to (ÇVh) . Let {nk}k be a list without repetitions of the elements

of {/?,}, U {ôj}j, and {r¡'k,}k> be a list without repetitions of the elements of

{/?,',},' U {S'j,}ji . In the representation of p unite (a, { /?,-) with (y; { o¡) into

{{atßj) { nk) whenever /?, = o¡ = r\k , and do the same for p'. Then

(*) P = /i'U.(CkUk)   and   p' = fi'■"[[(&, U'v),
k k'

where

if nk = ßi, f y j   if nk = 6¡,
Ck=ik8k,       4 = íQí   ifr,k = ß"        9k = (7j
^k    %k h'       ™    \ 1     otherwise, k     \ 1 otherwise,

and the £[, are defined similarly, and in each of Y\k and Y\k, all exponents
occurring are distinct. Note for (i„+i): to establish the coincidence of the

(<?„+! ) representations of p and p' it suffices to establish the coincidence of

their representations in (*). Let {p¡}¡ be a list without repetitions of the

elements of {nk}k U {n'k,}k< . Put

if pi = nk then £fc else 1
¥i -

if Pi = l'k, then C'k, else 1 '

for each /. Then

(**) PlP' = iPlp')-X[iviXPi),
I

where {p¡}¡ are distinct +-primes of Sn and each y/¡ is a quotient of functions

of the form (a monomial) • (a function gZ with content = 1). Drop from F[¡

the factors with bases = 1 . Note for (i„+i) : it means dropping the coinciding

factors from the (*) representations of p and p'. Note for (a„+i): in case

p' = 1 the expression (**) is still the (*) representation of p'. Denote a =



DETECTING ALGEBRAIC DEPENDENCE OF EXPLICITLY PRESENTED FUNCTIONS 61

ÍpIp') • \~[{i¥i Î Pi)\Vi — const and p¡ £ Z} ; then a is a quotient of -(-primes

of Z and

(***) p/p' = aW ivi fPi),
I

where Y\'¡ ranges over the F[¡ factors of (**) not incorporated into o . In (***)

each remaining y/¡ either is a constant (then p¡ £ Z) or has a zero or a pole

in Cm ; see Corollary 6 of §1.4. Note for (i„+i) : to establish the coincidence

of the (*) representations of p and p' it suffices to show that o = 1 and f]/

is empty in (***), see Proposition 1 of §1.4. Note for (a„+i) : in case p' = 1

in the expression (* * *)  a is a +-prime of Z.

For each {y/¡ { p¡) shown in (* * *) let {T¡, E¡, b¡, c¡) be a proper (Cm, Ï,

¿^-system with t¡ the unique sink of (7), E¡) and p¡ = gt,. (By (a„), such

(Cm, 1, X)-systems do exist.) Now construct {T, E, b, c) as follows. Put

T = the disjoint union of 7}'s and {/} , where t is an extra vector. Put E =

the disjoint union of £/'s and the set of extra edges from i/'s to t. Let e £ E.

If e belongs to some E¡ then put bE equal to {b¡)E. If e is an edge from some

t¡ to t then put
(I if y/j = const,

\ log tí//   otherwise.

Let x £ T. For x = / put ct = a . If x belongs to some 7} - {t¡} then put cT

equal to (cy)T. For x being one of {//}/ put

f logy/, • {ci)t,   if y/, = const,
ct, = {

[ (c/)(, otherwise.

Thus {T, E ,b, c) is constructed. Note that g(/ retains its value from

{Ti,E¡, bi,ci),

when y/¡ ̂  const and is multiplied by log y/¡ otherwise.

Obviously, p/p' = gt and {T, E, b, c) is a (Cw, l,^)-system in case

p' = 1 . Let us show that {T, E, b, c) is proper. The properness conditions

need to be checked only at the edges from i/'s to t and at the vertex ;. By

Corollary 6 of § 1.4 each remaining y/¡ is either a constant (and then bE = 1 for

the e from t¡ to t) or possesses a zero or a pole on Cm (and then bE £ 3°

for the e from // to t). Besides, if bE = 1 for an e from some t¡ to t, then

/>/ ^ Z (for otherwise (^/ { /?/) would be incorporated into a) and hence

that vertex t¡ is not a source. This shows that condition (ii) of the definition

of properness holds. Consider {gE»}E,=l. Since each gtl in this family is (a

nonzero real constant) •/>/ and distinct -(-primes {1}U{/?/}/ of Sn are linearly

independent over R by (ii„), the family {1} U {gt,}i is linearly independent.

This shows that condition (iii) of the definition of properness holds.

For p' = 1 the above construction and argument already establish (a„+i).

(i„+i) If p/p' = const then by Corollary 3 of §4.3 the sink t of {T, E)

in the {Cm , 1, ^#)-system constructed above is a source of {T, E). This is

possible only if T = {t} and E = 0, i.e., when F['¡ in (* * *) is empty.

Consequently p/p' is a quotient of -(-primes of Z and those factors of their

(*) representations which are not of the (Ç'o)-form coincide up to a permutation

of indices. Then Proposition 1 of §1.4 implies the result.
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(iin+i) Let {/t}™=0 c Sn+X possess representations of the form {V„+x).

Suppose that {fk}k are linearly dependent over R but every proper subfamily

of {fk}k is not. Let {Xk}k be nonzero constants such that Y!k=ohfk = 0.

Consider hk = fk/fo for 1 < k < m ; then Xo + E™=i ̂khk = 0. For each

hk let {Tk, Ek, bk, ck) be a proper (C', F, „#)-system as described in the
beginning of the proof. The disjoint union of the {Tk,Ek,bk, cky% is then a

proper (C', 1, ^#)-system with {tk}k the sinks of {T, E) and hk = gtk for

each k. From X0 + E¡T=i ̂ kgtk = 0 by Corollary 3 of §4.3 it follows that
¿\^{Xkgtk\tk is not a source of {Tk , Ek)} = 0. Since every proper subfamily of
{1} U {hk}k is linearly independent, the latter identity implies that each tk is

a source and each hk is a quotient of -(-primes of Z. Now Proposition 1 of

§1.4 implies the result.

(iii„+i) By {{iiik)}k<n , the {Vk) representations of functions from S% can

be regarded as the {Vn+\) representations of those functions fork<n. In

view of (i„+i) and (ii„+i) this implies (iii„,+). Let /= J2tf (perhaps

with only one summand) with each / of the form {Vn) and / = fTy gj > where

each gj = ¿^k gjk (perhaps with only one summand) with each gjk of the form

(ç>„+i). Then f[j■ g¡■ = J^K T\j g¡>t K(j), where ¿ZK runs over functions {the j-

indices} -* {the k -indices} suchthat AT(y') is one of the /c's for which the gjk's

were present (for each j). By {{iiik ,+)}k<n and (ii^i), each Ely ̂ y, AT(y) isa

-(-prime of S¡,+x and hence, by (iii„+i), is one of {/},. In the (C^+^-form

of each fTy gj, k(j) the exponents occurring are exactly those which occurred in

the (<?„+])-forms of {gjk}j,k ■ By (i«+i), then all exponents occurring in the

(Ç>„+1) representations of {gjk)j,k belong to Spn^x, i.e., all gjk £ S„ .

Corollary 2. Each function in S' = U^Lo ̂ « can be uniquely decomposed into

a sum of functions of the form

{a monic monomial)

x JJ(a monomial, ^ 1), T {a +-prime £ S, / 1),-

x \\{a function £ Z- {1} with content = 1)7

j

Î {a +-prime £ S', / l)¡,

where fT, or Fly ior both) may be empty, in each of those products all exponents

occurring are distinct, and the content is taken with respect to the {+, -)-primes

of Z^ Distinct +-primes of S' are linearly independent over R. The +-primes

of S7 are. \Jn{the +-primes of Sn] = {the functions which can be presented

in the form (<?)}, the multiplicative primes of S7 are: \Jn{the multiplicative

primes ofS'n}.

One can ask for a description of the multiplicative primes of S*. The multi-
plicative primes are always more difficult to describe than the +-primes. In the
trivial case, of N, the set of -(-primes is {1} but the set of multiplicative primes
is rather complicated. In an easy case of N[x] the set of -(-primes is {x"}^0,

but there is no easy description of the set of multiplicative primes. Instead of

describing the multiplicative primes of S*, we provide an algebraic description
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of S which explains the difficulties involved. Denote by P the multiplicative

semigroup of elements of Z having content 1. For each +-prime f of S

let Pf be the copy of P (corresponding to functions of the form pf, p e P).

Now, S when considered as a semiring (i.e., with operations +, • only) is

isomorphic to the semigroup semiring Z(®yTy).

_Clearly, every f £ S„ is a sum of -(-primes of S„ and every -(-prime in

Sn can be presented in the form

(a monic monomial)

x J^J(a monomial, ¿ 1)¡ { (a -(--prime G S„-X, ^ 1),

x JJ(a function G A - {1} with content = \)¡

j

î (a -r-prime G Sn-X, ¿l)j,

where fT; or FTj (°r both) may be empty, in each of these products all expo-

nents occurring are distinct, and the content is taken with respect to the (+,•)-

primes of A. The uniqueness of these presentations is proved by reduction to

that of (<?„) with the transformation x described in §1.4.

Proposition 3. For every n £ N,

(i„) x{the + -primes ofS?n} c {the + -primes ofS„} and x{the {+,-)-primes

ofSi,} c{the{+, ^-primes ofSZ}.
(ii„) Let f, g £S„ possess representations of the form (♦„). If f/g = const

then f = g and their (Jk„) representations coincide up to a permutation of

factors.

(iii„) Let {fk}k c Sn possess representations of the form (♦„). If f ^ fm

for l t¿ m then {fk}k is linearly independent over R.

(iv„) The %-primes of Sn-X remain %-prime in Sn, the %-primes of S„

remain %-prime in Sn, for $ G {+, •}.

Again, an immediate consequence of (ii„) and (iii„) is that the +-primes

of Sn are precisely the functions which can be presented in the form (♦„).

The proof is almost identical to that of Proposition 3 of §3.3.

Proof. It suffices to prove the following auxiliary statement

(a„) x icvery {jt„)-form) can be presented by a {Vn)-form without the "monic

monomial" factor, and in such a way that the  {On)-forms corresponding to

X {distinct {1t„)-forms) are distinct.

Proceed by induction on n. The cases n = 0 and n = 1 are contained in

Corollary 4 of §1.4 and Proposition 3 of §3.3. Consider the induction step.

Let p = p • Yl^aj { ßt) ■ Ily(7y î 8j) according to (*«+i). Let p = Xs and

a, = m¡x'', where x = {xk}k is the family of the variables occurring, m, £ N,

and s, {tj}( are multi-indices. Then

X{p) = l[{{aky*\sk¿0},

and

X{a, î ßi) = (m,)*(A) • n«*«-.*)*'*^!* with ''•* * °> '
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where ak = 2Sk and bik = 2t,k. By Proposition 3 of §1.4 all xiVj) £ £ _ {1}

and have content = 1, and by the induction assumption {x{b~j)}j are / 1

distinct -(-primes of S¡¡. Thus

Rixiyj) T xiSj))
j

forms the ffy-part of the {Vn+i) representation of xip) • The "monic mono-

mial" factor in the iVn+\) representation of xip) will be trivial. To check

that

xU-Uia^ßd)

= n{(fl*)**to # 0} • Um^^mt + 1} • ni^.fc)*'^!''.* 9e °}

does form the rT,-part of the {Vn+\) representation of x(P) it suffices to show

that the elements of

{xk}kV{x{ßi)}iU{Xk'X{ßi)}i,k

are distinct -(-primes of S'n+X . Their -f-primeness is guaranteed by the in-

duction assumption. Each xk consists of the "monic monomial" factor only

in its (ÇPn+i) representation, each xißi) is / 1 and has the trivial "monic

monomial" factor in its (^«+0 representation, each xk>xißi) has the "monic

monomial" factor xk and at least one of f], > Fly nontrivial in its {Vn+\) rep-

resentation. By Proposition 1 then the sets {xk}k, {xißi)}i, {xk • xißi)}i are

disjoint. The xißi) are distinct because the /?, are. If xk • xißi) - xk> • xißi1)
then k = k' since their "monic monomial" parts must coincide and hence

Xißi) = Xißr), i = i'-
Consider also p' = p! ■ U'A^'v î ßl>) ' üy-fry î ôy) according to (+„+1). If

the TJy Part of this representation of p' differs from the fTy Part of p , say,

(a't,ßt) i {{a,,ß,)}t,

then the similar difference

iXÍa't), Xiß't)) i {ixi<*i),Xißi))}i

will occur between the {V„+x) representations of xip) and xip') constructed

above. Suppose that the J3/-parts of the (Ç>„+i) representations of xiP) and

X{p') coincide. Then

{xk}kU{xißi)}iU{Xk'Xißi)}i,k

and

{Xk'}k'U{xiß'i')}l'U{xk,-xiß',')}l',k'

are the same set of -(-primes of S,n . The comparison of the "monic monomial"

parts of their (f0n)  representations (as above) shows that  {xk}k = {xk'}k> ,

{X(ßi)h = {X(ß'i')h, and {xk-xißi)}i,k = {Xk" X(ß'v))p ,k> • Consequently
there is a bijection o from the /-indices into the /'-indices such that ßZ^ =

ßi.  The comparison of the bases in the factors with exponents belonging to

{Xißi)}i  of the fT/ parts of the {Vn+\)  representations of xiP)  and xip')
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shows then that m',^ = m¡. Since xk -xißi) = xk> -xiß'i') implies k = k' and

ßi = ß'j, (still by the comparison of the "monic monomial" parts of their (<?„)
representations), the multi-indices corresponding to the monomials mentioned

in the (A«+i) representations of p and p' also coincide: s = s', t'a^ = t¡.

Thus the TJy-Parts of xip)> Xip') tell whether p = p' or not. The identity

p = p' holds iff xip) = XÍPf) and there exists a bijection o: {j}j —> {/}y

such that xiVj) = Xiy'a{j)), x{&j) = X(à'a(j)) ■ Then y¡ = ya(j) and Sj = ôaU).

Corollary 4. Each function in Sf = (J^o •&* can be uniquely decomposed into

a sum of functions of the form

{a monic monomial)

x Y\ia monomial, ^ 1),- { {a +-prime £ S, ^ 1),-

(*) T^T
x I [{a function £ A- {1} with content = 1);

;'

{ {a +-prime £ S7, ^ 1)7-,

where f], or Ely iorboth) may be empty, in each of these products all exponents

occurring are distinct, and the content is taken with respect to the {+, -fprimes

of A. Distinct +-primes of S7 are linearly independent over R. The +-primes

of S* are: \J„{the +-primes of Sn} = {the functions which can be presented

in the form (♦)}, the multiplicative primes of S7 are: \Jn{the multiplicative

primes of Sn}. The +-primes {the multiplicative primes) of S7 are +-prime

{resp. multiplicatively prime) in S7.

Proposition 5. Tarski's conjecture holds on S, i.e., if t, u £ S and 1 = u
then 3r\-t = u.

Proof. It is easy to see that for all n each / g S„ is ^-equivalent to a single

term or to a sum of terms in S„ having the form (♦„ ) sans overlining,

(♦) a-\\{bi]pl).\[{c¡]q¡),

j j

where

a is a monic monomial, i.e., either 1 or a product of variables,

each b¡  is a monomial, i.e., either a constant or (a constant)   x   (a

product of variables), and b¡■ jí i ,

Pi G -SrnaxtçKn-i), Pi is a -(-prime of -2rnax(o,«-i), Pi ¿ 1 for each i,

and Pi ^ pi< for / jt /',

("f], • • • " rnay be empty),

and in case n > 0 (otherwise "Oy • • • " is absent),

Cj G A, Cj has content 1 in A, and c] ^ 1 for each j,

qj £ S„-X, q] is a +-prime of Sn-X , q] ± 1 for each j, and q] ^qZ

for Jtf, '
("[]_,• ■ • • " may be empty).

To prove that for each n,t,u£S'n the functional identity 7 = ü implies

/ =y u proceed by induction on n . The induction base n = 0 is proved in
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§1.4. Consider the induction step n - 1 h-> n. Let / =^- t' and u =^- u',

where /' and u' are sums of (♦) terms. By Corollary 4 the summands of /'

and u' are in a bijective correspondence such that the functions determined

by the corresponding summands coincide. Thus it suffices to consider the case

of /', u' consisting of only one (♦) term each. Then, by Corollary 4, the

factors in /' and u' are in a bijective correspondence such that in each pair of

the corresponding factors of t' and u' the bases determine the same function

and the exponents determine the same function. Since those bases are in A

and those exponents are in Sn-X, the induction assumption implies that the

corresponding bases are ^-equivalent and the corresponding exponents are

¿^-equivalent.
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