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TO MATHEMATICAL LOGIC)

R. H. GUREVIC

ABSTRACT. We consider algebraic relations between explicitly presented ana-
lytic functions with particular emphasis on Tarski’s high school algebra prob-
lem.

The part not related directly to Tarski’s high school algebra problem. Let U
be a connected complex-analytic manifold. Denote by % (U) the minimal field
containing all functions meromorphic on U and closed under exponentiation
frel. Let fj € F(U),p; € #(U)-{0} for | < j<m,and g €
F(U), q, € #(U)—{0} for 1 <k < n (where #(U) is the field of functions
meromorphicon U). Let f;— f; ¢ #(U) for i#j and g — g ¢ #Z(U)
for k #1 (where #Z(U) is the ring of functions holomorphic on U). If all
zeros and singularities of

h= ZT=| pje g

ZZ:] qye8k
are contained in an analytic subset of U then m = n and there exists a
permutation ¢ of {1,..., m} such that & = (p;/qs(;)) - efi78) for 1 <

j<m.When h €.#(U), additionally f; — g4(;) € #(U) forall .

On Tarski’s high school algebra problem. Consider L = {terms in variables
and 1, +,-, 1}, where 1: a, b — a® for positive a, b. Each term ¢ € L
naturally determines a function 7 : (R+)'l — R4, where n is the number of
variables involved. For S C L put S = {{|t € S}

(i) We describe the algebraic structure of A and -, where A = {t € L|
if u T v occurs as a subterm of ¢ then either u is a variable or u contains
no variables at all}, and ¥ = {t € L| if u T v occurs as a subterm of ¢
then u € A}. Of these, A is a free semiring with respect to addition and
multiplication but Z is free only as a | semigroup with respect to addition. A
function 7 € S is called +-primein S if T # 4+ forall u,v € S and
is called multiplicatively prime in S if T =%+ =>u =1 or ¥ = 1 for
u,v € S. A function is called (+, *)-prime in S if it is both +-prime and
multiplicatively prime in S. A function in A is said to have content 1 if it
is not divisible by constants in N — {1} orby #1 (+, +)-primes of A. The
product of functions of content 1 has content 1. Let P be the multiplicative
subsemigroup of A of functions of content 1. Then Z as a semiring is

isomorphic to the semigroup semiring K(@ rPr), where each P is a copy of
P and f ranges over the # | +-primes of & .
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(ii) We prove that if 7, u € 2 and Ry ¢ = u (ie., if 7 = %) then
{Tarski’s “high school algebra” identities} - ¢ = u . This result covers a conjec-
ture of C. W. Henson and L. A. Rubel. (Note: this result does not generalize
to arbitrary ¢, u € L . Moreover, the equational theory of (Ry; 1, +,+, 1) is
not finitely axiomatizable.)

NOTATION

N ={1,2,3,...} (the positive integers), No = NU {0}, Z = {integers},
Q = {rational numbers}, R = {reals}, R, = {positive reals}, C = {complex
numbers}, C, = C - {0}.

“Z” refers to “holomorphic”. In particular, #(U) = { functions holomor-
phicon U}, # = {holomorphic germs at { € U}, Z*(U) = {f € Z(U)|Vu €
U: f(u)#0},and Z* = {f € Z|f({) # 0}.

“.#” refers to “meromorphic”. In particular, .#; = {the germs meromorphic
at {} = the field of quotients of the ring #, and .#(U) = { meromorphic
functions on U}. Note that a meromorphic function on U is a section over
U of the sheaf .# of the quotient fields of the sheaf of rings #Z, i.e., is a
quotient of holomorphic functions in a neighborhood of every point, and is not
necessarily a quotient of holomorphic functions on U .

PREFACE

Our involvement with this topic began in 1981 when Gregory E. Mints at-
tracted our attention to “Tarski’s high school algebra problem”. Tarski’s quan-
tifier elimination for real-closed fields nowadays is used both in pure mathe-
matics, e.g., in semialgebraic geometry and in ordinary differential equations,
(for the latter see [3, §37]), and outside it, e.g., in robotics (see [32] and ref-
erences there). But Alfred Tarski was interested also in the theory of the reals
equipped with a transcendental operation. The most common transcendental
operations are the trigonometric ones and exponentiation. The trigonometric
operations present an unpleasant perspective for a logician: they permit one to
define Z c R by a first-order formula and consequently they prevent decidabil-
ity of the corresponding elementary theories and allow one to define subsets of
R” with rather bad topological structure. So Tarski asked a number of logical,
model-theoretic, real-analytic, etc. questions on exponentiation. “Exponentia-
tion” sometimes refers to the operation exp: z — e? for z € C, and sometimes
to the operation 1: a, b — a® for a, b € R, . In the former case it is most
natural to consider functions C™ — C represented by terms in constants, vari-
ables, and operations +, —, -, exp, and in the latter case it is most natural to
consider functions N” — N or (R,)” — R, represented by terms in posi-
tive (integer) constants, variables, and operations +, -, 1. The function classes
arising from both exp and 1 have received significant attention. The former
class is called the (complex) Shanuel class (see, e.g., [8, 19]).! The latter classes,
we think, have no established names, but their subset consisting of the functions
represented by one-variable terms with positive integer constants is called the
Skolem set (see [7, 11, 12, 15, 18, 29, 34, 36]).

IThere is a noninterrupting (since the Ritt times at least) activity on “exponential polynomi-
als” among analysts and number theorists. Exponential polynomials are linear combinations with
constant coefficients of functions of the form e#? with p € C.
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Another point of view, largely due to V. L. Arnold, is that one should not
worry much about decidability but attempt to find analogues of the “projec-
tion of a semialgebraic set is semialgebraic” result to larger classes of semiana-
lytic (or similar) sets, and that having achieved this the questions of effective-
ness would be easier to approach. And indeed, that was done by L. van den
Dries, see [9, 10]. A number of Muscovites attempted to extend various results
from géométrie algébrique to géométrie analytique: in particular A. G. Hovan-
ski proved magnificent finiteness results (see his contribution “Fewnomials and
Pfaff manifolds” to the International Congress of Mathematicians (Warszawa
1983), and references there).

The topic of this paper is how to detect algebraic and analytic relations be-
tween explicitly presented functions, with particular emphasis on Tarski’s high
school algebra problem.

Denote by L the class of terms in variables and 1, +,-,1. Each t € L
naturally determines a function 7: (R,)" — R, , where n is the number of
variables involved. Suppose ¢, u € L ; we want to know if 7 = %. This problem
is “solvable”, i.e., some badly slow algorithms were published (they are primitive
recursive, but that leaves open the question of whether a computer can answer in

your lifetime “7 29" fora couple of 1000-symbol long terms from L). Further, -

let ¢, ..., t, € L. You might want your computer to tell youif 7,, ..., , are
algebraically dependent, and if they are, then to provide a nontrivial polynomial
feZx,,...,x,] with f(f;,...,1,) =0. We do not restrict ourselves to L,

e.g., we are interested in effective ways to detect algebraic and analytic relations
between functions presented by expressions like

x +cosx\* o

tan ———) , sin(xsin(1/%)) | (e* + I'(tan x))t"~ |
( I'(T'(x))

but we prefer to use L as our main testing site. The main reason for this is

our far-extending beliefs concerning the algebraic structure of L = {f|t € L}

without having any idea on how to prove them.

The main results of the paper. (i) A description of algebraic relations between
the functions (on an arbitrary connected complex-analytic manifold) obtained
from the meromorphic functions by operations +, —, -, /, exp, where exp: f
— el (§2).

(ii) A study of the class of functions presented by terms in & = {t € L| if
a 1 b occurs as a subterm of ¢ then a € A}, where A= {te Ll ifalb
occurs as a subterm of ¢ then a is either a variable or contains no variables
at all}. This includes an algebraic description of & = {7|t € £} and the
proof of Tarski’s conjecture on .2 : if ¢, u € % and 7 = # then the identity
t = u can be derived from “high school algebra” identities; see [18]. The latter is
stronger than the Henson-Rubel conjecture in [19] that Tarski’s conjecture holds
on IT={te L| if a1 b occurs as a subterm of ¢ then a is a polynomial} .

1. INTRODUCTION

1.1. Introductory examples.

Example 1. Let p; € C[z] and py — p; # const for k # /. Then the functions
{ePi®}; are linearly independent over C(z).
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This is a very special case of the Hiromi-Ozawa lemma (see §1.3) and admits
the following elementary proof.

Let g; € C[z] and Y 7_,¢(z) - e”?) = 0. I have to show that g; = 0
for j = 1,...,n. Proceed by induction on »n; the case n = 1 is trivial.
Let n > 1. For the induction step from n — 1 to n proceed by induction
on deg(q,); the case of deg(g,) < O, ie., of g, = 0 is just the induction
assumption on n— 1. Suppose that g, # 0. We have Z;.’;I‘ gj-ePi~Pr4q,=0,
whence by differentiation Z;’;I‘(q} +qj - (pj — pn))ePi=Pn +q, = 0. Since
deg(q;,) < deg(gn) by the induction assumption on deg(g,), we have g, = 0
and q} =—qj+-(pj—pn) for 1 < j<n-—1. Since (p; — pn) # 0 because
Dj — Dk # const, we have deg(q}) < deg(q;  (pj — pn)") unless g; = 0. Thus
gi=0 for 1<j<n-1.Then g, =0 too.

Example 2. Let p,,...,p, € R.(x) (i.e., rational functions with positive
real coefficients) and g € C[x],q # const. If p; # p, for j # k then
the functions {(p;(2))?®}, (well-defined on R,) are linearly independent over
C(z).

This is a very special case of other complex-variable results (see §§3 and 4)
and the proof below introduces one of the basic ideas of the paper.

Let r; € C[z] and Y 7_, 7, - (p;)? = 0; we have to show that r; = 0 for
1 < j < n. Proceed by induction on n. Upon dividing all summands by (p;)?
one can assume that p; = 1. If p,, ..., p, are all regular, i.e., have neither
zeros nor poles in C, then they are distinct constants and the statement follows
from the result of Example 1.

Suppose that not all of p,, ..., p, are regular. Then for at least one j the
result of the analytic continuation of (p;)? into C is multivalued. Let z € C
be a zero or a pole of some {p;}"_, . The analytic continuation of (p;)? along a
loop winding counter-clockwise once around z multiplies it by exp(2miu;q(z)),
where u; is the multiplicity of z in p;, #; € Z. Such continuation along a
loop winding k times counter-clockwise around z multiplies each r; - (p;)?
by exp(2miu;q(z)k). However, the total sum must remain zero: Z;?:l rj-
(pj)? - exp(2minjqk) = 0. Consider the set M = {u;|j =1,...,n} C Z.
Since some u; may coincide, M may contain fewer than n elements but,
by the assumptions made, M contains more than one element: 0 € M and
M - {0} # @. Foreach m ¢ M put g, = > {r; - (p;)?|u; = m}; then
Y mem 8m + €xp(2nimq(z)k) = 0 for all k € Z. Denote / = [M|. One can
regard

I-14
{ Z &m - exp(2nimq(z)k) = 0}

meM k=0

as a system of linear equations for {gm}mes . The determinant of this system

has the form
1 1 ... 1

tl t2 [[

-1 -1 -1
tl tz P t[
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where ; = exp(2nimiq(z)), M = {my, ..., m;}. Since g # const all {t;}x
are distinct, and consequently the (Vandermonde) determinant above is not
zero. Hence g, =0 for all m € M . Since each g, consists of fewer than n
summands, the induction assumption provides the result.

Example 3. Let 41 € C — Q. Then there are no analytic relations between e?
and €%, i.e., if f is a function holomorphic in a neighborhood of (1, 1) in C?
and f(e?, e*?) = 0 whenever this expression is defined then f = 0 identically.

This statement splits into two totally dissimilar cases: 1 € R— Q and A'e
C — R, considered in some detail below. The case of real 1 can be generalized
as follows.

Example 4. Let {lj};’zl C R be linearly independent over Q, and f be a
holomorphic function in n variables whose domain contains at least one point
(Z15 ..., 2p) With |z)|V4 = ... = |z,|VA £ 0. If f(ehZ, ..., e#?) =0 when-
ever this expression is defined, then f =0 identically.

Show first that {e?/? a1 belongs to the domain of f for at least one z. Let
(z1, ..., 2y) € dom(f) and r = |z;|V/4 = ... = |z,|'/* # 0. Consider z =
logr+is, s € R. Then |e%?| = |z;| and the argument of %7 is A;s (mod 27Z).
Since the A,’s are linearly independent over Q, by a theorem of Kronecker the

set | |
{(e™s, ..., e™)|s e R}

is dense in the product of n copies of the unit circle. Thus one can approximate
(z1, ..., z,) with points of the form (e*?, ..., e*?).

Let z be such that {e%?}7_, belongs to the domain of f. Since {4;}7_,
are linearly independent over Q, by a theorem of Kronecker for any ¢ € R
and {{;}7_, C (Sh)" (where S! is the unit circle in C) there exists a real 6
such that max; [{; — e®| < &. Since f({e¥?.e"4f}1 ) = 0 whenever this
expression is defined, by continuity f({e%?-¢ j}7-1) = 0 whenever all ¢; have
modulus 1 and are sufficiently close to 1. Since f is holomorphic this implies
that f({e%?.¢& j}j=1) = 0 whenever all ¢; are sufficiently close to 1, whence
S({w;}}_,) = 0 whenever this latter expression is defined.

The second case of Example 3, of nonreal A, cannot be generalized the way
the case of A real was.

Example 5. Let A € C—R. The mapping h: z — (e?, e*?) is a proper embed-
ding of C into (C - {0})2. Since (C - {0})? is a Stein manifold, #(C) being
a complex-analytic submanifold is also a variety? in (C — {0})?. Let 4, u € C
with reA, reu <0 and imA < 0 < imu. Then g : z — (€%, e*?, e#?) is a
proper embedding of C in C?. Thus again g(C) is a variety.

The statement that g(C) is a variety for g:z +— (e?, e*?, e#?), 1ed, reu <
0,imA < 0 < imu, tells us only that there exists an entire function in three
variables which is not identically zero but h(e?, e*?, e#?) = 0. How com-
plicated is it? If 1, A, u are linearly independent over Q, then obviously 4
cannot be a polynomial. Moreover, then (we can prove that) 2(u, v, w) cannot
be obtained from the variables u, v, w and constants by means of operations

2«Variety in U” means “the zero set of an ideal in #Z(U)".
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+, —, +, exp (in other words, # cannot belong to the Schanuel class). It is easy
to see that the mapping z — (e*?, ..., e*?) is a proper embedding of C into
C" if and only if O belongs to the interior of the convex hull of {4;, ..., 4,}.
This fact provides one more necessary condition for analytic independence of
etz ..., e*? (in addition to the linear independence of A, ..., 4, over Q).
We do not know whether these two necessary conditions are sufficient. The
second case of Example 3 is contained in the following.

Example 6. Let 4;,...,4, € R be linearly independent over Q and u €
C—R. If f is holomorphic in a neighborhood of a point w = (w,, ..., w,, 0)
in C*! with |wy|'/4 = ... = |wy|'* # 0 and f(ehZ, ..., eM%, e#?) = 0

whenever this expression is defined, then f = 0 identically.

Suppose the contrary: let f not be identically zero. Without loss of generality
one can assume that the germ of f at w € C"*! is irreducible. Besides,
one can assume that imu > 0. Let U be a polydisk centered at w and
contained in the domain of f. As in Example 4 one can easily see that there
exists a z € C such that ({€%?}"_, e#?) € U. By Kronecker’s theorem, for
any ¢, M € R, and any {¢;}7_, C (S")" (where S' is the unit circle in
C) there exists a real 6 > M such that max;|¢; — ¢4 < &. Note that
ler(z+i9)| < |ek?| . exp(—im p - M) . Hence by continuity f({e*?-&;}" 11,0)=0
whenever all £; have modulus 1 and are sufficiently close to 1. Since f is
holomorphic, then f({e%?.&;}" -1>0) =0 whenever all ; are sufficiently close
to 1, whence f({w;}" "_1,0) = 0 whenever this latter expression is defined.

Then f is divisible by w,,; and since f is irreducible, f = w,,;- (a unit).
But w,,; does not vanishon z~— (..., e#?).

The examples below come nearer to what we do in this paper. Their proofs
are also examples—of how to use the technique developed in the paper.

Example 7. Let f, ¢ be meromorphic in a neighborhood of 0 in C, f have
a zero or a pole at 0, and g not be a rational constant. Let f({) € C — {0},
g({) € C; fix a value for log f({). Then f#¢ (a holomorphic germ at {) is
analytically transcendental, i.e., if A(w, u) is holomorphic in a neighborhood
of {{} xC in C? and h(w, f(w)8™) =0 in a neighborhood of { then 4 is
identically zero.

Consider first the case of g € R— Q. The analytic continuation along a loop
winding around 0 multiplies f¢ by exp(2migkm), where k is the multiplicity
of f at 0 (k #0) and m is the winding number. However, h(w , e?78km. f¢)
has to remain 0. By Kronecker’s theorem the set {e?"¢k"|m ¢ Z} is dense
in the unit circle, and hence h(w, & - f¢) = 0 whenever |£| = 1. Since & is
holomorphic, A(w, ¢ - f8) =0 for all £ € C, and thus 4 = 0 identically.

Let g ¢ R. Without loss of generality one can assume that 4 is not divisible
by u, i.e., the zero set of & does not contain Cx {0} . The analytic continuation
along a loop winding around O multiplies f% by exp(2mig(w)km), where
k is the multiplicity of f at 0 and m is the winding number. Choosing
w with g(w) ¢ R and a sequence {m,}, one can make exp(2rig(w)km,)
converge to zero. Thus A(w, 0) =0 for w with g(w) ¢ R, and consequently
h(w, 0) =0 for all w, the latter contradicting the assumption on /.
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Example 8. Let f, g be holomorphic in a neighborhood of [0, 7/2] and not
be rational constants. Then (sinx)/™ and (cosx)&™*) are analytically inde-
pendent, viz. if A(z, u, v) is holomorphic in a neighborhood of [0, /2] x C?
and h(x, (sinx)/, (cosx)8) =0 on (0, m/2) then & is identically 0.

If f and g are real constants then by the same reasoning as in the previous
example h(x, & (sinx)/, n-(cosx)8) =0, where ¢ and 5 are new indepen-
dent complex variables (continue analytically (sinx)’ around 0 and (cosx)®
around 7/2), and hence 4 = 0 identically.

Let at least one of f, g not be in R. Without loss of generality one can
assume that Ah(z, u, v) is not divisible by u or v, ie., that the zero set
of h contains neither [0, 7/2] x {0} x C nor [0, n/2] x C x {0}. Let w
be sufficiently close to [0, /2] and let at least one of im f(w), img(w) be
nonzero. The analytic continuation along a loop winding around 0 or =/2,
respectively, leaves one of (cosw)? and (sinw)/ intact while the other one is
multiplied by exp(2zif(w)m) or exp(2mig(w)m), where m is the winding
number. By choosing a sequence {m,}, one can make the appropriate one of
exp(2nif(w)m,) and exp(2mig(w)m,) converge to zero. Thus

h(w, (sinw)®,0)=0 or h(w, 0, (cosw)¥™)=0.

By the arbitrariness in the choice of w, at least one of the above “= 0” holds
identically. By the previous example, A(w,0,v) = 0 or A(w,u,0) =0
identically, contradicting the assumption on 4.

Example 9. Let f, g be nonconstant entire functions such that both f({), g({)
€ R, for some { (to have the exponentiations below defined in the usual way
at {). If there exists an entire A(z, u, v), not identically zero, such that

h(z, (f(2)2+ )2, (g(2)* + 1)YD) =0,
then f=g.

Of course, this is not a statement on mysterious properties of v2 or +1.
One possible generalization is

Example 10. Let f, g be nonconstant entire functions, P be a polynomial
in w with coefficients in C(z), deg,(P) > 0, and P not be divisible by w.
Let A, u € R—Q. Take a point { € C" and the values of logarithms needed
such that a = (P(z, fA))* and b = (P(z, g*))* are both well defined in a
neighborhood of (. If there exists an entire h(w, u, v), not identically zero,
such that A(w, a(w), b(w)) =0 in a neighborhood of {, then f=g.

The proof is analogous to, but is more difficult, than the proofs of the previous
examples. Again, the underlying idea is to continue the germs analytically and
to describe the monodromy, i.e., how the results of the analytic continuation
are related to the original germs.

1.2. On Tarski’s high school algebra problem. In this section we discuss briefly
the aspects of Tarski’s high school algebra problem dealt with in this paper. We
state several conjectures, present examples, and make some remarks. Then we
present some basic results and prove the “it is easy to see” statements of this
section. Reminder: N does not contain 0, No = NU {0} .
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Let 1 be the binary operation symbol for a, b — a?. For a set V of vari-
ables let L(V') be the set of terms built up from variables in ¥ and constants
for natural numbers with operations +, -, 1. Each a € L(V) determines nat-
urally a positive real function @ on the positive orthant (R,)" of RV .

The following question of A. Tarski was popularized by L. Henkin in [18]: if
two terms from L(V') represent the same function on (R,)" can their identity
then be derived from the high school algebra axioms? The “high school algebra
axioms” are

() I*=1, x'=lx=xl=x,

(2) x+y=y+x, xy=yx,

(B) x+(y+z2)=(x+y)+2z, x(yz) = (xy)z,
@) xy+2z)=xy+xz,

(5) x¥*+z = x¥x*%,

(6) x*y* = (xy)*,

(7) x7%=(x¥)*.

It is convenient to have the constants for all natural numbers and the defining ax-
ioms for the constants: const,;; = const, +1. Then .7 = {the axioms (1)-(7)}
U {the defining axioms for the constants}. Terms ¢, u € L will be called 7 -
equivalent, written ¢t =4 u, if 9 + t = u. The above question then is: for
t,ue L does Ry Ft=u imply t =5 u? This question was answered neg-
atively by A. J. Wilkie in [36]; see [18] for earlier results and [15] for some
later results. The assertion that for terms from a particular subclass of L(V)
the functional identity implies the derivability is often referred to as Tarski’s
conjecture for that class.

Let L(V) = {ala € L(V)}. What can be said about arithmetic properties of
L(V)? One of the reasons to ask such a question is the fact that in cases where
Tarski’s conjecture was proved it was actually derived from the arithmetic prop-
erties of the classes considered. It is also interesting to compare the arithmetic
properties of L and of the class of polynomials with positive integer coeffi-
cients. The classes of positive integer and real polynomials were considered in
connection with ergodic theory and some other topics; see, e.g., [16].

The functions in L are real-analytic. If in 7: N™ — N, ¢ € L, all indeter-
minates except one are fixed then the resulting function is in L (the remaining
indeterminate). The set .k = L({x}) of functions R, — R, is called the
Skolem set. .k is contained in every maximal Hardy field? (see [5] and [6])
and all nonconstant functions in .#k are eventually (i.e., for sufficiently large
values of the variable) increasing. #k is known to be well ordered by the
relation f < g & Ix :Vy > x : f(¥) < g(»); see [12]. The order type of
(Fk, <) is > ¢ and is < the first fixed point of the e-function; see [29].4 It
is a common conjecture that &, is actually the order type of (¥k, <).

Definition. Let $ stand forany of +, -, 1. A function f € L(V) will be called
$ -prime if forany g, he L(V) with f = g$h wehave f=g or f=h.

3A Hardy field is a differential field & of C> function germs at +oo in Ry . If f € % then
f(x) # 0 for all sufficiently large x (to have 1/f € #), and since g’ € & forany g € &, each
f(x) € & is monotonic for all sufficiently large x .

4Reminder: ¢ is the first ordinal number ¢ satisfying ¢ = w* ; see [25].
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Since 0 ¢ L(V) this definition implies that a +-prime function in L(V) is
one which is not a sum of functions from L(V).

Examples. The constant 1 is additively, multiplicatively, and exponentially
prime or, shorter, (+, -, 1)-prime. Let v € V. Then (for the functions gener-
ated by the terms shown) it is easy to see that:
(1) v iS (+3 ) T)-prime’
(i) v+1 is (-, 1)-prime but not +-prime,
(i) v-2Y is (+, 1)-prime but not multiplicatively prime,
(iv) 2Y is (+, -)-prime but not {-prime,
(v) v?2+3v +2 is {-prime only,
(vi) v? is +-prime only,
(vii) 2+ 2v + 1 is not prime with respect to all of +, -, 1.

The absence from this list of a function multiplicatively prime only is not an
accident. It is easy to see (Corollary 3 below) that each function in L(V) is a
sum of +-primes, and that each +-prime can be presented in the form

(a monic monomial € Z[V]) - [[(¢,)",

J

where each (g;)% is (+, -)-prime, # 1 (then g; is multiplicatively prime and
h; is a +-prime), and h; # 1 for each j.

Conjecture 1. If u is a monic monomial in Z[V], {g;}; C L(V), {h}; C
L(V) - {1}, and each A; is +-prime then u-]'[j(gj)"f is +-prime.

An immediate consequence of Conjecture 1 would be: if £ is multiplica-
tively prime then h is +-prime or {-prime. Indeed, let # = p? and p # 1,
q # 1. Then g must be +-prime (otherwise 4 would not be multiplicatively
prime) and by the conjecture 4 will be +-prime.

Conjecture 2. If Ay, ..., h, € L(V) are +-prime and h; # h; for i # j then
{h1, ..., hm} is linearly independent over R.

An immediate consequence of Conjecture 2 would be: every function in
L(V) admits only one decomposition into +-prime summands.

Whereas uniqueness of decomposition into sums of +-primes is plausible,
even a polynomial can have more than one decomposition into products of
multiplicatively prime factors in L(V):

x+ D +x2+ D)=+ D2 +x+1).

This example is crucial in Wilkie’s counterexample to Tarski’s conjecture (see
[15] for some related results).

Conjectures 1 and 2 can be relativized to any subclass S of L by replacing
L(V) with S(V) = {ala € S(V)} in their formulations and in the definition of
$-primality ($ = +, -, 1). Note that if Conjectures 1 and 2 hold for L({x})
(only one variable) then they hold for any L(V) (a proof is provided below
in this section). L. van den Dries and H. Levitz in [11] (see also [7]) proved
Conjecture 1 for the functions R, — R, represented by terms in {z € L({x})|
if @® occurs as a subterm of ¢ then b is either x or a constant}. For some
very specific terms Conjectures 1 and 2 were proved by ad hoc methods in [15].
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In [19] C. W. Henson and L. A. Rubel considered two classes of terms of L(V)
in which exponentiation is permitted only for certain bases: X(V) = {a € L(V)|
if b¢ occurs as a subterm of a then b is a constant term} (the Schanuel class),
and A(V) = {a € L(V)| if b° occurs as a subterm of a then be V or b is
a constant term} (the Levitz class). They proved in particular (Conjectures 1
and 2 and as a consequence) Tarski’s conjecture for A and asked about that
for the class II(V) = {a € L(V)| if b° occurs as a subterm of a then b is a
polynomial} . In §4.4 of this paper we prove that Conjectures 1, 2 and Tarski’s
conjecture hold not only for IT but even for a larger (similar) class. We give
an arithmetic conjecture which explains in much more detail my thoughts on
L and L but before it can be stated some definitions are needed.

Definition. For a polynomial P e Z[x,, ..., x,] — {0}, the content of P is
the monomial m - x1'~ x,, , where m € N is the greatest common divisor
of the coefficients of P and each /; is the minimal degree with which the

indeterminate x; occursin P.

This definition of content slightly differs from the usual one; see [26]. Clearly
every polynomial in Ng[{x;};] — {0} can be uniquely presented as the product
of its content and a polynomial in No[{x;};] — {0} with content =1.

Definition. Let Q be a subset of L(V) algebraically independent over Q. For
any function f generated from functions in Q by addition and multiplication
(i.e., for f € No[Q] — {0}) put the content of f = the function corresponding
to the content of f considered as a polynomial in the set of indeterminates €.

For any subclass £ of L denote & (Z) = {a € L| if b° occurs as a subterm
of a then b € Nyo[Z]}.

Conjecture 3. Let = be a subclass of L such that the set = of functions is
algebraically independent over Q, and such that if a$b € E forany a, b€ L,
$€{+,-,1}, then a, b € Ng[E]. Then

(1) every function in ¥ (Z) can be uniquely decomposed into a sum of
+-primes,
(ii) every +-prime in £(Z) can be uniquely presented in the form

(a monic monomial € Z[V])
x [J(a prime €N); 1 (a +-prime € Z(E), # 1),

m

(O=) X H(a variable); 1 (a +-prime € Z(Z), # 1),
J
x H(a function € Ny[Z], # 1, with content = 1)
k
1 (a +-prime € Z(Z), # )i,
where some (or all) of [];, [];, [, may be empty and in each of then: all
occurring exponents are distinct, and the content is taken with respect to =,

(iii) the functions in £ (Z) which can be presented in the form (¥z) are
+-prime.
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Assuming Conjecture 3 for = = {the variables} (then Z(Z) = II) one can
derive from it the following:

the +-primes of A are +-prime in II,
the multiplicative primes of A are multiplicatively prime in IT,
the (+, +)-primes of A (sans 1) are algebraically independent.

The third of these statements was actually proved in [19] but was presented in
another form. We provide a simplified proof of it in §1.4. The first two of
the above statements will be considered in §3.3 (which contains some base-of-
induction lemmas) and then in §4.4 they will be proved together with several
related results. In particular, in §4.4 of this paper we prove that Conjecture 3
is valid for E = { the (+, -)-primes of A} — {1}.

Proposition 1. Let p € L and let v be a variable symbol occurring in p. If
N E (p does not depend on v) then one can erase a number of symbols from
D in such a way that the remaining string of symbols will be an L-term q not
containing v and  -equivalent to p .

In particular, if NF p =1 then that q will be 1, if Nk p = (some variable
y) then that q will be y .

Let V be a set of variables, t € L(V), and $ € {+,-,1}. If T is $-prime
in L(V) then it is $-prime in every L(U), U > V . In particular, if f € Pk is
$-prime in Pk then it is $-prime in any L(V).

Proof. Proceed by induction on the construction of p. Note that p can be
neither a constant symbol (since p contains v) nor a variable symbol (because
then p would be just v, whereas p must not depend on v). The statements
which follow provide the induction steps. They all are immediate consequences
of the fact that the nonconstant elements of ¥k are eventually monotonically
increasing. If N F (r + s does not depend on v) then N F (both r, s do not
depend on v), and the same statements apply about rs in place of r+s. If
N E (r* does not depend on v) then NF r =1 (in this case one can erase the
whole of s) or NF (both r, s do not depend on v).

For the second statement of the proposition note that always NEr+s # 1,
NEr+s#y,and that NF rs = 1 implies NE r = s = 1 (then one
can erase any r,s), NF r* =1 implies N E r = 1 (then one can erase s),
NErs=y implies NE(r=1&s=y orr=y&s=1), NErS =y implies
NE(r=y &s=1).

With each f € L(V), one can associate f(2) = f(2,2,...,2) € N. This
provides a (+, -, 1)-homomorphism L — N with very nice properties. Some
examples are given in the following propositions.

Proposition 2. Let fc L.
Q) If f3)=1 then f=1.
(i) If f(2) =2 then either f=2 or f =7 for some variable y .
(iii) If f(2) =3 then either f=3 or f=1+7 for some variable y .

Of these examples (i) will be used in this paper to prove various statements
about L by induction on f(2) € N.

—

Proof. (i) Consider p € L satisfying p(2) = 1 and proceed by induction on
the construction of p. The cases of p being a constant or a variable are trivial.
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Further, such p cannot be a sum. Consider p = g -r. Then E(i) . 7(5) =
1, whence 6(5) = 7(5) = 1, and by the induction assumption § =7 = 1.
Consider p =g 1r. Then g(2)® = 1, whence g(2) = 1, and by the induction
assumption g=1. Hence p=1.

(i1) Consider p € L satisfying ﬁ(f) = 2 and proceed by induction on the
construction of p. The cases of p being a constant or a variable are trivial.
Consider p = g +r. Then g(2) +7(f) = 2, whence ﬁ(f) = 7(5) =1, and by
(i) g=7=1, p=2. Consider p = q-r. Then ﬁ(f) .7(5) = 2, whence
one of E(f), 7(2) is 1 and the other is 2. Consequently one of g, 7 is 1
by (i), and the other is 2 or y for a variable y by the induction assumption.

- =

Consider p = ¢ 1 r. Then §(2)"@ = 2, whence g(2) = 2 and 72) = 1.
Consequently 7 = 1 by (i), and g is either 2 or y for a variable y by the
induction assumption.

(iii) Consider p € L satisfying 5(2) = 3 and proceed by induction on the
construction of p. The cases of p being a constant or a variable are trivial.
Consider p = g+r. Then g(2) +7(§) = 3, whence one of 7(5) , 7(2) is 1 and
the other is 2. Then one of g, 7 is 1 by (i), and the other is either 2 or y for
a variable y by (ii). Consider p = g -r. Then 6(5) -7#(2) = 3, whence one of
6(?) , 7(5) is 1 and the other is 3. Consequently one of g, 7 is 1 by (i), and
the other is either 3 or 1+ for a variable y by the induction assumption.
Consider p = ¢ 1 r. Then g(2@ = 3, whence g(2) = 3 and 72) = 1.
Consequently 7 =1 by (i), and g is either 3 or 1+ for a variable y by the
induction assumption.

Corollary 3. Let S C L. Then every f € S is a sum of +-primes of S and a
product of multiplicative primesof S. IfatbeS=a,be S foranya,be L
and S is closed under the multiplication in L then each f € S can be presented
as p? with p,q€ S and p exponentially prime.

Proof. Proceed by induction on n = f (f). If n =1 then by the proposition
above f is (+, -, 1)-prime. Let n > 1. If f isnot +-prime, f = g;+ &, then
4\ (5) < n and gz(f) < n, and by the induction assumption g, and g, are
sums of +-primes. If f is not multiplicatively prime, f = g1, &1, & # 1,
then 1 < gl(f) <nand 1< gz(f) < n, and by the induction assumption
g1 and g, are products of multiplicative primes. If f is not {-prime, [ =
pi,p,q#1,then 1< p(f) < n and by the induction assumption p = r® with
r exponentially prime. Then f = r7.

To prove that the restriction of Conjectures 1 and 2 to #k imply those on
any L(V) we proceed by induction on the cardinality of V' as follows.
Propositiond. Let V # @ be a set of variablesand y ¢ V be one more variable.
If Conjectures 1 and 2 hold in L(V') then

(i) for x€V and k e N, if f € L(VU{y}) is +-prime, then the result of
substituting x* for y in f is +-prime,
(i) Conjecture 1 holds in L(V U{y}),
(iii) Conjecture 2 holds in L(V U {y}).

Proof. (i) Proceed by induction on f(f) slet f=u(y, ...)o]'[j gy, ... b
where u is a monic monomial in Z[V'U{y}], f# 1, g, h; € L(VUu{y})-{1},
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and {h;}; are +-primes. Since h,-(f) < f(2) forall j,also {hj(x*,...)}, are
+-primes. Besides, u(x¥, ...) is a monic monomial in Z[V]. So by Conjecture
1 for V' the function f(x*,...)=u(x*,...) [, g(x*,...) Thi(xk,...) is
a +-prime of L(V).

(ii) Let f(y, other variables) = u(y,...) -], g(y,...)»" ), where u
is a monic monomial in Z[V U {y}], g, hj € L(V U {y}) - {1}, and {h;};
are +-primes. Then f(x,...) € L(V) is +-prime by (i) and so f itself is
+-prime (recall that substituting a function from L(V) for y isa (+, -, 1)-
homomorphism L(V U {y}) = L(V)).

(ili) Let A;(y, other variables) € L(V U {y}), 1 < j < m, be additively
prime and h; # h; for i # j. Then for sufficiently large kK € N we have
hi(x*,...) # hj(xk,...), and {h;(x¥,...)}; are still +-primes by (i). Then
by Conjecture 2 for V: {h;(x*,...)}; are linearly independent over R, whence
{h;}; are linearly independent over R.

1.3. Hiromi-Ozawa lemma. This section presents some Borel-type arguments.
The Hiromi-Ozawa lemma says that if for some functions {a;}; and {fj},
holomorphic on a disk or on the complex plane a; - e/t +--- + a, - e/ = g
and at least one of e/i, ..., e/ is Nevanlinna-large as compared to all of
a,ai, ..., a, then the functions a, -e/1, ... a,-e’ are linearly dependent
over C. This result appeared in [21]; then C. W. Henson and L. A. Rubel in
[19] generalized it to functions in several variables (on polydisks and on C™)
and applied it to Tarski’s high school algebra problem. The Hiromi-Ozawa
lemma allowed Henson and Rubel to prove some results that are interesting
from the logical as well as from the analytical point of view for a class of entire
exponential functions (which they call “the Schanuel class”) and for a class of
“slightly” multivalued exponential functions (which they call “the Levitz class™).
However, the typical exponential functions considered in Tarski’s high school
algebra problem are “wildly” multivalued, and so we sought generalizations of
the Hiromi-Ozawa lemma to multivalued exponential functions. And we got
some; but instead of “Nevanlinna-large” we use “more multivalued than” crite-
ria; see §4.1.

In this section we present the Hiromi-Ozawa lemma and several corollaries
frequently used in the paper. A terminological remark: A point & will be called
a zero point of a meromorphic function f if x(£) = 0 for every representation
f =x/y with x and y holomorphic in a neighborhood of &. Similarly, & will
be called a polar point of f if y(£) = 0 for every representation f = x/y with
x and y holomorphic in a neighborhood of £. A point may be a zero point
and a polar point at the same time. This definition will be applied to functions
on arbitrary complex-analytic manifolds (not only on C"). Sometimes we shall
abbreviate “zero point” and “polar point” to “zero” and “pole” respectively.

Lemma 1 (Hiromi-Ozawa lemma). (i) Let a; € #(C"), 0 < j < m, and
fieZIC), 1<j<m.If

J=1 Jj=0

Y aj-eli=ay and ET(r,eff);éO(ET(r,aj)),
=1
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where T(r, g) is the Nevanlinna characteristic of g, then the functions
{a; - e/ YL, are linearly dependent over C. (ii) Let D be the unit disk in
C.Let aje #/(D"), 0<j<m,and fjeZD"), 1<j<m.If

m
Za, cefi=ay and ZTr el) #0(2Tr a;) +log11 )
Jj=0

Jj=1 Jj=1
then the functions {a; - efJ " | are linearly dependent over C.

The Hiromi-Ozawa lemma easily implies many results on linear and algebraic
(in)dependence of exponentials of holomorphic functions.

Examples. (i) Let aj € #(C") and f; € Z(C") for 1 <j<m.If

m m
T(r, Zajeff) +ZT(r, aj) =o(T(r, ef)) forallk=1,...,m,
j=1 J=1

then Z}":, a jeff = 0. Indeed, suppose the contrary and take the minimal m for
which the statement fails. Then the functions {aje//}; are linearly independent
over C. Put gy = Z;":l aje’i and apply Lemma 1.

(ii) Let & = {f € #(C")|limsuplogT(r, f)/logr < 1} (& is the field of
functions of the growth order < 1, all rational functions belong to .¥, cos/z €
Z). Let fj e Z(C"), 1 <j<m.If the functions {e/i}; are linearly depen-
dent over .Z then fi — f; = const for some k # /. Indeed, if 7., a;e/i =0
then 7' ajefi~/» = —a,, and hence a, =0 by (i), because the order of e/
is at least 1 for every nonconstant entire f .

(iii) Let D be the unit disk in C and . be the subfield of .# (D") consisting
of functions with Nevanlinna characteristic O(log ﬁ) . Let fje#D"), 1<
j<m.If T(r,eh /) ¢ & for k #1 then the functions {e/i}; are linearly
independent over & .

To prove this, suppose the contrary and take a minimal subset A4 of {e/i};
linearly dependent over .. Without loss of generality one can assume that
A={e/}h_ forsome p<m.Let 37_ 4;e/i =0, where 4; € & —{0}. Then

Y7~ Ajefi=% = -1, and by Lemma 1 the functlons {Aje/i=5}P_ | are linearly

dependent over C. Hence the functions {e/i}?~ F are linearly dependent over
£ contradicting the minimality of A.

(iv) Let fj e #(C"), 1 < j < m. If fj(0) =0 for all j and the func-
tions {f;}; are linearly independent over Q then the functions {e/i}; are
algebraically independent over C(z). Indeed, a polynomial in {e/i} j Wwith co-
efficients in C(z) has the form Zi=lake"* , where a;, € C(z) and {p;}, are
distinct linear combinations of {f;}; with coefficients in No. Thus the result
follows from (ii).

883 and 4 provide analogues of these statements for multivalued exponential
functions, but they are based on measuring the multivaluedness instead of the
growth of the functions involved.
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Lemma?2. (i) Let t: Ry — Ry, t(r) > 00 as r — co. Let a;, by € #(C")—{0}
and fi, g € #Z(C") for 1<j<p, 1<k<gq. Let

p q
Y T(r, a)) Z r, by) = o(K(r)),
j=1 k=1

and

&T(r,eli~fy£o(t(r)),  &T(r,es8n) #o((r)).
J#l k#m

If Z’J;l ajeli = S i_ bke® then p = q and there is a permutation o of
{1, ..., p} such that aje’s = by - e&u foreach j.

(ii) Let t: [0, 1) — Ry. Let D be the unit disk in C. Let a;, by € #(D")—
{0} and f;, g e #(D") for 1 <j<p, 1<k<q. Let

q

Z (r,a;)+ ZT(r,bk)+log%=o(t(r)),

j=1 k=1

and

&T , elimhy # o(1(r)), &T<r,egk-gm)¢o<t(r)>.

If E§=lajefi = Y{_,bxeé then p = q and there is a permutation o of
{1,...,p} such that a,eff = by(j) - €0 for each j.

Proof. Show that each of the families {aje//}; and {b e}, is linearly inde-
pendent over C. Suppose the contrary; let {aje 5y, j » say, be linearly dependent
over C. Let v € N be the minimal number for which the functions {a ,eff vl

are linearly dependent over C. Then Y/*| A;a;e/i = 0 for some A; € C W1th
at least one 4; # 0, and hence 7, 4; a,eff f"+' = —A,4+1Gy4+ . By Lemma 1,
the latter identity implies that the functions {a;e” }i-, are linearly dependent
over C, contradicting the choice of v .

Show that there exist j and k such that (a;e/i)/(bye®) = const. Recall
that the whole family of functions S = {a;e’i};U{bye® }, islinearly dependent
over C. In fact we shall show more. Let 4 be a minimal linearly dependent
subfamily of S (so that every proper subfamily of A is linearly independent
over C)—then A consists of two elements, some aje// and some by e . Upon
a renumbering of the entries one can assume that 4 = {a ,ef/} _ U {brese}y
for some 4 < p, v < q. Both y and v are > 1 because both families
{ajefi}; and {bye®}, are linearly independent. Let us show that u=v = 1.
Suppose the contrary, say v > 1. We have Zj;l ajajeli = Y7 Bubre® for
some «a;, B € C - {0}, and hence

U v—1
(*) zajajeff‘g" - Eﬂkbkeg"_g" — ﬂ,,b,, =0.

j=1 k=1

Let E be the set of those summands in (x) above which have Nevanlinna
characteristic # o(¢(r)). Note that E does not contain every summand of
() above since T(r, b,) = o(t(r)). On the other hand, E is nonempty since
Bibied~8 € E. By Lemma 1 then E is linearly dependent over C. And a
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linear relation between elements of E upon multiplication by e& becomes a
linear relation between elements of {a;e/s }j;, U {bres Z;ll , contradicting the
choice of 4.

Note that if aje/i = const- b e® then (aye’!)/(bye® ) # const for [ # j and
(aje’i)/(bmem) # const for m # k (because each of the families {a;e//}; and
{bre3}, is linearly independent over C).

Show that for every j, 1 < j < p, there exists a k such that

(aje’’)/(bxe®) = const.
Suppose the contrary. Upon a renumbering of entries, one can assume that there
exist 4, 1 <pu<p,and 4; € C—{0}, 1 < j < u, such that ajei = A;b;e&
for 1 < j < pu and (aje’i)/(byes) # const for j > u, k > pu. Then from
Y ajel = ¥, bes« we have

p q

Y ajel =3 {(1-A)bee |1 <k <q, A #1}+ ) bres .

j=n ke=p
The latter identity says that the family of functions {aje/s P U{be®}i_| is
linearly dependent over C and by the previous paragraph there then exist j,
u < j<p and k such that (a;e/s)/(bie®) = const.

Now, by symmetry, for each k there exists a j such that
(aje’’)/(bye® ) = const.

Hence p = g and there exist a permutation ¢ of {1, ..., p} and 4; € C—{0},
1 < j <p,such that b, = 2;a;e/s forall j. Then 3°7_ (1-4;)a;e/i =0
whereas the functions {aje/}; are linearly independent over C. Thus 1-4; =
0 forall j.

The next corollary is an analogue of the fact that if r, s € C[z] — {0} and
r/s has neither zeros nor poles in C" then r and s can differ by a constant
factor only.

Corollary 3. (i) Let t :R. - R, t(r) - o0 as r — oo. Let a;, by € #(C") —
{0} and f;j, g € #(C") for 1 < j<p, 1<k <q. Let

p q
Y T(r,a;)+ > T(r, b)) =o(t(r)),
Jj=1

k=1
and
&T(r, e~y £0(t(r)), & T(r,es 8n) #£o0(t(r)).
Jj#l k#m
If
b= 25=l aje’s
ZZ=1 byes
has neither zeros nor poles on C" or T(r, h) = o(t(r)) then p = q and there is
a permutation o of {1, ..., q} such that h = (aje’))/(by;ev) for each j.

(ii) Let t: [0, 1) = Ry. Let D be the unit disk in C. Let a;, by € #(D")—
{0} and f;, g e #(D") for 1< j<p, 1<k<q. Let

p q
S T(r,a)+) T(r,b)+ log& = o((r)),
j=1

k=1
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and

ﬁclr(r, elimhy # o(t(r)), k‘ﬁﬁ, T(r, e8=8n) # o(t(r)).

If
_ Ef;:l aje’

ZZ=1 bkegk
has neither zeros nor poles on D" or T(r, h) = o(t(r)) then p = q and there
exists a permutation a of {1, ..., p} such that h = (aje’)/(byjesv) for all
J.
Proof. If h has neither zeros nor poles then 4 = e* for some u € #(C") in
case (i) or u € Z(D") in case (ii). Then

p q
Dajeh =3 bt
Jj=1 k=1

and one can apply Lemma 2 to the functions {a;};, {bi}x, {fj};, {8 +u}«-
If T(r, h) =o(t(r)) then

h

p
Za,eff = Z h) - d,

k=1
and one can apply Lemma 2 to the functions {a;};, {bh}r, {fi};, {8k}« -
Example. (v) Let a;, by € C(z) — {0} and f;, gx € Z(C") for 1 < j <p,
1<k<gq.Let fj— fy #const for j#/ and g — gm # const for k #m. If
_ E§=|ajefj
ZZ:I bkegk
has neither zeros nor poles then p = ¢ and there is a permutation o of

{1, ..., p} such that h = (aje’i)/(bs(;je%») for all j. To prove this, take
t(r) = r and apply the above corollary.

h

Although Nevanlinna theory is not adapted easily to functions meromorphic
on (C,)" = (C-{0})" instead of C" (even for n = 1) extensions of Examples
(ii), (iv), and (v) are easily available.

Corollary 4. Let f; € Z(C?), 1 < j < m. If the functions {e/}; are linearly
dependent over C(z) then fi, — f; = const for some k # 1. If for every q €

— {0} the linear combination Y77, q;f; # const then the functions {e/1};
are algebraically independent over C(z).

Proof. Consider the first statement. Let Z;’;l pje/i = 0, where p; € C[z]
and at least one p; # 0. Let {u;}, be the monomials occurring in p;. Put
gil{wi}i) = fi({e¥ }x) and vj({wi}i) = wji({€"}x). Then g; € #(C") and
each vj, has the form (the coefficient 1;, € C of u;,)-exp (alinear form y;, in
wy, ..., w,). Since Z;.”:, Yo Ajce¥itE =0, there exist (j,t) # (k, u) such
that v, + g — Wk, — & = const , or y, — Viku = 8k — §; +const. Since the right-
hand side of the latter identity is periodic in each of {w;}, while the left-hand
side is a linear form, y;, = v, and g, = g; + const. Hence f; — f; = const.

The second statement of this corollary follows from the first one by the same
reasoning as that used in Example (iv).
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Corollary 5. Let aj € C(z) — {0}, fj € Z(C}) for 1 < j < p, and b, €
C(z)— {0}, g € Z(C?) for 1 <k <gq. Let f; — fj: # const for j# j and
8 — & #£const for k#£Kk'. If

b= Z§=laj€f’
ZZ:I bkegk

has neither zeros nor poles in C" then p = q and there is a permutation o of
{1,...,q} such that h = (aj/bs)-e/i~%v foreach j.

Proof. Without loss of generality one can assume that a;, b, € C[z]. Let {u;:},
be the monomials occurring in a; and {vy,}, be the monomials occurring in
b . Put #(w) = r({e*'};) for each function r occurring. Then h, f"j, 8 €
A (C") and fij; = ;- €%, Dy = Piy, €Y, where aj;, B, € Cs and ¢j;, Y,
are linear forms in wy, ..., w,. Note that ¢, — @, + f; — f; # const unless
(,t)=(",t) and Wi, — Wi + 8 — 8k # const unless (k, u) = (k', u).
By Corollary 3 the set of (j, ¢) pairs and the set of (k, u) pairs have the same
cardinality and there exists a bijection 7 between them such that h= (aji/ Bru)
exp(@jt — Wku + fj — &) for (k, u)=1(j, t). Hence h = (u;/vy,)-e/i~8 for
(k,u)y=1(j,1).

Let us show that k in (k, u) = t(j, t) depends on j only (does not depend
on t). Suppose (k',u')=1(j, ). Then h = (uj/vi,) - e/i~8 = (wjp [ Vi) -
efi—& and hence e& & = (W )/ (Vkultjr) . However, e8 =8 is not equal
to a quotient of monomials unless k& = k’. Symmetrically, j in (j, ) =
t=1(k, u) depends on k only. Consequently p =¢ and o: j— t(j, any ¢) is
a permutation of {1, ..., p}. Further, 7 induces a bijection between {u;},
and {v,}u for k =a(j), and h = (uji/ve(, ) - €/ %0 implies /vy, =
Wje [Ve(j ey - ThUs pjefvei o = aj/bs(j) -

The idea in the proofs of Corollaries 4 and 5 will be further exploited in the
next subsection and in §2.

1.4. Some applications to Tarski’s high school algebra problem. In this subsec-
tion we explain how the Hiromi-Ozawa lemma is applied to the Schanuel class
Y (mostly following Henson and Rubel [19]) and to the Levitz class A (much
simpler than in [19]). Both T and A happen to be free semirings’ with units,
and their systems of generators are easy to describe. This fact allows one to
prove easily that Tarski’s conjecture holds for £ and A.

Recall that X = {t € L| if a 1 b occurs as a subterm of ¢ then a contains
no variables} . Elements of T are entire functions. By Corollary 3 of §1.2 each
f €2 isasum of +-primes of T and every +-prime f of X can be presented

A semiring is an algebraic system with binary operations + and + which are commutative,
associative, and satisfy the distributivity law x+(y +z) = x*y+x -z . In this paper “semiring” will
mean a semiring with the unit, i.e., containing an element 1 satisfying 1 +x = x . For a semiring
S with unitand X C S — {1} itissaid that S is free over X if S is generated by X U {1} and
the elements of X are algebraically independent, i.e., for all polynomials P({t;};), Q({t;};) with
positive integer coefficients and every x; € X if P({x;};) = Q({x;};) then P = Q. Obviously, if
S is free over X then X is the set of (+, *)-primes of S and S is isomorphic to the semiring of
polynomials with positive integer coefficients in the indeterminates corresponding to the elements
of X.
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in the form
(a monic monomial)

(©o) x [J(a number € N—{1}); 1 (a+-prime € -, # 1);,
j

perhaps with empty [] i with all the exponents occurring in [] j distinct.

Proposition 1. (i) Let f, g € T possess representations of the form (Vo). If
f/g = const then f = g and their (Vg) representations coincide up to a per-
mutation of factors.

(ii) Let {fi}x € X have the form (Vyo); if fi # f; for i # j then {fi}i are
linearly independent over R.

An immediate consequence of this proposition is that every function which
can be presented in the form (¥y) is +-prime. Indeed, the statement that such
a function is a sum of several others of the () form is a linear relation.

Proof. Proceed by induction on the values at 2 of the functions occurring,
viz. let M € N and assume that (i) holds whenever all exponents occurring in
(Vo) have values < M at 2, and that (ii) holds whenever max{ fk(f)}k <M.
Consider the induction steps.

(iM+1) f=p-e and g = v -e¥ for some monic monomials x, v and
entire functions ¢, . Then (u/v)-e?~¥ = const and consequently y = v .
Thus one can assume that f and g have no monomial factors in the (Qp)
form. Since the values at integral points of functions from X are integral,
f/g =m/n with some m, ne N. Let a € N be a prime and

f=Mwy and g=TJ@)".

J

in the (Qp) form. Consider the degrees with which a occurs in the sides
of the identity nf = mg. Let m = o*-m', n = o -n', p; = ok - pl,
q; = ali -q} ,where u, m',v,n', k;, p}, 1;, qj’. are nonnegative integers and all
of m', n’, pi, qj are not divisible by a. Then

(%) 1/+Zk,~r,-=,u+lesj.
i J

Since all ri(f) and sj(f) are < M+1 onecanapply (iiy) to 1, r; and s;. The
above identity () is a linear relation between 1, r; and s;, and hence the sides
of (*) must coincide up to a permutation of summands. (Recall that r; # ry
for i #1i' and s; # 55 for j # j'.) Consequently u = v and there exists a
bijection g, from I, = {i|k; # 0} to J, = {j|/; # 0} such that r; =5, ;) and
ki = I, i . Note that g, is determined uniquely.

Since a is arbitrary, the identity u = v implies that m = n (they have the
same decomposition into primes). Put ¢ = {J,0,. Since p; # 1 for each i
there exists a prime a such that p; is divisible by a, p; = ok - pi, ki, p] €
N. Thus each i belongs to the domain of some g,. Symmetrically, each j
belongs to the range of some g,. Since r;’s are distinct and s;’s are distinct,
if i € dom(o,) Ndom(ag) then o,(i) = o4(i)—because both are the number j
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for which s; = r;. Thus o is a bijection of the set of i-indices to the set of j-
indices. Now the identity k; = I,(;) implies that p; = g,(; (they have the same
decomposition into primes) for each i. Thus o is the required permutation of
factors transforming the () form of f into that of g.

(iips4+1) Suppose that {f;}; are linearly dependent over R. Then by the
Hiromi-Ozawa lemma (see §1.3) there are i # j such that f;/f; = const and

then fi = f; by (iar+1).
The corollary below is essentially a reformulation of Proposition 1.

Corollary 2. T is a free semiring with unit whose system of generators (the
(+, +)-primes of ¥ sans 1) is: {the variables} U {p’|p a prime in N and f
a +-primein X, f #1}.

Proof. We need to show that the above list is indeed the list of all (+, -)-primes
of T and that they are algebraically independent.

Each (+, :)-prime t # 1 of I, as a +-prime, can be presented in the form
(©9), and (as a multiplicative prime) must have only one factor # 1 init. If
that is the “monic monomial” factor then ¢ is a variable. Otherwise ¢ is p“,
where p € N— {1} and u isa +-prime of £, u # 1. Then p must be a
prime. Thus all (+, -)-primes of X are contained in the list presented, and
Proposition 1(i) makes sure that a +-prime can be decomposed into a product
of (+, -)-primes in only one way.

An algebraic dependence between (+, -)-primes {z;}7, is a linear relation
between some monomials in them, * = []i_,(#;)%, a € (No)". Since each *
can be presented in the form (Qp), Proposition 1(ii) implies that t* = t# for
some a, B € (Ng)", a # . But the latter is prohibited by Proposition 1(i)
when all ¢; # 1.

Recall that A = {t € L| if a 1 b occurs as a subterm of ¢ then either a isa
variable or a contains no variables at all} . £ C A and A is strictly larger than
Y. For example x¥ € A and the function it represents is not entire, whence
notin X. By Corollary 3 of §1.12 each f € A is a sum of +-primes of A and
every +-prime of A can be presented in the form

(a monic monomial)
(o) x [ [(a monomial, # 1); 1 (a +-prime € A, # 1),
J
perhaps with empty [];, with all exponents occurring in []; distinct. Con-

sequently the (+, -)-primes of A are contained _in the set {1} U {the vari-
ables}U{p/|p aprimein N and f a +-primein A, [ # 1}u{x/|x a variable
and f a +-primein A}.

Although A contains multivalued functions, it is still very close to Y. Con-
sider the transformation y : A — A given by

SUxi}i) = F({29}).

Note that y preserves operations +, -, 1 and x(f) # x(g) whenever f # g.
Consequently, if y(f) is $-prime then f is $-prime, $ € {+,, 1} (if f =
g8h and f # g, f # h then x(f) = x(g)$x(h) and x(f) # x(&), x(f) #
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x(h)). It turns out that y transforms A into a subset of T and in a very neat
way.

Proposition 3. x{the (+, -)-primes of A} C {the (+,:)-primes of X} and
x{the +-primes of A} C {the + -primes of X} N {exponentials of entire func-
tions} .

Proof. Proceed by induction on the values at 2 of the functions occurring.
The induction base, f (f) =1, is trivial in view of Proposition 2 of §1.2. Let
M € N and assume that y(f) isa (+, -)-prime of X for any (+, -)-prime f
of A with f(2) < M, and that x(f) is an exponential of an entire function
and a +-prime of X for any +-prime f of A with f(2) < M. Consider the
induction steps.

Let f bea (+,-)-prime of A and f(2) < M. If f is a variable v then
x(f)=2"€X andisa (+, -)-prime by Corollary 2. Consider f = p#, where p
isaprimein N and g isa +-prime of A. Then x(f) = p*® and g(2) < M.
By the induction assumption x(g) is a +-prime of £ and then x(f) is a
(+, -)-prime of A by Corollary 2. Consider f = v, where v is a variable and
g isa +-prime of A. Then y(f) =2v*® and g(Z) < M. By the induction
assumption x(g) is a +-prime of X and by Corollary 2 then v - x(g) is a
+-prime of T, whence x(f) isa (+, -)-prime of X again by Corollary 2.

Let / be a +-prime but not a (+, -)-prime of A. Then f is a product of
(+, +)-primes of A by Corollary 3 of §1.2. Each of those has value < M at 2
and by the induction assumption is transformed by y into a (+, «)-prime of
T . By Corollary 2 then x(f) is a +-prime of X.

The above proposition easily implies the following.
Corollary 4. (i) Let f and g possess representations of the form (&) . If f/g =

const then f = g and their (&) representations coincide up to a permutation
of factors.

(ii) Let {fi}x C A have the form (&); if f; # f; for i # j then {fi} are

linearly independent over R.

(iii) A is a free semiring with unit, whose system of generators (the (+, -)-
primes of A sans 1) is: {the variables}U{p”|p a prime in N and f a +-prime
of A, f# 1}U{v/|v avariable and [ a +-primeof A, f # 1}.

Proof. (i) Let

m n
S=uo- [y and g=uwg H
i=1 j=1

according to (), and f/g = const. Consider x(f) and x(g). Since they
are +-primes of X and x(f)/x(g) = const, we have x(f) = x(g) and hence
f = g. Let {x;}; be the variables occurring in f and g. Let uo = [, (xk)’*,
i = ai [T ()%, vo = [ ()™, vj = bj[T(xk)* , where ry, s, te, ux € No
and a;, bj € N. Then

= [T{@" I # 0} - [J{(a)*®|a; # 1} - [[{(2%)* ¥®|s, # 0, 1}

and

=TTyt # 03 - TTH(B;)*9) b, # 1} - [T{Q@%)* ¥ @) # 0, j}
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in the (Qp) form with the trivial (i.e., empty) “monic monomial” factors.

To prove this, show that x; # x(c), xx # x; - x(c), x(c) # xx - x(d), and
X+ x(c) # x; - x(d) unless k = and ¢ = d, for any +-primes c,d of A,
c#1,d#1. Identity x; = x(c) is impossible because y(c) is an exponential
of an entire function while x; is not. Identity x; = x; - x(c¢) is equivalent
to xi/x; = x(c). The right-hand side of the latter identity is an exponential
of an entire function and consequently x;/x; is an exponential of an entire
function. Hence k = / and x(c) = 1, whereas ¢ # 1 (a contradiction).
Identity x(c) = xi - x(d) is impossible because x(c)/x(d) is an exponential of
an entire function while x; is not. Identity x;-x(c) = x;-x(d) is equivalent to
Xxi/x; = x(d)/x(c). The right-hand side of the latter identity is an exponential
of an entire function and consequently x,/x; must be an exponential of an
entire function. Thus k =/ and yx(c) = x(d), whence c =d.

By Proposition 1, the above representations of y(f) and x(g) must coincide
up to a permutation of factors. In view of the above remarks, such a permuta-
tion must send the factors of each of the products [[{---} in the representation
of x(f) above into the factors of the corresponding []{---} of the representa-
tion of x(g). Consequently r, = ¢, for each k (the bases corresponding to the
exponent x; must coincide), m = n (the number of exponentials in the second
[I{-- -} must coincide), there exists a permutation o of {1, ..., m} such that
X(pi) = x(gs(;) and hence p; = q,(;) for each i (the sets of exponents in the
second []{:--} must coincide), a; = b,(;) for each i (the bases corresponding
to the exponent x(p;) = x(4gs(;)) must coincide), and s, = u; for each k (the
bases corresponding to the exponent xi - x(p;) = Xk + X(ds(;y) must coincide).
Hence the (&) representations of f and g coincide up to a permutation of
factors.

(if) Let ax € R and 3, axfy =0. Then >, a; - x(fk) =0, and each x(fx)
can be presented in a (Oy) form. By Proposition 1, all a; = 0 or there exist
k # 1 such that x(fy) = x(f;). But the latter would imply f; = f;.

(iii) Together (i) and (ii) obviously imply that the (+, -)-primes of A have
the forms shown, and that the (+, -)-primes of A are algebraically independent.

Proposition 5. Let [, g € T both have content = 1. If f/g has neither zeros
nor poles on C" (n = the number of variables occurring) then f = g.

Proof. Let us regard the polynomials in the (4, -)-primes of £ (sans 1) as
elements of (Ng[X])[X], where the lower case formal variables are the actual
variables occurring and the upper case formula variables stand for the (+, -)-
primes of T of the form (a prime € N) { (a +-prime of X, # 1). Each monic
monomial in X is an exponential of an entire function on some C" and each
polynomial in X is indeed a polynomial function on some C”. Recall that the
functions represented by distinct monic monomials in X are linearly indepen-
dent over R (the (+, -)-primes of T sans I are algebraically independent). For
a multi-index y = (y,, ..., ) denote X7 = [[,(X;)".

Let f =Y, PaX® and g = Y, 5qpX?, where p,, g5 € No[X] — {0}
and A, B are some finite sets of multi-indices. Then by Corollary 4 of §1.3
the number of elements in 4 and B are the same and there exists a bijection
0:A— B such that f/g = (Pa/ds(a)) - X* 9@ for each a € 4. Again, since
f/g has neither poles nor zeros, each p,/q, ) has neither poles nor zeros and




DETECTING ALGEBRAIC DEPENDENCE OF EXPLICITLY PRESENTED FUNCTIONS 23

hence is a constant. Thus f/g = const, -X*=9() for all o € 4. Since {X’},
are linearly independent, all a — g(a) coincide. Denote # = a — (a), 6 not

depending on a. Let us show that 6 = 0 (then we will have ¢(a) = a for

all o). Note that y; >0,1< i<k, foreach y=(y;,..., 7)€ AUB. Let
1 < j < k. Since the content of f is 1, there exists an a = (o), ..., o) € 4
with a; = 0. Hence 6; = (o — d(a)); = —(d(a)); < 0. Since the content
of g is 1, there existsa f = (f;,..., fx) € B with B; = 0. Hence 6, =

(a=(B)—B)j=(6""(B));>0. Thus 4=B and f = g = p,/q, = const € Q
forall a € A. Let f/g =1[/m, where [, m € N are mutually prime. Then
each p, isdivisible by /, contradicting content(f) = 1 unless / = 1. Similarly,
m=1.

The following is an easy consequence of Proposition 5.

Corollary 6. Let f, g € A both have content = 1. If for the analytic continu-
ations of f and g along any path in (C.)" beginning in (R,)" the quotients
f/g& have neither zeros nor poles then f =g.

Proof. By Proposition 3 then x(f), x(g) € Z and both have content = 1. Be-
sides, x(f)/x(g) has neither zeros nor poles on C", and by the above propo-
sition then x(f) = x(g). Hence f=g.

Corollary 7. Tarski’s conjecture holds for A, ie., if t,u € A and T =4 (in
other words, R, Ft=u) then I +t=u.

Proof. Let us show that each term ¢ in A is 9 -equivalent to a term of the

form
()

there ¢;; € A and all 7;; are (+, :)-primes in A (the sum may consist of one
summand only, any product may consist of one factor only).

Proceed by induction on the construction of ¢. If ¢ is a constant symbol
then ¢t =4 1+---+1. If ¢ is a variable symbol then it is already in the required
form. Case ¢t = u + v is trivial. In case t = u-v apply the distributivity law
to multiply the representations of ¥ and v. Consider ¢ = u 7 v, let v be
presented as required: v = 3/, ([T, vi;) with v;; € A and T; (+, -)-prime
in A. To obtain a required representation of ¢ proceed by induction on n.
Note that u is either a constant or a variable symbol.

Let n = 1. If u is a variable symbol then u T v is (+, -)-prime and thus
has the required form. If u is a constant symbol and # =1 then t =5 1. If
u is a constant symbol and % # 1 then decompose # into a product of primes
[1,p; in N;then t =5 [],(p; 1 v) with the right-hand side having the required
form. Let n > 1. Denote v; = [];v;;. Then ¢t =5 (1 1 v,)-(u 1 v'), where

v' =Y l' , and each factor is .7 -equivalent to a term of the required form. It
remains then to apply the distributivity law to multiply the representations of
the factors.

Now let ¢, u € A; present both in the above form:

t=g z; (1:[1,»,») and u=y5 Z,: (]:[u,j) :
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with ¢;;, u;j € A and t;;, u; (+,)-prime in A. Suppose that f =1%. Since
the (+, -)-primes of A are algebraically independent, the above representa-
tions of ¢ and u must coincide up to a permutation of summands in }_; and
permutations of factors in the corresponding [] ;s

2. ON EXPONENTIAL FIELDS OF FUNCTIONS

2.0. Preliminary remarks. In this section we consider the exponential field®
generated by the meromorphic functions (on any connected complex-analytic
manifold). Such fields admit analogues of the Hiromi-Ozawa lemma and related
results; see §1.3.

Example. Let U Cc C and fj € #(U) for 1 < j<n. Let fy — fi ¢ Z(U)
for k # 1. Then functions {e/ }j_, are linearly independent over .#(U).

Proof. Suppose the contrary and take the minimal n for which the statement
fails. Let g € #(U)— {0} for 1 < j < k and Y ]_ ge/i = 0. Then
Z;:llpjeqf +1 =0, where p; = gj/g, and q; = fj— fp for 1 < j<n-1.
Note that gc—q; = fy— f; ¢ #(U). By differentiation Y7~ (p;q}+p})e% =0,
whence p;q;+p;=0 for 1 <j<n-1 (by the minimality of n). The latter
identity means that (p;e%) =0 and p;e% = const for 1 < j <n—1. However
e% = efi~/ is not meromorphic (it has an essential singularity since f; — f,
has a pole) whereas p; is meromorphic. Hence pje% = const implies p; = 0.
Thus g =0 for 1<j<n-1 andthen g, =0 too.

Before we turn to the statements of results we want to make some defini-
tions. Note that the ring of entire functions #(C") is not a field and its field
of quotients .#(C") consists of some analytic functions defined not on the
whole of C" but only “almost everywhere”. Similarly, .#(C") is not closed
under exponentiation exp : f — e/, and the analytic functions obtained from
meromorphic ones by iterated field operations and exp are again defined only
almost everywhere, i.e., outside sets which can be regarded as small. We need
a formal definition of a class of analytic functions defined almost everywhere
which will be closed under composition.

Definition. A closed proper subset K of a connected manifold U will be called
exceptional if W — K is connected for every connected open W Cc U.

It is well known that analytic subsets of complex-analytic manifolds’ are
exceptional (see, e.g., [33]). It is less well known that for n > 1 a closed subset
of R” is exceptional if and only if it has topological dimension < n — 2; see
8§84, 5 of [1]. (The “if” part is relatively easy, see Theorem I1V:4 of [23].) In the
case of n =2 the dim < n — 2 result mentioned means that a closed subset of
C is exceptional if and only if it is totally disconnected.

SAn exponential field is a pair (F, exp), where F is a field and exp is a homomorphism
from the additive group of F into the multiplicative group F — {0} . For fields of complex-valued
functions exp: f — e/ .

TAset X C W iscalled an analytic subset of W if forevery & € W there exists a neighborhood
Uof&in Wand fi,..., fx € #(U)- {0} suchthat XnU =Nk, /7'(0).
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Remarks. (i) If A and B both are exceptional then A U B is exceptional. If
K 1is exceptional in U and W is a connected open subset of U then KNW
is exceptional in W . Obvious.

(i) Let X be a connected manifold, dim(X) > 1, and K C X . If for every
X € X there exists a neighborhood U of x such that K N U is exceptional in
U then K is exceptional in X .

Trivially, K is closed. Let Y be an open connected subset of X . For
each x € Y fix an open ball neighborhood U, of x in Y so small that
K NnU, is exceptional in U, . Let p, g€ Y — K. Since Y is connected, there
exist xo, ..., X, € Y such that p € Uy, q € Uy,, and Uy,_ NU,, # @ for
1 <j<n. Since all KN U,’s are nowhere dense, (Uy,_, — K)N(Uy, —K) # @
for 1 < j < n, and since each U, — K is connected, p and ¢ belong to the
same connected component of ¥ — K .

(iii) A subset K of a connected topological manifold X with dim(X) > 1
is exceptional if and only if dim(K) < dim(X) — 2. This follows immediately
from (ii) and the case of X =R".

(iv) If K is an exceptional subset of a connected manifold X with dim(X) >
1 and p, g € X — K then the set of paths in X — K from p to g is dense (in
the compact-open topology) in the set of all paths in X from p to g.

Let A:[0,1] - X, A(0) = p, A(1) = gq. Let us take a neighborhood of
A in the space of paths in X and find a path o in X — K from p to ¢
belonging to that neighborhood of 4. Let {U,-};’=l be open balls in X, let
Hh=0<t) < <th1 <ty =1, and ).([tj_l,tj]) c U; for 1 <j<n.
Then UjnUjy # @ for 1 < j < n. Since K is nowhere dense, for each j,
1<j<n,thereexistsa uj € (UinUj;;)—K. Putalso up=p, u, =q.
Since each U; — K is connected, it is also arcwise connected. Hence there exist
paths Q;: [tj_] , tj] — Uj—K with aj(tj_l) =Uj-| and aj(tj) =Uj. Together
{a j};’=1 form a path from p to ¢ in X —K which belongs to the neighborhood
of A chosen.

(V) If f:U — W is a holomorphic mapping of connected complex-analytic
manifolds, f(U)= W ,and K C W is exceptional then f~!(K) is an excep-
tional subset of U .

Note first that if U = V' x W for some complex-analytic manifold ¥ and
f is the projection of the product U onto the second factor then the result is
trivial. Consider the general case. Since f is onto, the set C of critical points
of f (i.e., of those points u € U at which the differential 7,,f: T,U — T, W
has rank < dim(W)) is an analytic subset of U and hence is exceptional in
U. Thus it suffices to show that (U — C) N f~1(K) is exceptional in U — C.
Upon replacing U by U - C and W by f(U — C) one can assume that f
has no critical points. Let V' be an open connected subset of U and p, q €
V — f~Y(K). Let A be a path in ¥ from p to g. For each v € A([0, 1]) let
D, Cc V be a polydisk neighborhood of v such that the restriction of f to D,
is isomorphic to a projection D, x D, — D, for some decomposition D, =
D) x D; of D, into a product of polydisks. Since A([0, 1]) is compact, one
can cover it with finitely many such polydisks. Thus one can assume that there
are n such polydisks, {D;}"_,, and A([0, 1]) c U}_,; D; and D;NDj, # &
for 1<j<n.Let uje(DjnDjy)— f~1(K) for 1 <j<n. Such u,’s exist
because f~! (a nowhere dense set) is nowhere dense for every open mapping
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f. Denote also ug = p, u, = q. Since the result is trivial for f a coordinate
projection, for each j, 1 < j < n, there exists a path «; : [j — 1, j] —
Dj— f~Y(K) with aj(j —1)=u;_y, a;(j) =u;. Then {a;}; together form a
path [0, n]— V — f~1(K) from p to q.

Let K be an exceptional subset of a connected complex-analytic manifold
U (for example, consider U a polydisk), and f € #Z(U — K). One can say
that K is a set of singularities of f, but some of these singularities may be
removable.

Proposition. Let U be a connected complex-analytic manifold, K be an excep-
tional subset of U, and f € Z (U —-K). Let x € K. If there exists a path A in
U such that A([0, 1)) cU-K, A(l) =x, and f can be continued analytically
along A then f € Z(U - K') for some closed set K' C K, x ¢ K'.

It is important that K is exceptional. For example, logz € Z(C— (-0, 0])
can be continued analytically along any path not passing through 0 € C, but
cannot be extended to a holomorphic function on a larger subset of C.

Proof. Recall that an analytic continuation of f along a path A:[0, 1] - U
is a family {(¢j, U;, fj)};?=0, where 1o =0<t; < --- <ty <ty =1, each
U; is a connected open neighborhood of A(t;) and f; € #(U;), such that
Up_1nUj# @ for 1 <j<n, fy =f|ly and f; coincides with f;_; on
Ui.1nU; for 1<j<n.

Let A([0,1)) c U - K and A(l) € K. Show that f; coincides with f on
U; — K (the latter set is nonempty because K is nowhere dense) for all ;.
By the definition, this holds for j = 0. Suppose that f; coincides with f on
U; — K and consider fj,;. Since K is nowhere dense, (U;NU;; ) - K # @,
and fj;, coincides with f; and hence with f on (U;NU;,;)— K. Since
Ujs+1 — K is connected and fj,; coincides with f on an open subset of it, f,,
coincides with f on the whole of U;;; — K. Thus f, coincides with f on
U,—-K,and

f(u)={f(u) %fueU K,
fuw) fuel,,

is a holomorphic function on (U - K)u U, .

Thus one can consider the set of nonremovable singularities of f; denote
by Sy the set of points of K to which f cannot be analytically continued.
Then S, is an exceptional set too. If K is an analytic subset of U and
fe#Z(U-K) then S; is an analytic subset of U (then S, is K minus some
of the components of K). This fact® provokes us to state the following.

Conjecture. For any holomorphic mapping # of a connected complex-analytic
manifold W into U either h(W) C S, or h~'(Sy) is exceptional in W .

This conjecture is an analogue of the fact that for every holomorphic mapping
h: W — U of connected complex-analytic manifolds and any analytic subset
V c U either h(W)C V or h~!(V) is an analytic subset of W . A particular
case equivalent to the whole of the above conjecture is: if g is a holomorphic

8We do not need this in the sequel. A proof would be a standard exercise in several complex
variables theory.
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mapping on the unit disk D into U then either g(D) C Sy or g(D)NSy is
totally disconnected.

Let S be a proper closed subset of U such that for every holomorphic
mapping g: D — U either g(D) C S or g(D)NS is totally disconnected.
(Then S is an exceptional subset of U.) The question of whether such S is
actually of the form S, is an analogue of the classical question of whether a
given analytic subset is a variety. We suspect that each S satisfying the above
conditions is of the form S, (whereas not every analytic subset is a variety).

Definition. For a connected complex-analytic manifold U put
&(U) = J{# (U - K)|K an exceptional subset of U} .
Functions in &(U) will be called almost everywhere (a.e.) holomorphicon U .

Then & is a sheaf of fields and every meromorphic function is holomorphic
almost everywhere. Each & (U) obviously admits left composition with mero-
morphic functions: if K is an exceptional subset of U, f: U—-K — W is
a holomorphic mapping, g € # (W), and f(U — K) is not contained in the
polar set of g then go f € &(U). In particular, each &(U) is closed under
exponentiation. Some examples of functions in &(C) are the following:

1/sin(z) - 1
1/z, e , tan(tan z), Z Y

— n’
“~nl(z—1tn)

where {t,}, is a dense subset of the Cantor set, and in & (C?):

sin <etan(tanz) +T (z +Z)) , e\/l‘(tan zw) 4 e—\/l"(tan z+w)

The following functions, though defined on C — {a very small set}, do not
belong to &(C) :

Vz(z-2), Vz(z-1)(z-2)e Z(C-0,2)]).

The reason is that they cannot be extended to holomorphic functions on subsets
of the disk |z| < 1 containing loops around O, while every exceptional K ¢ C
is totally disconnected and hence (the open unit disk) — K contains loops
around every point of K.

2.1. Lemmata.

Remark. Let U be a real-analytic submanifold of R™ . Then for every u € U
there exists a neighborhood W of u in R™ such that the function

p: x — (the point of U nearest to x in the Euclidean distance)
is correctly defined and real-analytic on W .

Lemma 1. Let V be a real-analytic manifold. Let t,, ..., t, € S', where S!
is the unit circle |z| =1 in C, and vy, ..., v, € V. The set of real-analytic
mappings i : S' — V satisfying A(tj) = vj, 1 < j < k, is dense for every
I =1,2,...,00 in the set of all C' (i.e., | times differentiable) mappings
h: S' — V satisfying h(t;) = vj, 1 < j < k, intheusual C'-mappings topology.

This implies in particular that every element of 7,(V , a) can be represented
by a real-analytic mapping (S', 1) — (V, a), since every two sufficiently close
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mappings (S!, 1) — (V, a) are homotopic. The lemma can be easily general-
ized to mappings X — V for arbitrary real-analytic manifolds X , but we do
not need this generalization in this paper.

Proof. By [31] one can assume that V' is a submanifold of R™ for some m.
Let h: S! — V and h(tj) = v; for all j. Denote 4 = h(S'). Since 4
is compact there is a neighborhood G of 4 in R™ such that the function
p: x — (the point of V' nearest to x) is correctly defined and real-analytic
on G. Approximate h: S! — R™ with a sequence of real-analytic functions
gn: S! — R™ satisfying g,(¢;) = v, for all j and converging to 4 in the C'-
mappings topology. Then for a sufficiently large n the function pog,: S' —» V
will be as close to /4 (in the topology of the space of C’-loopsin V') as required.

Lemma 2. Let V be a complex-analytic manifold and h: S' — V be a real-
analytic mapping, S' = {z € C||z| = 1}. Then there exists a unique complex-
analytic extension g: {z € C|l—¢ < |z| < 1 +&} = V of h for sufficiently small
e>0.

Proof. Clearly, for each z € S! there exists an &, > 0 such that 4 can be
analytically continued to a mapping of the disk |w — z| < ¢, into V. Since
S! is compact there is an ¢ > 0 so small that for every u € S! the disk
|w — u| < ¢ is contained in one of the disks |w — z| < ¢,. Then one can
continue 4 analytically to every point of the annulus 1 —¢ < Jw| < 1 +¢
starting at z = w/|w| and going along the radius {¢z}_;<;<14¢ -

2.2. The exponential field generated by meromorphic functions: formulations of
results. Let U be a connected complex-analytic manifold and % (U) be the
minimal subfield of &(U) containing .# (U) and closed under exponentiation.

Theorem 1. Let f;, gy € F(U) and pj, g € #(U)—-{0} for 1 < j < m,
1<k<n. If

Z;‘n—lpjeﬁ

= =he#(U),

Y1 ke’ v
and fi—fi ¢ Z(U) for j# ) and gx—gv ¢ Z(U) for k # k', then m =n
and there exists a permutation o of {1, ..., m} such that f; — g,y € #Z(U)

and h = (pj/4sj)) celi=&u) for 1<j<m.

This theorem admits a strengthening which is most easily formulated for U
being one-dimensional.

Proposition 2. Let U be 1-dimensional. Let f;, g € & (U) and p;, q; €
MAU)—{0} for 1<j<m, 1<k<n.Let fj—fi ¢ ZU) for j#j and
8 — 8w ¢ Z(U) for k #k'. If the set of zeros and singularities of

h= ZT:] Pjefj
EZ:l qie8
is discrete then m = n and there exists a permutation ¢ of {1, ..., m} such

that h = (p;/qs(j)) eli=&u for 1<j<m.

For multidimensional U the analogue of “all singularities are isolated” is
“the set of singularities (if nonempty) is an analytic subset™.
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Theorem 3. Let f;, gy € F(U) and pj, qx € #£(U) - {0} for 1 < j < m,
1 <k<n. Let fi—fy ¢ ZWU) for j# ) and g — g ¢ Z(U) for
k # k'. If the set {the zeros of h} U {the singularities of h} is contained in a
codimension 1 analytic subset of U, where

h— E;n:ll’jef’
EZ:] qres« ’
then m = n and there exists a permutation o of {1, ..., m} such that h =

(Dj/do(j)) - €780 for 1< j<m.

These results allow one to construct for the exponential field ¥ (U) an ana-
logue of the van den Dries normal form for free exponential rings; see [8]. It
is known how to describe in a similar way the algebraic structure of the “free
exponential field” obtained from an exponential field and a number of inde-
terminates; see, e€.g., A. Macintyre’s notes on exponentiation. Using Theorem
1 one can show immediately that the minimal exponential subfield of &(C™)
containing all rational functions with coefficients in C is indeed the free expo-
nential field over C generated by indeterminates {z j}jLy : consider the mth
power of the Riemann sphere instead of C™ , the meromorphic functions on it
are exactly the rational functions on C™ .

Recall that in analogy with semigroup rings R[S] (R aring, S a semigroup)
one can consider group fields F(G) for fields F and torsion-free Abelian groups
G : put F(G) = the field of quotients of F[G]. Then F is naturally embedded
into F(G), and F(G) is a linear space over F .

Now turnto & (U). Put Fy = #(U) and let S, be an additive subgroup of
A (U) complementing #(U), i.e., SoN#Z (U) = {0} and So+Z(U) = #(U).
For n > 1 put F, = the minimal subfield of & (U) containing F,_, U{e/|f €
F,_1} and let S, be any additive subgroup of F, complementing F,_; in F,
(i.e., Fp=S,® F,_,). Clearly ¥ (U)=U, Fx .

Theorem 4. In the above notation, each F, is isomorphic to F,_,(S,_,), ie.,
the set exp(S,_1) is linearly independent over F,_, .

It is not an accident that Theorems 1 and 3 resemble the Hiromi-Ozawa
lemma; they are actually its easy corollaries. We would prefer to prove those
theorems in a more differentially algebraic way: we feel that a statement holding
for an arbitrary manifold should admit a proof not based on Nevanlinna theory.
But at present we do not don’t have a purely differentially algebraic proof of
the results of this section.

Remark 5. Let # C Z(U) be an exponential ring such that f/g € # when-
ever f,ge€# and f/g € Z(U). Then, for every f € #(U) if f belongs
to the exponential field generated by # then fe % .

Proof. Denote Fy = the field of quotients of %, and F,,; = the field gener-
ated by F, U {e"|h € F,}. Let f € #(U) N {the exponential field generated
by #}, and proceed by induction on k = min{n|f € F,}. The case k =0 is
trivial. Let k > 0. Then (using the induction assumption) one can present f
in the form

YL pjed

f_

T Lk
S et
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for some p;, g, € £ - {0}, g;, hy € Fy_, with g; — gy ¢ #(U) for j # j'
and hy —hy ¢ Z(U) for | #I'. By Theorem 1, m = n and there exists a
permutation ¢ of {l,..., m} such that g, — h,1) € Z(U), f = (p1/400))*
e&~h) Then gy — he(1) € #Z (by the induction assumption), whence f € % .

Below we provide a nontrivial example of % with the properties required
in Remark 5 (a trivial example would be # = #(U)) but we want to make a
comment before. It was proved by Ritt that if a;, 4;, b, 4 € C and

> aje’’
- Zk bkeﬂkz

is entire then h =), cje”’? for some c;, v; € C. We asked L. A. Rubel whether
“if f;, gx € #(C) and
Zj e/fi(2)

- Zk e8(2)

is entire then H =}, e#(® for some h; € #(C)” and he provided the answer:
no,

h

sin(m z2) sin(sin z)

sin(7mz) sin z
are entire, but are not sums of exponentials. To prove Rubel’s remark one has
to use the Hiromi-Ozawa lemma (see §1.3).

Example 6. The exponential field generated by {e/|f € #(C")} contains no
meromorphic functions of order < 1 and no meromorphic functions of order
1 with the minimal type.’

Thus # = #(C") N (the exponential field generated by {e/|f is entire}) is
an example for Remark 5 above.

Proof. Denote Fp = the field generated by {e’|f is entire}, and F,,, = the
field generated by F, U {e*|h € F,}. Let f € (U,enFn) N#(C") and k =
min{n|f € F,}. To show that f cannot have order < 1 or order 1 with the
minimal type proceed by induction on k. Suppose the contrary: T(r, f) =
o(T(r, e8)) for all nonconstant entire g .

Case k =0. Then f = (X e8)/ (3 eh) for some entire g;, h; with g;—g; #
const for j # j' and h; — hy # const for [ #/’. Since f is Nevanlinna-small
compared to all e& =& (j # j') and e—"r (] # I'), by the Hiromi-Ozawa lemma
(§1.3) functions {e%};U{f-e"}, are linearly dependent over C. Thus f can be
presented by a fraction with less total number of summands in numerator and
denominator. Iterating this reasoning one arrives at f =e%, g € Z(C")-C,
contradicting the assumption that f is Nevanlinna-small.

Case k > 0. Then (by induction on k)

Y pjed
L b
El:l QIeh’

9For and f to have order < 1 or order 1 with the minimal type is equivalent to T(r, f) =
o(T(r, e8)) for all nonconstant entire g .

f=
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for some g;, hj € Fy_; and p;, g; € (the ring generated by {e’|¢ is entire}) —
{0}, with g;—g;» ¢ #Z(C") for j # j' and hj—h, ¢ Z(C") for [ #1'. Then
by Theorem 3 there are «, # such that f = (p,e%=)/(qge") = (pa/qp)-€5~"s .
If g,—hg ¢ #(C") then (pa/qg)-e% " has an essential singularity whereas
f is meromorphic. Thus g, — hg € #Z(C") and f = e/ (3, e) for
some entire s,, ¢, . This reduces the situation to the case k = 0.

2.3. The exponential field generated by meromorphic functions: proofs. In
this subsection we prove Theorems 1, 3 and 4 of §2.2. First we shall prove
Proposition 2 of §2.2 (which is a particular case of Theorem 3 of §2.2), and
then we shall use it as a lemma for the more general results. We begin with the
case of U being the unit disk D = {z € C||z| < 1}. Denote by u the universal
covering D — D — {0} defined by the formula

Then z — 0 if ¥ — 1 nontangentially; in particular,

max |u(re’®)| -0, asr—1.
r—1<f<l-r

Lemma 1. Let f € #Z (D), f(0)#0, and k € N. Then
/17 (1= )5 = O(T(r, (/)0 ),
as r — 1, where T(r, -) is the Nevanlinna characteristic.
Proof. In analogy with log* |-|, denote re*(w) = max(0, rew) for w € C and

(x)* = max(0, x) for x € R. Recall that log* |e¥| = re*(w) for all w € C.
So,

n . -
T(r, (ef(z)/z") o) = %/ re*((fo,u)(rem) .eko(1+re"’)/(1-re"’))de_

bt (4

We are going to prove that

(1-p)13 . .
/ re*((fo ﬂ)(reio) . ek-(1+re‘9)/(1—re"’))d0 > const- (1 — r)l.S . e2k/(1=r)
—(1—r)15

as r — 1. Note first that

1+ re? 2
' 1 —rei® 1-r’
whence _ .
|ek°(l+re‘9)/(l—re‘9)| < e2k/(1=1) ,
and

(1-n'? . ,
/ § |ek-(1+re'0)/(1-re"’)| de < 2(1 - r)l.S . e2k/(1=r)
—(1=r)ts

Consequently, for any g € #(D)

(l ’.)IS
/ I(g °ﬂ)(re'9) ek(1+re"’ J(1=re'® |d0 <2G(r)- (1 - r)l.S . e2k/(1=1) )
—(1—r)1S
where G(r) is the maximum of |(g o u)(re'®)| for 6§ € [-(1—r)', (1 -r)'].
Put a = f(0) and g(z) = f(z) —a. Then G(r) is not more than

max _rl((f a) - p)(re'?)|,

r—1<6<1
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which tends to 0 as r — 1, because u(u) tends to 0 when u — | nontangen-
tially. Thus it suffices to estimate from below

(1-n's . .
/ re*(a - ek-(1+re"’)/(1—re'3)) de
—(1=r)t5 ’

for arbitrary constant nonzero a € C. The latter means estimating from below

1— LS
/( g ek°(1—r2)/(1—2rcos 0+r?)
—(1=r)1s

. . +
] (b-cos 2krsin 6 teesi 2krsin @ ) 40

1—-2rcos@ +r? ln1——2rcosl9+r2
for arbitrary b, c € R with b2 +c2#0, or

/(l_r)l.5 exp { k 1-r cos 2kr sin 6 + ' do
—(1=r)1s p 1 —2rcos@ +r2 1 —2rcosf +r? p ’

for arbitrary p € R. Since cos@ > 1 — 6%2/2, for n=(1-r)'3
ek'(l—rz)/(l—2rcosr1+r2) > ek°(1—r2)/(l——r)2(l+r—r2)

_ ek°(1+r)/(l—r)(l+r—r2) > o3 . p2k/(1=1) ,

and hence it will be enough for any fixed p € R to show that

(1=r)'s ) N
/ (Cos( 2krsin 6 +p)> d6 > const- (1 —r)!3,

—(1=r)15 1 —2rcosf +r?

as r— 1. Since 1 >cosf >1-62/2 and 6 >sinf > 6 — 63/6 (for 6 > 0),
2kro 2krsin@
(1-r)2 1-2rcosf +r?

)05

b

<const - (1 —r

max
0€[0, (1—r)!5]

as r — 1 and thus
max 0S Lkr_@_ +p ) —cos 2krsin 6 + -0
6€[0, (1—r)!5] (1-r)? p 1 —2rcosf +r? p ’
as r — 1. Consequently, it suffices to check that

2kr6 s

/’cos (m +p) dé > const - (1 —r)",

as r — 1, where 4, = {0 € [0, (1 —r)'’]|cos(2r(1 — r)~2 + p) > 1/2}. The

latter estimation follows immediately from the fact that
g:0—2kr(1—r)"2+p

is a linear mapping of [0, (1 — r)!-3] onto the segment [p, p + 2kr(1 — r)=%3]

whose length tends to oo as r — 1.

The above estimation is exact: take f(z) = 1. The universal covering of the
unit disk without zero by the unit disk is given by an easy formula, and this
fact helped very much in proving Lemma 1. Another helpful circumstance was
f/z¥ € # (D). Tt would be very interesting to find similar estimations for a
universal covering u of S = (D or C) — (a discrete set) for T(r, e/ op), with
f € Z(S) having arbitrary singularities. For example, what is the growth order
of T(e/ ou) for u: D — D — {0} with arbitrary f € # (D — {0})? Or, the
growth order of T(r, e/ ou) for u: D — C—{0, 1} with f€.#(C)?
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Lemma 2. Let U be 1-dimensional, f € ¥ (U)—{0}, and Y, = {the zeros of

f} U {the singularities of f}. Then the Cantor derivative Yf(”) = @ for some
neN.

Recall that the Cantor derivatives of a closed set are defined inductively as
follows: Y(© = Y 6 Y(+D) = the set of limit points of Y@ and YW =
Na<i Y@ for 4 a limit ordinal number.

Proof. Proceed by induction on the construction of f. If f € #(U) - {0}
then Y, is discrete and hence Y“) =@.If f=g/h then Y, C Y, U Y;, and

hence Y = @ whenever Y(") Y(") @. If f=e8 then Y, C Y,. If
f S g

f=g—hthen Y,CY,UY,UA, where A (the set of zeros of f) has no limit

points outside Y, U Y} ; then Yf“) C Y, UY, and hence Y}”“) = @ whenever

YO =y = .

Lemma 3. Let f;, gx € F(D)NAZ (D - {0}) and p;, qx € # (D) - {0} for
1<j<m, 1<k<n.Let fj—fi ¢ Z(D) for j#j' and g.— g ¢ # (D
for k #£k'. Let all pj, g, be of bounded Nevanlinna characteristic. Denote

Y pje”
Pkt die®

(1) If h has neither zeros nor poles on D — {0} then m = n and there exists
a permutation ¢ of {1, ..., m} such that h = (p,-/qa(j))-eﬁ‘gam forall j.

(i) If T(r,hou)=o0(e*'""-(1-r)'3) as r— 1 then he #(D), m=n,
and there exists a permutation  of {1, ..., m} such that f; — g4, € #(D)
and h = (p;j/qs)) - €/i=80 forall j.

Proof. Denote Fy = .# (D) and F, = the subfield of &(D) generated by
F,_U{e/|f € F,_\}. For f € (D) denote v(f) =min{n|f € F,}. To prove
the results proceed by induction on the maximum of {v(f;)}, and {v(g)}« -
Denote t(r) = e/(1=1 . (1 — r)1:5.

Induction base. Let f;, g € #(D). Thenall f;—f; for j # j' and g — gk
for k # k' have 0 € D as a pole. By Lemma 1, T(r, (e/~/i")o u) for j # j'
and T(r, (e8«=8')o u) for k # k' are > const - {(r) as r — 1. On the other
hand, all T(r, pjou) and T(r, g, o u) are bounded (since all p; and g, are
of bounded Nevanlinna characteristic, they are quotients of bounded analytic
functions, and hence all pjou and g o u are quotients of bounded analytic
functions). Now Corollary 3 of §1.3 implies that m = n and that there exists
a permutation o of {1,...,m} suchthat h = (p;/q,()) - e/~%uv forall j.
If fi— gy ¢ Z(D) then T( (efi=8u) o u) > const - t(r) by Lemma I and
hence T(r h o u) > const - t(r) (recall that T(r, (pj/qs(j)) o #) is bounded).
Thus, in case T(r, hou)=o0(t(r)) we have f; — g,,(,) € Z (D) forall j.

Induction step. Let N = the maximum of {v(fj)}; and {v(g)}«. Then
all those members of the family {f;}; U {gx}x which are not meromorphic on
D can be presented in the form (x) with all exponents occurring belonging
to Fy_;. Hence all nonmeromorphic members of the family {fi — fj}ix; U J
{gk — &}ks can be presented in the form (x) with all exponents occurring
belonging to Fy_;. By the induction assumption then T(r, (fi — fj) o u) #

(*) h= (D -{0}).
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o(t(r)) whenever f;— f; ¢ # (D) and T(r, (g — &) o u) # o(t(r)) whenever
8 —8 ¢ # (D). Note that T(r, u) = o(T(e*)) whenever u is a holomorphic
function of unbounded Nevanlinna characteristic (this is a very special case
of a result of Clunie, see [17]). Hence T(r, (e/i~/i)o u) # o(¢(r)) whenever
fi—fi ¢ #(D) and T(r, (e%~#&)op) # o(t(r)) whenever g —g ¢ .# (D)
Besides, T'(r, (e/i~/i) o u) > const - i(r) for f; — f; € #(D) - #(D) and
T(r, (e8~&)ou) > const - t(r) for g — g € #(D)—#Z (D) by Lemma 1. As
before, all T(r, pjou) and T(r, g o u) are bounded.

Again, Corollary 3 of §1.3 implies that m = n and that there exists a permu-

tation o of {1 , m} such that & = (p;/g,(;)) - e/~%u for all j. Suppose
that f; — ¢ %( ) for some j. If f; — g4 e//{( ) — Z (D) then
T(r, (efi~ gvm) opu) > const - t(r) by Lemma 1. If f; — g5y ¢ # (D) then

fi— &s(j) can be presented in the form (x) with all exponents occurrmg belong-
ing to Fy_;, and T(r, (e/i—%w) o u) # o(t(r)) by the induction assumption.
Consequently T'(r, h o u) # o(t(r)) (recall that each T(r, (p;/qs()) o i) is
bounded).

Now we are ready to prove Proposition 2 of the previous section. Consider all
triples (4, B, 1), where A and B are partitions of {1,..., m} and {1,
n} respectlvely into the same number of sets (i.e., |A| |B]) and 1 is a
bijection 4 — B such that

Ejea pjefj
ZkEt(a) qresk

foreach a € A. We will write (4, B, 1) X(A', B', v') if the triple (4', B', 7')
is a refinement of the triple (4, B, 1), i.e., if every @’ € A’ is contained in
some a € A, every b’ € B’ is contained in some b € B and 7(a) = b whenever
t'(a’) = b’ for some a’ C a, b’ C¢ b. The relation < is an ordering; let
(4, B, 1) be a <-maximal triple. We are going to show that both 4 and B
consist of one-element sets only.

Suppose the contrary: a € A, b € B, t(a) =b, and |a| + |b| > 2. Denote
by Y the set of singularities of all f; — f; and gy — g for j, j’ € a and
k,k'eb.

By Lemma 2 there exists an isolated point # in Y. Take a closed disk
neighborhood ¥ of u in U so small that (V' — {u})NY = @. One can
identify (V' , u) with the closed unit disk and its center (D, 0) in C. Then all
{pj}jea and {gx}res are quotients of bounded analytic functions. Let o be
the partition of a into the equivalence classes of the relation j ~ j' defined as
fi—fp € Z(D), and let B be the partition of b into the equivalence classes
of the relation k =~ k'’ defined as g, — g € Z (D). Note that if |a| > 1 then
|| > 1, if |b| > 1 then |B| > 1, and consequently |a| + || > 2. For each
J € a let f; beoneof {fj}jc; and foreach K € f let gx be one of {gk}iex -
Put p; = Zjejpjeff‘fl and §x = Y ,cx k€% 8¢ . Then all j, and gk are
quotients of bounded analytic functions because f;— f7, g —gx € # (D), and

b ZJG Jefl
erﬂ gresx

h=

Now, by Lemma 3, the number of sets in « and B coincide, |a| = |f]|, and
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there exists a bijection g : a — f such that
b= psel _ Yjespie”
do(1)€%  Peors) ke’
for all J € a. Thus one can refine (A4, B, 1) by taking
((A-{a})Ua, (B-{bYUB, (t-{(a,b)}) Vo),

i.e., replacing each a € 4 and b € B with several smaller sets and adding
the correspondence o between the new sets. The latter contradicts the =-
maximality of (4, B, 7).

Lemma 4. Let U be a connected complex-analytic manifold and a €  (U) —
#Z(U). Then there exist a finite set X, C U and an exceptional set E, C U
such that a € #(U — E,) and aoy € F (D) — #Z (D) for any holomorphic
embedding v : D — U satisfying w(D) D> X, and y(D)—E, # <.

Proof. Denote Fy = .#(U) and F, = the subfield of &(U) generated by
F,_yu{ef|f € F,_1}. For f € F(U) denote v(f) = min{n|f € F,}. To
prove the result proceed by induction on v(a).

Induction base. For a € #(U)— {0} put E, = the polar set of a; pick
a point ¢ in the polar set but not in the zero set of a and put X, = {¢}.
Let us show that these X,, E, satisfy the requirements. Let v : D — U
be a holomorphic embedding and yw(D) D> X,, w(D) — E, # @. Since the
intersection (D) N E, is an analytic subset of y(D), it is discrete. For every
z € D there exist functions u, v holomorphic in a neighborhood of (z) in
U with the zero set of v contained in E, such that a = u/v. Since y(D)NE,
is discrete, none of uo y and v o y is identically zero (in a neighborhood
of ze D) and aoy = (uoy)/(voy). Thus ao y is meromorphic and
not identically zero on D. Let ¢ = w(w). Since ¢ is a polar point but not
a zero point of a, in a neighborhood of ¢ in U one has a = u/v for some
holomorphic u, v with u(¢) # 0 and v(¢) =0. Then

(aoy)(z) = (uoy)(2)/(voy)(z) — oo,
as z - w.

Induction step. Let N > 0 and assume that the statement of the lemma holds
whenever v(a) < N. Let v(a) = N. Then

a= PV
Zk axe
for some p;, g € #(U) — {0} and fj, g € Fn—; such that f; — f; ¢ Z(U)
for i#j and g —g ¢ Z(U) for k #1.

Consider first the case when each of }°; and }°, consists of one summand
only. Then a = (p/q)-e/~8, where f—g ¢ #(U) because otherwise /=8 €
Z(U) and a € #(U). Put X, = X;_, and E, = E;_, U {the zero and
polar points of p/q} (recall that f — g € Fy_;). Let us show that these
X, , E, satisfy the requirements. Let y : D — U be a holomorphic embedding
and y(D) > X,, w(D)-E, # @. We have p/q, f—g € Z(U - E,),
whence (p/q)-e/~8 ¢ #(U - E,) . Further, (p/q)o v € # (D) — {0} (see the
reasoning in the induction base), and (f — g)o v ¢ Z (D) by the induction
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assumption. Consequently eV/=8)°¥ and aoy = ((p/q) o w)-e/~8°¥ are not

only nonholomorphic but even nonmeromorphic on D (see, e.g., Lemma 3).
Now consider the case when a cannot be presented as r-e* for r € #(U)—

{0} and s € Fy_,. Then at least one of };, ", above contains more than

one summand, and the zero set of a — (p;/qy) - €/~& is an analytic subset in
U-(U;Ef) — (Ui Eg,) forall i, /. Put

Xo - (L;fo) ! (Lgxgk) . (9} x,,._,,) ! (kU# xgk_g,) ,

E, = (U Ef/) U (U Egk> U (the zero set of queg*)
j k

k
U (the union of zero and polar sets of {p;};)
U (the union of zero and polar sets of {qgx }«)

and

U (the union of zero sets of {a — (p;/qx) * eli& }ik)-

Trivially, a € Z(U — E;). Let y: D — U be a holomorphic embedding
satisfying w(D) D X,, w(D)—E, # @. Then fjoy, gy oy € F (D) by the
induction assumption, pjoy, gy oy € # (D) and so aoy € F (D). Let us
show that aoy ¢ #(D). By the induction assumption (f; — fj)ow ¢ Z(D)
for i #j and (gx—g)ow ¢ #Z (D) for k #[. By Lemma 3, if aoy € Z(D)
then there are ¢ and 7 such that ao y = ((ps/q;) - e~ &) oy, ie., w(D) is
contained in the zero set of a— (p,/q:)-e/ & (contradicting y(D)—E, # @).

Now we are ready to prove Theorems 1 and 3 of the previous section. Note
that for any finite set 4 C U there exists a holomorphic embedding ¢ : D — U
with w(D) D 4. Indeed, let " : [0, 1] - U be a C°-path through all points
of A without critical points and self-intersections. By Lemma 1 of §2.1 one
can substitute for y" a real-analytic v’ : [0, 1] — U with the same properties.
Then ¥’ can be analytically continued to an embedding y of a neighborhood
of [0, 1] into U.

In the notation of Theorems 1 and 3 of §2.2, put X = (U#j, Xfl_f;,) U
(U Xgo—go) and E = E, U (U; Ef) U (U Eg) U (the union of the zero
and polar sets of all p; and gi), where the X>’s and E»’s are as described in
Lemma 4 above. Consider all holomorphic embeddings v of the closed disk
D into U satisfying w(D) D X and y(D) - E # @. For each such y the set
of singularities of /4 o y is contained in a proper analytic subset of D, i.e., is
finite. By Proposition 2 of §2.2 (proved above) then m = n and there exists a
permutation ¢ = g, of {1,..., m} suchthat hoy = ((p;/qy)) €/ ~8)oy
forall j. Since one can construct such ¥ passing through any prescribed point,
for every x € U — E there exists a permutation o, of {1, ..., m} such that
h(x) = ((Pj/4a,()) + €/~ 8=0)(x) for all j. Since there are only finitely many
permutations of {1,..., m} whereas U — E is open, there exists a ¢ such
that the identity A(x) = ((Pj/dos(;)) - €"7%)(x) holds on an open subset of U
and hence on the whole of U . This proves Theorem 3.
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For Theorem 1 of §2.2 we have to show that f; — g5(;) € #(U) . Suppose the
contrary: f;—gy() ¢ #(U). Then for an appropriate holomorphic embedding
(see Lemma 4) v : D — U we have (f; — g;)) o ¥ € & (D) - #(D) and
(h - qoj/pj) oW € A (D). Then (f; — gs)) o ¥ 1is a logarithm on D of a
meromorphic function (A - g, ;)/p;) o ¥ , whereas log (a meromorphic function
s on D) either does not exist (if s has a zero or a pole on D) or is holomorphic
onD.

Next is the proof of Theorem 4 of §2.2. Proceed by induction on n. The
case n =1 is almost proved in the example in §2.0 (in that example U c C).
Let {s;}7.y C So be distinct. Without loss of generality one can assume that

m m
I=e% =3 pje =) pei/l,
j=1 j=1

so0=0. Let
for some p; € #(U). By Theorem 1 of §2.2 then m = 1 and s, € Z(U),
contradicting the assumption on S .

Consider n > 1. We have to show that for any {sj};.”=l C F, satisfying
Sk — 8 ¢ F,—y for k # [, the functions {e% };.”=0 are linearly independent
over F,_;. Note that each F, can be described also as the subfield of &(U)
generated by .# (U)U exp(F,_,) , where exp(F,_;) = {¢/|f € F,_,}. Denote by
R, the subring of &(U) generated by .#(U)Uexp(F,_;). To show that {e%};
are linearly independent over F,_, it suffices to show that they are linearly
independent over R,_;. Without loss of generality one can assume that 5o = 0.
Let

m m
l=e% = quesf =) gjeV/l,
j=1 j=1

where g; € R,_; — {0}. Let ¢; = ZZ:lpjker”‘ with p; € #(U) - {0} and
rixk € Fu—, for each j. Without loss of generality one can assume that r; , —
riw ¢ Z(U) for k # k'. For j # j' we have (s; —sj1) + (rjx — rjs) €
F,_y—F,_ ,CF,_,—#(U). By Theorem 1 of §2.2 then Z;":l lj =1, whence
m =1 and s +r; € Z(U), contradicting the assumption on {s;}, .

3. EASsY MULTIVALUED FUNCTIONS

This is also an introductory section, but it is somewhat less introductory than
§1. Here we consider mostly the rings of analytic germs (for every connected
complex-analytic manifold U and a point { € U) generated by the germs of
the form h = f¢, where f, g € #(U)NA and f({) # 0. The monodromy of
such multivalued functions, i.e., how the result /; of the analytic continuation
of a germ A along a loop 4 is related to g, is clear.

Reminders. %“ = {those holomorphic germs at { which have value # 0 at
¢}, Z*(U) = {functions holomorphic on U without zeros} .

H|(X) = the first homology group of X . Note that (the n = 1 case of)
the Hurewicz homomorphism 7;(X) — H;(X) is onto and its kernel is the
commutant [7,(X), 7;(X)]. Thus one can think of H, as [n,,nm]. For
homomorphisms of groups % : A — B, we use Bourbaki words “epimorphism”
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(onto), “monomorphism” (h(x) = h(y) = x = y), and the notation imh =
h(A), kerh = h~1(0).

The bar over a field means its algebraic closure; thus .#(U) = {the alge-
broid functions on U}, &(U) = the algebraic closure of the field of functions
holomorphic almost everywhere on U .

3.1. Lemmata. This subsection contains some basics on logarithms of holo-
morphic functions on connected complex-analytic manifolds (to be used in the
sequel).

Lemma 1. Let Qy = P, Q,, ..., Qx be Weierstrass polynomials'® with re-
spect to z, in a neighborhood U of 0 in C". Let the images of {Q;}; as
germs at 0 be distinct irreducibles in . Then there exists a u € U such
that Qy, ..., Qx € #Z; and u is an order 1 zero of P (i.e, P(u) =0 and
(0P/0zj)(u) # 0 for at least one j, 1 <j<n).

Proof (following [33]). Put g =[] ;9 Since g is not divisible by P we have
g = Pq+r,where g € #, r is a nonzero polynomial in z, with coefficients in
# on C"~ ! and deg(r) < deg(P). Let d be the resultant of P and 0P/9z,.
Since P is irreducible, d (which belongs to /# on C"~!') does not vanish
identically. Let ¥ be a neighborhood of 0 in C"~! such that d and the
coefficients of r are in #(V), and put V. = {v € V|d(v) # 0 and at least one
of the coefficients of r is # 0 at v}. Then V, is open and dense in V' and for
any sufficiently small v € V, the polynomial P(z,) has deg(P) distinct roots
whereas r has < deg(r) < deg(P) roots. So there are v € V., and w such that
P(v,w)=0%# g(v, w). Since w is a simple root of P(v, -) the order of P
in #, ) is 1 and thus P is an irreducible in 7, ).

If U is a complex analytic manifold and f € #*(U) then the increment of
% arg f along a loop (the same as the increment of 2—'7;; log f along a loop) is a
homomorphism 7, (U) — Z and hence a homomorphism H,(U) - Z.

Lemma 2. Let U be a neighborhood of 0 in C", P € Z(U), and 0 be an
order 1 zeroof P. Let { € U, P({) #0. Then the homomorphism

1
ﬂargP CH(WU-Y,0)—-Z,
where Y s the zero set of P, is an epimorphism.
Proof. Denote by D the unit disk of C. For v € C" — {0} denote by y, the
embedding C — C" given by w — vw . Take a v € C" such that y, (D) Cc U
and O is the only root and a simple root of Poy, on D. Then

o= arg(Poyy) Hi(D — {0}, )~ Z

is an isomorphism, whence

L argP: Hy(y(D) - {0}, 0) — Z

2n
10A Weierstrass polynomial with respect to z, around 0 € C" is (zx)k + ¢;(za)k~1 4+ - +
Ck—12n + Cx , Where each ¢; is a function in (zy, ..., z,—;) holomorphic in a neighborhood of

0 in C"~! and ¢;(0)=0.
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is an isomorphism too. The result then follows from y,(D)- {0} c U -Y.

Lemma 3. Let Q,, ..., Qx € Z(U), where U is a neighborhood of 0 in C",
(€ U-{0}, and Q;({) #0 forall j. Let the images of {Q;}; be distinct
irreducibles in Z;, Q;/Qm ¢ #;* for [ # m. Let Y be the union of the zero
sets of {Q;};. Then the family {v;}*_,, where
1
vj = ﬁarng TH(U-Y,{)—Z,

maps H(U =Y, {) onto ZF.

Proof. By Lemmas 1 and 2 for each j there exists a loop y in (U -V, {)
such that v;(y) =1 while v,(y) =0 for m # j.

Lemma 4. Let U be a connected complex-analytic manifold, K be an excep-
tional subset of U, and { ¢ UK. Let f € #*(U-K). If & argf maps
H\(U - K, {) into {0} then there existsa g € Z (U — K) such that f = e¥.
If, besides that, f € #(U) then g € #(U).

Proof. Take for g any branch of log /. For f € .#(U) it suffices to show that
S has neither zeros nor poles in U. Suppose the contrary: the germ of f at
some u € U has the decomposition l'[j;](wj)’f , where [ € Z- {0}, k >0,
and all {y;}; are distinct irreducibles of /#, (in particular, y;/y; ¢ #* for
J # j'). Then the homomorphism

{3argy}; : Hi(U-Y,{) - ZF,
where Y is the zero and pole sets of [, is an epimorphism. Since
mU-K,{)-m(U-Y,0)

is an epimorphism,
1 1 &
Eal‘gf= E;ljoargy/j H(U-K,{) - Z

does not vanish.
Let U be a connected complex-analytic manifold and { € U.

Lemma 5. Let fj € #(U)NZ* and g € EU)NZ for 1 < j< k. Fixa
value for log f;({) for each j. If 1, g, ..., g are linearly independent over
Q and the germ TI'_ ()% € E(U) then {log f;}; C #(U).

Proof. Let an exceptional subset K C U, { ¢ K, and a finite-sheeted cov-
ering (V,{) - (U - K, {) be such that all g; € #Z (V). The increment of
#log(]'[ﬁ;l(fj)gf) = ﬁ Zj;l gjlog f; along a loop in (V, {) is equal to the
increment of # Zﬂ;l g;jarg f; along aloopin (V, {) and is a homomorphism
n(V, {) = Z (V) with values in Z. The linear independence of {1} U {g;};
over Q implies that all ;- arg f; map =,(V, {) into {0}. Since the index of
m(V,¢) in m;(U-K, {) is finite, all ﬁargfj map n,(U - K, {) into {0},
and Lemma 4 provides the result.
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Lemma 6. Let f; € #(U)NAZ" and g; € Z(U) for 1 < j < k. Fix a value
Jfor log f;({) and put hj = ( f,)gf for each j. If for some exceptional set K the
increment of 7‘; > ; 8jarg f; along a loop maps n;(U — K, {) into the copy of
Z in Z(U - K) consisting of integer constants then h =1]; hj € #(U).

Proof. Let m and k' < k be such thateach g; for k' < j < k is an integer lin-
ear combinationof 1/m, gi/m, ..., g /m and 1, gy, ..., & are linearly in-

dependent over Q. Then 4 = (fo)‘/’"-l'[ (f,)gz/’” for some {f, S c AU),

and the increment of # logh along a loop, an arg fo + an 2 j=18jarg f,,
maps H(U — K, {) into Z c #Z(U — K) for some exceptionill set K. Since
1,8,..., g are linearly indcpendent over Q, each 2n argfj, 1 <j<k',
maps H;(U — K, {) into {0} and argﬁ) maps H,(U - K, {) into mZ.
Hence {log f;}¥_, c #(U) by Lemma 4, and (fo)'m e #(U).

3.2. Examples. Let U be a connected complex-analytic manifold; fix a point
(eU. Let fie £(U)NZ* and g; € Z(U) for 1 < j < k. Fix a value
for log f;({) and put h; = (f;)® € #Z;* for each j. In this subsection we show
how easy multivaluedness considerations help to detect algebraic or analytic
(in)dependence of {A;};.

Consider first algebraic relations between the 4;’s. For any multi-index o €

Zk denote t, = ]'[f 1(hj)* . An algebraic relation between the h;’s over a
field & 1is a linear relation between some t,’s over ¥ . The examples below
which concern algebraic dependence of {4;}; or linear dependence of {t,}, are
some vague analogues of the Hiromi-Ozawa lemma for “exponentials” {f,},
with “Nevanlinna-small” and “Nevanlinna-large” substituted by “few-valued”

and “many-valued” respectively.

Example 1. Let all f; € Z*(U). Take a finite family {¢,}.c4, and consider
homomorphisms

Z segagf;imU, () - Z(U),

for each a € 4 (each v, is “the increment of 5 log t, along aloop”). If there
exists a T € m (U, {) such that (vg —v,)(1) ¢ Z for B#v,B,y € A, then
{ts}ac are linearly independent over &(U).

Indeed, suppose that »_ ., Cata = 0 with some ¢, € &(U). Let K C U be
an exceptional subset such that all ¢, € #(U — K). Without loss of generality
one can assume that { ¢ K (otherwise one could substitute { with a point in
U - K sufficiently close to {). Let A4 be aloop in (U — K, {) homotopic to
in (U, {). The analytic continuation along 2™, m € N, multiplies each c,¢,
by e2m(%) but the whole sum must remain 0:

Z Catannimu(.(t) =0.

a€A
These identities for 0 < m < N—1 (N = the number of elements of 4) can be
regarded as a homogenous system of linear equations for the germs {cala}aca
in .#; with Vandermonde matrix

{( ﬂp)q}p q=0>
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where {n,})"' is an enumeration of {e?*"=(V},c,. By the assumption on
7, @2 vs() o e2mi(Y) whenever B # 7, ie., all 7, are distinct. Hence the

determinant
{(1p)7}) 5 0l # 0,

and the system considered has unique solution with all “unknowns” equal to 0.
Since each ¢, € Z’E* this means that each ¢, =0.

In the above example the requirement that a single loop 7 makes all the dif-
ferences vz — v, nonintegral is excessively strong. The result can be generalized
as follows.

Example 2. In the notation of Example 1, if im(vg —v,) ¢ Z for g # 7,
B,v €A, then {t,}.cq are linearly independent over & (U).

If you dare to take exp (a homomorphism from a group into a function germs
field) then you can delete all occurrences of 7 from the proof above, and then
regard what will remain as a proof of the current statement. (This idea is not as
wild as it may seem to be; we actually use it in the continuation of this paper.)
Here is a conventional proof of the statement of Example 2.

Let {ca}aca C&(U) and Y ., Cala = 0. Consider nonempty subsets B C
A minimal with respect to the property ) .pCala = 0. It is enough to show
that each such B is a one-point set.

Suppose the contrary: f,y € B and f # y. Let K be an exceptional subset
of U such that all ¢, € Z(U — K). Without loss of generality one can assume
that { ¢ K. Let t be aloop in (U, {) such that (vg —v,)(7) ¢ Z and A
be a loop in (U - K, {) homotopic to 7 in (U, {). Let us break B into the
equivalence classes {B,,}f7=0 determined by the relation =~,, where a ~; o/ is
defined as (v, — vy)(7) € Z. Then [ > 1 (there are at least two equivalence
classes: B #:7). Put us =3 p Cala for 0 <o </; then

!
Zua =0.
o=0

The analytic continuation along the loop A", m € N, multiplies each u, by
e2mimva(t) where a € By, but the whole sum must remain zero:

!
Zud * (”a)m = Oa
o=0

where 7, = e2"%() o € B,, for each . Note that 1, # 5, for o # o’.
Now the same Vandermonde matrix argument as before shows that each u, =0
(contradicting the assumption on B).

One can further refine Example 2 as follows.

Example 3. In the notation of Example 1, break 4 into the equivalence classes
{As}s determined by the relation ~, where a ~ o’ is defined as im(v,—v,) C
Z. If {ca}aca CEU) and ), 4Cala =0 then 3, Calo =0 for each o;
more precisely, if B is a nonempty subset of 4 minimal with respect to the
property 3 g Cqlo =0 then B is contained in some A, .

The latter statement is proved exactly as in Example 2 (note that the equiv-
alence relation ~ is the intersection of the equivalence relations ~,, t €

7'[I(Ua C)) .
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These facts allow one to reduce the questions on algebraic dependence of
{hj}; over &(U) to questions about meromorphic functions on U, via the
following.

Remark 4. If {h j};?:] are algebraically dependent over &(U) then there exists
an a € Z¥ — {0} such that ¢, € #(U).

Indeed, let some finite family {¢,}.c4 be linearly dependent over &(U),
i€, Y cqCala =0,all ¢, € &(U) and at least one ¢, # 0. Then Example 3
says that at least one ~-equivalence class A, contains more than one element:
B,y€A; and B #7y. Then vg_, =vg — v, maps n;(U, {) into Z, and the
statement (with o = f —y € Z — {0}) follows from Lemma 6 of §3.1.

The above remark says that if there exists a nonzero polynomial P €
&)z, ..., zx] with P({hj}’jzl) = 0 then there exists a 2-nomial Q €
M (U)[{zj}le] with Q({hj}f=l) = 0. (A 2-nomial is a polynomial consist-
ing of exactly two monomials.)

Let us consider how it can happen that t, € #(U) for some a € Z*
—{0}. Let 1, sy, ..., s bea Q-linear basis for the Q-linearspanof 1, g, ...,
&, and m € N be such that each g; is an integer linear combination of
{1/m}u{s;/m}._, (when all functions {g;}, are presented explicitly it is often
easy to find such 1, s;,...,s). Then each ¢, can be presented as ( ﬁ))'/’" .
]'[f.=1( f;)5i/m  where all f; € .#(U) are of the form 1'[';=l (fj)™ with appropriate
n; € Z. By Lemma 5 for such f, to be in &(U) it is necessary and sufficient
that {log f;}/_, ¢ #(U). To get t, € #(U) the latter condition has to be
augmented only with ( fo)'/ m e #(U). In view of this, in the remaining part
of this subsection we shall consider only the case 1, g, ..., g linearly inde-
pendent over Q. Then the statements in some previously considered examples
can be formulated more strongly.

Example S. Let 1, g1,..., g be linearly independent over Q. If {f4}seca
are linearly independent over & (U) then log(t4/t,) € #(U) for some B # 7,
B,yeA.

In this example the multivaluedness of the #5’s (each of them is either in-
finitely multivalued or possesses a logarithm on U, see Lemma 5 of §3.1) is
compared with that of the coefficients of a linear relation, which are assumed
to be finitely multivalued. Recall also that a ¢5; possesses a logarithm on U if
and only if all {f;|0; # 0} possess logarithms on U .

To prove the statement suppose that {c,}.cs C &(U), at least one ¢, # 0
and Y ., Cale = 0. One can assume (upon changing (, if necessary) that there
are an exceptional set K C U, { ¢ K, and a finite-sheet covering (V, {) —
(U-K, {) such that all ¢, € (V) and all f; € Z*(U — K). Denote

o= Srgjaref;im(V, ) = F (V).
J

Consider nonempty subsets B C 4 minimal with respect to the property
Y acBCala = 0. Since at least one ¢, # 0, there exists such B containing
more than one element. Let f,y € B and § # y. In view of Example 3 then
im(ug_,) C Z. Denote 6 = B — 7. Since all % arg f; have integer values and
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1, 81,..., 8 are linearly independent over Q, all %’t arg f; map m,(V, {)
into {0} . Since 7;(V, {) is of finite index in 7,(U - K, {), all gnlargfj map
m(U-K, {) into {0}. Hence Ei;, gnngargf,- maps 7,(U—-K, {) into {0}.
Then t5 € #(U) by Lemma 6 of §3.1 and logts € #(U) by Lemma 5 of §3.1.

The next example is a combination of multivaluedness considerations and
the Hiromi-Ozawa lemma.

Example 6. Let U = C” and let 1, g, ..., g be linearly independent over
Q. If {t,}aca are linearly dependent over C(z) then fz/t, = const for some

B#v,B,v€A.

Let all g, € C(z), at least one g, # 0, and Y ., Gala = 0. In view
of Example 3 there exists B C A containing at least two elements such that
log(tg/ty) € Z(C") for B,y € B and ) pdala = 0. Let u be one of
{ta}acp. Then Y  pq. - (ta/u) = O and each f,/u has the form e¥- for
some Y, € #Z(C"). Thus it remains only to apply the Hiromi-Ozawa lemma
10 Y cpda¥ =0.

The latter example hints at how the multivaluedness considerations can be
applied to Tarski’s high school algebra problem.

3.3. An application to Tarski’s high school algebra problem. Denote .4 =
the closure of {a 1 bla, b € £} in L under addition and multiplication, and
A = the closure of {a 1 bla, b€ A} in L under addition and multiplication.
These .4 and .4 are the next (after £ and A themselves) slices of the classes
& ={teL| if a1b occurs as a subterm of ¢ then a € L} and .¥ = {t € L|
if a 1 b occurs as a subterm of ¢ then a € A}. Classes X (“the Schanuel
class”) and A (“the Levitz class”) were considered in [19]; see also §1.4 of this
paper. (Sometimes we shall refer to them as . and %4 respectively.) Later
in this paper we shall consider the whole of the classes . and %, but in this
subsection we only want to present an easy example of how multivaluedness
considerations are applied to Tarski’s high school algebra problem. Clearly

2 C A
N N
A A

but no more inclusions hold between these classes.
Examples (in the variables x, y, z). (i) 22 ' ¥ +xz € X. (ii) x’ € A—FA.
(iii) 2*+y)? e A -A. (iv) X+ e L - (AUA).

Recall from §1.4 that both T and A are free semirings with respect to addi-
tion and multiplication; their generators (the (+, -)-primes sans 1) are described

in Corollary 2 and Corollary 4 of §1.4. Each f € &, is a sum of +-primes of
A and every +-prime of ¥ can be presented in the form (see §1.2)

(a monic monomial)

x H(a monomial, # 1); 1 (a +-prime € X, # 1);
i

x H(a function € Z, # 1, with content = 1),
J

T(a +-prime € X, # 1);,

(1)
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perhaps with empty []; or [] ; (or both), with all exponents occurring in [];
distinct and all exponents occurring in [] ; distinct.

Proposition 1. (i) Let f, g possess representations of the form (V). If f/g =
const then f = g and their (9,)-representations coincide up to a permutation
of the factors. L

(ii) Let fi, ..., fix € A have the form (V). If fi # fm for | # m then
{fi}1 is linearly independent over R.

Proof. (i) Let f = u-[L;(ps)% - [1;(rj)¥ and g = u'- ()% - Hj(r})sf" as
in (9;). Let {t,}» be an enumeration of {g;}; U {q/}; (without repetitions)
and {Am}m be an enumeration of {s;}; U {s;}; (without repetitions). Then

f1g = u/u)-T1,(an/a,)™ - [1,n(bm/b,)* = const, where

{ p; 1if q; = 7, for some i, { rj if s; = 4,, for some j,
ap = . bm = .
1 otherwise, 1 otherwise,

and the definitions of a), b,, differ from those of a,, b,, only by the strokes
over ¢;, p; and s;, r; respectively. Recall that both families {1} U {7,}, and
{1} U {An}m are linearly independent over R (see §1.4).

X (see §1.4) transforms u/u’ and all a,/a,, into exponentials of entire func-
tions. Thus

x(f/g) = exp(an entire function) - [J(x(bm)/x(b},))¥*) = const .

m

By Lemma 5 of §3.1 then all x(b,)/x(b;,) have neither zeros nor poles. Since
all r; and r} have content = 1, all b, and b,, have content = 1, and
consequently all x(b,) and x(b;,) have content = 1 (see §1.4). By Proposition
5 of §1.4 then x(bm) = x(b},,) (whence b, = b},) for all m. Thus f/g =
(u/u') - [1,(an/ay)™ = const. Recall that all a, and a, are monomials (not
necessarily monic). By Lemma 5 of §3.1 then all a,/a;,, have neither zeros nor
poles. Hence a,/a, =c, € Q, forall n,and f/g = (u/u')-I],(cn)™ = const.
Consequently ¥ = u’ (they are monic monomials and u/#’ has neither zeros
nor poles). Thus f/g =[], (cs)™ = const. It remains to show that all ¢, = 1.
We have log(f/g) = Y, log(cs) + T, = const. Since the family {1} U {7,}, is
linearly independent over R, the latter identity is possible only if all log(c,) =
0.

(ii) For 1 < j <k let u; be the “monic monomial” part of f; in the (O;)-
form and w; = f;/u; (the remaining part of f; in the (©,)-form). Partition
{1, ..., k} into the equivalence classes {A4,}, of the relation ~, where / ~ m
means w; = Wy, . Let 1, € {wj|j € 4,} for each v. Suppose that f,, ..., fi
are linearly dependent over C;let ¢; € C, at least one ¢; # 0, and Z;;, cifi=
0. Then }°, g,t, =0, where g, = 37, c;ju;. Since the fj’s are all distinct,
for each v the monic monomials {u;};c4, are distinct. Consequently g, # 0
whenever ¢; # 0 for at least one j € 4,. Hence at least one ¢, # 0, and
the ¢,’s are linearly dependent over C[z]. In view of Example 6 of §3.2 there
exist v # u such that f,/t, = const. Since each ¢, has the form (©;) (with
the trivial “monic monomial” part) by the first part of the proposition ¢, = ¢,
contradicting the definition of ~.
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Remarks. (i) Let g, ..., g, be distinct +-primes of X, all #1. Let by, ...,
b, belong to the group generated by the functions from X of content 1, and

bj #1 forall j. Then (b))%, ..., (b,)% are algebraically independent over
the field of rational functions.
Suppose the contrary. Then by Example 6 of §3.2 there exist a;, ..., a, € Z,

at least one of them nonzero, such that ]'[;;l((bj)gf)“f = const. Let E = the
union of the zero and polar sets of the b;’s. Consider

vj= —z%argbj :m(C"-E)- Z.

Each b; isa # 1 quotient of functions of content 1 and by the proposition

n
V= Zajgjuj : ﬂ](Cm - E) - %(Cm)
j=1
has im(v) ¢ Z because 1, g, ..., g, are linearly independent and at least
one a; # 0. Note that a constant function induces the abovementioned way
the trivial (= 0) homomorphism 7;(C" — E) — #(C™). Then by Example 1
of §3.2, Tj_,((b;)®)~ and 1 are linearly independent.
(i) The +-primes of % are +-prime in 4, and the (+, -)-primes of .5
are (+, -)-prime in .4 . Indeed, the (Op)-form is an instance of the (9;)-form.
The class .4 is similar to the class %] in the same way as A (= .4) is
similar to £ (= %). Each f € .4 is a sum of +-primes of % and every
+-prime of & can be presented in the form

(a monic monomial)
X H(a monomial, # 1); 1 (a +-prime € A, # 1);
i
x [](a function € A, # 1, with content = 1);
J
1 (a +-prime € A, #1)j,

perhaps with empty [[; or ], (or both), with all exponents occurring in [];
distinct and all exponents occurring in [] j distinct. The uniqueness of this
presentation is proved by reduction to that of (©;) with the transformation x,
described in §1.4.

Proposition 2. (i) x{the +-primes of £} C {the +-primes of A} and y{the
(+, +)-primes of A} C {the (+, -)-primes of A}.

(ii) Let f, g possess representations of the form (&,). If f/g = const then
f = g and their (&,)-representations coincide up to a permutation of multipliers.

(iii) Let fi,..., fr € A4 have the form (). If f; # fn for | £ m then
{fi}; is linearly independent over R.

Proof. It suffices to show that y (every (é,;)-form) can be presented by a (Q,)-
form and in such a way that the (Q,)-forms corresponding to y (distinct (d)-
forms) are distinct.

Consider f = u-I];(p;)% - T];(r;)” in the (&,)-form. Let u = x* and p; =
m;xPi, where x = {x,}, is the family of the variables occurring, m; € N, and
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a, {Bi}; are multi-indices. Then yx(u) = [[{(a;)*|a; # 0} and x([];(p:)%) =
[M{(m)*@)\m; # 1} - [1{(b:, )" *9)|i, t with B; , # 0}, where a, = 2 and
b;,, = 2k« By Proposition 3 of §1.4 all x(r;) € Z—{1} and have content = 1,
and {x(s;)}; are # 1 distinct +-primes of £. Thus I1; x(r,) (/) makes
up the [];-part of the (¥))-form of x(f). To check that x(u - IL;(p)%) =
[T{(a)*|as # O} - [T{(m:)*\9)|m; # 1} - TT{(bs, )" *9)|B; , # 0} does make up
the [];-part of the (©;)-form of x(f) it suffices to show that the +-primes
{xe}e> {x(gi)}i, {x:-x(qi)}i,. are all distinct. Note that all x(g;) are distinct
because the {g;}; are. Since all x(g;) are exponentials of entire functions (see
Proposition 3 of §1.4), if x, - x(q) = x; - x(q;) then ¢’ =t (compare the zero
sets of both sides). Thus all x, - y(g;) are distinct. x(gy) # x; - x(q;) since the
left-hand side does not have zeros whereas the right-hand side does. x; # x(g;)
for the same reason. xy # x; - x(g;): if ¢’ # t then both sides have different
zero sets, and for ¢/ =t the inequality follows from ¢; # 1.

Consider also f' = u' - I'[,.(p{)"f' . Hj(r})‘f in the (&;)-form. If f and f’
differ in the [];-parts of their (&;)-forms then the same difference occurs in
the [];-parts of the (©y)-forms of x(f), x(f')—see above. Thus it remains to
consider the case when f and f’ have only the “monic monomial” and the
[1,-parts in their (&;)-forms. Let f and f’ be such. Then x(f) and x(f")
have only the [];-parts in their (©;)-forms. Suppose that the (9;)-forms of
x(f) and x(f") coincide. Then {x;}, U {x(¢:)}: U {x:-x(q:)}i,, and {xp}» U
{x(g})}i U{xr-x(g})ir,»} are the same set. The comparison of the zero sets of
its elements shows (as above) that {x(g:)}i = {x(q})}i, {xt}: = {xv}v, {x:~
2@)}i,e = {xv-2(a})}ir,v ,and x;-x(qi) # Xy+x(q},) unless ¢’ = ¢ and g, = g; .
Consequently one can assume without loss of generality that g; = g/ . Then a,
a, ay=oay, m;=m;, bl =b; ., B, = Bi., where a;, oy, mi, b; ,, B,
are defined for f’ in the same way as a;, oy, m;, b; ;, Bi., were deﬁned for
f. So, the (&;)-forms of f and f’ coincide.

Corollary 3. (i) Let gy, ..., g be distinct +-primes of A, all_ # 1. Let
by, ..., b, belong to the group generated by the functions from A of content
1, and all b; # 1. Then bf', ..., b§" are algebraically independent over the

field of rational functions. L .
(ii) The +-primes of A and those of A are +-prime in £, and the (+, -)-
primes of A and those of A are (+, -)-prime in A .

4. MEROMORPHIC AND OTHER FEW-VALUED FUNCTIONS
AS BASES FOR EXPONENTIATION

4.1. Introduction. Let U be a connected complex-analytic manifold. Fix a
point { € U. In this section we consider the germs at { obtained from few-
valued functions on U by the ring operations and restricted exponentiation:
f, g — f& is permitted only for f few-valued and belonging to Zf* and g a
previously obtained germ (or a few-valued function), g € #.

Of course, “multivalued function on U” is not a function on U ; this expres-
sion refers to a holomorphic function on a (perhaps branched) covering of U
or to a germ in # satisfying certain conditions.
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Definition. A germ g € # will be called global on U (notation: g € & (U) or,
shorter, g € &) if the set of paths in (U, {) along which g can be analytically
continued is dense in the space of all paths in (U, {).!!

For example, each g € #(U) is global trivially, each g € £ (U)NZ is
global because every path in (U, {) can be approximated by one not passing
through the polar set of g.

Note that the set of paths in (U, {) along which a germ g € # can be
analytically continued is always open. So, for a global germ g € # the set
of paths along which it cannot be analytically continued is closed and nowhere
dense in the space of all paths in (U, {). This fact implies easily that the set of
global germs at { is closed under many operations. It is obvious that & is a
ring, it is easy to see that 1/g € & for g € A;*NE; . Moreover, % is relatively
algebraically closed in #; : if g € # isalgebraic over & then g € & (itisstill
very easy to prove). It is not difficult to show that & is relatively analytically
closed in # in the following sense: if /€ # and h(u, g ,..., g, f) =0,
where h € Z (U xC"!)-{0}, gj € &, then [ € & . In particular, if f € %,
f(£) # 0, then logf € & . We do not prove these properties of Z; here
because the germs we shall deal with in the sequel will be obviously global.

Informally, a global germ g at { is a few-valued function on U if g can
be continued along almost every loop 4 in (U, {), not merely along almost
every path (“almost every” means except a closed nowhere dense subset of),
and the set of the results {g;}, C # of those analytic continuations is small in
asense. For example, (x+1)?" is a global but not a few-valued germ (look at its
analytic continuations around —1). If g can be analytically continued along
almost every loop in (U, {) and the result of each such continuation coincides
with g then (it is easy to see that) g € &(U). Another example is: let g € Z
be algebraic over #(U) and P € (# (U))[t] be its minimal polynomial. Then
g can be continued analytically along every loop in (U, {) not passing through
the zero and polar sets of the coefficients and the discriminant of P, and the
total number of germs at { which can be obtained from g by those analytic
continuations is not more than deg(P).

Let @ C & be some class of few-valued functions on U, such as the field
of algebroid function germs!? of % . Let E(U, {) be the minimal subring of
#; containing ® and closed under the restricted exponentiation: f, g — f%
for f e dn Z’&"‘ , &g € E. Germs in E(U, {) can be continued analytically
along almost every loop in (U, {) but usually are not few-valued. We analyze
the monodromy phenomena in E (i.e., how the result g; € # of the analytic
continuation of g along A is related to g) in sufficient detail to prove results
on algebraic (in)dependence of the functions mentioned in the Henson-Rubel
conjecture, but not in great detail.

Suppose one is looking for algebraic relations between g, ..., g, . Since
only finitely many functions were used as bases for exponentiations in the con-
struction of {g;}; one can remove from U the corresponding zero and polar
sets and look for algebraic relations between {g;}; on the remaining part V' of
U . Further, one can take a finite-sheet covering 8 : (W, {) — (V, {) such that

1A path in (U, {) is a mapping ([0, 1], 0) — (U, {). The space of paths in (U, {) is the
set of all paths in (U, {) equipped with the compact-open topolog_y.
12An algebroid function is an element of the algebraic closure .#(U) of #(U).
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for each f used in the construction of {g;}; the corresponding f o6 is single-
valued on W . Now one can look for algebraic relations between {g; o 6};,
and if there are none, then {g;}; were also algebraically independent. Tradi-
tional monodromy considerations are closely related to what we do. Note that
{gj o 0}; are some of the germs at { on V' obtained from functions holo-
morphic on V' by the ring operations and exponentiation restricted as follows:
f, g — f& is permitted for f € Z*(V) and g a previously obtained germ
(or g € Z(V)). Let us denote by T the set of all such germs, T C E(V, ().
Each g € T can be continued analytically along every loop in (V, {) and
hence one has a representation of 7;(V, {) by linear transformations of T .
A traditional complex variable theorist at this moment would ask various alge-
braic questions about this representation. Perhaps, the algebraic investigation
of m;(V, {) - GL(T, #(V)) would later provide results on algebraic relations
between {g;}; . However we prefer (at least now) to go straight to our target.
The following result is an analogue of Remark 4 of §3.2.

Theorem 1. Put Sy = #% N.#(U). For n € N put B, = the multiplicative
subgroup of %* generated by | J{ the set of all branches of f8|f € %* NA(U)
and g € 4 NS,_1}, and S, = the subring of #; generated by S,_, U B,

Let hy, ..., hm € Upe, Bn. If {h;}; are linearly dependent over /m](U)
then there exist j # k such that h;/h, € #(U).

Algebroid (vs. meromorphic) functions cannot be avoided in Theorem 1

even if one restricts exponentiation f& to f € Zf* N.#(U). For example,

1 ezn/z e_zI/Z
b b

not.

The above theorem can be extended to a larger class of functions. Its proof
(later in this section) is based on the following fact. If a germ g € #Z N
A (U) is continued analytically along loops 4 in (U, {) not passing through the
branching points of the minimal polynomial of g, then there is n = n(g) € N
such that the analytic continuation of g along A" yields g again for any 4.
The class of germs with this property is already larger than .# ; consider, e.g.,

are linearly dependent over .# (C),!3 while any two of them are

=1
S S-n'les
n=1

(this formula represents uncountably many similar germs, for one can choose the
values of the roots arbitrarily). To see that each such germ g is not algebroid
note that g can be continued along every loop in C — N and these analytic
continuations yield infinitely many germs in #;. Say, a loop winding once
around n and not winding around other positive integers returns the germ

z—n)2 1
e
keN—{n}

and g, # gn» for n # m. However, it is not necessary for the proof of the
theorem to have n depending on g only; one can permit n to depend on 4
too.

Bndeed, ez'> +e~2"* = 2cos(iv/z) € #(C).
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Definition. Let g € #; andlet A bealoopin (U, {) such that g can be con-
tinued analytically along A" forall n € Z. Then g will be called (non)periodic
with respect to A if the function Z — .#; defined as k — (the analytic con-
tinuation of g along A¥) is (non)periodic.

Definition. Let g € .#; . We shall write g € #(U) or, shorter, g € &, if there
exists an exceptional set K C U, { ¢ K, such that g can be continued along
and is periodic with respect to every loop in (U - K, ().

For example, if g € .#; is algebraic over .#(U) then g is periodic with
respect to every loop not passing through the branching points of g. The
following are some germs in /% on C which belong to & — .Z(C):
> ;12-(2 —n)\/n

n=1
(values of the nth roots can be chosen arbitrarily). In this example the periods
of the germs considered depend on the loop while the set of branching points
is discrete. But the presence of “exceptional set” in the definitions implies that
there are more exotic germs in £, e.g.,
1/2
) eA.

i 1 ( n+1

——— z —

n2 n
n=1

For the “periodically multivalued” function germs just introduced, Theorem 1

can be extended as follows.

Theorem 2. Put Sy = # NP . For n € N put B, = the multiplicative subgroup
of #; generated by |J{the set of all branches of f¥|f € f?&* NP and g €
# NSy_1}, and S, = the subring of #; generated by S,_, U B,.

Let hy, ..., hy € UpeyBn. If {h;}; are linearly dependent over #; N P
then there exist j # k such that hj/h, € MNP .

The next subsection contains a van den Dries type theorem for exponential
rings, which will be used as a lemma later in this section. Theorems 1 and 2
will be proved in §4.3 together with some other results.

Germs of class & resemble algebroid functions very much. What can be
done for larger classes of “few-valued” functions, e.g., for

oo
Zc,,(z - n)",
n=1

where r, € R, ¢, are constants, and ¢, — 0 sufficiently rapidly? (If at least
one r, is irrational with ¢, # 0 then such germs are not in & .) These germs
are few-valued in the following sense.

Definition. Let g € .#;. We shall write g € &/ (U) or, shorter, g € & , if
there exists an exceptional set K C U, { ¢ K, such that for every 1-periodic
holomorphic mapping u of the strip 4 = {w € C|-1 <imw < 1} into U-K
with u(0) = ¢ the germ g o u continues analytically to a holomorphic almost
periodic function on 4.

Some words in the above definition have to be explained. We consider
the space % of holomorphic functions on 4 bounded on every strip 4, =
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{weCl-1+e<imw < 1-¢} for ¢ >0. The topology on % is given by
the family of norms |4, = sup,¢4 |A(w)|. In the above definition, a func-
tion f is called almost periodic on A if f € % and the set of translates
{filx, fx(w) = f(w+x) for w € R, is precompact (= totally bounded) in
the topology of % .

The class . is much larger than & . For example, let K be the Cantor
set in [0, 1] and {¢,}, be an enumeration of the rational points of K. Then
for any {r,}, C R with either at least one r, ¢ Q or {r,}, C Q having no
common denominator

oc

Y oenlz—ta) €A - P,

n=1
where {c,}, are nonzero constants and ¢, — O sufficiently rapidly. In partic-
ular,

=1 =1 .
Z?(z—t,,)‘/ﬁ and Zﬁ(z—t,,)l/z
n=1 n=1

are “almost periodically multivalued” but not “periodically multivalued”. The-
orems 1 and 2 have an analogue for & .

Theorem 3. Put Sy = # N . For n € N put B, = the multiplicative subgroup
of Z;* generated by \J{the set of all branches of f&|f € Z;* N/ and g € Z N
Sn—1}, and S, = the subring of #; generated by S,_; U B, .

Let hy, ..., hm € U,_,Bn. If {h;}; are linearly dependent over #; N/
then there exist j # k such that h;/h, € #; N .

For lack of time we present not the proof of this theorem, but only some
hints for it.

4.2. Adjoining an integral to an exponential field. Let & be a commutative
differential field containing at least one nonconstant and let exp: (&, +) —
(#—{0}, +) be a group homomorphism such that (exp(a))’ = a’-exp(a) for any
a € 5. Then exp cannot be identically 1 and by a remark of K. Manders (see
the very beginning of [8]) the characteristic of .5 is 0. Below we frequently
write e? for exp(a).

Let & be a subfield of % containing all constants and closed under expo-
nentiation and differentiation. Let w € . be such that w' =1 and w ¢ ¥ .
Then w is transcendental over # , and one can refer to the subring of .
generated by ¥ and w as & [w] and to the subfield of . generated by ¥
and w as & (w). We consider in this subsection the exponential subring of %
generated by & and w, and prove a van den Dries type result for it; see [8].
The examples we have in mind are of the form & = &€ (a domain in C) with
F an exponential subfield of . not containing the identity function (see more
details below). The condition w’ = 1 was taken mostly for convenience. It is
less restrictive than it may seem to be; if ¥’ € ¥ and u ¢ ¥ then one can take
u instead of w and redefine the differentiation by putting (the new derivative)
= (the old derivative)/u’. Thus the title of this subsection is justified: what we
prove below for w’ = 1 will be applicable to any integral adjoined to &% . (For
more information on differential fields see [24].)

Remark 1. Let p € F[w]. If e? € ¥ (w) then p = pyw + py with p; = const
and ppe & .




DETECTING ALGEBRAIC DEPENDENCE OF EXPLICITLY PRESENTED FUNCTIONS 51

Proof. Let p = pyw" +---+pyw+py with p; € ¥ (n>j>0), p, #0,
and e? = q/r, where q,r € F[w]. Then (g'r — qr')/r? = (q/r)' = (e?)' =
p'-e? =p'q/r and p'qr = q'r—qr’. Since deg(p'qr) = deg(p’)+deg(q)+deg(r)
and deg(q'r — qr') < deg(q) + deg(r) the latter identity implies deg(p’) < 0.
Consider the case of p, # const. Then p’ = p,w"+ (summands of lower
degree) and deg(p’) = n > 0. Consider the case of p, = const. Then p’' =
(npn + p,_,)w" "'+ (summands of lower degree). If np, + p,_, = O then
(=Pn-1/(npn))’ = 1 and w = —p,_/(np,) + const, contradicting w ¢ & .
Thus np, +p,_, #0 and deg(p’) =n—1. Hence n < 1 by deg(p') <0 and
so n=1 and p, = const.

Examples. The following show that the situation e?* € ¥ may occur. Let
ecR,,andlet ¥ =&({weCl-e<imw <e}).

(i) Put F = {f € &|f is periodic with period 1}; then e’ € & for
p € 2niZ and eP” ¢ ¥ for all other p.

(ii) Put & = {f € &|f is periodic with an integer period}; then e’* € &
for p € 2niQ and eP* ¢ F for other p.

(iii) Put # = the exponential field generated by {f € %|f is holomorphic
and almost periodic in w}; then e’ € F for p € iR and e’* ¢ F for
rep # 0. Indeed, if a function f can be built up of almost periodic functions
then there exist w and sequences {x,}, and {y,}, of reals such that x, — oo,
yn— 00, and {f(w —pxn)}n, {f(w +pyn)}n are bounded.

(iv) Put # = the exponential subfield of . generated by {e“*|c € C}.

The fact that w ¢ Z in (iv) follows from the results of §2. In cases (ii) and
(iii) the additive group {p|e?” € F#} (being a Q-linear subspace of C) can be
complemented in the additive group C of all constants of .. In case (iv) the
complement of {ple?¥ € ¥} in C is trivial: {0}.

Whenever the additive group {p|e’” € F} can be complemented in the
additive group of all constants of ., the exponential subring # of . gen-
erated by ¥ and w can be described as follows. Fix an additive subgroup
K of & complementing {ple*? € F}. Then #Z = J,oyRn, where {R,},
is an increasing sequence of differential subrings of . defined by the initial
conditions

Ry = Fw], Ag = {€?|q € F[w] and ¢(0) € K},
and induction,

Ry
An+l

the ring generated by R, U 4,,
the multiplicative group generated by
{elre R,anda€ A,,a# 1}.

Note that a’/a € R, for each a € A4,.

Proposition 2. Each R,., is Ry[A,], i.e., for each n the elements of A, are
linearly independent over R, .

As one will see from the proof, this result can be generalized to the “several-
variable” case.

Theorem 3. Let . be a commutative exponential field with a number of differen-
tiations {D,}; such that Dj(e*) = Dj(a)-e* for each D; and each a € . Let
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F be an exponential subfield of F closed under all {D;}; and {w;}; C F-F
be such that Di(wj) =, where J;; is the Kronecker symbol. Suppose that each

additive group {p|e’Vi € F } hasa complement K in the additive group of 7.
Then the exponential subring # of 7 generated by & and {wj}; is Uno 0R,,,

where {R,,},, is an increasing sequence of subrings of F closed under all D;
defined by the initial conditions

Ro=F{w;},1,

Ay = {exp (quw,) lg; e?[{wj}j] and q;(0) € K; for allj} ,

J

and induction,

Rn+l

Ani1 = the multiplicative group generated by
{elreRyandac Ay, a # 1},

the ring generated by R, U A,

and each I~("+, is ﬁ,,[A~,,], i.e., the elements of A, are linearly independent over
R,.

This latter theorem is an exact analogue of the van den Dries theorem on free
exponential ring over an exponential ring in [8]; in the terms of this section,
L. van den Dries was assuming that “# ” contained only constants. Below we
prove Proposition 2 only (the generalization is obvious). Proposition 2 remains
valid for K any additive subgroup of ¥ such that e?¥ ¢ ¥ for p € K—-{0}.

However (J,-,R. is not the exponential ring generated by .# and w unless
K is a complement of {p|e’” € ¥} in the additive group of ¥ .

Proof of Proposition 2. Proceed by induction on w . For each n the proof will
be done in the following three steps:

(in) AnNR, = {1},

(ii,) Ar N (the field of quotients of R,) = {1},

(iii,) the elements of A4, are linearly independent over R, ,
and we will make use of the van den Dries index ind (described below in the
induction step). The statement (ii,) is equivalent to “any two elements of A4,
are linearly independent over R,”.

Induction base. (ip) and (iip) are contained in Remark 1.

(iiip) Suppose the contrary. Let a;,..., a; be distinct elements of A
linearly dependent over % (w). Since Ao is a multiplicative group one can
assume without loss of generality that 1 is among {a;};; let a, = 1. Then
fiar 4+ fiagy =1 forsome fi, ..., fi_y € F (w) with not all of {fj};
equal to 0. Take the minimal / for which there are distinct a;,...,a €
Ao— {1} and f;,..., fi € F(w) - {0} such that fia, + - -+ fia; € ¥ (w).
Then / > 1 by (iip). Dcnote g=fiay+---+ fia;. Then g # 0, for otherwise
Nilai/a) + -+ fis(ai-yJa)) = — 17, contradicting the choice of /. Without
loss of generality one can assume that g = 1. Let a; = e%? for each j. Then

by differentiation Zﬁ.:,(ff + fipj + fipjw)a; = 0 with f! + fip; + fipjw =




DETECTING ALGEBRAIC DEPENDENCE OF EXPLICITLY PRESENTED FUNCTIONS 53

(fia;) /a; # 0, since (fja;)’ =0 would imply fja; = const and a; € ¥ (w),
contradicting Remark 1. This contradicts the choice of /.

Induction step. Assume (iiij) for j = 0, ..., n. Following [8] define an
ordinal-valued function ind on R, as follows. Put ind(0) = 0 and ind(f) =
deg(f) + 1 for f € F[w]—- {0}. Suppose that ind is already defined on R, ,
and consider f € R, — R,. Let f=giay+--+ gnam + &, Where g € R, ,
8,..-,8n € R,—{0},and ay, ..., an are distinct elements of 4, —{1}. By
(iii,) this representation of f is unique. Put ind(f) = " - m + ind(g). Note
that ind(h) < w* whenever 4 € R, .

Two remarks on ind follow. Let # € R,,;—{0} and ind(h) = Ezzn wk-my
where mg, my, ..., m, € Ny.

Ist. If my # 0 then there exists an f € & such that ind((fh)") < ind(k)
and (fh)’ # 0. Indeed, m corresponds to the & [w] part of & let us present
the & [w] part of A in the form Ay w™ +---+ hy, and take f = 1/hy, .

2nd. Let k = min{jjm; > 0}, k > 0. Then there exists an a € 4; such
that ind(ah) < ind(#) . Indeed, consider the R, part of 4 ; let us present it in
the form hja; +--- + hja;, where ay, ..., a; are distinct elements of 4, and
hy,...,h € R_; — {0}, and take a = 1/aq,.

Further, A4, is a torsion-free Abelian group. If 4,,; contained an element
of a finite order then for some p;, ..., px € R,—{0} and distinct a,, ..., a; €
A,—{1} there would be (exp(p;a;+---+pray))™ = exp(mpya;+---+mpyay) = 1
whence mpa, + --- + mpia, = const for some m € N. This is impossible by
(iiip) .

(in4+1) Suppose the contrary. Let a;, ..., a; be distinct elements of A4, —
{1}, p1,...,px € R, — {0}, and exp(pia; +--- + pxax) = f € Ruyy. Let
f =aqb +---+qb +r, where by, ..., b are distinct elements of A4, —
{1}, ¢1,...,9 € R, —{0},r € R,. Then f" = Gby +---+ b +r', where
gi,---> 4 € Ry — {0}, g; = q; + (bj/b;), and r' € R,. On the other hand,
f'= (exp(mai+---+prar)) = (p1ar+---+pay)' f = (Prai+- - -+Pray) f, where
Pis..., P € Ry —{0}. (By (i,) each pja; # const and so (p; +aj/a;)a; #0,
pj = pj+a;/aj # 0.) Thus (pra; + - + prax) - (@b + -+ + @by + 1) =
Giby +---+gby +r'. The multiplication in the left-hand side yields -, suc, =
25‘:1 gjbj +r', where each ¢, € A, is the product of an element of {a;}*_, be
an element of {1}U{b; }5'=1 and {s,}, are the corresponding coefficients. Since
Ay is an Abelian torsion-free group, it can be linearly ordered (see [4]), and one
can assume that @, > --- > @ . Let b* be the maximum of {b;}/_, if r =0

and the maximum of {1}uU {bj}§=1 if r # 0. Similarly, let b, be the minimum
of {bj}§-=l if r =0 and the minimum of {1} U {bj}5'=1 if r# 0. Then at least
one of ¢* = a;b* and ¢, = a;b, occurs with a nonzero coefficient in 3° s,c,

without occurring in Zﬁ.:] Gjb; + r' - 1. The latter contradicts (iii,) .

(iin41) Suppose the contrary. Let a € A, — {1}, f, g € R,;y — {0},
and fa = g. Denote A =ind(g), 4 > 0. Without loss of generality one can
assume that pa # g whenever p,q € R,,; — {0} and ind(gq) <A. If A =1
then g € & and (1/a) = f/g € R,4, contradicting (i,4+;). Let A > 1. Then
either there exists a p € & such that ind((gp)’) < ind(g) and (gp) # O
with ((fp) + (a’/a))a = (gp)’, contradicting the choice of A, or there exists a
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b € A, for some k < n such that ind(gb) < ind(g) with (fb)a = gb, again
contradicting the choice of 4.

(ili,4;) Suppose the contrary. Take the minimal / for which there exist
distinct a;, ..., a € Apyy — {1} and fi, ..., f; € (the field of quotients of
R, —{0}) such that fia; +---+ fia; € R,. Then [ > 1 by (ii4;). Denote
qg = fiay+---+ fia;. Then g # 0, for otherwise there would be fi(a;/a;) +

-+ fi_1(aj—1/a;) = —f;, contradicting the minimality of /. Without loss of
generality one can assume that g = 1. By differentiating

!
Z fi + fila;/a;))a; =0

j=1

and hence

-1

(fj + filaj/ap)aj/a)) = =(ff + filar/ap)) .

1

J
Each
fi+ fiaj/a)) = (fia;) /a; #0,

for otherwise there would be fja; = const with a; € (the field of quotients of
R,+1), contradicting (ii,4;). The above identity for {a; ﬁ;} contradicts the

minimality of /.

4.3. Few-valued functions as bases for exponentiation. As was already men-
tioned, in order to have precise results one has to present all germs considered
in a certain form. The common way to keep track of how some entity was con-
structed is the “proof-theoretic tree”. However the logicians’ proof-theoretic
“trees” are not exactly trees in graph theory terminology: when some entity is
used more than once in further construction, several edges can have the same
tail vertex. So, we consider finite acyclic!* oriented graphs (without multiple
edges) with some complex-analytic gear attached to them.

Let E be a set of directed edges on a set T of vertices. For ¢ € E denote
by &, the head of ¢ and by &°* the tail of ¢ (all edges are directed downward).
A vertex t € T will be called a source of (T, E) if t #¢, forall e € E, and
asink of (T, E) if t#¢°* forall e F. '

Let V' be a connected complex-analytic manifold; fix a point £ € V. Let &
be a class of germs (of “few-valued” functions). We shall consider the cases of
@ being A, M, P, , and so we assume below that # N is always an
algebra over C.

Definition. A (V, £, &)-system is a quadruple (T, E, b, ¢), where (T, E) is
a finite acyclic oriented graph and b: E — %, ¢: T — 7% aresuch that % ¢ &
foreach e € F and ¢, €& foreach teT.

A couple of (V, &, &)-systems are:

14A sequence ¢;, ..., &ém of edges in an oriented graph is called a cycle if the head vertex of
&m is the tail vertex of ¢, and for each j, 1 < j < m, the head vertex of ¢; is the tail vertex of
€j41 - An oriented graph is called acyclic if it contains no cycle.
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Cq Cq1 C42
b
; baz : ' b3z
Ca1 Caz C31 a2 C33
C33
b22 b22
b1 b3 bx b3
C22
C21
C2
b b biz
(a) < (b) [

Fora (V,¢,&)-system (T, E,b,c) assignagerm g € # toeach reT
inductively as follows. If ¢ is a source of (T, E) thenput g, =c¢,. If ¢ is
not a source and all g.. for ¢ = ¢t are already determined then put g =
Ct - exp(D_{be&es e = 1}) .

For the (V, &, &)-systems shown above (denote by a the sink of (a) and
by g the sink of (b))

& =c1- ()2,
and . .
g=c - (fip)e (o) (frp) R B U (flz)czz-(fm‘n ;

where each f; is e? .

One can see immediately that these germs g, are exactly of the kind referred
to in Theorems 1, 2, 3 of §4.1: for any finite family of germs {4, };":0 mentioned
in those theorems one can find a (U, {, &)-system

(T,E,b,c),
where @ is # or P or & respectively, with {t;}7Ly the sinks of (T, E),
such that g, = h; for each j. For example,

1
*(f3)°42 % f57)32

(‘ . C,
C e (f“)021°(f21)(3'°"f3" . (flz)cn.(f”)(” (f33)°43

is presented by the following (V', &, &)-system

Cq1 C42 €43
bz
by b
C C33
a1 32
b,
bx ba3
C22
€21
bi b2

Cy

where each b, is log f>.
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The following is an analogue of the conditions “{1}U{the exponents} linearly
independent over Q” in Examples 5, 6 of §3.2.

Definition (for & C & only). A (V,¢&, &@)-system (T, E, b, ¢) will be called
proper if the following conditions are satisfied:

(1) If ¢ is a source but not a sink then ¢, is not a rational constant.

(ii) For each ¢ € E either b, = 1 or b, ¢ £, and only the latter holds
when &* is a source.

(iii) The set {1} U{g.|es =t} is linearly independent over Q forall € T.

The meaning of these conditions can be seen from the following remark and
its proof.

Remark 1. Let &€ be # or & . Then for every family {hj}lo C Uney Bn
(in the notation of Theorems 1 and 2 of §4.1) there exists a proper (U, {, &)-
system (T, E, b, c) with {;}7., the sinks of (T, E) satisfying g, = h; for
each j.

Proof. For condition (i) above: if f = e® € & has to be raised to a rational
constant power g = ¢o - 1 then f7 € &, and one can change c,, to ¢, f9 and
drop the edge ¢ from (T, E). For condition (ii) above in the general case:
if b, € & then one can change ¢, to c. - b, and change b, to 1 thereby
making (T, E, b, ¢) somewhat simpler. In the case of ¢ = ¢* being a source
in condition (ii) above: if b, € € then one can change ¢, to c, - e“% and
drop the edge ¢ from (T, E). For condition (iii) above: if {g;}7_, is an
enumeration of {e|e, = 1}, each u; = (¢;)*, and g,, = ro + Z;:,' rjgu; Wwith
some ro, ..., ',—1 € Q then one can change ¢, to ¢ - exp(robe,), change b
to b, +rjb,, for 1 < j < n,and drop the edge ¢, from (T, E).

We consider first the case when all bases for exponentiation occurring have
no singularities (zeros, poles or branching points) at all. A (V, &, &)-system
(T, E, b, c) will be called nonsingular if all {b,}.cg and {c };er can be an-
alytically continued as holomorphic germs along every loop in (V,&). The
general case will be reduced (soon) to the nonsingular case.

The following result is a further analogue of Corollary 2 of §1.3 (which is an
immediate corollary of the Hiromi-Ozawa lemma) and an improvement of the
linear independence results of §3.2.

Theorem 2. Let (T, E, b, c) be a proper nonsingular (V , &, P)-system, let
t,...,u be the sinks of (T, E) with none of them being a source of (T, E).
Then either g, +---+g,=0 or g +---+ gy is nonperiodic with respect to some
loop in m\(V ,&).

Proof. Let G = {o € n(V, &)| the analytic continuation along ¢ leaves intact
all e> and ¢,}. Then G is a subgroup of #;(V, &) and for any A € ny(V, &)
there exists an # € N such that A" € G. Consider

Ve = %(the increment of b, along a loop),




DETECTING ALGEBRAIC DEPENDENCE OF EXPLICITLY PRESENTED FUNCTIONS 57

for ¢ € E. Then {v;}, are homomorphisms G — Z. Let y € G be such that
for the subgroup I' C G generated by y, for every subset J C E the rank of
{Ve}ees : G — Z7 coincides with the rank of {ve|r}ecs : I — Z7. We shall
show that if g, + --- + g, is not identically zero then it is nonperiodic with
respect to y.

Let A: (S', 1) = (V, &) realize y. In view of Lemma 1 of §2.1 one can
assume that A is real analytic and one can assume without loss of generality
that {1} U {g. o A|es = 7} are linearly independent over Q forall 7 € T. By
Lemma 2 of §2.1 one can continue A analytically to a holomorphic mapping u:
(the annulus 1 -a < |z] < 14+ a) — V for sufficiently small o € R, . Consider
the strip W = {w € C|log(l —a) < 2nimw < log(1 +a)}. Then poe?™ ™ isa
1-periodic holomorphic mapping W — V. We are going to apply Proposition
2 of §4.2.

Put =& (W) and & = {f € Z|f is n-periodic for some n € N}. Since
b, ¢ & for at least one ¢ € E, one has " # 1 forall n € N, and I" can be
regarded as a copy of Z. Then to each v, there corresponds m, € Z such that
ve(a) = ma, each c,opoe?™™ ¢ F  and b, o po e = maw + f,, where
fe€F ,and f, =1 whenever m, = 0. Further,

gto'uerm'w=Ctolu06,2niw€g’_{0}

for 7 a source of (T, E) and
groftoe™ = (¢, o0 poe?™) . exp (Z{(mgw + £3) + (g 0 pho €3 |, = ‘r})

for 7 not a source of (T, E). The former factor c; o s o e2*¥ above belongs
to & — {0} ; consider the latter factor:

exp (Z{(mew + 1) (geo 0 o €2MW)|e, = T}) .
It is equal to

exp (Z{fe - (g oo e®™™)|e, =7 and &° is a source})
X €Xp (Z{mgw (g oo ez’”w)|g, = r})

X exp (E{fe - (es o po e*™)|g, = T and &® is not a source}) ,

where the first factor belongs to .# — {0} ; denote by g, the product of the
latter two factors. We shall show that in the notation of Proposition 2 of §4.2
g. belongs to (the multiplicative group generated by (J, 4,) — {1} for each
nonsource 1€ T .

Proceed by induction on 7. If &* is a source for each ¢ with & = 7 then
8ee = Ce» and ¢, = exp(3{m.w + (ceo o p 0 €2™%)|gy = 1}), Where all m, # 0.
The latter function belongs to Ay — {1} (since {1} U {c.e|es = 7} is linearly
independent over Q on A(S!) c V). Consider the general case. Denote by
C, the multiplicative group generated by (# — {0}) U (U, 4;) for k € No.
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Let N = max{k|ge o st o e*™ ¥ = ap for some a € 4, — {1}, p € C,, and
¢ € E with ¢, = 1} (assume max@ = —oc). If N = —oc then ¢* is a
source for each ¢ with ¢, = t. For each n > 0 let J, = {¢les = 7 and
gee o oeX™ = gp forsome a € A, — {1}, p € C,}. Let goopuoe’™™ =aqa,p,
with a, € 4, — {1}, p. € C, for ¢ € J,. In view of Proposition 2 of §4.2 it
suffices to show that > {(m.w + f;) - p.acle € Jo} # 0. If m; # 0 for some
¢ € J, then Y {msps|0 € Ju,as = a;} # 0 (by the linear independence of
{Pe@c}ecs,) and this implies the result. If m, =0 for all ¢ € J, then f; =1
forall e€ J,, n>0,and > {p.a.le € J,} # 0 implies the result.

Corollary 3. Let (T, E, b, c) be a proper (V, &, P)-system, let t, ..., u be
the sinks of (T, E) with none of them a source of (T, E). If g+ -+ gy Is
not identically zero then g+ -+ g, ¢ & .

Proof. Take an exceptional set K C V', £ ¢ K, such that (T, E,b,c) isa
nonsingular (V - K, ¢, &)-system and apply Theorem 2.

Now we are ready to prove Theorems 1 and 2 of §4.1. In the notation of
those theorems, suppose the contrary: there existsan m € N and hg, ..., h, €
Upe; Bx such that {h;}; are linearly dependent over .#; N A (U) or over
MNP (U) but pairwise noncollinear over .#; N A (U) or (respectively) over
MNP (U). Take the minimal such m. Without loss of generality one can
assume that A, = 1, and then one can assume that sy + --- + h,,_; belongs
to M, N A (U)— {0} or (respectively) to .# NP (U)— {0} with h; ¢ A (U)
or respectively h; ¢ P(U) for 0 < j < m. Let (T, E, b, c) be a proper
(U, ¢, P)-system with {t;}7' the sinks of (T, E) and such that g, = h;
for 0 < j < m; see Remark 1. Since h; ¢ M (U) (respectively hj ¢ #(U))
each ¢; is not a source of (T, E). Since g, + -+ &,_, € &, Theorem 2
implies g, +---+&,_,=0and ho+---+hpn_1 =0.

Now we shall hint at how Theorem 3 of §4.1 is proved.

Definition. A (V, &, &/ )-system (T, E, b, c) will be called proper if the fol-
lowing conditions are satisfied.

(i) If ¢ is a source then ¢, is not a real constant.

(ii) For each ¢ € E either b, = 1 or b, ¢ &, and only the latter holds
when &°* is a source.

(iii) The set {1} U{g.|¢s =t} is linearly independent over R forall 1€ T.

This properness definition differs from the definition of properness of
(V, &, @)-systems for & = # , #,P by the replacement of Q by R. In
analogy with Remark 1 above, there is

Remark 4. For every family {h;}7., C Us=, B» in the notation of Theorem 3
of §4.1 there exists a proper (U, {, & )-system (T, E, b, c) with {; Mo the
sinks of (T, E) satisfying g, = h; for each ;.

The next result is an analogue of Theorem 2 and Corollary 3 (recall that &/
is the class of almost periodically multivalued functions).

Theorem 5. Let (T, E, b, c) be a proper (V ,&, )-system, let t, ..., u be
the sinks of (T, E) with none of them a source of (T, E). Then either g +
o+ gu=0o0r g+ +g ¢ Y.
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For the lack of time we do not present the proof. The lemmas used are those
of §3.1, the argument theorem for almost periodic functions (see [28]), and
Proposition 2 of §4.2 as applied to example (iii) there.

Now, Theorem 3 of §4.1 can be derived from Theorem 5 in the same way as
Theorems 1 and 2 of §4.1 were derived from Corollary 3.

4.4. An application to Tarski’s high school algebra problem: proof of the Henson-
Rubel conjecture. Recall that the Schanuel class £ = {z € L| if a® occurs as a
subterm of ¢ then a contains no variables}, and the Levitz class A = {t € L|
if a® occurs as a subterm of ¢ then either a is a variable or a contains no
variables}. Put .4 =X and %5 = A. For each n € N put ., = the closure
of #_1uU{abla € ,b € ¥%_,} under addition and multiplication in L,
and .%, = the closure of .%,_; U {a’la € A, b € %_,} under addition and
multiplication in L. Then

=% cCc A Cc B Cc KB C
n n N n
A=K c H ¢ KB c B -y,

and as in §3.3 one can see that not only all inclusions shown are strict, but even
L L1 —Uieg 7% # @ foreach neN.

The +-primes and the (+, -)-primes of X, A, FA, A were described in
§§1.4 and 3.3.'3 In this subsection we provide a similar description (as outlined
in §1.2) of the arithmetic structure of ., and .%, for all n. This description
will imply the Tarski conjecture for & = |J;2,% = {t € L| if a® occurs as
a subterm of ¢ then a € A} (this class is much larger than 1= {t € L| if a®
occurs as a subterm of ¢ then a is a polynomial} about which C. W. Henson
and L. A. Rubel asked in [19]).

Clearly, every +-prime in %, n > 0, can be presented in the form

(a monic monomial)
x H(a monomial, # 1); 1 (a +-prime € %_;, # 1);

1

x [ ](a function € I - {1} with content = 1);
J
T(a +-prime € &1, # 1);,

where []; or ] j (or both) may be empty, in each of those products all expo-
nents occurring are distinct.

Proposition 1. For every n € N :

(i) Let p, p' € %, possess representations of the form (V,). If p /p’ = const
then p = p' and their (V,) representations coincide up to a permutation of
factors.

(ii,) Let {fi}x C F possess representations of the form (V,). If f; # fim
Jor | # m then {f}« is linearly independent over R.

(iii,) The $-primes of %, remain $-prime in .7, for $ € {+, }.

I5Recall that the (+, -)-primfs of A (and of ¥ in particular) are algebraicaﬂly independent,
and the content of functions in A is taken with respect to the (+, +)-primes of A.
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An immediate consequence of (ii,) is that the +-primes of %, are precisely
the functions which can be presented in the form (9©,). Indeed, let f have
representation of the form (V,). If f =g+ h and g, h € 5, then upon
a decomposition of g and # into sums of functions of the form (9¥,) one
has f = (a sum of several functions of the (9,)-form). But this identity
is a nontrivial linear relation between functions in the (©,)-form, which is
impossible by (ii,).

Proof. Proceed by joint induction on n together with the following auxiliary
statement. L

(ay) For every [ € &, possessing a representation of the form (Q,) there
exists a proper (C™, 1,7 )-system (T, E,b,c) (where m = the number of
variables involved, and 1 — C™ has all coordinates = 1) with unique sink t of
(T, E) such that f =g, ¢, isa +-prime of X, and ¢, is a +-prime of T for
each source t© of (T, E).

The case n =1 is contained in §3.3. Consider the induction step. In order
to prove (a,4;) and (iny), for each p,p’ € 1 and possessing (V,,)
representations, we shall construct a (C™, 1, # )-system (T, E,b,c) in a
certain way.

Let p = u-TL(ai 1 8:)-T1(7j 16;) and p' = &' Tl (e 1 B) - T (7 18)
according to (©,,;). Let {ni}x be a list without repetitions of the elements
of {B:}iU{d;};, and {m. }i be a list without repetitions of the elements of
{Bi:}i» U{d}:}; . In the representation of p unite (a; T B;) with (y; 1J;) into
((@iBj) 1 nk) whenever B; =d; = 1, and do the same for p’. Then

() p=u-[[%1m) and p'=p -T[(& 170,
k kr
where
_ _ aj if’?k=ﬂi, _ yj lf"lkza_’,
Sk = Sk S = { 1  otherwise, O = { 1 otherwise,

and the {;, are defined similarly, and in each of [], and [],, all exponents
occurring are distinct. Note for (i,.;): to establish the coincidence of the
(©,.41) representations of p and p’ it suffices to establish the coincidence of
their representations in (x). Let {p;}; be a list without repetitions of the
elements of {m}x U {m. }i . Put

_if p; = n; then {; else 1
Vi=ir pr = n,, then {, else 1’

for each /. Then
(+%) p/p' = (u/w)-[[(wi 1 o),

/

where {p;}, are distinct +-primes of % and each y; isa quotient of functions
of the form (a monomial) - (a function € £ with content = 1). Drop from [],
the factors with bases = 1. Note for (i,,;): it means dropping the coinciding
factors from the (x) representations of p and p’. Note for (a,.;): in case
p’' =1 the expression (x*) is still the (x) representation of p’. Denote ¢ =
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(u/u) - TIH{(wi 1 p1)lyy = const and p; € 3} ; then o is a quotient of +-primes
of ¥ and

(% %) plo' =a-T]witm),
!

where []; ranges over the [], factors of (++) not incorporated into ¢ . In (x*x)
each remaining y; either is a constant (then p; ¢ ) or has a zero or a pole
in C™; see Corollary 6 of §1.4. Note for (i,4;): to establish the coincidence
of the (x) representations of p and p’ it suffices to show that ¢ =1 and [],
is empty in (* * x), see Proposition 1 of §1.4. Note for (a,,;): in case p’ =1
in the expression (x **) ¢ isa +-prime of X.

For each (y; 1 p;) shown in (xxx) let (T}, E;, b;, ¢;) be a proper (C™, T,
#)-system with ¢; the unique sink of (7;, E;) and p; = g,. (By (a,), such
(cm, 1,# )-systems do exist.) Now construct (T, E, b, c) as follows. Put
T = the disjoint union of T;’s and {t}, where ¢ is an extra vector. Put E =
the disjoint union of E;’s and the set of extra edges from ¢,’sto ¢. Let e € E.
If ¢ belongs to some E; then put b, equalto (b)), . If ¢ is an edge from some
t; to t then put

1 if y; = const,
° { logy; otherwise.
Let teT. For t=t put ¢, =0. If 7 belongs to some 7; — {¢;} then put ¢,
equal to (¢;);. For 7 being one of {¢;}, put

_ { logy; - (¢;)y, if y; = const,
“T (), otherwise .
Thus (T, E, b, c) is constructed. Note that g, retains its value from
(Ti, Et, by s ),

when y; # const and is multiplied by logy, otherwise.

Obviously, p/p’ = g and (T, E,b,c) isa (C", 1, #)-system in case
p' = 1. Let us show that (T, E, b, c¢) is proper. The properness conditions
need to be checked only at the edges from ¢#,’s to ¢ and at the vertex ¢. By
Corollary 6 of §1.4 each remaining y; is either a constant (and then b, = 1 for
the ¢ from ¢, to t) or possesses a zero or a pole on C™ (and then b, ¢ &
for the ¢ from ¢; to ¢). Besides, if b, =1 for an ¢ from some ¢, to ¢, then
p1 ¢ X (for otherwise (¥; T p;) would be incorporated into &) and hence
that vertex ¢; is not a source. This shows that condition (ii) of the definition
of properness holds. Consider {gg},,-,. Since each g; in this family is (a
nonzero real constant) -p; and distinct +-primes {1}U{p;}; of .%, are linearly
independent over R by (ii,), the family {1} U{g,}; is linearly independent.
This shows that condition (iii) of the definition of properness holds.

For p’ =1 the above construction and argument already establish (a,,;).

(ing1) If p/p’ = const then by Corollary 3 of §4.3 the sink ¢ of (T, F)
in the (C™, i,.# )-system constructed above is a source of (7', E). This is
possible only if T = {t} and E = o, ie., when []; in (x x ) is empty.
Consequently p/p’ is a quotient of +-primes of T and those factors of their
() representations which are not of the (©y)-form coincide up to a permutation
of indices. Then Proposition 1 of §1.4 implies the result.
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(iipe1) Let {fid, C F+1 possess representations of the form (V,.).
Suppose that {f;}, are linearly dependent over R but every proper subfamily
of {fi}x is not. Let {i;}; be nonzero constants such that Y ;" (A fi = 0.
Consider b = fi/fo for 1 < k < m; then Ao+ Yy, Al = 0. For each
hi let (Ty, Ex, b, cc) be a proper (C/, i,# )-system as described in the
beginning of the proof. The disjoint union of the (7}, E, by, cx)’s is then a
proper (C!, 1,# )-system with {#;}, the sinks of (T, E) and Ay = g, for
each k. From Ao+ Y /., 4&&, = 0 by Corollary 3 of §4.3 it follows that
>-{Ak&: |tk is not a source of (T}, Ex)} = 0. Since every proper subfamily of
{1} U {ht}« 1is linearly independent, the latter identity implies that each ¢ is
a source and each 4, is a quotient of +-primes of . Now Proposition 1 of
§1.4 implies the result.

(iiip41) By {(ilig)}x<n, the (Ok) representations of functions from % can
be regarded as the (©,,,) representations of those functions for £ < n. In
view of (in+1) and (ii,4;) this implies (iii,, +). Let f = Y, f; (perhaps
with only one summand) with each f; of the form (©,) and f =[], g; , where
each g; =Y, gjx (perhaps with only one summand) with each gj, of the form
(On+1) . Then [I; g5 = 3 I1; 8, k(;) » where 3 p runs over functions {the j-
indices} — {the k-indices} such that K(j) is one of the k’s for which the gj;’s
were present (for each j). By {(iiix, +)}x<» and (iis+1), each J]; g; k(;) isa
+-prime of %, and hence, by (iiin,), is one of {fi}i. In the (V,;;)-form
of each []; g;, k(j) the exponents occurring are exactly those which occurred in
the (©,41)-forms of {gjk}; x. By (in41), then all exponents occurring in the
(Vny1) representations of {gi}; x belongto % i, ie., all gy €.

Corollary 2. Each function in ¥ = U;,“;O;?i, can be uniquely decomposed into
a sum of functions of the form

(a monic monomial)
X H(a monomial, # 1); 1 (a +-prime € Kz #1);
i
©) . = .
x H(a Sfunction € X — {1} with content =1);
J

1 (a +-prime € &, #1);,
where []; or []; (or both) may be empty, in each of those products all exponents
occurring are distinct, and the content is taken with respect to the (+, -)-primes
of X. Distinct +-primes of & are linearly independent over R. The +-primes
of &£ are: \U,{the + -primes of ,} = {the functions which can be presented
in the form (V)}, the multiplicative primes of . are: |J,{the multiplicative
primes of %} .

One can ask for a description of the multiplicative primes of .. The multi-
plicative primes are always more difficult to describe than the +-primes. In the
trivial case, of N, the set of +-primesis {1} but the set of multiplicative primes
is rather complicated. In an easy case of N[x] the set of +-primesis {x”}2,,
but there is no easy description of the set of multiplicative primes. Instead of
describing the multiplicative primes of ., we provide an algebraic description
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of % which explains the difficulties involved. Denote by P the multiplicative
semigroup of elements of X having content 1. For each +-prime f of .
let P; be the copy of P (corresponding to functions of the form p/,peP).
Now, . when considered as a semiring (i.e., with operations +, - only) is
isomorphic to the semigroup semiring (&, Py).

Clearly, every f € %, is a sum of +-primes of .%, and every +-prime in
%, can be presented in the form

(a monic monomial)
x H(a monomial, # 1); 1 (a +-prime € Z,_;, #1);

1

x [](a function € A — {1} with content = 1),
J

T (a +-prime € Z_;, #1);,

where []; or [] j (or both) may be empty, in each of these products all expo-
nents occurring are distinct, and the content is taken with respect to the (+, -)-
primes of A. The uniqueness of these presentations is proved by reduction to
that of (©,) with the transformation y described in §1.4.

Proposition 3. For every n € N,

(ix) x{the +-primes of &} C {the +-primes of %} and y{the (+,-)-primes
on} C {the (+, -)-primes on}.

(ii,) Let f, g € Z, possess representations of the form (&) . If f /g = const
then f = g and their (&,) representations coincide up to a permutation of
factors.

(iiiy) Let {fi}x C L, possess representations of the form (&,). If fi # fm
for | # m then {fi}y is linearly independent over R.

(iv,) The $-primes of Z,_, remain $-prime in Z,, the $-primes of %,
remain $-prime in %, for $ € {+,-}.

Again, an immediate consequence of (ii,) and (iii,) is that the +-primes
of %, are precisely the functions which can be presented in the form ().
The proof is almost identical to that of Proposition 3 of §3.3.

Proof. It suffices to prove the following auxiliary statement

(an) x (every (&y)-form) can be presented by a (9,)-form without the “monic
monomial” factor, and in such a way that the (Q,)-forms corresponding to
x (distinct (&y)-forms) are distinct.

Proceed by induction on n. The cases » = 0 and n = 1 are contained in
Corollary 4 of §1.4 and Proposition 3 of §3.3. Consider the induction step.

Let p=p-[[j(ci T Bi)- Hj(yj 1d;) according to (d,4;). Let u = x° and
a; = m;x", where x = {x;}, is the family of the variables occurring, m; € N,
and s, {¢;}; are multi-indices. Then

x(w) = [J{(ax)™Ise # 0},

and

x(@i 1 Bi) = (mi)a#) - TTH(b, )™ 8k with 1, 1 # 0},
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where a; = 2% and b; , = 2.« . By Proposition 3 of §1.4 all x(y;) € T-{1}
and have content = 1_,and by the induction assumption {x(d;)}; are # 1
distinct +-primes of %, . Thus

[T 1 206))

J
forms the [];-part of the (9,,,) representation of x(p). The “monic mono-
mial” factor in the (©,,,) representation of y(p) will be trivial. To check
that

x(u-ﬂ(amﬂi))
= [T€(@) ™ Ise # 0} - [T{(mi) ¥ B \m; # 1} - TT{(bi k) *#)t; . # 0}

does form the [];-part of the (©,.,) representation of x(p) it suffices to show
that the elements of

e U{x(Bi)}i U {xi - x(Bi)}i &

are distinct +-primes of .%,,;. Their +-primeness is guaranteed by the in-
duction assumption. Each x; consists of the “monic monomial” factor only
in its (9,,;) representation, each x(f;) is # 1 and has the trivial “monic
monomial” factor in its (©,,,) representation, each x; - x(f;) has the “monic
monomial” factor x; and at least one of [];, []; nontrivial inits (Vny) rep-
resentation. By Proposition 1 then the sets {x;}x, {x(Bi)}i, {xx - x(Bi)}; are
disjoint. The x(f;) are distinct because the B, are. If x; - x(Bi) = xpr + x(Bir)
then k = k' since their “monic monomial” parts must coincide and hence
x(Bi)=x(B),i=1".

Consider also p' =y’ - [ (a} 1 B}) - I1;: (¥} 1 8},) according to (1) . If
the ]'];., part of this representation of p’ differs from the [] ; partof p, say,

(ap, Br) ¢ {(ais B)}is

then the similar difference

(x(a), x(B) & {(x(ei), x(Bi)}i

will occur between the (©,,,) representations of y(p) and x(p’) constructed
above. Suppose that the []-parts of the (©,,,) representations of x(p) and
x(p") coincide. Then

{ache U{x(Bi)}i U {xic - x(Bi)}i «
and
{ b U {x(Bin) }ir U {xier - X (Bi) i i

are the same set of +-primes of .%, . The comparison of the “monic monomial”
parts of their (¥,) representations (as above) shows that {x;};, = {xk}x,

{x(B)}i = {x(Bi)}ir, and {xic - x(Bi)}ik = {xkr - x(Bii)}ir ko . Consequently

there is a bijection ¢ from the i-indices into the i -mdlces such that Ba(,

Bi. The comparison of the bases in the factors with exponents belonging to
{x(Bi)}i of the [], parts of the (¥,,) representations of x(p) and x(p")
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shows then that m;(i) =m;. Since xi - x(Bi) = x4 - x(B},) implies k = k' and
Bi = B} (still by the comparison of the “monic monomial” parts of their (9,)
representations), the multi-indices corresponding to the monomials mentioned
in the (d,.;) representations of p and p’ also coincide: s = s, t;(i) =t.
Thus the [];-parts of x(p), x(p’) tell whether p = p’ or not. The identity
p = p' holds iff x(p) = x(p’) and there exists a bijection o: {j}; — {j'};

such that x(y;) = x(v5(;))» x(6;) = 2(J;;)) - Then y; = y,(;y and J; = Jy(j) -

Corollary 4. Each function in &£ = UE‘;OZ can be uniquely decomposed into
a sum of functions of the form

(a monic monomial)
x H(a monomial, #1); 1 (a +-prime € Z,# 1),

1
x [[(a function € A - {1} with content = 1);

J
1(a +-prime € 2, #1);,
where []; or [] ; (or both) may be empty, in each of these products all exponents
occurring are distinct, and th_e_ content is taken with respect to the (+, -)-primes
of A. Distinct +-primes of £ are linearly independent over R. The +-primes
of & are: |J,{the + -primes of %} = {the functions which can be presented
in the form (&)}, the multiplicative primes of & are: |J,{the multiplicative
primes of %,}. The +-primes (&e multiplicative primes) of . are +-prime
(resp. multiplicatively prime) in & .

Proposition 5. Tarski’s conjecture holds on &£, ie, if t, ue€ ¥ and 1t =7u
then I Ft=u.

Proof. 1t is easy to see that for all n each t € .%, is J -equivalent to a single
term or to a sum of terms in .%, having the form (&,) sans overlining,

(#) a-[Ji1p)-I](ci 1)),
J J

where
a is a monic monomial, i.e., either 1 or a product of variables,
each b; is a monomial, i.g, either a constant or (a constant) x (a
product of variables), and b; # 1,
Di € Zhax(0,n—1)> D; is @ +-prime of Fay0,n-1y, D; # 1 for each i,
and p; #p; for i #1,
(“II;...” may be empty),

and in case n >0 (otherwise “I];...” is absent),

c; €A, T; hascontent 1 in A, and ¢ # | for each j,

g; € Z,_1,3; isa +-prime of £,_,, q; # | foreach j,and g; #q;
for j#J',

(“Hj ...” may be empty).

To prove that for each n, ¢, u € %, the functional identity 7 = % implies
t =5 u proceed by induction on n. The induction base » = 0 is proved in
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§1.4. Consider the induction step n — 1 — n. Let t =5 ¢/ and u =5 ¥,
where ¢ and u' are sums of (#) terms. By Corollary 4 the summands of ¢
and ' are in a bijective correspondence such that the functions determined
by the corresponding summands coincide. Thus it suffices to consider the case
of ¢, u' consisting of only one (#) term each. Then, by Corollary 4, the
factors in ¢ and ' are in a bijective correspondence such that in each pair of
the corresponding factors of # and u’ the bases determine the same function
and the exponents determine the same function. Since those bases are in A
and those exponents are in .%,_;, the induction assumption implies that the
corresponding bases are 7 -equivalent and the corresponding exponents are
J -equivalent.
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