TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 336, Number 1, March 1993

REYE CONSTRUCTIONS
FOR NODAL ENRIQUES SURFACES

A. CONTE AND A. VERRA

ABSTRACT. A classical Reye congruence X is an Enriques surface of rational
equivalence class (3, 7) in the grassmannian G(1, 3) of lines of P3. X is
the locus of lines of P3 which are included in two quadrics of W = web of
quadrics. A generalization to G(1, ¢) is given (1) for each ¢ > 2 there exist
Enriques surfaces X of class (¢, 3t — 2) in G(1,t), (2) the determinant of
the dual of the universal bundle on X is @x(2E+R+Ky), with E = isolated
elliptic curve, R2 = -2, E+R =1t, (3) X parameterizes lines of P! which
are included in a codimension 2 subsystem of W, W = linear system of
quadrics of dimension (). The paper includes a description of the variety of
trisecant lines to a smooth Enriques surface of degree 10 in P5.

1. INTRODUCTION AND PRELIMINARIES
Let X be an Enriques surface over C,
L = Num(X)
the group of its numerical equivalence classes. As it is well known
L = Pic(X)/torsion = Z!°

and, as a lattice, it is isomorphic to the orthogonal direct sum Eg & H (where
H is a hyperbolic plane and Ej is defined as usual, cf. [10, p. 105]). In [10]
F. Cossec and I. Dolgachev have studied L in all details with the purpose of
describing projective models of X ; among them the so-called Fano models are
of particular interest. Let us give first their construction; one has [10]:

(1.1) L contains finitely many (modulo isometries) sets of isotropic vectors
{ey, ..., ep} such that

1
€i°€j=l—5ij, §Ze,~eL;

these sets always satisfy the following properties: let |C|, |C’| be the two linear
systems of numerical class %Zei , C — C' = Ky = canonical divisor of X,
then

(1.2) C?=10, pa(C)=6, dim|C|=35.
Assume |C| is irreducible, then
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(1.3) ¢¢ is a morphism of degree 1 and X = ¢¢(X) is normal with at most
rational double points;

(1.4) each divisor C satisfying (1.2), (1.3) is obtained as in (1.1).

For an isotropic vector e € L we will say that 2e corresponds to an ellip-
tic pencil if there exist (exactly) two curves E, E’ of class e and such that
|2E| = |2E'| is an elliptic pencil. Note that E — E’ ~ Ky and h°(@x(E)) =
h%(@x(E")) = 1; curves E, E' as above are said to be isolated elliptic curves
on X. Let C beasin (1.2), assume C is very ample then 2e¢; corresponds to
an elliptic pencil |2E;| = |E]|. Moreover:

(1.5) E;, E; are contained in Xc as plane cubics; there is no other such
curve in Xc¢.

The same holds for C’. By definition X¢ (X¢) is a Fano model; C (C')
a Fano polarization. We recall that, on a general X , each Fano polarization is
very ample and that C very ample < C’ very ample. To simply notations we
will write X instead of X when no confusion arises.

Now let us describe the contents of this paper: our first purpose was to
describe the variety Tris(X) of trisecant lines to a smooth Fano model X .
This is done in §§2 and 3: we show that, excluding one exceptional case, a line
L is trisecant to X if and only if L is trisecant to one of the twenty plane
cubics in X . The exception is the following: Tris(X) = P> blown up in twenty
points; X = X, where C' = C + Ky 1is a Reye polarization.

We recall that a Reye polarization C' is a special Fano polarization, the
special condition on it being

X¢ € G = smooth quadric of P,

If C’ is a Reye polarization we will call X a Reye congruence; the reason is
that G is the grassmannian of lines of P? and that, traditionally, surfaces in G
(i.e. two dimensional families of lines of P3) were called congruence of lines.

The main modern result on Reye congruences is the following: every Reye
congruence X is a nodal Enriques surface and, conversely, on every nodal X
admitting a very ample Fano polarization there exists a Reye polarization too
[8], [10, vol. II]. We recall that a nodal Enriques surface X contains by definition
a curve R of arithmetic genus 0 and such that h%(@g) = 1. Following [10]
we will say that R is an indecomposable nodal cycle. By [10, p. 25] a curve R
in X is an indecomposable nodal cycle iff it is a fundamental cycle of some
rational double point.

Since nodal Enriques surfaces have no general moduli it follows that, for a
general Enriques surface, there is no embedding in G as a Fano model. Because
of this remark, after the classification of Tris(X), we came on the following
kinds of questions:

Let L be a polarization on X satisfying (1.3), X. = ¢.(X), G, the Plucker
embedding of the grassmannian of lines of P’ ; when do we have

X, cP¥ngG,, r<< N?

(N =dim|L|), and what is the special feature of a projective model X, if X
is nodal?

To partially answer them we generalize the construction of Reye congruences
to projective models of higher degree L2 = 4f—2 > 10 (§§4 and 5):
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Assume the set
&.(t) = {E € Div(X)/E = isolated elliptic curve, E-L = t, h!(@x(L-2E)) = 0}
is not empty, then we show
(1.6) XrcGeL~2E+R+Ky;
where E € &.(t), R = indecomposable nodal cycle, E-R =1;
(1.7) as a surface in G;, X has rational equivalence class (¢, 3t — 2);

there exists a linear system W of quadrics of P! such that

(1.8) dim(W) = (;) and X; = {l € G,nP"/codim(W;, W) = 2}
with W, = {Q € W/l c Q}, PN = linear span of X in the Pliicker space of
G,.

The case ¢t = 3 gives Reye congruences and their classical construction by a
web of quadrics of P3. In view of this we define the projective model appearing
in (1.6) as a Reye congruence of index ¢. Then, in §6, we show that Reye
congruences of index ¢ exist for each ¢ > 3.

Of course an embedding of X in G, defines a rank 2 vector bundle on X:
the restriction to X; of the universal bundle of G,. Let &, be the dual of
such a bundle; by (1.6), (1.7) ¢;(&@))? = 4t — 2, ¢3(&;) = t; we can define &,
as a Reye bundle of index t¢. This relates our results to those obtained by I.
Dolgachev and I. Reider in [11]: there they study the case ¢ = 3 and show that
@3 is stable, (actually the unique stable rank2 vector bundle on X with Chern
class c,2 =10, ¢; = 3), and extremal i.e. without moduli. Moreover they are
interested in the following problem: to find other examples of rank2 vector
bundles & on an Enriques surface which are stable and extremal.

In this case, computing the dimension of the moduli space, & must satisfy
ci(&)? = 4t-2, (&) = t; therefore our Reye bundle &, seems to be a natural
candidate for further examples. During the completion of this paper we learned
that stable-extremal rank?2 vector bundles on X were described by Hoil Kim
in his Ph.D. thesis [15]. In particular he produces examples % of them with
c(F) =t, any t > 0. We mention that, applying his results to our situation,
it is possible to show that &, is stable-extremal too. Also, we have to mention
that the description of Tris(X) for a Fano model X is independently obtained
in [11] as a consequence of the study of global sections of &; .

Finally we wish to thank the referee for his help, especially in §6 where our
previous degeneration arguments were considerably simplified by his suggestion
of using Cremona transformations of P> and generic nodal Enriques surfaces.

2. TRISECANTS TO FANO MODELS

Let V' c P" be a smooth projective variety, L a line intersecting V' ; in the
following we will say that L is a trisecant line to V if the scheme V - L is zero
dimensional of length > 3; (hence, in particular, L is notin V).

Consider a smooth hyperplane section C = X N P* of a Fano model X ;
first we want to study the family Tris(C) of trisecant lines to C. By Berzolari
formulae [12] the expected number of trisecant lines to a smooth, irreducible
curve of genus g and degree d in P* is 1 = %(d —-4)(d-3)(d-2)-g(d-4),
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which gives ¢ = 20 in our case. Note that Z¢(1) = wc®n, with n = Gc(Kx) =
nontrivial order 2 element of Pic(C). On the other hand, for a general curve
D in P* of degree 10 and genus 6, @p(1) = wp ® n, with n = any degree
zero line bundle.

So C is a special element of its Hilbert scheme and, at least for this reason,
we need to analyze more in detail Tris(C). For this consider any curve C of
genus 6 embedded in P* by a very ample linear system wc ® n with n =
nontrivial order 2 element of Pic(C); let

C(3) = 3-symmetric product of C,
a: C(3) = Pic’(C) the Abel map,
W =a(C(3)),

W, = translation of W by n; then

(2.1)

(2.2) Proposition. Let d € C(3). There exists a trisecant line containing d if
and only if h°(n(d)) =1.

Proof. The condition d 1is contained in a trisecant line is equivalent to
h%(wc ® n(—d)) = 3. Since 7 is isomorphic to its dual 4%(wc ® n(-d)) =
h'(n(d)), (Serre duality). Finally, h'(n(d)) =3 & h%(n(d))=1.

(2.3) Corollary. d is contained in a trisecant line if and only if a(d) € WnW,.

Computing W - W, we obtain by Poincaré formulae W-W, = (8/3!)? = 20,
(8 = theta divisor in Pico(C )) . At this point we need a transversality condition
for W and W, in Pic%(C):

(2.4) Proposition. W and W, are transversal at a(d) if and only if h°(n(2d))
=1.

Proof. Since h°(n(d)) = 1 there exists a unique d’ € C(3) such that n =
Oc(d —d). By (2.2), (2.3) a(d') € Wn W, and h%(n(d")) = h%(@c(d)) =
1. Moreover, since wc ® n is very ample, Supp(d) N Supp(d’) = @ [10,
0.6]. Writing the derivative of Abel map as in [1, 4.1] one obtains the standard
identifications

(2.5) H(wc) = Tpico(c), aa) » H(wc(-d)) = Tw  a)
since the derivative of the translation by # is the identity, one has
(2.6) Tw, a@) = Tw @) = H(wc(=d")).

Since Supp(d) N Supp(d’) = @ we have H(wc(—d —d')) = Hwc(-d)) N
H%wc(—d")). Therefore, by Riemann-Roch and Serre duality,

(we(-d —d") =0 h'(n2d) =0 iO(n2d)) =1 W, W,
are transversal at a(d) (and also at (a(d’)).

Let us apply Proposition (2.4) to a smooth hyperplane section C =P*n X
of a smooth Fano model. Of course the 10 pairs E;, E] (i =1---10) of plane
cubic curves define 10 pairs L;, L} of trisecant lines to C and the divisors

di=E-C=L;-C, d=E.C=L.-C




REYE CONSTRUCTIONS 83

on C. Note that O¢(d!—d;) = Oc(Kx) = n, where wc®n = ¢(1). Therefore
we have
n(2d;) = Oc(E; + E}) = n(2d})
and the exact sequence
(2.8) 0— O@x(-C+E;+E])— Ox(Ei+E})— n(2d;) — 0.
Since h'(@x(E; + E})) =0 this gives the exact sequence
(2.9) 0— HYOx(Ei + E))) = H'(n(2d;)) = H'(@x(-C + E; + E)) = 0
with dim H%(@x(E; + E!)) = 1. Therefore we have shown

(2.10) Proposition. W and W, are transversal at a(d;), a(d]) if and only if
HY(@x(-C+E; +E!))=0.

The main point is now the following known result:

(2.11) Proposition. Let X be a smooth Fano model polarized by C, then
h'(@x(-C + E;+E!) =0 Vi=1---10 unless C + Kx is a Reye polariza-
tion.

Proof. Cf. [8] and the next section.

(2.12) Theorem. Let X be a smooth Fano model polarized by C, =;, n; be
the planes containing E;, E|; n} , n/* their dual planes. Assume C + Ky is not
a Reye polarization then

10

Tris(X) = | J(z; uz}").

i=1
Proof. Let L € Tris(X), by definition L is not in X so that there exists
a P* transversal to X and containing L. Let C = X NP*, [ a degree 3
divisor contained in the O-cycle L. C. Then a(l) € WnW, C PicO(C ).
By (2.4), (2.11) the scheme W - W, contains the points a(d;), a(d}), (i =
1.--10), as isolated components. Let Z be possibly some different excess
intersection component of W - W, . Let us show directly that Z = 0: consider
in C(3) x Pic’(C) the incidence correspondence I = {(d, &)/h%(&(d)) > 1}.
The projection p,: I — C(3) has fibre isomorphic to W, (vd € C(3)). Hence
I is irreducible, dim(/) = 6. The projection p,: I — PicO(C ) has fibre W -W;
over { (W: = W translated by ¢); moreover p, is surjective and deg(p,) =
W? = 20. Applying Stein factorization to p; it follows that the number of
connected components of p; ! (¢) = WNW; cannot exceed 20. Hence W-W, =
Y-(a(di) +a(d))), | =d; or d] for some i, L €n} or m}*.

(2.13) Remark. Take a smooth Fano model X satisfying the assumption of
Theorem 2.12, then a general point p of X is not contained in a trisecant
line to X . Hence projecting X from p one obtains a smooth Enriques surface
S c P* of degree 9 and sectional genus 6 which has been blown up in one
point. The existence of such an S was previously conjectured. A proof has
been recently given in [13] by using a different method.

3. TRISECANTS TO ADJOINTS TO REYE MODELS

To complete the results of the previous section we need to describe Tris(X¢)
in the case C + Ky = very ample Reye polarization. With this purpose we
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give an explicit projective construction for X- which essentially comes from
the results of [8, 10]. Nevertheless we present it as a special case of the more
general situation to be discussed in §4. Let

(3.1) V = vector space, dim(V)=t+1, P =P(V).
Consider the Segre product
(3.2) P xP CP®=P(V V)

(i.e. the projectivized set of indecomposable vectors of V' ® V') and the involu-
tion

(3.3) I: P xP - P x P!

induced by the linear map v; ® v, — v, Qv . Let Q*, Q~ be its eigenspaces,
they are generated respectively by vectors (v; ® v, + v, ® v;) and (v; @ vy —
v; ® v;). Hence, as usual, we identify Q*, 0~ to Sym? Vv, /\2 V by the iso-
morphisms (v; @ U3 + V2 ® v;) — 1102 and (V; ® V) — V2 QUy) — VU A V3.
Correspondingly we have in P® the projectivized eigenspaces

(3.4) Pt =P(Sym’V), P~ =P (/\2 V)

which are the set of fixed points of I, . We are interested in the linear projections
(3.5) p.: P® - Pt p_:P® - P~

respectively of centers P~ , P* ; restricting these projections to P! x P! we get
(3.6) p- & p <P B pt

with p,(v; ® ;) = v1v2, p-(V; ® V7) = v; Avy. Therefore

(3.7 p_(P'x P =G, pi(P'xP) =%,

with G, = Pliicker embedding of the grassmannian of lines of P!, X, = 2-
symmetric product of P*. Since p. is the quotient map P’ x P* — P! x P'/([,)
it turns out that Sing(X,) = p,(A), where A is the diagonal of P! x P’; it is
known that each point of Sing(X,) occurs with multiplicity 2¢ — 2. Finally
degZ, = 3(7).

Consider the case ¢ = 3, then P~ =P°, Pt =P? P® =P5. Let £ =33,
G = G3; fix any 5-dimensional projective space

(3.8) AcpPt
intersecting properly X along the reduced, irreducible surface of degree 10
(3.9) X=A-Z

Assume X is normal with at most rational double points, then

(3.10) Proposition. X isa Fano model. Let C be its polarization, then C+Ky
is a Reye polarization.

Proof. Since X has no point of multiplicity 4, Sing(Z)N X = @. Let X =
Dy '(X), then p,: X — X is an étale double covering and i = I, //\7 its associ-
ated fixed points free involution; moreover X is normal with at most rational
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double points. Note that X is a complete intersection in P3 x P3 of four hyper-
plane sections; by Bertini’s theorem this implies that X is connected and, since
it is normal, irreducible. Finally, by adjunction formula, X is a K3-surface.
Since i is fixed-point-free and X = X /{i), X is an Enriques surface and, by
(1.4), a Fano model.

Now consider the other projection p_: X P, p_(X’ ) is a Fano model of
X which is contained in G, hence a Reye congruence. Let C’ be its polariza-
tion: clearly C ~ C’; on the other hand the pull back of @x(C’' - C) to X is
trivial. Since, as an étale double covering of X, X is defined by Ox(Kx), it
follows C — C' ~ Kx .

(3.11) Lemma. Let Xc be a smooth Fano model,
(u,v) = (h'(Ox(Ei + E{ - C)), h'(@x(C' - 2E}))).
Then (u, v) must be one of the pairs (0, 0), (1, 0), (0, 1).

Proof. Let for instance u# > 0; applying Riemann Roch it follows that C’ —
E; - E; ~ R with R effective, p,(R) = 0. Consider the exact sequence

0 — H%Ox(-R)) — H*(x) — H%(Ok) — H'(@x(-R)) - 0,

by Serre duality v = A!(@x(—R)). Since R is a curve of degree 4 in the smooth
model X it is easy to check that v > 0 < R is not connected. Assume v > 0
then R= A4+ B with A, B effective, ANB =2. Since E;-(A+ B) =3 we
have E;-A4 or E;-B < 1. Hence the linear system |E;+ A+ B| =|C’' - E}| is
not numerically 2-connected. On the other hand, |C’ — E]| is base-point-free
[14] hence numerically 2-connected [10, 4.3.4, 4.4.1], contradiction. Therefore
it must be v = 0. Since R is connected and p,(R) = 0, h°(@x(R)) = 1.
Hence h°(@x(R)) = h®(@x(C' — E; — E!)) = h'"(Ox(E;+E/-C))=u=1. A
completely similar argument works if we assume v > 0.

(3.12) Lemma. Assume C' = C + Kx is a very ample Reye polarization, then
h\(@x(C' - 2E;))=0, i=1---10.

Proof. Let m;, m} be the supporting planes of the cubic curves E;, E; in the
smooth Reye model X ; it is very well known that n; N n; # @. Hence
hO(@x(C' — E; — E!)) = h'(@x(E; + E/ = C)) > 0 and, by Lemma 3.11,
h'(@x(C' - 2E;)) =0.

(3.13) Proposition. Let X be a smooth Fano model, then the following condi-
tions are equivalent :

(1) h'(Ox(Ei+E/-C))=1 forsome i=1---10,

(2) C ~2E+R, E = isolated elliptic curve, R = indecomposable nodal

cycle, E-R =13,

(3) C'"=C + Ky is a Reye polarization,

(4) hY(Ox(E;+E.-C))=1 foreach i=1---10,

(5) Xce=A-Z asin (3.9).

Proof. Consider as in (4.11) & = {E € Div(X)/E = isolated elliptic curve,
E-C =3, h'(@x(C'-2E)) =0}. By Lemmas (3.11), (3.12) the cubic curves
E;, E! belong to &:(3). Then the equivalence of (1), (2), (3), (4) is just the
case ¢ = 3of Theorem (4.12). Finally (3) = (5) by Lemma 5.6 and (5) = (3)
by Proposition 3.10.
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(3.14) Proposition. Let X be a smooth Fano model polarized by C. Assume
C + Kx is Reye then

(1) Tris(X) is the blowing up of P3 in 20 points;

(2) the union of trisecant lines to X is a determinantal quartic hypersurface
A = {det(d;;) = 0}, where (d;;) is a 4 x 4 symmetric matrix of linear
forms.

Proof. By (3.11), C+Kyx = Reye polarization & X = A-Xc P(Sym’V) as
in (3.9). P(Sym? V) is the parameter space for quadrics Q in P(V*) = P? and
X parametrizes rank2 quadrics. Hence A is a 5-dimensional linear system of
quadrics of P3* and

X =A-X={Q € A/rank(Q) = 2}.

Let p € P>*, A, = {Q € A/p € Sing(Q), dim(A,) =d}. If d =1 then,
counting properly multiplicities, A, contains three rank2 quadrics and it is
a trisecant line to X . In the same way d = 2 = A, - X = plane cubic: we
know that there are exactly 20 points o; (i = 1---20) such that d = 2.
If d =3 then A contains a rank 1 quadric, which is a point of multiplicity
4 for A-X = X: against our assumptions. Let P be a 3-secant line to
X, A the quartic hypersurface parametrizing singular quadrics of A. Since
Sing(A) = A-X = X it follows that P C A. Since, by definition P is not in
X, all the members of P have rank3 but for three of them having rank2.
Looking at the projective classification of pencil of quadrics one can deduce that,
in our case, P has a (unique) singular base point p. This yields a morphism
f: Tris(X) — P? sending P to p. f blows up P? in the points o;. The
union of trisecant lines to X is the quartic hypersurface considered above.
This completes the proof: for brevity we omitted some easy details.

4. ENRIQUES SURFACES IN GRASSMANNIANS

In this section we construct projective models X of Enriques surfaces which
are contained in the intersection of G, with a (2t — 1)-space: X Cc P2~1nG,.
The degree of X in P¥~! is 4t — 2, the rational equivalence class of X in
G, is (¢, 3t —2). These models are the natural generalization of classical Reye
congruences.

Let #, t > 3, be the Hilbert scheme of normal Enriques surfaces of degree
4t-2, %, the Hilbert scheme of normal Enriques surfaces in G, having rational
equivalence class (¢, 3t—-2), f: %, — # the obvious morphism between these
two Hilbert schemes. As a consequence of our generalization we would like to
conjecture the following:

f(&,) is a closed codimension one subset of # and its points

(4.1) correspond to all nodal Enriques surfaces.

For Fano models (7 = 3) this is generically true, [8, 10]. Let L be an irreducible
polarization on X such that

(42) L?>=4t-2, ¢ is a degree 1 morphism, X, is normal.

(4.3) Definition. We say that the pair (X, L) fits in a Reye diagram of index
t if the following conditions are satisfied
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(1) there exists a commutative diagram

p- 2~ p> ., p+

U U U
(4.4) G, L PxP -2, 3,
U U U
x, 2% x o 2X oy,

where X is the K3 cover of X', L' = Kx + L and for the top arrow we use
the same notations of (3.1)-(3.6).

(2) The projections of X on the two factors of P! x P! are not contained in
a hyperplane.

(4.5) Proposition. Assume L =2FE + R, with E = isolated elliptic curve, R =
indecomposable nodal cycle, E-L = t. Then the pair (X, L) fits in a Reye
diagram of index t.

Proof. L2 =4t-2;let m: X — X be the K3 étale double cover of X,
i: X — X the mduced involution, L =n*L. Since R is connected 7*R splits
T*R=R|+R,,
n/Rj: Rj — R = isomorphism (j = 1, 2). This yields two polarizations of

degree 2t —2 on X:

L|=R1+E, L2=R2+E
with |E | = |n*E| = elliptic pencil. Since h‘(ﬁ;(R j)) = 0 the sequence
(4.6) 0 — HY(@+(R;)) = H*(G4(L))) —» H*(F(L;)) = 0

is exact and dim|L;| =¢. Let ¢;: X — P! be the map defined by ILi|, X; =
¢j(,? ): by (4.6) and the very ampleness of @x(L;), ¢,-/E is an embedding.
This easily implies deg(¢;) = 1. Then, applying standard properties of linear
systems on a K3 surface, it follows that ¢; is a morphism and X; is normal
with at most rational double points. Since |L; + L,| = |t*L| the map ¢Z has

the same properties; since 7 is étale and n*L ~ L ~ n*L' the same is still true
for |L|, |L'| on X . Consider

XXp xp 2pe
(06 = Segre embedding as in (3.2); ¥ = (¢ x ¢2)). 0-¥ is the map defined
by the vector space Im(u) C H(@5(L)) where
u: HYG3(L1)) ® HYF3 (L)) — H(@3(L))
is the multiplication map. First we want to show that u is surjective. Observe

that |L — E| has no fixed components (it contains Ry +|Lz| and |Li| + Ry)
and positive self-intersection. Therefore A! (ﬁ~(L E)) = 0 and the sequence

(4.7) 0 — HYOF(L - E)) » HY(GF(L)) = HYF(L)) - 0
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is exact. Let T = Ho(ﬁ}(Ll))®Ho(ﬁ§(L2)) , TE = HO(ﬁE(Ll)) ®H0(ﬁE(L2)) ;
using (4.6) we get a homomorphism of exact sequences

wl o |
0 —— HY@HL-E)) —— H(OHL)) —— HYO(L)) —— 0

where u;, u, are the induced multiplication maps. The surjectivity of u; for
two very ample line bundles ﬁE(L ;) on an elliptic curve is standard. To finish

we must show that u; is surjective. Observe that dim HO(@’}(Z - E))=2t,
dim K =2t + 1. Fix h; € HY(@%(L;)), h; # 0 and vanishing on E. Then K
is spanned by the vector spaces

K= (m)® H(@3(L2), K2 =HG(L1)) ® (hy).

Therefore: w € Ker(u;) = (w = h; ®s,+51 ®hy and div(h;s) = div(hys;)) =
E+ div(s;) = E + div(s;). Since R;, R, are disjoint and we can choose E
irreducible, it follows div(s;) = E; + R;; (E; € |E|). Hence Ker(y,) is con-
tained in HY(@3(L — R1)) ® HY(@3(Ly — Ry)) = Ho(ﬁ;(E)) ® H"(ﬁ}(f)).
The multiplication map on the latter vector space has 1-dimensional kernel.
Hence dimKer(u;) =1 and u, u, are surjective. Now it is quite easy to re-
construct diagram (4.4) for the pair (X, L): since u is surjective Keru has
codimension ho(&’;‘;(i)) =4t in V*Q@V*= Ho(ﬁ}(Ll)) ® Ho(ﬁ}(Lz)).

Moreover X’Z spans P(K), with K = Ker(u)t = {u € V® V/h(u) = 0,
h € Ker(u)}. Since i*L; ~ L, we can assume that i is induced by I, as
in (3.3) and that P(X) is an invariant space of I,. Let j: K* — K* be
the involution induced by I, on K* then, under the restriction isomorphism
K* = Ho(ﬁy(Z)), the eigenspaces of j are n*H%(@x(L)), n*H%(@x(L")).
Therefore, with the same notations of (3.4), we have p,(X) = X, or X,
(p_(f )= Xp or Xp+). This implies that the condition (1) of (4.3) is satisfied
up to showing n*HO(@x(L)) = +1 eigenspace of i: we omit for brevity the
proof of this last fact. The surjectivity of x4 implies that condition (2) of (4.3)
is also satisfied.

(4.8) Corollary. h'(@x(L' - 2E)) = 0.
Proof. Observe that h!(@x (L' — 2E)) = h'(@x(—R)) by Serre duality and that
the condition 4!(@x(—R)) = 0 is equivalent to h%(@r) =1.

Let CH*(G,) be the Chow ring of G, ; we recall that CH?(G,) is isomorphic
to Z? and generated by

o = classof {/ € G,/l c H}, (H a given hyperplane),
o ={l€G/INM # 2}, (M a given codimension 3 subspace).

Therefore, by the intersection pairing, CH?(G,) = CH*~*(G,) and the rational
equivalence class of a surface S in G, is (g;; -5, gy -S).

(4.9) Corollary. The rational equivalence class of X+ is (t, 3t—2).
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Proof. Let h;, h, be the obvious generators of CH*(P' x P!) ; an easy exercise
shows that, under the homomorphism of Chow rings

p*: CH*(G,) —» CH*(P' x P"),

proyp = h% + h3 + hihy, and p*ay; = hyhy. On the other hand one computes
Xz ~ (2t 2)(h’ 2y +hihy™%)+ 2t(hyhy)' =" . Hence 011+ Xy = $p*oy- X7 =1,
0y Xp = 217_0'20 Xz =3t-2.

Let G; be the dual grassmannian of G, and g: G; — P = PH%(;,(1))
the map sending M € G; in the codimension 1 Schubert cycle gy = {/ €
G//INM # @}. g is just the Plicker embedding of G} .

Observe that gy, is ruled by a pencil of codimension 2 Schubert cycles of
class ag);: the elements of this pencil are the grassmannians of lines of the
hyperplanes through M .

Assume ), does not contain X : since ay,-X; =t the hyperplane section
L' = o) - Xp is a t-gonal curve. Let r: H(@, (1)) — H°(@x(L')) be the
restriction map; of course r induces a linear projection p: P — PHO(@y (L")
of center | #(1)|, (Fx = ideal of X;. in G;). We expect that, for general
Xp, p/G; is a birational morphism. However: assume p/G; is generically
finite, then

(4.10) Corollary. |@x(L')| contains a codimension 1 family of t-gonal curves.

For any polarization L on X let us define
(4.11) &.(s) = {E/E = isolated elliptic curve, E-L =5, h'(@x(L' -2E)) =
0} (L'=L+Ky), then

(4.12) Theorem. Let L be a polarization on X asin (4.2), L?* = 4t-2 > 10-
Assume &1(t) # @, then the following conditions are equivalent:

(1) The pair (X, L) fits in a Reye diagram of index t,

(2) hM(@x(E+E'-L))=1 forall E€ &/(t),

(3) hY(@x(E+E'—L))=1 forsome E € &(t),

(4) L ~2E+ R with E = isolated elliptic curve, R = indecomposable
nodal cycle, E-R=1.

Proof. (1) = (2): let E € &.(t), first we show h%(@y(L' — E — E')) > 0.
By assumption Xj: fits in diagram (4.4), therefore, with the same notations
used there, we have that E = (p_ /X )*(E) is a degree 2¢ elliptic curve which is
invariant with respect to the involution I,(x, y) = (v, x). Let E; be the projec-
tion of E on the ith factor of P!xP! then deg(E;) = ¢ and E; is contained in a
hyperplane. This means E C {x0 =y0 =0} where (xp: -- x,) x (Yo: -1 Y1)
are suitable coordinates on P! x P'. The same holds for E' = (p_ /X ) (E".
Assume we have again E' C {xo = yo = 0}. Let H = {xoyo = 0}; note
that, by (4.3)(2), X isnotin H and that H is +l-invariant with respect to
I,. Therefore H- X would be the pull back of an element of |@x(L)| and
h(@x(L — E — E") > 0. Since h%@x(L — E — E')) = h'(@x(L' = 2E)) = 0
this is impossible. Hence, up to changing coordinates, we can assume E c
{xo = yo = 0}, E'c {x1 = y1 = 0}. Finally consider & = {xoy; — x1)0 = 0}
and assume X C . Then the rational function on X : f = X1/x0 = yV1/Yo
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is +1-invariant with respect to the fixed-point-free involution of X . On the
other hand f = (p_/X)*f where div(f) = E — E'. As is well known the
pull back of f is —l-invariant, hence X is not in &. Note that & = pX(o),
where o is a hyperplane section of G, (more precisely: a codimension 1 Schu-
bert cycle). Hence X -0 = R+ E + E', h%@x(L' — E — E')) > 0. To show
hY(@x(E + E' — L)) = 1 first observe that A°(@x(R)) = h'(@x(E + E' - L)).
Moreover h!'(@x(—R)) = h'(@x(L'-2E)) = 0 = h%(@r) = 1 = R is connected.
Then, since p,(R) =0, h°(@x(R)) =1.

(2) = (3): obvious.

(3)=> (4): h"@Ox(E+E -L))=1= L —E—-E'~R, with R effective,
Pa(R) =0, E-R =t. The condition h%@R) = 1 can be shown as above.
(4) = (1) is Proposition 4.5.

(4.13) Definition. Let L be a polarizationon X asin (4.2). Assume (i) &(¢)
# @, (i) the equivalent conditions of Theorem (4.13) are satisfied. Then we
say that L' = L + Ky is a Reye polarization of index ¢ and X;. a Reye
congruence of index f.

5. REYE CONSTRUCTIONS

The original construction of Reye congruences in G3 was given as follows:
(5.1) Let W be a general 3-dimensional linear system of quadrics of P3
and
X = {l € G3/! is included in two quadrics of W}
then X is a Reye congruence and, conversely, all Reye congruences arise in
this way. At the end we want to point out that (5.1) generalizes again to Reye
congruences in G, :

(5.2) Theorem. Let X be a Reye congruence of index t. Then there exists a
linear system W of quadrics of P* such that

(i) dimW = (});

(i) X ={l € G,NnP*!/codim(W;, W) =2};
where W) = {Q € W/l c Q}, P*~! = linear span of X in the Pliicker space of
G;.

To show (5.2) we first consider the following situation: E = elliptic curve;
@e(L,), @r(Ly) = line bundles of degree t >3 on E. Assume L; =~ L, and
consider

ENXpi-1  pt=1 9, pi-1
with ¢ = Segre inclusion and y; = map associated to |L;|. Let E' =
o - (y1 x y2)(E), then
(5.3) Lemma. Let A be the (2t—1)-space spanned by E' in the ambient space
of P x P! then E' = ANP! x P11
Proof. For brevity we will leave some details as an exercise. Consider the mul-
tiplication map u: H%(@&(L,)) ® H%(@k(L,)) — H@E(L, + L,)). Since u
is surjective dimKer(u) = 12 — 2t and E’ is contained in ¢2 — 2¢ linearly
independent hyperplanes of P”-! Let A be the intersection of them and

Z=AnP~!1 xP-!

We have to show that E’ = Z : this is done by induction on ¢.
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t = 3: in this case A = P°, E’' = sextic curve. Note that the Segre variety
P2 x P2 is a 4-fold of degree 6 in P®. Assume E’ C Z, then, by Bézout
theorem and its corollaries, dim Z > 2 and there exists an irreducible compo-
nent Y of Z which contains properly E’. Let h; (j =1, 2) be the obvious
generators of CH*(P? x P?), z;: P2 x P2 — P2 the canonical projections. If
dimY =2 then deg(Y) < 5; assume dim(Y) =2, deg(Y) =5 or dim(Y) =3
then Y ~ h? + 2hhy or Y ~ h;. In both cases one can check that 7;(Y) is a
line. Since 7;(E’) C n;(Y) it follows that n;(E’) does not span P?: a con-
tradiction. Hence dim(Y) =2, deg(Y) = 4; this implies Y ~ h? + h} + hihy,
Y = Veronese surface. Hence Y is the graph of a projective isomorphism
f: P2 — P? such that f(m,(E')) = my(E'). Since L; =~ L, this is again a
contradiction. Therefore E' = ANP? x P2,

t>3: let p=(p;,p2) €EE', ¢;: P~! — P'~2 the projection from p; and

d=¢1 x ¢y P x Pl Pt P2
The fundamental locus of ¢ is {p;} x P""'UP*~! x {p,}. Let T be the linear
span of this set,
y: le—l N P(:—1)2—1
the projection from I'; then o-¢ = y/P'~! x P!~! (with ¢ = Segre embedding
of P'~2 x P‘~2), Now observe the following:

(1) ¢/E' =y x y, with y; = morphism associated to |L; — p|;
(ii) y/A is the projection from / = tangent lineto E’ at p and 'nA =1.

Let A’ =y(A), E”" = ¢(E’); then A’ is the linear span of E” and, by (i)
and the induction

E"=ANNP~2x P2

Therefore, to complete the proof of our statement, it remains only to show that

(5.4) Vge E' (y/N)*(#(q))-¢*(6(q))=p+4q

(the overline denoting Zariski closure). Now (y/A)*(¢(q)) = oy = plane con-
taining / and ¢ ; while ¢*(¢(q)) = | x [, with [; = line through p;. The
Segre map embeds /; x /5 in P”-! as a smooth quadric surface S,. Let P; be
the 3-space of S;, /, the line joining p to ¢ ;then /; C a,NS, . Clearly (5.4)
holds if and only if: (1) /; isnotin S;, (2) a; isnotin P, (i.e. [y =ayNF,).

Assume [/, C S, then [; is {pi} x [} or [} x {p,} and m(l;) or m,(/;) isa
point; since /, is bisecant to E’ and 7m;: E/ — P'~! is an embedding we get a
contradiction. Hence (1) holds.

Assume [/ C P;; by (ii) / ¢ I'n P, which is just the plane of the lines
{p1} x b, 1y x {p2} (i.e. the tangent plane to S, at p). Hence the image of /
by the tangent map d(n), is /;. This implies /; = tangent line to n;(E’) at p;
and p = q. Therefore p # g9 =/ notin P, = a, notin P, and (2) holds for
D # q . After some tedious remarks one can show (2) also in the case p=gq.

(5.5) Remark. With some more effort one can show the same for any divisor
of canonical type.
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Now let X be an Enriques surface, L'’ = L + Kx a Reye polarization of
index ¢ on it; by (4.4) the pair (X, L) defines the Reye diagram

p- =, p® &, p+

Xy p-/X X p+/X X,
we have

(5.6) Lemma. Let A be the linear span of X in P®, then X = AnP! x Pt .
Proof. Let mj: P' x P' — P! be the canonical projections (j = 1,2), X; =
n;(X). By (4.12) L ~2E + R, with E = isolated elliptic curve, R = in-
decomposable nodal cycle and E - R = t. As in the proof of (4.5) consider
|E| = |n*E|, Ri+R, =n*R: we know that, for the fixed points free involution
ion X, i= I,/;\; , where I, is the involution on P’ x P! sending (x, y) in
(v, x); moreover Ty, (1) = T5( E+R i) . Therefore we can fix projective coor-
dinates (xo---Xx;) x (¥o---y:) on P! x P! such that i = I, /)? and the divisor
associated to the rational function xo/x; on X; is Fy — Fy, (Fp, F; € |E ).
Since xp/x; is anti-invariant we have —xo/x; = i*(xo/Xx1) = Yo/y1, so that
X c H where the equation of H in P! x P! is xoy; +x,¥0 =0. H contains
the pencil of divisors

H; = {zoxo + z1X1 = Zo¥o — z1¥1 = 0}

with z = (zg, z;) € P!. Observe that H,nX D E, for some E, € |E| and that
H, = P~ xP~! Then consider O (L)) = é’EZ(E+Rj) : the embedding of E,
in H, is exactly the one described above in Lemma (5.3) ; moreover, applying
standard exact sequences, one easily shows ﬁEz(Ll) # ﬁEZ(LZ) . Therefore, by

Lemma (5.4), we obtain

E,=A,NH,,
A, bging the linear span of E,. Finally E, = AN H, (Vz)= X=AnH=
X =AnP!' x P! (because H is a hyperplane section of P! x P').

Let f; be the ideal of X in P! x P!, J the ideal of E, in H,; consider
the natural restriction map

r: HY( (1) » HY(T (1);

By Lemma (5.3), to show E, = AN H, , it suffices to show that r is surjective.
For this let % be the ideal of H, in P! x P'; observe that H'! (H(1) =

H!(#%(1)) = 0 because X and H, are linearly normal. For the same reason
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H 1(@;@ — E)) =0. Then we have a commutative diagram

0 0 0
! ! !
0 — K - HYAA() S HYI(1)
! ! !
0 -  HYA(1) - HYGpup(l) — HOk(1) — 0
r'l ! !
0 — HYOy(L-E) — HYOHL) - HY@: (1) — 0
! l
0 0

the second and third rows (columns) of which are exact. By the snake lemma
r is surjective iff ' is surjective. One easily computes h%(_%(1)) = 2t + 1,
ho(ﬁi,(z - E)) =2t. Let s = xoy1 + x1)0, since div(s) = H, s belongs to K .

Let s’ be another element of K: as for any element of H?(_%(1)) we
can write s’ = (zgxo + z1x1)4 + (Zoyo — z1¥1)B (with A(B) = linear form
in (yo---y) (in (xo---x;)). Let H' = div(s’); then H, moves in a pencil
{H], t € P'} on H’' having the same properties of the pencil {H,} of H.
In particular, changing t by z, we have E, C H, Vz. Let h ,, hy, .z be
the equations of H!, then, for the two pro_lectlons of E,, we have nl(E ) C
{h1,2 =0} N {zox0 20 = 0} and 7a(Ey) C {ha,- = 0} N {zop0 — 211 = 0} .
Now there is a unique hyperplane containing nj(E;) because

ho(@x,(1) ® Ox,(—Ex)) = h°(O%x,(R)) = 1.

Therefore H, = H, Vz, H = H' and s’ = cs for some constant ¢. Hence
dim(K) = 1 and the proof is complete.
Finally we can give a

Proof of (5.2). By (5.6) X =ANnP'xP'. Let A, =p,(A), A_=p_(A). By
the Reye diagram X, CA_ NG, CcP~, Xy CA;NZ, Cc Pt and dim(A-) =
dim(A,) = 2t — 1. We denote by W the linear system of hyperplanes of P*
containing A, . Clearly dim(W) = dim(P*) —dim(A_) - 1= (}).

Recall, (3.4), that P+ = P(Sym? V'*) = PH(@pv)(2)) so that W is a linear
system of quadrics of P! = P(V). Now identify (canonically) Sym*(V*) to
the vector space of symmetric bilinear maps on V' x V; then denote by w
the subvector space whose projectivization is W . Let x € P! x P', x not
in the diagonal. x corresponds (up to scalars) to a pair (u,, u;) of linearly
independent vectors of V' ; moreover the line u = p_(x) is the projectivization
of the vector space U = (u;, uy).

Observe that, by Lemma (5.6), x € /\7 if and only if u €A A_ and q(u,, up) =
0 for all symmetric bilinear maps g € W . Let WU ={qe€ W/U is 1sotr0p1c for
q}: itisa standard exercise in linear algebra showing that codim( WU , ) <2
if and only if there exist vectors u;, u; € U/q(uy, u;) =0 Vq € W . Hence
Xp=p_(X)={ueGnA_/codim(W,, W) <2}. Assume codim(W,, W) <
1 (for some u € Xp+); then W has abased point p on u. Equivalently (p, p)
is contained in each hyperplane of P® which contains A and is +l-invariant
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with respect to I;. On the other hand, since it is in tlle diagonal of P! x P,
(p,p) is if,‘ all —1 hyperplanes of I, Hence (p, p) € A and, by Lemma 5.6,

(p, p) € X: this is a contradiction because I, /)? is base-point-free. Hence
codim(W,, W) = 2 and the proof is complete.

6. EXISTENCE OF REYE CONGRUENCES OF INDEX ! > 3

Now we want to check for which values of ¢ the Reye construction is possible.
Let X be a nodal Enriques surface,

Z(X) ={R c X/R = indecomposable nodal cycle};

&(X) = {E Cc X/E = isolated elliptic curve}, and

(6.1) m: Z(X)x&(X)—-N

the intersection product. By (4.12) X admits a Reye polarization of index ¢
if and only if ¢ € Im(m). In this section we show that actually Im(m) = N
on a general nodal X . To make precise what we mean by general we give the
following

(6.2) Definition [10, vol. II]. A nodal Enriques surface X is said to be generic
if all the elements of #(X) have the same numerical equivalence class modulo
2L, L = Num(X).

(6.3) Definition. Let X be a nodal Enriques surface, C a Reye polarization
on X, we will say that C isgoodif C-R>4 VRe #(X).

Note that C is very ample because there is no R € #(X) such that R-C
= 0. Moreover [10, vol. II]:

(6.4) X is generic if and only if X admits a good Reye polarization.

Finally it is known [9, 10] that a general (in sense of moduli) nodal X is
generic.

Let C be a good Reye polarization on X ; E;, E] the twenty plane cubics
in the smooth Reye model X ; it is well known (cf. proof of (3.11)) that

(6.5) C-E —E ~R;

with R; = indecomposable nodal cycle, C - R; = 4. Actually, since C is good
and h%@x(C - R;)) = 1, R; is a rational normal quartic curve in P*. Our
program is to fix one of these curves, e.g.

(6.6) R =R,

and construct a sequence {F;, ¢t > 1} of isolated elliptic curves such that F;-R =
t. First we construct such a sequence numerically: in the lattice L = Num(X)
we consider all the sets {e; ---ejo} of isotropic vectors satisfying e;-e; = 1-9;;,
1Y e €L asin (1.1). Let ¢ = 3 e;, we will say that ¢ is a Fano vector.
Let [;jx =c—e;—e;—ex, (with i, j, k = distinct elements of {1---10}); we
define

(6.7) s L—L

by s;jk(v) = v+(v-liji)liji . Since l,.zjk = -2 s,k isareflection and s;i(s;k(v))
=wv. Let ¢’ =s;j(c). Observe that ¢’ has the following properties:

(6.8) c'=2c—e —ej—e.
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Let e,, = s;jx(em), then {e]---e},} is again a set of isotropic vectors satisfying
(1.1), moveover

e;nzem7 m;éiaj’k’ el{zc_ej_ek’

(6.9) , _
ej—c—ei—ek, €, =C—¢€ —é¢.

In particular ¢’ = s;;(c) = %Ee,f is still a Fano vector. Finally, Vv € L,
consider the intersection numbers

d=v-c, vi=v-¢, d=v-c, vi=e - v;
by definition of s, we have
(6.10) d=2d-vi-vi-v, vi=d-vj-v, vj=d-vi—uv,
vy=d-v,—-vj, U,=Un (Mm#Ii,],k).

Now we consider the following functions on L:

(6.11) f=S178 - 5256 * $234, & = S178 * 5256 * 5234 * S1910
and

(6.12) h=g='-f, 1>l

Then we define in L the elements

(6.13) c,=h,(c)=%2e}, fi=ely, r=c-2e

(e} = h(e;)). Let v; = r-e;, one immediately computes v; = 3, v; = 1,
i > 2. Then, applying repeatedly the previous formulae (6.10), one computes
with some pain:

r-€f=2t+2, roeé=2l+1, r.e;:-..:r.e§=t+l,

(6.14) .
r'e9—r‘€10=t and Ct'r=4t+3.

In particular it follows r- f; = t. Since f? =0, fi-el =1, f; has the
numerical properties of the class of an isolated elliptic curve on X . On the other
hand r?> = —2 so that, numerically, r can be the class of an indecomposable
nodal cycle. Now we shall show that, for a given (nodal) Enriques surface X,
one can construct in Num(X) elements r, f; which are represented by curves
Re Z(X), F,Fe &(X). Let

(6.15) Proposition. Let Xc be a smooth Fano model; E;, E! its twenty plane
cubics. Fix three distinct i, j, k € {1---10} and consider the linear system

|H| = |2C - E; — E; — Ey|.

Assume there is no line in Xc, then H is a very ample Fano polarization.

Proof. Let L = Num(X), s;L — L be the reflection considered in (6.7),
¢, h the numerical classes of C, H ; note that s;; is an isometry of L and
that, by definition, s;x(c) = h. Therefore H is constructed as in (1.2) from
ten isotropic vectors satisfying (1.1). By (1.3) |H| irreducible = ¢y is a
birational morphism. Since H has positive self-intersection the irreducibility
of |H| is equivalent to h!(@x(H)) =0 [10]. Consider the exact sequence

(6.16) 0 — &Ox(H - C) — Ox(H) — Oc(H) — 0.
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Since C-(H - C) = 1 and X¢ does not contain lines, it follows that
h9(@x(H - C))=0. Since C-(C — H) = —1, it follows that

ho(@x(Kx + C — H)) = h*(@x(H - C)) =0.

Then, by Riemann-Roch, 4'(@x(H —C)) = 0. Furthermore &-(H) is a degree
11 line bundle on a genus 6 curve so that h!(@c(H)) = 0. Hence, passing to
the long exact sequence associated to (6.16), we obtain h!(@x(H)) =0 and |H|
irreducible. By (1.3) Xy has at most rational double points.

Let [,me{l1---10}, | # m, F,, = C — E; — E,,, and consider the exact
sequence

(6.17) 0 — Ox(Fim — En) = Ox(Fim) — OE,(Fim) — 0

(n # 1, m). Observe that, with exactly the same proof used for H — C,
h(Ox (Fim = En)) = h'(Ox(Fim — En)) = 0. Then, since h°(@k,(Fim)) =1, it
follows that Fj,, is an isolated curve in X¢. The degree of Fy,, is 4 (C-F,, =
4) and the arithmetic genus 1 (F2 = 0). We can show that F;, is a nef
divisor: since it is isolated Fj,, 1s not nef if and only if D. F;,, < 0 for
some component D C Fj,,. Now F;, is a quartic curve and Xc does not
contain lines; therefore either F;,, is irreducible and nef because F,fn =0 or
Fyn = Dy + D, with D; = smooth conic. In this latter case D? = —2 so that
(Dy+D3)*=0=D,-D,=2= D, F,, =0; hence F,, is nef. Now assume
H is not very ample, then Xy has a rational double point and H - R =0 for
some indecomposable nodal cycle R. Observe that

(6.18) HNny+Fzs+E5, S#Z,

where (x,y, z) is any permutation of (i, j, k);then R-H=0= R (Fxy +
F;s + E;) = 0 and, since E; is also nef, Fy,-R=F,;;-R=E;-R=0.In
particular, Eg-R=0 Vs =1---10: on the other hand C ~ { ¥ E; so that
C - R =0: a contradiction because C is very ample. Hence H is very ample
too.

Now let us fix

X = good nodal Enriques surface,

(6.19) C = good Reye polarization on X,
E;, E] = the 20 plane cubics in X¢.

As above let e; = numerical class of E;, ¢ = %Eei = classof C, r =

¢ — 2e; = class of the rational quartic R C X¢ as in (6.6). Consider as in
(6.13) the Fano vectors ¢, = § Y e! = h(c) and f; = e}, then

(6.20) Proposition. (i) ¢, is the numerzcal equivalence class of a very ample
Fano polarization C,;
(il) X¢, does not contain lines.

Proof. By induction on ¢ (¢t = 1). By definition

hi = f = S178 - 5256 * $234-
Let ¢ = % 3" e; be as above, we construct from ¢ the Fano vectors
b
a=s53(c) = 3Ze, . b=sss(a)=1) e,
1
¢ =s178(b) = 329,- = hi(c).
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Let r = ¢ — 2e;, and consider the intersection numbers

xi=r-e, aj=r-e*, b=r-e’, yi=r-e

and recall that x;, = 3, x; = 1, i > 2 (cf. (6.13)). Then, applying the
formulae (6.10) to $334, S2s6, S178 , it 1S €asy to compute

(ay---ap)=(3,2,2,2,1,1,1,1,1,1), a-r=35,
(6‘21) (bl"'b10)=(3a3,2;2a2,231,l’la1); cr=20,
Viy0)=1(4,3,2,2,2,2,2,2,1,1), c-r=7.

a is the class of 4 = 2C — E; — E; — E4. Since C is good A is very ample
by Proposition (6.15). Let L C X4 be a line, / its numerical class. Since X is
good /—r is divisible by 2 in Num(X) ; then /-e? = a;mod 2 and, in particular,
l-e? isodd for i #2, 3, 4. On the other hand /-ef > 0 because e/ represents
a nef divisor, (since A is very ample 2e? corresponds to an elliptic pencil,
cf. (1.4)). Then we compute 2 < }Ye?-/ =a-[/ = 1. Hence X, cannot
contain lines. Now consider b: b is the class of B = 24 — Ef — E¢ — E¢
which is again a very ample Fano polarization by Proposition (6.15). Applying
exactly the same arguments used for X, one shows that Xz does not contain
lines. So, by (6.15) again, ¢, is the class of the very ample Fano polarization
Ci=2B-E)—E;—E¢.

To complete the first step of induction we must show that X, does not
contain lines: assume L is a line (of numerical class /) in Xc,,let [j=e! /.
Since X is good /; = y;mod2. Then, using (6.21) and /.c; = 1, one obtains

(ly---l)=(0,1,0,0,0,0,0,0,1,1).

Note that s2,, = id so that s;75(e}) = e?. Let //—e?-[; then, applying formulae
(6.10), it is not difficult to compute (/{---/,) =(1,1,0,0,0,0,1,1,1,1)
sothat b-/=3:since b-r =6 and X is good this is a contradiction. Hence
there is no line in Xc, .

(t > 1) This time we start with ¢, = 3 Y e/ and we assume ¢, = class
of C,, where X¢, is a smooth Fano model not containing lines. Recall that
Civ1 = hy(c) = glc;) with g = 5175 - S256 * S243 * S1910 (cf. (6.13)). Then consider
the Fano vectors:

d=1% el =sigi0(c), m=1> e =smld),

n=1%"er=sue(m), =3 et =sin(n),

and the intersection numbers

uj=el -r, di=el-r, m=e"

Moy, nmi=el-r, vi=etl.r

1

(r as above). From (6.14) we know that

u =2+2, up=2t+1, Uz =---=ug=1+1, Ug=up =1

and that ¢, -r = 41 + 3. Therefore, using the formulae (6.10), we can explicitly
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compute

(dy---dyo)=Q2t+3,2t+1,t+1,...,t+1),
(my---myp) =2t +3,2t+2,t+2,t4+2,t+1,... ,t+1),
(6.22) (nmy---ny)=(2t+3,2t4+3,1+2,1t+2,
t+2,t+2,t+1,...,t+1),
(vy---v0) = (2t +4,204+3,t+2, ... ,t+2,t+1,t+1).
Now the proof goes as in the case ¢ = 1: let L be any element of #(X),
[ its class in Num(X). By (6.15) D = 2C, — E{ — Ej — Ej}, is a very ample
Fano polarization of class d. Let /¢ = /-ef, then /¢ > 0 because ef rep-
resents a nef divisor. Since X is good one computes from (6.22): ¢ even
= ¢,...,18)=(,...,1)mod2 = [-d >3;1 0dd = (If,... ,[%) =
(1,1,0,... ,00mod2 = /-d > 2. This implies that there is no line in Xp
and that M = 2D—E¢ —E{ —E¢ is a very ample Fano polarization representing

m . Now we just go on in the same way: let /" =/ -e/"; for the same reasons
as above we have /" > 0 and

(ar---1p)=01,0,0,0,1,1,1,1,1,1) mod2, (feven),
ap---Ip)=(,0,1,1,0,0,0,0,0,0) mod2, (fodd).
This implies that /-m =1 if and only if ¢ is odd and
.- Imy=(1,0,1,1,0,0,0,0,0,0).

But now, if such an / exists, we have /- sy(e') =1-(m —ef' —e}*) = —1;
impossible because s734(€7") = eg = class of plane cubic in Xp = class of a nef
divisor. Therefore N = 2M —E}' — E!" — E[" is a very ample Fano polarization
representing n. Let [/ =/-e' then /' >0 and we have this time

(r---ly)=1,1,0,0,0,0,1,1,1,1) mod2, (¢even),
(r---lfy)=(1,1,1,1,1,1,0,0,0,0) mod2, (fodd).
Clearly /- n > 2 so that Xy does not contain lines. Finally we obtain from
this the very ample Fano polarization C,,, = 2N — E] — EJ — E} of class ¢,y .
Let /; =c¢;41 -1, then
(ly---110)=(0,1,0,0,0,0,0,0,1,1) mod2, (¢zeven),
(ll"'110)=(1: 1> 1, 1, 1, 1a0a090>0) m0d2> (tOdd)'
If t isodd /-c1 > 2 and X, does not contain lines; if ¢ is even it is

completely clear how to complete the proof using the previous arguments.
Finally we can show

(6.22) Theorem. Let X be a good nodal Enriques surface, m: & (X)x#(X) —
N the intersection map considered in (6.1). Then

(1) m is surjective;

(2) X admits a Reye polarization of index t for each t > 3.

Proof. Fix on X a good Reye polarization C and its numerical class ¢ =
%Ze; . Then, as in (6.13), reconstruct from ¢ the Fano vectors

Ct=%ze; (t>1)
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and consider also r = ¢ — 2e;, f; = e{,. By (6.6) r is represented by an
element of #(X) (a rational quartic curve R in X¢). By (6.14) r-f, =t. By
Proposition (6.20) ¢, is the class of a very ample Fano polarization C,. Hence,
by (1.4), f; is represented by F; = plane cubic curve in X¢, = isolated elliptic
curve on X . Therefore F;, € &(X) and m(F,, R) =t, t > 1. On the other
hand, it is a standard fact that for a given R € %#(X) there exists E € &(X)
such that E - R = 0. Therefore m is surjective. Finally, by (4.12), the
surjectivity of m implies (2).

(6.23) Remark (Cremona transformations of P3). We want to explain with-
out proofs the true geometric construction underlying the numerical arguments
used in the section. Fix three distinct planes 7;, 7;, m; in P3 such that: (i)
there is no hyperplane containing all of them, (ii) any two of them intersect
exactly in one point. Then consider the linear system X of the quadrics contain-
ing m;UmjUm: X is 5-dimensional and defines a birational transformation
sijk: P> — P this is called a standard Cremona transformation of P3. Under
sijk each m, (m =i, j,k) is blown up to a hyperplane, while the hyper-
planes containing any two of n;, m;, m; are contracted to three new planes
satisfying (i), (ii). Taking them and constructing the corresponding Cremona
transformation we obtain the inverse of s, . Let X¢ C P5 be a smooth Fano
model, X¢c not contained in a quadric, (note that this is always possible up
to replacing C by C + Ky). Assume that three plane cubics of Xc, e.g.
E;, E;, Ey, are contained in 7;, n;, my ; then s;jx/Xc is the morphism asso-
ciated to |2C — E; — E; — Ey| and, at least if there is no line in Xc¢, s;x(Xc)
is a new Fano model by (6.18). Therefore, thinking more geometrically, the
reflections s;j,: Num(X) — Num(X) we have used throughout this section
could be considered as Cremona transformations of P3 applied to a suitable
Fano model.
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