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COUNTABLE CLOSED LFC-GROUPS WITH p-TORSION

FELIX LEINEN

ABSTRACT. Let LFC be the class of all locally FC-groups. We study the
existentially closed groups in the class LFC, of all LFC-groups H whose
torsion subgroup T(H) is a p-group. Differently from the situation in LFC ,
every existentially closed LF Cp-group is already closed in LFCp, and there
exist 2%0 countable closed LFCp-groups G . However, in the countable case,
T(G) is up to isomorphism always a unique locally finite p-group with similar
properties as the unique countable existentially closed locally finite p-group
E,.

1. INTRODUCTION

In the last few years, existentially closed groups were an area of intense and
fruitful research. Recall that, for a class X of groups, G € X is said to be
existentially closed (e.c.) in X, if every finite system of equations and inequali-
ties with coefficients in G, which has a solution in some H € ¥ with G < H,
already has a solution in G itself. Strongly related to this concept is the notion
of closedness. An X-group G is said to be closed in ¥, if whenever B and C
are finitely generated X-groups and whenever H € X satisfies

then idp can be extended to an embedding of C into G. Obviously, every
closed X-group is e.c. in X. The converse is true for example in classes of
locally finite groups, if the underlying language is finite. However, e.c. groups
are not closed in general. In the class 2 of all abelian groups, a group is e.c.
if and only if it is divisible of infinite p-rank for all primes p, while closed
groups must have infinite torsion-free rank too. In particular, there exists a
countable infinity of {pairwise nonisomorphic) countable e.c. 2-groups, but just
one countable closed 2A-group.

In this paper we consider FC-groups, i.e., groups whose elements have only
finitely many conjugates. We denote by LFC the class of all locally FC-
groups, and by L§ the class of all locally finite groups. Obviously, 2 and L
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are contained in LFC . Elementary properties of FC- and of LF C-groups
may be found in [19 and 4]. Note that the torsion elements in any LF C-group
G form a subgroup T7(G) € LF with G/T(G) € A. The torsion-free rank of
G/T(G) is usually just called the rank r(G) of G.

In [5 and 6], F. Haug has studied e.c. LF C-groups extensively. In the count-
able case, some of his results are as follows.

(1.1) Let G be a countable e.c. LFC-group. Then
(a) G¢'=T(G), and G splits over T(G);
(b) T(G) is isomorphic to P. Hall’s countable universal Lg-group
ULF (which is the unique countable e.c. LF-group (see [3 and
14]));
() G/T(G) is divisible (and hence e.c. in the class of all torsion-free
A-groups).

(1.2) For each p < w there exists precisely one countable e.c. LF C-group
G, with rank p. Whenever B C C are finitely generated FC-groups
of rank < p with B < G,, then idp can be extended to an embedding
of C into G,. In particular, G, is closed in the class LFC” of all
LF C-groups of rank < p. (An application of [5, Lemma 1.5] and
[4, Corollary 1.3] shows that every e.c. LFCP?-group is e.c. in LFC,
whence G, is actually the unique countable closed LF C”?-group.)

Now, let p be a fixed prime. The theory of e.c. LF-groups has nice parallels
in the class LF, of all locally finite p-groups. In particular, there exists a unique
countable e.c. LF,-group E, (see [15]). It is thus a quite natural continuation
of Haug’s investigations, to consider the class LFC, of all LFC-groups G
with T(G) € Lg, . Do the statements corresponding to (1.1) and (1.2) hold for
the class LFC, with E, in place of ULF ? In the present paper we will try
to illuminate the structure of countable e.c. LFCp-groups.

In fact, our results about e.c. LF C,-groups suggest a more general treatment
as in [13]. There it was shown that, for every fixed countable abelian p-group
A, there exists a unique countable e.c. group E, in the class LF, 4 of all
L3,-groups G with 4 < Z(G). Since A is the Schur multiplier of E4/A4, this
gave 2% isomorphism types of countable L3F,-groups E,/A similar to E,.
For example, every E, /A is verbally complete and characteristically simple,
has a unique chief series (of order type (Q, <)), and normality is transitive in
E4/A.

In this paper, we will consider, for each fixed countable abelian p-group 4,
the class LFC, 4 of all G € LFC, with 4 < Z(G). Here, the elements
of A are constants in the underlying language. Note also that every LFC, 4-
group G is contained in a closed LFC, 4-group of cardinality max{X,, |G|}
(cf. [16, Proposition 1.2] and the remarks after Theorem 4.2). In contrast to
(1.2) we will show that every countable e.c. LFC, 4-group is already closed
in LFC, 4 (and thus has infinite rank), and that there exist 2% countable
closed LFC,, 4-groups for each A. Corresponding results hold for the classes
LF C” .4 Of LFC, 4-groups of rank < p (1 < p € w). Since the structure of
closed LF C” 4-groups is less homogeneous, we will not study them in detail.
Concerning the countable closed LFC,, 4-groups G, it will turn out that they
all have a unique isomorphism type 7T, of torsion subgroup, and that (1.1)
holds for LFC, 4 with T4 in place of ULF , with the only exception that we
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are not able to show that G splits over T(G). As with E4/A4, the group T,4/A4
has Schur multiplier 4, is verbally complete and characteristically simple, and
normality is transitive in 74/4. However, T, is not isomorphic to E,, since
in place of the unique chief series of E4/A4, the group T,/A has a unique
normal series (of order type (Q, <)) with infinite elementary-abelian factors.
Every countable closed LFC, 4-group acts via conjugation on each of these
factors in the same way as K> acts on K* regularly, where K denotes the
algebraic closure of GF(p). We will also describe the automorphism group of
T, similarly as in [11, §6 and 1 and 5, §4].

Our techniques are completely different from F. Haug’s ones. He employed
the permutational product, and also the Cernikov embedding of finitely gener-
ated FC-groups into direct products of free abelian and of finite groups. Both
constructions cannot be used within the class LFC,, because they increase
the number of primes involved in the orders of torsion elements. Instead we
modify wreath product embedding techniques as in [9] such that they can be
applied to LF C-groups. Our restriction to countable groups derives from these
techniques.

2. AT-SERIES AND CLOSEDNESS

Our notions of normal series, induced series, order type and Dedekind com-
pletion of a series coincide with those introduced in [9, pp. 208-209] and [11,
§2]. Normal series of LFC, 4-groups G refining the series 1 < A< T(G) <G
will play an important role in our investigations. Such a series we call an AT-
normal series in G, if ithas G/T(G) and A/1 among its factors; the factors of
such a series between 4 and T(G) are called AT-factors. An AT-chief series
is an AT-normal series whose AT -factors are chief factors in G ; such factors
are called AT-chief factors.

Lemma 2.1. Every AT-chieffactor ofan LFC, 4-group G is elementary-abelian
and central in T(G).

Proof. Let M be a periodic minimal normal subgroup of the LFC,-group G .
From [8, 1.B.3] we know that M is elementary-abelian. Choose m € M — 1
and g € T(G). Then F = (m, m8) is finite. Choose a finitely generated
FCp-group H such that (F, g) < H<G and F < (x¥) forall xe F—1.
Then every torsion chief factor K/L in H with m € K — L satisfies F < K
and FNL = 1. The torsion subgroup of H is a finite p-group, and hence
K/LNZ(T(H)/L) # 1. This immediately yields K/L < Z(T(H)/L), and
hence mé € mL. But now FNL =1 implies m& = m. This shows that
M<Z(T(G)). O

Lemma 2.2. Let M/N be an AT-chief factor of the LFC,, 4-group G. Put G=

G/Cg(M/N) and £ = GF(p). Regard M/N asa £ G-module via conjugation.

Then K = £G/An(M/N) is a locally finite field, and for any mo € M — N a
K-isomorphism ¢: K* — M/N is given by xe¢ = (mgN)* forall x € K.

Proof. From Lemma 2.1 we know that G is abelian. Hence there exists a
canonical embedding of the ring K into Homg(M/N, M/N), and the latter
is a skew field by Schur’s Lemma. Now let Go < G be finitely generated

with mg € Gy. Since G is abelian, we have Cg(M/N) = Cg(moN) and
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Go & Go/Cg,(moN). So Gy € FC implies that Gy is finite. Thus £Gy +
An(M/N)/An(M/N) is finite, commutative and multiplicatively closed; hence
it must be a finite subfield of K. This shows that K is a locally finite field.
Moreover ¢ is surjective because M /N is a simple K-module. Since ¢ is
nontrivial and Kere is an ideal in the field K, we obtain Kere ={0}. O

Because locally finite fields are countable, Lemma 2.2 yields that every AT-
chief factor of an LFC, 4-group is countable.

Chief factors of L§,-groups are central and cyclic of order p. Lemma 2.2
gives a first hint, that this is no longer true for AT-chief factors of LFC, 4-
groups. We can make this more precise by using semidirect product construc-
tions. If #: G — H is a group homomorphism, and if H acts on a group N,
we let

NxygG={(g,n)geG,ne N} with group multiplication

(&, m) (&, m) = (818, n¥’ny) forall g, g€ G, ni,meN.

Usually we identify N and G canonically with the corresponding subgroups
of N xy G. We suppress § whenever 6 =1id.

Lemma 2.3. Let K be a locally finite field of characteristic p. Regard K* as
regular K*-module. Suppose that G is an LF C, 4-group and that there exists
a homomorphism 6: G — K> with A < Kerf. Then H = K* x4 G is an
LFC, 4-group.

Proof. Let Hy < H be finitely generated. Since Kt and K* are locally finite,
we have K* x K* € LF. Therefore HynN K* is a finite p-group. Clearly,
Hy/Hon K+ = HyK*/K* is an FC,-group. Now, extensions of finite groups
by FC-groups are again FC-groups. Thus Hy € FC,. This shows that H €
LFC,. Moreover, A < Kerf implies [4, K*] =1, whence A< Z(H). O

Corollary 2.4. AT-chief factors are in general not central and not cyclic.

Proof. Let K # GF(p) be a locally finite field of characteristic p. Since K*
is periodic and locally cyclic, there exists a subgroup G of 4 x Q* with 4 <
G, and an epimorphism 6: G — K* with 4 < Ker6. Because K* acts
transitively on K* — {0}, we see that K*A4/A is a noncyclic noncentral AT-
chief factor in the LFC, 4-group K* %y G. 0O

Corollary 2.4 shows that it is impossible to embed finitely generated FC,-
groups into direct products of free abelian and of finite p-groups, and that
finitely generated F C,-groups need not be residually finite p-groups.

In LFC, 4-groups, only elements of infinite order can induce p’-automor-
phisms on AT-chief factors. Now, for given g € Ge LFC, 4 with o(g) = o,
Lemma 2.3 allows us to construct an LFC, 4-supergroup H of G such that g
acts as a p’-automorphism on some AT -chief factor of H . Thus we can express
by a finite system of equations and inequalities in H that g has infinite order.
This provides the key for our

Theorem 2.5. Every countable e.c. LFC, 4-group is closed in LFC, 4. If A
has finite p-rank, then every e.c. LFC, 4-group is closed in LFC, ,.

We denote the class of all finitely generated LFC, 4-groups by F Cz?. 4
Note that every FC; ,-group F has the form F = (4, fi, ..., f;) for some
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fi,..., fr € F, since the elements of 4 are constants in the underlying lan-
guage.

Proof of Theorem 2.5. Let G bee.c.in LFC, 4. Suppose that B, C € FC,?,A
and H € LFC, 4 satisfy B < C < H and B < G < H. Without loss we
may assume that H = (G, C). Denote epimorphic images modulo torsion
subgroups by bars. Choose ¢, ..., ¢ € C such that C = (c)) x - x ().
Since G is divisible by Theorem 5.2, we may assume that ¢;, ..., ¢, € G and
H=Gx (C,41) x---x(C,) forsome v <r. Let K be the algebraic closure of
GF(p). In the case when p # 2 put g = p, otherwise g = 4.

We construct a chain H = Hy < H, <---< H, in LFC, 4 with H; = H for
1<i<ras follows. Suppose that H;_; has been found. ‘The pure subgroup
C; of H;_, generated by {¢;} has a direct complement D; in H,_; which
contains the pure subgroup of H,_, generated by {¢;|j # i}. Since C;/ (E}’"‘)
is periodic and locally cyclic, there exists a homomorphism ¢;: C; — K* with
GF(q)* =_(_Ei¢i). Define 6: H;_; — K* via_h0 = hy,; forall h € H;_;,
where @,: H;_; — K* is determined by 9,|/C; = ¢; and Eimi = 1. Put
H; = K* %y H;_; and K; = GF(q)* < K* < H;. Then K; is a finite p-group,
and ¢; € C(K;) for all j # i, while ¢; induces an automorphism of order
g —1 on K;, which permutes the nontrivial elements in K; transitively. Also,
H; e LFCP’A with H; = H,;_, by Lemma 2.3.

Choose a transversal T of 4 in T(C) with 1 € T. Then T is finite, since
TA/A is the torsion subgroup of C/4 € F C,?. Consider the following finite
systems of equations and inequalities with unknowns (x|t € T), (¥1, ..., ¥r),
and (zx|lkeK;—-1, 1<i<r).

X1, X1, = X1, whenever ¢, 1, t3 € T and a € A satisfy 1,1, = tza;
y7'x4,yi = x,a for 1 <i<rwhenevert,,t, €T and a € 4 satisfy
(2.1) c,-"tlci = ha,
i,y ]=xa forl1<i,j<rwhenevertecT andac A4
satisfy [¢;, ¢j] = ta.

yilzyi=z, forl<i<rforallky,k; €K;—1 withci'kic; = ky;
(2.2 i, zk] =1 for1<i,j<rwithi#jandal k€ K;—1;

the group table K; in the unknowns (z; |k € K; — 1) for 1 <i<r

(including the inequalities z; # 1).

Suppose that G contains a simultaneous solution (|t € T), (vy, ..., v,),
and (wilk € K;—1, 1 <i<r)to(2.1)and (2.2). Let Go = (4, V1, ..., Ur, U]
teT). Define y: C — Gy via

w(' --cr-ta)y=v"---v)-ua foralln,,...,n€Z, teT, acA.

Then y is a homomorphism by virtue of (2.1).

Put L; = (wi|k € K; — 1). From (2.2) we know that L; = K;, and that v;
induces an automorphism of order ¢ — 1 on L; which permutes the elements
from L;—1 transitively. In particular, o(v;) = oo, and there exists an 4T -chief
factor M;/N; in G such that L, < M; and N;NL;=1. Clearly v; ¢ G; =
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Cs,(M;/N;). Since v; € Cg,(L;) for j # i, Lemma 2.2 yields that v; € G;.
Thus the canonical embedding

Go/(WGilt <i<r} = [[{Go/Gill <i<r}=][[{wG1 <i<r}

is an isomorphism, and therefore Go/({G;|1 < i < r} has Priifer rank r.
(Note that o(v;G;) = ¢ — 1 for all i.) This shows that Gy = () x --- x (T,).

If x=cf'---cfr-tacKery, then v{'---7" =0,andso ny =---=n,=0.
It follows that u, = a=' € {u|t € T} n A, and Kery will be trivial if we
can ensure that {u|t € T} N A = 1. If A has finite p-rank, then A[p"] =
{a € Alo(a)|p"} is finite for all n € w. In this case we supplement (2.1) and
(2.2) by

(2.3) x;#a forallte T -1 and all a € 4[o(?)].

Since y is a homomorphism, o(u;) divides o(t). Thus (2.3) yields that u, ¢
A forevery t € T — 1. In the other case, G is countable by assumption. Then
we may assume without loss that H is countable, whence H, is contained in a
countable closed LFC, 4-group H,.;. But Theorem 5.1 yields that Z(H,,,) =
A . In this case we supplement (2.1) and (2.2) by

(2.3) [x;,&]#1 forallteT -1,

where (§|t € T — 1) are additional unknowns. This yields u, ¢ Z(G) > 4 for
all teT-1.

Finally, let B = (A4, by, ..., bs). Because of B < C there exist words w,
in elements from {c,, ..., ¢} UT such that

bj=wja; for 1< j<sand suitable a; € 4.

Let w; be the word obtained from w; by replacing ¢; by y; and ¢ by x;.
Supplement (2.1)-(2.3) by

(2.4) b; =w}a, for1 <j<s.

Since the LFC, 4-supergroup H, resp. H,,; of the e.c. LFC, 4-group G
contains a simultaneous solution to the systems (2.1)—(2.4), there does already
exist a solution in G . As before, (2.1) gives rise to a homomorphism y: C —
G, which is injective because of (2.2) and (2.3), and which satisfies y|B = idp
by virtue of (2.4). O

By Theorem 5.1 there exists an uncountable closed LF C, 4-group with cen-
tre greater than A . Therefore, the method of proof of Theorem 2.5 cannot be
applied to uncountable e.c. LFC, 4-groups G when A has infinite rank, since
we cannot ensure that for every 1 € T — 1 there exists an LFC, 4-supergroup
H of G with [t, h]#1 forsome he H.

Question 2.6. Do there exist uncountable e.c. LFC, 4-groups which are not
closed in LFC, 4 (when A has infinite p-rank)?

Clearly, every closed LFC, 4-group contains a copy of every F C,g” 4-group.
Together with Theorem 2.5 this immediately yields
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Corollary 2.7. Every countable e.c. LFC, 4-group has infinite rank. If A has
finite p-rank, then every e.c. LFC, 4-group has infinite rank.

This result sharply contrasts with the fact, that e.c. LFC-groups can have
any prescribed rank [5, Lemma 2.2 and 6, §9].

3. MODIFIED STANDARD EMBEDDINGS

For the investigation of an e.c. group G in some class X it is necessary to
construct X-supergroups of G. In LFC and L§, quite elegant constructions
were made by means of the permutational product [4 and 11]. By a synthesis of
both cases one would expect that it be possible to use the permutational product
also within LFC, . However, there are the following two difficulties. Firstly, the
permutational product of torsion-free 2-groups is their central product over the
amalgamated subgroup; therefore its torsion subgroup need not be a p-group.
Secondly, the L3J,-case suggests a choice of transversals with respect to A7-
chief series in order to apply certain theorems of Gregorac [2]; however, these
theorems require the centrality of chief factors in the whole group, whereas
AT-chief factors are in general just central in the torsion subgroup. And a
suitable generalization of Gregoracs theorems could not be found. Therefore,
we try to modify the technique of standard embeddings into wreath products
(see [7]), which has already been used advantageously for a large variety of
group classes (see [9]), and which has turned out to be even more powerful than
the permutational product in the study of countable e.c. X-groups.

Let A be any group, and let B be a permutation group on a set Q. The
unrestricted wreath product AWrq B is the set {(b, f)|b € B, f: Q — A} with
group multiplication

(b, fi)« (b2, o) = (biby, [P 13)

where
(/i b ) (w) = fi(wby h. fi(w) forallwe Q.

AWrq B is a split extension of its base group {(1, f)|f: Q — A} = A% by its
top group {(b, 1)|b € B} = B . In the case when B is an arbitrary group, we can
choose Q = B and define a permutation action of B on Q via (w)b~! =b-w
forall w € Q, b € B. In this case we write A WrB instead of 4 Wrqo B. We
usually identify canonically B with the top group and 4 with the 1-component
{1, AHIfd) =1 forall b € B-1} of AWrB. The canonical embedding
of A onto the diagonal subgroup {(1, f)|f constant} of 4 WrB is called the
diagonal embedding.

Now, let : G — H be a group homomorphism with N = Kerf. A coun-
termap to 6 is a map 6*: H — G satisfying

(g0h)0"0 = g6 -h6*0 forallge G, he H.

See [7] for the existence of countermaps. Every countermap 6* to 0 gives rise
to a standard embedding o: G - W = NWrH via

go =(g0, f;) forallgegG,

where

fe(h) = [(g6h)0*1"' - g-h6* forallhe H.
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Similar embeddings have been used in [9, Construction 4.1] to obtain LX-
supergroups of countable e.c. LX-groups for certain classes X. In these appli-
cations it was required that wreath products of finitely generated X-groups by
LX-groups were LX-groups again. This is however not true for FC-groups.
For example, C, has infinitely many conjugates in the finitely generated sub-
group (C,, Cx) of C, WrC, . Therefore, we need some further specialization
of standard embeddings. Our idea is as follows. In the case when G and H
are finitely generated FC-groups (FCO%groups) and N < T(G), choose the
countermap 6*: H — G in such a way that, for some subgroup Hj of finite
index in H, each f; is constant on the left cosets of Hy in H. Then Imo is
contained in

Wy = {(h, f)lh € H, f is constant on each hHy(h € H)} < W .

W, is a split extension of a direct product of finitely many copies of N by H.
Since N is finite, it follows that W, € FCO.

In the following constructions we will make extensive use of the fact, that in
F CO-groups the centre has finite index. The rank r(G) of an FC%group G is
equal to its Hirsch number and thus also to the torsion-free rank of Z(G). By
an independent system of an 2-group we always mean an independent system
of torsion-free elements. For any periodic 2A-group A4, we denote by LFC,
the class of all LF C-groups with 4 < Z(G).

Construction 3.1. Suppose that we are given a homomorphism 0: G — H of
countable LF C-groups with A< Z(G) and A < N =Ker0 < T(G), and that
{Hy|n € w} is an ascending chain of F C°-groups with union H. Then there
exists an ascending chain of FCC-groups {Gn|n € w} with union G such that
H,NnGO =G,0 forall n.

Proof. Let N = {v,|m € w} and choose elements g,, € G such that H,NGH =
(800, ..., 8,0) for suitable k,. Put G, = (Vo, ..., Un, &0, --- > &,)- O

Choose recursively a torsion-free Z, < Z(G,) with Z,0 < Z(H,), such that
r(Zy) = r(Gy), and also r(Z,) = r(Gps) —r(Gy) and Z, ., NG, =1.

Proof. Let S be a subset of Z(G,,;) which supplements a maximal indepen-
dent system of Z,NZ(G,;,) tooneof Z(G,41). Then Z,,, may be generated
by a suitable power of S. O

It follows that Z,.,.6 "H,=Z,.,.6NnH,NGO=2,,0NnG,0=1.

Proof. Let z € Z,,, and g € G, with z6 = g6. Then g = zv for some
v € NN Gryy < T(Gpyy). Thus, g°®) = z00) € Z,,, NG, = 1. But Z,,; is
torsion-free, whence z=1. 0O

Choose recursively a torsion-free Z, < Z(H,) with Z,6 < 2,,, such that
r(Zy) = r(Hy), and also r(Z,,1) = r(Hpyy) —r(Hy) and Z,, . NH, =1.

Proof. Supplement a maximal independent system of (Z,,;60 x 2,,) NZ(Hypyy).
(]

Clearly, Z,---Zy and Zn-+Zo have finite index in G, resp. H,. Note also
that 0\Z,---Zy is injective as Z,--- Zy is torsion-free and N < T(G). Choose
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Cp < Zy-+Zy With Co = Z(Hp) N (Zy---ZoNZ(G,))0 . Then
Cn+10 = Z(Hn+l) n [Zn+l(Zn e ZO n Z(Gn+l))]0
= n+10 ¢ (Z(Hn+l) n [Zn te ZO N Z(Gn+1)]0)
<Zp0- (Z(Hn) N[Zn---ZpN Z(Gn)]o) = (Zn+1(:n)‘9 ’
whence
(3-1) Zn+l < Cn+l < Zn+1Cn .

Choose a torsion-free Xo < Zo with Xo N Cof = 1 and r(Xy) = r(Zo) -
r(Co0), and then recursively a torsion-free X,y < Z,,+1X,, NZ(H,y,) such that
XpiNCr10 =1 and r(X,4) = r(Z,,+1D,,)—r(C,,+10), where D, = C,0x X, .
Proof. Note that Cpy10 < (Zns1Cn)0 < Zpi1 Dy = Zniy x Xp x Co. In order
to find X,,;, supplement a maximal independent system of C,,;6 to one
of Z,1Dy. From (3.1) and r(Cpyy) = r(Zns1) + r(Cp) we know that C,, 6
contains a maximal independent system of (Z,,;C,)8 . Therefore we can even
get Xp41 < 2n+1 XXp. O

An easy induction shows that r(D,) = r(H,). Moreover,
(3.2) D,NGO=C,0 and Dyii < Zp\Dy.

Proof. |XpNGL0| =|X,NG,0: X, N CyO| <|Grl: Cpb| < 0, since r(G,0) =
r(Gy) = r(Cy) = r(C,0). But X, is torsion-free. So X, N G,0 = 1 and
DyNGynb = C,6 . Furthermore, Dyp1 = Cpp10+ Xyt < Zn10+Co+ Zpy1 - Xy <
ZyaD,. O

Now, let W = (T(G) x G)Wr H where G acts on T(G) via conjugation. We
will specify a certain LF C 45-subgroup w of W, where 6: A— W s given by
ad = (1, f) forall a€ A and f, = (1, a). To this end, put Zr = (Zylk >
n+ 1), and fix a right transversal T, of Z"H, in Z""\H,.; with T, C Hypy, .
Then T" = J{T,--- Tx|k > n} is a right transversal of Z "H, in H. Clearly,

(33) h-Z"' X, T Ch-Z"X,T" and h - Z"*' Dy T"* Ch- Z"D,T"
whenever h € H, | satisfies h = zhtwithze Z", he Hy, te T,.

Let
W,={(h, f)e Wlhe H,, Im f C T(G,) x Gyn, f is constant on each
of the sets h - Z"D,T" (h € H,), the G,-component of f
is constant modulo T(Gy)} .

Then W, is a subgroup of W . Moreover, W, < W, by (3.3). And W =
U{Wh|n € w} € LFCys.

Proof. Clearly, 46 < Z(W). It remains to show that W, € FC . Let

Q= {(h, f) € Wallm f C T(Gn) x T(Gp) and h € T(H,)}.

Since for every (h, f) € W, the G,-component of f is constant modulo
T(G,), we obtain that Q, < W,. If (h, j:) € Q,, then f is constant on
each of the finitely many sets 4 - Z"D,T"(h € H,). Hence Q, is a finite
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normal subgroup of W, . Moreover, W,/Q, = H,/T(H,) x G,/T(G,) is a
torsion-free A-group, whence W, e FC. 0O
Finally note that W € LF Cp 45 whenever G€ LFC, 4 and H € LFC,.

Construction 3.2. Adopt the notation introduced in Construction 3.1, and suppose
in addition that Gy < T(G). For each n € w, choose a right transveral R, of
G,0-X, in H,, and let S, be a transversal of C,-(NNG,) in G,. Then S,0
is a transversal of C,0 in G,0. Define 6%: H — G, via

(zxc0s0rt)9,*,=cs forallzeZ", xeX,, ceC,, s€8S,, reR,, teT".

9,“,‘ is a countermap to 6|G, because 4 "X,R,T" is a right transversal of G,0
in H (cf [7]). Moreover, we have that
(3.4) 5;*, is constant on each of the sets h - Z"X,T" (h € Hy,), and
(3.5) (cOn)8: =c-hb; forallce C,, heH.
Define 0;;: H — G, recursively via

0; =05 and (g6y)6;., = (£6y)6;-v6;™" - y0;,,

forallgeG,, ye€ Z"X,R,T" .

Straightforward calculations yield that 0}, is also a countermap to 6|G,, and
that the map w,: H — Gnyy given by hw, = h6;~' - h;,, is constant on

each coset G,0 - h (h € H). It follows from (3.3) that 6} sattsﬁes (3.4) too.
Furthermore, 0;, satisfies (3.5).

Proof. Let c € Cyyy and h € H. Then (3.1) yields ¢ = 2¢ forsome 2 € Z,,,,
¢ € C,. Moreover, h = g6 -y forsome g€ G,, y € Z"X,R,T". But then
(cOh)0,., = ((2¢8)0y)0,,, = ((C82)6y)0,,,
= (€6g0209)6; - (26)6;" - (261)6;,
¢-(g020y)0, - (20y)0*" (26y)0%., by induction
(gﬂy)f)* -y6;7"-2-y0;,, by (3.4)and (3.1)/(3.5)
(gey)anﬂ =C- h0n+l .
Now, the standard embedding Gy — W determined by 6 can be extended
to an embedding o: T — W, given by
go =(g0, f;) forall g € G, where
felh) = ((86h)65™" - (g0h)6; - h6,~" - h65, hO;™' - hO; - (g6h)6;™" - g - h6})
€E(NNG,) %Gy, forallhe H.

(This is the embedding o of [9, Construction 4.1].) We list some properties of
g.

If g € N, then ga = (1, f;) where fy(h) = (1, g"%) for all
(3.6) h € H. In particular, o|A = 0. And if we choose Gy < N and

So = {1}, then a|N is the diagonal embedding.

If g € G, then fg is constant on each of the sets h - Z"D,T"
(3.7) (h € Hy,), and the G,-component of f; constantly equals g

modulo T(G). In particular, Imo < W .
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Proof. Because of (3.3)/(3.4) the T(G,)-component fg of fg is constant on
each 4 - Z"X,,T". Now, let ¢ € C,,. Because of Gy < T(G) we have Cy =1,
whence ¢ € C,0 < Z° by (3.1). Thus (3.5) and (3.4) yield

f3(cOh) = ((cOh)B;, - (g0cOh)O;~" - g) oMb
=(c-h6; - (g0m)0;~" -c™" - g)"% = fr(h).
By the same arguments, the G,-component fgl of f; is constant on each
h-Z"D,T" too. Furthermore, Im6; C Gy < T(G). So fl(h)- T(G) =
(80h)6; - h6:~' - T(G) = g - T(G,) by definition of a countermap. 0O
Construction 3.3. Adopt the notation introduced in Constructions 3.1 and 3.2.

Suppose in addition that N = Ker 6 is a minimal normal subgroup of G. Then,
by Lemma 2.1, we have that T(G) < Cg(N). This allows it to modify the

embedding ¢: G — W as follows. _
Denote epimorphic images modulo T(G) by bars. Let W° = (N x G)WrH
and
W ={(h, /) e W\h € H,, Imf C(NNGpy) %G,
f is constant on each of the sets h - Z"D,T" (h € H,),
the G,-component of f is constant}.

Then W° = J{W0n € w} € LFC (resp. WO € LFC, whenever G, H €
LFC,). Define ¢°: G — W° by

go®=(g0, fQ) forallgeG,
where
SAh)=(g, ho;-(g6h)6;~" - g) forallhe H.
Then 6° is also an embedding with the properties that o|N is the diagonal
embedding, and that f is constant on each of the sets h-Z"D,T" (h € H,)
whenever g € G,. Usually we suppress the 0’s.

Embeddings ¢ as in Constructions 3.2 and 3.3 we call modified standard
embeddings (ms-embeddings). We will need a technical lemma concerning ms-
embeddings which corresponds to [9, Corollary 4.4].

Lemma 34. Let (h, f) € W, with h € H, — D,. If B, denotes the base group
of Wy, then T(By)' <[l(h, 1), T(BA)], T(B)1 < ((h, /)T5)).
Proof. Let R, be a right transversal of D,(h) in H,. Follow the proof of [9,
Lemma 4.3(b)] with Z"D,R,T" in place of T. (Note that [[(b, f), x1;], x2,]
= [x1, x2;] actually holds for all j in the proof of [9, Lemma 4.3(b)], whence
the assumption f(b') =1 forall b’ € BT is superfluous). O

4. MANY COUNTABLE CLOSED STRUCTURES

In this section we will show that there exist 2™ countable closed LFC, 4-
groups. We need a preparatory lemma similar to [11, Lemma 2.2]. Note that
for U <G e LFC, 4, every AT-normal series with elementary-abelian A7 -
factors in G induces an 47 -normal series with elementary-abelian 4T -factors
in U in the sense of [11, p. 163].
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Lemma 4.1. Let Iy be an AT-chief series in the FC) ,-group U . Then there
exists an F C° 4-Supergroup V of U such that every AT-normal series with
elementary—abellan AT-factors in V' induces Xy in U.

Proof. Since every F Cl?, 4-group is a central product of 4 with some F C,‘,’-
group over a finite subgroup of 4, we may assume without loss that A is finite.
Let 1<A=U,<U,_;<---<Uy=T(U)<U be the series Ly . Recursively
we will construct for 0</<n an F C},’-supergroup V; of U/U; such that

(4.1) kU e(gU)ly forallheU,, g€ Uy-Uand 1<k <I-1.

To this end put Vy = U/Uy and assume that V,_; has been found for some
le{l,...,n}. Let U=U /U, and denote the canonical epimorphism U—
U/U_, < Vj_; by 6. Identify 17,_1 with the diagonal subgroup of H =
((7,_1 Wr C,)Wr C,. . Because of exp(U_,) = p we have Z(H) = U_, <H"
(see [17, Theorem 4.1]).

Now, as in the Oth step of Construction 3.2, there exists a torsion-free central
subgroup D of finite index in ¥,_, and a countermap 6*: ¥,_, — U to 6 such
that the corresponding standard embedding

o: U0 - U_,WrV_, <HWrV,_,

maps U into the FCQ-group
={(v, f) € HWrV,_{|Im f is constant on each coset 7 - D (0 € V;_,)}.

Let Q be the base group of V;. Fix h € U, and g € Uy — U, for some
ke{l,...,1—1}. By our recursion, (4.1) yields that ho € (ga"i-1y «w for
some w € Q". Moreover, w € (§6") by Lemma 3.4. Hence ho € (go")'.
Suppress o . This completes the recursion.

A further application of the above argument, with 4 in place of (7,_| , and
with (AWrCy)WrCp. in place of H where g = exp(4), yields an F C,?’ T
supergroup V of U such that

he(gVy forallheU,, geUy—U, and 1<k<n.

Now, let M/N be an elementary-abelian AT -factor in V. Choose k minimal
with respectto Uy, < N. If MnU = U, then NNnU = U, and we are done.
Suppose that M NU > Uy . Every g € (M NU) — Uy satisfies g € Uj_; — U;
for some j < k. On the other hand j > k, since (4.1) yields U; < (g")’ <

M' < N. Therefore, g€ Uy,_1—Uy,and U, < NNU <MnNU < U;_,; . Since
Ux-1/Us is a chief factor in U, we obtain Uy = NNU<MnNU=U,_,. O

In order to show the main result of this section we will use a result of B.
Maier [16]. This makes it necessary to introduce the notion of a controller. Let
X be a class of groups. An X-supergroup V of U € X is an X-controller for
U, if the following holds.

Whenever G and H are X-supergroups of V', then there exist
(4.2) an X-group W and embeddings 0: G — W and 7: H - W
such that ¢|U = 1|U .

Theorem 4.2. Let UeFCOA with U # T(U)# A. Then U has no FC,?,A'
controller.
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Now, every FCPgroup is embeddable into the direct product of a free abelian
group of finite rank and a finite group (see [19, Theorem 1.7]). Since each of
these products has only countably many finitely generated subgroups, we obtain
that there exist only countably many FCO®-groups. Every F CI‘," 4-group is the
central product of 4 with some F C-group over a finite subgroup of 4, whence
there exist only countably many F C° _4-groups. Therefore, [16, Theorem 4.1]
applies, and so Theorem 4.2 immcdlately yields

Corollary 4.3. There exist 2% pairwise nonisomorphic countable closed LF C, 4-
groups for every fixed countable abelian p-group A.

Proof of Theorem 4.2. Assume that there exists an F G, 0 -controller V' for
U. Let Zy be an AT-chief series in V. Then V| N U > VhNnU = A for
some AT-chief factor V;/V; of £y . Denote epimorphic images modulo torsion
subgroups by bars. Fix u € U~ T(U), and let V = (¥)) x --- x (,). By
Rado’s Lemma [18] we may assume that % = U]’ for some m € w. Fix
upo € (UNW) -V, put £ =GF(p), and let V = V/CV(VI/Vz). Lemma
2.2 yields that K = £V /An(V,/V3) is a finite field, and that a K-isomorphism
e: Kt — V1/V; is given by xe = (ugl)* forall x € K. Choose a prime g # p
not dividing [K*|. Let ¥ = (Tp) x (T3) x --- x (T,) > V with 7% =7,

We will construct F CI?’ 4-supergroups G and H of V' with the following
properties.

(4.3) V<V<GnH.

There exist AT-chief series £; in G and Xy in H which
induce Xy in V.

If V1/V> is induced from the AT-chief factors G,/G, of Xg
and H,/H, of Xy, then

0(Vo + C5(G1/Gr)) = q - 0(Vo - C(H [ Hp)) .

Let us first show that the existence of G and H leads to a contradiction.
From Lemma 4.1 we obtain G < G € FC) , and H < H € FCOA such
that every AT-normal series with elementary-abelian AT -factors in G resp.
H induces X6 in G resp. Xy in H. Since V is an F C0 -controller for

U, there exist Y € F Cg’ 4, and embeddings o: G-Y and 7: H - Y with
o|U = 1|U. Suppress ¢ and 7.

Consider an AT-chief series Xy 1n Y. Clearly ZyNG=Z%Z; and ZynH =
Xy, whence ZyNV =Xy by (4.4). Let Y;/Y, be the AT-chief factor in Xy
inducing V;/V; in V. Then Y,/Y, induces G,/G, in G and H,/H, in H.
Considering everything modulo Y, we may assume that Y, =G, =H, =V, =
1. Clearly, C3(X,) = Cx(up) holds for G, H,and Y in place of X, because
X is a minimal normal subgroup in X, and because Y/CY(X 1) is abelian.
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Thus, the diagram of canonical homomorphisms

i /?/cTym) )
G/C4(G1) i H/Cy(H)
Y
(_T; o~ ;
(\ _ /

U

commutes. Now, Uy is the unique gmth root of % in the torsion-free abelian
group Y . Hence T - Cz(G) = o - Cy(Y1) = U - Ci(H)), which contradicts
(4.5).

It remains to construct G and H. As in the proof of Lemma 4.1 we may
assume that A4 is finite. Then V, is finite. Suppose that we can find F Cl?-
supergroups G and H of V/V, satisfying (4.3)-(4.5) correspondingly. Then,
by the Oth step of Construction 3.2 there exist, for the canonical homomor-
phisms V' — V/V, < G resp. V — V/V, < H, standard embeddings of V' into
F Cg, 4-subgroups G of VZWrG resp. H of VaWrH . Since every v € V5 is
mapped onto (1, f,) € V> Wr G, where Im f, is contained in the V -conjugacy
class of v, there exists an AT -chief series in V, WrG and hence in G, which
induces Xy in V such that G inherits the properties (4.3)-(4.5) from G.
Similarly, H satisfies (4.3)-(4.5). Therefore we may assume from now on that
V=1.

By the Oth step of Construction 3.2 there exists, for the canonical homo-
morphism ¥/V; — V <V, a standard embedding u of V/V; into an FCY-
subgroup W of T(V)/V WrV with W = V. As before, there is a T-chief
series in W which induces the series (Zy/V))u in (V/)u.

Let L = K(a) for some primitive gth root of unity «. Since g does not
divide |K*|, there exists z ¢ K such that z9 = U, + An(¥}). Extend the

canonical homomorphism 6: VoV < K* to homomorphisms 6,: V — K*
and 6,: V — L* via

5091 =z and §002=Z°a.

Put P = K* xg, V and Q = L* xg, V. Since K* is an irreducible K*-module,
K* is a minimal normal subgroup of P. Similarly, because L is the smallest
subring of L containing Im 6, , we see that L* is a minimal normal subgroup
of Q.

By Construction 3.3 there is a countermap u* to the composition & of the
canonical epimorphism ¥V — V/V; and of u such that, for some torsion-free
central subgroup D of finite index in W , the ms-embedding o: V — PWrW
given by vo = (v, fy) where f,(w) = (T, (wu* - [(vE - w)p*]™" - v)e™"),
satisfies

Vo <G={(w, f) € PWrW|f is constant on each of the cosets w - D
(w € W), and the V-component of f is constant} € F C,?.
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G inherits the property (4.3) from W : we may identify 1% canonically with

{@,1)-56-T(G)[T € V}, where 8: P — W denotes the diagonal embedding.
(Observe that

T(G)={(w, f) e Glw e T(W), and the V -component of S 1is trivial}
and that v6 = (v, 1) 99 -T(G) forall veV.)

Now o|V, = ¢7 16, and G; = K*J is a minimal normal subgroup in G.
Therefore, the normal series 1 < G| < T(G) < G can be refined to a T-normal

serigs in G which induces Xyo in Vo. Put x = (Up, 1)-0gd. Then X = 7
in G, and

{uoo ™|k € Z}| = |{(uoe™")5 |k € Z}3| = [{uoe™" - 2|k € Z}| = o(2),

whence 0(Uo - C5(Gy)) = o(z) by Lemma 2.2. Similarly, we can find an ms-
embedding t: V — H< QWrW where H isan F C,?-group with the proper-
ties (4.3) and (4.4) such that o(vy-Cx(H;)) = 0(z+a) = 0o(z)-0(a) = q-0(z). O

Observe, that the groups G and H in the proof of Theorem 4.2 will have
the same rank as V', if we replace G by

{(w, f) e PWrW|f is constant on each of the cosets W - D (w € W),
and the V-component of S constantly equals w},

and similarly H. Therefore we can even show that there exist 2% countable
closed groups in the class of all LFC, 4-groups of rank < p (for each fixed

pEw—{0}).
5. SOME PROPERTIES

In this section we will collect properties of countable closed LFC, 4-groups
G which correspond to those which hold for countable e.c. LF C-groups [35, §§1-
2] resp. the countable e.c. LF, 4-group E, [13 and 11], and we will determine
the action of G on its 4T -chief factors.

Theorem 5.1. (a) Let G be a countable closed LFC, 4-group. Then Cg(T(G))
= A. In particular, Z(G) = A = Z(T(G)).

(b) Let A be an abelian p-group with A < A. Then there exists a closed
LFC, 4-group G of cardinality max{|4|, },;} with A< Z(G).
Proof. (a) Assume that there exists x € C(T(G)) — A. Put G = G x o
and C, = (c). Let {G,|n € w} be an ascending chain of FCP-groups with
union G. Following Construction 3.1 with the canonical epimorphism G —
G = G/(A x Cp) in place of 6: G — H we obtain for each n € w a parti-
tion G = Qg 0U---UQ, k, such that C~?,, permutes the Q, ; regularly by left
multiplication, and such that the groups

Wo={(&,f)e(dAxCp)NG, Wr(~;|g € G,, and f is constant on each Q, ;}

form an ascending chain of FC,-subgroups of (A4 x C,,)Wr@. Thus, Con-
struction 3.2 yields an ms-embedding ¢ of G into the LF Cp, ag-group W =
U{Whuln € w} < (4 x C,,)Wr(~?. (Because of 4 x C, < Z(G) we can replace
(AxCp)x G by 4 x C, in the base group.)
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Without loss we may assume that X € C~?o permutes the Qo ; nontrivially
(see Construction 3.1). Let y = (1, f) € W, where

1@ -{

Then [xo,y]# 1 and y? = 1. Since G ise.c.in LFC, 4, there does already
exist some z € G such that [x, z] # 1 and z? = 1, in contradiction to the
choice of x. R

(b) Follow the construction in the proof of [4, Theorem 2.2] with A4 in place
of A, and p” inplace of n!. Then G=B~E € LFC, 4. Since every infinite
LFC, 4-group is contained in a closed LFC, 4-group of the same cardinality,
it suffices to show that G satisfies 4 < A(G) (see proof of [4, Theorem 2.2]).

Fix a€Aand g:G > w-— {0}. Then there exists m € w — {0} and
¢ < w; such that {# < &|g(d(B)) = m} is infinite. Put ¢ = g(e(&, a)). Let
tm = p¥l with (p,[) = 1. Then there exists f < ¢ with g(d(8)) = m and
s =@e(B) > k. Put u=p*~%. Then

[d(B)EUED oL, a)seC- DT = (2(s, a)-c(s, a))'™ = (z(s, a)-c(s, @)y = d'.
It follows that a’ € 4,(G). Butnow (p, /) =1 vyields a € (a/) < 4,(G). O

c ifgeQ,
1 else.

In the following, G will always denote a countable closed LFC, 4-group.
The proof below of the divisibility of G/T(G) however only requires that G
ise.c.in LFC, 4 (this was used in the proof of Theorem 2.5 above).

Theorem 5.2. T(G) is verbally complete, and G|T(G) is divisible. In particular,
G' =T(G), and G/T(G) = Q@

Proof. Fix h € T(G) and any word w(x;, ..., x,)# 1. Let F={(fi,..., f,)
be a finite p-group such that w = w(f,, ..., f,) € Z(F) and o(w) = o(h)
(see [3, Lemma 7]). Identify w with h. Let §: G — GWrF/(h) be the
diagonal embedding. Put V = T(G)WrF/(h). Because of h € Z(F), any
Krasner-Kaloujnine-embedding o: F — V' extends d|(h). Let V=VxgG,
where g € G acts on V' via conjugation by gd. Suppress § and o. Applying
Construction 3.1 to the canonical epimorphism 6: G — G = G/T(G) (with
Go = 1) we obtain for each n € w a partition G = Q, oU--- UQ, k, such that
G, permutes the Q, ; regularly by left multiplication, and such that the groups

Wo=1{(Z, ) € VWrGlg € Gy, Im f C (T(Gn)Wr F/(h)) % Gy,
f is constant on each Q, ;,
and the G,-component of f is constant modulo T(G,)}

form an ascending chain of F C-subgroups of VWrG. Thus, Construction 3.2
yields an ms-embedding t of G intothe LFC, 4.-group W = J{W,|n € w} <

VWrG, where ¢: V — VWrG denotes the diagonal embedding. Because of
Go =1 we have 17|T(G) = ¢|T(G). In particular, fi¢, ..., f,€ is a solution to
w(Xy, ..., Xy) =ht in T(W). Since G ise.c.in LFC, ,, this shows that the
equation w(x;, ..., Xy) = & has a solution in 7(G). Thus, T(G) is verbally
complete.

Assume that there exists a prime ¢ and some Z € G which has no gth root
in G. Put C;=(c) and W =GWrC,. Let V =(Gé, cz) where §: G —» W
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denotes the diagonal embedding. Then Ad < Z(V) and (cz)? = zJ. Since G
ise.c.in LFC, 4, this will be a contradiction if we can prove that V € LFC,.
Let ¥y = (God, cz) for some Gy < G with z € Gy € FC?. Then (God)' <
(T(Go))d < Q ={(1, f) € WlImf C T(Go)} and [gd,cz] = [gJ, z] € Q
for all g € Gy. Hence, Vj < (Q%) = Q. Since Q is a finite p-group, it
" remains to show that ¥5/Q is torsion-free abelian (then ¥y € FC,). Clearly,
Vo/Q is abelian. Thus, V,/Q is the central product of the torsion-free abelian
groups God - Q/Q = Go/T(Gy) and (cz)Q/Q over (z6)Q/Q. Since Gyd-Q/Q
contains no gth root of zd - Q, it follows that 14/Q is also torsion-free. O

In view of F. Haug’s results one is tempted to conjecture that G is a split
extension of T(G) by Q@ . However, we did not even find a way to answer

Question 5.3. Can every embedding 7. — G be extended to an embedding Q —
G;?

Theorem 5.4. Let M/N be an AT-chief factor in G. (a) If V is a nontrivial
set of words, then N < V((gT©)) and M = (g°) for every g€ M —N. In
particular, G has a unique AT-chief series.

(b) Every K < T(G) satisfies K < A or A< K, and every K 4 G satisfies
K<T(G) or T(G) XK.

(c)If ge M — N, then gN contains elements of order p, and any such two
are conjugate in T(G).

(d) The normal series induced in T(G)/A by the unique AT-chief series in
G has order-type (Q, <).

Proof. (a) Use §3 and follow the proof of [9, Theorem 4.7].

(b) If h e T(G) and g € G- T(G), then an application of Construction 3.2
and Lemma 3.4 similar as in (a), with 8: G — G/T(G), Gy =1, G, = (g)
and Z; = Z,0 = C,0 = D, = (g6%) S (gh), yields that & € (g%).

(c) Use §3 and follow the proof of [9, Theorem 4.10(b)].

(d) Follow the proof of [9, Theorem 4.11(a)/(b)] to show that the order-type
in question is dense without a maximal element. Now, suppose that 7(G)/4
has a minimal normal subgroup M/A. The group G x C, is contained in a
closed LFC,, 4xc,-group H ,and C, < (gf)" forevery g € M—A. Since G is
closed in LFC, 4, we obtain that C, < (g%)"” < M” =1, a contradiction. O

Lemma 5.5. If U is a finite subgroup of G, then every conjugacy class of elements
in T(G) contains an element which centralizes U .

Proof. Extend the conjugacy action of G on T(G) to an action of G on
T(G)WrC, via (c, f)® = (c, f8) where f8(d) = f(d)¢ forall d € C,. Use
Construction 3.2 to find an embedding ¢ of G into an LFC, 4,-subgroup
W of ((T(G)WrC,) x G)WrG/T(G) which contains the diagonal subgroup,
and such that ¢|T(G) is the diagonal embedding. Then the diagonal subgroup
contains the required elements (see [10, Lemma 2.2]). O

Theorem 5.6. (a) Let M/N be an AT-chief factor in G. If £ = GF(p) and
G = G/Cg(M|N), then G is isomorphic to the mulgplicali@ group of the al-
gebraic closure of £ via the canonical embedding G — £G/An(M/N). In

particular, M/N is infinite, G acts transitively on M/N — {1}, and any two
elements of order p in M — N are conjugate in G .
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(b) If M{/N, and M,/N, are AT-chief factors in G, if g € G —T(G),
and if n is any p'-number, then there exists an AT-chief factor M/N between
M /N, and M,/N, such that g acts as an automorphism of order n on M/N .
In particular, T(G) is the intersection of all Co(M/N) where M/N isan AT-
chief factor in G .

(c) Let My/Ny, ..., M,/N, be AT-chieffactorsin G. Let K be the algebraic
closure of GF(p). Because of (a) we can identify K* with G/Cg(M;/N;) for
each i. Fix K-isomorphisms ¢;: K — M;/N; as in Lemma 2.2. Then, for any
ki,..., k € K*, there exists g € G such that g - Cs(M;/N;) =k;.

Proof. (a) Since G is divisible by Theorem 5.2, it suffices to find for every prime

g # p an element of order ¢ in G. Adopt the notation introduced in Lemma
2.2. Let L be the algebraic closure of K. Then the p’-component of Q*/Z is
isomorphic to L*, and this gives rise to an epimorphism u: Q* — L* . Choose
x € Q with o(xu)=¢. Let v: G = G/T(G) — L* be the composition of the
canonical homomorphisms G — G and G — K* < L* . Define ¢: QxG — L*
via (z,g)p = zu-gv. Consider L* asregular L*-module. Identify K* with
M/N via ¢ and suppress €.

Let {G,/N|n € w} be an ascending chain of FC, l?-groups with union G/N,
where Go = N. Let {L,|n € w} be an ascending chain of finite subfields
of L such that xu € Ly, |L,| > p", (M NG,)/N < L}, and such that the
preimage U, of L) under ¢ contains G,. Applying Construction 3.1 to the
canonical epimorphism 6: G/N — G/M we obtain for each n € @ a partition
G/M = Q, oU---UQ, i, such that G,M/M permutes the Q, ; regularly by
left multiplication, and such that the groups

Wo={(gM, f) e (L* %, (Qx G))WrG/M|g € G,, Im f C L} », Uy,
f is constant on each Q, ;,
and the (Q x G)-component of f is constant}

form an ascending chain of F C-subgroups of (L* x, (Q x G))WrG/M . Thus,
Construction 3.3 yields an ms-embedding ¢ of G/N into the LF C,-group
W = U{Win € w} < (L* x, (Q x G))WrG/M . Identify L* x, (Q x G)
canonically with the diagonal subgroup of (L* x, (Q x G))WrG/M, and let
Q =L} x, Uy < W. Because of Go = N we have that g|M/N is the diagonal
embedding.

Now, let  be the composition of the canonical epimorphism G — G/N and
o . Apply Construction 3.2 to n: G — W to obtain an embedding 7 of G into
an LFC, 4-subgroup V of (T(G)x G)WrW . By Theorem 5.2 and Lemma
3.4 we have y = (mon, 1) € mot - (mot")’. Let F be an FCS,AT-subgroup of
V such that (mg1, (w, 1)|w € Q) < F and y € mot - (mptF)’ . Since G is
closedin LFC, 4, there exists an embedding A: F — G with tA[(4, mo) = id.
Let J = ((w, 1)|w € Q)A. Then Jy = ((w, 1)|w € L{)A is a minimal normal
subgroup in J, and yi € myN enforces that JoN N =1 and Jy < M. Thus,
(x, 1)A induces an automorphism of order ¢ on JyN/N and hence on M/N.

(b) Let L be the algebraic closure of GF (p). Since G = G/T(G) is divisible,
there exists an epimorphism ¢: G — L* such that o(gg) = n. Consider

L* as regular L*-module, and put L=L" Xy G . Identify L* canonically
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with the diagonal subgroup of L* Wr(C,, and extend the action of L* on
L* to an action of L* on L*WrC, as in the proof of Lemma 5.5. Then
L<L=(L*WrG,)»,G.

Suppose that M, < N;. By Theorem 5.4(d) there exist AT-chief factors
M} /N; such that M, < Ny < My < N < M} < N;. Choose m; € M} — N;}
with o(m;) = p (Theorem 5.4(c)). Use Construction 3.3 with id: G/N; —
G/N;} in place of 6: G — H to find an embedding o of G/N{ into an
LF C,-subgroup V' of LWr G/N; , which contains the diagonal subgroup, and
such that gNfo = (gN}, ngr) where fon = (8, 1). Identify L canoni-
cally with the diagonal subgroup of L Wr G/N;. Fix [y =1 € L*. Since
L* < (L*WrGC,)', Lemma 3.4 yields that /, € (mN;c"). Let Ly be a finite
subfield of L containing g¢, and let U, be the preimage of Ly under ¢.
Put Q=L} %, Ug<L<V.

Now, apply Construction 3.2 to extend the standard embedding 7¢: (m,) —
1WrV given by m;7g = (m;Nyo, 1) to an embedding 7 of G into an
LFC,, 4;-subgroup W of (T(G) x G)WrV . Then Lemma 3.4 yields that
myt € ((ly, 1)") and (gNjo, f) € gt (m ") where f=(g,1).

Let F be an FCg,AT-subgroup of W such that (gt, m 7, myt, (0, 1)

w € Q) < F and also myt € ((lh, 1)¥), (I, 1) € (m7f), and (gN}o, f) €
gt-(m;f). Since G isclosedin LFC, 4, there exists an embedding 4: F — G
such that 7A|(4, m;, m;, g) =id. Let M/N be the unique AT-chief factor
in G with x = (lp, 1)A € M — N. Because of m, € (x%) and x € (m{) we
have that M, < N; < N < M < M} < N, (Theorem 5.4(a)). Because of
y = (gN;o, f)i € g-(mf¥) C g we have that g acts on M/N as y does.
Let J = ((w, 1)|w € Q)A. Then Jy = ((w, 1)]jw € L{)A is a minimal normal
subgroup in J, and x € M — N enforces that JyNN =1 and Jy < M. Thus,
y induces an automorphism of order ¢ on JyN/N and hence on M/N.

(c) Suppose that M;,; < N; for 1 <i <r—1. Proceeding recursively, we
may assume that there exists # € G with h-Cg(M;/N;) =k; for 1 <i<r-1.
Choose a finite subfield Ky < K such that k; € Ky for all i. An iterated
application of Theorem 5.4(c) and Lemma 5.5 yields embeddings u;: K — G
such that ku;N; = ke; forall k € Ky and all i, and such that [Kou,, Kop,] = 1
for all i, j. Note that (Kou;|l <i<r—-1)NnM, =1, and that (Kou;|l <i <
rYNN,=1.

Applying Construction 3.3, (Kou;|l < i <r—1)N,/N, - 1WrG/M,, the
canonical embedding, can be extended to an embedding ¢ of G/N, into an
LF C,-subgroup V of (M,/N, x G)WrG/M, which contains the diagonal sub-
group, and such that og|M,/N, is the diagonal embedding. Choose g, € G
such that g, - C5(M,/N,) = k,. Put v = (hM,, f) € V where f=(g,,1).
Then v actson L; = (Kou;N,/N,)o as right multiplication with k;u;N,o . Put
Vo=(v,Ly,...,L).

Now use Construction 3.2 with ¢: G/N, — V in place of §: G — H to
extend the canonical embedding (Kou;|1 <i <r) — 1 WrV to an embedding
7 of G into an LFC, 4-subgroup W of (T(G) x G)WrV . Let W, be an
F Cl‘,” 4o-subgroup of W with (vg, 1) € Wy forall v € V4. Since G is closed in
LFC, 4, there exists an embedding A: Wy — G with tA|(4, Kouy, ..., Koptr)
=id. Now g = (v, 1)A is the desired element. O
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It follows from Theorem 5.6(a) that 7(G)/A is not isomorphic to E, /A,
where E, denotes the unique countable e.c. LF, 4-group, since every abelian
factor of E4/A has order p (see [13]).

Theorem 5.7. Let K QG with A< K < T(G) and K # (g%) forall g€ G.

(a) For every F Cl?, 4-Subgroup F of T(G) there exists an embedding o: F —
K with sl KNF =1id.

(b) Every normal subgroup of K is normal in T(G), and T(G) induces via
conjugation locally inner automorphisms on K .

(c) T(G) splits over K, and every finite p-subgroup U of T(G) with UNK =
1 is contained in a complement to K in T(G).
Proof. (a) Let Fy be a finite subgroup of F such that F = AF,. Because of
Z(T(G)) = A there exists a finite group Fy < T(G) such that Fy < Fy and
Cr(Fy) = ANFy. Use §3 and follow the proof of [9, Theorem 4.8(a)] to obtain
an embedding 7: Fy — K with 7|Fy N K =id. Then AN Fyt < Cr(Fy7) =
(AN Fy)t = AN Fy. Therefore, 6: F — K given by (af)o = a- ft for all
ac A, feFy is the desired embedding.

(b) Follow the proof of [9, Theorem 4.8(b)/(c)].

(c) Use §3 and follow the proofs of [10, Theorems 4.1/4.2]. O

Theorem 5.8. Normality is transitive in T(G), and for every proper subnormal
subgroup S of G there exists an AT-chief factor M/N in G such that N <
S<M.

Proof. Use §3 and follow the proof of [9, Theorem 4.11(f)] to show that every
subnormal subgroup S of T'(G) satisfies either S < 4, or S = K for some
normal torsion subgroup K in G which does not occur in any AT -chief factor,
or N <S§ < M for some AT-chief factor M/N in G. Because of M/N <
Z(T(G)/N) this implies that normality is transitive in T(G).

Now, let S, < 85, €9 G. If S, < T(G), then we are done. Suppose now
that S, is not contained in 7(G). Then T(G) < S; by Theorem 5.4(b). Let
g € S; — T(G) . Applying Construction 3.2 as in the proof of Theorem 5.4(b),
we obtain from Lemma 3.4 that T(G) < [[g, T(G)], T(G)] C S,, whence
S$<4G. O

6. THE TORSION SUBGROUP

The aim of this section is to show the uniqueness of torsion subgroup in
countable closed LFC, 4-groups via an algebraic characterization in terms of
injectivity. As before, G will always denote a countable closed LF C, 4-group.

Theorem 6.1. Let Zrig) = {(M,, Ny)lg € QU {—oo}} be the series in T(G)
induced from the unique AT-chief series in G. Let H be a countable Lg, 4,-
group with an AyT-normal series Ty = {(K;, L;)|j € J U {—o0}}, which has
central elementary-abelian AyT-factors. Let a: J U{—oc} —» QU {—o0} be an
order-preserving injection, and for every j € J, let B;j: K;/L; — Mj,/Nj, be
an embedding. (Note that B_.: Ay — A.) If ao: U — G is an embedding of
some finite subgroup U < H satisfying (K;NU)oy = MjoNUay, (L;NU)ay =
Nja N Uay, and inducing B; on (K;NU)L;/L; for every j € J, then ay
can be extended to an embedding o: H — G satisfying Kjc = M, N Ho,
Ljo = Nj,NHa, and inducing B; on K;/L; forevery je J.
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Proof. Use §3 and Lemma 5.5, and follow the proofs of [10, Theorems 3.1/3.2]
(see also [1, Satz]). O

Theorem 6.1 shows that T(G) embeds every countable LF, 4,-group (4o <
A) in every possible way. In combination with a back-and-forth argument,
Theorem 6.1 immediately yields

Corollary 6.2. If G and H are countable closed LFC, 4-groups, then T(G) =
T(H).

We denote the unique isomorphism type of torsion subgroup of the countable
closed LFC, 4-groups by T,; we will also write T, instead of T;. Note that
Theorem 6.1 characterizes 7,4, i.e., a countable L3, 4-group 7T is isomorphic
to T, if and only if it has an AT-normal series ¥ of order type (QU{-o0}, <)
with infinite central elementary-abelian factors such that Theorem 6.1 holds
with T in place of T(G) and with X in place of X7 . In the following,
T ={(M,;, N,)|g € QU{—00}} will always denote the distinguished 47-normal
seriesin T,.

Theorem 6.3. (a) An isomorphism a: U — V between finite subgroups of T,
is induced by conjugation in T4 if and only if o induces the identity on each
(MyNU)Ny/N; (g € QU {—o0}).

(b) Let K be the algebraic closure of GF(p). Because of Theorem 5.6(a)
we may identify K* with each G|/Cg(My/Ny) (q € Q). Fix K-isomorphisms
Kt — My/N,; as in Lemma 2.2. Then an isomorphism a: U — V between
finite subgroups of T4 is induced by conjugation in G, if and only if

(1) there exist k, € K™ such that o acts on (UNMy)N,/N, as k, does,
and

(2) a induces the identity on ANU .
Proof. (a) If U < A4, then we are done. Otherwise, let M/N be the unique
AT-chief factor in G with UNN <UNM=U. Choose UNN <V < U
with |U : V| = p. As in the proof of [11, Theorem 6.1], we may assume that
alV=id. Fix weU-V.

Apply Construction 3.2 to the canonical epimorphism 6: G — G/N,
with Go = V and G; = (U, wa). This yields an embedding ¢ of G
into an LFC, 45-subgroup W of (T(G) » G)WrG/N such that o: V
— (W N N)x 1)WrG/N . Let R be a right transversal of U6 in G,6. In the
notation of Construction 3.2, put 7 = Z'V0.R-T' (observe that D; = 1).
Then T is a right transversal of (w6) in G/N, and as in the proof of [11,
Theorem 6.1] the element g = (1, s) € T(W;) given by

s(WO)1) = fur(t) + fura()™" = (1, (" - (wa) ™))
=(1,w «(wa)™") forallteT, 0<r<p-1,

satisfies wo? = wao .

It remains to show that [Vo, g] = 1. Let vo = (v0, f,) e Wy for ve V.
Since U@ is abelian, our choice of T ensures that [(vf, 1), g] = 1. Moreover,
[(1, fy), 81 =1 as in the proof of [11, Theorem 6.1].

(b) Let a be given. From Theorem 5.6(c) we obtain g € G such that
g+ Co(My/N,;) =k, forall g € Q with M;nU > N,NU. Butnow, g~! - a
induces the identity on each (M, N U)N,;/N, (q € QU {—o0}), whence there
exists 1 € T(G) suchthat =g '-a. O
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Theorem 6.4. (a) N, = T, and T,/N, = Tg for every q € Q, where E denotes
the countably infinite elementary-abelian p-group.

(b) If KaT,4 with A< K does not satisfy Ny < K < M, for some q € Q,
then K =T, and T4/K=T,.
Proof. Because of Theorem 5.7(c), the groups in question satisfy the character-
izations of T4 resp. Tg, T, given by Theorem 6.1. O

Question 6.5. In the situation of Theorem 6.4(b), is G/K a closed LF C,-group?

As in the case of countable e.c. L§, 4-groups, we can show that different
groups A yield different factors 74/4:

Theorem 6.6. H,(T4,Z) = 0 for all n > 1. In particular, T4/A has Schur
multiplier A.

For the proof of Theorem 6.6 we use a result of K. Varadarajan [20] which
can be applied correspondingly to show that every e.c. LF, 4-group G satisfies
H,(G,Z)=0 forall n>1. To this end we need the following definition. A
group G is said to be pseudo-mitotic, if for every finitely generated subgroup
H of G there exist embeddings v, v,: H —» G and an element g € G such
that

(a) hy,=h-hy, forallhe H,
(b) [H,Hy]=1, and
(c) hy, = (hy,)8 forallhe H.

Proof of Theorem 6.6. Since every pseudo-mitotic group G satisfies H,(G, Z) =
0 for all n > 1 [20], we only need to show that 7 is pseudo-mitotic. Let H <
T, be finite, and let G be a countable closed LFC, 4-group with T, =T(G).
Without loss we may assume that H is not contained in 4. Identify 7(G) with
the diagonal subgroup of V = T(G)Wr H , and extend the conjugacy action of
G on T(G) to an action of G on V as in the proof of Lemma 5.5. Denote by
17: H — V the canonical embedding of H onto the top group of V. Clearly,
[H, Ht] =1, and from Theorem 5.2 and [13, (3.2.3)] we have that H < (ht")’
forall he H-1.

Use Construction 3.2 to find an embedding ¢ of G into an LFC, ,4,-
subgroup W of (V x G)WrG/T(G) which contains the diagonal subgroup,
and such that ¢|T(G) is the diagonal embedding. Since G ise.c.in LFC, 4,
we obtain an embedding y,: H — G such that [H, Hy,;] =1 and

(6.1) H < (hyP) forallhe H-1.

Define y,: H — G via hy, = h- hy, . Since H is not contained in A4, (6.1)
yields that AN Hy, =1, and that H < N where M/N denotes the AT-chief
factor in G with 1 = NN Hy, < M N Hy, . Therefore, y, is an embedding,
and y, 'wy: Hy, — Hy, induces the identity on each (M, N Hy,)N, /Ny
(g € QU {—o0}) and is thus induced by conjugation in 7, (Theorem 6.3). O

7. AUTOMORPHISMS

In this section we will show that the structure of Aut(7,4/A4) is similar to
that of Aut(E4/A) and Aut(ULF) (cf.[] and 5, §4]). As before, G denotes a
countable closed LFC, 4-group with T(G) =T,.
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Theorem 7.1. Consider the diagram

Aut(G) —— Aut(G/4)

d a
Aut(T,) —5— Aut(T,/A)

of canonical homomorphisms. Then y and y are embeddings, and Kern =
Ker ¢ = Hom(Q@), D(A)), where D(A) denotes the divisible radical of A. In
particular, n and ¢ are embeddings if A contains no Priifer p-subgroup.
Proof. Clearly, g=!-ga € A forall g € G, a € Ker¢g. Therefore, straight-
forward calculations show that an isomorphism 7: Ker¢p — Hom(G, 4) &
Hom(Q®@, D(A4)) is given by [g](at) = g~'-ga. (Note that A< T, =G’ <
Ker(art).)

Since Cg/4(T4/A) =1 by Theorem 5.4, it follows as in [5, Lemma 4.1] that
Kery =1, and that g7!-ga € 4 forall g € G, a € Kern. As above, we
obtain Kern & Hom(Q@, D(A4)). Correspondingly, Ker y = Hom(T,, A) is
trivial as T4 is perfect. O

In the same way, an assertion on [1, p. 202] can be improved: The canonical

homomorphism Aut(E4) — Aut(E4/A4) is an embedding.
Now, put

Stab(Z) = {a € Aut(T,)|a centralizes every M, /N, (¢ € QU {—c})},

and let LInn(74) be the group of all locally inner automorphisms of 7.
Denote by 4(Q) the group of all order-preserving permutations of Q, and by
GL(Ro, p) the group of all automorphisms of the Ry-dimensional G F(p)-vector
space V. Fix isomorphisms y,: M;/N, — V (q € Q). Then an embedding

¢: Aut(T4)/Stab(Z) — Aut(4) x [GL(Rg, p)WrqA4(Q)]
is given by
(a-Stab(X))¢ = (al4, (@, fu)),
where

(Mg, Ngz) = (Mga, Ngo) and  fo(q) =y -a-y, forallgeQ.

Theorem 7.2. (a) Stab(X) = LInn(Ty), and LInn(T,) contains 2% automor-
phisms of order m for every p-number m, and for m = .
(b) ¢: Aut(T,)/Stab(Z) — Aut(A) x [GL(Ro, p)WrgA(Q)] is actually an iso-
morphism. In particular, T4/A is characteristically simple.
Proof. (a) follows from Theorem 6.3, and as in the proof of [9, Theorem 5.1].
(b) Follow the lines of proof of [11, Theorem 6.2] or [1, Korollar], using
Theorem 6.1. O

Corollary 7.3. Let U and V be finite subgroups of T, with
ENU={(MynU,N,nU)0<i<r}.

Then an isomorphism o between U and V is induced by an automorphism of
T4, if and only if
(1) alsnu can be extended to an automorphism of A, and
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(2) themap : {qo, ..., a:} — Q given by ( MgV, NoanV) = (MgnU)a,
(Ng; N U)a) can be extended to an order-preserving permutation of Q.

As in [5, §4], for groups E < H we put

Fr(H) = {a € Aut(H)|a is locally induced by conjugation
with an element from E}
and
FInn(H) = {a € Aut(H)|a € Fg(H) for some finitely
generated subgroup E of H}.

Theorem 74. If E isan F Cl?, 4-Subgroup of G, then Fg;4(G/A) is isomorphic
to the universal profinite completion of E|A.
Proof. Let {Gn|n € w} be an ascending chain of F C0 -subgroups of G with
Go = E and union G. As in the proof of [5, Theorem 4. 4] it suffices to find
for every m € w some n € w such that Cg/4(G,/4) < (E/A)™. Choose
Ey € FC® with E = EgA. Let {1 = ¢, ..., e} be a transversal of ET in
Eo . Without loss we may assume that EJ" is a torsion-free subgroup of Z(Ey).
Put G = G x Cp and Cp = (c). Let {Gnln € w} be an ascending chain
of FCO-groups with (~}0 =1, 61 Eg x Cp2, and union G. Following Con-
struction 3.1 with the canonical epimorphism 6: G — H = G/ (A4 x Cp) and
with Z; = C, = Ef', 21 = D, = EJ'6, we obtain for each n € w a parti-
tion H =Q, oU---UQ, i, such that (7,,0 permutes the Q, ; regularly by left
multiplication, and such that the groups

Wy={(h, f)e(Ax sz)nf},, WrH|h e G.0, and f is constant on each Q,.i}
form an ascending chain of FC-subgroups of (4 x C,:)WrH . In the case
when n =1, the Q, ; are precisely the sets (e;E(")0 - T, where T is a right
transversal of Eof in H. Now, Construction 3.2 yields an ms-embedding o
of G into the LFC, 4,-group W = J{W,|n € w} < (4 x Cp2)WrH with
go = (g0, fy) forall g € G. (Because of 4 x Cp: < Z(G) we can replace
(A x Cp)xG by Ax Cp in the base group.)
Let y = (1, f) € W;, where
c fheE6.-T,

S ={ 1 else.

Then [y, EJ'o] =1, and [[y, e;0],e;0] # 1 for 1 <i < r. Since G is e.c.
in LFC, 4 (and since EJ' is finitely generated), we obtain an element x € G
such that [x, EJ'] =1 and [[x, ], e;] # 1 for 1 <i < r. The latter implies
that [x,e;] ¢ Z(G) = A (by Theorem 5.1). Choose n € w with x € G,.
Then Cg/4(Gn/A) < (E/A)™. O

Note that the above method also yields an alternative proof of [5, Theorem
4.4).

Theorem 7.5. R* < Aut(7,4/A4).

Proof. Let G be a countable closed LFC, 4-supergroup of 4 x Q*. Then
Q* < G/A, and so we may follow the proof of [6, Korollar 5.9] with Theorem
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7.4 in place of [6, Satz 5.7], to show that R* < Aut(G/4). But Aut(G/4) <
Aut(T4/A) by Theorem 7.1. O

Theorem 7.6. F Inn(G/A) is an LF C,-group with
T(FInn(G/A)) = FInn(G/A) = T(Inn(G/A)) = T4/A.
Proof. Copy the proof of [5, Theorem 4.5]. O

Finally, let us note that the following can be proved from Theorems 6.1 and
7.2(b) in the same way as the corresponding result in [12] for E, .

Theorem 7.7. Let K be any field. Then the augmentation ideal of KT, is the
unique proper ideal in KT, which is invariant under the basis transformations
of KT, induced by Aut(T)).
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