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HYPERBOLIC STRUCTURES
FOR SURFACES OF INFINITE TYPE

ARA BASMAIJIAN

ABSTRACT. Our main objective is to understand the geometry of hyperbolic
structures on surfaces of infinite type. In particular, we investigate the proper-
ties of surfaces called flute spaces which are constructed from infinite sequences
of “pairs of pants,” each glued to the next along a common boundary geodesic.
Necessary and sufficient conditions are supplied for a flute space to be con-
structed using only “tight pants,” along with sufficient conditions on when the
hyperbolic structure is complete. An infinite version of the Klein-Maskit com-
bination theorem is derived.

Finally, using the above constructions a number of applications to the de-
formation theory of infinite type hyperbolic surfaces are examined.

0. INTRODUCTION

A fuchsian group is said to be a pair of pants if its associated quotient surface
is topologically a sphere with three holes. The pair of pants is tight if one of
the holes is conformally a puncture. We say that two boundary elements that
generate a pair of (tight) pants are standard generators if each one represents a
different boundary component and their product represents the (puncture) third
boundary component.

We consider hyperbolic surfaces of infinite type, that is, surfaces with an
infinitely generated fundamental group. In particular, we construct surfaces
called (tight) flute spaces from a union of pairs of (tight) pants each glued to
the next along a common boundary geodesic (see Figure 1). These common
boundary geodesics on the surface form what we call a nested sequence of
geodesics. Let d; be the hyperbolic distance between the ith and (i + 1)st
geodesics. We show (Theorem 1) that given any sequence of positive numbers
{d;} there exists a hyperbolic structure for a flute space having a nested sequence
of geodesics of hyperbolic distances {d;}. In particular, if the series 5 d;
converges and if there is not too much twisting in the nest (see §3 for the
definition of the twist parameters), then the lifts of the nested sequence to the
universal cover form a nested sequence of axes of hyperbolic elements which
converge to a geodesic. This phenomenon has gone unnoticed in the literature.
Next we supply necessary and sufficient conditions (Theorem 2), in the form
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of inequalities involving distances between geodesics, for the existence of a
hyperbolic structure on a tight flute. In addition, we show (Theorem 4) that the
fuchsian group associated to a tight flute is of the first kind if Y d; = cc.

One of the central results in the theory of fuchsian groups (the Nielsen iso-
morphism theorem) is that every type preserving isomorphism (that is, one that
takes boundary geodesics to boundary geodesics and parabolics to parabolics)
between finitely generated torsion-free fuchsian groups is a topological defor-

mation (that is, it is induced by a topological map of ﬁz). We show that for
infinitely generated groups this theorem does not hold. More precisely, we iden-
tify why the proof from the finitely generated case does not extend to the general
case. See the examples in §9.

Another of the main tools used in the study of fuchsian groups is the Klein-
Maskit combination theorem [M] which prescribes conditions for when one can
glue fundamental polygons to construct new fundamental polygons (and in turn
construct new surfaces out of simpler ones). We supply sufficient conditions
(Theorem 5) on an infinite number of polygons, so that when glued together
they form a new fundamental polygon.

Theorems 4 and 5 can be thought of as prescribing conditions for when the
infinite process of hyperbolic gluing yields a complete hyperbolic surface. More
precisely, we start with a sequence of hyperbolic surfaces with geodesic bound-
ary and (hyperbolically) glue each one to the next along common boundary
geodesics. This process produces an end of the so-called infinite type. The hy-
perbolic structure for this end is complete, if the series of lengths between each
of the geodesics we glued along is divergent.

An enormous amount of work has been done in the study of Riemann sur-
faces of infinite type (in particular, for the study of plane domains with infinite
connectivity), as exemplified in the books of Ahlfors-Sario [A-S] and Nakai-
Sario [N-S], dealing with classification theory. The classification theoretic ap-
proach to studying plane domains (and more generally open Riemann surfaces)
is to try and understand the functions the domains carry. For example, the
complex plane does not carry a harmonic function with finite Dirichlet inte-
gral but the unit disc does. This literature is rich with beautiful theorems and
constructions using complex function theory.

In another direction infinite-dimensional Teichmiiller theory has seen much
development through the works of Bers, Earle, Gardiner, Kra, Maskit, Roy-
den, and many others (see Gardiner’s Teichmiiller theory [G] for an extensive
bibliography). These results are for the most part of an analytical nature.

Both of the approaches mentioned above use little or no hyperbolic geometry.
On the other hand, there is an extensive hyperbolic geometric theory of finite
type Riemann surfaces. Starting with the well-known geometric coordinates for
Teichmiiller space, the Fenchel-Nielsen coordinates [A], and moving all the way
into the Thurston theory of geodesic laminations [T], hyperbolic geometry has
played a profound part in shaping the theory of finite type Riemann surfaces.

This paper is an attempt to bring hyperbolic geometry to center stage for the
study of infinite type Riemann surfaces. The starting point of this investigation
is the observation that every infinite type Riemann surface contains a nested
sequence of closed geodesics. Our aim is to analyze these nests and to determine
to what extend their behavior is related to the geometry of the surface. The
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main class of examples we look at, flute spaces, already exhibit much of the
complexity and diversity inherent in surfaces of infinite type.

Other writers who have investigated infinitely generated fuchsian groups in-
clude Keen [K] and Purzitsky [P-1, P-2].

Most of the contents of this paper are contained in the doctoral dissertation
[B-1]. The author wishes to thank his advisor Bernard Maskit for his encour-
agement and shared wisdom during the preparation of this manuscript.

1. STATEMENT OF RESULTS

We say that G is a hyperbolic structure for S if G is a fuchsian group and
H?/G is topologically equivalent to S. S together with its hyperbolic structure
G is said to be a hyperbolic surface. The Nielsen convex region of G is denoted
N(G).

A hyperbolic surface S is a flute space if its associated hyperbolic structure
G is of the form (G;)$2, , where the G; are pairs of pants and for each 7,

N(G))NN(Giy1) = A(&i+1) s

here g;,; is a primitive boundary hyperbolic element in both G; and G;;;. S
is said to be a tight flute if in addition G, is a pair of pants with two punctures
and a hole and the G;, for i =2, 3, ..., are tight pants.

We observe that the G; give a pants decomposition {P;} of S and the pants
decomposition naturally gives us a nested sequence of simple closed curves on
S denoted {w;}. (See Figure 1 on the next page.)

A standard set of generators {g;} for G relative to the decomposition {P;} is
a set of generators for G satisfying the following conditions:

(i) For each i, the projection of the axis of g; to S is freely homotopic to
w; . (We allow the possibility that g; is a parabolic in which case we project the
horocycle for g, called the axis of g, , whose image in S bounds a punctured
disc of area one. For instance, g, will be parabolic if G is a tight flute.)

(i1) Each pair (g;, gi+1) forms standard generators for the pair of pants P;.
Hyperbolic standard generators for a pair of pants were defined in [B-2]; we
state the definition here in a more general form. We say that two nonelliptic
elements y and B form standard generators for a pair of pants G if

(a) y and B are each primitive boundary elements in G that represent two
of the boundary components on H?/G with (y, 8) = G, and

(b) after possibly changing the orientations of y and B so that their axes lie
to the right of each other, the product g7 is a primitive boundary element of G
which represents the third boundary component (or equivalently, since By is
conjugateto yf# in G, yf is a primitive boundary element which represents the
third boundary component). Here, boundary element means either a parabolic
or boundary hyperbolic element. More details can be found in §5.

Throughout this section S is a flute space with {P;} a fixed pants decompo-
sition of §.

The axes of a standard set of generators form a nested sequence of geodesics
in H? having coordinates ((d;), (s;)). Here d; measures the hyperbolic dis-
tance from the axis of g; to the axis of g;,;, and s; measures the amount of
twisting along the axis of g;.;. (See §3 for precise definitions.) We can now
state our main results.




424 ARA BASMAJIAN

flute space

tight flute

FIGURE 1

Theorem 1. Given any set of positive real numbers {d;} and real numbers {s;},
there exists a flute space having a standard set of generators with coordinates

((di), (s:)) -

Equivalently, this shows that any nested sequence of geodesics in H? can be
realized as the nest of axes for a standard set of generators of a fuchsian group
whose associated quotient surface is a flute space.

Next we look at what can happen if the flute is required to be tight.

Theorem 2. Let {d;} be positive real numbers and let {s;} be a set of real
numbers. Then ((d;), (s;)) are coordinates for a standard set of generators {g;}
for a tight flute if and only if

(%) t,>Log2 forallnodd and t,<Llog2 forallneven,
where t, = 3 _,(—1)"*1d;.

Observe that condition () does not involve the twist coordinates (s;) . Hence
any amount of twisting is possible for a tight flute. There are many sequences




HYPERBOLIC STRUCTURES FOR SURFACES OF INFINITE TYPE 425

that satisfy condition () and many that do not (see the corollary to Theorem
2 in §8).

One can think of Theorems 1 and 2 as geometric realization theorems.

The construction of flute spaces involves understanding how to piece together
hyperbolic structures for infinitely many pairs of pants. The following theorem,
which we call the fundamental theorem, guarantees that under certain geometric
conditions the limit of fuchsian groups is a fuchsian group.

Theorem 3. Let {G,}2, be fuchsian groups with (g,) and (gn+.) nonconjugate
primitive boundary hyperbolic subgroups in G, so that, for each n,

N(Gn) N N(Gps1) = A(8n+1)-
Let G=(Gy)2,. Then
(I) G is a fuchsian group (that is, a hyperbolic structure).
(I) N(G)/G is topologically the union of surfaces {N(G,)/Gn} each glued
to the next along the simple closed dividing geodesics {nA(g;)} (m is

the covering map to the quotient H?/G). Furthermore, N(G,)/G, iso-
metrically embeds in N(G)/G .

One purpose of using the coordinates ((d;), (s;)) for standard generators is
that they allow us to have some control of the geometry at “infinity” for the
fuchsian group representing the flute space. Specifically, we prove the following
theorem.

Theorem 4. Suppose {g;} is a set of standard generators with coordinates
((di), (s;)) for a tight flute G. Then G is of the first kind if the series 3. d;
diverges. If the series > d; and 3 |si| converge, then G is of the second kind.

Suppose we have groups {G,} and hyperbolic elements g, and g,,; satis~
fying the hypotheses in Theorem 3. Define G" to be (Gy, ..., G,), and for
each i let D; be a fundamental polygon for G;. Let B(g,) be the component
(half-space) of H?— A(g,) containing the Nielsen region N(G,_;). Denote the
other component by B’(g,). We say that the {D;} pairwise satisfy the compati-
bility conditions in the combination theorem if for each i, D; and D;,; satisfy
the hypotheses in the combination theorem; that is,

(@) DiN B(gi+1) C Dix1 N B(&is1),

(b) Diy1N B'(gi+1) C DiN B'(gi+1), and

(c) the sides of D; that are paired by g;,; lie on the same geodesic lines
as the sides of D;,, that are paired by g, .

The following theorem can be thought of as an infinite version of the Klein-
Maskit combination theorem.

Theorem S. Let {G,}2, be fuchsian groups with (g,) and (gn.1) nonconjugate
primitive boundary hyperbolic subgroups in G, so that, for each n:

(I) N(Gn) N N(Gps1) = A(8n+1) -

(I) The distance between the closed geodesics associated to g, and gpii
on the quotient surface N(G,)/G, is equal to p(8n, n+1). Furthermore, let
{D,} be fundamental polygons for {G,} which pairwise satisfy the compatibility
conditions in the combination theorem. Set G = (G,)%2, .

Then the intersection (D, is a fundamental polygon for G if

Zp(gn> gn+l) =00,




426 ARA BASMAJIAN

where we use the notation p(g., gns1) to stand for the hyperbolic distance from
the axis of gn to the axis of gn+1 -

Theorem 5 no longer holds if the series Y p(gx, &n+1) converges (see §9 for
an example). Condition (II) is automatically satisfied if G is a flute space with
standard generators {g,}.

The contents of this paper are made up of nine sections. Section 2 will set
up some notation and discuss some definitions and known theorems which will
be needed later in the paper.

In §3, we develop a theory of nested sequences of geodesics. Although the de-
velopment is at an elementary level, it is crucial for our constructions. Sections
4-7 contain the proofs of Theorems 1-5.

Section 8 contains a corollary to Theorem 2 and a proposition which is a
consequence of some of the work in §5. The corollary supplies us with a number
of examples of sequences {d;} that satisfy condition (). The proposition is
concerned with determining the lengths of closed geodesics in a nested sequence
for a flute space when given the coordinates for a standard set of generators on
the flute space.

Finally, in §9 we list a number of examples. Our first example illustrates the
fact that Theorem 5 does not hold if the series ) p(gn, gn+1) converges.

One might think that the result in Theorem 4—the tight flute is of the first
kind if the series }_ d; diverges—can be improved by simply requiring that the
nest of axes for the standard generators go to the boundary of the hyperbolic
plane. The next example shows that this requirement is not enough to guarantee
that the tight flute is of the first kind.

Our last example in §9 is of a type preserving isomorphism that is not a topo-
logical deformation. This shows that the statement of the Nielsen isomorphism
theorem does not extend to infinitely generated groups.

2. PRELIMINARIES AND NOTATION

This section will serve as a very brief introduction to fuchsian groups; the
main objective is to set up notation for the sections to follow. For a more
detailed account on the theory of fuchsian groups and Riemann surfaces the
reader is referred to the books of Maskit [M] and Beardon [Be].

Two models of the hyperbolic plane H’ are the upper half-plane {z € C :
Im(z) > 0} and the Poincaré disc {z € C: |z| < 1}. Their line elements are

ds = (—h|‘,f—(zz|ﬁ and ds = %‘_%lf , respectively. Both of these models have Euclidean

boundaries which can be identified with OH?, the boundary of H?. Thus the
hyperbolic boundary of the upper half-plane is the extended real numbers RUoo
and for the Poincaré disc it is the unit circle. We let p(-, ) be the hyperbolic
distance between two points of H?.

The geodesics for the upper half-plane are vertical lines and arcs of circles
which are orthogonal to the real line. For the Poincaré disc, the geodesics are
straight lines through the origin and arcs of circles which are orthogonal to the
unit circle. We denote the geodesic with endpoints a and b on the boundary
of H? by [a, b].

The group of orientation-preserving isometries of the upper half-plane (with
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the hyperbolic metric) is made up of the Mobius transformations

Haz+b
cz+d’

where ad —bc=1 and a, b, ¢, d € R. This group can be naturally identified
with the projectivized special linear group, PSL(2, R).

A hyperbolic element # has a unique invariant geodesic line in H?, called
the axis of h and denoted A(h). If z is a point on A(h), the translation
length of h, denoted T'(h), is the distance p(z, h(z)).

A fuchsian group is a discrete subgroup of orientation preserving isometries
of H?. We say that the fuchsian group G is a hyperbolic structure for the
surface S if H? /G is topologically equivalent to .S'. The action of a fuchsian

group G on the closure of the hyperbolic plane " naturally breaks up into
the set of discontinuity Q(G) and the limit set A(G). The limit set of G lies
entirely in dH?.

If A(G) = 0H?, then we say that G is a fuchsian group of the first kind.
Otherwise, Q(G) N dH? is the union of open intervals and G is said to be of
the second kind. These intervals are known as intervals of discontinuity. An
open half-space B C H? which “bounds” an interval of discontinuity is called
a boundary half-space for G . If there exists a hyperbolic element g € G whose
axis “bounds” this interval of discontinuity, we say that g is a boundary hyper-
bolic element with boundary half-space B. The cyclic subgroup generated by
g, (g), is referred to as a boundary hyperbolic subgroup. A boundary element
for G is either a boundary hyperbolic or a parabolic element.

Two subgroups H; and H, of G are said to be G-conjugate if there exists
an element g € G so that gH; g~ ! = H,.

We say that a subset X of H is precisely invariant under the subgroup I'
of G if

(i) yX =X forall y eI and
(i) gXNnX=oforallge G-T.

If X is open this says exactly that X/I" isometrically imbeds into H?/G .

Suppose G is a torsion-free fuchsian group. Then H?/G is an oriented
hyperbolic surface of constant negative curvature whose fundamental group is
isomorphic to G. The natural projection map = : H?> — H?/G is a covering
with group of deck transformations G .

A fuchsian group G is of type (g; n; m) if H? /G 1s a compact surface
of genus g with n points and m conformal discs removed. If g = 0 and
m+n =3, we say that H?/G (and likewise G) is a pair of pants.

The Nielsen (convex) region N(G) for a fuchsian group G is the smallest
nonempty G-invariant closed convex subset of H?. Equivalently, N(G) is
H2-{boundary half-spaces of G} .

One of the essential ways of understanding the action of a fuchsian group on
H? is by way of fundamental polygons.

A (convex) polygon D in H? is the intersection of countably many open
half-spaces, with the property that any compact set in H” intersects only finitely
many geodesics which define the half-spaces. The geodesic segments that make
up the boundary of D are called sides. Two sides meet at a vertex.
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Definition. Let G be a fuchsian group. A polygon D is a (convex) fundamental
polygon for G if the following conditions hold:
(i) gDnND =@ for all nontrivial g€ G.
(i) Ugeq&D =H>.
(iii) The sides of D are paired by elements of G .

(iv) (local finiteness) Any compact set intersects only finitely many translates
of D.

An important feature of a fundamental polygon lies in the fact that D/G is
hyperbolically isometric to H?/G .

At this point there arises a natural question. Which polygons with sides
paired by (orientation-preserving) isometries of H? are fundamental polygons
for fuchsian groups? Poincaré’s theorem supplies us with the answer. We con-
tent ourselves with a restricted form of the theorem. The general form can be
found in the book [M].

Poincaré’s Polygon Theorem. Suppose D is a finite sided (convex) polygon in
H?, satisfying the following conditions.
(i) the sides of D are paired by isometries of H?;
(i) yDND = @ for all the side pairing transformations T';
(iii) the orbit of a vertex under the side pairing transformations is the set of
all vertices of D,
(iv) the sum of the angles at the vertices is equal to 2n ; and
(V) D has no sides that meet tangentially on the boundary of H?.

Then D is a fundamental polygon for the fuchsian group generated by the side
pairing transformations.

A basic tool in the theory of fuchsian groups is the combination theorem. It
enables one to construct complicated fuchsian groups out of simple ones. Once
again we content ourselves with a special case.

Suppose 4 is a boundary hyperbolic in a fuchsian group G . Denote by B(h)
the component of H? — A(h) which contains N(G). Let B'(h) be the other
component.

The Klein-Maskit Combination Theorem. Let D, and D, be (convex) funda-
mental polygons for the fuchsian groups G, and G, respectively. Suppose h
is a primitive boundary hyperbolic in both G, and G, satisfying the following
conditions:
(i) N(Gi)NN(Gy) = A(h);

(ii) DynB(h) Cc DN B(h);

(iii) D,NB'(h) c DyN B'(h); and

(iv) the sides of D, that are paired by h lie on the same geodesic lines as

the sides of D, that are paired by h.

Then (G, G,) is a fuchsian group with fundamental polygon D N D, .

3. A THEORY OF NESTED GEODESICS IN H2

Let {L;}, for i =1,2,3,..., be a sequence of geodesics in H?. We say
that this sequence is a nested sequence of geodesics if L;_; and L;, lie in

different components of H? — L; for each i, and if the L; are disjoint in .
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FIGURE 2

All of the theory in this section also works if we allow the first element L,
of the sequence {L,;} to be a horocycle. In this case the distance from L,
to a geodesic disjoint from L; is, as usual, the length of the unique common
orthogonal through L, and the other geodesic. We will need to use nested
sequences with L, a horocycle when we consider tight flutes. We leave it to
the reader to verify that the rest of the material in this section works if L, is
a horocycle (Figure 2).

The nested sequence of geodesics {L;} converges to the geodesic L if the
endpoints of the L; converge to the endpoints of L on the boundary of the
hyperbolic plane, dH? . If the endpoints of the L; converge to a single point of
the boundary OH? then we say that the nested sequence of geodesics converges
to a point (or converges to the boundary of the hyperbolic plane). Clearly, the
limit of a nested sequence is unique and is one of the two above possibilities.

Proposition. Suppose {L;} is a nested sequence of geodesics that converges to
the geodesic L. Then

lim p(L;, L) = 0.
1—00

Proof. Observe that p(L,, L) > p(L,, L) > p(L3, L) > ---. Thus the se-
quence {p(L;, L)} is a decreasing sequence of positive real numbers. Now,
suppose this sequence is bounded from below, that is, p(L;, L) — K > 0. This
would mean there exists a tubular neighborhood of width K about L for which
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none of the L; can enter. Clearly this is impossible since the endpoints of the
L; come arbitrarily close to the endpoints of L. Whence, the limit must be
zero. O

The converse to the above proposition is not true. Take any nested sequence
of the geodesic {L;} = {[x;, yi]}, where —1 < x; < X;41 < yiy1 <yi < 1, which
converges to a geodesic L = [x, y]. Construct the geodesic L' = [x, X¥].
Since the distance p(L’, L) = 0, we conclude that the distances p(L;, L’) go
to zero. On the other hand, the y; do not converge to "—;'2 , hence the nested
sequence {L;} does not converge to L' (Figure 3).

Proposition. Let the sequence {L;} be a nested sequence of geodesics. Then the
L; converge to a geodesic if and only if

lim p(L,, L;) < co.

I—00
Proof. Suppose the L; — L. Since the L; are nested we have
(3.1) p(Ly, L)< p(Ly,L) foralli=1,2,3,....

Taking the limit in (3.1) as i — oo and noting that the distances p(L;, L;)
increase with i, we conclude that the limit
hm p(Ll ’ Ll) < o0.
1—00
For the converse, simply observe that if the L; converge to a boundary point
then the distances p(L,, L;) get arbitrarily large. O

Let {L;} be a nested sequence of geodesics. We introduce an orientation (or
direction) for each L; by designating L, to lie to the right of L;. Let &
be the unique common orthogonal between the geodesics L; and L;.;. The
distance from &; to &}, is measured by traversing L,.,, hence the following
definition makes sense. Define

=

{ p(@;, O,) if L, is traversed in the positive direction,
-p(@;, F;yy) if Li,, is traversed in the negative direction.

We call s; the slide (or twist) parameter for L;,, . See Figure 4.
We would like to express nested sequences of geodesics in hyperbolic terms.
The next proposition allows us to do exactly this. Set d; = p(L;, Li11).
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FIGURE 4

Proposition. The sequence of distances {d;} together with the sequence of slide
parameters {s;}, denoted ((d;), (s;)), uniquely determine (up to an isometry of
H?) a nested sequence of geodesics.

Proof. We work in the upper half-plane model. Suppose {L;} is a nested se-
quence of geodesics. Normalize by an element of PSL(2, R) so that L; =
[-1, 1] oriented from —1 to 1 and the unique common orthogonal between
L, and L, is [0, oo]. The orientations induced on {L;} are as in Figure 4.
Clearly L, is determined as soon as d; is specified. Next, L; is determined
once we specify s; and d,. In general, L, is determined once {d;}"7! and

i=1
{s;}*-? are chosen. O
We call the sequences {d;} and {s;} the coordinates of the nest {L;}, and
denote it by ((d;), (si)) -
In the sequel, we will need to identify when a nested sequence of geodesics
converges to a geodesic or to a point. The following propositions supply us with
some tools.

Propeosition. Suppose {L;} is a nested sequence of geodesics that converges to a
geodesic. Then

> p(Li, Lisy) < oo
1

Proof. First we claim that the following inequality holds,

m-—1

(3.2) > p(Li, List) € p(Ly, Lm).
1

Once we have verified (3.2) the proposition follows easily by letting m go to
infinity and noting that the limit

lim p (L 1> Lm)

m-—oo

exists since the {L;} converge to a geodesic.

To verify (3.2), we observe that the common orthogonal between L; and
L,, passes through each of the geodesics L,, L3, ..., L,,—;. Let z; be the
point on L; that this common orthogonal intersects. Observe that the distance

p(Ly, Lm) = p(z1, 22) + p(22, 23) + -+ + p(Zm-1, Zm)-

On the other hand, the distances p(z;, z;,;) must be at least as big as the length
of the common orthogonal from L; to L;,;, thatis, p(z;, zix1) > p(Li, Liy1) .
This verifies (3.2). O
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Proposition. Suppose {L;} is a nested sequence of geodesics such that " d; < oo
and Y |si| < co. Then the nested sequence {L;} converges to a geodesic.

Proof. Let &; be the common orthogonal to the geodesics L; and L;;; and
set z; =@; N L;. Then we have

p(Ly, Ly) < p(2z1, Zm),

and hence since the geodesic joining z; and z, is shorter than any curve
joining z; and z, , we have

m—1 m—1
(3.3) p(L1, Lw) <di +Isi| + da+ |52l +- -+ dmoy +[smoa| = D di+ Y [sil.
1 1

Letting m — oo in (3.3) we find that lim,, . p(L;, L) < co. Therefore the
sequence {L;} converges to a geodesic. O

We finish this section with some examples to illustrate that the converse
statements to the previous propositions are not true.

Since the distance between two geodesics is a continuous function of the
endpoints of the geodesics, we remark that given any two geodesics M and N
we can construct a third geodesic T which separates M and N such that the
distances p(M, T) and p(T, N) are arbitrarily small. In fact, the absolute
value of the slide parameter (the distance from the orthogonal of M and T
to the common orthogonal of T and N) can be made arbitrarily large. Using
this fact we next construct an example to show that the series Y d; < oo is not
sufficient to guarantee convergence of a nested sequence to a geodesic.

Consider a nested sequence of geodesics {Ly_;}¢>, all having the same
common orthogonal and converging to a point. For the pair Ly,_; and Ly,
construct, as indicated above, a geodesic L,; which comes within a distance of
1/(2k — 1)? to Ly _, and a distance of ﬁ; to Ly, . Do this for each k
and append all of these geodesics to form the new sequence {L;}. Note that
p(Ln, Lnt1) < 7, and hence

Zp(Ln s Lnyy) < oo.

On the other hand, since the appended sequence {L;} has a subsequence that
converges to a point, we conclude that the appended sequence converges to
a point. Thus the series ) d; converging is not sufficient to guarantee the
convergence of the sequence {L;} to a geodesic.

Our next example illustrates the fact that a nested sequence can converge to
a geodesic and yet the series Y |s;| can diverge.

We start with a nested sequence of geodesics {Ly,_;};2, all having the same
common orthogonal and converging to the geodesic L. Pair off the geodesics
Ly, and Ly, as we did in the previous example. For each such pair con-
struct the geodesic L,;, which separates L,;_; from Ly, so that the distance
from the common orthogonal of L,,_; and L,, to the common orthogonal
of Ly and Ly, is bounded from below by some positive constant which
does not depend on the pair. Once again, append all of these geodesics to the
sequence to get the new sequence {L;}. We note that the appended sequence
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{L;} convergesto L andyet ) |s;| = co. Thus we have constructed an example
with the desired properties.

4. THE PROOF OF THE FUNDAMENTAL THEOREM (THEOREM 3)

We remark that when the G, in Theorem 3 are pairs of pants, then H? /G is
a flute space. We will prove the fundamental theorem using a pair of lemmas.

Lemma. Suppose G,, for n=1 and 2, are fuchsian groups with
N(G1) N N(G2) = A(g),

where (g) is a primitive boundary hyperbolic subgroup in both G, and G,.
Suppose further that I is an interval of discontinuity for G, which is not G,-
conjugate to the interval of discontinuity bounded by A(g). Then I is an interval
of discontinuity for (G, G;). In particular, if (h) is a primitive boundary
hyperbolic subgroup in G, which is not G,-conjugate to (g), then (h) is a
primitive boundary hyperbolic subgroup in (G,, G3).

Proof. Let H be the stabilizer of I under G,. We claim that I is precisely
invariant under H in (G;, G;). Once we have proven this the lemma follows
from elementary considerations. The rest of the proof will be devoted to proving
the claim.

Let g € (G, G;) — H. The only nontrivial possibility to check is when g
is a product of elements from both G; and G,. First observe that an element
of G, —(g) takes I into a G,-interval of discontinuity which is bounded by
a Gi-conjugate to g . Next observe that an element of G, will take this image
of I into a G,-interval of discontinuity bounded by a G,-conjugate of g. The
above two observations used repeatedly will show that gIn/=2. O

Main Lemma. Let {G,}2, be fuchsian groups with (g,) and (gn.1) non-
conjugate primitive boundary hyperbolic subgroups in G, so that

N(Gp) N N(Gnt1) = A(8n+1) for each n.

Let G =(Gn)2,. Then for each i the Nielsen region N(G;) is precisely invari-
ant under the group G; in G.

Proof. Define G" to be (G, G2,...,G,). If g € G; then by definition
gN(G;) = N(G;). Next consider g € G— G;. Then g € G" — G; for large n
and thus it is enough to show that for all i < n the Nielsen region N(G;) is
precisely invariant under G; in G". The rest of our argument is devoted to
proving this statement.

First, for n = 1 the statement is obvious and for n = 2 it follows from the
combination theorem. We induct on n. Specifically, suppose that the Nielsen
region N(G;) is precisely invariant under G; in G" for all i satisfying i < n.
We would like to show that N(G;) is precisely invariant under G; in G"*! for
i<n+1.

We first observe that G"*! is by definition (G", G,;,) and that

N(G") N N(Gps1) = A(gn+1)-

We note that the above expression follows from the fact that g, is a boundary
hyperbolic (by the previous lemma) in G". Hence we can apply the Klein-
Maskit combination theorem to conclude that G**! is a fuchsian group and
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that

(4.1) N(G") (respectively, N(G,41)) is precisely invariant
under G" (respectively, G, ) in G"*!.

Thus for i = n+ 1 the desired conclusion follows easily.
Next suppose i < n and let g € G**! — G;. Note that

Gn+l _ Gi — (Gn+l _ Gn) U (Gn _ Gz)

Now if g € G" — G;, then by the induction hypothesis gN(G;) N N(G;) = @.
Otherwise g € G"*! — G" and, by (4.1), gN(G") N N(G") = @ . Furthermore,
since G; is a subgroup of G", we observe that N(G;) C N(G") and hence
gN(G;) N N(G;) = @. This shows that N(G;) is precisely invariant under G;
in G"t! for i < n+ 1. This finishes the induction step and the proof of the
main lemma. 0O

Proof of the fundamental Theorem 3. Let x be a point in the interior of the
Nielsen region N(G,). Since G, is a fuchsian group, there exists an open set
U Cc N(Gy) so that

hUNU =@, for all but finitely many 4 € G,.

Furthermore, since the region N(G,) is precisely invariant under G; in G,
we have that gU N U = & for all but finitely many g € G. Thus G acts
discontinuously at x, hence on all of H?. This shows that G is a fuchsian
group.

It is clear from the combination theorem that m(A(g,)) is a simple closed
dividing geodesic.

Finally, since the Nielsen region N(G;) is precisely invariant under G; in
G, we can conclude that N(G)/G is topologically the union of the surfaces
{N(G,)/G,} and that N(G,)/G, isometrically embeds in N(G)/G. O

5. THE PROOFS OF THEOREMS 1 AND 2

We define the collar width of a nonelliptic (orientation preserving) isometry

y of H? to be
() = { Logcoth T(y)/4 if y is hyperbolic,
n= Log2 if y is parabolic.

Recall that the axis of a hyperbolic element is denoted by A(y). If y is parabolic
we define A(y) to be the boundary of the horodisc based at the fixed point of
y whose projection to H?/(y) has area one. The projection of A(y) to the
quotient surface will be a simple closed curve of length one. If y is given by
z — z + 1 in the upper half-plane model, then A(y) will be the horizontal line
of height one.

In order to prove Theorems 1 and 2, we need to be able to construct pairs of
pants in a geometrically explicit way.

The Pair of Pants Theorem. Suppose y and B are nonelliptic elements. Let
d be the hyperbolic distance between the axes of y and B. Then (y, B) form
standard generators for a pair of pants if and only if c(y) + c(B) < d, with
equality if and only if the pair of pants is tight.
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Furthermore, d projects to the distance between the boundary components
which correspond to y and B, and the numbers c(y) and c(B) determine the
widths of disjoint collars on the quotient surface H?/(y, B).

The above theorem for y and g hyperbolic is proven in [B-2]. The proof
for y or B parabolic (along with other related results) will appear elsewhere.
An immediate consequence of this theorem is the following lemma.

Lemma. (I) Given any triple of positive real numbers (c,, c;, d) satisfying ¢, +
¢y < d, there exists a pair of pants (tight pants if and only if equality) having
hyperbolic standard generators (y, B) so that c(y) = ¢y, c(B) =cy, and d is
the distance from the axis of y to the axis of B .

(IT) Given any pair of positive numbers ¢ and d satisfying ¢ + Log2 < d,
there exists a pair of pants (tight pants if and only if equality) having standard
generators (y, B), where y is hyperbolic and B is parabolic, so that c(y) = ¢
and d is the distance from A(B) to the axis A(y).

For both (1) and (I1), d projects to the quotient to become the distance between
the boundary components associated to y and 8.

Proof of Theorem 1. In §3 we saw how to construct a nested sequence of geo-
desics {L;} with coordinates ((d;), (s;)).

Now construct a pair of pants G, having standard generators {g;, g} sat-
isfying the inequalities ¢(g) < d; and

c(g) <min - {d; —c(g1), d2},

where the axis of g; is L; and the axis of g, is L,. Clearly, we can do this
since ¢(g;) < d; —c(g1). Notice that the axes of g, and g, are contained in
the boundary of the Nielsen region for G .

Next, construct a hyperbolic element g; whose axisis L3 having the property-
that

¢(g3) <min -{d; — ¢(&), da}.

Then {g,, g3} are standard generators for a pair of pants G,. Observe that the
boundary of the Nielsen region of G, contains the axes of g, and g;. Clearly
we can continue this process indefinitely. We call the pair of pants at the nth
stage of the construction G, . We note that

N(Gn) N N(Gpy1) = A(&ns1)-

Let G = (G,) and let P, be the associated quotient surface for G, .

Note that G satisfies all of the hypotheses of the fundamental Theorem 3.
Thus G is a flute space and it is easy to see by our construction that the set
{gn} are standard generators for G relative to the pants decomposition {P,}
having the desired coordinates ((d;), (s;)). O

Next suppose that S is a tight flute with standard generators {g,} (see
Figure 1). We note that the distances {d,} between the axes A(g,) (A4(g) is
a horocycle) completely determine the translation lengths 7'(g,) forall n > 2.
To see this, recall that a tight flute has a pants decomposition into tight pairs of
pants. Now, by the pair of pants theorem, each tight pair of pants has standard
generators {g,, g+1} satisfying c(g,)+c(gn+1) = dn foreach n. In particular,
c(g1) = Log2 and d, determine c(g;). Next c(g;) and d> determine c(g3),
and so on. Thus all the collar widths are determined. Since c(g,) and 7T(g,)
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are monotonic functions of each other, we conclude that the translation lengths
of the g, are determined once the d, are specified.

The following lemma tells us precisely what the collar widths {c(g,)} are
in terms of the coordinates of the standard generators {g,} for S. We set
th =2 (=1)"d;.

Lemma. Let S be a tight flute having standard generators {g,} with coordinates
((di), (si)). Then

c(gn) =(—-1)"(ty—1 —Log2) forn=2,3,4,....
Proof of Lemma. Since S is a tight flute, the pairs (g,, g,+1) for each n
are standard generators for a tight pair of pants. Therefore the pair of pants

theorem supplies us with the formula ¢(g,,1) = d, — ¢(g») . Hence, using this
equation repeatedly, we have

C(8n+1) = dn — c(&n) = dn — (dn—1 — c(8n-1))
= dn - dn—l + (dn—z - C(gn—Z))
L dy—dp_1+dp_y—---—dy+c(g) forn=2k,
_m_{d,,-—d,,_1+~--+d1—c(gl) forn=2k-1,
_ [ —(tak —c(g)) forn=2k,
B { (ta—1 —c(&1)) forn=2k-1.

Finally, since g, is parabolic, c¢(g;) = Log2. O
We are now prepared to prove Theorem 2.

Proof of Theorem 2. First we show that (x) is necessary. The previous lemma,
coupled with the fact that the collar width of an element is a positive quantity,
give us

th_1 — Log2 =c(gy) >0 forneven.

Hence, t,_, > Log2 for n even or equivalently ¢, > Log2 for n odd. Simi-
larly,

—(tn—1 — Log2) =c(gn) >0 for n odd.
Hence, Log2 > t,_; for n odd or, in other words, Log2 > ¢, for n even.
This concludes the proof of the necessity of (x).

For the sufficiency, assume that the {d;} are positive real numbers satisfying
(). First construct the nested sequence of geodesics {L,}, where L; is a
horocycle, with coordinates ((d;), (s;)). For each L, , construct the hyperbolic
element g, with axis L, and collar width

c(gn) = (=1)"(tn—1 — Log2).

Let G, be the group generated by g, and g,.;. Note that condition (x)
guarantees that each of the collar widths make sense, that is, they are positive.
We would like to show that G, is a hyperbolic structure for a tight pair of
pants. To this end, note that

n—1
c(gn) + c(8ns1) = (=1)" <Z(—1)i+ld[ - Log2>

i=1

+ (=1)"! (zn:(—l)“"d,- - Log2> = dp.

i=1
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Hence, by the pair of pants theorem, (g,, g,41) are standard generators for
a pair of tight pants and thus G, is a hyperbolic structure for a pair of tight
pants.

We set G = (G,). From the fundamental Theorem 3, G is a hyperbolic
structure for a flute space. Furthermore, by our construction, the set {g,} is
a set of standard generators with coordinates ((d;), (s;)). Finally, since H?/G
has pants decomposition {P;}, where P; is a tight pair of pants (P; is of type
(0; 2; 1)), we conclude that H?/G is a tight flute. O

6. THE PROOF OF THEOREM 4

In order to prove Theorem 4 we need to better understand intervals of dis-
continuity for a flute space. The following lemmas achieve exactly this. Recall
that G" is by definition the group (G,, G, ..., G,).

Lemma 1. An interval of discontinuity for a flute space G = (G,) with standard
generators {g,} is either the interval of a boundary hyperbolic or the interval
bounded by a nest of axes {A(g,)}, where (g, ,) is G"-conjugate to (gn41).

Proof. The main point here is that the only boundary hyperbolics of G” which
are not boundary hyperbolics in G are elements that are G"-conjugate to
(8n+1) -

Now suppose [ is an interval of discontinuity for G which is not the interval
for a boundary hyperbolic in G. Since G" < G and G" — G, we have that
there exist intervals {/,}, where 1, =1, I, D I, foreach n,and I, is an
interval of discontinuity for G”. Now, I, is bounded by the axis of an element
&n+1> Where (g ) is G"-conjugate to (g,.1). Thus we have a sequence of
axes {A(g,)}. Furthermore, since I, D I,,, and (I, = I, this is a nested
sequence which converges to the geodesic that bounds /. O

Fix {gn} to be a set of standard generators for a flute space G. Lemma 1
makes it clear that nests of axes conjugate (by not necessarily the same element)
to the axes of the standard generators will play an important role in our study
of flute spaces. We let .22 = .Z°({g;}) be the set

{{A(g])} : & is G-conjugate to g; for each i and {A(g/)} is a nested sequence}.

In other words, . is the set of all nested sequences of axes that are G-conjugate
to the axes of the standard generators. Notice that the element that conjugates
(&) to (g/) need not be the same element that conjugates (gi,1) to (g/,,).

Lemma 2. Suppose {g,} is a set of standard generators for a flute space G .
Furthermore, suppose that the nest of axes {A(g,)} converges to a geodesic L.
Then the interval I bounded by L is precisely invariant under the identity in
G. In particular, this interval will be an interval of discontinuity for the nest.

Proof. Let g be a nontrivial element of G. Then for a large enough n, g is
contained in G" — (g,41) . Hence, since (gn.1) is G"-conjugate to (g, ,) and
&,+1 1s a boundary hyperbolic for G" , we have that the interval of discontinuity
bounded by A(g,.,) is precisely invariant under (g;,,) in G". Since I is
contained in the interval bounded by the axis A4(gj,,), we can conclude that
ginl=2. 0O
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Lemma 1 tells us that intervals of discontinuity for a flute space are either
bounded by boundary hyperbolics or by nested sequences in .. We are now
ready to prove Theorem 4.

Proof of Theorem 4. Since G is a tight flute, it has no intervals of disconti-
nuity coming from boundary hyperbolic elements. Thus by Lemma 1 the only
intervals of discontinuity come from nests of axes in .%°. On the other hand,
observe that d; = p(g;, gi+1) < p(g, &,,)- The inequality follows from the
fact that the distance d; descends to the quotient surface to be the distance
between the closed geodesics associated to g; and g;,;. Hence the series >_d;
diverging implies that any nest in .Z goes to the boundary dH?. We conclude
that G is of the first kind.

If the two series Y d; and ) |s;| converge then the nest {A4(g;)} converges
to a geodesic and the interval on the boundary of H? bounded by this geodesic
is, by Lemma 2, an interval of discontinuity for G. Whence G is of the second
kind. O

7. THE PROOF OF THEOREM 5

Suppose that G and {D;} satisfy the hypotheses of Theorem 5. We set
D" =D, nD,n---ND,. Note that after applying the combination theorem to
G, and G, we have D?>N B(g;) = D' N B(g,), and in general after applying
the combination theorem to the groups G"~! and G, we have D" N B(g,) =
D" 'NB(gy), thatis, D"~! and D" are the same in the half-space B(g,).

Proof of Theorem 5. Recall that G" is defined to be (G, ..., G,). Observe
that the sides of D are paired by elements of G and that D is a convex
hyperbolic polygon. Now, let g be a nontrivial element of G. Then g is
contained in G” for a sufficiently large n. Hence gD"ND”" = @ and therefore,
since D c D", we have that gDND =02.

In order to finish the proof of Theorem 5, we need a lemma which (roughly
speaking) says that all nested sequences in G go to the boundary of H?. We
let #Z(G") be the set of all boundary half-spaces of G" with the boundary
half-space of g,,, and its G"-conjugates deleted. Let W" := N(G")UZ(G").

Lemma (Properties of W"). Suppose that G satisfies the hypotheses of Theorem
5. Then
(i) W™ is precisely invariant under G" in G;
(i) WicwicW3ic-..cWnc.-;
(iii) DNAW" = DN B(gn+1);
(iv) W" — H? as n — oo. In fact, given a positive number r there exists
a positive integer n so that B, C W", where B, is the disc of radius r
centered at the origin of the hyperbolic plane.

Proof. Statement (i) follows from applying the Klein-Maskit combination the-
orem to the pair G" and (Gnyi, Gny2, -..) (note that this later group is fuch-
sian by Theorem 3). The main observation being that the intersection of their
Nielsen regions is the axis A(gy+1) -

Next we prove statement (ii). Clearly the Nielsen region N(G") C N(G"*!),
since G" is a subgroup of G"*!. Also Z(G") C #(G"*!), since an interval
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of discontinuity for G" not conjugate to (g,,;) remains an interval of discon-
tinuity for G"*! (see the lemma of §4). These two containments imply that
wn c Wn+1 .

Property (iii) follows from the fact that D does not intersect any of the
G"-conjugates of the boundary half-spaces of g,.; except g, itself.

Finally to prove (iv) assume that the sets {#”} do not exhaust all of H?;
then since they form an increasing sequence of sets, there exists a nested se-
quence of axes {A4(g;,,)} converging to a geodesic, where g, ., is G"-conjugate
to gns1. We conclude from this that the series Y p(g,, &,,,) < .

On the other hand, by assumption we know that

S o8, 8hi) 2 P8, gust) = 0.

The inequality is from hypothesis (II) in Theorem 5. We have clearly reached
a contradiction. O

We return to the proof of Theorem 5. Let x € H?. Statement (iv) in the
above lemma tells us there exists a positive integer n so that x € W” . Since
D" is a fundamental polygon for G”, there exists an element g € G" so that
g(x) € D" . Furthermore, since W" is invariant under G" and W" C B(gy.1),
we have g(x) € D" NB(gn1) = DNB(gys1). Thus g(x)eD.

Finally we would like to show that the tesselation is locally finite. Let K be
a compact set in H?. Once again, by (iv) of the above lemma, there exists a
positive integer n so that K ¢ W". The only G-translates of D which are in
W" are the G"-translates of DN W". Next, observe that

DNW"=DnNB(gu+1) = D" N B(gn+1),

where the first equality follows from (iii) of the lemma. Hence it is enough to
show that K meets only finitely many G"-translates of D"NB(g,,;). However
this is clear since D" is a fundamental polygon for G” and thus its tesselation
is locally finite. This concludes the proof of Theorem 5. 0O

8. COROLLARIES

Corollary to Theorem 2. If {d;}°, is a nonincreasing (or nondecreasing) se-
quence of positive numbers and {s;} is any sequence of real numbers, then there
exists a positive real number d, so that ((d;), (s;)) are coordinates for a standard
set of generators on a tight flute.
Proof. Suppose the sequence {d;}$2, is nonincreasing, thatis, d) > dy > --- >
d, > ---. If we can find a positive constant d; satisfying condition () in
Theorem 2 we will be done. Now either d; - 0 or d; = K > 0.
If d; — 0, then the alternating series ) o,(—1)'*!d; converges. Hence set
oo oo
dy=Log2- ) (-1)""'d;, thatis, Y (-1)*'d; = Log2.
i=2 i=I
Note that Log?2 is smaller than all the odd partial sums and bigger than all the
even partial sums, that is, {d;}?°, satisfies (x).
If di - K > 0, then the alternating series Y ;o,(—1)"*!'d; limits to two
values. Then there will be an interval of d,’s to pick from so that

b <lgyy <0 <lppysz <lyyy < iy forallk,
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where ¢, is the nth partial sum of the series ) ;- (—1)"*!d;. Hence, condition
(*) 1is satisfied again.

For a nondecreasing sequence {d;}$°, of positive numbers, simply take any
real number d; that satisfies Log2 < d; < Log2 + d,. Note that since the d;
are nondecreasing the even partial sums of Y ;2 (—1)"*'d; are less than Log2
and decreasing, and the odd partial sums are bigger than Log2 and increasing.
Thus {d;}2, once again satisfies (x). O

The following proposition relates the (d;) coordinates for standard gener-
ators {g;}%2, on a tight flute with the translation lengths of these standard
generators. Recall that ¢, = Y/ (—1)"*'d;. Of course, regardless of being a
tight flute or not, if d; — 0 then the collar widths c(g;) — O and hence the

translation lengths 7'(g;) — oc.

Proposition. Suppose {g;} is a set of standard generators for a tight flute having
coordinates ((d;), (si)).

(i) If {di}$2, is a nondecreasing sequence such that the distances d; — oo,
then the translation lengths T(g;) — 0.

(ii) If {di}$2, is a constant sequence, then T(g;) takes on at most two values,
Sor all i. In particular, {T(g;)} is bounded from above and below.

Proof. Recall the formula c(g,4+1) = |tn — Log2| derived in a lemma for §5.
For (i) observe that the even sums ¢,; — —oo and the odd sums #;,_; — .
Hence, we have c(g;;;) — oo and thus the translation lengths 7(g;) — 0.
To prove (ii), set d; = d. Then the even sums ?,;, = 0 and the odd sums
t,x—; = d . Hence, we have

Log?2 for i even,

c(8in1) = { d —Log2 foriodd.

We conclude that the translation lengths {7°(g;)} take on at most two values. 0O

9. EXAMPLES

The first two examples of this section are meant to illuminate some of the
theorems of this paper. The last example is an application of the theory devel-
oped.

An example related to Theorem 5. The following example will show that Theo-
rem 5 does not hold if the series 3 p(gn, gn+1) converges. First, we construct
a fundamental polygon for a pair of pants. We remind the reader that boundary
element means either a boundary hyperbolic or a parabolic element.

Example. Let (y, B) be standard generators for a pair of pants I" with axes
and orientations depicted in Figure 5. Set n = (8y)”!. We say that T is
normalized and we work in the upper half-plane model (Figure 5).
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Let X be the common orthogonal to the axes 4(y) and A(f). Consider the
image of X under B, B(X). The right endpoint of B(X) lies to the right of
the right endpoint of A(n). To see this, note that the group (y, B) is an index
two subgroup of the reflection group generated by the reflections in the common
orthogonals to the axes of y, §, and n. With this point of view, we can write
B as reflection in X followed by reflection in the common orthogonal of the
axes A(B) and A(n) (see the paper [B-2] for more details). Clearly the right
endpoint of B(X) lies to the right of the right endpoint of A(n).

Next, we draw the common orthogonal to A(n) and B(Z) and denote by
B(z) the point of intersection between this common orthogonal and B(X).
Hence z is a point on X that divides X into two geodesic rays; call them s,
and s; asin Figure 6. Let s3 be the common orthogonal segment between the
axis A(n) and the geodesic B(X). Set s5 = B(s;) and s; = y~!(s}). Finally,
let s3 be n(s3). Since nBy =1, n takes the vertex point S(z) to the point
7~!(z). We claim that the angle made at the vertex y~!(z) is n/2. To see
this, consider the (oriented) angle between the sides 7~ !(s;) and 7~!(s}) . Since
n~! = By and n~'(s}) = s3, this is the same as looking at the angle between
By(s1) and s3. But y(s;) =s; lieson Z; hence By(s;) is the line segment on
B(Z) which does not overlap s5. We conclude that the angle between the sides
51 and s3 is the same as the angle between B(Z) and s3, which is /2.

Now consider the polygon P bounded by the sides constructed above hav-
ing the identifications indicated in Figure 6. Observe that the hypotheses to
Poincaré’s theorem are all satisfied and thus P is a fundamental polygon for
the pair of pants.

If the group I' is not normalized, then we normalize (conjugate) it by an
element f of PSL(2, R) so that its standard generators are as in Figure 5.
Next, we construct the fundamental polygon P as above and translate it by
f~1. Since f is an isometry of H?, this new polygon is a fundamental polygon
for I'. Once again we name this polygon P. We say that P is the fundamental
polygon associated to (y, B).
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Observe that two of the sides of P lie on the common orthogonal geodesic
to the axes of the standard generators y and S . Hence, in summary we have
shown that given a standard set of generators (y, §) for a pair of pants, we
can construct a fundamental polygon with two of its sides lying on the common
orthogonal geodesic between the axes A(y) and A(B).

Consider a flute space G with standard generators {g,} having coordinates
d, = 1/n? and s, = 0. The important point to keep in mind is that the twist
parameters have all been set equal to zero and hence all the axes of the g, have
the same common orthogonal between them, call it L.

Construct for each pair of pants G, = (g,, gx:+1) the fundamental polygon
{D,} associated to (gn, &n+1)- We note that the {D,} pairwise satisfy the
compatibility conditions in the combination theorem. We set D = (D, .

Note that the polygon D has infinitely many sides which lie on the same
geodesic L. Furthermore, since the nested sequence of axes {4(g;)} converges
to a geodesic, the infinitely many sides which lie on L must accumulate to
a point of H?. We conclude that the action of G on the polygon D is not
locally finite. Thus this conclusion of the combination theorem does not in
general hold.

A tight flute of the second kind with a standard set of generators that converge
to the boundary of the hyperbolic plane. Our next example illustrates the point
that the nested sequence of axes for a standard set of generators on a tight flute
may converge to the boundary of H? even though G is of the second kind. The
crucial point here is that there are nested sequences of geodesics that converge
to the boundary of H? and yet the sum of the distances between the geodesics
in the nest converge. Thus Theorem 4 is not valid if we replace the divergence
of thg series Y d; with the condition that the axes {A4(g;)} go to the boundary
of H”.

Example. Let G be a tight flute with standard generators {g,} having coordi-
nates d, = 1/n? for n > 2 and s, = 0. Note that by the proof of the corollary
in §8, d; is determined. Orient the g,’s so that the axis A(g,,) lies to the
right of A(g,). Now, conjugate the generators g, ..., g, ... by g . We get
a new set of generators {g,} for G, namely

,_{g,, ifn=1,2,
28,8, ifn>3.

It is easy to check that the {g,} form standard generators for G with coordi-
nates d, = d, and

, {%:0 ifn#l,
Sy, =

T(g) ifn=1.
Next, conjugate the generators (g;, ..., &, ...) by g;. We get a new set of
generators {g, } given by
Hz{g,’, ifn=1,2,3,
" lgiges ifn>4.

Once again note that the {g;'} form a standard set of generators for G with
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coordinates d; = d, and

S,,z{s;, ifn#2,
" T(g) ifn=2.

If we continue this process ad infinitum, we get a new standard set of generators
for G with coordinates {d,} and {s,} = {T(gn+1)}. Since d, — 0, the
translation lengths 7°(g,,;) — oo and hence s, — co.

Finally, we claim that the nest of axes for this standard set of generators goes
to the boundary of H?. To see this, let T, be the common orthogonal geodesic
from A(g,) to A(gn+1). Since the s,’s are all positive and since s, — oo,
the XZ,’s form a nested sequence of geodesics which go to the boundary of the
hyperbolic plane. It follows that the nest of axes for this new set of standard
generators goes to the boundary of the hyperbolic plane.

A type preserving isomorphism which is not a topological deformation. Let O :
G — G’ be an isomorphism between two torsion-free fuchsian groups. Recall
that @ is said to be a type preserving isomorphism if boundary hyperbolics
correspond to boundary hyperbolics and parabolics correspond to parabolics.
We say that ® is a topological deformation if there exists a homeomorphism

f:ﬁ2 ~H so that
®(g)(z) = fgf~'(z) forallzeH and g €G.

A central theorem in the theory of fuchsian groups and Teichmiiller spaces
is the Nielsen isomorphism theorem.

Nielsen isomorphism theorem. Suppose ® : G — G’ is a type preserving isomor-
phism between two finitely generated fuchsian groups. Then ® is a topological
deformation.

We will construct a type preserving isomorphism @ between two torsion-free
fuchsian groups which is not a topological deformation, thus showing that the
Nielsen isomorphism theorem does not hold for infinitely generated fuchsian
groups.

Example. Let G be the tight flute with standard generators {g,} having coor-
dinates d, = 1/n? for n > 2 and s, = 0 (recall from the proof of the corollary
in §8 that d, is determined if d, monotonically decreases to zero). Theorem
4 tells us that G is of the second kind.

Next, let G’ be a tight flute with standard generators {g,} having coordinates
d,=1/n and s, =0. The group G’ is of the first kind by Theorem 4.

Since (g,, gns1) are standard generators we know that after possibly chang-
ing the orientations of g, and g,,,, the product g,g,, is parabolic. Thus,
without loss of information we can assume that g, and g,,; are oriented so
that the product g,g,.; is parabolic. We do the same thing for the standard
generators {g;} of G'.

It is clear by their construction that the groups G and G’ are isomorphic by
the map ®: G — G’ which takes the generator g, to the generator g, .

We would like to show that @ is type preserving. By construction, we know
that G and G’ have no boundary hyperbolics. Also @ sends the parabolic g,
to the parabolic g;. Thus we need only show that @ preserves the rest of the
parabolics.
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First we note that the elements g,g,4+1 and their inverses g, +‘, g; ' represent
all the conjugacy classes of parabolic elements in G; that is, any parabolic
element g € G is equal to hg,g.1h~' or hg, ! g 'h~! for some h € G.
Of course the same statement holds for G’. Since any isomorphism preserves
the type of a conjugacy class, it is enough to show that & takes the parabolic
element g,g,,1 to a parabolic element of G’ (note: we need not consider the
inverses g, g, because

D(g, ) 8") = P(&n&ns1) ") = (D(8n8ns1)) ",

and the inverse of a parabolic element is parabolic).

Now,

D(8n8n+1) = P(gn)P(gns1) = €n&ny1>

but (g, g,,,) are standard generators for G, . Hence, g,g,,, is a parabolic
element of G. We conclude that @ is a type preserving isomorphism.

On the other hand, ® is not a topological deformation. To see this, suppose
there exists a homeomorphism f:H’ — H so that ®(g)(z) = fgf~'(z) for

all z e H and g € G; f would have to take the set of discontinuity of G
to the set of discontinuity of G’. This is clearly impossible since G is of the
second kind and G’ is of the first kind.
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